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ABSTRACT 

A number of Improvements have been made by ORNL to the l a t t i ce 
physics code EPRI-CELL (E-C) which is widely used by u t i l i t i e s for anal-
ysis of power reactors. The code modifications were made mainly in the 
thermal and epithermal routines and resulted in improved reactor physics 
approximations and more e f f i c ien t running times. The improvements in the 
thermal flux calculation Included implementation of a group-dependent 
rebalance procedure to accelerate the i te ra t ive process and a more 
rigorous calculation of in terva l - to - in terva l col l is ion probabi l i t ies. 

The epithermal resonance shielding methods used in the code have 
been extensively studied to determine i ts major approximations and to 
examine the sensit iv i ty of computed results to these approximations. The 
study has resulted in several improvements in the original methodology. 
These Include: treatment of the external moderator source with Inter -
mediate resonance (IR) theory, development of a new Dancoff factor 
expression to account for clad Interactions, development of a new method 
for treating resonance interference, and application of a non-linear 
optimization method to compute "best-estimate" values for the Bell factor 
and group-dependent IR parameters. The modified E-C code with its new 
ENDF/B-V cross section l ibrary is tested for several "numerical 
benchmark" problems. Integral parameters computed by E-C are compared 
with those obtained with point-cross section Monte Carlo calculations, 
and E-C fine group cross sections are benchmarked against point-cross 
section discrete ordinates calculations. I t is found that the code modi-
f icat ions improve agreement between E-C and the more sophisticated 
methods. E-C shows excellent agreement on the integral parameters and 
usually agrees within a few percent on fine-group, shielded cross 
sections. 

v 
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I . INTRODUCTION 

Most of the LWR analysis codes used by industry rely on re lat ive ly 
simple computational methods to obtain eel 1•averaged broad-group cross 
•.actions for subsequent input to diffusion theory calculations of the 
i.ore. The computer programs employed in the la t t ice physics calculations 
must be economical to use, but s t i l l give accurate results for the range 
of problems encountered in design and fuel management decisions. The 
Advanced Recycle Methodology Program (ARMP)l is a system of computer 
codes distributed by the Electric Power Research Inst i tute (EPRI) to u t i -
l i t i e s for performing core-follow and reload calculations. The PWR l a t -
t i ce physics module in this system is called EPRI-CELL (E-C).2 The 
[•'•jnction of this program is to read fine-group, problem-independent 
l ibrar ies for the fast and thermal energy ranges, perform resonance 
shielding and cell averaging for a p in -ce l l , and then collapse the 
;riultigroup cross sections to a coarse group structure for diffusion 
theory calculations of an assembly or some fraction of the reactor core. 
The change in the pin composition due to burnup is also taken into 
account, so that the f inal output of E-C is a set of lattice-dependent 
broad-group cross sections tabulated as a function of burnup (and 
possibly other parameters such as soluble boron concentration). Although 
E-C has some unique features, many of the approximations that i t makes 1n 
the epithermal calculation are common to other LWR la t t i ce physics codes 
used throughout the nuclear industry. 

Recently EPRI has embarked on a program to upgrade the thermal, fast 
and depletion E-C l ibrar ies to use ENDF/B-V data.3 In conjunction with 
this e f f o r t , a review was made of the la t t ice physics approximations used 
in E-C, which resulted in several code modifications, and the new version 
of E-C was benchmarked for various c r i t i ca ls and "numerical benchmarks" 
that had been computed with continuous-energy Monte Carlo codes.** 

While the c r i t i ca l analysis provides useful comparisons of calcula-
t ional and experimental eigenvalues and in some cases integral rat ios, i t 
does not to ta l ly eliminate the possibi l i ty of a fortuituous cancellation 
of data and methods errors in E-C. Benchmarking against Monte Carlo 
results based on the same basic cross-section data helps in exposing 
methods deficiencies in E-C; however, the comparisons must be made on 
re lat ive ly coarse parameters such as broad-group (e .g . , four-group) cross 
sections to obtain meaningful Monte Carlo s ta t is t ics . The numerical 
benchmark calculations have shown that the most common source of 
disagreement between E-C and Monte Carlo results is in the range from 
approximately 1 eV - 5 keV, which contains 238^ resolved resonances. 

The purpose of the present study is : 

a . to determine the major assumptions made in the E-C epitherinal 
calculation and to examine the sensit iv i ty of computed results 
to these assumptions, 
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b. to develop and implement improvements into the E-C epithermal and 
thermal methods, 

c. to benchmark the modified code against rigorous Monte Carlo 
estimates of integral parameters and deterministic calculations 
of fine-group cross sections (~30 groups between 1 eV and 5.5 
keV). 

Point cross section Monte Carlo calculations for various reaction rate 
ratios were obtained and averaged as described in Ref. 4. These values 
served as "reference" integral parameters. For the fine-group bench-
marking, the E-C epithermal calculation has been modified to use reaction 
rates computed with the OZMA code. OZMA solves the space-dependent 
slowing-down equation 1n the resonance range with point-wise cross sec-
tions using discrete ordinates or integral transport theory.5 Results 
are given for one U-Pu mixed oxide and three uranium oxide numerical 
benchmark (NB) la t t ices described in Tables 1 and 2. The major emphasis 
is placed on examination of three E-C approximations in the epithermal 
calculation: 

a. use of equivalence theory for treating heterogeneous effects 

b. use of the intermediate resonance (IR) approximation to compute 
the background cross section for resonance shielding 

c. the effect on fine-group cross sections of resonance interference 
between mixed absorbers. 

An attempt is made to isolate and quantify the effects of the above 
epithermal approximations on E-C cross sections. Although more emphasis 
is placed on examining the epithermal calculation, a discussion of modi-
f ications in the thermal calculation is also included in Appendix B. 
This study is also applicable to other l a t t i ce physics codes which use 
methods similar to those found in E-C. 
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Table 1. Numerical Benchmark Competitions 

Name 
Code Name 

NB-1 
BAP LI 

NB-2 
UL212 

NB-̂  
W3 

NB-5 
H1C13 

Fuel 

Clad 

16Q 
2 3 5 y 
238 (j 
239 pu 
24 0pu 
241pu 

Zr 
27A1 

Moderator 
H 
160 
iob 

4.6946(-2) 
3.112 - 4 
2.3127(-2 

4.899 ( -2) 

6.676 ( -2) 
3.338 ( -2) 

4.401 ( -2) 
1.504 -4 
2.073 ( -2 
3.974 ( -4) 
3.344 ( -5) 
1.60 ( - 6 ) 

6.671 ( -2) 
3.336 ( -2 
1.202 ( -5 

4.642 ( -2 ) 
6.465 ( -4 ) 
2.2559 ( -2) 

4.226 ( -2 ) 4.015 ( -2 ) 

6.676 ( -2 ) 
3.338 ( -2) 

4.50473(-2) 
6.94117(-4) 
2.18195(-2) 

4.73054(-2) 

6.67804(-2) 
3.33902(-2) 

Table 2. Numerical Benchmark Dimensions 

Name NB-1 NB-2 NB-4 NB-5 
Code Name BAP LI UL212 W3 H1C13 

Geometry Hex SQ so Hex 

Pitch (cm) 1.5578 2.210 1.4605 1.166 

Fuel Pin Outer Radius(cm) .4864 0.6414 0.508 .4675 

Clad Outer Radius(cm) .5753 0.7176 0.59474 .529 
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I I . OVERVIEW OF EPRI-CELL EPITHERMAL METHODOLOGY 

The E-C epithermal calculation consists of the following steps: 

a. Input Epithermal Library 

The 68 group epithermal l ibrary contains group average fission and 
absorption cross sections for the heavy nuclides at in f in i te d i lu t ion . 
Group dependent shielding factor tabulations are included in the l ibrary 
for these nuclides both for absorption and fission as a function of a 
background cross section oo and for a number of temperatures. The latest 
E-C l ibrary (which was used in the present study) 1s based on ENDF/B-V 
data. 

b. Resonance Shielding Calculation 

For each resonance nuclide present in the fuel region of a specified 
reactor la t t i ce unit cell a background cross section is calculated, for 
which the group shielding factors are determined by interpolation between 
the entries 1n the shielding factor tables at the temperature specified 
for the fuel region. The product of the in f in i t e l y dilute cross section 
and the shielding factor is the group absorption or fission cross section 
i n the fuel . 

c. Cell Averaging (Spatial Shielding) Calculation 

The shielded cross sections refer to the fuel region of the heteroge-
neous unit c e l l . They must be multiplied by a disadvantage factor , the 
ra t io of the group averaged fuel flux to the group averaged cell f l ux , 
before they can be used to homogenize the unit c e l l . An analytic two 
region la t t ice treatment based on the intermediate resonance approxima-
t ion and the Wigner rational approximation for the region to region 
transfer probabil i t ies is used to compute the disadvantage factors 1n 
E-C.3 

d. Group Collapse Calculation 

The fine-group, eel 1-averaged cross sections are collapsed to a 
broad-group structure (2,3,4 or 5 groups) with a spectrum obtained from a 
B1 asymptotic calculation. A buckling search is optional. 

The principles and approximations on which the above procedure is 
based are discussed in the next two sections. Also discussed in these 
sections are recent modifications to the E-C methods, which improve the 
original E-C epithermal calculation. 
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I I I . HETEROGENEOUS APPROXIMATIONS IN EPRI-CELL EPITHERMAL CALCULATION 

The two region (fuel and moderator) col l is ion rate equations for a 
heterogeneous l a t t i c e can be wri t ten as 

EF4>fVF = ( i - pf+M) sFvF + PM*FWM W 

SM+M̂ M » (1 ' SMVM + PF-MSFVF ( 2 ) 

where 
*F<e) »<J»M(E) 
SF E).SM(E) 
EF(E),EM 

V f .VM 
P f + mU ) 

PM * FU ) 

average flux in fuel pin and moderator, respectively 
average slowing-down sources in the respective regions 
macroscopic total cross sections of the respective 
regi ons 

volumes 
neutron born with energy E in the 
next col l is ion in the moderator 
neutron born with energy E in the 
i t s next col l is ion in the fue l . 

fuel and moderator 
probabi l i ty that a 
fuel w i l l have i ts 
probabil i ty that a 
moderator wi l l have 

Equation (1) which describes the average flux in the fuel portion of 
the l a t t i c e can be reduced to the following "equivalent" equation ( i . e . , 
producing the same flux 4>p(E)) for an i n f i n i t e homogenous mixture: 

(EF + E e ) *F = SF + (3) 

Equation (3) corresponds to a mixture of fuel material (having a 
macroscopic cross section ef and a slowing-down source Sp) and a psuedo-
moderator material (having a macroscopic cross section Ee and a narrow 
resonance (NR) slowing-down source s e • J^)• The method of approximating 

E 
the f lux in a heterogeneous system by the solution to an associated homo-
geneous system is based on the "second theorem of equivalence theory". 
The pseudo-moderator cross section E e called the "escape cross 
section" because i t is related to the fuel escape probabil ity.® The E-C 
treatment of heterogeneous la t t ices is based on equivalence theory. 

Three approximations are assumed by E-C to establish the equivalence 
theory relat ion as in Eq. (3 ) . These are: 

a. the external moderator in the l a t t i c e is a narrow resonance 
scat terer , 

b. the spatial distr ibutions of the slowing down sources in the fuel and 
moderator regions are f l a t within the respective volumes, 

c. the value for the fuel escape probabil i ty PF+M can be approximated by 
a rational expression of the form 

(18) 
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where Ee i s a slowly varying function of energy that can be approximated 
by a constant within each energy group of interest . The accuracy of the 
E-C heterogeneous treatment depends on the va l id i ty of the above three 
approximations, which wi l l be examined next. 

Representation of External Moderator Slowing Down Source 

For l ight water moderated l a t t i c e s , one expects the narrow resonance 
approximation for the external moderator (H2O) to be f a i r l y good since 
hydrogen accounts for about 98% of the slowing down power of water. 
However, MacFarlane has considered using the intermediate resonance (IR) 
approximation instead of the NR approximation for the external moderator, 
and has concluded that the NR method overpredicts the 2 3 8U absorptions bv 
about 0.7% and under predicts by 0.2% for a typical PWR cell problem.' 

E -C has been modified to represent the external moderator with IR 
theory. This is done by changing the parameter ze appearing in t i e fuel 
escape probabil ity to 

where 
Ee = modified £e 
Ee = original E -C E E 
Y = group-dependent IR parameter (see Section I I I ) for hydrogen 
g' = heterogeneity parameter = VpEe 

I t was found that this modification increased the E-C eigenvalues for the 
NB lat t ices by about 0.12% and decreased the values for epithermal 238u 
capture by about 0.5%. These changes are close to the values observed by 
MacFarlane using a mfcre rigorous calculat ion. 7 

Flat Source Approximation 

The approximation of f l a t source distributions within the fuel 
and moderator is made to simplify the relation between,the coll ision 
probabil i t ies Pp^^ and Pm+F* T h e exact relation (for isotropic sources) 
between these two quantities is 

where 
S m ( t , E ) , S f ( t ' , E ) = space-dependent slowing-down sources for ener9y E 

in the moderator and fue l , respectively and-
G(r+r ' ,E) = transport kernel from point r to r' for a neutron 

with energy E, 
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In order to obtain the desired equivalence theory relation the 
bracketed term must be a constant, Independent of energy. A suff icient 
condition to satisfy this requirement is that SM(T) and Sp(r ' ) be equal 

Sm SF 
to unity, indicating f l a t source distributions within the respective 
regions. I t is possible that less restr ic t ive conditions wi l l also give 
the desired energy independence for the ratio of source-weighted 
transport kernels, but this has not been studied. 

The val idi ty of the f l a t source approximation has been studied with 
OZMA for the NB4 la t t i ce at energies within the 6.67 eV 2 3 8U resonance, 
and at about 15 eV, which is between the 6.67 eV and 20.86 eV Z38u 
resonances. From Fig. 1 i t can be se^n that the moderator source is 
approximately f l a t ; however, the slowing-down source in the fuel shows a 
pronounced rise near the outer radius of the fuel pe l le t , whereas the 
source in the inner region of the pellet is re lat ively f l a t . This is 
because most of the neutrons which are born in the moderator and leak 
into the fuel wi l l have their f i r s t col l is ion soon after entering the 
pel let and thus contribute to the slowing down near the outer radius of 
the fuel . The neutrons born near the center of the fuel lump within the 
energy interval of a resonance have v i r tua l ly no chance of escaping, and 
the source in this region is> due mainly to slowing down in the f u e l , 
since the outer fuel region shields the inner region from moderator 
neutrons. An improvement to the current E-C methodology would be to 
treat the fuel lump with a two region representation, consisting of an 
outer transistion region and an inner asymptotic region. However at this 
time no improvement has been made in the E-C f l a t source approximation. 

Rational Approximation for Fuel Escape Probability 

The last approximation required to establish the equivalence theory 
relat ion is the use of the rational expression in Eq. (4) for the value 
of PF+M. This approximation is the most crucial as well as the weakest 
l ink in deriving equivalence theory. Use of a rational expression as in 
Eq. (4) to represent the fuel escape probability has been studied exten-
sively in the past and various representations for the "escape cross 
section," Ee» have been suggested (see for example Ref. 8 ) . Many of 
these expressions have the general form 

Eg * .a-(l-£), (6) 
SL 

where 
a s Bell factor 
c = Dancoff factor 
s. = mean chord length of the fuel pin 

= fuel pin diameter 
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In the or iginal Wlgner approximation the value of the bell factor was 
un i ty , but i t was observed that this approximation always underestimated 
the escape probabi l i t ies from Isolated rods. For th is reason the so-
cal led Bell factor was introduced to improve the accuracy of the original 
Wigner approximation. A number of d i f ferent correlations have been pre-
sented for the Bell fac tor . The one used 1n E-C is due to Lesl ie , and 
correlates the Bell factor as a function of the Dancoff factor using the 
re la t ion" 

a = (2.366 
(2.366 - lJ66(l-c) 

For an isolated rod for which c=o the above question reduces to a 
constant value of 

(7) 

a0 = isolated rod Bell factor = 1.197 (8) 

which is within the range of constant Bell factors that have been 
suggested, but is s l ight ly higher than the constant value of 1.16 that 
has been used by others.® By substitut ing Eq. (6) into Eq. (4) with c=o 
and then solving for "a", we can obtain the "exact" Bell factor needed to 
correct the rational approximation for isolated rods: 

(9) 

where Pesc(E) the escape probabil i ty from a pin of mean optical 
thickness £Zp, for a neutron with energy E. Since Pesc c a n b e parame-
ter ized in terms of JIZ, the expression in Eq. (9) depends only on th is 
parameter. However, the d i f f i c u l t y with using Eq. (9) in E-C is that the 
Bell factor may vary considerably within a group containing large 
resonances, whereas a constant (or at least group-wise constant) value 
must be assumed in E-C to obtain an energy-independent escape cross sec-
t ion for resonance shielding. 

Table 3 compares values for the escape probabi l i ty as a function of 
energy in the 6.67 eV 2 3 8 U resonance for an isolated PWR fuel pin. The 
exact escape probabi l i t ies were taken from the tabulated values of Case, 
deHoffrnan and Placzek*0 and the approximate values were evaluated from 
the rational expression, 

Pesc(E) = ^ r — (10) 
a 0 + *EF (E ) 

with a0 = 1.197. 

In the last column of Table 3 the value for the "exact" Bell factor 
computed by Eq. (9) is shown. 

I t can be seen that the rational approximation with Leslie Bell 
factor for isolated rods (a = 1.197) tends to overestimate the escape 
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probabi l i ty for the high cross section portion of the resonance and under-
estimate 1t 1n the wings. This 1s because a Bell factor of 1.197 is too 
high over most of the resonance except 1n the wings where i t 1s too low. 
An "ef fect ive Bell factor" for the resonance can be defined by averaging 

Table 3. Escape Probabi l i t ies From Isolated PWR Fuel Pina 

for 6.67 eV 2 3 8 U Resonance 

_ E-C Rational Exact 
Energy (eV) AIP Exact Pesc Approximation11 A% Bell Factor 

6.468 2.34 0.3649 0.3384 -7.3 1.344 
6.518 4.25 0.2240 0.2198 -1.9 1.227 
6.568 15.05 0.06620 0.07368 11.3 1.067 
6.620 77.76 0.01286 0.01516 17.9 1.013 
6.672 162.77 . 0.00614 0.00730 18.9 1.006 
6.723 99.14 0.01009 0.01193 18.2 1.011 
6.772 13.06 0.05524 0.06216 12.5 1.056 
6.826 4.64 0.207U 0.2051 -0.9 1.211 
6.880 2.16 0.3862 0.3566 -7.7 1.359 

I = 0.36 inches; 2.78% enriched UO? pin 
Assumes constant Bell factor of 1.197 

the energy-dependent "exact" Bell factor using the absorption rate as a 
weight function, and this w i l l result in a value lower than the 
a 0 produced by the Leslie approximation, since most of the absorption 
occurs in the portion of the resonance for which the Leslie Bell factor 
1s high. The e f fec t of an overestimate for the fuel escape probabi l i ty 
is an overprediction of the 2 3 8 U absorption cross section by E-C. 

I t has been found that better agreement between E-C and Monte Carlo 
calculations can be obtained by modifying the expression for the Bell 
f ac tor . One approach which has been examined is to retain the 
Bell-Dancoff factor correlat ion suggested by Lesl ie , but to t rea t the two 
constants appearing in Eq. (7) as adjustable parameters, a and 0, so that 

a n (« + VT^C)2 . (11) 
(a + V T ^ ) 2 - e(l-c) 

Best-estimate values for o and 0 have been determined using an uncer-
t a i n t y analysis procedure18 based on Bayesian inference and nonlinear 
opt imizat ion. The procedure attempts to consistently incorporate addi-
t iona l information ( in th is par t icu lar case " Integral" Monte-Carlo 
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responses and associated uncertainties) into the current state of 
knowledge of the system, i . e . , the E-C calculated responses, and the 
nominal values of a l l relevant system data parameters, including ot and 
3 (see Appendix). I t was found that small changes in a and $ from their 
nominal values of 2.366 and 1.866 could noticeably Improve the E-C 
calculation of 2 3 8U absorption in the three UO2 benchmark la t t ices. The 
new values of these parameters used in the present work were 

a = 2.747 

9 = 2.082 

These values produce an isolated rod Bell factor of 1.174, which is about 
2% lower than the original value for a 0 . However, further study of the 
optimum a and & values is needed. The possibil ity of using group depen-
dent Bell factors to improve the accuracy of the rational approximation 
for isolated rods should also be considered. 

Another parameter which enters into the calculation of the escape 
cross section is the Dancoff factor. E-C uses a method developed by 
Sauer for computing the Dancoff f a c t o r : ^ 

c = e-T£M*M (12) 
1 + (1-T)em*M 

where 
EM = moderator cross section 
HM = mean chord in moderator region between fuel pins 
T = "geometrical factor" which is a function of the clad and modera-

tor volume fractions 

The expression in Eq. (12) has been shown to give accurate results 
when only fuel and moderator are present. However, in accounting for the 
presence of a clad surrounding the fuel Sauer's expression assumes that 
the clad has a negligibly small total cross section. The effect on the 
Dancoff factor of neglecting clad interactions was examined by comparing 
results from Sauer's expression to results obtained with the rigorous 
SUPERDAN12 program, as shown in Table 4. 

Table 4. Comparison of Dancoff Factors from E-C and from SUPERDAN 

^attice E-C 

% Difference 
from SUPERDAN 
with no clad 

% Difference 
from SUPERDAN 
with clad 

NB1 0.267 -0.75 -2 .6 
NB4 0.298 -1 .9 -8 .0 
NB5 0.605 -0 .6 -2 .0 
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I t can be seen that Sauer's expression agrees reasonably well with 
the SUPERDAN results for no clad present; however, the Dancoff factors 
for cladded fuel pins Is overestimated by Sauer's expression which 
neglects clad interact ions. An error 1n the E-C Dancoff factor w i l l 
a f fec t the escape cross section 1n Eq. (6) by changing the Bell factor 
and by changing the (1-c) term. The l a t t e r ef fect tends to dominate 1n 
LWR pins so that an overestimate of the Dancoff factor causes an under-
estimate of z e , which results 1n a lower Z 3 8 U absorption cross section. 

A method has been developed which modifies Sauer's or iginal Dancoff 
expression to account for clad interactions by multiplying the no-clad 
Dancoff factor by a correction term. 1 3 The clad-corrected Dancoff factor 
i s given by 

The parameter y is given by the expressions: 

y = 3.58 + 0.40 x + 3.5 x2 for x < 0.4 

= 0.474 + 15.057 x -13.73 x2 for x > 0 .4 , where x is the ra t io of the 
inner to outer radius of the clad. 

The expression in Eq. (13) has been implemented into the E-C Dancoff 
rout ine. Table 5 compares the Dancoff factors computed with the modified 
E-C expression in Eq. 13 with the SUPERDAN values. I t can be seen that 
the clad correction improves the Dancoff factor computed by E-C so that 
i t now agrees within 1/2% of the SUPERDAN values. 

Table 5. Comparison of Dancoff Factors from Modified E-C 
Method with SUPERDAN Results 

Lat t ice Eq. (13) Results SUPERDAN AC/C% 

(13) 

(14) 

NBl 
NB4 
NB5 

0.261 
0.273 
0.596 

0.260 
0.274 
0.593 

0.4 
- 0.4 

0.5 
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The preceeding approximations 1n the E-C heterogeneous treatment must 
be made 1n order to obtain an e f f i c i e n t resonance shielding methodology. 
I t is very useful to know how sensitive the integral parameters computed 
by E-C are to these heterogeneous approximations. A sensi t iv i ty 
coef f ic ient for some integral parameter R to changes in the parameters 
appearing in the E-C rational approximation of the escape probabi l i ty can 
be defined as 

AR/R 
Si = ApiTpi (15) 

where 
Si is the sens i t i v i ty coeff ic ient 
Pi is one of the parameters a ,c , or Ee 
AR is the change in the integral parameter arising from the change 

API. 

From this expression i t can be seen that an error of 1% in pi (corre-
sponding to the Bell factor , Dancoff factor or escape cross section) w i l l 
cause an error of S-|% in R. Table 6 gives the E-C values of a, c, and 
z e for the four benchmark l a t t i c e s , and Tables 7 and 8 give the values 
for the re la t ive sens i t iv i ty coeff ic ients of the cell eigenvalue and 
2 8p ( ra t io of epithermal to thermal Z 3 8 U captures) to changes in these 
parameters. I t can be seen that 2 8p is very sensitive to the values of 
E e and the Bell fac tor . (Note that Ee is proportional to "a" which 
accounts for the equality of these sens i t iv i ty coe f f i c ien ts . ) A mere 10% 
error in £ e or "a" w i l l cause a 3-4% error in z 8 p . The NB5 value for 
2 8 p is also sensit ive to the Dancoff factor . The l a t t i c e eigenvalues are 
less sensitive to these parameters, but the sensitive coef f ic ients are 
s t i l l large enough to warrant concern i f the values for z e and "a" are not 
computed accurately. Errors of 10% in these parameters wi l l cause errors 
of about 0.7% in k for NB1 and NB4 and an error over 1% for NB5. The NB5 
eigenvalue shows considerable sensi t iv i ty to the Dancoff fac tor , so that 
an error of 2% as observed ear l i e r due to neglect of clad interactions 
w i l l cause an error of about 0.4% 1n k. 

Table 6. E-C Escape Cross Section Parameters for NB Latt ices 

Latt ice Bell Factor3 Dancoffb £(cm) Ze 

NB1 1.153 0.261 0.9728 0.876 
NB4 1.150 0.273 1.0160 0.823 
NB5 1.091 0.596 0.9350 0.471 
NB2 1.160 0.092 1.2827 0.821 

*Eq. (7) 
bcorrected for clad 



16 

Table 7. Change 1n 2 8p Due to a 1% Change in Escape 
Cross Section Parameters for NB Lattices 

Ap/p Ap/p Ap/p 
Latt ice *a/a AC/C ALe/Ee 

NB1 0.360 -0.152 0.360 
NB4 0.364 -0.155 0.364 
NB5 0.389 -0.653 0.389 
NB2 0.349 -0.042 0.349 

Table 8. Change in k00 Due to a 1% Change in Escape 
Cross Section Parameters for NB Lattices 

Ak/k Ak/k Ak/k 
Latt ice Aa/a AC/C AZe/Ze 

NB1 -0.067 0.028 -0.067 
NB4 -0.072 0.031 -0.072 
NB5 -0.112 0.194 -0.112 
NB2 -0.035 0 -0.035 
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IV. HOMOGENEOUS APPROXIMATIONS IN EPRI-CELL EPITHERMAL CALCULATION 

After using equivalence theory to reduce the heterogeneous problem to 
a homogeneous problem, Eq. (3) could in principle be solved numerically 
for the f lux spectrum, which could then be used to average the multigroup 
cross section, 

; e ^ < e < e
9 <16> 

where 
( E g + i . E g ) is the energy interval of the g t h yroup, 

a* is the multigroup value of cross section "x" 
9 for group g, 

a x (E) is the point data for cross section x, 
<)>(E) is the energy-dependent flux used for the weight 

function, computed from Eq. (3) 
and 

<>g indicates integration over group g. 

The Wigner-Seitz cel l cross sections obtained in this manner would only 
re f l ec t the equivalence theory approximation, since solution of the 
homogeneous problem would be done rigorously. Unfortunately even though 
Eq. (3) is much simpler than the heterogeneous Eq. ( 1 ) , i t is s t i l l not 
pract ical to numerically compute problem-dependent fluxes for the many 
d i f f e ren t burnup conditions and fuel compositions encountered in power 
reactor analyses. A more reasonable approach is to tabulate a generic 
multigroup l ibrary in a manner in which the data can be easily corrected 
to re f lec t the proper weighting for the mixture of in terest . Since the 
f l u x , <|>(E) in Eq. (16) is not known, i t must be approximated in some 
manner in order to "preprocess" the multigroup cross sections. One popu-
l a r method of approximating the f lux is by parameterizing i t as a func-
t ion of two variables: background cross section (a 0 ) a n d temperature 
( T ) . The advantage in th is approach 1s that i t allows the generation of 
a "problem-independent" cross section l ibrary to be done only one time. 
The resulting multigroup cross sections depend only on the two parameters 
ao and T, so that a simple Interpolat ional procedure can be used to 
obtain cross sections at the appropriate background cross section and 
temperature for the part icular reactor l a t t i c e of in terest . Instead of 
tabulat ing the parameterized multigroup cross sections d i rec t l y , the 
usual procedure is to include two arrays in the cross section l i b r a r y . 
One array contains the i n f i n i t e l y d i lu te cross sections at some reference 
temperature (O£(TR) and the other array contains "shielding factors" 
(also called " f - factors") defined as 

f x ( o 0 , T ) = g g( g o» T ) = _J . <p*(E»T)<t>(q0,T)> 
, ( T R ) <<l>(oo»T)> 

(17) 

and so 
(18) 
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This method is called the shielding factor method (SFM) and is used in 
E-C. The E-C l ibrary contains f - factors tabulated at several di f ferent 
values of a 0 for each resonance material . For example, the 2 3 8U cross 
sections have shielding factors evaluated at a 0 ' s of 10, 50, 100, 300, 
103 , 104 and 1010 barns. The success of the shielding factor method 
depends on how well the mixture-dependent flux can be represented by a 
two parameter (ao and T) characterization. 

In order to reduce the si owing-down equation for the homogeneous 
mixture, Eq. (3 ) , to an equation which has a solution that depends only 
on ao and temperature, the following two approximations are required: 

a. Cross sections of resonance materials can be averaged 
i ndependently 

b. In determining cross sections of a resonance absorber, the 
slowing down in a l l other materials can be approximated by IR theory. 

These approximations are discussed in the present section. 

Equation (3) can be written 

X Ni (o a i (E) + api + a s i ( E ) ) + * (E) = 

' 1 E/«1 (19) 

2 > i / 4>(E')dE-
r 1 E £ ' (1 -«1) 

where 
N-j = atom density of i t h nuclide in fuel , 

oal- = absorption cross section of i t h nuclide, 
ogi = nonpotential (resonance and interference terms) 

scattering cross section of ijj'1 nuclide, 
opi = potential cross section of nuclide, 

and / f ln - - i \ 2 

ai , where Ai is the atomic mass of nuclide i . 

The resonance cross sections in Eq. (19) are temperature dependent 
because of Doppler broadening, which introduces the temperature as a 
parameter in the f inal multigroup l ibrary . The temperature parameter 
w i l l not be exp l ic i t ly carried along 1n the following development, but 
should be recognized as being impl ic i t ly treated. 

The f i r s t approximation to be made wi l l be called the "independent 
resonance weighting" (IRW) approximation. This approximation assumes 
that the flux spectrum used to weight the cross sections of a given 
nuclide is a function of absorptions occurring only in that material , and 
neglects perturbations caused by absorptions in other materials. In 
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r e a l i t y , the multigroup cross sections of a resonance absorber should 
re f lect not only I ts own self-shielding of the f lux , but also mutual 
resonance shielding and perturbations in the off-resonance group flux due 
to other resonance nuclides. These cross-correlating effects between 
various resonance materials in a mixture wi l l be called "resonance 
interference" ef fects . 

Application of the 1RW approximation to Eq. (19) means that the flux 
weighting function used for averaging the cross sections of some nuclide 
k is not affected by resonance reactions in the other nuclides in the 
mixture, i . e . , osi = a a i = 0, i * k. 

For nuclide k, Eq. (19) wi l l then reduce to 

<t>k rj 

Nk 

where 

and 

^Miak+osk+tfpk) + 2 £pi + 

f / 0 , k (osk+opkUkdE' + V r . r / a i M E ' + I 
J E ' ( i - a k ) 4 P1 / f t i = ^ T + T : 

i /«1 a.-HF 1 r e (20) 

Epi = Niapi 

<{»k(E) = flux weighting function to be used to average cross sec-
tions of nuclide k. 

The IRW approximation is sometimes said to be equivalent to neglecting 
resonance overlap, or assuming that the resonances of the various nu-
clides are "isolated". In rea l i t y , the condition of having isolated 
resonances is not suff icient to just i fy the IRW approximation.14 

A second approximation must be made to express the scattering source 
on the right hand side of Eq. (20) in a manner that gives a flux weight-
function which depends only on a single parameter (and temperature). In 
the present E-C formulation, this is done by assuming a l l materials 
except for the particular resonance nuclide (nuclide "k") under con-
sideration can be represer.;ed as intermediate resonance scatterers. With 
the IR approximation i t can be shown15 that 

2 2pi + X x i E P i <2 1 ) i 
a n d v r / a i 4>kdE' (22) 

where Xi = "IR parameter" for nuclide i . 
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Substituting Eqs. (21) and (22) into Eq. (20) results in the 
following equation for the flux weight-function to be used in averaging 
the multigroup cross sections of nuclide k: 

E / a k 

(c tk+°ok)*k = c ? / t g p k \ •Kd E ' ( 2 3 ) 

E E (1-ak) 11 

where the background cross section is defined 

<*ok = -j|j— AiSpi+Ze (24) 
Nk 

Equation (23) can be solved numerically to give a weight function which 
depends on the parameter 0O* This has been done with the NJOY 
code,1® for various values of 0O , and the resulting o0-dependent flux was 
used in generating the ENDF/B-V multigroup l ibrary for E-C.7 In order to 
apply the generic cross sections to a part icular l a t t i ce one needs only 
to calculate the background cross section from Eq. (24), and interpolate 
Ivj obtain the correctly weighted cros'; section values. 

Equations (20) and (23) represent, respectively, the result of making 
successive approximations to obtain a "problem-independent" flux weight-
ing function for the equivalent homogeneous mixture described by Eq-(19). 
[The adequacy of the equivalence theory approximation used in obtaining 
the homogeneous-equivalent description of the heterogeneous l a t t i c e was 
discussed e a r l i e r . ] I f we label the solutions to Eqs. (19), (20) and 
(23) as <j>mix» 4>IRW> a n d respectively, and the multigroup cross sec-
tions generated with these weight functions as o,„-jx, and c^c, then 
we have 

o m i x = S S l i aJ^L OEC . (25) 
°IRW *EC 

The E-C cross section <j£c is obtained from Eq. (18) , so 

o m i x - M i . 2 m . f . (26) 
<*IRW °EC 

The two ratios which multiply the E-C cross section in Eq. (25) can 
be viewed as bias factors. The second factor arises from use of the IR 
approximation. By selecting values of the IR parameters (x-j) which 
"minimize" the differences in the solutions to Eqs. (20) and (23) , this 
bias factor can be made close to unity. However, some ef for t may be 
required to determine the best set of x 's , since we would l ike to make 
the bias factor close to unity for each group and for a wide class of 
problems. This procedure wi l l be discussed later in the paper. The 
f i r s t factor is a correction term which modifies the E-C cross section to 
account for resonance interference ef fects , which were neglected in the 
IRW approximation. This term wi l l be called the "resonance interference 
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factor" (RIF). I f an estimate for this parameter can be obtained, then 
the E-C cross sections can be corrected to be nearer to the desired 
mixture weighted cross sections. 

Correction for Resonance Interference Effects 

The expression for the resonance interference factor is given by 

fx = gjnix = <Qx<t'mix><<t'IRW> (27) 
R I F *IRW <aX«,iRW><<>mix> 

where 
^RIF = r e S o n a n c e interference factor (RIF) for cross section x, 

4>mix = approximate solution Eq. (19) , corresponding to the mixture 
dependent f lux , 

<(>IRW = approximate solution to Eq. (20), corresponding to the IRW 
approximation. 

The mixture weighted cross section ( i . e . , corrected for resonance 
interference) is 

*mXix * fXRIF ' «?RW • <28> 

I f we assume that the E-C IR parameters are chosen such that o?DU~ Opr, 
then Eq. (26) becomes iKW 

"mXix " ^RIF ' fEXC ' * <29> 

where f | c is the usual "f- factor" that has been interpolated from the 
E-C l ibrary based on o0 as defined by Eq. (24). We can now define an 
"effective shielding factor ," which takes into account both self-shielding 
effects for the particular nuclide of interest as well as resonance 
Interference effects of other resonance nuclides in the mixture: 

fhf % = • ̂ C (30) 
0* 00 

The original version of E-C corrected for resonance interference 
effects by modifying the value of the background cross section used in 
interpolating the f - f ac to r , which corresponds to a resonance interference 
factor of 

f R 1 F ~ f E C ( < W a ) ( 3 1 ) 

fEC(oo) 
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where oa is the shielded macroscopic absorption cross section divided by 
the atom density of the absorber of in terest . This expression always 
results in higher e f fec t ive shielding factors since 

f(cT0+oa) > f ( o 0 ) (32) 

In r e a l i t y , however, the e f fec t ive shielding factor should be lower than 
the standard shielding factor in groups where strong resonance overlap 
occurs between mixed absorbers.^ 

A more accurate calculat ion of the resonance interference factor has 
been implemented into E-C, based on evaluating the RIF 1n Eq. (27) using 
approximate analyt ic expressions for <j>mix and <}>irW' I f we assume that 
a l l resonance absorbers appearing in Eqs. (19) and (20) can be approxi-
mated as wide resonance (WR) scat terers , then the following analyt ic 
solutions are 

<t.,nix = WR solution to Eq. (19) = l ( n . I (33) 

•iRW.k = WR solution to Eq. (20) = . I (34) 

where 
Ea,k-= N|<aa,k 

NA 
l a = J ] Niaa i 

i = l 

NM 
= 2 1 N l ° P 1 + E e 

1=1 

with NA,NM = number of absorbers and nonabsorbing moderators, respec-
t i v e l y , in the mixture. The WR approximation should be reasonable for 
thermal reactor analysis, in the energy range of in terest . 

Substituting Eq. (33) and (34) into Eq. (27) gives the RIF for cross 
section "x" of nuclide k 

<_ai_> < 1 > 
fx = Sa+£m gak+qmk (35) 

RIF 
X—4—-> 

CTak+amk 2a+£m 
ax

 v . 1 

where 
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The Integrals in Eq. (35) can be evaluated very rapidly on today's 
computers, especially i f i t is assumed that the functions vary l inear ly 
between energy points. The point cross section data are pre-tabulated on 
a consistent energy grid for a few temperatures typical for reactor 
analysis, and the data for the temperature nearest the one of interest is 
used 1n computing the RIF's. 

For l ight water reactors the major resonance absorbers sre 2 3 5U, 
2 3 8 u , 2 3 9 p u and 2 t o p U t ancj the major resonance interference effects are 
caused by 2 3 8 U absorption, which perturbs the weighted cross sections of 
the other nuclides. Most of the resonance interference occurs between 
1-300 eV in which 2 3 8 U has i ts largest resonances and which encompasses 
the entire resolved range of 2 3 5U and 2 3 9U and the most important por-
t ion of the 2lt0Pu resolved resonance region (in ENDF/B-V). A routine has 
been added to E-C to evaluate the expression in Eq. (35) for the absorp-
t ion cross sections of 2 3 8 U, 2 3 5 U, 239pu and 2lt0Pu and the fission cross 
sections of 2 3 5U and 2 3 9Pu. In the E-C group structure there are 20 
groups between 1.86 eV and 275.0 eV, (see Table 9) for which the RIF's 
were computed. Point cross sections for this energy range were generated 
from ENDF/B-V data with the NJOY code on a 17000 point energy grid, and 
were stored on an auxi l iary data set that could be accessed by EPRI-CELL 
during i ts calculation for each burnup step. 

Table 9. Energy Boundaries for EPRI-CELL Group Structure 

EPRI-CELL Group Upper Energy (eV) 

43 275.0 
44 215.0 
45 167.0 
46 130.0 
47 101.0 
48 78.9 
49 61.4 
50 47.9 
51 37.3 
52 29.0 
53 22.6 
54 17.6 
55 13.7 
56 10.68 
57 8.32 
58 6.48 
59 5.04 
60 3.93 
61 2.38 
62 1.86 
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I t was found that the procedure Implemented 1n E-C to compute the 
RIF's 1s quite e f f i c i e n t , taking approximately 0.5 seconds (CPU IBM 
360/3033) to calculate the factors for a l l six cross sections in the 
twenty groups of Interest . This compares with an overall running time of 
about 10 seconds per time step for typical EPRI-CELL problems. Therefore 
the proposed treatment only adds about 5% to the required computation 
time, which should be an acceptable price from a calculational viewpoint. 

The accuracy of Eq. (35) for computing the RIF's was benchmarked 
against accurate numerical solutions of the slowing down equation 
obtained with point cross section data for an equivalent homogeneous U-Pu 
mixture corresponding to NB2. Values for the "effective shielding factor" 
[see Eq. (19)] were obtained by dividing the mixture dependent cross sec-
tions by the i n f i n i t e l y di lute values. The EPRI-CELL values for 
f e f f were obtained by multiplying the RIF's [Eq. (35)] by the standard 
E-C shielding factor. A comparison of results for groups d i f fer ing by 
more than 2% is shown in Tables 10-12. 

I t can be seen that the addition of the RIF treatment improves the 
agreement between EPRI-CELL and the rigorous solution for nearly every 
group in which resonance interference is an important factor. An excep-
t ion is group 46 of the 2*»°Pu absorption reaction, for which the E-C RIF 
treatment gives a value of f e f f which is about high. This group con-
tains a large 2 3 8 U scatter resonance near the lower group boundary and 
is sensitive to the WR approximation made in obtaining the approximate 
RIF expression. In the other group-reactions the agreement between the 
numerical slowing down solution and EPRI-CELL with RIF's is quite good, 
usually within a few percent. In some cases the ef fect ive E-C shielding 
factors without the RIF's show discrepancies of up to 40%. Although only 
absorption reactions are shown in Tables 10-12, similar trends were seen 
for fission reactions. 

Table 10. Effective Shielding Factor3 for 2 3 5U Absorption 
in Pu-U Mixture 

Group'5 
Numerical 

Group'5 Solution EPRI-CELL , No RIF EPRI-CELL, RIF 

tfmix/tfco fEC (A%) W R I F (A%) 

50 1.009 0.990 ( - 1 .9 ) 1.000 (0.9) 
51 1.042 0.972 ( - 6 . 7 ) 1.047 (0.5) 
53 0.908 0.944 (4 .0) 0.919 (1 .2) 
55 0.998 0.958 (-4.05 1.004 (0.6) 
57 0.953 0.988 (3.7) 0.961 (0 .8) 
58 0.731 0.964 (31.9) 0.729 (0 .8) 

a
f e F F = _2!BLX= f R i p . f £ C 

(Too 

bQmitted groups agree within 2%. 
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Table 11. Effective Shielding Factor for *39Pu Absorption 
in Pu-U Mixture 

Numerical 
Group3 Solution EPRI-CELL, No RIF EPRI-CELL, RIF 

°m1x/ fEC U%) fECfRIF U%) 

43 0.988 0.964 ( -2 .4 ) 0.971 ( - 1 . 7 ) 
44 1.004 0.967 ( -3 .7 ) 1.007 (0 .3) 
45 0.956 0.938 ( - 1 .9 ) 0.945 ( - 1 . 1 ) 
45 0.946 0.923 ( - 2 .4 ) 0.936 ( - 1 . 1 ) 
48 0.703 0.834 (18.6) 0.674 ( - 4 . 1 ) 
50 0.884 0.827 ( -6 .4 ) 0.844 ( - 4 .5 ) 
51 1.054 0.989 ( -6 .2 ) 1.032 ( - 2 .1 ) 
53 1.025 0.801 ( -21.9) 0.989 ( - 3 . 5 ) 

d0mitted groups agree within 2%. 

Table 12. Effective Shielding Factor for 2*0pu Absorption 
in Pu-U Mixture 

Numerical 
Group3 Solution EPRI-CELL , No RIF EPRI -CELL, RIF 

°mi x/0oo fEC U%) ^ECfRIF U%) 

44 1.161 0.978 ( -15.8) 1.030 ( -11 .3 ) 
46 0.956 0.956 (0) 1.017 (6.4) 
47 0.882 0.993 (12.6) 0.920 (4 .3) 
48 0.737 0.892 (21.0) 0.778 (5.6) 
50 0.856 0.886 (3.5) 0.833 ( - 2 .7 ) 
51 0.675 1.000 (48.1) 0.660 ( - 2 . 2 ) 
53 0.727 0.960 (32.0) 0.637 ( -12 .4) 
57 0.927 1.000 (7.9) 0.929 (0.2) 
58 1.025 1.000 ( - 2 .4 ) 1.025 (0) 

a0mitted groups agree within 2%. 

Table 13 gives resonance interference factors at 26GWD/T burnup for 
the major absorbers in a PWR fuel pin. This table reveals many 
Interesting features about resonance interference. The f i r s t thing which 
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Table 13. RIF's for PWR Fuel P1n At 26GWD/T Burnup 

Group 238U Aa 235(J pa 235u A 239Pu F 239p u a 2i+0pu a 

43 1.007 1.001 1.001 0.992 1.007 1.024 
44 1.008 1.007 1.006 1.051 1.043 1.055 
45 1.007 1.000 1.000 1.017 1.007 1.025 
46 1.010 1.011 1.008 1.004 1.016 1.072 
47 1.012 1.011 1.013 1.020 1.019 0.992 
48 1.003 1.042 1.029 0.846 0.790 0.851 
49 1.002 1.004 1.004 1.005 1.006 1.002 
50 1.009 1.012 1.015 1.016 1.016 0.967 
51 1.013 1.060 1.080 1.086 1.038 0.646 
52 0.997 1.000 0.998 1.007 1.008 0.995 
53 1.022 1.021 0.955 1.241 1.249 0.622 
54 1.004 1.006 1.005 1.004 1.005 1.002 
55 1.005 1.020 1.019 1.019 1.018 0.999 
56 1.002 1.004 1.004 1.021 1.018 0.998 
57 1.023 0.980 0.930 1.395 1.408 0.923 
58 0.985 0.843 0.744 0.997 0.992 1.028 
59 0.999 0.998 0.997 1.000 1.000 1.002 
60 1.000 1.000 1.000 1.000 1.000 1.000 
61 1.000 1.000 1.000 1.000 1.000 1.000 
62 1.000 1.000 1.000 1.000 1.000 1.000 

indicates absorption Cross Sections and "F" f ission Cross Sections. 

is immediately obvious is that the RIF's can be either greater than or 
less than one. I t can be seen that for a given nuclide, the RIF's for 
absorption and fission may be dif ferent — for example, in group 53 the 
2 3 5 U absorption RIF is .955 while the f ission RIF 1s 1.021. The d i f -
ference reflects the fact that the capture and fission resonances are 
spaced di f ferent ly and hence experience di f ferent interference phenomena 
from other nuclides. Since there is only a small amount of plutonium in 
the fuel pin, the Pu cross sections would usually be considered to 
experience l i t t l e sel f -shie lding. However, i f these data are weighted 
with a mixture dependent spectrum, the multigroup cross sections are 
ef fect ive ly shielded by the flux depressions from the 2 3 8U (and to a 
lesser extent, 2 3 5 U) reactions. This phenomenon is graphically 
i l lus t ra ted in groups 51 and 53 of the 21+0Pu cross section where the RIF 
(and hence the ef fect ive shielding factor) is approximately 0.6 even 
though 2^oPu i S almost i n f i n i t e l y d i lu te . As expected, the smaller and 
larger RIF's tend to occur 1n groups containing large 2 3 8U resonances; 
e . g . , groups 48, 51, 53, and 57 containing the 66.01 eV, 36.67 eV, 20.86 
eV, and 6.67 eV resonances, respectively. However the 2 3 5U reactions 
also have a small ef fect on the f lux , which results in non-unity values 
for the 2 3 8 U RIF's. Overall one is struck by the diverse values for the 
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RIF's, Indicating the complex interaction effects occurring 1n resonances 
for a typical LWR composition. As an example, notice the RIF's of the 
various reactions 1n group 53: the 2 3 8 U value is about 1.02; the 2 3 5U 
fission and absorption values are 1.02 and 0.96, respectively; the 239Pu 
RIF's are 1.25, and the 240Pu value is about 0 .6 . 

I t was found that interference between resolved resonances of mixed 
absorbers can signif icantly affect some fine-group cross sections. The 
largest effects observed were a reduction of about 40% in one group of 
the average 2l ,°Pu absorption cross section for a PWR fuel pin and an 
Increase of about 40% in one group of the 239Pu cross sections. The 
greatest effect on the 2 3 5U cross section was about a 25% reduction 1n 
one group of the absorption cross section, while the 2 3 8U group values 
change less than 5%. 

I t has been found that fuel burnup ( i . e . , 2 3 5U depletion and Pu pro-
duction) does not appear to have a great effect on the resonance in ter -
ference factors, indicating that a single calculation of the RIF's at the 
f i r s t time step may be suff ic ient for LWR analysis. 

Although several fine-group cross sections were found to be very sen-
s i t ive to resonance interference, the collapsed broad-group cross sections 
are much less sensitive. The RIF treatment in EPRI-CELL changes the 
collapsed epithermal cross sections of 2 3 8U and 2 3 5U by less than a 
percent. However, the 239Pu cross sections were increased by about 3.5%, 
and the 2i»°Pu value decreased by more than 7%. These types of d i f feren-
ces could possibly influence the computed Doppler coefficient 1n LWR's 
for high burnup conditions. 

The resonance interference treatment does not signif icant ly affect 
the computed actinide inventories in a PWR burnup calculation. The 
largest effect observed was an increase of 0.86% in the 240pu c o n_ 
centration after 26 GWD/T when the RIF treatment was applied. 

The simple expression that was presented for computing resonance 
interference factors (RIF) improves the values for E-C mixture-dependent 
cross sections. The approximate method of computing RIF's is able to 
predict both increases and decreases in the effect ive shielding factors, 
and in most cases agrees within 5% of values produced by sophisticated 
numerical calculations. The running time of E-C was increased only 5% 
when the RIF calculation was implemented. 

E-C Intermediate Resonance Approximation 

As mentioned previously the other major assumption made in the E-C 
homogeneous methodology is use of the intermediate resonance (IR) 
approximation for admixed moderators. In this method the IR parameter 
x is introduced to approximate the slowing-down characteristics of nuclides 
which are intermediate between narrow resonance scatterers ^x=l) and 
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wide resonance, I n f i n i t e mass scatterers (X=0). As discussed e a r l i e r , 
th is can be viewed as determining values which minimize 

1 - q IRW , 
°EC 

since this minimizes the effect of obtaining the flux from Eq. (23) 
instead of the more rigorous Eq. (20). Although IR theory has been well 
established for nearly 20 years, new methods are s t i l l being examined for 
computing the x's and there are s t i l l questions on how best to apply the 
method to l a t t i ce calculations. E-C was or ig inal ly developed to use a 
single value of x for each nuclide in the fuel which represented a gross 
average for typical LVIR ce l ls . A simple improvement to the original E-C 
method is to allow group-dependent X parameters. E-C has now been 
modified to use the group-dependent IR constants for oxygen, 2 3 8U a n ( j 
2 3 5 U found in the CPM code,17 as shown in Table 14. 

Table 14. CPM Group-dependent 1R parameters Implemented into EPRI-CELL 

Group Oxygen Ha 2 3 8U and 2 3 5U 

29 1.0 1.0 0.99 
30 1.0 1.0 0.99 
31 1.0 1.0 0.98 
32 1.0 1.0 0.98 
33 1.0 1.0 0.97 
34 1.0 1.0 0.97 
35 1.0 1.0 0.96 
36 1.0 1.0 0.96 
37 1.0 1.0 0.95 
38 1.0 1.0 0.95 
39 0.99 1.0 0.98 
40 0.99 1.0 0.90 
41 0.99 1.0 0.90 
42 0.98 0.99 0.60 
43 0.98 0.99 0.60 
44 0.98 0.99 0.60 
45 0.92 0.987 0.32 
46 0.92 0.987 0.32 
47 0.92 0.987 0.32 
48 0.914 0.987 0.32 
49 0.914 0.987 0.32 
50 0.784 0.963 0.073 
51 0.784 0.963 0.073 
52 0.784 0.963 0.073 
53 0.74 0.955 0.05 
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Table 14. (Cont 'd.) 

Group Oxygen Ha 2 3 8U and 2 3 5 U 

54 0.984 1.0 0.80 
55 0.984 1.0 0.80 
56 0.984 1.0 0.80 
57 0.49 0.894 0.01 
58 0.49 0.894 0.01 

All Others 1.0 1.0 

aUsed in Eq. (5) to modify z e . 

The admixed moderator which contributes most to the background cross 
section of 2 3 0 U 1n UOg l a t t i c e s is oxygen. From Table 14 1t can be seen 
that oxygen is actual ly closer to WR scatter than an NR scatter for groups 
57 and 58 (A-.49) which contain the large 6.6 eV 2 3 8 U capture resonance, 
whereas the constant value of x in E-C is 0 .94. Most of the 2 3 8 U capture 
in LWR pins occurs in resonances below 100 eV, for which the x value of 
0.94 is too high; therefore, the original version of E-C wi l l tend to 
underestimate the resonance shielding and hence overestimate 2 3 8 U capture. 

Column 2 of Table 15 shows the effects of using the CPM group-
dependent IR parameters in computing eigenvalues of three numerical 
benchmark (NB) UO2 l a t t i c e s . The NB5 l a t t i c e has a very t ight pitch 
which results in strong resonance shielding of the 2 3 8 U resonances and 
hence is quite sensit ive to the e f fect ive background cross section. For 
th is l a t t i c e , use of the CPM group dependent x values Increased the com-
puted eigenvalue by about 0.4%. 

Table 15. Change in Eigenvalue Due to Addition 
of Group-Dependent X in E-C 

Latt ice Ak/k%, CPM X's Ak/k%, Modified x's 

NB1 0.21 0.33 
NB4 0.22 0.41 
NB5 0.38 0.62 

The sensi t iv i ty coeff ic ients of the NB5 values for 2 8 p and k00 to the 
most important group-dependent IR parameters are given in Table 16. I t 
can be seen that 2 8 p and k00 are quite sensit ive to the IR parameter for 
oxygen in groups 51, 53 and 57. The sens i t iv i ty to the X values of 2 3 8 U 
and 2 3 5 U is much jwer, indicating that any reasonable value for the IR 
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parameters of these nuclides should be acceptable. Due to the Importance 
of the oxygen x ' s , some examination of the group-dependent values taken 
from CPM is warranted. Improvement in the values for these parameters 
would be worthwhile. 

Table 16. Sensit ivity Coefficients of NB5 2 8
P and k" to 

Group-Dependent IR Parameters 

A p 2 B / 2 8 p Ak°°/k' 
Nuclide/Group3 AX/X AX/X 

1 60/45 1.806 _ 03 _ 5.777 _ 04 
160/46 4.606 - 03 - 1.488 - 03 
160/47 2.382 _ 03 _ 7.545 _ 04 
1 6 0/48 4.465 - 03 - 1.424 - 03 
160/50 1.070 - 03 _ 3.164 - 04 
160/51 8.259 - 03 - 2.510 - 03 
1 60/53 9.081 - 03 - 2.716 - 03 
160/55 5.790 - 04 1.257 - 04 
1 60/57 8.960 - 03 - 2.685 - 03 
1 60/58 2.394 - 03 _ 7.413 - 04 
2 3 5 U/51 2.901 - 05 - 9.320 - 06 
2 3 5U/53 2.787 - 05 - 8.880 - 06 
238u/5i 1.459 - 05 1.020 - 05 
2 3 8 U/53 8.643 - 06 9.495 - 06 

a0mitted groups and nuclides showed small sensit iv i t iesT 

Several approaches are being considered for improving the group-
dependent IR parameters in E-C. All these methods attempt to determine 
"best-estimate" x values that improve agreement between IR theory as used 
by E-C and more rigorous methods such as Monte Carlo or point-energy 
slowing down calculations. Some care must be excercised in applying this 
approach not to use the x values as simply non-physical correction 
factors. For example i t is not appropriate to use the IR parameters to 
compensate for resonance interference between mixed absorbers since this 
is not logical ly consistent with the assumptions of IR theory. In other 
words, the X values should be viewed as parameters that minimize the d i f -
ference between Eq. (20) (the IRW equation) and Eq.(23), and not between 
Eq. (19) and (23) . This d i f f i c u l t y can be circumvented either by con-
sidering a mixture of a single absorber and moderator ( e .g . , 2 3 8U and 
oxygen) or by properly accounting for resonance interference effects with 
the RIF treatment discussed ear l ier when computing the X values. 

One approach which has been examined and tentat ively applied to the 
present study was an uncertainty analysis procedure based on Bayesian 
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Inference and nonlinear opt imizat ion.1 8 Given a system representation 
in terms of nominal values of system parameters ( e . g . , the CPM group 
dependent x 's , the Bell Factor constants a and p, e tc . ) and corresponding 
uncertainties, E-C calculated responses (e .g . , k«,, 2 8 p , etc . ) and 
sens i t iv i t ies , the procedure determines "best-estimate" values for the 
system parameters, responses and their associated covarlances, by con-
sistently incorporating additional information ( e . g . , Monte-Carlo 
"integral" responses and corresponding uncertainties) to the current 
state of knowledge of the system. Additional details are given in the 
Appendix. The best-estimate set of group dependent X values and the 
respective differences from the original CPM values are shown in 
Table-17. 

Table 17. IR Parameters Obtained from Uncertainty Analysis 

% Difference 
Nuclide/Group % Difference from Constant 
x Parameter Modified x from CPM Value E-C Value 

1 60/45 .9150 - 0.56 - 2.66 
i 6 0 / 4 6 .9076 - 1.35 - 3.44 
i 6 0 /47 .9136 - 0.7U - 2.81 
160/48 .9021 - 1.30 - 4.03 
i 6 0 / 5 0 .7644 - 2.51 - 18.68 
1 6 0/51 .6431 - 17.98 - 31.59 
160/53 .5964 - 19.0 - 36.55 
*60/55 .9842 0.02 4.70 
160/57 .2978 - 39.20 - 68.32 
16 0/58 .4220 - 13.86 - 55.11 
2 3 8 U/51 .0737 0.96 - 63.15 
2 3 8U/53 .0504 8.00 - 74.80 
2 3 5 U/51 .0729 - 0.14 - 63.55 
2 3 5U/53 .0499 - 0.2 - 75.05 



J* 
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V. BENCHMARK RESULTS 

In the previous two sections the effects of specific approximations 
made in E-C were examined, and i t was found that recent modifications 
tended to improve the original epithermal approximations. The real 
question of interest , however, is how well does the E-C epithermal method-
ology perform as a whole when compared with more rigorous calculations. 

In order to benchmark the E-C epithermal calculation two procedures 
were used. In the f i r s t the values of various integral parameters com-
puted by E-C were compared with these obtained with Monte calculations 
for the UO2 NB lat t ices in Table 1. The NB-1 cell is a zero-leakage ver-
sion of a Bettis c r i t i ca l la t t ice (BAPL-1) characterized by low fuel 
enrichment and a hexagonal array pitch. The NB-4 cell corresponds clo-
sely to a PWR l a t t i c e , and thus provides a test of E-C methods for a 
"practical" LWR case. The NB-5 cell is from a high conversion l a t t i c e 
(Hi-C13) characterized by a tight hexagonal pitch and hard neutron 
spectrum. The NB-5 cell exhibits strong self-shielding of the 2 3 8U reso-
nances and therefore provides a d i f f i c u l t test of the E-C epithermal 
calculation. The NB2 cell corresponds to a loose pitch, large pin mixed 
oxide la t t ice with a Pu/U rat io of approximately 0.02. The 2*+0Pu content 
of this la t t ice is about 7.8% of the total Pu. 

The benchmark Monte Carlo calculations for the three cases were per-
formed by Brookhaven National Laboratory19 and ORNL using the computer 
codes SAM-CE20 and PX-KENO,21 respectively. Both of these codes use very 
sophisticated methods which employ minimal approximations in modeling the 
part ic le transport. Some of the common features of the two codes are 
described below: 

a. detailed point-wise representation of the resolved resonance 
cross sections, generated from ENOF/B-V data, 

b. analytical treatment for elastic scatter events, 

c. exact representation of hexagonal and square pitch la t t i ces , and 

d. direct sampling from the S(a,fl) representation of the thermal 
scattering law. 

For each of the above NB lat t ices the following integral parameters 
were computed: 

!<«, = multipl ication factor for the i n f i n i t e array of ce l ls . 
28p = rat io of epithermal to thermal 2 3 8 U capture rates. 
2 56 = rat io of epitherinal to thermal 2 3 5 U fission raites. 
2 86 = rat io of 2 3 8 U to 2 3 5 i "'ssion rates. 
CR = rat io of 2 3 8U capture -0 2 3 5U fission rates (conversion r a t i o ) . 

The energy break point between the epithermal and thermal energy ranges 
was 0.625 eV. 
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The reference set of Monte Carlo values were obtained by averaging 
the results of the two codes. The uncertainties in the reference values 
were obtained by taking the maximum of (a) the combined s ta t is t ica l 
uncertainties in the SAM-CE and PX-KENO calculations (b) the standard 
deviation of the two Monte Carlo calculations from the mean. 

E-C results were obtained both with the original version of the code 
and the modified version which contains the changes discussed in Sections 
11 and 111. The results are shown in Table 18. I t can be seen that the 
modified epithermal methods in E-C show much better agreement with the 
Monte Carlo values than the original E-C using the ENDF/B-V l ib rary . The 
new version of E-C agrees within 0.33% on the k~ values and within 2% on 
the 2 8p values. Overal l , the agreement between the modified E-C and the 
Monte Carlo values for the integral parameters in these la t t ices is 
excel!ent. 

Table 18. Integral Parameter Results for NB Lattices 

Monte Carlo 
Latt ice Parameter Original E-C Modified E-C (%SD) 

NBl k" 1.1397 1.1459 1.1471 (0.14) 
28p 1.388 1.352 1.363 (0 .6) 
256 0.0815 0.0813 0.0803 (1.1) 
286 0.0709 0.0705 0.0722 (0.6 
CR 0.806 0.794 0.798 (0 .4) 

NB4 k" 1.3353 1.3390 1.3424 (0.26) 
28p 2.684 2.658 2.654 (0 .6) 
256 0.157 0.157 0.159 (0.6) 
286 0.0615 0.0613 0.0617 0.8 
CR 0.555 0.551 0.549 (0.4) 

NB5 k00 1.1351 1.1449 1.1456 (0.15) 
28 P 8.670 8.471 8.503 (0 .8) 
25 6 0.551 0.549 0.548 (1.7) 
2 8 S 0.133 0.132 0.133 (0 .5) 
CR 1.020 1.000 1.006 (0 .3) 

NB2 k" 1.1671 1.1702 1.1748 
2 8 P 2.626 2.602 2.612 
2 0.151 0.151 0.151 
286 0.298 0.297 0.297 
CR 2.157 2.141 2.148 
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The E-C epithermal calculational procedure was ?lso benchmarked by 
comparing the fine-group shielded cross sections wit i values obtained by 
the OZMA code. OZMA has two calculational options: The integral 
transport method and the discrete ordinates method with P0 or Pj scat-
tering in the laboratory system. In the present study the S6-P1 discrete 
ordinates approximation was used. The tiansport equation is solved at 
discrete energy points, so that resonance cross sections are prepared in 
the form of detailed tabulations at the temperature of the fuel ; the 
tabulations can be l inearly interpolated to give the cross sections at 
any desired energy in the resolved resonance region. The processing of 
the basic data is carried out s t r i c t l y in accordance with the ENDF/B 
recommendations and with accurate Doppler broadening. Consequently a l l 
resonance interference effects between the resonances of a single nuclide 
are implicit in the cross section tabulations. The calculation of the 
tota l cross section of the mixture of nuclides in the fuel ensures that 
interference of resonances belonging to different nuclides is also 
treated rigorously in the OZMA c a l c u l a t i o n s . 2 2 

Benchmarking of E-C fine-group cross sections against more detailed 
calculations in the resonance region for typical heterogeneous LWR 
assemblies wi l l test the val id i ty of a l l the E-C epithermal approxima-
tions discussed ea r l i e r . On account of possible interactions between the 
d i f ferent approximations i t is d i f f i c u l t , in general, to a t t r ibute any 
discrepancies between the results of the two types of calculations to a 
part icular e f fect . There are, however, some exceptions. One^of them 
relates to resonance interference. I ts estimate in the original 
EPRI-CELL is so approximate that any calculation which treats resonance 
overlap of different isotopes impl ic i t ly wi l l reveal the errors in the 
EPRI-CELL treatment very c lear ly . 

Tables 19 and 20 compare 2 3 8U absorption and 2 3 5 U fission cross sec-
tions for NB4, corresponding to a typical PWR pin. I t can be seen that 
the agreement in the 2 3 8U absorption cross sections computed by OZMA and 
E-C is actually very good, both for the modified and original versions of 
the code. The major difference in the modified E-C results is shown in 
group 57, containing the 6.67 eV resonance. Here the E-C cross section 
is reduced from a value which is over 4% higher than OZMA to a value 
which is about 4% lower, a change of about 8%. Although both the or ig i -
nal and modified E-C values are probably within the "uncertainty" in the 
OZMA result , i t 1s fe l t that the lower value is better since i t agrees 
better with Monte Carlo. The agreement between OZMA and the modified E-C 
values for 2 3 5U fission is also excellent. 
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Table 19. Comparison of 2 3 8 U Absorption Cross Sections in NB4 

Group OZMA Modified E-C Original E-C 

43 1.43 1.42 1.39 
44 1.98 2.00 1.96 
45 1.20 1.17 1.15 
46 3.96 3.97 3.91 
47 2.02 1.99 1.96 
48 3.65 3.66 3.59 
49 0.14 0.14 0.14 
50 1.83 1.78 1.76 
51 8.16 8.13 8.09 
52 0.68 0.67 0.68 
53 14.02 13.67 13.69 
54 0.45 0.45 0.45 
55 0.34 0.34 0.33 
56 0.86 0.85 0.85 
57 21.11 20.29 21.95 
58 7.81 7.43 7.89 
59 1.12 1.12 1.13 
60 0.61 0.61 0.61 

Table 20. Comparison of 2 3 5 U Fission Cross Sections in NB4 

Group OZMA Modified E-C Original E-C 4 

43 22.11 21.73 21.70 
44 19.93 19.51 19.36 
45 21.41 20.91 20.90 
46 20.71 20.19 19.98 
47 23.92 23.75 23.44 
48 24.38 24.38 23.36 
49 54.96 54.51 54.43 
50 34.76 34.21 33.73 
51 55.57 53.75 50.76 
52 45.19 44.82 44.89 
53 56.49 55.56 56.16 
54 33.53 33.28 33.15 
55 42.87 42.38 41.67 
56 92.74 92.03 90.20 
57 13.33 13.06 13.50 
58 23.59 23.14 27.00 
59 5.14 5.16 5.15 
60 32.02 32.00 31.89 
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Tables 21 and 22 compare 21t0Pu absorption and 239Pu fission cross 
sections for the mixed oxide la t t ice NB2. These values show large reso-
nance Interference effects 1n some groups, for example groups 48 and 53 
of the 240Pu cross section and groups 53 and 57 of 239Pu cross section. 
The modified version of E-C shows much better agreement with the OZMA 
values in these groups due to the improved resonance interference 
treatment. Again we see that the overall agreement between OZMA and the 
modified E-C fine group cross sections is very good. 

Table 21 . Comparison of 21+0Pu Absorption Cross Sections in NB2 

Group OZMA Modified E-C Original E-C 

43 7.15 7.26 7.23 
44 13.98 12.54 12.19 
45 22.60 22.93 22.23 
46 40.23 41.71 39.26 
47 22.38 22.88 24.73 
48 80.88 83.61 95.99 
49 0.30 0.30 0.30 
50 190.68 181.48 194,75 
bl 0.66 0.66 1.01 
52 0.31 0.31 0.31 
53 64.39 60.92 92.74 
54 0.31 0.32 0.31 
55 0.27 0.27 0.28 
56 0.39 0.39 0.39 
57 0.59 0.59 0.63 
58 1.19 1.19 1.16 
59 2.29 2.29 2.29 
60 4.93 4.93 4.93 

Table 22. Comparison of 239Pu Fission Cross Sections in NB2 

Group OZMA Modified E-C Original E-C 

43 15.80 15.53 15.62 
44 17.68 17.91 17.05 
45 18.19 18.07 17.79 
46 20.07 19.07 19.07 
47 44.16 44.29 43.45 
48 46.39 44.28 51.52 
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Table 22. (Cont'd.) 

Group OZMA Modified E-C Original E-C 

49 59.09 58.61 58.53 
50 16.30 15.70 15.49 
51 4.11 4.12 3.81 
52 17.30 16.94 16.95 
53 62.97 59.69 49.53 
54 101.90 100.84 99.58 
55 143.46 142.72 138.92 
56 20.36 20.53 20.24 
57 101.93 96.74 72.08 
58 8.07 8.07 8.08 
59 8.43 8.43 8.43 
60 9.83 9.84 9.84 
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VI. SUMMARY AND CONCLUSION 

A detailed examination of the current epithermal methods 1 s 
revealed that there are 5 major approximations assumed in the c 
These are the following: 

a. Moderator f lux has a 1/E spectrum (NR approximation for external 
moderator slowing down source). 

b. Slowing down sources are f l a t in the fuel and in the moderator 
regions. 

c. The fuel escape probability can be represented by a rational 
approximation. 

d. Fine-group cross sections for an absorber are not affected by 
absorptions in other materials (IRW approximation). 

e. The slowing down characteristics of admixed moderators can be 
adequately represented with IR theory. 

Each of the above approximations was examined in the present paper, and 
in a l l cases except for approximation (b) new methods have been imple-
mented in E-C to improve on the current approximations. These improved 
epithermal methods include the following: 

a. Treatment of the external moderator source with IR theory, 

b. Modification of Bell factor appearing in the rational approximation 
to give better agreement with Monte Carlo results, 

c. Modification of Dancoff factor appearing in the rational approxima-
tion to account for clad interactions, 

d. Implementation of new resonance interference treatment 

e. Implementation of group-dependent IR parameters. 

The epithermal E-C methods were benchmarked by comparing with results 
obtained with more rigorous methods for four "numerical benchmark" 
problems. I t was found that the new methods implemented in E-C con-
siderably improve the agreement between E-C and Monte Carlo calculations 
for integral parameters. The average difference between the Monte Carlo 
and modified E-C eigenvalues for the four NB problems is less than 0.2%; 
whereas the original E-C gives an average difference of about 0.7%. The 
2 8p values also have shown overall improvement with the modified E-C and 
now agree with the Monte Carlo values within 1% for the UO2 la t t ices and 
within 2% for the mixed oxide l a t t i c e . 

The E-C epithermal methods were also benchmarked against point-cross 
section discrete ordinates calculations of fine-group cross sections. 
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The worst agreement shown between the modified E-C and discrete ord1 nates 
2 3 8 U capture cross sections was 4.9% 1n one group, and in most groups the 
agreement was much better . The worst discrepancy shown 1n the 2 3 5 U 
f ission cross section was about 2.5% 1n one group with the modified E-C; 
however the original E-C shows an 8% discrepancy 1n this same group. I t 
was found that the fine-group Pu cross sections show signif icant reso-
nance Interference e f fec ts . In one group of the original E-C values for 
239pu f ission there 1s a discrepancy of 30% but the difference Is reduced 
to 5.5% with the modified E-C due to the Improved resonance Interference 
treatment. Simi lar ly , the 2 l |0Pu cross section disagrees by more than 40% 
1n some groups with the original E-C, but the worst agreement shown in 
the modified E-C 1s about 6.6% 1n one group. 

Overall the epithermal E-C methods with modifications discussed in 
this paper show extremely good agreement with more rigorous (and 
expensive) methods such as Monte Carlo and discrete ordinates. I t is 
f e l t that for the cases examined here the E-C results are nearly always 
within the uncertainty 1n computed integral parameters and fine-group 
cross sections that can be obtained with the most accurate, s ta te -of -ar t 
transport methods avai lable. Used in conjunction with the new ENDF/B-V 
epithermal cross section l ib ra ry , E-C gives u t i l i t i e s a cost e f f ic ien t 
and accurate code for performing LWR analysis. 
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APPENDIX A 

DETERMINATION OF IR PARAMETERS BY GENERALIZED LEAST SQUARES ADJUSTMENT 

This appendix provides a short summary of the methodology and rele-
vant data used to determine the best-estimate values for the group depen-
dent x's and Bell factor constants. Our approach uses an advanced 
uncertainty analysis procedure based on Bayesian inference and nonlinear 
optimization. Generally, given a system representation in terms of nomi-
nal values of system parameters and corresponding uncertainties, system 
calculated responses and sens i t iv i t ies , the procedure determines 
"best-estimate" values for the system parameters, responses and their 
covarlances, by consistently Incorporating additional information to the 
current state of knowledge of the system. The somewhat lengthy mathema-
t ica l details can be found elsewhere.18>23 

We assume that the system under consideration is represented in terms 
of: 

• System parameters: In the present analysis these consisted of the 
two Bell factor parameters and the various x values. The indentity 
of these parameters and the associated nominal uncertainties are 
shown in Table 23. I t should be emphasized that these uncertainties 
represent tentative judgemental estimates of the authors. 

• System responses: The f ive integral responses ( 2 8 p , 25<S, 28<S, CR and 
k«) for the numerical benchmarks NB-1, NB-4 and NB-5 formed the set _ 
of 15 system responses. The nominal values of the system responses r 
calculated by E -C as well as the Monte-Carlo responses r and their 
associated uncertaintes, were discussed in the main body of the tex t . 

• Sensi t iv i t ies: The sensit ivi ty data base is used to describe the 
functional relationship between the system parameters and the 
responses: 

^n - rn = i Sni - a i ) + r n - r n 

In the above expression & and f denote the vectors of best-estimate 
values to be determined. 

The quadratic objective function which is minimized in the Bayesian 
inference procedure has the form 

1 Er ! Ec~ 
- i 

> - r" 
= i I f - r - a] 

1 1 
f - r - a] 

1 G - a 

in which E r , Ea and Ec represent nominal covariance matrices for 
"experimental" ( i . e . , Monte Carlo information) responses r , system para-
meters a , and response-parameter correlations, respectively. I t was 
assumed, at this preliminary stage, that a l l off-diagonal terms in the 
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general covariance matrix were ident ica l ly equal to zero. This results 
in the simpli f ied expression 

Q - I S (pn - r n ) 2 + 1 Z («1 - " i ) 2 

2 n <Arn Arn> 2 1 <Acti Aai> 

which is minimized by non-linear optimization on the system parameters. 
The result ing IR and Bell factor parameters which give the minimum value 
of Q are considered the best-estimate values. 

Table 23. EPRI-CELL Parameters Considered in the Uncertainty Analysis 

Nominal Best-Estimate 
Parameter Nominal Best St . Dev. St . Dev.b 

I den t i t y 3 Value Estimate (Absolute) (Absolute) 

1 Bell - a 2.366 2.747 .946 .531 
2 Bell - @ 1.866 2.082 .746 .604 
3 160 XE1*5 3.456 3.437 .297 .296 
4 XE1*6 3.456 3.409 .297 .296 
5 XE1*7 3.456 3.431 .297 .296 
6 XE1*8 3.433 3.388 .297 .296 
7 XE50 2.945 2.871 .751 .750 
8 XE51 2.945 2.416 .751 .719 
9 XE53 2.779 2.240 .751 .718 
10 XE55 3.696 3.696 .056 .056 
11 XE57 1.840 1.119 .736 .678 
12 XE58 1.840 1.585 .736 .728 
13 2 3 8U - XE51 6.470 - 01 6.529 - 01 .323 .323 
14 XE53 4.430 - 01 4.466 - 01 .221 .221 
15 235u _ XZ51 8.180 - 01 8.161 - 01 .323 .323 
16 XE53 5.600 - 01 5.588 - 01 .221 .221 

respectively 3.756, 8.86 and 11.2. 
^Although the uncertainty analysis procedure y ie lds a complete covariance 
matr ix , only the standard deviations are shown here. 
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APPENDIX B 

MODIFICATIONS TO THE E-C THERMAL CALCULATION 

This appendix describes changes that were made in the thermal calcu-
lat ional routines in E-C. Although these modifications did not have a 
signif icant impact on computed results, they did greatly improve the com-
putational efficiency of the code. 

E-C computes the space and velocity distr ibution of neutrons in the 
thermal energy region (E < 1.86 eV) using routines from THERMOS.24 
THERMOS computes space and velocity dependent neutron densities by 
solving the integral form of the transport equation, 

N(r ,v) = 2 T(r ' + r , v ) £ C ( r ' , v' + v) N ( r ' , v ' ) + Q( r ' ,v ) (B . l ) 
r ' I v' J 

where 

N(r ,v) is the average neutron density in region r and velocity group v 

T ( r ' + r ,v ) is the transport kernal (Green's function) for group v, 
relat ing a source in r ' to the neutron density In r 

C ( r ' , v' •»• v) is the scatter kernel in region r ' , relating the 
scatter of neutrons from gorup v' to group v 

Q ( r ' , v) is the slowing down source into group v. 

Equation (B. l ) is solved i terat ive ly in EPRI-CELL (THERMOS) using 
over-relaxation: 

N1 = T(CNi-l + Q) 
(B.2) 

Ni = Ni-1 + bi (N1 - N 1 -1) , 

where 

N1 are the computed densities after i terat ion i 

N1 are the modified values after over-relaxation 

b̂  is the over-relaxation coefficient 
The original version of E-C used single error mode extrapolation to 

accelerate the convergence of the i te ra t ive scheme. This technique 
ef fect ively modifes the value of "b" based on the behavior of the domi-
nant error mode. 

The following modifications were made by ORNL to the THERMOS routines 
or iginal ly in E-C: 

(a) replacement of the single error mode acceleration with a gcpup-
dependent rebalance acceleration method developed by Cheng25 
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(b) improved calculation of transport kernels T(r ' + r , v) 

(c) improved treatment of cell boundary conditions 

(d) addition of edits of i terat ion process 

Group-Dependent Rebalance 

In testing the new ENDF/B-V thermal l ibrary for E-C i t was discovered 
that the THERMOS calculation would not converge whenever the scatter ker-
nels were transport corrected. The problem was avoided by LANL by not 
transport correcting the scatter matrix. However, even after this modi-
f icat ion th i r ty or more i terat ions were required for convergence in some 
la t t i ces . Based on previous experience with other versions of THERMOS 
( e . g . , HAMMER26 version of THERMOS), this number of i terations was deemed 
excessively high. 

The thermal convergence problem was traced to the manner in which the 
extrapolation procedure was applied in subroutine THERM50. This routine 
was extensively modified to use a constant over-relaxation coeff icient of 
1.2; convergence is now accelerated by scaling the neutron flux to insure 
a group-wise balance af ter each i te ra t ion , as shown below. 

After each i te ra t ion , neutron densities are integrated over the cell 
volume and used to define the space-integrated flux by group: 

The fluxes are arranged in 35 x 35 diagonal matrix (35 = number of ther 
mal groups), 

where 6 _ is a Kronecker delta 

where the components of the vectors <j> and Q are the group fluxes and 
slowing-down sources, respectively; E is a diagonal matrix of the c e l l -
average total cross sections; and C is the cell-average group-to-group 
scatter matrix. Until the solution is converged, the fluxes in (B.3) 
w i l l not satisfy the balance condition in (B.4) . However, a set of 

(B.3) 

gg 

A neutron balance condition for the cel l can be written 

E <j» = C <j> + (B.4) 



49 

group-dependent scale factors can be defined after each i terat ion to 
force a global balance: 

^ = ^'f1 ' (8.5) 

where are the scaled fluxes and _fn a r e the rebalance factors to be 
determined. 

Substituting Eq. (B.5) into the balance equation in (B.6) and solving 
for the scale factors gives 

f 1 = (El1 - C * i ) - lq (B.6) 

The inversion of the 35 x 35 matrix is done with the subroutine 
LINV3F which has been added to the E-C source deck. 

Use of Cheng's rebalance method in E-C THERMOS greatly reduces the 
required number of i terat ions. Some problems which formerly did not con-
verge af ter 200 iterations with the transport-corrected l ibrary wi l l now 
converge in f ive or six i terat ions. For typical problems using the non-
transport corrected l ibrary the original version of E-C requires 15 - 30 
i terat ions to converge the thermal f lux , whereas the modified version 
required 5 - 8 . 

Table 24 i l lustrates this fact for a UOg fuel pin calculation. I t 
can be seen that the old version of THERMOS required 37 and 20 i terat ions 
to converge with the original NAI and ENDF/B-V l ib rar ies , respectively. 
The modified THERMOS requires only 5 i terat ions. The reduction in the 
number of i terations lowers the CPU time by 43% and 18% respectively for 
the NAI and ENDF/B-V l ibrar ies . The rebalance acceleration is applied as 
a default for the f i r s t time step of a depletion problem. Subsequent 
time steps use the flux guess from the previous step and were found to 
converge rapidly with single error mode extrapolation acceleration. 

Table 24. E-C Calculations With and Without THERMOS Rebalance 
For UO2 Pin in Water Moderator 

Cross Section Library No Rebalance Rebalance 

keff #Iterat ions CPU3 keff #Iterations CPU3 

Original NAI 0.9966 37 16.1 0.9966 5 9.2 

ENDF/B-V 0.9994 20 12.4 0.9994 6 10.2 
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Improvements in Calculation of Transport Kernels and Boundary Conditions 

The methodology for computing col l is ion probabil i t ies in THERMOS was 
upgraded in 1977-1978 at the Technion-Israel Inst i tute of Technology as 
part of a project funded by EPRI to develop a high-accuracy thermal reac-
tor benchmark analysis capabi l i ty.26 Starting from Carlvik's Discrete 
Integral Transport a p p r o a c h , 2 7 equations were obtained which improved 
upon the standard THERMOS procedures in several aspects: 

a. Integration over the source subregion was taken into account 
rather than assuming that a l l neutrons started on the central 
cylinder of the subregion. 

b. The integration process results in the use of third-order Bessel 
function integrals Ki3. 

c. The calculations refer to a single cylindricized unit c e l l , but 
instead of assuming optical ref lection at i ts outer surface, as 
in the standard THERMOS, a surface reciprocity theorem for uni-
form isotropic sources outside the unit cel l is invoked to 
ensure zero leakage. 

The above HAMMER methodology was implemented in EPRI-CELL using a 
suitably modified version of the CECPAN routine developed by A. Jasson at 
Combustion Engineering,28 and provided by EPRI along with the BIC3 poly-
nomial evaluation of the Bickley function Ki3. In addition the following 
improvements were made to the HAMMER-THERMOS techniques: 

a. The HAMMER-CECPAN routine was rewritten in order to take fu l l 
advantage of cancellations appearing in the analytical 
expression we derived. The new routine is called DITCEL. 

b. The BIC3 function subprogram which evaluates the Bickley func-
t ion integral Ki3 using higher order polynomials was replaced by 
a new algorithm based on a rational Chdbychev approximation to 
the KI3 integrals recently published in the mathematical 
l i t e r a t u r e . The new function subprogram is called FKI3. 

For completeness the analytical expressions are summarized next; 
additional detai ls may be found in Ref. 26. 

The calculations basically refer to the single f l igh t transfer rates 
from uniform isotropic sources in subregion n to any cylinder outside i t 
as shown in Fig. ( B . l ) . In order to simplify the notation the group 
indices wi l l be omitted ( i . e . , a w i l l be written En , e t c . . . ) . 
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V 

X 

Fig. B . l . Outward Neutron Trajectory in Cylindrical Geometry. 

For a source density En the number of neutrons which do not coll ide 
unt i l they reach the cyclinder of radius am outside subregion n is given 
by 

where T is the perpendicular distance in mean free paths between the 
n*" and the mth cyl indrical surfaces, and e is the polar angle between 
the neutron direction and the Z axis (normal to the X-Y plane). The 
l imi ts of p are chosen in accordance with any desired constraints on the 
direction of the l ine of f l i g h t . After changing rdrdg to a cosyo^Odx 
the above expression becomes 

where f n is half the chord length in subregion n and again appropriate 
l imits are placed on 

In accordance with Eq. (B.7) one defines i n i t i a l l y the quantity 
-sn m as the number of neutrons reaching the cylinder of radius am af ter a 
single f l igh t having been emitted from al l sources within the cylinder of 
radius an in the outward direction ( i . e . , so that the i r l ine of f l i g h t 
crosses cylinders of increasing r a d i i ) . The number of mean free paths 
2TJJ, in the source subregion Z, (l ~ n) , refers to the chord shown in Fig. 
(B.2) and may be specified in terms of the radius r to i ts midpoint. 

Zn 
"47 

- T + Zn* 
sine 

2/2 

(B.7) 
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Fig. B.2. Outward Neutron Trajectory in Cylindrical Geometry 
Referred to Chord Midpoint. 

(13.8) 

(B.9) 

(B.10) 

( B . l l ) 

(B.12) 

Thus with 

r = at s1n*° 
we have 

xji - H \ j * l - r Z 

n + i = s* yffi* + H+1 sj*l+rr2 - j v 

and with EJJ, = sin"1 ( a A _ j /a A ) 

n tt/2 

n a^ 
= 2 2 £ 2dr[Ki3(Tm+xJl) - Ki3(xm-T4)] • 

V l 
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These quantit ies are calculated by Gauss-dacobl numerical integrat ion 
a f t e r a change of variable designed to emphasize 1n part icular the larger 
contributions due to the smaller chord lengths. With 

r = a t . i + ( a A - a £ _ ! ) ( l - y Z ) (B.13) 

1 n f 
snm = £ 2(a J r a J l _ 1 ) / 2ydy[Ki 3 ( ^ x 4 ) - K i 3 ( T m - T £ ) ] 

£-1 J 

n 

o 

NO 
= X ! 2 (a A - a £ _ i ) T 2Wj[K i3{(Tn1+TA)rj} - K i 3 { ( T m - T £ ) r i } ] 

£=1 j t j 

The abscissas y j and weights Wj of the Gauss-Jacobi integration for the 
f i r s t moment are used to define the radii r j in the a™ source subregion 
by Eq. (B.13) , the number of free paths x|< and xj, by Eq. ( B . l l ) , and the 
contribution of each discrete point to the integral in Eq. (B.14). 

S ing le - f l ight col l is ion rates Snm in subregion in due to uniformly 
d istr ibuted sources of tota l strength En Vn in subregion n are obtained 
from the above snrn by procedures which may be c l a r i f i e d by the following 
two-region example: 

S l l = E l V! + s n , 

S12 - - s n + si2 

521 
522 

Sl2 

E2 V2 -

= E2 V2 -

( - s i l + s i z ) 

(-S22+S12) 
S21 " (-S22+S12). 

since of Ei Vj neutrons born in 
region 1, - s n escape through i t s 
outer surface; 
since - s u neutrons born in region 
1 enter region 2 and -S12 of those 
born in region 1 escape from 
region 2 without co l l i s ion , by 
reciproci ty; 

since of the E2 V2 neutrons born 
in region 2, S 2 i co l l ide a f te r a 
single f l i g h t in region l t and 
~s22 + s12 escape through the 
outer surface of region 2 without 
col l id ing (note: -s 2 2 includes a l l 
neutrons born in regions 1 and 2 
which move outwards and escape, 
whereas -s i^ includes only those 
born in region 1 which emerge out-
side the second region without 
c o l l i s i o n ) . 
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From the region-to-region col l is ion rate Snm the number of neutrons 
Rn which reach the cyl1ndr1c1zed cell surface of radius a^ 1s obtained in 
order to calculate the correction for cell boundary escapes 

m=NR 
Rn = V n - £ S n m ( B . 1 5 ) 

m=l 

The total escape rate from the cell is 

n=NR 
R T = V R n ( B . 1 6 ) 

n = l 

These escape rates are related to the escape probabil i t ies through the 
cel l boundary of area A. In part icular 

PnA = Rn/( sn vn) (B-17) 

1s the probability that a neutron born 1n subregion n wi l l reach the cell 
boundary without col l id ing. Conversely, the probability P/\n» that a 
neutron entering the cell wi l l make i t s f i r s t col l is ion in subregion n, 
is given by 

A PAn • 2n Vn PnA (B.18) 
4 

This reciprocity relation is analogous to the standard reciprocity 
theorem which refers to col l is ion rates due to sources which are equal to 
the volume integrated col l is ion densities for unit flux in the i n i t i a l 
subregions. In Eq. (B.18) A/4 1s the rate at which neutrons enter the 
cel l for unit flux at the cell boundary. I t follows immediately from 
Eqs. (B.17) and (B.18) that 

P A n = £ R n (B.19) 

In order to determine the boundary crossing corrections the subregion to 
subregion col l is ion rates Snm are f i r s t renormallzed to 

S* = Snm 
n m ^ Vn Zm Vm (B.20) 

so that they represent the f lux in either region due to a source of unit 
strength uniformly distr ibuted in the other, in the absence of cell boun-
dary crossings. Treating then subregion m as the source region, the 
source of strength £m Vm uniformly distributed throughout m gives rise to 
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Rm cel l boundary crossings and (4/A)Rn Rm coll isions 1n n after the boun-
dary crossing. The probabil ity that a neutron entering the cell wi l l not 
col l ide 1n i t si (1 - 4/A R j ) . The additional col l is ion rate in subre-
gion n af ter any number of boundary crossings 1s 4/A Rn 

Rm/Cl - (1 " 4/A 
R"!")] a 4/A Rn R m / ( 4 / A R j ) . The corresponding additional flux is obtained 
by dividing by z n Vn. 

4 
(S*n ) corrected = S ^ Zm Vm + A Rn m̂ ( B . 2 1 J 

A r T ' £nVn 

Final ly since the transport matrix element refers to a source of 
unit density in subregion m (and not of density zIP ) , we have 

t »9 

9* 
jin+n _ Smn(corrected) (B.22) 

9 m 
2 t . f 

The improved calculation of the THERMOS col l ision probabilites not 
only results 1n more exact parameters for computing the thermal flux in 
E-C, but also can reduce the required number of mesh intervals with 
l i t t l e loss in accuracy, because of the rigorous spatial averaging of the 
kernels over source and sink Intervals. A reduction in the THERMOS mesh 
naturally translates into reduced computer costs in running E-C. 

Table 25 i l lust rates the effect of varying the number of mesh in ter -
vals in a M02 fuel pin calculation done with the original and modified 
versions of E-C THERMOS. Assuming that the values obtained with the 
improved coll ision probabil i t ies using 15 intervals are the most 
accurate, i t can be seen that the new routines give very acceptable 
results with only two intervals in the fuel , while the old version 
requires 10 or more intervals to converge to an accuracy of 0.1% in a l l 
parameters. 

Table 25. Effect of Varying Number of Mesh Intervals in THERMOS 
Calculation of M02 Fuel 

Parameter 

No. of Intervals With 
Original E - C 

No. of Intervals 
Modified E -

With 
C 

Parameter 10 15 20 2 10 15 

K 1.2981 1.2982 1.2983 1.2987 1.2984 1.2984 
28p 5.0544 5.0490 5.0474 5.0475 5.0468 5.0467 
25$ 0.3056 0.3052 0.3051 0.3052 0.3052 0.3052 
286 0.4548 0.4543 0.4542 0.4543 0.4543 0.4543 
C* 3.2354 3.2327 3.2322 3.2329 3.2329 3.2329 
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THERMOS Iterat ion Edits 

In the original version of E-C no Information on the THERMOS i te ra -
t ion process was printed. This information 1s useful 1n determining 
r e l i a b i l i t y of results and in Identifying problems when they occur. 
Therefore, an edit of various Interative parameters has been added in 
subroutine THRM50. Table 26 shows an edit of the modified E-C thermal 
calculation for a typical LWR c e l l . The printed parametes have the 
following definit ions: 

ITER - number of complete THERMOS iterations 

L2 EIGEN - estimate of dominant error eigenvalue based on ratio of L2 
norm of residuals from successive iterations (note: this para-
meter is mainly useful for single-error mode acceleration; due 
to rapid convergence with rebalance, the value is usually not 
well established) 

L2 CONV - integral convergence of neutron density, computed from the 
expression 

E Z (N1 (r ,V) - N i " l ( r , V ) ) 2 ArAV ] V 2 

PT CONV - point convergence of neutron density, computed from the 
expression 

IMAX - mesh interval in which maximum flux deviation occurs 

6MAX - group in which maximum flux deviation occurs 

BALANCE - ratio of total absorptions in cell to slowing down source 

MAX REBAL - maximum group-dependent scale factor applied in rebalancing 

Table 26. EPRI-CELL THERMOS Iterat ion Edit 

I terat ion Statist ics for Timestep 1 
I t e r L2EIGEN L2 CONV PT CONV IMAX GMAX BALANCE MAX REBAL 

1 7.08135D-02 7. 08135D-•02 3. 56336D-•01 16 5 7 .96758D--01 8. 209700 00 
2 1.61238D-01 1. 14178D-•02 3. 32799D-•02 1 5 1 .002870 00 1. 02935D 00 
3 5.41910D-02 6. 18743D-•04 5. 839G9D-•03 17 4 9 .989150--01 1. 00150D 00 
4 1.70327D-01 1. 053880-•04 1. 090670-•03 17 4 9 .998560--01 1. 000210 00 
5 2.123380-01 2. 23780D-•05 2. 34999D-•04 17 4 9 .999610--01 1. 00006D 00 
6 1.875870-01 4. 197820-•06 4. 71186D-•05 17 3 9 .999930--01 1. 00006D 00 


