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Linear and Nonlinear Kinetic-Stability 
Studies in Tokamaks 

This paper presents results of theoretical 
investigations on important linear kinetic properties 
of low frequency instabilities in toroidal systems and 
on nonlinear processes which could significantly 
influence their impact on anomalous transport. 
Analytical and numerical methods and also particle 
simulations have been employed to carry out these 
studies. In particular, the following subjects are 
considered: (1) linear stability analysis of kinetic 
instabilities for realistic tokamak equilibria and the 
application of such calculations to the PDX and PLT 
tokaraak experiments including the influence of a hot 
beam-ion component; (2) determination of "nonlinearly 
saturated," statistically steady states of three 
interacting drift modes; and (3) gyroklnetic particle 
simulation of drift instabilities. 

Linear Kinetic Stability Properties for Realistic Tokamak 
EquilibriT 

Since the presence of low frequency microinstabilities 
remains a highly plausible contributing factor to observed 
anomalous energy transport in tokamaks, the determination of the 
onset conditions for relevant modes under realistic operating 
situations is an Important problem. In order to carry out this 
analysis, a numerical code has been developed to solve a set of 
three coupled lntegro-differential equations which govern the 
large-toroidal-mode-number (n » 1) Instabilities of interest. 
The calculation is fully electromagnetic with the basic system of 
equations corresponding to comprehensive forms of the 
quasineutrality condition and the parallel and perpendicular 
components of Ampere's law. In arriving at these equations, a 
general form of the perturbed distribution function is used which 
is valid for arbitrary mode frequencies compared to the particle 
bounce or transit frequency and also for arbitrary perpendicular 
wavelengths compared to the particle gyroradius or banana width. 
By making use of the ballooning representation (appropriate for 
modes with n » 1), the linear properties can be accurately 
determined with a radially local (i.e., one-dimensional) 
analysis. Collisional effects are included in the form of an 
energy and pitch-angle-dependent model Krook operator which 
reproduces the results of a Lorentz collision operator in the 
banana regime in the limits o << v and u> >> v , with v 

eff erf err 
being the effective collision frequency and u) the mode 
frequency. The specific mathematical form of this system of 
equations is quite lengthy and will not be presented here. They 
are given together with a detailed description of the numerical 
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procedure employed to solve them in Ref. 2. 
Since the primary goal of these studies is a realistic 

assessment of the kinetic stability properties under relevant 
experimental conditions for tokamaks, attention has accordingly 
been focused on two important features; namely (1) a proper 
interface between the stability analysis and self-consistent MHD 
equilibria (obtained from codes such as PEST); and (2) an 
appropriate treatment of the equilibrium distribution function for 
the hot beam-ion species which is strongly anisotropic In pitch-
angle and strongly non-Maxwellian in energy, in beam-heated 
discharges. Regarding the first item, It is found that results 
from calculations using realistic equilibria can be quite 
different from those using the widely-adopted zero-beta modf?l 
equilibrium with circular, concentric magnetic surfaces and large 
aspect ratio. For example, as shown in Fig. 1, a comparison 
between the numerical equilibrium cases and the corresponding 
model equilibrium cases indicates differences of around 50T in the 
growth rates of trapped-electron modes computed for parameters 
appropriate to the POX experiment. Figure 1 also illustrates the 
general trend that, for realistic scenarios, kinetic Instabilities 
are predicted to be present over a wide range of toroidal mode 
numbers . 

In calculating the hot beam-ion response, the equilibrium 
distribution, F (E,v / v ) , is obtained from the BALDUR one-
dimensional radial transport code [3J, which also provides the 
equilibrium radial profiles of the densities, temperatures, and 
safety factor. This profile Information is then used in the MHD 
equilibrium code to generate the corresponding numerical MHD 
equilibrium flux surfaces. The tokainak experimental conditions 
considered here are those appropriate to PLT with parailel (co-) 
injection and to PDX with nearly perpendicular [v /v = cos(81°)] 

injection. Figures 2 and 3 show representative forms of Fu 
obtained from BALDUR for these cases. Also sketched on these 
figures are the fundamental transit frequency resonance lines in 
velocity space, where Re(u) = us - ± to , with u being the 

r tb tb 
transit frequency of the beam tons. Note that the resonance lines 
for perpendicular injection lie in parts of velocity space where 
Fv Is largest, while for parallel injection they fall in regions 
where F b is suall. This indicates that beam-ion transit-frequency 
resonant effects will be appreciable only In the case of 
perpendicular Injection. 

To determine the quantitative impact of the beam population 
on unstable modes, a systematic study was carried out for the 
familiar trapped-electron-drift branch. For both the PDX and PLT 
cases, the direct effect of the beams on these ralcroinstabilities 
was found to be rather weak; i.e., the effects tend to be of the 
same order as the fraction of beam ions (typically, njj/ne < 
10%). This is illustrated on Fig. 1 for the PDX case. With 
regard to the question of how the maximum (in n or k p ) growth 
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rates, Y m a x , might scale with beam power, P b, it was found that 
for the PDX cases, v decreases only slightly as P. increases ' 'max D 
from 6.6 MU to 13.2 MW. Similar results were obtained for the PLT 
cases as Pv. increased from 1 MW to 3 MW. Henctf, substantial 
changes In beam power are predicted to have quite a weak effect on 
the drift-type microinstabtlities. This appears to be consistent 
with recent experimental observations of the behavior of 
fluctuations in PDX [4] . 

In addition to the preceeding investigations, the general 
procedures described have also been applied to the kinetic 
analysis of high-frequency instabilities, thermonuclear alpha-
particle effects, and the influence of a poloidal equilibrium 
electric field. Results of these ongoing studies can be briefly 
summarized as follows: 
(1) Since velocity-space anisotropy can give rise to high 
frequency (ion-cyclotron frequency range) instabilities, the 
present low frequency gyrokinetlc analysis has been appropriately 
generalized [5] to Investigate this problem. Initial results from 
these calculations for PDX cases indicate that such instabilities 
can appear provided the heam-lon population is sufficiently large. 
(2) The influence of thermonuclear alpha particles on drift-type 
microinstabilities has been Investigated with an analytic model 
equilibrium distribution function of the form [6] 

3 3 F « n (r)/(v +v ) . For the expected case of very sharply a a c r 

peaked n -profiles, a substantial stabilizing effect is found even 
a 

for relatively small values of n /n . 
a. e 

(3) In the presence of perpendicular-injection heating, the 
resultant anisotropic pressure can give rise to a non-negligible 
equilibrium poloidal electric field. This can in turn lead to 
electrostatic trapping that is competitive with the usual magnetic 
trapping. When such effects are taken into account, preliminary 
results indicate that the linear growth rate of trapped-electron 
drift modes can be strongly modified. 

Statistically Steady States of Three Interacting Drift Modes 

The determination of how low frequency drift-type 
Instabilities actually affect anomalous transport is, of course, a 
very important issue. It is presently believed that drift 
fluctuations can achieve a nonlinearly saturated steady state in 
which linear growth is balanced by a variety of nonlinear 
processes, including resonance broadening and mode coupling. 
Hence, a detailed understanding of these processes is required 
before the anomalous fluxes at saturation can be computed. 
Evidence from both numerical simulations and analytic theories has 
suggested that the saturated state is often stochastic. This 
implies that the phase and amplitude of the potential can wander 
rapidly and randomly. In order to avoid considering these 
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complicated (and largely Irrelevant) details, one is led to study 
a statistical description which advances in time phase-independent 
quantities such as the fluctuation intensity. The direct-
interaction approximation (DIA) [7] is a particularly useful 
statistical theory, but its validity in a stochastic regime has 
been strongly questioned [8] . 

In order to test the DIA in a stochastic regime of relevance 
to drift wave saturation, it has been applied here to a simple 
system [9] consisting of three drift waves, with complex 
frequencies, that are quadratlcally coupled through the 
polarization and E x B nonlinearities. When one mode is growing 
while the other two are damped, it is found that this system can 
evolve to a saturated steady state which is stochastic. 
Comparison of the numerical solutions of the DIA with the "exact" 
numerically computed statistical dynamics arising From a Gaussian 
ensemble of initial conditions indicates that the predictions of 
the DIA are generally in reasonable agreement with the "true" 
values both for the modal intensities at saturation and for the 
two-time correlation functions. These results therefore 
demonstrate that the DIA does, in fact, provide satisfactory 
first-principles theory of the statistical dynamics of drift 
waves. Further studies of saturated drift-wave states with the 
aid of the DIA are currently in progress together with the 
development of related approximations which expedite the analysis 
of many modes in a realistic geometry [10]. 

Cyrokinetic Particle Simulation of Drift Instabilities 

It is now widely recognized that the efficient simulation of 
low frequency drift-type instabilities under realistic tokamak 
operating conditions presents impractical demands on conventional 
particle codes. To remedy this difficulty, a fundamentally 
different type of simulation scheme has been developed which 
provides substantial advantages in time-step-size and In the 
required number of particles without sacrificing essential physics 
effects. Specifically, by adopting the gyrokinetic ordering 
(appropriate for studying low-frequency drift-type phenomena), a 
gyrophase-averaged form of the Vlasov-Poisson system of equations 
has been obtained which can be readily solved by standard particle 
simulation techniques [11]. The procedure here eliminates the 
explicit dependence on the gyroinotion while still retaining finite 
gyroradtus effects. This new scheme has been implemented into a 
two-and-one-half-dimensional (x,y,vx>v v z) electrostatic code in 
slab geometry. For the simple case of drift instabilities driven 
by a density gradient in a shearless system, results from this 
code are given in Fig. 4 and corresponding ones from the 
conventional code (with full ion dynamics and the guiding-center 
approximation for electrons) are displayed in Fig. 5. This 
comparison clearly indicates very good agreement in the linear 
frequency and growth rate, the nonlinear frequency shift, and the 
saturation amplitude. Here the Improvement (increase) in time-
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step-size is about ten-fold. 

In order to simulate the more realistic steady-state type 
turbulence phenomena (where the background lnhomogeneities are 
fixed in time), a multiple-scale scheme has been developed in 
which the long plasma equilibrium scale lengths are separated from 
the short scale lengths of the perturbations. Results from this 
modified gyrokinetlc code indicate that the dominant saturation 
mechanisms are associated with the nonlinear E x B effects of the 
ions and electrons and with the nonlinear ion polarization 
drifts. In the saturated state, the spectral density of the 
fluctuations is broadly peaked at small k (wavenumber), and the 
corresponding frequency spectra has the property that the 
frequency spread is of the same order as the frequency, i.e., 
Aw /(J = 0(1). Test particle measurements indicate that the 
k k 

diffusion is Bohm-like at this stage. In addition, a continuous 
exchange of energy between the different nodes as well as between 
the particles and the waves has been observed. The fact that the 
results here exhibit some key properties similar to experimentally 
observed drift-wave phenomena should serve to motivate continued 
investigations of this type. In addition, the Improved efficiency 
demonstrated by these simulations provide encouragement for 
developing more ambitious gyrokinetlc schemes involving toroidal 
geometry and finite beta effects in three dimensions. 
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Figure Captions 

Fig. 1 Growth rate, y, and real frequency, u , of the trapped-
electron- drift mode as a function of toroidal mode number, n, for 
the PDX cases with Pfe = 6.6 MW at r = 25 cm. The solid lines 
correspond to calculations using the numerical MHD equilibrium and 
including the beam ions. The dashed lines correspond to the same 
case but with the beam ions replaced by background ions . The 
dash-dot lines correspond to calculations using the model MHD 
equilibrium with circular concentric surfaces and again with beam 
ions replaced by background ions. 

Fig. 2 Typical equilibrium distribution function, F b > for hot 
beam ions with parallel (co-) injection in PLT. Here P̂ ,- 2 MW for 
r = 20 era at the time when the beam is turned off . 

Fig. 3 Typical equilibrium distribution function, F̂ , for hot 
beam tons with nearly perpendicular (81°) injection in PDX. Here 
P-|, = 6.6 MW for r = 25 cm at the time when the beam is turned off. 

Fig. 4 Drift instability simulation results from the gyroklnetic 
code . 

Fig. 5 Drift instability simulation results from the 
conventional particle code using full ion dynamics and the guiding 
center approximation for electrons. 
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