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Abstract 

The essential ingredients of the Peccei-Quinn mechanism are shown to be 

dictated by a proper choice of a grand unification scheme. The presence of 

U(lj_. gives rise to the possibility that the same physics which resolves the 

strong CP-violation problem nay decode the generation puzzle with no extra 

cost. Multigenerational signatures of the invisible axion scenario, such as 

the canunical fermion mass matrix, are discussed. The uniqueness and the special 

values of the quantized PQ-assignments, namely 1,-3,5,-7,... for successive 

generations, acquire an automatic explanation once the idea of 'horizontal com-

positeness' is invoked. A characteristic feature then is that the muon appears 

to have a less complicated structure than the electron. Furthermore, U(l)_0 

chooses SO(10) to be its only tenable gauge symmetry partner, and at the same 

time crucially restricts the associated Higgs system. All this finally results 

in a consistent fermion mass hierarchy with log m, to the crudest estimation, 

varying linearly with respect to the generation index. 

'Incumbent of the Maurice M. Boukstein Career Development Chair. 
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I. Introduction. 

The Peccei-Quinn (PQ) mechanism was originally introduced at the 

standard SU(3)xSU(2)xU(l) level with the primary purpose to resolve the strong 

2 
CP-violation problem . A global Abelian degree of freedom was invoked to 

rotate away the potentially dangerous 6FF term. However, in doing so, it 

was quite necessary to assume that the corresponding global U(l) symmetry 

be axial, leading to color anomalies, and to enlarge the Higgs system so 

that at least two scalar doublets with opposite PQ-assignments are included. 

With the above ingredients, the strong CP-violation problem is actually 

solved, however one is faced with the axion problem and the necessity to 

explain its experimental invisibility. The recent proposal of Dine, 

Fishier and Srednicki (DFS) does exactly that by including a complex Higgs 

singlet in addition to the two scalar doublets. The axion mass and its 

coupling strength to normal matter are both inversely proportional to the 

vacuum expectation value (VEV) of the additional singlet; and if this VEV 

is large enough, the DFS axion is practically invisible. It is then only 

a phantom, harmless axion. 

While the DFS scenario may ly far be the best solution to the strong 

CP-violation problem, it is high.'.y artificial within the SU(3)xSU(2)xU(l) 

framework to assign an arbitrarily large VEV to one of the Higgs multiplets 

in the theory. This is, however, not the case when one contemplates the 

PQ-symmetry along with grand unification. The strong CP-violation problem 

then can be embedded within the more general gauge hierarchy problem. Indeed, 

Wise, Georgi and Glashow have adopted this philosophy, and have provided an 

SU(5) version of the DFS idea. It should be emphasized though that it is 

the general idea of grand unification which offers a natural framework for 
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the resolution of the axion problem, not the particular choice of SU(5) 

as the underlying local gauge symmetry. In fact, we hereby attenpt to tie 

the axiality of U(l) r 0 together with the complex irreducible nature of the 

fermionic family. From this point of view, S0(10) and even E(6) are of 

course preferable to SU(S). What turns out then to be quite remarkable is 

the fact that the same physics which dictates the axiality of U(l) p n also 

guarantees the desired pair structure of the Higgs doublets. We thus argue 

that the essential ingredients of the PQ-mechanism are actually a signature 

of proper grand unification. 

One of the most striking features associated with the idea of grand 

unification is its possible realization already at the so-called single-

generation level. This leaves aside the overall flavor problem . Moreover, 

7 
the uniqueness of the possible candidate theories with respect to minor 

g 
fermionic requirements along with the existence of general no-go theorems 

which practically fo.:L.id simple multi-generational grand unification, 

9 
undoubtfully signify the special role played by theories such as SU(5), 

SOCIO) and E.(6) , despite of the superfluous replication they are not 

capable of dealing with. This is where the PQ-symmetry may play an extra 

important role. Namely, U(l)p0 symmetry can be successfully utilized as 

also the horizontal flavor symmetry. Such an idea is strongly supported by 

14 the one-to-one correlation between the axial character of the horizontal 

group factor and the canonical structure of the fermion mass matrix. 

Indeed, we demonstrate how horizontal U(l)p_ leads to a variety of fermionic 

mass relations and allows us to express the generalized Cabibbo-Kobayashi-

Maskawa mixing angles in terms of quark mass ratios. The relative deformation 

of m(u) versus m(d) which is known to accompany local U(l), horizontal 
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models is neatly avoided. 

An extTemely interesting further result that emerges is 

the fact that the PQ-assignments of all the particles which make 

their appearance in the theory are uniquely determined up to an 

overall arbitrary scale. In particular, the fermionic generations 

exhibit the following quantized PQ-assignments. 

1, -3, 5, -7, (l.l) 

respecting some special discrete subgroup of U(l] . Mfe interpret 

the uniqueness and the special characteristics of the multi-

generational extention of the PQ-mechanism as a signature of 

'horizontal compositeness'. Only one family of fermions and its 

associated Yukawa interacting scalars need be regarded as fundamental 

constituents. Other fermionic generations are to be viewed as 

composites of the basic family and appropriately coupled Higgs 

doublets of the theory. The associated Fermi mass matrix and the 

iterative structure of the theory then tell us that the lighter 

the family the more composite it is, in the sense that more scalars go in 

making it. From this point of view, the nuon is more elementary than 

the electron. Thus, the picture of compositeness that emerges from our 

considerations is very different from those that are currently 

described in the literature. 

To proceed further and understand the full generation structure 

one needs dynamics. At the present we have no detailed dynamical 

scheme. Nevertheless, we show by analyzing the dominant effective 

Feynman graphs, that the combination of U[l) p o and the horizontal 

compositeness idea leads to a qualitative understanding of the 
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fermionic mass hierarchy. In fact, using a very crude approximation 

we are able to show how log m varies linearly with respect to the 

generation index. We use quite strongly the facts that only 

symmetrically coupled Higgses can trigger the mass generating 

process, while only real scalars under the gauge group allow for 

a composite faaily structure. Consequently, apart from severely 

restricting the Higgs system, U(l) p 0 also acquires the power of 

choosing its grand unifying group partner. G=S0(10) emerges as the 

only tenable candidate. 

Altogether, we attempt to provide in this paper a link among 

various physical phenomena. Our major observation being that the 

strong CP-violation problem, minimal grand unification, the 

generation puzzle and even the conjectured horizontal compositeness 

are very tightly correlated by means of the PQ-symmetry. 
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II. The threefold link between single - generation grand unification 

and the Peccei-Quinn symmetry. 

Consider a single generation of fermions, and in addition to the 

customary gauge transformations of SU(3)xSU(2)xU(l), let the 

Lagrangian be symmetric under a global continuous U(l) symmetry. The 

most general transformation laws of the quarks under the latter symmetry 

are 

H ia x fu} 

r qk: 
ia x 

UR * e " UR ' <-2A> 
ia x. 

d R - e d d R -

where a is an arbitrary parameter and x , x , x. are the lJ(l)-hypereharges. 

Two features which are of immediate interest should be emphasized: 

(i) The underlying SU(3)xSU(2)xU(l) local gauge group is not capable of 

dictating any particular relations among x ,x„ and x,, reflecting the 

reducibility of the fermionic representation, and 

Cii) The extra U(l) may in general have color anomalies if it so happens 

that 2x -x -x. is a non-vanishing quantity. 

Further, the U(l) symmetry has to be axial if it is to serve the original 

PQ-mechanism. This means 

xq = -xd = -xuS x f 0, (2.2a) 

leading to non-zero color anomalies, i.e. 
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2 VV x d = 4 x i i 0 - (2-2bi 

Were the additional symmetry local, the non-vanishing anomaly 

would spoil the renomalizability of the theory. The globality 

in turn requires color anomalies for removing the masslessness of the 

associated Goldstone boson once the symmetry is broken. 

The U(l)pQ symmetry is thus(i) Global, (ii) Axial,and (iii) Anomalous. 

A special consequence of the PQ-mechanism is the fact that at least 

two distinguishable Higgs doublets are needed if both m as well as 

m. are to acquire tree-level Basses. The argument for this involves 

very strongly the axiality of U(l)„., rather than its global or 

anomalous nature, but has also very much to do with the special fermionic 

content of the WS theory. To see this, we write the Yukawa part of the 

Lagrangian 

W = Gu % *u "R + Gd ^L *d dR * h-c"> (23) 

noticing that $ and *., while being ffS degenerate, must carry opposite PQ-

assignments and hence cannot coincide. The need for two Higgs doublets 

originates thus from quark mass considerations. 

The major prediction of the PQ-mechanism is the well-known axion. 
3 

In fact, it was the nass scale of this pseudo Goldstone boson which prematurely 

prevented the incorporation of the PQ-mec nanism in realistic schemes. Very 

recently, as stated earlier, paying the minimal price of introducing a WS-

singlet complex Higgs scalar with a huge VEV, the mass of the axion along 

with its couplings to Batter fields have been shown to be highly suppressed. 
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Hence the embedding of the initial strong CP-violation problem 

into the more general mass hierarchy puzzle. At any rate, the 

introduction of an extra Higgs singlet and the doubling of the Higgs 

doublets are added to the list of extremely desirable features waiting 

to be explained rather than imposed. 

At the SU(3)xSU(2)xU(l) level we are thus left with the following 

fundamental questions: 

1) Where does the global U(l) come from? 

2) Why must it be axial? 

3) Why must the axion mass and couplings be suppressed? 

4) Why must the Higgs system exhibit a proper pair of doublets? 

5) Are there any experimental signatures of the invisible axion scenario? 

The origin of UCl) p Q is the most obscure problem. It may be just a 

physical coincidence or alternatively evidence for some kind of compositeness. 

However, once the theory is invariant under some global U(l), all 

other problems stated above have definite compelling answers within the 

general framework of grand unification. The axion problem is then neatly 

resolved already at the SU(5) level , while the characteristic "pure 

generation structure" of S0(10) must be invoked to account for the automatic 

axiality of the global UC1) along with the desired pair structure in the 

Higgs system. Moreover, the extension of U(l)_ to the generation space 

appears to be unique, telling us actually that experimental evidence to 

support the PQ-mechanism is likely to be found at the multigeneration 

level. We proceed now to discuss in some detail singi»generation unifying 
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schemes based on GxUClJp-, with the symmetry group G being a currently 

popular local gauge group such as SU(S), S0(10) and E(6). 

While being the minimal unifying extention of the standard 

SU(3)xSU(2}xU(l) theory, SU(S) does suffer from a major drawback 

with regard to its fermionic contents. The reducibility of the left-

handed family, namely 1J1. = tl'in+'l'g, is extremely crucial: The PQ-

assignments of i[i.- need not be the same as those of fe. 

Consequently, the axiality of U(l)p is guaranteed only for the 

up-quarks, but has still to be imposed for other flavors. The up-

quarks are special because it so happens that u. and u, are members 

of the sane irreducible complex representation <j>. 0, so that 

u. and u must in turn carry opposite PQ-assignments. 

The SU(5) Yukawa sector, although much more restricted in comparison 

with the standard theory, is still very much like eq. (2,3), It is 

given explicity by 

W " Gu *10 C *u *10 + Gd *10 C *d H • P-« 

with $ and 4, being as before two still independent scalars, and C 

denoting the antisymmetric charge-conjugation operator. $ and <j>, 

whose PQ transformation laws are 

* .̂ _-2ia* j. * . „2iax , ,, ,, 

*u* e V +d e *d • (2-5) 

transform under SU(5) via 5 or 45, Note that <p has to be a 5 in a 

single-generation scheme, as otherwise m =0 as a consequence of the 

18 
antisymmetric nature of the $.s couplings. 
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In spite of the fact that SU(5) fails to account for several 

desirable features associated with U(l)p , it does provide us with the 

proper framework for suppressing the axion mass and couplings in a 

natural way. The reason is the following: The WS-singlet scalar * 

with the huge VEV, used in the DFS-mechanism, must be in 

the theory to begin with since it causes the spontaneous breakdown 

of SU(5) into its maximal SU(3)xSU(2)xU{l) subgroup. It is very 

easily identified as the familiar Diag (2,2,2,-3,-3) element of the 

complex Higgs *-.. [We note in passing that the complexity of 

$.4 under U(l)p_ can easily be detected by the presence of the 

exclusive terms 

*u * *d
 o r ^u *2 *d (2-6) 

in the symmetric scalar meson self-interaction sector]. Now, it is 

important to point out that the DFS conclusion regarding the mutual 

smallness of the axion mass, its decay constant, and its couplings to 

ordinary matter, is very general and in fact is G-independent. The mass 

scale M associated with the birth of SU(3)xSU(2)xU(l) must be huge 

(̂ 10 GeV for SU(5) type unification) in order to maintain consistency 

30 
with the proton life-time T > 10 years and the observed value of 

2 
the weak mixing angle sin 6 = 0.22. This means that the correlation 

between SU(5) and U(l)p_ is quite limited! It is the general idea of 

gTand unification which resolves the axion problems, not the particular 

choice of G=SU(5)• One still does not have a better understanding why 
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U(l) Q must be completely axial, nor does one have a better insight into 

the pairing phenomenon of the weak Higgs doublets. This is why 

S0(10)xU(l)po is our next and hopefully better candidate. 

SO (10) has three major advantages over SU(S): 

(i) The theory is automatically anomaly-free with respect to the local 

currents. 

(ii) The theory allows for an intermediate Left-*-HUght symmetric sub

structure. 

(iii) The complex fermionic representation is vertically irreducible. 

It is mainly the third property which establishes the threefold link between 

grand unification and the strong CP-violation puzzle, and simultaneously 

opens the door for a unique multigenerational extension. To see this we 

first observe that since f. and f( are both members of the same complex 

irreducible representation lji., , they must transform alike under any 

additional symmetry. If such an extra symmetry happens to be a global U[l), 

f and f must then carry opposite PQ-assignments. This conclusion is valid 

for any arbitrary f. Thus, the axiality of U(l) p 0 is not a free choice-

It is forcefully dictated by the pure generation structure of flavor-chiral 

SOCIO). Moreover, the PQ-assignments can then be thought as the common 

"last name" of all quarks and leptons which belong to the same family. 

Concentrate now on the S0(10) Yukawa sector. Here one hopes to overcome 

the previously mentioned SU(5) difficulties. L„ takes the compact form 

LY = G *16 C ^ *16' (2-7} 
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with $ being either 10, 120 or 126. If several such Higgs multiplets are 

present, they must all carry the same PQ-nmnber. Under the decomposition 

of SO(10) into SU(5)xll(l) (with this U(l) being local T3R+ | (B-L)"> 

we finally discover the desired pair structure in the Higgs system, namely 

10 = S+5 

120 « 5+5 + 10 + T6" + 45+4?, (2.8) 

126 = 1 • 5+45 + 10 + 15 + 50 . 

S0(10) unification tells us therefore, taking advantage of its built-in 

L+-+R symmetric ingredient, that for each &, there must exist i with 

exactly opposite PQ-assignments, simply because it is the $d+fl combination 

which furnishes an S0(10) irreducible representation. This finally completes 

the threefold link between S0(10) and U(l)po-symmf;cry. 

Our last candidate to be examined is G=E(6). Similar to S0(10) it also 

admits a complex irreducible fennionic representation, namely <j>?7 , only 
L 

with some extra fermions (27=16+10+1 under the E(6)>SO(10) decomposition) 

which may in principle acquire super-heavy SU(3)xSU(2)xU(I)-invaTiant masses. 

For the sake of the PQ-symmetry, at the single-generation level, the 

advantages of SO(10) are almost the same as those of E(6). Only the group 

theoretical features are somewhat different. For example, the Higgs 

multiplets which are capable of giving tree-level masses to fermions are 

27, 351 and 351'. To be contrasted with S0(10), where some of the 

relevant Higgses are real under the gauge group, all the above Higgs 

representations are complex• This what seems to be a very mild group 

theoretical property is going to play a crucial role in the multigenerational 

extention of U(l) „, allowing only S0(10) as a suitable candidate for G, and 

not E(6). 



13 

III. Horizontal Peccei-Quinn symmetry 

SU(5), S0(10) and E(6) are by construction single-generation theories, 

and as such suffer from the "superfluous replication disease", namely they are 

simply not capable of tackling the generation puzzle. In fact, it is very 

striking that such a unification takes place at all, leaving the extended 

flavor problem aside. Any additional so-called horizontal symmetry which is 

added for the sole purpose of classifying the otherwise degenerate fermionic 

families gives rise to many question marks. If such an extra symmetry is 

19 
locally gauged we face the severe problem of overall flavor unification 

g 
along with several no-go theorems. It is impossible , for example, to find a 

flavor-chiral renormalizable multigenerational SU(N>S) grand unifying theory 

for quarks and leptons exclusively which is asymptotically-free and has no 

superfluous replication. SOC10+4k) grand unifying schemes suffer from the 

"conjugate spinor disease", namely the appearance of 16's and TfT's in equal 

ammouhts, while E(7) and E(8) are real to start with. Among the locally gauged 

20 group structures only the semi-simple extentions seem to survive. The other 

alternative, namely the use of global horizontal symmetries, was always accom

panied by the fear of dealing with a harmful axion. However, since this problem has 

been satisfactory resolved lately within the framework of the DFS generalization, 

the barrier has been taken out of the way, and consequently the following 

step becomes almost unavoidable: If UCl)pnis already present in the theory 

to resolve the strong CP-violation puzzle, and is very tightly linked with the 

general idea of grand unification, what is then more natural than to use it 

ill decoding the long-lived generation puzzle? Moreover, adopting 

such a scenario allows us to maintain minimal flavor unification. Rather than 

21 
applying a slim PQ-mechanism to extended flavor unifying gauge groups , we 
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propose to attach a multigenerational-U(l)p. to standard single-generation schemes. 

This is fully consistent with our basic point of view, as expressed for example 
22 

by suggesting the class of vertical •"-•horizontal symmetric theories , namely 

that the single-generation group factor is elementary and not an accidental 

consequence of some symmetry breaking process, 

To show how unique the U(l)p0 multigenerationai extention really is, we 

approach it fTom an entirely different direction. The following steps are taken: 

(i) We show how the axiality gives uniquely rise to the so-called canonical 

14 Fritzsch-type Fermi mass matrix in one quark sector, providing us with a new 

need for two Higgs doublets. 

(ii) We establish the link between the structures of the |Q| = 2/3 and |tj| = 1/3 

charged quark mass matrices. The contents of such a link crucially depends on the 

global versus local nature of the extra U(1)A horizontal symmetry. 

(iii) We find S0(10)xU(l)p_ with an extremely restricted Higgs system to be our 

only possible candidate for flavor grand unification. In other words, lTllpo 

chooses its favorite G partner. 

Let the left-handed spin-*- chiral fields i|i* 

associated with the i-th generation transform via 

H-j - e i a x i *j (3.1) 

under some 11(1) symmetry. Apart from telling us that this U(l) must be axial, 

tl._ pure generation structure also forces us to assume that 

xf t x. for i t j . (3.2) 

If this logical requirement is violated, the flavor problem would still be alive. 
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We now concentrate on one quark sector, trying to study the characterisei. 

effects of an axial horizontal symmetry on the Fermi ma?s matrix. For the sake 

of simplicity however we would like to make our points at the WS level, using 

Higgs doublets. If we have a Higgs doublet <|> , with 4> •* e $ , the Yukawa 

coupling qj $ dj" exists if and only if 

x. + x. = h . [3.3) 

The axiality is reflected by tho symmetry between i and j (a vectorial U(l)v 

would have resulted with x.- x.= h). It is therefore convenient to define a 

symmetric matrix X, such that 

X.. S x. + x. . (3.4) 
11 l j 

For the sake of the down-quark sector, all what one has to do is to trace those 

elements ,of X which happen to equal h. They signify existing Yukawa couplings, 

and therefore correspond to non-vanishing m[d'J tree-level matrix elements which 

are proportional to <$> = ve l a , 

The no-superfluous replication criterion specified by eq. (3.4) turns out 

to be extremely restrictive. It allows a given Higgs doublet to have at most N 

different entries in the N-dimensional mass matrix, only I^-(N+1)] of which are 

independent (JrJ denotes the largest integer which is not bigger than r, e.g. 

|2J=2, I2,5J=2). Alternately , at most one element which equals h can 

appear in any given raw, coloumn and even along the principal diagonal of X. 

For N=3, as an example, the maximal h-pattern is given explicitly by 

X » 

h 

h . (3.5) 



with the dots representing entries different from h. The tree-level m(d) 

mass matrix which corresponds to C3.5) has however one major drawback, namely 

two eigen-masses stay degenerate for arbitrary Yukawa coupling constants. In 

the general N-dimensional case, if only one single Higgs doublet makes its 

appearance, there will be at most [̂ -(N+l)] different eigen-masses, what one 

likes to see though is a mass matrix which gives rise to N non-degenerate 

eigen-masses, none of which vanishes. 

This is where the necessity to introduce at least two Higgs doublets 

arises. However, it should be very clearly emphasized that the current and 

the previous needs for the Higgs doublet pair-structure are very 

different from each other. The original PQ-mechanism requires both charged quark 

sectors of a single-generation to conclude that two doublets are 

needed, while now it is only one charged quark sector of the multigenerational 

scheme that suffices to draw the same conclusion. We are about to show how these 

two needs are naturally met. 
With two Higgs doublets <|> and $' transforming via 

iah 4>, •' 
iah' 

C3.6) 

the X pattern takes the following characteristic form 

h' 

X = h' h £3.7) 

h h' 

h' h 

Purposely , for the sake of showing uniqueness, we say nothing at the moment 

about the possible relations between h and h', apart from h j* h' to ensure no 
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superfluous replication. The above pattern, where the two doublets have N 

23 
and N-l entries respectively, is unique (up to permutations 

of course) if the requirements stated before (non-degeneracy, non-zero eigen-

masses) are to be met. If the two Higgses would have N entries each, the 

U(l), conservation would have led to the violation of (3.2). At any rate, 

the mass matrix mfd) then must have the canonical structure, 

namely 

m(d) 

0 ^ e 0 0 

•**eiB 0 -Weia 0 

0 "We iB 

^we "We 

(3.8) 

It should be emphasized, that as far as our additional (1(1) is concerned, only 

its axial nature has been used. The above canonical m(d) 

does not care whether the U(l), is global or local, nor does it tell us 

how h' is related to h. 

The consistency of the canonical mass matrix with respect to U(l), 

causes the fermionic assignments x. to be determined in terms of h and 

h', for an arbitrary number of generations N. Since X.. -x.+x., the pattern (3.7) 

gives exactly N inhomogenious linear equations for the N parameters x., 

and one finds 

xk = i(h+h') - i(2k-l)(-l)
k(h-h-). (3.9) 

This allows us to write X explicitly in the following form 
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4h'-3h h' 3h'-2h 2h'-h 

h' 3h-2h' h 2h -h.' 

3h'-2h h 2h'-h h' 

2h'-h 2h-h' h' h 

(3.10) 

Now we notice that if the criterion for determining the allowed Yukawa 

couplings and hence the non-vanishing mass matrix elements in m(d) is 

x. + x. = 1* or h', CJ.Hd) 

the analogous constraint for the |Q| = 2/3 quarks is 

x. + x. = -h or -h' 
1 3 

C3,llu) 

And since X is uniquely fixed by specifying m(d), it must simultaneously 

contain the relevant information for the construction of mCu). After all, one 

and the same x.+ x. combination appears in (3.lid) and (3.11u). But why should 

the resulting m(u) obey our general requirements to form a proper mass matrix? 

As we shall see, this is where the horizontal U(l) p 0 appears at its best. 

Let us now ask the following question : What must be the relation 

between h and h' such that both m[d) as well as m(u) would simultaneously 

have non-vanishing non-degenerate tree-level eigen-masses? To answer this we 

go back to X, trying to identify some of its elements as -h and -h', and then 

checking the corresponding m(u) if it falls into our category of a proper mass 

matrix. After some algebra, we find that only two solutions exist. These 

solutions are as follows: 
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a. The local solution - This solution is characterized by 

( h = 

U-
Consequently we 

Zx. 

0 

0 

find 

= Z 

for N 

for N 

that 

K? = 0 , 

odd 

even 
(3.12) 

(3.13) 

which implies the absence of triangular anomalies. The associated U(l), in this case 

has to be local, as otherwise a trueGoldstone boson is present in the theory. 

Such a local U(1)A is a natural factor to accompany flavor unifying attempts 

with a gauge group bigger than SU(5), S0(10) or E(6), At any rate, the locality 

has a very characteristic signature on the Fermi mass matrix. Namely, there 

exists a relative deformation in the structure of m(u) in comparison with the 

structure of m(d). This deformation can be easily detected by comparing the 

locations of h'(h) versus -h*(-h) terms in X, remembering that h=0 (h'=0) in 

this case. For N=3, as an example, m(d) given by (3.8) is accompanied by 

m6i) 

0 

(3.14) i«" i a 0 0 

e"iS 0 <we-ia 

with the relative deformation in structure respecting a permutation subgroup 

of the generation indices. 

b. The global solution - liiis solution is characterized by 

h + h' = 0 , (3.15) 

which can now be remarkably identified with the original PQ-requirement whose 

automatic explanation is found at the single-generation S0(10) level. With 

regard to the structure of m(u), the mass matrix m(d) given by (3.8) is thus 
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accompanied by 

mCu) 

0 i*e 

•We"1" 0 

0 'vwe-1 

0 

'We" 

0 

(3.16) 

0 0 -v-ve"1" -vwe"16 

We see that having a canonical m(d) forces m(u) to be canonical as well and 

exactly of the same form. The relative deformation which characterizes local 

flavor-chiral schemes has neatly disappeared. We also notice that the original 

PQ feature regarding u and d quarks acquiring masses via different VEVs 

strikly holds for each m.. separately, i.e. 

mfd).. ̂ v m » « mfu) . . "v> w or v . 
IJ ij 

(3.17) 

The overall matrix structure is however completely identical, Moreover, we 

find that, up to an overall scale, there exists a unique set of 

horizontal PQ numbers which satisfy all the criteria. Using (3.15) 

and setting 

h 5 2x , (3.18) 

s o that <j>. •+ e iji. and (ĵ  + e 4j,, the fermionic families seem to 

24 
prefer a discrete subgroup of U(l)_„, i.e. 

x, -3x, 5x, -7x, ... (3.19) 

The uniqueness of the multigenerational PQ-symmetry is thus 

obvious. Later we try to interpret the above special assignments as a signature 

for horizontal compositeness. 
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Before analyzing further the Fermi mass matrix, we would like 

to show how UCDpf, is in fact capable of choosing its favorite underlying 

gauge group G. We recall that at the single-generation level, SOCIO) and 

E(6) had both the same advantages.while SU(5) failed to provide the important features 

of U^PQ in a natural wav- No"» using the SOCIO) language and considering a 

single 4 , i.e. 4 = *,+ 4 + .,., the Yukawa couplings which give rise to 

the canonical mass matrices (3.8) and (3,16) are as follows 

Ly = Gj *WC[*(2x)]+iKx) + 

• G2 *WC*(2x)i(if-3x) +G^M>3x)C<JiC2x)iKx)+ 

+ G55^3x')C[*(2x)]V(Sx)+G^(Sx)C[1(>C2x)]
ti/)C-3x)+ (3,20) 

+ 
Notice the special role played by the alternating 4 and 4 in eq. (3.20). 

This is dictated by horizontal PQ-a.»signnents. The real versus the complex 

nature of 4 under the gauge group G acquires therefore a crucial importance. 

Only real scalar representations (but of course complex under U(l)pQ) are 

capable of inducing tree-level information exchange between m(d) and m(u). 

For the available Higgs multiplets 10, 120 and 126 we know that 

(i) 4 is real and symmetric, and hence 

G2 = G 2 ' G3 = G3' >•• C3'21a> 

(ii) *,20 *s rea* an<' antisymmetric, and hence 

Gj = 0, G2 =-G2, G3 = -GJ, ... (3.21b) 

(iii) 4,,6 is complex and symmetric, leading to 

either G, = G> » 0, G, = GI, G. = G' = 0, ..., 
' * 3 3 4 4 (3.21C) 

or Gj = 0, G2 = C2, G3 = G£ = 0, .., , 
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Thus, in a minimal picture, where only one Higgs field couples to fermions, 

it must be <(>,.. $,_. alone would lead to eigen-mass pair-degeneracy because 

of the antisymmetric nature of the Yukawa couplings, while <|>126 would have 

similar consequences originating from its complex nature. At any rate, unless 

minimality is imposed on the Higgs system, the mutual existence of several 

Higgs multiplets is of course perfectly permissible. This would not influence 

the general canonical structure of m(d) and m(u). 

Rather than using a single real Higgs scalar, one can adopt an alternative 

(but unlikely) scenario: Let (f(2x) be complex under the gauge group G, but 

introduce in addition 4'(-2*) , a step similar to the one taken at the 

"511(5) or SU(3)xSU(2)xU(l) level before being explained neatly by S0(10). The 

difference,however, is that now , we have four "doublets" because of 

the extra doubling, and cannot go beyond S0(10) to put $ and <)>' in a real 

representation of (say) E(6). All the relevant E(6) Higgses, namely 27, 351 

and 351', are unfortunately complex. Are we then just lucky to have real 

representations in the multiplication 16x16 under S0(10), or is it another 

expression for the pure generation structure? 

Nevertheless, we have learnt in passing an important lesson regarding 

E(6). Within the framework of E{6)xU(l)p there will be no tree-level 

correlations between m(d) and m(u), i.e. the same VEV cannot . appear in 

the two quark sectors simultaneously. Consequently, the correlated mass matrices 

(3.8) and (3.16) cannot be obtained in this case. Such a conclusion could not 

have been derived at the corresponding single-generation scheme. Thus, for 

the sake of horizontal U(l) p 0 it is G=S0(10) which is singled out. The 

importance of this conclusion will become even more evident later on when 
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discussing horizontal compositeness. The fact that E(6) lacks a real scalar in its 

Yukawa sector will be translated into the stronger statement that E(6) simply 

cannot support a multigenerational scheme, 

We would like to return now to the phenomenology associated with the 

canonical mass matrices (3,8) and (3.16), and to make some very brief comments 

regarding the Cabibbo mixing angles, Kobayashi-Maskawa CP-violating phases, 

and neutrino masses. The model we considei first is the minimal SO(10)xU(l)po scheme, 

i.e. 4>-0 is takes to be the only scalar which has Yukawa coupling with fermionic 

matter. The canonical structure of the Fermi mass matrix leads to the well-

known formula 

tan 8c a (57) V2 • C3-22) 
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for the Cabibbo angle 8 . This relation is known to be quite well satisfied 

provided the hard current-algebra quark masses m. i» 7,2 MeV and m i< 150 MeV 

are used. The observed value for 6 may thus serve as a signature for horizontal 

The next item to be discussed is the weak CP-violation. This effect is 

expected to be present in the general case,according to Kabayashi-Maskawa, provided 

N >_ 3. It turns out however, as a consequence of the special phase correlation 

between m(d) and m(u), that the unitary Cabibbo matrix U is completely 

orthogonal, which means the vanishing of KM-phases. This conclusion turns out to be 

valid even in the presence of explicit CP-violation terms in the bare 

Lagrangian, i.e. when the Yukawa coupling constants are taken to be complex 

quantities. This reflects the minimal structure of the Higgs system. Yet, 

since two Higgs "doublets" along with an extra WS-singlet scalar must exist 

even at the level of the minimal theory, the door seems to be open for 
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27 
Weinberg's mechanism of inducing CP-violation via scalar exchange to take 

placJ. Usually three doublets are needed, but the replacement of one of them 

by a singlet may still do the job. We therefore draw our attention to the 

Higgs self-coupling sector. The extra WS-singlet * must transform non-

trivially under U(l) p 0 in order to account for the axion invisibility. Such 

a field must have H=-4x or -2x, where H is defined by t + e *, depending 

on whether 

*d * ** or <j>d *
2 ** (3.235 

are the self-interaction terms. Once the (b, and/or it propagator gets 

infected by some imaginary part, the AS=2 transitions 

d£*L + dR"5 "* d L ^ d K "«) 
give rise to a non-vanishing value for the CP-violating parameter e. The above 

"bare" processes are mediated, consistent with hermiticity and axiality, by 

28 
4, or $ exchange in the t and s-channels respectively, and should be suppressed 

at least to the level of the ZW-exchange box diagram. At any rate, the theory 

naturally acquires a super-weak CP-violating character. The other CP-violating 

parameter, known as £', is expected to be much smaller than £ as a consequence 

of the fact the leading "penguin" - diagrams turn out to be CP-conserving in 

the minimal scheme. 

With regard to the smallness of the left-handed neutrino messes, it is 

well known that •J^R *S t n e only origin for heavy tree-level Majorana mass 

scale for the right-handed neutrinos. In the minimal scheme, $,?(> *s absent, 

28 
Yet, Witten's mechanism can in principle be invoked to accomplish 

this.The theory then needs <k6
+ $TZ*QACI anc' "•* right-handed neutrinos receive 
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mass contributions at the two-loop level proportional to (—) M. 

The absence of both KM-type CP-violation as well as tree-level masses 

for right-handed neutrinos lead to the conclusion that the minimal Higgs 

system must be enlarged. The same conclusion can be reached independently 

from an entirely different direction, (fe refer to the characteristic fermionic 

mass relations originating from the minimal S0(10)xU(l) Q scheme. As is 

well known,the main difficulty associated with the Fermi mass matrix has to 

do with the arbitrariness in the Yukawa sector.However, the S0(10)xU(l)po 

grand unifying theory has only [-rCN+l)] arbitrary Yukawa coupling constants in 

its minimal version. This means that up to largerenormalization effects and 

significant terms beyond the tree-level, we expect to have N-l mass relations 

between N up-quarks and N down-quarks, in an N-generation model. (This is in 

addition to the trivial m(e)=m(d) lepton-quark relation). We demonstrate 

these mass relations for N=2 and N=3: 

d ) N=2 

»Cd) = 

m(u) = 

0 

bw 

0 

bv 

bw 

av 

bv 

aw 

(3.25d) 

(3.2Su) 

For each mass matrix we can construct a function of the eigen-masses X. which 

stays invariant under the interchange v++ w. After some algebra, the desired 

invariant appears as 

,2 
i = Aj x2 cxj - x 2 r (3.26) 
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For A,»X , we find that I ^ . A , , implying 

m(d2) mCu1) 

mTd^T 
(3.27) 

( i i ) N=3 

m(d) = 

m(u) 

0 

cv 

0 

0 

cw 

0 

cv 

0 

bw 

cw 

0 

bv 

0 

bw 

av 

0 

bv 

aw 

(3.28<" 

(3.28u) 

The two corresponding invariants are 

h * CX1A2 + A2A3 " A3Al)tAl " A2 * V 

A^A^A^tA* — A^ * "•'iJ t 
(3.29) 

A1A2A3 

a x - x2 • x,}-
C3.30) 

The first one is a generalization of (3.26), while the second invariant is 

known to accompany some left •*-* right symmetric models, 
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The above mass formulas depend very much on the total number of 

generations. At any rate, we are not supposed to apply them directly on the 

lightest fenerations observed, because the heaviest generations are the ones 

which those mass relations really describe. Notice that if the total number 

of generations is three, not all the above mass relations seem to be very 

realisticCon the contrary, some of them are badly violated). This provides 

another motivation for enlarging the Higgs system, as has been already in

dicated by the absence of KM-phases along with the typical <k0 single-

generation relations m(v)=m(u) and mCJl)=m(d). However, the possibility 

exists that some of the above mass relations will stay intact upon the 

enlargement of the Higgs system. 

Finally, let us list some of t'ae left over and the newly created problems 

associated with the horizontal PQ-symmetry: 

1) The uniqueness of the PQ assignments - What physics dictates those special 

fermionic assignments? Why should they be quantisized, respecting a discrete 

subgroup of U(1)A ? 

2) The compactness of the Higgs system - Why must there be no generation-like 

structure in the Higgs system? After all, the horizontal U(l)pn teaches us 

that exactly two "doublets" suffice to make all 8N fermions massive. 

3) The Yukawa hierarchy - "CI)p. ensures that the most general tree-level mass 

matrix is of the form 
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M = (3.31) 

C 
B' 

B 

A J 

Is it also responsible for ths badly needed hierarchy 

IA| » |B| » ici » ... ? (3.32) 

4) The phenomenological aspects - We have to incorporate weak CP-violation 

into the theory, to account for the extreme smallness of m(v.) and to 

improve the fermionic mass relations. 

Starting from two Higgs doublets, it has been demonstrated that only one 

such doublet stays massless after the primary stage of S.S.B. The low-energy 

theory then becomes the standard one and U(l) p 0 does not hold any more. It is 

therefore important to emphasize that the effective tree-level Fermi-mass 

matrix does remember the original U(l)__ - symmetric Yukawa couplings. The 

remnant Higgs doublet $' can be written as 

p'*cosa*4d
+sin (3.33) 

so that it is a mixture of ± 2x PQ-charges. At the tree-level, it would not 

couple to $.Cij). unless x.+x.=±2x, although this may happen at the one-loop 

level as it does anyhow at the standard model. 
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IV. From "wrong" Yukawa couplings to horizontal compositeness 

is it just a coincidence that the PQ-synmetry,whose threefold link with 

grand unification is already established at the single-generation level, 

admits a very unique horizontal structure? To answer this interesting question, 

let us examine the fermionic assignments 

x. = x, -3x,5x, -7x, ... (4.1) 

more carefully. 

Let us concentrate, foT the sake of clarity, on a SUC5)xU(l)p_ grand 

unifying theory for a single fermionic family !/>,= !)>,_ + Vg -In the'notation 

of (2.4), the Higgs fields of relevance, either 5 or 45, are $ (-2x) along 

with 4>.(2x). The U(l)p_ - invariant Yukawa couplings are given by 

"Y = Gu *I0 C *u *10 + Gd *10 C *d *5 + h'C- • «-V 

But .what happens when (say) i|i.- enters the "wrong" interaction vertex, i.e. 

t L t 

with $. or 6 rather than with b or A.? The underlying gauge invariance, 

SUC5) in this case, cannot anyhow tell the difference. Well, either it is the 

U(l)p- symmetry which is lost, or we are just lucky to have around 

I|JL(-3X) in addition to tp.Cx}. Our prefered alternative is of course the second 

one, but even in this case we still have two options: 

(i) i|i. (-3x) is as fundamental as VyCx) - Naturalness is simply lost in this case, 

Ne dn not gain any better understanding about the relative horizontal assignments, 

nor new insight concerning the relative strength of the various Yukawa couplings. 

(ii) <ti.(-Sx) is a bound state - Its PQ-assignments are determined by i|i, (x) and 

the "wrongly coupled" 4>. A promising origin for the Yukawa hierarchy is seen 

to emerge. 
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Although we can only speculate at the moment about the detailed dynamics respon

sible for the binding mechanism, we would like to discuss alternative (ii) in some 

detail. For a qualitative discussion,all we need at this stage is a consistent group 

theoretical procedure which would allow us to go from an N to an N+1-generational 

scheme in a unique way. The binding force along with the physical origin 

of the global U(l) is beyond the scope of the present, discussion (later we 

speculate about possible sources for the binding mechanism). Yet, the horizontal 

compositeness assumption by itself is shown here to severely restrict the theory. 

The general scenario suggested is thus the following: The various fermionic 

generations are not elementary to the same degree. Only one fermionic family plus 

30 
its associated scalars are regarded as fundamental entities , while the 

replication of the generations is due to compositeness. In other words, the 

single-generation ingredients suffice to span a multigenerational scheme. 

Before diving into the details, it is very important to emphasize the 

main qualitative features associated with horizontal compositeness. The first 

thing to notice is the almost trivial fact that proceeding from an N-generational 

scheme to one for N+l generations does not alter the PQ-assignments of 

the first N fermionic families'. Such a consistency condition does not accompany 

a local horizontal U(1)A if at each stage anomaly cancellation is required. 

He now argue that the fundamental fermionic family "KOO is expected to 

be the heaviest family, having a characteristic mass scale of order W, or even 

-M^. This comes about from the "layer structure" of the Fermi mass matrix 
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(4.3) 

ffl . 
where the lowest kxk diagonal subitiatrix is nothing but the proper mass matrix 

in a k-genexational scheme, with k=l,...,N. If the addition of an extra generation 

is required not to drastically change the N-generational physical picture and if 

the eigen-masses are to exhibit a full hierarchy, the (N+l)-th generation must be 

the lightest one. For N*2, as an example, we have 

and hence 

0 B 

B A 

m, n, A » m, -v £- for A » B , 
1 2 A ' 

for A * B , 

for A « B . 

m, ^ m, i> A 

m ii m, i< B 

(4.4) 

(4.5a) 

(4.5b) 

(4.5c) 

Only (4.5a) falls into our category,telling us that m, « m. is accessible, while 

m, » m. cannot be acheived in any case. This is consistent with the 

numerical fit of the Fritzsch mass matrix and also with the general idea of a 

driving mass in a semi-composite model. The moral of the story told by the 

special PQ-assignments is thus straight forward: The more composite a faTminnir 

family . the liehter it is expected to be.u is therefore more elementary then 

e, with (e.v^.u.d) being the last rather than the first family on the list. 
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We proceed to study the correlations between the composite horizontal 

structure and the underlying single-generation gauge group G. Our main 

purpose is to show how S0C10)xU(l)p_, with a very specific Higgs system, 

is uniquely selected out as the only candidate capable of supporting the 

above ideas. 

a, G=SUC5) 

In the previous sections we have learnt that SUC5) does not have an 

intimate link with UCl)p0. Recall that the axial nature of global U[1J and the 

doubling in the Higgs system have to be imposed at the SU(5) level. Now, 

for horizontal compofiteness , SU(5) faces a more severe problem. 

It turns out that there are two ways to construct 1)1,. C-3x). Using the SUC5) 

aB ^ 
spinorial indices oc,3,Y,6',9, we can write vP, Q ("3J0 as 

either eal*Se ( ^ ) y S W f
d ) b . (4-6a) 

° V <v - c*s„J ( v • (4,6b;i 

with ec"sY0B denoting the well-known antisymmetric tensor of SUC5). From the 

fact that two independent i/>ln (-3x) fields may coexist we immediately 

conclude that the unpleasent "superfluous replication" is once again with us, 
+ 

The main reason being that both ^IQ+^E as wel1 as ^a*^u b e l o n8 t0 reducible 

representations. 

b. G=E(6) 

The nultigenerational composite structure depends crucially on the 

existence of what we called effective "wrong" Yukawa couplings. For such effective 

gauge invariant couplings to exist in a theory where the fermionic generation 

is complex and irreducible, <j>3t>,+ji ... must furnish a real representation of G. 



It is then interesting to realize that the same ingredient which establishes the 

characteristic link between m(d) and m(u) is exactly the one which allows 

for the multigeneraticnal composite sturcture. Unforturnately for E(6), the 

Higgs scalars 27, 351 and 351" which may interact with fermions are all complex. 

Hence, E(6)xU(l)p0 grand unifying theory cannot lead to horizontal composteness. 

c. G=S0C10) 

The problems with SU(5) and E(6) discussed above are avoided for G=S0(10). 

First of all«we are indeed lucky to have real Higgs multiplets that couple to the 

fermions. We refer of course to <t,0 and • 1 2n
- T h e s0(l0)xUC1)pO theory allows 

for a meaningful horizontal structure, but by the same token puts simultaneously 

severe constraint on the Higgs system. Namely, the theory must contain exactly 

one 4>,- or t^Q' H a vi n8 two or more such fields (even <b1Q+<>12„ is excluded) 

would necessarily mean facing again the undesirable replication in the fermionic 

sector. With only one <p =*,+• • ••> also the previous SU(5) problem is resolved 

in such a way that a definite linear combination of (4,6a) and (4.6b) is chosen. 

If we have to choose between <t>.Q and i,., it is $.« which is normally 

prefered on the basis that it is capable of triggering the fennionic mass 

generating process. This has to do with the symmetric Yukawa couplings of $,_ 

in comparison with the antisymmetric nature of $12n couplings. Apart from £._, 

the only other Higgs field which has the. property that it can give a driving 

mass to the fundamental fermions is (p,,,. Its presence cannot be forbidden 

by arguments associated with horizontal compositeness because of its complex 

properties, e.g. 16*126 jt IB". However, when adding $,,, to the list, one 

better be careful and verify that 16x126 f* 16, so that the theory does not 

get contaminated by V+A interacting generations 
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Altogether, realizing that 

(i) The driving mass term is related to the symmetric nature of the Yukawa 

couplings, and 

(ii) The horizontal sturcture needs real scalars, 

not only t\ns gauge group is uniquely selected out to be S0(10) but also its 

associated Higgs subsystem relevant for fermionic masses is tightly specified. 

Let us summarize the various alternatives: 

10 

120 

126 

10+120 

10*126 

120+126 

No driving mass term, 

No horizontal structure, 
C4.7) 

Superfluous replication, 

Eigen-masses degeneracy, 

10+120+126: Superfluous replication. 

Thus, it is either (f> - or alternatively "Kn^i-,,: which establish the horizontal 

compositeness and simultaneously trigger the mass generating process. The 

differences between these two alternatives is not just technical. What is 

realy important however is the uniqueness of the non-minimal scheme. If the 

relevant Higgs subsystem is bigger than just •,„, it has to be ltlin+*i26 an<' 

cannot be anything else. The addition of $,_, allows us first of all to 

introduce reasonable weak CP-violation along with Hajorana masses for the 

right-handed neutrinos. Apart from this, we get rid off the non-realistic 

formula 

mOO - m(d), (4.8) 
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converting i t non-trivially into Glashow's linear relation 

m(Jl) " otrnCd) + gm(u). 
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(4.9) 

Before analyzing further the horizontal composlteness idea, which means 

among other things trying to relate the various Yukawa couplings to each other, 

let us throw some light on the general tree-level non-renormalized mass 

relations naively expected in the non-minimal scheme, tte discuss explicitly 

the N=2,3 cases. 

a. N=2 

mCd) 
0 bw 

bw a(v+V) 
{4.10d) 

m(u) 
0 bv 

bv aCw+W) 
(4.10u) 

m(*) 
0 bw 

bw a(v-3V) 
(4.10S) 

Here V and W are the VEVs associated with the SU(5) members 45 and S of <f,26» 

respectively. We see that the u*-* d symmetric mass relation (3.26) does not 

hold anymore. The only high-energy mass relation is found to be 

nCipmCiy = mCdpmCdj). (4.11) 



b. N=3 
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u(d) 

0 c(v+V) 0 

c(v+V) 0 bw 

0 bw a(v+V) 

(4.12d) 

m(u) 

0 c(w+W) 0 

c(w+») 0 bv 

. 0 bv a(w+N) 

while m(£J becomes a linear combination of the above, i.e. 

ra(Jt) = oimCd) + Bm(u) , 

with 

(v-3V)v-w(w+W) 
" (v+V)v-w(w+W) ' 

B = 
4wV 

(v+V)v-w(w+W) 

(4,12u) 

(4.12ft) 

C4.13a) 

(4,13b) 

In particular notice that eq. (4.124) follows only provided that the entries 

of $,25 in (4.12u,d) are proportional to the corresponding entries of $.. at 

the unification mass scale. This may be justified, rather than conjectured, 

by the horizontal compositeness assumption. After all, apart from solely 

changing the driving Yukawa coupling, the rest of the diagram may be 

be exactly the same. Also notice that the various VEV phases have been 

momentarily neglected. Once they appear, weak CP-violation cannot be eliminated. 

From the invariants (3.29)and (3.30) only the last one is found to be still 

present, meaning that the expression 
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for u,d,i (4.14) 

should be the same when caluclated in the £,u,d sectors, separately. Notice 

that this result would not hold if the entries of <t>,2<- are not proportional 

to the corresponding entries of $,... At the same time, there exists another 

d •<-*")l invariant which generalizes (4.11), namely 

for d,a <*lV A2*3 " X l V " Ws 
cxr y xs) 

(4.15) 

We would also like to remark that the famous Glashow formula for N=3 32 

mfJlj) »(£2) m(£3) 

mCdj) m(d2) m(d3) 

nCup •Cu2) m{u3) 

(4.16) 

can be obtained here. This can happen provided the various VEVs happen to be 

such that ot=0 in eq. (4.13a). One may thus wonder whether the observed 

correlation 

m(!t) « m(u) (4.17) 

is just a nunerical accident. Another crucial remark is in order. It is obvious 

that the N»3 case reduces to the N»2 case in the X, -*• 0 limit. But what can be 

said with regard to the lightest generations once X. ->- <». It can be easily 

verified that since (4.14) behaves like 

M„ 
while (4.15) is proportional to 

A,(X2-X,), it is the expression X,X-(X2-X,)
2 and not X X (see eq. (4.11) which 

then becomes finite non-trivial d",—•" fi. invariant. The conclusion is 
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clear: The total number of generations stays an extremely important parameter, 

23 
even when the heaviest generations practically decouple , in the sense 

that the lightest generations mass formulae do depend on it. 
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V.Quaiitative solution of the generation puzzle 

The fundamentalS0(10)xU(l)0 Yukawa interaction $C4 # is illustrated in 

Fig. 1. The solid lines correspond to the propagation of iK, Cx), while the 

dashed lines stand for the Higgs scalar $(2x). Following the analysis presented 

in the previous section, this $ field can be either 10 or 10+126, but is 

definitely not allowed to contain 120. Consequently, the effective Yukawa 

couplings are symmetric in the generation space. 

Further, the formation of a bound state via the so-called "wrong" Yukawa 

coupling is illustrated in Fig. 2. The fact that a "wrong" Yukawa vertex is 

effectively involved is expressed by the opposite direction of the arrow on 

the $-line in comparison with Fig, 1, The bound state iji (-3x) is then 

described by two parallel lines. Were these lines anti-parallel, \K (x) and i(>(2x) 

would have an ordinary Yukawa interaction, creating the fundamental ^R(-x) but not the 

desired i|\,(3x) bound state. It is important to recall, having both 10 as well as 126 

in the Higgs system, that only $ 1 Q is capable of participating in our bound 

state formation scenario. This reflects the group theoretical properties that 

16x10 O "16 , while 16x126 9 16,1?. Altogether, the diagramatics of the various 

fermionic families is illustrated in Fig. 3. The k-th left-handed fermionic 

family, with 

\ * C-l)kC2k-Dx , (S.l) 

is described in terms of the fundamental family i|i, 00 and a symmetric set of 

(k-l)"wrongly-coupled" >1(.(2x) scalars. 



Next, we focus our attention on the effective Yukawa couplings in order to 

understand the fermionic mass generation processes. Our main purpose is to 

specify the mass hierarchy pattern induced by the horizontal compositeness. 

For the sake of clarity, let us concentrate first on the m.2 :.:.•.ement of the 

Fermi mass matrix, with m., denoting the transition mass between the first 

and the second generations. At the first glance, it seems as if the dominant 

mass contribution would come from the diagram 4a, which primarily serves to 

define &.(3x). But this is obviously not the case. Replacing $ by its VEV 

<0>, as dictated by the spontaneous symmetry breakdown,changes simultaneously 

also the QNs of the outgoing fermionic channel. This leads to the following 

working hypothesis: The Higgs scalar which is to be replaced by its VEV 

cannot participate in the formation of the fermionic bound state involved. 

Consequently, the leading contribution to m.. comes from diagram 4b. Schematically, 

the situation then can be viewed as follows. The fermionic component of ̂ R(3x) 

changes its assignments while Yukawa interacting with an external Higgs source, 

This destroys the bound state by allowing its members to again Yukawa interact. 

Altogether, a non-conventional effective Yukawa vertex #,(-3x)C W,Cx) * s 

extablished where the Higgs scalars serve a twofold duty. We can thus 

summarize that the higher-order term 

# * 2 , (5.2a) 

representing a diagram of the type given in Fig. 7a, induces an 

effective tree-level term 

*(*M* . (5.2b) 

Here (i|4) denotes of course the bound state under consideration. 
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Two important remarks concerning the above discussion are in order: 

1) So far, the m,- Fermi mass matrix element has been discussed very generally. 

One would like however to be more specific, i.e. to know what really happens 

in each charged feruion sector, separately.For this purpose it is very convenient 

to use the SU(S) language, specifying in some detail (see Fig. 5) 

the actual contents of diagram 4b. The origin of the interference among the 

various fermionic mass matrices becomes then very clear. Such non-trivial 

interference complicates of course the calculation of the various matrix 

elements, and may serve as the principal source for having different hierarchies 

in different fermicnic sectors. 

2) The second remark has to do with the relative magnitude of m,_ in comparison 

with the driving mass term m,,. In fact, this is obviously the heart of the 

hierarchy problem, but unfortunately we cannot perform any explicit calculation 

before fully understanding the binding mechanism. Until then, the hierarchy 

parameter e is arbitrary. . Once e is extracted, it is expected 

to be of the order of the Cabibbo angle 

"12 

"11 
* <x>6) . (5.3) 

We shall make this assumption from now on. This one parameter is sufficient 

to estimate the magnitude of all the other matrix elements m... 

At this stage we can combine the various rules of the game to finally 

present a qualitative graphical solution of the generation puzzle. The multi-

generational Fermi mass ratrix is given schematically for N«3 in Fig. 6, 

where the leading diagrams for each individual matrix element are explicitly 

presented. We proceed to study its associated qualitative and some quantitative 

features. 
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To estimate the strength of the matrix elements m (p,q=l,...,N), using 

eq. (5.3) as our starting point, we consider the general higher-order 

term of the type given in Fig. 7a. In a qualitative short-handed notation 

it takes the form 

•v. -i-T W* 6 ( p , q ) • (5.4) 
A0"1 

Here 6 is an integer whose dependence on p,q is to be specified very shortly, 

while A is some representative mass scale introduced on dimensional grounds. 

Now, since the k-th fermionic family is a bound state of the fundamental family 

and (k-1) Higgs scalars, it turns out to be very useful to write S(p,q) as 

follows 

fi(P.q) " P + q - 2 • A(p,q) , (5.5) 

with the understanding that after the horizontal compositeness occurs, the 

term given by (5.4) transforms into 

"• "ST »+P"lH*+q-VCp'q) . C5.6) 
A0"1 

This is illustrated in Fig. 7b. For the above term to provide the dominant mass 

contribution to m after the spontaneous symmetry breaking, &(p,q) and hence 
PH 

6(p,q) are uniquely fixed. Their values are determined by the PQ-sy—etry. 

Namely, the total PQ charge carried by the fermions iff and t|Y into the effective 

interaction vertex amounts in x +x . and since each scalar can cancel only ±2x, 
P <J 

a minimal number of 

ACp.q) - | ^4^9- | (5.7) 

such scalars is needed. Explicitly, we have 
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A(p 
r: 

.q) = { 
(5.8) 

P+q-1 for p+q even 

p-q for p+q odd 

A crucial difference is thus established between mass matrix elements which 

have p+q even and those for which p+q odd, We also note that for p+q even 

there exist c"" _ leading order permutated diagrms in comparison with only 

one such diagram if p+q happens to be odd. Using matrix notations, A(p,q) 

and 6(p,q) can be written as follows 

ACp.q) = 

s(p.q) -

7 

1 

S 

3 

. 13 

6 

. 9 

6 

1 

5 

1 

3 

6 

9 

4 

5 

S 

1 

3 

1 

9 

4 

5 

2 

3 

3 

1 

1 

6 

S 

2 

1 

(5.9a) 

(5.9b) 

We would like now to estimate the magnitudes of the various mass matrix 

elements in terms of powers of the hierarchy parameter e. To do this we first 

recall that the formal replacement <W> -*• 0W>)> representing the formation of a 

bound state, must be accompanied by an extra mass scale. Following the dis-

lp12l cussion concerning the I 1 ratio, and using the notations of eqs, (5.4) 
'•ll1 

and (5.6), this mass scale has in fact be-Hi defined to be eA. On dimensional 

grounds one can proceed and argue that the chain 



W k - ( # ) * k _ 1 * ( # 2 ) * k " ! •*• *(#k) 

is associated with a factor of (eA) . Such an iterative process allows us 

to very easily estimate the effective tree-level terms. These terms share 

the common property of having A(p,q)=l. Normalizing the Fermi mass matrix 

such that n>iiEl and ignoring order unity ratios involving v,w,V,W and 

various mass interference effects, the effective tree-level mass matrix 

takes the following form' 34 

eff, ,tree . „ 
vlevelJ 

(S.10) 

But before analysing the corresponding mass hierarchy we better verify the 

stability of the tree-level results against higher-order corrections, 

Going back to the general case of eq, (5,6), there are A(p,q) scalars 

which are to be replaced '..'/ their VEV, Each such scalar then contributes a 

factor of nA. The dimensionless parameter T) being necessarily smaller than 

1, namely n £ E, as otherwise perturbation theory would simply break down, 

2 
After all, the driving mass term m., itself acquires a correction of order n 

Altogether, the leading contribution to the m matrix element is of order 
PM 

m ^ EP
+ <«- 2 n A ( p ' q ) _ 1 

C5.ll) 

Hence, in a very crude estimate, m has the form 

http://C5.ll
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6 6 S 4 4 3 2 
en e en en 

4 4 3 2 2 
e n e e n 

c - 4 n 4 

e n 
2 2 2 

e e n 
3 2 2 2 

en en e 

C5.12) 

with a correction of order n m to each matrix element m , 
pq pq 

What can we say about the hierarchy of the eigen-masses X.,X,,,.,,XN ? 

To answer this we calculate the k-fold symmetric polynominals of X.,-^,,A,,-A.,. 

which we denote by S„, and find that to the leading order 

S*. (_„*•! /-Vl). (5.13) 

Consequently, up to all factors ignored (in particular the mass matrix inter

ference effects), we extract the following eigen-mass hierarchy 

\-2(k-X) (5.14) 

Although such a qualitative result will be considerably modified once the 

explicit calculation is perfonsed, still qualitatively it demonstrates the 

correctness of the basic underlying idea of horizontal compositeness. We 

recall that the first attempt5 to plot log m as a smooth function of the 

generation index is due to Bjorken, while the tree-level pattern (5.10) 

has been discussed on some phenomenological grounds by Fritzsch. 
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Figure Captions 

Fig. 1 

Fig. 2 

Fig. 3 

Fig. 4 

Fig. 5 

Fig. 6: 

Fig. 7: 

The fundamental Yukawa interactions. 

The formation of a bound s ta te via 'wrong' Yukawa coupling. 

Diagramaatics of the fermionic families. 

Leading mass contribution to m.,. 

The origin of the interference among the various fermionic 

mass matrices. a ,3,a ' , !3 ' are CG-coefficients determined once 

SUCS) is embedded in SO(10). 

Leading terms of N=3 Fermi mass matrix. 

The diagrammatic meaning of 6(p,q] and A(p,q). 
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