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1. Introduction-

- DISCLAIMER •
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warranty. e«press" or Implied, or assumes any legal liaoilitv or responsibility for the accuracy,
conpletenoss, or usefulness of any information, apparatus, product, or process disclosed, or
represents that its use would not infringe privately owned rights, deference herein to any specific
comrrnirciaf product, process, or service by trade name, trademark, manufacturer, or otherwise, does
not necessarily constitute or imply its endorsement, recommendation, or favoring by the United
Slates Government or arry agency thereof. The views and opinions of authors expressed herein do not
necessarily state or reflect those of the United States Government or any aoency thereof.

Deformed nuclei represent perhaps the largest and best studied class of
nuclear level schemes. The Interacting Boson Approximation (IBA) model^
is devised so as to provide a general framework for the description of low
lying collective states in nuclei spanning vibrational, rotational (i.e.,
deformed) and axially asymmetric types as well as the transitional species
intermediate between these limiting cases. The juxtaposition of these two
statements makes it all the more surprising that until recently2>3) there
had been no thorough test of the model in such nuclei. Partly, the explana-
tion for this lies in the type of data required for an adequate test. Since
the IBA predicts a broad range of collective states it requires a correspond-
ingly thorough empirical test. Moreover, in deformed nuclei, though the
characteristic predictions that distinguish the IBA from the traditional,
familiar collective model of harmonic 8 and f vibrations^) are important,
their clearest manifestation occurs in very weak, hard-to-detect low energy
transitions between excited vibrational bands (in particular between p and y
bands), that had not heretofore been systematically observed.

The present brief summary will begin with a review of the properties of
the (n,y) reaction that render it a useful empirical tool for such studies,
and follow this with a description of the results of the Er study^) and
the application of the IBA model to the resultant level scherae^'^. The
discussion will then be generalized to other deformed nuclei and to the
inherent systematic predictions that must characterize the IBA for such
nuclei. Many of these ideas will be related to the role of finite boson
number in the IBA. Since space limitations require brevity here, the
discussion will be more schematic than detailed and the reader is referred to
previous papers for greater detail (see especially refs. 2, 3, 6-11).

2. The (n,y) Reaction .

The over-riding characteristic of the (n,y) reaction is its essential
non-selectivity. With this reaction, a typical nucleus (not close to a
closed shell) is formed, by low energy neutron capture, at an excitation
energy near the neutron separation energy (e.g., 6 MeV). This initial state
deexcites by two empirically distinct modes, namely, by discrete high energy
(4-6 MeV) "primary" transitions which directly populate the low lying states
of interest and, secondly, by a continuum of cascade transitions whereby the
low lying states are populated through a multitude of routes. Both these
processes are predominantly statistical. The second mode leads to a popula-
tion of most low lying levels with spin within 2-4 units of the capture state
spin. The primary intensities have a wide statistical spread but there
exists a technique*^) known as average resonance capture (ARC) whereby the
incident neutron energy is smeared over, typically, 1-2" keV so that a rela-
tively large number (e.g., 20-200) of close-lying capture states are simul-
taneously populated. The "tailored beam" facility at the High Flux Beam
Reactor at BNL is designed to exploit this technique. The resultant primary
transitions from this "band" of capture states are highly averaged in inten-
sity so that final low lying states of the same spin are all populated with
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intensities that fall in a relatively narrow range (except for J%^ secular
energy factor). As a consequence, in appropriate cases where the;ftSc^hnique
can be applied, one has an a priori guarantee of disclosing all' low JLyjlng'
states of these spins. ' •" ;&'".

Of course, a technique that uncovers all states cannot reveal much about
their structure. For that information one relies on the "secondary" transi-
tions between low lying states that arise because of the general feeding from
both primary and cascade routes. Given that all levels of certain spins are
disclosed by the ARC technique, the task of constructing a level scheme from
the secondary transitions is enormously simplified. For a thorough study,
such as that of Er, these transitions must be detected over a very broad
dynamic range of intensities and with the extremely high energy precision
necessary to utilize the Ritz combination procedure for assigning these tran-
sitions to the level scheme. This is possible with the use of the curved
crystal spectrometers at the research reactor of the Institute Laue-Langevin
(ILL) in Grenoble, France. As illustrated in figs. 2 and 3 and Table I of
ref. 5, these devices are capable of energy resolution of < 100 eV for Ey <
1 MeV and energy precision on the order of 1-5 eV. (A final ingredient is
also important, namely, the assignment of transition multipolarities to many
of these transitions. This is effected through conversion electron spectros-
copy also utilizing the unique facilities of the ILL.)

In order to test the IBA for deformed nuclei, I 6 8Er was chosen because
it is centrally located in the rare earth deformed region, the low lying
levels had already been well studied, thereby providing a sound base for the
extension of the scheme, and, finally, because it has a large thermal neutron
capture cross section thus enabling a thorough study to be carried out. The
resultant level scheme constructed is complete for spins J=2-5. for positive
parity states up to about 2 MeV and for negative parity states up to about
2.2 MeV. It is arranged into 20 rotational bands. It comprises also about
3.00 assigned secondary transitions, including, in particular and most impor-
tantly, a large number of intraband transitions that define collective rota-
tional families, and interband transitions between excited bands that define
collective 3(E2) values connecting these bands. For the lowest positive
parity bands these transitions are shown in fig. 1.
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3. IBA Interpretation of 168Er

The IBA. model can be most easily applied to deformed nuclei by recogniz-
ing that su".h nuclei are reasonably close to the SU(3) limit of that model.
One can then write an extremely simplified Hamiltonian for deformed nuclei
where the 3 band is above the y band (the only nuclei considered here):

H = -K Q-Q -K' L«L + te" P-P (1)

where Q, L, and P are boson operators defined in terms of combinations of the
s and d boson operators s, s+, d, d+ subject to the constraint that the total
boson number N = n s + iy is conserved. In particular, Q is defined as:

Q > (s+d" + d+s)(2)+ (X//5)(d+d)
(2) (2)

(Note that the E2 transition operator T(E2) = otQ where a is a normalization
constant.) When x = -/33V2 and K"=0 in eq. 1, one obtains the SU(3) limit
with a spectrum characterized by groupings of rotational bands according to
the different representations of SU(3). The ground band forms the lowest
representation, and bands which are essentially K=0 and 2 bands, resembling
the B and Y bands, form the next representation. The E2 selection rule only
allows transitions within a representation. Therefore one has immediately
the surprising result, at variance with that of the harmonic model of pure B
and y vibrations, that transitions from these excited bands to the ground
band are forbidden and that transitions between the "8" and "y" bands are
allowed. Although we have used the familiar terminology of B and Y bands it
is clear from their behavior (decay modes), implicit in these selection
rules, that the IBA excitations must differ in some way from those of the
geometrical model. Exactly what these physical differences are has been a
subject of considerable discussion. We shall return to it at the end.

To treat deformed nuclei realistically one must introduce SU(3) symmetry
breaking. There are two approaches available in the context of eq. 1 to do
this. In the earlier and heretofore more commonly used one, the value of x
in eq. 1 is kept constant at -/J5/2 and the P«P term, with appropriately
fitted coefficient <", is used to break the SU(3) symmetry. E2 transitions
are calculated using the operator T(E2) = aQ, but with a variable x« T n e

Er and related results of refs. 2y 3,. 6, 7 and 10 were obtained with, this
approach. A newer, sore consistent procedure") involves breaking the SU(3)
symmetry by varying x from 0 to -V35/2 in eq. 1 and by utilizing the same
value of x in T(E2). Indeed, in this approach^) x is usually determined by
fitting an empirical B(E2) ratio. It turns out that, if one ignores possible
fine tuning improvements, one can then delete the P*P term from eq. 1 and yet
achieve fits comparable to or better than with the earlier approach and with
one fewer parameter.8) In the discussion below we shall generally refer to
results from the "x" formalism although occasionally it has been convenient
to show the earlier results from the "P«P" formalism. The most important
results in either case are that, first, in the breaking of the SU(3)
syianetry, the essential predictions of that symmetry are maintained, in
particular that of strong collectively enhanced 3*Y transitions. Moreover,
while both &+g and y+g transitions exist in the broken symmetry calculations,
it is an automatic prediction that the B+Y still dominate B*g transitions
and, moreover, that Y"*"g transitions are also much stronger than B*g transi-
tions. The second feature has long been a well .known empirical fact which is
illustrated in the lower part of fig. 2. The first feature, involving weak,

energy transitions, was heretofore unexpected but in fact characterizes
HEr (see fig. 1 and refs. 2, 3, 5) and indeed, now, other deformed nuclei

where the requisite experiments have been completed.
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The calculated energies of K=0 and 2 bands are compared with the data in
fig. 3. It is clear that the agreement is excellent. The major discrepancy
(not shown in the figure since it concerns K=A excitations) is that the
lowest K=4 band is calculated at about 1.6 MeV whereas it occurs empircally
at just over 2 MeV. A more sensitive test of the calculated structure of the
states lies in the E2 transition rates. For the y+g transitions the results
in the P«P formalism are given in Table 1 of ref. 3 (and, in the guise of a
Mikhailov plot below in fig. 4). The results both for absolute B(E2) values
and branching ratios is rather good but some discrepancies of factors of 2-3
do appear for y+g transitions from the higher spin states. In the x formal-
ism, °) however, these discrepancies disappear. Since these results have
not been explicitly tabulated before, we present them in Table i. The agree-
ment is remarkable. More detailed inspection shows that both the empirical
and calculated B(E2) values increasingly deviate from the Alaga rules with
increasing spin and that spin decreasing transitions fall below the Alaga
rules while spin increasing transitions exceed them. Both these features
suggest that the origin of the deviations from the Alaga rules, in both the
data and the IBA, may be sought in bandmixing between the ground and y
bands. To investigate this, the Mikhailov plot^) technique is a powerful
tool since it allows one, in appropriate cases, to explicitly distinguish
between the direct and mixing contributions to the B(E2) values. Figure 4
shows such a plot. Without delving into the intricacies of the formalism
(see refs. 3, 9, and 10), it sufficies to state that, given that 2-band
mixing is an adequate assumption and that the y and g band quadrupole moments
are approximately equal, the data should fall on a straight line on the plot:

0.5 y - g TRANSITIONS

IN l68Er

0.0

*--* IBA(P-P)
• • EXPERIMENT

IBA(XQ)

-20 -10 10 20 30

Fig. 4 Mikhailov plot for "y"+"g" transitions in
IBA formalisms are shown (from ref. 8).

Er. Results for both



Table 1

168tRelative B(E2) values from the y band in Er

2

3

4

5

6

7

VKf

0,0
2,0
4,0

2,0
4,0
2,2

2,0
4,0
6,0
2,2

4,0
6,0
3,2
4,2

4,0
6,0
8,0
4,2
5,2

6,0
5,2
6,2

Expa)

54
100
6.8

2.6
1.7

100

1.6
8.1
1.1

100

2.9 "
3.6

100
122

0.44
3.8
1.4

100
69

0.7
100
59

I3Aa)

54
100
7.6

2.6
1.8

100

1.7
9.6
1.5

100

3.5
4.4

100
95

0.44
4.9
1.0

100
57

1.9
100
36

a) Data from raf. 5 as tabulated in ref. 3. IBA
results from the x formalism calculations of ref.

moreover, the value at the intercept (where Ii=If) is related to the
direct AK=2 Tf-*-g oatrix element, while the slope gives the y-g mining ampli-
tude. It is clear in fig. 4 that the data do lie on a straight line that is
exactly fit (within eapirical errors) by the IBA predictions in the x formal-
ism. The discrepancies mentioned above that occur in the IBA predictions
with the P*P formalism reappear here in the difference in slope for those IBA
results compared to the data. While it appears that the x formalism is
preferable, it must also be borne in mind that, since the mixing effectively
adds coherent intraband transition amplitudes to essentially interband tran-
sitions, small mixing matrix elements have enormously magnified effects on
these B(E2) values. Indeed, all of the slopes in fig. 4 correspond to mixing
matrix elenents with spin independent parts < 1 keV. (The spin dependent
part is given by multiplying by (2(I-l)I(I+l)(I+2))l/2.)

It was emphasized above that the most interesting IBA prediction is that
of collective 3+Y transitions. These are indeed observed experimentally (see
fig. 1) and, when compared to B+g B(E2) values, turn out (see Table II of



ref. 3) to dominate the latter by a factor averaging about 5. Since these
transitions are forbidden in the harmonic geometrical model it is interesting
to ascertain their origin, in particular whether they arise from a direct
AK=2 transition matrix element or from a B~Y mixing origin. Since the empir-
ical 3+Y transitions, when analyzed in terms of a Mikhailov plot, allow this
distinction to be made, a successful theory must not only account for the
strength of the transitions but must also reproduce their origin as reflected
in the data. The appropriate Mikhailov plot is given in refs. 9 and 10. The
analysis there shows that: a) both in the IBA and the data, the principal
source of the 3+Y transitions is in a direct. AK=2 transition matrix element
and the Y~8 band mixing provides a much smaller correction term; b) the cal-
culated IBA intrinsic 3+Y F.2 matrix element agrees with the empirical value
to within a factor of about 2; c) there are differences between the detailed
IBA predictions for 3+Y branching ratios and those observed which can be
interpreted in terms of an effective difference in spin independent mixing
matrix elements of =0.4 keV.

On the other hand, the harmonic geometrical model explicitly forbids a
direct matrix element and therefore can yield f3*Y transitions only via
mixing. But then, clearly, while the average i3*Y dominance might be repro-
ducible, the origin of these transitions is incorrect and therefore the
detailed branching ratios are not reproduced. These comments also bear on
the recent results of Kumar'-'*' who uses the Dynamic Deformation Model (DDM)
to calculate Er. He also obtains a low lying K=0 band, albeit with a very
unusual level sequence (2+ below 0 + level), but with a predominant decay
branch to the Y band. He assigns a YY character to the K=0 band, essentially
because it decays to the y band and, indeed, proposes that criterion as the
definition or signature of a double Y mode. This seems a little curious
since a YY mode implies a very specific structure relative to the Y mode, and
not simply a certain E2 decay pattern. Moreover, the SU(3) limit of the IBA
provides a counter example wherein the lowest K=0 excitation, which can in no
way be considered a double Y vibration since it occurs in the same represen-
tation as the Y vibration, deexcites to the Y band. Regardless, however, of
nomenclature the question arises as to whether the DDM provides an alternate,
equally acceptable, interpretation of the data to the IBA. The issue must
turn on the origins of the S^Y transitions, again, that is, on the implied
structure of the calculated bands.

The K decomposition of the wave functions of the DDM, given in ref. 14,
shows very large (up to 60%) admixtures of K=2 and 0 in the supposedly K=0
and Y bands, respectively, which implies a mixing origin for the K=0+Y band
E2 transitions in the DDM, in disagreement with the data. There is, however,
a more direct . comparison that can be made. As explained above, in a
Mikhailov analysis of the data, the slope of the line gives the correction to
the B(E2) due to mixing, which is proportional to the mixing amplitude of the
K=2 Y band in the first excited K=0 band. Therefore, from the Mikhailov
plot, one can empirically extract the K mixing of the wave functions and
compare with that of Kumar. The K composition for the IBA wave functions can
also be obtained from a Mikhailov plot. Table 2 presents such a comparison
and shows unambiguously that the DDM description of the first excited K=0
band does not reflect the empirically deduced structure whereas the IBA does.

a

A final point of interest is that the empirical 3"*"g B(E2) values are
much smaller than the y*"g ones. Although this is reproduced by the collec-
tive excitations of the IBA, it has led to some speculation^^ that the
lowest K=0 band is not a collective vibrational one at all but perhaps a two-
quasiparticle excitation. Such an argument, however, is untenable since,
despite the fact that the 0+g B(E2) values are less than 1 s.p.u., simple



Table 2

K=2 mixing amplitudes (absolute values) of the y band
in the first excited K=0 band in 168Er

I

0

2

4

6

8

Exp

C

0

0

0

0 . 1

K=2 A m p l i t u d e s

IBA

0

0

0

0

0 . 1

DDM14>

0

0 .1

0.59

0.73

0.76

(Amplitudes < 0.05 are given as 0)

Nilsson model calculations show that they are 2-3 orders of magnitude larger
than for any possible two quasiparticle Nilsson excitation in this mass
region. The key point, often forgotten, is that Nilsson single particle
transitions are in general much less than Weisskopf units due to the fragmen-
tation (configuration mixing) of shell model single particle strength in a
deformed field. Thus, the lowest K=0 band in Er is in fact a collective
excitation but one characterized by a predominant E2 matrix element to the y
band not the g band.

4. Systeaatics of IBA predictions for Other Deformed Nuclei

With the simplified"' Haiailtonian of the x formalism, the application
of the IBA to other deformed or transitional nuclei is particularly simple.
If one neglects possible fine tuning, the P»P terra can be neglected.
Furthermore, the L»L term cannot affect wave functions, transition probabili-
ties or energy differences of states of the spin. Finally the coefficient K
of the Q«Q term acts only as a scale factor on energies. Thus, the only
important parameter is x which is fitted from a single B(E2) ratio, and can
range from che 0(6) value of 0 to the SU(3) value of -/I5/2 = -2.958. For
Y+g transitions one does not need to present a large series of tables such as
Table 1. Instead, with the Mikhailov technique in mind, it is clear that,
since the intrinsic Y+g E2 matrix element is the empirical quantity used to
fix x» t n e comparison of theory and experiment is then measured only by the
deviations from the Alaga rules, that is, by the mixing. Then, as long as
two band mixing is adequate, it suffices to compare Mikhailov plots or,
indeed, merely their slopes. The slopes are proportional to the mixing
parameter £y or Zy (Zy « £y and is the most commonly used measure of
the nixing) and thus a comparison of these is fully equivalent to a table
such as Table 1. Figure 5 presents a comparison") of Zy values. It is
remarkable that over the whole deformed region the IBA reproduces the values
of this very small and sensitive parameter to within a factor of 2. Even
more interesting is the systematics. These latter become particularly

^) if the abscissa in fig. 5 is given in terms of boson number not
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Fig. 5 Systematics of empirical values (points) of Z-y extracted for rare
earth nuclei with E-g- > E-y- in comparison with the IBA predictions
(solid lines) in the x formalism and with microscopic calculations of Bes et
al.16) (dashed line). (Fig. from ref. 8)

nucleus. Then both the data and the IBA exhibit a clear parabolic depend-
ence, minimizing at mid-shell. It is very instructive to uncover the source
of this behavior: each nucleus has a given N and a fitted value of x- ^s

the parabolic systematics an inherent feature of the IBA arising from the
boson number dependence or an accident of the varying x values? Inspection
of the upper part of fig. 2, which gives the empirical values of the B(E2)
ratio used to determine x. shows that x must be nearly constant over the rare
earths. Detailed analysis shows that a range from -0.9+-1.5 encompasses the
nuclei from Gd to W and, in fact, if one ignores the quasi-transitional Gd
nuclei, x can be restricted further to -0.9-*—1.2. If Z-y values are calcu-
lated with these two extreme values as a function of N one finds in fact that
the variations in Zy from x a r e small and that the predominant source of
the systematics is due to the boson number dependence.

As for the 3"*"Y transitions once again the finite boson number is the
essential element. These transitions dominate 3+g ones in the rare earths
both in the IBA and the data (wherever the appropriate measurements have been
made). Dieperink and Bijker-'-') have shown, however, that they vanish in
the IBA as N •*• °. Once again, a characteristic feature of the IBA, which is
absent in the harmonic geometrical model, is found to arise for finite boson
number in the IBA and disappear in the geometrical limit of N •*• °°.

A final example of the predicted systematics in the IBA also concerns
the 3 band, namely its energy and B(E2) values to the ground band. Since, in
the x formalism,°) the one parameter is obtained from a B(E2) ratio involv-
ing y and g bands, it is certainly a severe test whether or not the model can
reproduce the 0 band properties, in particular the empircal facts that this
vibration occurs at 1.0-1.7 times the Y band energy and with j5+g B(E2) values
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Fig. 6 Contour plot of energy and B(E2) ratios relating the "3" and "y"
bands (from refs. 9, 18).

fluctuating around « 0.03 times those for y+g transitions (see fig. 2)* It
is trivial to calculate these energies and transitions as a function of x for
a given S and then to combine the results for aany N to construct contour
plots8). Such plots, for the ratios Eo+ /(E2+ -E2+,,.) and
3(E2:2+3+0+g)/3(S2:2^-»-Cr

i"g) are shown in fig. 6. Tor well %eformed
nuclei we have seen that x is near -1+-1.5 and N ranges from =10-18. For
these ranges of N and x> fig- 6 shows that the 3 band is indeed =1.4 times
the Y band energy in close qualitative agreement with the data, and the B(E2)
ratio is close to the average empirical value seen in fig. 2. Indeed, the
relative saiallness of the 3+g transitions is an unavoidable, inherent feature
of the IBA which even arises in the pure SU(3) limit (dashed line in fig.
2). In a geometrical context, one must incorporate microscopic arguments
even to calculate the B(E2) ratio in fig. 6. Since there is nothing in the
input to the ISA calculations that a priori requires such results, the quali-
tative agreanent with experiment is noteworthy and reassuring. (Of course,
for detailed fine tuned fits to an individual nucleus it will probably be
necessary to re-incorporate a small P*P term.) Figure 6 also shows that if
one chooses a fixed x» the B(E2) ratio has a definite behavior with N,
dropping as N increases and largest near the edges of the deformed region
(sniall N ) . A similar qualitative behavior has long been, accounted for in the
geometrical nodel by a consideration of the detailed pattern of upsloping and
downsloping Nilsson orbits (see ref. A, p. 552). The fact that it occurs in
the IBA suggests that the detailed Nilsson argument actually reflects a ciore
general one. Indeed, the Nilsson argument is in fact independent of the
specific shells involved and depends only on the general structure of the
Nilsson diagram in any region.



We have stressed above Che crucial role of finite N, particularly in the
properties of low lying, low spin states. This leads to the question of the
nature of the lowest K=0 vibration in the IBA. On the one hand, a trans-
formation of the Hamiltonian^^O) suggests that it is the geometrical B
vibration but, on the other hand, it behaves (e.g., g+Y transitions) differ-
ently. The answer seetas to lie in finite dimensionality. The results
summarized here suggest that the lowest K=0 vibration in the IBA is not some
radically new mode but rather one which, for finite N, possesses properties
(in agreement with experiment) which distinguish it from the geometrical
concept, which is only recovered as N + <=. Since nuclei do have finite par-
ticle number, and therefore "granular" surfaces, the inclusion of this fea-
ture in the IBA is an asset of the model and one which appears to have more
far-reaching consequences than heretofore expected. In a sense the IBA
represents a correction to the geometrical model to reflect this finite par-
ticle number or, alternately, an intermediate stage between microscopic and
macroscopic models. As a consequence, though it is phenomenological in
appearance it contains a number of predictions that are microscopic in
spirit.
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