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ABSTRACT

Nelson's stochastic quantization scheme Is applied to classical

massless tensor potential In "Coulomb" gauge. The relationship between

stochastic potential field in various gauges is discussed using the case

of vector potential as an illustration. It is possible to identify the

Euclidean tensor potential with the corresponding stochastic field in

physical Minkowski space-time. Stochastic quantization of massless fields

can also be carried out in terms of field strength tensors. An example

of linearized stochastic gravitational field in vacuum is given.
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I. INTRODUCTION

Recently there seems to have been a revival of interest in the stochastic

interpretation of quantum theory, in particular the so-called Markov model, as
1 2a result of the mathematical formulation by Nelson ' . This formulation, nov

known as stochastic mechanics, offers an alternative way of quantizing classical

dynamical systems based on the theories of Brovnian motion processes and

stochastic differential equations. This quantization procedure has come to be

known as Nelson's stochastic quantization scheme.

One of the important developments of stochastic mechanics is that of

stochastic field theory, which is the extension of Nelson's stochastic quantiz-

ation scheme to systems with infinite degrees of freedom. The first basic
3 k

result in stochastic field theory given by Guerra and Ruggiero * contains the

interesting but unexpected observation that the ground state stochastic field

obtained by applying Nelson's stochastic quantization procedure to classical

Klein-Gordon scalar field coincides with the corresponding Euclidean-Markov

field of constructive field theory . This result enables one to consider the

four-dimensional manifold on which the Markov field is defined as the physical

Minkovski space-time, and not as the fictitious Euclidean real space-imaginary

time, as previously thought to be the case. In this way i t is possible to

provide a direct physical meaning to the Euclidean fields which otherwise are

treated only as useful mathematical objects having no direct link to the physical

world.

Several attempts have been made to apply the method of stochastic

quantization to gauge field theories and high energy physics. Haba and

Lukierski have given a stochastic description of extended hadrons based on the

string model . Yasue has treated the vacuum tunneling phenomena In nonabelian

SU(2) gauge theory as a stochastic control problem, and has suggested that a

probabilistic analysis of the SU(3) gauge group may be helpful for understanding

quark confinement ' . The work of Jona-Lasinio and co-workers give a good

estimation in the semiclasslcal limit and the properties of quantum ground

state employing the stochastic method. This facilitates the study of quantum

mechanical instability in classical vacua, and thus the instanton analysis in

quantum chromodynaztics. The recent application of Monte Carlo simulations
11 12to various field theories ' , in particular the lattice gauge theory, has

once again shown the usefulness of the stochastic technique.

In view of the importance of the probabilistic method in the Euclidean

formulation of quantum field theory i t will be of Interest to investigate the

physical meaning of the stochastic nature of the Euclidean approach. For such
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a purpose stochastic field theory seems to offer a natural framework. The
main aim of this paper is to study the connection between Euclidean massless
fields of arbitrary integer spin and the corresponding ground state stochastic
fields obtained from Helson's stochastic quantization scheme.

In section II we consider the stochastic quantization of massless
tensor potential in "Coulomb" gauge. Stochastic potential in other gauges will
also be discussed, using electromagnetic potential as an illustration.
Stochastic massless field in terms of field strength tensor will be considered
in section I I I , vith linearised gravitational field in vacuum as an example.

II. STOCHASTIC TEBSOR POTENTIAL

Free classical field for massless particles with integer spin-s can
be represented by a coveriant tensor potential field AW vi(x, t ) in
Minkowski apace-time i e B 3 , te IR, satisfying the following field equations:

A"1' "C«.t> = (la)

a,A (lb)

(lc)

with the freedom of gauge transformations

where A"*1 " ** '" '\x, t ) are arbitrary tensor field of rank (s - l ) , with

indices Cj deleted.
We briefly recall some basic features of tensor potential in

relativistic quantum field theory. A local covarlant gauge for a tensor
potential A^1 ' ' '"^*, t ) is characterized by {AV|""' "*(x, t ) , J f , <• , •>,
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where <• t •> denotes an indefinite, nondegerate, Hermitiaa sesquilinear form

on a Hilbert space J( , and ~j\.C Jf is a closed subspace on which <• , -> is

gemidefinite, and A ' " • * { ! , t ) is to be considered as an operator-valued
iP 13

distribution in JC satisfying a set of Wightman-like axioms . The two-point
function wUl" tV1"Vl " • \ i - x ' , t - t ' ) of kv>'' *u*(x, t ) in a local co-
variant (or Gupta-Bleuler) gauge is not positive-semidefinite and i t contains
gauge parameters. Let H denote the completion of the Schwartz space of tensor-
valued test functions, -<J {IB )® IE , with respect to the sesquilinear form:

.J

Define a closed subspace

H' = { f (3)

where f is the Fourier transform of f, and C+ is the mantle of the forward
lightcone. The fora <•, •> when restricted to H' becomes positive-semi-
definite. The one-particle physical space for the massless apin-s boson in
covariant gauge is then given by the completion of the quotient space
H'/H" s HG, where H" is the kernel of the restricted form. Mote that H'
is independent of the gauge parameters which Implies the physical equivalence
of different covariant gauges. The tensor potential in the non-covariant
transverse and traceless gauge or the generalized Coulomb gauge (which we shall
again call Coulomb gauge for simplicity) Ac is specified by

i . t , - i t _

ACc

;f (Ua)

(1ft)

= o (Uc)

The corresponding one-particle space is then given by the closed subspace



= f f e H' (5)

The aesquilinear form <• # •> is positive on H -
G

Now ve shall apply Kelson's stochastic quantization scheme to tensor
potential. First consider the case of real classical tensor potential in
Coulomb gauge characterized by equations ( I ta^ .c) , which is again denoted by
A J,"'' *(x, t ) . For the purpose of carrying out Nelson's stochastic quantiz-
ation procedure i t 1B convenient to consider the Fourier decomposition

(6)

where , neJJ natural numbers, are the Fourier oscillator coefficients;

is a complete orthononnal system of real tensor-valued

eigenfunctions of the three-dimensional Laplacian operator S= E !•

2
We assume PQ i 0 with appropriate boundary conditions. Not that

{e*1 •"• ^(xJJjjgj, need to be considered as generalized eigenfunctions in
Gelfand triplet"1* *S ( IR1*)**3* C L2{ ffiU) ® IB33 e=T rf'( JR"1} © 3R38 , where

V)( IF. )<$ B"* is the Schvartz space of tensor-valued test function space and
Vf( ffi ) © E 3 s i t s dual, and L2( m1*)*^38 i s the real Hilbert space of squore-

integrable tensor-valued functions. Normalization and completeness conditions
require respectively

(7b)

where iS^ is the symnetric, transverse and traceless Dirac function which

preserves the properties of A1",""1* in equations (lta,,b,c).

- 5 -

Nelson's stochastic quantization procedure when applied to
A1' " * i i ( x , t ) requires all {a (t)} to be promoted to stochastic oscillator
processes of the Markov-type, denoted by { ^ ( t ) } , satisfying I to ' s stochastic

differential equation

(8)

where D, \ denotes the mean forward derivative defined as

At ±0
(9a)

with E. the conditional expectation with respect to the o-algebra
"t

generated by {Q (t)}; dW (t) is the differential of Wiener processes vitb

mean zero and covariance

4Ktt')} r

and dW (t) independent of %,(s) vith s i t . Similarly we can define the

mean backward derivative

D,. Qjt) -
1 '

For oscillator processes, we have

Q.tt) =-TX^
2 2

where u = p
Kow we can define the stochastic tensor potential in Coulomb gauge as

which satisfies the following stochastic differential equation of vhite noise
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type
16:

with

(12a)

(12b)

a tensor-valued generalized white noise with mean zero and covariance

If we introduce the contraction semigroup

-O)t

and let A lc""
1*(x, t, ) = Ao

l
c'"

ls(x) then the solution of equation (12a)

can ne expressed in the following form

K +I
By choosing t = -=, equation (15) determines uniquely a Gaussian process

with zero mean and covariance given by

>)e
i A

where denotes the Fourier transform of s™( , and p = (p,

p.(x - x1) = p.(5 - x ' ) + pv{t - t 1 ) and d p is the Lebesgue measure on ]E .
The fallowing are examples of Coulomb gauge stochastic potentials

with spin s ^ 3, which are determined by zero mean and covariances given by

( i ) s = 1:

This case vas f irs t discussed by Moore .

-7-

(ii) s = 2:

where d. = (

Uii) s = 3:

Our f i rs t result can be stated as follows. The ground state stochastic
tensor potential in Coulomb gauge can be identified with the corresponding
Euclidean tensor potential. The Euclidean potential in Coulomb gauge
A 'L," "±i(x), x = (x, xi ) i s obtained Tsy the analytic continuation to real
space-imaginary time of the relativiBtio tensor potential A J," " ^(x, t ) . The
two-point Schvinger function Sl]' "" - i* '^ >'' ' ^ x - x') of the Euclidean potential

coincides vith the covariance in equation (16) i f we le t xh = t . This can be
* 3

considered as a generalization of the result of Guerra and Ruggiero to massleas
boson fields of arbitrary spin. Since the symmetric, traceless and transverse
delta function is independent of metric, i t has the same form for stochastic
field (in Minkowski space-time) and Euclidean fieia. Then our result in fact
is a consequence of the change I^U) + Q^M which results in t -* i t .

Stochastic potentials in other gauges and the relationship between
them can best be i l lustrated by the case of electromagnetic potential .
However our result can be generalized to the tensor potential. Let AQCX, t )
he the classical covariant vector potential in Gupta-Bleuler gauge specified
by the real gauge parameter a. A direct application of Kelson's stochastic
quantization procedure to A^ (St, t ) yields a "stochastic vector field" with
mean zero and covariance

(17)

However the quantity in equation (17) is not positive-aemidefinite, hence i t
does not define a Gaussian process. One way to solve this difficulty is to
replace Au = (A, A°) by A1 = (5, A^ - 1A°) . Then instead of equation (17)

-8-



we get

vhich i s positive semidefinite for a £ 0. The ground state stochastic vector
field determined by equation (18} can again he identified with the Euclidean
vector potential in Gupta-Bleuler gauge if we le t xv be the physical time t .
Stochastic electromagnetic potential in Coulomb gauge can he obtained from
AJ| , J - 1, 2, 3, h by imposing the following conditions:

and (19)

In general one cannot obtain a well-defined stochastic tensor potential

in covariant gauge by the direct application of stochastic quantisation pro-

cedure. Additional 'euclideanization' steps need to be taken in order to

obtain a well-defined stochastic field. In the case of covariant tensor

potential in addition to the replacement A " ' " " ' " * by A3' ' "^t the
•I D

tracelessness condition also needs to be preserved. This 'euclideanization'
procedure appears to be rather unnatural.

Finally we shall consider a gauge with features that are intermediate to
those of Coulomb and Gupta-Bleuler gauges. This is the temporal gauge with
A (x, t ) * 0. In contrast to the Coulomb gauge there i s no transverse
condition. Thus the vector potential in temporal gauge K ( I , t ) , j = 1, 2, 3
possesses a non-physical longitudinal component, the physical Hilbert space
which can be obtained by requiring Gauss's law to be satisfied on physical
s tates . Due to incomplete gauge fixing, the temporal gauge s t i l l allows the
freedom performing time-independent gauge transformation of the form

AT<*> (20)

where A(x) is an arbitrary scalar function of space coordinate only. We
remark that temporal gauge is a convenient choice in nonabelian gauge theories

21where there exist the so-called Gribov's ambiguities in Coulomb gauge.

Furthermore the third (longitudinal) component is necessary to describe systems
coupled to an external s ta t ic charge distribution - a situation that i s
relevant for quark confinement.

-9 -

Stochastic vector potential in temporal gauge

process vith mean zero and covariance

(x, t) is a Gaussian

(21)

Yasue has considered stochastic quantization of nonahelian pure SU(2) gauge

field A (X, t ) with covariance which differs from equation (27) by a factor

We can summarize the situation for stochastic tensor potential in
various gauges as follows. For the non-covariant Coulomb and temporal gauges
the ground state stochastic potentials fields are veil-defined and coincide
with the corresponding Euclidean potential fields if we allow x, = t .
However stochastic potential in covariant Gupta-Bleuler gauge can be defined
only after an additional 'euclideanization' procedure has been taken. In that
case the ground state stochastic potential in covariant gauge can again be
identified with the corresponding Euclidean field.

In order to gain further insight into the stochastic nature of the
tensor potential in various gaugeB we shall consider an important property of
the stochastic (or Euclidean) field, namely the Markov property. By construction
the stochastic potentials in various gauges are Markovian in time, or in terms
of conditional expectations

(22)

where E t , E. and E t are the conditional expectations associated
respectively with the o-algebras I , Z. , and Z t is generated by the
random processes A(x, s) with s « t , s = t , s * t ( i . e . past, present and
future in time). In .other words Markovieity requires the mutual independent

of past ana future conditional to the present.
c op

In Euclidean field theory Nelson" introduced a Mariov property in

space and time. Let ft, denote the Euclidean one-particle space of covariant
tensor potential in Gupta-Bleuler gauge as the completion of the real tensor-
valued tes t function space \$ ( TR )& IB with respect to the inner product
given the two-point Schwinger function, S1' "" i ' ^ ""^*(f, g). Denote by
l i e n a closed set and £„ the sub-ci-algebra generated by
{Ag(f) | f E ICj, suppfd tf}, and E^ be the associated conditional expectation.
Kelson's Markov property requires that for any closed set UCK and any
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- measurable function F,

= E- IF) (23)

vhere 3U i s the boundary of U.

It is interesting to note that in both covariant and temporal gauges
the stochastic vector potential satisfies Nelson's Markov property, vhereas
Coulomb gouge stochastic potential does not. Hovever pA, sat isf ies a weaker

praperty called T-positivity J which can be defined as follows. Let K,, be
1the one-particle for A^, defined as ' the closed subspace

= {f (210

Denote by E+ the projection on to the subspace K* C Kc» vith support in the

half apace IR+ = {(S, t ) | t > 0}. Define a time-reflection operator 6,

0 (x.-t) (25a)

end

Q 4""* (25b)

with fB(x, t ) = f(x, - t ) . Then T-positivity means T = E+6E+ > 0. By using

the fact that
. , 2kshoving

i s reflexive one can easily verify Az, i s T-positive by

(26)

We remark that this result extends to stochastic tensor potential in Coulomb
gauge.

One can interprete intuit ively the Markovian structure of stochastic
potential in various gauges in the following way. The Coulomb gauge stochastic
(or Euclidean) vector potential has only two physical degrees of freedom. As
a resul t , the boundary Hilbert space ( i . e . "the present") is not large enough
for the exterior ("the future") to be independent of the interior ("the past").
Thus the failure of nelson's Markov property. On the other hand the stochastic

-11-
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vector potential in covariant Gupta-Bleuler gauge has four components which

include two nonphysical ones. As a result the boundary Hilbert space becomes

too large and the reflection property fails to hold. We remark that the

reflection property is required for the positive metric of the re la t iv is t ic

one-particle space. I t appears that the stochastic vector potential in

temporal gauge contains the "right" number of components that guarantee both

Markovicity and reflect ivi ty. Hovever Nelson's Markov property has been shown

to be a too stringent property for constructive field theory. T-positivity (or

the weaker Osterwalder-Schrader positlvity ) seems to be the more appropriate

property to describe a non-trivial theory. Finally ve remark that re la t iv i s t i c

theory can be recovered from the stochastic (Euclidean) tensor potential in

Coulomb gauge vith the help of Feynman-Kac-Nelson formula.

I l l - STOCHASTIC TENSOR FIELD

I t i s well-known that the free spin-s masslesB boson field can also be

described by the tensor field F^i v ' '''"^•'v-r'(x, t ) which satisfies the

following equation:

D f ""•*•"(»,() = . (27a)

(27b)

(2Tc)

(2Td)

and F ' U I V ' ^' "'•v*Vt'(%, t ) is symmetric under interchange of any tvo index

pairs [Vf%] *+ [ v r v l a n d antisymmetric under interchange of indices

vlthin a pair [y»v^ ] ++ [wr\>r]. In addition F ' M I U ' J - - - L U I V * J ia req.uired

to satisfy the duality condition

= -2iF (27e)

-12-



where e l l vV |Vi

T[v'Vl ] > '

0123
is a to ta l ly antisymmetric tensor with c » 1. One can

s t hexpress J"LM '" ' J> • • L "« v * J ( S , t ) in terms of the s™ - der iva t ive of the

covariant potential AU|""1J*(x, t ) , for example.

and so on.

The application of Nelson's stochastic quantization scheme to the

classical tensor fieia F^" 'V ' ' ' '" ' u*V*^(x, t ) can also be carried out in a
27consistent vay. Guerra and Loffredo have studied stochastic electromagnetic

field in terras of i t s magnetic and electric field components. In this section
we shall generalize the result to masBless spin-two field or the linearised
gravitational in vacuum. Our discussion can be extended to higher spin fields
in a similar fashion.

Consider the classical linearized gravitational field in vacuum or

Biemannian tensor
A f t

(x, t ) . In the weak field approximation the Einstein

equations in vacuum are

= 0 (28a)

where

"
Or - <3 iK - <V

Kuvpa(x, t ) also satisfies the following equations:

(28b)

(28c)

and

R ' " (Bianchi's Identities) (28e)

The above equations guarantee the existence of a symnetric tensor potential

G"V(x, t) such that

-13-
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Or

(29)

This definition of Elivp0(x, t) in terms of the covariant gravitational

potential contains arbitrariness of freedom corresponding to gauge transform-

ation

(30)

for arbitrary vector function A"(X, t ) .
For the purpose of stochastic quantization we shall introduce the

"electric" and "magnetic" field components analogous to Maxwell field. Define
the 3-tensor "electric" and "magnetic" fields as follows:

(31a)

Both the 3-tensors E " and B • are symmetric in vacuum} E ' i s traeeless
as a result of vacuum condition and the tracelessness for B ̂  follows from
the cyclic identity (28d). The Hamiltonian of the system is given by

B "To derive the.equations of motion in terms of B J and
note that Einstein equation in vacuum and Bianchi's identit ies imply

= 0

(32)

E ̂  we first

(33)

Therefore

_ 0 =



i i k t

from equations (31) and (31*) we obtain a set of equations similar to Maxwell

equations:

v-V = (35)

vBi = (36)

(37)

(38)

where we have used the notations E1 = {E iJ} and (V.f1) = a 1 ^ , {? x E1)1' =

eJkl 3kE i l ^ eJkl i s t o t a l l y antisymmetric, with e1 2 3 = 1. Equations (35, 36)
are the constraints and (37, 33) are the dynamical equations of motion.

Helson's stochastic quantization requires either E (x, t ) or
B l l '(x, t ) be promoted to a Markov process (note that we cannot promote both
E ^ and B1" to Markov processes because equations of motion (37, 38) are
symmetrical in form, which gives us the freedom to promote either E1J or
B " to a Markov process. But we cannot have both IT"' and B1^ as Markov
processes because the equations of motion require one to be the time-derivative
of the other, which is not well-defined for a Markov process). We shall choose
to promote E (x, t ) to a Markov process satisfying the following 3tochastic
differential equation

~l'li.t) (39)

with

(ho)

and

(VxEl)W) =i
- 1 5 -

Z ^(x, t) is a tensor-valued Wiener process with zero mean and covariance

given by

%^kfk^^^ ^

where we again use the notation diJ = a1"' - p ' V V , i.j.l.m = 1,2,3.

Equations (39) and (l»l) are the equations of motion in stochaBtic form. The

constraints (35, 36) become

n.F'/ft) = 0

(UU)

Equation (39) can be solved in a similar way as before. The solution

determines uniquely a Gaussian process defined by

(U5a)

< E ;jf s,t> £ i>j( s;

Thus the application of Helsoo's stochastic quantization scheme to linearized
gravitational field in vacuum yields a well-defined stochastic Markov process
for the "electric" field component ^ ( x , t ) , whereas the "magnetic" field
component spl i ts into a pair of functionals B.^.{E,x,t) given by equation (1*0}.

21
We have thus obtained a result similar to that of Guerra and Loffredo , with

the role of electric and magnetic components interchanged.

To compare the stochastic tensor field with the corresponding Euclidean

field i t is convenient to introduce a 3-tensor of rank-four R1^Bln(x, t ) in

terms of the Markov process E1'' (x, t ) :
- L i w " . - . . _ e i j l c * . l F M f ^ + \ • _ . ^ l l . i l i ( « )

- 1 6 -



The mean and covariance of R1''mn(a:, t) can be calculated using equations (1*5)

and (1*6), which define Ei"'mn(x, t) as a Gaussian field. Recall that the
Euclidean gravitational field in vacuum R ^""(x), i,J,jn,n = 1,2,3,1*, is related

to covariant Euclidean tensor potential G J(x) by the following relation

v (IT)

By comparing the two-point Scbwinger function of the Euclidean field E1^mn(x)
and the covariance of the stochastic tensor field E Cx, t) defined by
equation (1*6) one finds that the latter coincides with the space-part (i .e.
i,j,m,n = 1,2,3) of the former if we allow ii = t . Since a random Gaussian
field is uniquely determined lay its mean and covariance, we conclude that the
stochastic tensor field BiJnln(x, t ) , i,J,m,n = 1,2,3 given by equation (1*6)
is the same as the space-part of the Euclidean tensor field R """(x) if we
identify x> with the physical time t . This result is again similar to that

27
obtained for electromagnetic field. We can consider this as a generalization
of the result of Ruggiero and Guerra.

We remark that the stochastich fields E iJ(x, t) and KlJnm(5c, t ) ,
i,J,m,n = 1,2,3 , are Markov in time by construction. However, they do not
satisfy Helson's Markov property and we can show that both E and R
are T-positive. Therefore once again we see that the space as well as the
time-parts of the random field are necessary to ensure that nelson's Markovicity
holds. However from the physical point of view the space components of the
field are sufficient to determine the dynamics of the system (in fact, the
time-zero field coincides with the space-part of the field).

IV. COUCLUDIHG EMARKS

We have shown t h a t He lson ' s s t o c h a s t i c quan t i za t i on scheme can be

applied in a consistent way to massless potential fields of arbitrary integer
spin in Coulomb gauge. The stochastic potential in temporal gauge can also be
constructed in a similar way. For these non-covariant gauges the ground state
stochastic field coincides with the corresponding Euclidean field if we let
Xi = t . Stochastic potential in covariant gauge is not well-defined unless
an additional "euclideanization" condition is imposed. In that case stochastic
potential in covariant gauge can again be identified with the corresponding

-17-

Euclidean field. Stochastic quantization of massless field can also be

carried out in terms of field strength tensor, and for the case of linearized
gravitational field in vacuum results similar to that for stochastic electro-
magnetic field have teen obtained. In this way we can give a direct physical
meaning to Euclidean massless boson fields of arbitrary spin as the ground
state stochastic field in physical Minkowski space-time.

One of the problems not discussed above is that of relativistic
covariance of the stochastic fields. It appears strange that the application
of Nelson's stochastic quantization scheme to a relativistic covariant classical
field will result in a stochastic field with a seemingly wrong Euclidean co-
variance. It has been pointed out by Guerra that in the stochastic quantiz-
ation procedure leading from classical to stochastic field (for example from
equations (37-38) to (39-1*!)), the hyperplanes t - constant play a special
role. If we repeat the same procedure with space-like surfaces then the
random fields obtained depend on the surfaces chosen. Thus it is possible to
restore the full relativistie eovariance in this way.

Another important problem in stochastic field theory that deserves
serious attention concerns the possibility of obtaining a consistent
theory of stochastic fermion fields- Some results on this question have been
given by Guerra and co-workers . They regard the fermion oscillators as
numerical-valued Markov processes (or random walks) on two-element group
Z2 « (-1, +1). In view of the usefulness of the probabilistic method in
Euclidean gauge field theories, further study in stochastic fermion field
theory may provide deeper insight into gauge field theories.

Finally one may hope to generalize stochastic field theory to curved
space-time manifold. However such an extension will require some basic changes
since the usual techniques such as Fourier decomposition and analytic con-
tinuation may not hold in a general curved manifold. However it is hoped that
with the use of stochastic technique, in particular the stochastic integral,
i t is possible to achieve a better mathematical treatment and numerical control
in quantum field theory in curved space-time.

Note. After the completion of this work ve have received two preprints by-
Mark Davidson "Stochastic Quantization of the Electromagnetic Field" and
"Stochastic Quantization Of the Linearised Gravitational Field", which treat
the stochastic electromagnetic potential and linearized gravitational
potential in Coulomb gauge, with a general diffusion parameter.
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