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ABSTRACT

So-called "end effects" for moment loadings on short-radius and long-radius
butt welding elbows of various arc lengths are investigated with a view toward
providing more accurate design formulas for critical piping, systems. Data
developed in this study, along with published information, were used to develop
relatively simple design equations for elbows attached at both ends to long
sections of straight pipe. These formulas are the basis for an alternate ASME
Code procedure for evaluating the bending moment stresses in Class 1 nuclear
piping (ASME Code Case N-319).

v The more complicated problems of-elbows with other end conditions, e.g.,
flanges at one or both ends, are also considered. Comparisons of recently
published experimental and theoretical studies with current industrial code
design rules for these situations indicate that these rules also need to be
improved.

NOMENCLATURE

Cz stress index for moment loading
D pipe or elbow diameter
E modulus of elasticity
G shear modulus of elasticity
h Wr2
I moment in inertia
J polar moment of inertia
k flexibility factor

kj,k .k^ flexibility factor for in-plane, out-of-plane and torsional moments,
respectively

•Research sponsored by the Office of Nuclear Fegiilatory Research, U.S. Nuclear
Regulatory Commission, under Interagency Agreements 40-551-75 and 40-552-75 with
the U.S. Department of Energy under contract W-7405-eng-26 with the Union Carbide
Corporation.

By acceptance of this article, the publisher or recipient acknowledges the U.S.
Government's right to retain a nonexclusive, royalty-free license in and to any
copyright covering the article.



I length of straight pipe, see Fig. 1
W moment

M^,Mo,M-j. :.in-plane, out-of-plane, and torsional moment, respectively
W1.W3.M3 "Code definition of moments, M\ » MQ, Mi • M^, M3 = W^

R elbow bend radius, see Fig. 1
v elbow mid-wall cross section radius

Pf radius of flange, see Fig. 1
sL M/vi^t, nominal stress
t wall thickness

tf thickness of flange, see Fig. 1
x,y,z coordinates, see Fig. 1

a coordinate angle, see Fig. 1
ag arc angle of elbow, see Fig. 1
Y EI/GJ = 1.3 for Poisson's ratio = 0.3 used herein

6X,6 ,$s displacements in directions x, y, and s
6_,6, ,6_ rotations in directions x, y, and 3y I tn/[r2(i -v 2) 1/ 2]

v Poisson's ratio
<j normal stress

CTmax maximum stress
V maximum stress by interpolation of EPACA calculations&
au maximum stress at weld (elbow-to-pipe juncture)
T shear stress
<|> . coordinate angle, see Fig. 1

INTRODUCTION

The standard ASME Code1 [1] procedure2 for qualifying the design of Class 1
nuclear piping is based on satisfying a series of simple stress limit equations
that are written in terms of nominal stresses and "stress index" multipliers.3

The nominal stresses are based on the behavior of uniform wall thickness straight
pipe under internal pressure, bending moment, and thermal gradient loadings. Re-
action forces at the supports and bending moments acting on each of the piping
components in a given piping system are determined by a linear piping system
flexibility analysis. Stress indices and flexibility factors for use with the
Class.1 Code procedure are given in subparagraph NB-3680. Background information
supporting these rules is given in the next section of this paper.

~: the Background Section is followed by a description of the development of an
alternate procedure for evaluating the bending moment stresses in Class 1 elbows
that are welded to long sections of straight pipe. The procedure enables a more
accurate determination of the maximum stress intensities for all three of the Code
stress categories,* but requires a more complicated flexibility analysis to account
for the interaction effects of straight pipe welded to the ends of the elbow. The
alternate procedure is authorized for design use by ASME Code Case N-319 [2].

The Code also contains rules for evaluating bending moment stresses in elbows
that are restrained by flanges at one or both ends for Class 2 and 3 piping, but
not for Class 1. This may be viewed as the other bound to end effects on elbows.

'The term "Code" as used herein refers to the ASME Boiler and Pressure Vessel
Code, Section III — Div. 1, 1980 edition. Reference to portions of the Code are
identified by number, as in the Code [e.g., NB-3600, etc.].
2See NB-36S0 Analysis of Piping Products.
3If a designer elects to conduct a more accurate analysis to demonstrate piping
system adequacy, we interpret the Code as permitting him to do so.

''Primary, primary plus secondary, and peak stresses as defined in NB-36S0.



Long tangent pipes induce the smallest end effects, whereas rigid flanges induce
the largest. These rules are based on the small amount of experimental data ob-
tained by Markl [3] in 19S2. More recent information clearly demonstrates that
the rules- are not entirely accurate. Unfortunately, however, insufficient data
have been generated to allow the development of improved rules. Finally, this
paper discusses the current rules in light of the available data.

BACKGROUND

The stress index given in the Code (NB-3683) for the evaluation of primary
plus secondary stresses in curved pips and butt welding elbows subjected to moment
loadings is

<72 = 1.9SA
2'3 (1)

where h = tR/r2 is a nondimensional correlation factor called the bend character-
istic. The corresponding flexibility factor (NB-3686) for both in-plane and out-
of-plane bending moments is

1.65/7: (2)

where p is internal pressure. If p 7* 0, the Code also includes provisions to
account for the decreased flexibility of elbows and curved pipe caused by the
internal pressure. Equations (1) and (2] are based on theories which ignore
the effect of whatever may be welded to the ends of the elbows. For brevity we
refer to these theories as NEE-theory (No End Effects).

NEE-theory was first used by von Karman [4] in 1911 who developed a theoreti-
cal solution for curved pipe subjected to an in-plane bending moment, M^. Since
then numerous authors [5—IS] have expanded and refined the NEE-theory in various
ways, including out-of-plane moment loading, Mo, and combinations of in-plane
and out-of-plane moment with internal pressure. These NEE-theories are based on
the assumption that all cross sections along the arc of the elbow deform identi-
cally. Obviously, this assumption is not valid at the end sections where the
elbow is attached to straight pipe or to a relatively rigid structure such as a
flange, valve, or pressure vessel nozzle; nor is the assumption valid when two
90° elbows are welded together in a S-shape.

Much of the NEE-theory is based on energy methods in which the deformed
cro§s section is described by a Fourier series of the form: w = Z c^ sin <f, where
w is the radial displacement and 41 is the coordinate angle in the hoop direction.
The values of an are then obtained by minimizing the energy and equating the
minimum energy to the energy of the moment times the rotation. The energy method
can be extended to include end effects by describing the variation in cross
section shape as a function of location along the elbow and attached pipe.
Findley and Spence [19] used this approach for elbows with flanged ends under in-
plane moment loading.

Others have developed the NEE-theory using shell theory. Whatham [20] has
extended the shell theory approach for M^ loading to include effects of attached
straight pipe of arbitrary length with the pipe terminated by rigid flanges.
Because of the arbitrary length aspect, his theory is applicable to elbows with
either long-tangent pipes, discussed in the next section, or to elbows with
flanges attached to the elbows, discussed in next to the last section. The theory
is quite versatile and also covers internal pressure loading and bending of non-
circular cross section elbows. A computer program, however, is needed to obtain
numerical results. As far as we are aware, Whatham's computer program is not in
the public domain, although some results from a parametric study on 90° elbows
terminated by flanges at both ends are available. These are discussed in next
to the last section of this paper.

There are several papers which contain results of studies on elbows using
finite-element methods [21—26]. References 21, 22, and 23 contain only a few
specific cases and do not provide a sufficient basis for general design guidance.
In Ref. 24, Ohtsubo and Watanbe give the results of a parametric study for 90°
elbows with R/r = 2 and 3, with long tangent pipes. Thomas [25] gives results
for two specific elbows; his results are discussed in the following two sections.



Rodabaugh, Iskander, and Moore [26] describe the results of a parameter study for ..
elbows with P/i> » 2 and 3 of various arc lengths and with "long" tangent pipes. i
The correlations developed in Ref. 26 form the basis for ASME Code Case N-319.
Results from Ref. 26 are discussed in detail in the following section.

Most experimental stress analyses of elbows [10—12, 27—29] have been con-
ducted on 90° and 180° elbows with long tangent pipes. As indicated by the re-
sul'cs in the following section, one would not expect large end effects for these
elbows. The tests do show, however, that maximum stresses and flexibility factors
are somewhat less than predicted by NEE-theory. Tests on elbows terminated by
flanges are described by Vigness [6]. His results form the basis for the treat-
ment of elbow end effects at flanges introduced in ANSI B31.1-1955 [30] (see the
next to the last section). Whatham [20] also includes test results of two elbows
with flanged ends; these results were consistent with his theoretical analysis.
Imamaza and Uragami [31] give test results for elbows with long tangent pipes and
elbows with one end flanged.

Design guidance for stresses in elbows given in the ANSI B31 industrial pip- ,
ing codes [32], and in the ASME Code for Class 2 and 3 piping [1], is based on j-
fatigue tests described by Markl [3]. That paper includes a direct indication of ;
end effects of the type considered in the next section. Markl included a series !
of fatigue tests on elbows with the only variable being the elbow arc angle, a^. j
All these elbows were welded to tangent pipes with length about 5 times the cross \
section radius. Test results were correlated by the relationship Sy = iSn, where \
Sj is the fatigue-effective stress, i is a fatigue-based stress intensification j
factor (arbitrarily equal to 1.0 for a girth butt weld in straight pipe), and Sn
is the nominal stress.

Markl observed that for a0 of 90° and larger, the i-factor was about constant
and equal to that anticipated from NEE-theory. However, for 75°, 60°, and 45°
elbows, the i-factor decreased in a consistent manner. Markl noted that for 30"
and 15° elbows,'fatigue failures occurred at the welds, not in the body of the
elbow, and that the i-factor increased for small c»o. He attributed this to inter-
action between the two closely-spaced welds and, indeed, the welds for his 15*
elbows were only about three wall thicknesses apart.

•.

ELBOWS WITH LONG TANGENTS

Although the available data clearly show that end effects reduce both the
maximum stresses and the flexibility of an elbow with long tangent pipes, there
are not enough data in the literature to characterize the behavior for all the
known'variab.les. These include the bend characteristic h = tR/r2 [or X = 7i(l —
v2)1'2]> the bend-radius-to-pipe-radius R/r, the subtended angle a0, and the di-
rection of moment loading M^, Mo, and M^.. A finite element parameter study was,
therefore, conducted [26] for a series of short-radius and long-radius elbows
that are representative of those used in nuclear power plant construction. The
parameters of interest were: H/r = 2 and 3; a0 = 45°, 90°, and 180°; and bend"
characteristics over the range 0.05 < A < 1.50. Although full return bends (ao =
180°) are not often used, they were included because they would be least influ-
enced by end effects and would therefore provide a best comparison with NEE-theory.

Twenty-four models were analyzed for in-plane, U^, and out-of-plane, Ho,
moment loadings. A separate analysis for torsional moments Mt was not needed
because Mo and Mt are not completely independent. For example, a pure out-of-
plane moment applied to one end of a 90° elbou will be resisted by a pure tor-
sional moment at the other end. The analyses vere conducted with the finite ele-
ment computer program EPACA [33] using a thick-shell element. Dimensions for all
24 models are listed in Table 1.

The general arrangement of the models is shown in Fig. 1. The solid lines
illustrate a model with o0 = 90°. The dashed lines indicate the arrangement for
models with a0 = 45° and 180°. All the models consisted of an elbow with pipe
attached to both ends and ring flanges attached to the pipe ends. The reference
surface radius r is 10 in. for all models. The wall thickness t, given in Table
1, is the same for both the elbow and attached pipes.

The numbers of circumferential elements used in the models are shown in
Table 1. Fcr in-plane moment loading, symmetry conditions were such that only
one-half of the assembly (<|> from -90 to +90 degrees) was modeled. The longitu- ' i
dinal spacing of the elements is indicated by the entries under "Rows of Elements" !
in Table 1. \



Table 1. Dimensions of finite clement models

Model

No.

1
2
3

4
5
6

7
8
9

10
11
12

13
14
15

16
17

ia
19
20
21

22
23
24

A

0.05

0.075

0.15

0.20

0.30

0.75

1.00

1.50

nir

2

3

3

2

3

3

2

3

"a

45
90
180

45
30
130

45
90
ISO

45
90
180

45
90
180

45
90
180

4S
90
180

45
90
180

R
(in.)

20

30

30

20

30

30

20

30

t

(in.)

0.238

O.23S

0.477

0.954

0.9S4

2.385

4.770

4.770

L
(in.)

40

40

48

43

43

50

SO

50

(in.)

2.SO

2.50

3.SO

4.2S

4.25

7.00

7.00

7.00

(in.)

15.25

15.25

16.00

17.00

17.00

19.50

19.SO

19.50

' Circumferential
elements

36

36

24

24

24

20

20

20

Rows of

Elbow

S
9
12

5
9
12

5
9
12

3
S
10

3
5
10

3
5
10

3
S
10

3
S
10

elements

Pipes

8

S

8

6

6

5

5

5

Boundary conditions consisted of complete fixity of the right-hand end of
the models. The left-hand end was loaded at the node points to obtain the static
equivalent of in-plane moment, M^, or out-of-plane moment, Mo.

Results from the parameter study are discussed below. It might be noted
that we did not find any significant differences between the results for short-
radius R/v = 2 and long-radius R/z> = 3 elbows that were not encompassed by the
parameter X (or K). In fine detail, such differences probably exist. For elbows
with larger bends, R/v > 3, the differences may be significant and the results
given here may not be applicable. The design guidance developed from this study
should, therefore, be used only for elbows with R/v = 2 or 3. This aspect is pre-
served in ASME Code Case N-319 by restricting application to ANSI B16.9, MSS-SP87,
and ANSI B16.28 elbows.

Maximum Stresses, In-Plane Moment
Maximum normalized stresses am^/Sn, where the nominal stress Sn = M/itr

2t, for
M^ loadings are plotted in Fig. 2 as a function of h. For 19 of the models, the
maximum stress was in the hoop direction on the inside surface at <fp = 0 and at
the midsection of the bend, a = ap/2. For models 16, 20, and 23, the maximum
stress occurred in the axial direction on the outside surface at <t = 90° and
a = ao/2. For two of the 180° elbows, models 21 and 24, the maximum stress was
in the axial direction on the outside surface at $ = 90° and a = 135° and 15.3°,
respectively, rather than at a = OQ/2 = 90°. The maximum values for these two
models, however, was only slightly higher than the values at a = 90°. This
represents an inconsistency in the finite element results. The change in maxi-
mum stress direction from hoop to axial as h increases is consistent with NEE-
theory, although for NEE-theory, the transition occurs at around h = 1.6.

The line labeled C2 = 1.95/?!
2'3 in Fig. 2 represents the maximum stress by

NEE-theory. All the finite-element data fall on or below this line except for
the models with \ = 1.00 and 1.50. While <72 = 1.95/fc

2/3 is itself an approxima-
tion of NEE-theory for \ greater than about 1.0, the major cause for the dis-
crepancy is apparently the thin-wall theory normalization used; Sn = M/nr

2*. If



Fig. 1. Finite element model. See Table 1 for dimensions and ele-
ment layout.

the stresses for these models are normalized with respect to the outside surface,
i.e., S-HQ = M/nr?*, then the data fall almost exactly on the line 1.95/fc2/3.

Figure 2 indicates that maximum stresses for 90° and 180° elbows are not
significantly reduced by the end effects from long tangent pipes. However, for
45° elbows, a significant reduction in maximum stress is apparent. The line
labeled C2 = 1.75 fc

0-56 is recommended for 45° elbows.
The finite-element study did not include models with a0 less than 45°. How-

ever, it is intuitively apparent that as OQ approaches zero, the maximum stress
index should approach 1.00. This leads to the recommendation that:

C2 = 1.95/Tj
2/3 > 1.0 for o0 > 90° (3a)

C2 = 1.75/fc
0-56 > 1.0 for a0 = 45° (3b)

Cz = 1.5/ft
0'1*1 > 1.0 for aa < 30° . (3c)
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Fig. 2. In-plane moment, maximum stresses as a function of h.

Linear interpolation should be used for ag other than 30°, 45°, or 90°, but C%
should not be less than 1.0. Interpolation formulas are given by the following:

For 30° < cio < 45°,

C2 = (cio/60 + 1.0) A
a ,

1.5 In (1.95)

For 45 < o0 < 90°,

C2 = (ao/225 + 1.55}//:*

_ in (ap/225 * 1.55)
1.5 £rt (1.95)

(4a)

(4b)

The restriction on using a0 > 30° to compute C2 was motivated by fatigue test
results obtained by Markl [3].

Figure 3 shows example curves from the proposed design equations as a
function of the angle o0, along with corresponding data points from the parame-
ter study. As noted earlier, these equations are based on the maximum stress
intensity in the elbow. For large values of c«o and for small values of h, the
stress intensity is equal to the hoop stress. For small a0 and for large h, how-
ever, the axial stress is the larger. Thus the index is never less than 1.0.
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Fig. 3. Comparisons of maxinum hoop stress index, in-plane
bending of elbows with long tangent pipes.

For ao Z 9 0° t n e stxess index is constant and equal to the value from NEE-theory.
For ao < 30° the i.idex is also constant to account for possible adverse effects
of the elbow-to-pipe welds being close together.

Figure 3 also shows curves taken from Ref. 34. Reference 34 states that the
data on which their curves are based were obtained from a general three-dimen-
sional, thin-shell finite-element computer program. For small values of a0, Ref.
34 curves go to zero, as they should. However, for the larger values of a0, the
curves give larger values than obtained from NEE-theory. We consider this as not
plausible, and, thus,- have reservations concerning those portions of the curves
that are above the proposed design equations.

As further sources of comparative data, we also reviewed the results given
by Otsubo and Watanabe [24] and Thomas [25] for 90° elbows under both in-plane
M^ and out-of-plane M loading. The results from both of these are in reasonable
agreement with our finite-element results.



Thomas [25] gives data for two 90° elbows with long tangent pipes and data
for the same elbows flanged at one end. Dimensional data for the elbows are
tabulated below.

h
(in.)

V
(in.)

t
(in.)

R
(in. R,'t> r/t

0.1304

0.OSS7

11.75

17.75

0.5

O.S

35

54

3.06

3.04

23.5

35.5

The elbows were modeled as indicated in Table 2. The results of immediate inter-
est are those for X/D = 3.(long tangents on both ends). For these, Thomas ob-
tained maximum hoop stresses that we^e about 0.9 of those indicated by Eq. (1),
whereas Eq. (3a) indicates that maximum stresses are essentially equal to that
indicated by Eq. (1). This is considered to be ..reasonable agreement.

Table 2. Data from Thomas [25] on maximum hoop stress ratios,
90° elbows with long tangents (X/D = 3) and

with one-ond flanged (X/D = 0)

X/D

3

3

0

0

Moment

Mi

Mo

Mi

Mo

h

0.1304
0.0857

0.1304
0.0357

0.1304
0.0857

0.1304
0.0857

C2/(1.95

Thomas

0.90
0.92

0.56
0.56

0.62
0.56

0.45
0.44

R/M*

1.00
1.00

0.67
0.63

mi.
Thomas

0.85
0.85

0.48
0.48

0.53
0.45

0.35
0.33

65/fe)

R/M*

0.79
0.79

0.76
0.76

-

—

J.1/6 +

-

-

0.71
0.66

0.71
0.66 j

pipes:
*Ratios recoininended for 90° elbows with long tangent

C2 = 1.95/h2/3 ,

MQ: Cz = 1.71A
0-53 , k

k = 1.30/fc

1.25/h

Stress and flexibility ratios implied by Eqs. (17a) and
(17b) cited later herein for one end flanged.

/ ii ui



Maximum Stresses, Out-of-Plane Moment
Maximum normalized stresses, a^/S^ for out-of-plane moment loading Mo are-

plotted in Pig. 4 as a function of h. Also shown are the NEE-theory index Cj =
1.9S/fc2/J-"and. an uppor bound index, C 2 = 1.71/7i

0-53 for out-of-plane moment.5 The
data points indicate relatively small differences in the maximum stress as a
function of arc length, a0. The maximum stress, however, is significantly less
for out-of-plane bending than for in-plane bending — approximately by the ratio
of 0.88 ft0-'3. NEE-theory gives a consistent ratio of 0.86. For small h, end
effects reduce the maximum stress considerably more than indicated by NEE-theory.
For example, the two elbows of Ref. 25 give ratios of 0.88 h0-13 = 0.67 and 0.63.
Thomas [25] gave a ratio of 0.56 for both elbows.

.04

Fig. 4. Out-of-plane moment, maximum stresses as a function of h.

Figure 5 shows the variation in hoop stress as a function of axial location
for model 5, a 90° elbow. These data are along the <p = 35° line (circumferential
location) containing the maximum calculated stress. NEE-theory is also shown 2or
comparison. Although the maximum stress was considerably less for this model than
indicated by NEE-theory, there is an "inverse" end effect in that the hoop
stresses at the ends (ex = 0, 90°) do not go to zero as predicted by NEE-theory.
According to NEE-theory, the stress at a = 90° would be pure shear.

5As discussed under in-plane bending, an adjustment in the normalizing factor to
account for the thicker walled models (X = 1 and 1.5) brings the data for these
models below the C2 = 1.71/ft

0-53 line.
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Fig. 5. Out-of-plane moment, hoop stress as a function of axial location,
model-S (X = 0.075, R/r = 3.0, a0 = 90°), at * = 35°.

Maximum Stresses for Combined Moments
For maximum primary-plus-secondary stress intensity S for elbows under

combined moment loads, the Code uses "

where C 2 is defined by Eq. (15, Z is the section modulus of the elbow cross sec-
tion, Z = nr2i, and M. is

M. = (Ifl. * M* * Ml)1/2- . C6)

This Code guidance is conservative in two respects. First, since Eq. (1)
was obtained from NEE-theory for M$ loading, it is conservative for No and very
conservative for Mt loadings. It is especially conservative for small h. Second,
Eqs. (5) and (6) imply that maximum stresses due to M^ and Mo occur at the same
location. This is not true for any value of h, although Eq. (5) turns out to be
"exact" for the maximum stress intensity at large h, i.e., when Ci = 1.00.

The Ref. 26 study indicates that an alternate equation can be used to con-
servatively estimate the maximum primary-plus-secondary stresses in elbows with
moment loadings, if appropriate changes are also made in the flexibility factors,
which are discussed later. This study indicates that Eq. (5) can be replaced by

(7)



where C^z is defined by !2qs. (33 and (4), and where

• • • • ! . (8)

It may be noted that C23 was developed for Ho loading and not for W^. One might
consider using a stress index of 1.0 for M^ as indicated from NEE-theory. How-
ever, Fig. 5 shows that this would be iinconservative, at least for 90° elbows.
Thus, for simplicity and assured conservatism, we consider it appropriate to use
C23 for both Mo and M^ loadings.

Maximum Stresses at Welds
There will ordinarily be a girth butt weld at the junction of an elbow with

a pipe. For some design work, it may be useful to know the maximum stresses at
these junctions so that they can be combined with other stress factors for the
welds. Data from the finite element parameter study indicate that the maximum
stresses at the junctions are almost independent of <XQ. For example, in models
4, 5, and 6 (a0 = 4S°, 90°, 180°), o /Sn = 4.51, 4.95, and 4.52, respectively.
Figure 6 shows the average values of (<Ju/,Sn)/{1.95 fe

2/3) as a function of the
parameter h. For Uo loading, these averages are at a = 0; i.e., of the W0-end
of the elbow. As can be seen in Fig. 5, the maximum stress is higher at a = 0
than at a = 90°, which is the Wt-end of the elbow.
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Fig. 6. Maximum stresses at welds (elbow-to-pipe juncture), elbows with
long tangent pipes.

The dashed line in Fig. 6 gives the relationship

(<y-Sn)/(l.9S/&2/3) = 0.76 h°-
17 . (9)

The designer who is concerned with stresses at the welds can, therefore, obtain
an estimate of the maximum stresses at the ends of the elbow by using the
following:



% / S n " C0>76 h ° ' 2 7 ) C -

That Eq. (10) is not a function of OQ appears to be a bit anamolous since the
hypothesis that as oj + 0, a /S •* 1.00 was used in deriving Eq. (3). However,
the parameter study did not cov'er small enough values of ao to quantify the maxi-
mum weld stresses for OQ < 45°. If these studies had been done, we would expect..-*
to see the OQ influence. Accordingly, Eq. (10) should not be used for aj much
less than 45°.

The direction of the maximum stress at welds is also significant. If it is
in the hoop direction, it will not directly intensify the stresses due to the
usual types of weld discontinuities such as root imperfections, weld reinforce-
ment, undercut or radial weld shrinkage. If it is in the axial direction, how-
ever, it will. The available data indicate that for k < 0.3 the maximum stress
is in the hoop direction; for h > 0.7S the maximum stress is usually in the axial
direction. As a rough guide, we have shown this changeover from hoop to axial
direction at h = 0.S in Fig. 6.

Thomas [25] includes graphs of "carryover factors" which he defines as "the
ratio of the maximum value of a ̂ stress component for the whole elbow to the maxi-
mum value of the same component "at the end of the elbow (regardless of circumfer-
ential location)." Using this definition and the carryover factOTS that Thomas
gives for X/D = 3.0, we obtain comparisons with Eq. (10) as follows:

Thomas Thomas

0

0

.1304

.0857

•3

4

Mi

.75

.61

Mo

2.76

3.93

3

3

.32

.93

Flexibility Factors
Flexibility factors for elbows are used in a piping system analysis to

determine the displacements and rotations of one end of the elbow with respect
to the other end. When end effects are neglected, this involves an integration
of £he type:

kR_ /
" BI j

Jo

«{a)/(o)d> , (11)

where k Is assumed to be a constant and equal to 1.65/fc for both M and M. load-
ings, W(a) and /(a) are readily expressible in terms of the moments and shear
forces. For an out-of-plane moment Mo applied at one end, the moment changes
from Mo to combinations of MQ and Wj as a function of a. For a 90° elbow, Mo
at one end becomes M^. at the other end. It is generally assumed that an elbow
responds to a torsional moment just like straight pipe. This leads to equations
like:

if J (fc cos2a + H, sin2c0<i* . (12)

These concepts have been used for many years in piping system analysis.
When end effects are considered, however, the very convenient and simplify-

ing assumption that k is independent of ct is no longer valid. To obtain exact
"beam type" displacements corresponding with the curved bar model used in piping
system analyses would require defining ( a s a function of a and using that func-
tion in the integrations. To determine end-point displacements, however, it is



only necessary to define k as a function of OQ, the total arc length of the elbow.
The function fc(ao) is then constant for a given elbow of arc length a0, and the
derivation of displacement and rotation equations can be accomplished in the same
manner as before. For elbows with end effects, the resulting equations'are ex-
pressed in terms of too flexibility factors, k^(,aa) f°r in-plane moments and
forces, and fc0(ao) for out-of-plane moments and forces. We assumed that fct(a0)
for torsional rotation equals 1.0, as it does for straight pipe.

To obtain numerical values for fe^(a0) and ko(.a0), we used the calculated diŝ -
placements and rotations at the flanged ends of the finite element model because
these were essentially planar. We then subtracted out the pipe leg displacements
and rotations computed from ordinary beam theory. The resulting displacements and
rotations for the ends of the elbow were used along with the theoretical equations
to obtain fc^CaoD and Jco(a0). These were plotted as a function of the bend charac-
teristic, h, to obtain design formulas.

Flexibility Factors, In-Plane Moment
Flexibility factors for in-plane moment loads l-U are shown in Fig. 7 plotted

as a function of the parameter h. The line labeled k = 1.65/?i is the NEE-theory
flexibility factor for values of h less than about 1.0. The lines labeled k
1.10/% and k = 1.3/h represents the flexibility factors for ao = 45° and ceB
respectively^

90°,

.04 .06 .08 0.1 2.0 3.0 4.0 !
h = tR/r*

Fig. 7. In-plane moment, flexibility factors as a function of h.



The finite-element results indicate that flexibility factors for 180° elbows
are about the same as for 90° elbows. Since end effects occupy a smaller portion
of the arc.length in 180" elbows than in 90° elbows, we would expect 180° elbows
to be more flexible than 90° elbows, approaching the behavior predicted by NEE-
theory. Perhaps the finite-element analysis lost some accuracy for large values
of OQ because of the larger number of elements used in the analysis. This aspect
needs further checking, but, at this time, our judgment is that the flexibility
factors for 180° bends should be the same as given by NEE-theory. Accordingly,
it is recommended that:

1.65/h for u0 > 180° (13a)

= 1.30/h for a0 = 90° (13b)

1.10/Ti for o0 = 45° (13c)

= 1.00 for a0 = 0 (13d)

Linear interpolation for other values of OQ should be used, but k. should not be
less than 1.0 for any value o£ UQ. *

Figure 8 shows examples of the proposed design equations along with our
finite-element analysis data points. Figure. 8 also shows curves taken from
Ref. 34. The agreement is reasonably good except near ocg = 180°.

Thomas' [25] results are included in Table 2 {X/D = 3, M^). His results
(0.85 vs 0.79) are in reasonable agreement with ours.

Flexibility Factors for Out-of-Plane and Torsional Moments
Flexibility factors for Mo are shown in Fig. 9 as a function of the parame-

ter h. The values of k0 do not increase monotonically as a0 increases, unlike
k-i and M^. Apparently there are balancing influences; for ao = 45°, the end ef-
fects are relatively small, but Mo is converted to Wj at a = 90° and back to Uo
at a = 180°. The dashed line labeled k = 1.25/h represents an average value for
an out-of-plane flexibility, k . It is recommended that this be used for out-of-
plane moments for all values of <XQ.

Noting that the flexibility factors shown in Fig. 9 were derived using dd =
M-f; Rda/GJ, it is appropriate to use a flexibility factor of 1.00 for torsional
moments, M-^.

Thomas' results are included in Table 2 {X/D = 3, AfQ). The results are
quite different and, indeed, as pointed out by Thomas, are conceptually differ-
ent. Thomas defined k for both Mj and Mo as:

k =
2Ert2

MR e (14)

This implies that both k and Mo are independent of a, which we did not assume.
Our assumptions are compatible with most piping system analysis programs which
are based on strength of materials theory. As a minor point, we are not sure
which of the two 9's, 9 or 9 , Thomas used in his evaluation.

Additional Aspects
The preceding deals with the maximum primary plus secondary stress. Code

Case N-319 and Ref. 26 also address the maximum moment load capacity (limit-load)
of elbows with end effects by stating that the i?2% term in Code Eq. (9) can be
replaced with:

(15)

This is analogous to Eq. (7) and implies a proportionality between primary-plus-
secondary stresses and limit moments. The coefficient 0.50, along with allowable
stresses for Eq. t9) of the Code, reflects that proportionality.
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With respect to flexibility factors for Class 1 piping. Code Case N-319 in-
cludes an internal-pressure correction term; e.g.,

(16)

where X% = eCr/t)1*/3 (fl/i>)^/3. The pressure correction term in brackets can pro-
duce larger decreases in flexibility than end effects for elbows with long tangent
pipes. Taking, for example, the Thomas elbow with R/r = 3.04, v/t = 33.S and
assuming that Px>/t = 20,000 psi (nominal hoop stress permitted by the Code), and
E = 3 x io7 psi, Eq. (16) with pressure gives a k value equal to 0.6 times k with-
out pressure. Because the pressure effect had been verified by tests on 90"
elbows with long tangents, it is considered appropriate to simply add on the
pressure correction to the flexibility factor relationships derived from our
finite-element analysis. It is noted, however, that the flexibility factors for
ao less than 90" might be underestimated by this procedure. A complete and pre-
cise theoretical evaluation would require a finite-displacement analysis because
the pressure term in Eq. (16) depends upon finite displacements, as evidenced by
the fact that k is not a linear function of P.



ELBOWS WITH RESTRAINED ENDS

In t.his section we review some of the available published papers relevant to
end effects on elbows with restraints that are more rigid than the long tangent
pipes discussed earlier. While the general problem involves restraints such as
pressure vessel no.izles, pump-nozzles, valves, tees, reducers, and flanges, the
only available data are for elbows with flanges at one or both ends. In theo-
retical analyses, the "flanges" are usually modeled as rigid restraints. In
view of the complexity of the problem, the available data are quite limited in
scope. Hence, no attempt is made here to provide generally-applicable design
guidance.

Code Guidance
Quantitative design guidance for flexibility factors and stress intensifica-

tion factors (i-factors) were introduced into ANSI B31.1 [30] in 19S5. At the
same time, end effects of flanges on elbows were recognized by including the
relationships:

> 1.0 (17a)

i2 = i-fcl/3 > i.o (17b)

fcl = k'h1^6 > 1.0 (17c)

k2 = k'h
x/i > 1.0 . (17d)

The subscripts 1 and 2 apply to elbows with one end flanged or with both ends
flanged, respectively; k is the flexibility factor defined by Eq, (2). The i-
factor, with accuracy sufficient for our present purpose, is equal to C2/2 where
Ci is defined by Eq. (1). The lower bound of 1.00 on the i's and k's is appro-
priate for piping system analyses.

The relationships expressed'by 'Eqs. (17) were based on the'small amount of
test data available prior to 1955. They are still used in industrial piping
codes such as ANSI B31.1 and ANSI B31.3. They are also still used in Section III
of the ASME Code for Class 2 and 3 piping, but they are not used for Class 1
piping.

. It is apparent that Eqs. (17) cannot be accurate in detail. For example, we
would expect that end effects for flanges would be a function of a0, R/v, and the
direction of moment loading (M£ vs Mo) as well as the parameter h. In the follow-
ing, comparisons are made between analytical data and Eqs. (17).

Maximum Stresses, In-Plane Moment
Whatham and Thompson [35] show an example of the stress pattern in a 90°

elbow, with tangent pipes on both ends, loaded with in-plane bending. The tan-
gents are terminated by a flange, i.e., rigid restraint. This example is included
as Fig. 10 to illustrate the complexity of the problem. The maximum hoop stress"
is decreased by end effects as expected. However, even with nonzero length tan-
gents, the axial stresses at the flange become significant. The occurrence of
large axial stresses at the flanges is intuitively reasonable because the flanges
are repressing the tendency for the cross section to ovalize. This axial stress
can be missed in a finite-element analysis unless care is taken with the model-
ing, i.e., mesh size, in the region of the flange.

Whatham [20] includes 12 pairs of plots like Fig. 10 for elbows terminated
by flanges at both ends. Maximum stresses taken from his plots are shown in
Table 3. The axial stress in the elbow adjacent to the flange is higher than the
stress in the central portion of the elbow. This aspect is discussed a bit fur-
ther under "Maximum Stress at Welds". The column in Table 3 headed "(C2)2/C2"
shows the end effects for flanges on both ends on the maximum elbow stresses away
from the flanges. The column headed "Eq. (17b), ft1/3" shows the equivalent stress
ratio according to Code guidance, Eq. (17b) herein. By comparison of these two
columns, it is seen that the Code guidance is conservative; i.e., it predicts
higher stresses than those given by Whatham.



Fig. 10. Example of stress patterns, A^-loading.on 90° elbow with flanged
tangents on both ends, from Ifliatham and Thompson [35] (nomenclature equivalence,
Fo = R, R = V).



Table 3. Data from Whathara [20] on maximum stresses in 90° elbows
with both ends flanged, M.-loading

h

0.02
0.04
0.10
0.20

0.03
0.06
0.15
0.30

0.05
0.10
0.25
0.50

R/r

2
2
2
2

3
3
3
3

5
5
5
5

t / r

0.01
0.02
0.05
0.10

0.01
0.02
0.05
0.10

0.01
0.02
0.05
0.10

Hoop

Elbow6

1.7
1.7
1.9
2 . 0

1.2
1.4
1.7
2 . 0

2 .0
2 .1
2 .5
2 .4

Flange"

1.3
1.3
1.3
1 .3

1.7
1.7
1.7
1.5

2 .5
2 .4
1.9
1.4

Axial

Elbow6

1.7
2 .0
2 . 3
3 . 0

2 .1
2.2 -
2 . 3
2 .3

2.6
2 .2
2 . 0
1.9

Flange

4 . 2
4 . 3
4 . 3
4 . 1

5 .6
5 . 5
5 . 4
5 .1

8 .1
7 .5
6 . 1
4 . 2

V2)2/c2
d

0.064
0.12
0.25
0.53

0.10
0.17
0.33
0.53

0.18
0.24
0.51
0.78

Eq. (17b)e

0.27
0.34
0.46
0.58

0.31
0.39
0.53
0.67

0.37
0.46
0.63
0.79

aa = maximum stress at indicated direction and location, S = M/ur2t.

^Occurs at o = 45°, $ = -90°.
a,Maximum stress in elbow adjacent to flange, occurs at $ = 90°.
d(Cz)2 = larger of "Elbow" a/Sn> C2 = 1.95/7i2/3.
e{Cz)z/C2 ratio implied by Eq. (17b), both ends flanged.

We have previously discussed Thomas' [25] two elbows with long tangent pipes.
We are interested here in his results for X = 0; i.e., one end flanged, shown in
Table 2, under the column headed X/D = 0 . In Ref. 25, Thomas gives graphs of
"hoop'stress index parameters". To the extent that the maximum hoop stress is
higher than the maximum axial stress (in Table 3 this is not always true), we
obtain ratios of {CQ>)2/C2 and comparable Code guidance ratios of ft1/3 for onei
end flanged. By comparing the ratios shown in Table 2 for M£, it can be seen that
the Code guidance is conservative.

Maximum Stresses, Out-of-Plane Moment
Whatham [20] does not address out-of-plane loading, Mo, but Thomas' [25]

results are included in Table 2. It should be noted that Thomas applied Mo to
the ID-length tangent end. Presumably maximum stresses would be different (per-
haps lower) if Mo had been applied to the flanged end. Also, Thomas gives only
hoop stress indices and we are not sure that this implies that the hoop stresses
were higher than the axial stresses. The comparisons shown in Table 2, however,
indicate that the Code guidance is conservative, at least for maximum hoop
stresses.

Maximum Stresses at Welds
As apparent in Table 3, Whatham [20] obtains his highest stresses in the

elbow adjacent to the flanges. Of course, ideally "rigid" flanges do not exist
in real structures. However, even for actual flanges and other restraints such
as pressure vessel nozzles, Whatham's results draw attention to the possibility
that the critical region for restrained-end elbows is at the end-welds (especially
with respect to fatigue strength) and not at the central portion of the elbow.

Thomas [25] does not present any data concerning axial stresses at the elbow-
to- flange juncture. His "carryover-factors" indicate that the hoop stress at the
flanged end is zero; this is not consistent with Whatham's results.
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Flexibility Factors, In-Plane Moment
Figure 11 shows the results of a parametric study by Whatham and Thompson

[35] of flexibility factors for 90* and 180° elbows with both ends flanged for
U{. loading. Whatham and Thompson included the Code guidance line, Eq. (1?*)
above, on their plot for 90° elbows.. We have added that line to their plat for
180° elbows. It can be seen directly from Pig. 11 that the tode guidance sig-
nificantly overestimates k^ for R/r (Ro/R in Fig. 11) of 2 or 3. For 180* el-
bows, however, the Code guidance is a reasonable approximation for both short-
radius and long-radius elbows.

Thomas' results, for 90° elbows with one end flanged {X/D » 0 ) , are included
in.Table 2; compare fc/(1.65/?t) with fc1'6. These results indicate that the Code
guidance overestimates k\ for a 90° elbow, but by a smaller factor than indicated
by Whatham1 s results for kz. . ,

Flexibility Factors, Out-of-Plane Moment
Whatham [2C] does not cover out-of-plane moment loading Mo. The resalts by

Thomas [25] are included in Table 2. These results indicate that the Code gui-
dance overestimates k\ for a 90° elbow by a factor of about 2.

As noted previously, Thomas derived k for Mo by use of Eq. (14). Ike assump-
tions that k and Mo are independent at a, for elbows with one or both ends flanged,
would seem to introduce large uncertainties in the use of the k for Mo in gaping
system computer programs. Thomas appropriately notes, however, that the iaclu- I
sion o£ specific flexibilities for the M -case will require a rigorous defxni- )
tion of the flexibility factor to reflect the more complicated behavior.

! I!

lM . SUMMARY AND DISCUSSION

'•:; The relative influence of long pipes welded to both ends of an elbow on the
^jggi flexibility and maximum stresses from moment loads have been fairly well defined
^xf by studies in the literature and by the additional data generated in this study.
. ••§ In general, these end effects are seen to be a reduction in the maximum stresses
•.v«! calculated from theories based on no-end-effects (NEE-theory) and a corresponding
;Ri$ .increase in the stiffness (lower flexibility factors). Using these data, ve were
";$ able to develop stress index and flexibility factor formulas that may b e used in
j-jS place.of the formulas given in the ASME Code for nuclear power plants. This
•fS _ ' alternate procedure is authorized by Code Case N-319. _

j ^ ' * We do not wish to leave the reader with the impression that all past aid
Si' present piping system analyses are significantly in error. Major discrepancies

'•»X; occur'only for small values of the parameter h. Although'Fig. "2" cover's h as low |
;•.# " _as 0.04, one would rarely find elbows in a piping system with h less than about (
,3 0:l08 and, in most critical high pressure piping systems, 7: is likely to be 0.51

''••••>vS or greater. In this range, the errors caused by neglecting end effects are less
..'•i; pronounced. In addition, major errors in calculating the end loads and/or
• ••f-i, natural frequencies in a dynamic flexibility analysis might occur only when, or
•:<~ if, the elbows contribute a substantial portion to the total flexibility of the
'.':•% piping system. Experience in using the procedure outlined in Code Case K-319 for
'• •-•'£' representative design situations is needed before final judgment can be estab-
" -M lished. •

The problem of defining elbow end effects for design conditions other than '
for long tangent pipes is considerably more complex. The available data indi-

;^jgj cate that industrial code guidance (e.g., ANSI B31.1) overestimates both the
^", maximum stresses (other than at the weld ends) and the flexibility for elbows

with flanged ends. However, a sufficient amount of data over the parameters of
; interest has not been developed to allow improving the Code guidance. Whatham

. yj [20] has developed a shall theory solution that appears to hold promise for
v"> generating the needed data for in-plane, M^, bending. However, a comparable
'; theory is still needed for out-of-plane, Mo, bending.
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