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ABSTRACT 

The instability strength of a diverted plasma with vertical elongation is 

measured for a range of the magnetic field decay index, -1.5 < n < + 0.5, in 

the standard-D and inverted-D configurations. The range of the instability 

growth time is from one to four orders of magnitude greater than previously 

published results. When the plasma current is in the range, 170-310 ka, the 

instability can be suppressed by passive stabilization due to currents induced 

in a discrete coil system together with a moderate power (100 kw) active 

feedback system. The inverted-D configuration is three times more unstable 

than the standard-D configuration for the same ellipticity. The inverted-D 

configuration is destabilized by its negative triangularity and the standard-D 

is stabilized by its positive triangularity. 

*Japan Atomic Energy Research Institute, Tokai-Mura, Ibaraki-Ken, Japan. 
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1. INTRODUCTION ! 

Elongated plasmas are invariably considered in tokamak reactor designs 

[1] because of their expected higher beta limit, greater plasma volume for a 

given q-value, and economical use of the volume within D-shaped toroidal field 

(TF) coils. Tokamak reactors may also have divertors for heat and particle 

removal. Use of poloidal divertors may also result in elongated plasmas. 

When two divertors are employed in a conventional top/bottom , divertor 

configuration, balanced loading of the divertors becomes an important 

consideration as the heat and particle loading of the divertor plates in large 

tokamaks approaches the limits set by materials considerations. The so-called 

single-null configuration, in which only one divertor is used, is also 

considered for reactors to further economize the toroidal field volume and to 

eliminate difficulties associated with the simultaneous control of the two j 

null-point locations. Vertically elongated plasmas are, however, often ] 

rendered unstable by the same forces that generate the elongation: a slight ! 

axisymmetric displacement of the plasma from its equilibrium position will 

cause it to move unstably upward or downward. Control of the vertical 

position in the face of this axisymmetric instability is an important 

requirement for future tokamak reactors. Furthermore, effective vertical 

position control may possibly enable a novel tokamak design and operational 

concept [2]—i^e., a negative n-index tokamak with the radial stability 

substantially better than that of conventional positive n-value tokamaks. The 

principal objective of the work reported here is to provide a detailed 

analysis of vertical instability experimental data to which theoretical 

predictions can be compared. Theories on the axisymmetric instability and an 

extensive list of references prior to 1978 can be found in a review article by 

Wesson [3]. 
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The vertical instability studied here is in the passively stabilised 

regime. As the plasma moves, currents are induced in its surrounding 

structures generating a stabilizing radial field. The plasma motion takes 

place only because of resistive decay of the induced currents. This resistive 

time-scale instability is amenable to stabilization by means of feedback 

control [4]. In many experimental devices currents induced in the vessel 

walls are important in providing the stabilizing radial field. These currants 

flow in ill-definnd patterns and are difficult to measure. In the PDX tokamak 

[5], the only significant stabilizing currents flow along well-defined paths 

in the divertor coils and shorting bars. Furthermore, these currents are 

experimentally measurable. This feature enables determination of the 

"equilibrium loop currents" and calculations of the radial field error 

corrections which are essential to accurate measurements of small instability 

growth rates. For this reason, the PDX device is well suited for measurements 

of instability growth rates and for testing the efficacy of passive 

stabilization by a discrete coil structure. 

There were several experimental studies of the vertical stability of 

elongated tokamak plasmas. The work in the T-12 tokamak [6] dealt with a 

situation in which most of the stabilizing effects were provided by thick 

copper shells. Passive stabilization effects were verified, but few 

quantitative details were reported on the growth rate or its parametric 

dependence. Experiments with the TOSCA tokamak [7] were conducted with 

passive stabilization provided by external windings and vacuum vessel walls. 

The observed growth time (30 - 200 usee) is up to thirty times the Alfven 

transit time. The data was reported to be in good agreement with theoretical 

calculations in this regime. Experiments with the Tokapole [8] were, in a 

passively stabilized regime with a time scale of up to one thousand tines the 
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Alfven time. The observed growth time (500 usee) was one order of magnitude 

smaller than the resistive decay time (~ 15 ms) of the stabilizing currents 

induced in the structure. The discrepancy was attributed to large resistance 

of the low temperature plasma that had an L/R-time of about 1 ms. The PDX 

experiments have characteristic times which are several orders of magnitude 

greater than those of the earlier experiments and simulate more closely 

situations that might be encountered in fusion reactor environments. Ti\e 

observed growth time is in the range of 0.02-1.0 sec (104 - 10^ times the 

Alfven transit time). Slow drift of the plasma at velocities ranging from 0.2 

to 1.0 m/sec is followed over a period of 30-350 msec and over a distance up 

to 9 cm to determine the instability growth rate. Although the measured 

growth time approaches in some cases the plasma L/R-time, no correlation is 

found in PDX between the two times. 

Preliminary experimental results reported earlier [5] are extended to 

include both the standard-D and inverted-D configurations. In contrast to a 

conclusion reached in the Tokapole experiments [8] the inverted-D 

configuration in the PDX is found much more unstable than the standard-D 

configuration for the same degree of elliptical elongation. Detailed analysis 

reported here shows that experimental determination of the growth rate is 

strongly influenced by small radial field errors when long growth times are 

involved. When these errors are properly accounted for, the experimental and 

theoretical results are in agreement with each other [9] . The experimental 

growth rate is compared with theoretical predictions based upon progressively 

more sophisticated physical models. First, the experimental data are 

presented simply against the major radius locations of the magnetic axis and 

against the magnetic field decay index (n-index) at these locations. The 

experimental growth rate is then compared with prediction of a line-current 
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theory and of an analytical theory of Wesson [3] based upon a cylindrical, 

elliptically elongated plasma surrounded by a confocal resistive wall* A 

higher order correction due to a triangular deformation of the plasma is also 

considered. The relative magnitude of this correction is compared to that of 

an analytical theory of Yamazaki, et.al. [10]. 

In Sec. 2.1 PDX equilibria are characterized in terms of the n-index and 

a set of plasma shape parameters. These are obtained by numerical 

calculations and are used in a later section to derive theoretical growth 

rate. In Sec. 2.2 a theory based upon a model in which the plasma is 

represented by a line current is developed. A notion of equilibrium loop 

currents is also introduced in this section to formulate a method of 

correcting for small radial error fields. In Sec. 3.1 experimental facilities 

are described. A transfer function technique is outlined in Sec 3.2. The 

technique is used to determine the plasma position and also to compute 

equilibrium loop currents. The plasma position measurements and experimental 

procedures used to determine the growth rate are explained in Sec. 3.3. The 

correction for radial error fields is discussed in Sec. 3.4. In Sec. 3.5 

experimental growth rate is presented as a function of the radial plasma 

position. In Sec. 4.1 the experimental growth rate is plotted against the n-

index value and is then compared with predictions based upon the line current 

model. In Sec. 4.2 comparisons are made between the experimental data and the 

growth rate as computed from an asymptotic form of Wesson's analytical formula 

[3]. Corrections for a triangular deformation of the plasma are considered in 

Sec. 4.3. Conclusions are drawn in Sec. 5. 
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2. THEORY 

Analytical theories of the vertical instability often relate the 

instability strength to one or more of dimensionless parameters which 

characterize the shape of magnetic surfaces such as the n-index, ellipticlty, 

triangularity and rectangularity. In this section a systematic way of 

defining such parameters in terms of a Fourier expansion is described. The 

simplest form of the instability theory is based upon a representation of the 

plasma as a line current. This theory is developed in this section taking the 

peculiarities of the PDX device into account. A notion of the equilibrium 

loop currents is also introduced in the process. The equilibrium loop 

currents determined using a transfer function technique, are a useful means of 

correcting for time-varying radial error fields. Such corrections become 

increasingly important as the growth time becomes large and the eddy currents 

induced by plasma motion become comparable to currents induced by external 

sources. 

2.1 EQUILIBRIA IN PDX 

An example of the vacuum poloidal flux pattern is shown in Fig. 2(a). R 

and z in this figure are the major radial and vertical coordinates, 

respectively. Only the upper half plane is shown. The sign of the plasma 

current is taken to be positive [into the page in Fig. 2(a)] and the vertical 

equilibrium field (EF) is therefore negative (downward). Variation of the EF 

field with the major radius along the structural meridian plane is also shown 

in Fig. 2(b). The equilibrium distribution of the plasma current is computed 

using a modified version of the PEST code [11]. This is a free-boundary, 

toroidally symmetric, ideal MHD, two-dimensional equilibrium code. For given 

magnetic axis location, plasma (Ip) and divertor field coil currents (IDp) the 
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required EF current and resultant plasma flux surfaces are obtained. From 

these poloidal field (PF) coil currents the n-index at the magnetic axis 

location is then computed. The variation of the n-index obtained this way as 

the magnetic axis is moved is shown in Fig. 3 for three different values of 

the plasma current, I = 180, 240 and 300 ka, and for the same value of the 

divertor field (DF) current, I D F = 11.5 ka. The ordinate of the graph is the 

n-index multiplied by the ratio, Ip/I D F, where I is in units of 240 ka and 

I D F in ur.l-s of 11.5 ka. Both the small major radius region (R < 1.3) and the 

large major radius region (1.6 < R), over which the n-index is negative, are 

regions of vertical instability. These regions will be referred to as the 

inner and outer unstable regions, respectively. The central region (1.3 < R < 

1.6) is the stable region. The plasma is maintained in the stable region 

during routine operation of PDX. 

an example of the poloidal flux surfaces in the presence of a plasma is 

shown in Fig. 4 for each of the unstable regions. The outermost flux surface 

is represented by the following Fourier series: 

CO 

r (6) = a cosne , (1) 
n=0 

where r is the minor radial coordinate and 9 the minor azimuthal coordinate 

about the point, R = Rg and z = 0, in the (R,z) plane. The coefficients of 

the series and Rg are determined by requiring that the difference between the 

surface represented by this expression and the actual surface be minimized in 

the least-square sense and that the coefficient, 8.., which represents, to 

lowest order, a simple horizontal translation of the plasma, be zero. The 

major radial location, Rg, of the origin of the (r,9) coordinate system chosen 

in this way is referred to as the geometrical axis of the plasma. 8 0 is a 
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measure of the plasma minor radius. The normalized coefficients, a„ = S„/k0, 

characterize deviation of the plasma shape from a circle. In particular, a 2 

is a measure of the ellipticity, a 3 the triangularity and a 4 rectangularity. 

It should be noted that the definitions of these shape parameters used here 

are related to but not same as parameters defined by Rebhan and Salat [12]. 

Variation of these normalized shape parameters, &2 through a^, are shown in 

Fig. 5 as functions of the magnetic axis location. A negative value of the 

ellipticity signifies vertical elongation. A positive triangularity is 

obtained in the inner unstable region resulting in a standard-D configuration, 

and a negative triangularity is for the outer unstable region with an 

inverted-D configuration. These parameters vary little with plasma current 

except near the largest major radius end where the plasma with a large current 

begins to come into contact with a limiter. 

2.2 STABILITY THEOR* BASED UPON LINE PLASMA CURRENT 

A simple stability theory is presented in this section based upon a 

filamentary plasma carrying a constant current. In spite of its simplicity 

the model takes into account both the basi^ cause of instability, i.e., 

competing attractive forces from the top and 'uottom divertor currents, and the 

basic stabilizing effect, i.e., currents induced in coils and structures that 

produce stabilizing radial magnetic field. Incompleteness of the model arises 

primarily from the fact that both the cause and effect are evaluated at a 

single spacial point while an actual plasma occupies a finite volume. 

Nevertheless, the line current theory serves as a good intermediary between 

experiments and theory because it is easily calculable. 

A system of five poloidal field (PF) coil groups are considered <see Sec. 

3.1 for details). Currents in these coils are driven by their respective 
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power supplies and will be termed external currents (abbreviated as E-

currents). There are also four closed current paths (loop current circuits) 

within the coil system that produce a stabilizing radial field. The loop 

current (L-current) circuit equations can be written in the following matrix 

form: 

• • 
(L.-f. + R 0 of„) + zft'I + L. t = tf„ . (2) 

XX X XX X X p lee X 

- •* 

Here, L,„ is a 4 x 4 inductance matrix for the L-circuits and I. is a four-

element one-cclumn (indicated by a right arrow on top of the symbol) array for 

the L-currents. R«. is a diagonal matrix of the L-circult resistances. M o ' z ' 

is a four-element one-column array for the mutual inductances between the 

plasma and each of the L-circuits. L- e is a 4 x 5 matrix of the mutual 

inductances among the four L-circuits and five E-circuits. I is a five-
• * element one-column array representing the E-currents and V. is a four-element 

one-column array for the voltages applied by the radial field (RF) 

amplifier. A dot (•) indicates differentiation with respect to time and a 

prime (') indicates differentiation with respect to the vertical position/ 

z. The first two terms of Eq. (2) represent the electromotive force (EHF) due 

to circuit interactions among the L-circuits. The third term is the EMF 

generated through flux coupling to a plasma in motion. The fourth term is 

caused by the time-varying E-currents. 

The L-currents in a system with a perfect vertical symmetry would be 

driven solely by flux coupling to a moving plasma. Experimentally, however, 

small but non-negligible currents are driven by the DF power supply, due to a 

slight asymmetry of the top/bottom DF systems. The L-currents are also driven 

by other external circuits through small direct Inductive coupling, and 
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through indirect coupling by way of eddy currents. The L-currents are also 

driven by the radial field (RF) amplifier. The L-currents which are driven by 

all sources other than flux linkage with the plasma produces a radial field 

distribution. The location at which this field is zero determines the 

equilibrium position of the plasma. These currents are termed the equilibrium 

loop currents and are designated by a one-column array, I . The equilibrium 

currents are governed by the equation, 

»-..? + R » . ? ' + L . i = v". • ( 3 > 

XX q XX q Jle e X 

Vertical force balance for the plasma is achieved when the radial 

magnetic field vanishes at the plasma location. In the absence of L-currents 

induced by plasma motion, the balance is obtained when the following condition 

is satisfied. 

fi' (z )} + fi' J = 0 . (4) 
e q e X q 

Here, M e(z ) is a five-element one-row (left arrow) array representing 

the mutual inductances between the plasma and the E-circuits. The value of z 

that satisfies the above equation is the equilibrium location and is 
+• •» 

designated by z_. M« is the transpose of M.. 

When plasma motion induces L-currents, an additional radial field is 

generated. The null point of the resultant radial field is the plasma 

position within the framework of the line current theory. The plasma 

position, z, satisfies the equation 

S' (z) i + ti't = 0 . (5) 
e e J. x 
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For the PDX device M' is nearly independent of z and M^ is nearly linear 

in z. Subtracting Eg. (4) from Eq. (5) and expanding terms involving S^ (z) 

in z about the equilibrium point, z , we obtain a matrix equation for 

dependent variables, (I, "Ij.) and (z-z„). Similarly, subtraction of Bq. (3) 

from Eq. (2) results in another matrix equation for the same set of 

variables. Eliminating z between hese two matrix equations we obtain the 

governing equation for the L-currents. 

ih- * , > + < » + v 1 "E;l hi <v v - ° • <6) 

a small term involving a logarithmic time derivative of 8"(z )X is 

neglected in arriving at this equation. In Eq. (6) the n-index matrices are 

defined by 

n = n(Z ) U (7) 

s (i0A(Z ) XX I I 

In Eq. (7) a is the unit matrix and n'z ) the n-index evaluated at the 

equilibrium location. In Eq. (8) R is.the plasma major radius and A(zq) ^ s 

the proportionality factor between the vertical field, B v, and the plasma 

current evaluated at the equilibrium point. The proportionality factor is 

defined by 

4*RB 
ro p 
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Once the livjp currents are computed with Eq. (6), the plasma position can be 

obtained from Eq• (5)• 

A special font; of Eq. (6) written for a single L-circuit yields an 

unstable solution when the conditions n < 0 and n + n g > 0 are simultaneously 

met. The growth rate is given by -(R,/L.)n/(n+ns), where R, and L, are now 

scaler resistance and inductance of the loop current circuit, respectively. 

This growth rate is of the same form as the one given by Fukuyama, et al., 

[Eq. (24) of Ref. 12 in the limit of zero plasma mass] for a slightly 

elongated plasma in a cylindrical shell. The expressions for n , however, are 

different for the two cases. 

3. EXPERIMENTS 

3.1 EXPERIMENTAL FACILITIES 

Poloidal field (PF) coil groups are shown in a cross-sectional view of 

the PDX device (Fig. 1). The PF coil groups considered in this article are 

the divertor field (DF) coils, equilibrium field (EF) coils for generating 

equilibrium vertical fields, ohmic heating (OH) coils and nulling field (NF) 

coils for fine adjustment of the null field pattern during the discharge 

initiation. Poloidal fields resulting from the toroidal field busswork 

(consisting of coil-to-coil transitions, turn-to-turn transitions, and a 

cancellation loop) must also be considered. 

Both the DF coils above the meridian plane and those below are connected 

in separate series circuits. These two series circuits are then connected in 

parallel to the DF power supply. The two circuits are also connected to each 

other at four locations through shorting bars to form a ladder network. An 

equivalent circuit is shown in Fig. 6. The currents in the top d D F T ) and 
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bottom (IIJFB' l ^ 8 o f t n e D P circuits, as well as the currents in the shorting 

bars, termed the ladder currents (I A through I D ) , are measured. The currents 

in DF coils can be divided into the S5mmetric [(Ippr + IDPB'/ 2^ a n d anti

symmetric [ d D F T - I D F B ^ 2 ^ Parts. The symmetric part, which produces the 

divertor configuration, is treated as an external current. The anti-symmetric 

part represents currents circulating in closed paths composed of the 

top/bottom DP coil pairs and shorting bars. These loop currents, If through 

I 4, generate a stabilizing radial field. (The loop current, Ig, shewn in Fig. 

6, flows entirely outside the vacuum vessel and is ignored.) Electrical 

properties of the loop current circuits are tabulated in Table I. The loop 

currents and ladder currents are related through simple algebraic relations 

and the measurements of the ladder currents facilitate determination of the 

loop currents. 

A radial field (RF) amplifier is inserted in series in the I n shorting 

bar to provide feedback control of the vertical position. The feedback 

circuit is schematically shown in Fig. 6. The amplifier is a voltage 

amplifier and a null output voltage (i.e., effective short circuit) can be 

maintained by applying zero input signal to the amplifier. In this way the 

feedback circuit can be effectively removed from the loop current path without 

interrupting flow of the stabilizing currents induced by the plasma motion. 

This feature is utilized for instability growth rate determination. All data 

are digitized at a 1 ms interval and stored in a computer. 

3.2 TRANSFER FUNCTION TECHNIQUE 

For determination of both the plasma position and equilibrium loop 

currents it is necessary to find the response of the PF coil system in the 

absence of a plasma. This is accomplished using a transfer function technique 
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[14]. We designate by S^(t) and S^tu) the time-domain excitation of the i-th 
source and its fast Fourier transform (FFT), respectively. The j-th tine-
domain response to the i-th excitation and its FFT are similarly designated by 
Rij(t) and Rij{(o)» respectively. In the absence of a plasma each of the six 
cur.-ent and voltage sources is excited individually with a wave form, S?(t), 
and the j-th response, R°.(t), is recorded ( ?ig. 7 ) . The transfer function 
between the i-th excitation and j-th response is then defined as 

R?, (a)) 
H. . <u) = -jp • (10) 

3 S. ( U) 

In the presence of a plasma all sources are in general excited 
simultaneously. Their wave forms may also differ from their test shots, 
S ^ t ) . That part of the j-th response to this particular combination of the 
excitations, R x(t), can be obtained from the inverse Fourier transform of the 
product of the Fourier transformed source functions and appropriate transfer 
functions. 

C "i(llt A 
R ^ ( t > = £ Is <*>> H..(<o)e f 3 . <1") 

1 " J i !D •'It 

The response due to the ple.sraa alone is the difference between the total 
response and external response. 
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3.3 PLASMA POSITION DETERMINATION 

The plasma radial and vertical position measurements [14] used in this 

work are unique in two respects: (1) plasma poloidal flux rather than the 

total flux is determined and compared to an equilibrium MHD theory, and (2) 

the transfer Sanction technique is used to determine the external flux. The 

plasma poloidal flux is determined from measurements using a pair of circular 

flux loops concentric with the plasma ring. The loops used for vertical 

position measurements are placed at the same major radius and at equi-distant 

locations on either side of the meridian plane (Fig. 6). The difference 

between the flux coupled by the two loops is the radial component of the total 

poloidal flux, which is composed of the external and plasma contributions. 

The external contribution, which arises from flux linkage between the flux 

loops and currents in the coils and eddy currents in the structure, can be 

subtracted from the total flux using the transfer function technique. The 

experimentally determined plasma flux is then compared with theoretical 

calculations to determine the vertical position of the magnetic axis of the 

plasma. The radial position is determined in a similar manner using two 

groups of flux loops located at two different major radial positions. The 

theoretical poloidal flux linked by a flux loop is calculated after 

equilibrium flux surfaces are obtained by the PEST code for a given set of 

plasma and coil currents. The plasma position determined in this way is shown 

in Fig. 8 for a discharge typical for the growth rate measurement 

experiments. Fig. 8(a) shows the vertical position (ordinate) against time 

(abscissa), and Fig. 8(b) the radial position (abscissa) versus time 

(ordinate). Fig. 8(c) is the composite vertical (ordinate) and radial 

(abscissa) position diagram with time as a parameter. 
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Measurements of the instability growth rates are made utilizing both the 

vertical and radial feedback controls. A plasma of desired properties is 

first produced in the stable region [point-A in Fig. 8(c)] and then radially 

moved into an unstable region (point-B) while holding the vertical position 

unchanged. At the desired radial position, vertical feedback control is 

removed, and radial feedback maintained position unchanged allowing the plasma 

to drift upward or downward at a constant radius (point-C). The plasma is 

then brought back into the stable region (point-D) for controlled discharge 

termination. Note that the stabilizing loop current through the RF amplifier 

induced by the plasma motion is not impeded during the growth rate measurement 

because the removal of the vertical position feedback is accomplished not by 

shutting off the amplifier but by maintaining a zero input voltage. 

It is sec. in Fig. 8<c) that the vertical position can be held constant 

as the plasma is radially moved into an unstable region, demonstrating that 

the vertical position feedback control system using an amplifier with a modest 

power (100 kw) rating, aided by passive stabilization, is sufficient to 

control the instability completely up to an n-lndex value of -1.5. The plasma 

current ranged from 170 to 310 ka in these experiments. 

3.4 RADIAL FIELD ERROR 

The equilibrium location defined by Eq. (4) is the position where a 

filamentary plasma carrying a negligible current can remain stationary having 

seen placed there carefully. Had such a plasma been placed at a point away 

from the equilibria point within the stable region and had its major radius 

been held constant, it would have moved toward the equilibrium point at that 

radius. If placed in an unstable region, the plasma would move away from the 

equilibrium point. The rate at which this motion takes place must, in either 
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case/ be measured from the equilibrium point. It should be noted that the 

equilibrium point may also be changing with time. For a tokamak with a 

perfect vertical symmetry the equilibrium plasma location lies on the 

structural meridian plane. In this case the vertical instability growth rate 

can be determined from a logarithmic plot of the plasma position measured from 

the meridian. Any deviation of the equilibrium location from the meridian 

would enter as an additive (rather than inconsequential multiplicative) term 

in the logarithmic position function and would result In an error in the 

growth rate determination. Such errors must be corrected for when small 

growth rate is to be measured. 

In PDX there are two sources of radial field error that cause deviation 

of the equilibrium location. The first of these arises from the presence of a 

TF busswork which is not located symmetrically with respect to the meridian 

plane. The error caused by this asymmetry is nearly constant in time but is 

space dependent. The second source of error is the L-currents driven due to 

small coupling between the E-circuits and the L-circuits.. This coupling 

arises from imperfect symmetry of the PDX device. The resultant radial error 

field is relatively uniform in space but is time-varying. 

A contour plot of the radial field is shown in Fig. 9(a) calculated for 

typical values of DF, EF, and OH currents assuming a perfect symmetry of these 

coils with respect to the structural meridian plane. Contours of zero radial 

field are shown in bold lines. Two intersections of these lines are saddle 

points of the contour map, and their radial locations represent the boundaries 

between the stable and unstable regions. The zero-field lines are the 

contours of vertical equilibrium positions. Addition of the asymmetric field 

produced by the TF busswork current distorts the equilibrium contours as shown 

in Fig. 9(b). Because of shallow vertical gradient of the radial field near 
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the saddle points, additional asymmetric field of only a few gauss can shift 

the equilibrium location significantly. Reliable determination of the growth 

rate in the regions of small n-index is impossible without coizectin^ ,ior this 

error. 

The time-varying radial error field can be corrected for if the 

equilibrium currents introduced in Sec. 2.2 can be calculated. The 

equilibrium currents are theoretically calculable from Eq. (3). The 

inductance matrix, L. , is, however, in general unknown: all elements would be 

zero were the system ideally symmetric. Instead of solving the equations we 

obtain the equilibrium currents using the transfer function technique, each of 

the six external sources, OH, NF, DF, EF and TF, and the RF amplifier, is 

individually excited, and the L-currents in the absence of a plasma are 

measured to construct transfer functions. The equilibrium currents for an 

actual plasma shot can be ob* ained from Eq. (11). This correction for the 

time-varying equilibrium position is possible only because the stabilizing 

currents in PDX flow in well-defined paths and can be experimentally measured. 

3.5 EXPERIMENTAL GROWTH RATE 

In analyzing data such as those shown in Fig. 8, the equilibrium vertical 

location corresponding to the radial position of the plasma is determined for 

each instance of time. First, the equilibrium loop currents are determined 

using the transfer functions. Then the equilibrium location is determined 

from Eq. (4) using the measured E-currents. The TP busswork appears through 

an element of the mutual inductance array, Me» A typical logarithmic plot of 

the vertical plasma position against time is shown in Fig. 10. The slope of 

the least-square fit (solid line) gives the vertical instability growth rate. 
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The experimentally determined growth rate is plotted in Fig. 11 against 

the magnetic axis location for five groups of data. The first three groups 

(I-III) are for the inner unstable region and the last two (IV-V) for the 

outer unstable region. Different groups are obtained either for different 

plasma currents or for different experimental occasions. Ranges of some 

discharge parameters are summarized in Table II for these groups. The 

measured growth time approaches in some cases the plasma L/R-time shown in the 

table. No clear correlation is found in POX, however, between the instability 

growth time and plasma L/R-time. This is in contrast to findings in the 

Tokapole experiments [B] . The dotted curves in Pig. 11 indicate approximate 

values which would have been obtained had no corrections against radial field 

error been included. Such corrections are clearly essential for the 

determination of small growth rate, but they are less important for faster 

growth rate. 

4. COMPARISON OF EXPERIMENTS AND THEORY 

A theory that can model the PDX experiments well would have to account 

for the response of plasma current distribution to stabilizing loop currents 

induced by the plasma motion in a self consistent manner. Such a resistive 

theoretical formalism may exist [15], but its free boundary computational 

counterpart is not available at this time. Instead of attempting to find out 

how accurately such a theory agrees with the experiments, we present the 

experimental data in terms of some dimensionless parameters and compare them 

with predictions of simple theories. While the physical models used in these 

theories are not sophisticated enough to fully represent the experimental 

situation, their analytical simplicity permits greater physical insight into 

the phenomena under study. 
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4.1 GROWTH RATE IN TERMS OF n-INDEX AND LINE CURRENT THEORY 

In Pig. 12 the experimental growth rates are plotted against the magnetic 

field decay index (n-index). Note that the highest growth rate point is 

plotted against a different ordinate. (This will also be true for Figs. 13-

14.) The n-index value at the magnetic axis location is computed for each 

discharge using coil currents averaged over the same period over which the 

growth rate is determined. Transition from the stable to unstable 

configuration takes place almost exactly at n=0 as predicted by simple 

theories. This indicates that higher order stabilizing features of the plasma 

shape [16,173, e.g., rectangularity, are small under the present experimental 

conditions. In the range -0.8 < n < 0, the growth rate is almost solely 

dependent on the n-index at the magnetic axis. The growth rate becomes widely 

scattered, however, in the range n < -1, for a given value of n, as the plasma 

shape becomes increasingly non-circular. 

The experimental growth rate is compared in Fig. 13 with the rate 

predicted by the line current thory [the most unstable eigenvalue of Eq. 

(6)]. Two trends are evident. First, the experimental growth rate of the 

standard-D (Group I-III) plasma follow? the line-current theory predictions 

well in the small growth rate (<15/sec) regime. The slope of a best fit line 

through the standard-D data except for the highest growth rate point is 1.7. 

In high growth rate regime, however, deviation from the theory is 

significant. Second, the inverted-D (Group III-IV) plasmas appear to follow a 

line considerably steeper than the standard-D plasmas. These disagreements 

again indicate the inadequacy of the line current theory. 
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4.2 GROWTH RATE IN TERMS OF ELLIPTICITY 

In theories of vertical instability, it is a common practice to relate 

the instability growth rate to some parameters which characterize the shape of 

magnetic surfaces. We attempt in this section to use such shape parameters 

described earlier (Sec. 2.1) to correlate the measured growth rates. Using 

the measured time-averaged coil currents, plasma current and magnetic axis 

location, a MHD equilibrium is obtained by the PEST computer code for each 

discharge, and the shape parameters are computed in accordance with Bq. (1). 

Ranges of some of these parameters are tabulated in Table III for the five 

groups of data. 

Analytical theories using a simple physical model were developed by 

Wesson [3] and also by Fukuyama etal.[13]. Wesson treated in a cylindrical 

approximation a vertically elongated, elliptical plasma within a confocal 

resistive wall. In the limit of a large wall L/R-time in comparison with the 

Alfven transit time, his result (second equation in the left-hand column, 

p119, Ref. 3) can be written as 

(R /R )2e 
vv'—r*-*—— ' < 1 2 ) 

\i* - <vyM 

where (Rw/Rp) is the ratio of the wall radius to the plasma radius, e the 

ellipticity of the plasma, and t^ the wall L/R-time. This result states that 

the product of the growth rate and the wall L/R-time is a function of a single 

dimensionless parameter, (Rw/R^) e. The PDX experimental situations are 

different from the simple physical model used by Wesson in three important 

respects: (1) the plasma is toroidal rather than cylindrical, (2) 



22 

stabilization is provided by a discrete coil system rather than a confocal 

resistive wall, and (3) the plasma current distribution is not uniform. 

Nevertheless, comparison with his theory is inviting because of its analytical 

transparency. 

In Fig. 14 the experimental growth rate is plotted against the right-hand 

side of Eq. (12). The coefficient, S Q | of the plasma shape parameter 

expansion [Eq. (1)] is usrd for Rp. The raaius of an equivalent resistive 

wall is arbitrarily taken to be 0.7 m, approximately the location of the loop 

(DF) current coils (see Fig. 1). The resistive wall L/R-time is taken to be 

0.13 sec, comparable to the actual L/R-times of the loop current circuits (see 

Table I). 

The difference between the standard-D and inverted-D configurations is 

now more evident than in Fig. 13. The standard-D data, ejcept for the highest 

growth rate point, can be fitted by a line with approximately unity slope. 

The inverted-D data follow a line with a three times greater slope. When 

different values are chosen for ^ and xwt the slopes of these lines change. 

But t'.ia clear distinction between the two groups remains. This observation is 

in contrast to a conclusion from the Tokapol experiments (8] in which both the 

configurations exhibited similar stability characteristics. The most 

prominent difference between the shapes of the standard-D and inverted-D 

configurations is the sign of their triangularity parameter: the former has a 

positive triangularity and the latter negative (see Fig. 5). Thus, the 

triangular deformation of the plasma with a negative triangularity appears to 

enhance the instability of an elliptically elongated plasma, while the 

deformation with a positive triangularity tends to stabilize the instability. 
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4.3 TRIANGULARITY CORRECTIONS 

There appear to be no analytically tractable theories on the passively 

stabilized vetical instability which include toroidal effects such as a 

triangular deformation of the plasma. A theory by Yamazaki et al., gives an 

analytical expression [Eq. (39) of ref. 9] for the growth rate as an expansion 

in the shape parameters defined in Eq. (1). The theory is based upon a 

perfectly conducting (rather than resistive) wall and is therefore not 

directly applicable to the PDX experiments. The form with which these shape 

parameters enter into the growth rate expression is of interest/ however. 

According to the theory, terms involving the ellipticity (a,) and 

triang-alarity (a^) are grouped as. 

-8a2 - i l ! , B ^ , l 3 , (13) 

where e is the inverse aspect ratio and ft the ratio of the kinetic to 

poloidal magnetic pressures. The vertical elongation (a 2 < °) corresponds to 

destabilization. Negative triangularity is destabilizing and the positive 

triangularity is stabilizing according to this theory. This conclusion is in 

qualitative agreement with the experimental observations discussed in the 

previous section. The ratio of the triangularity to ellipticity contributions 

is 113/48(ep_)a3/a2 according to this theory. 

Wesson's theory gives the growth rate for a purely elliptically elongated 

plasma. If a triangularity correction of the form 

Y - Y w - ^ - u e p > c 3 -*3> < 1 4> 
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is added to this growth rate, the standard-D and inverted-D groups can now be 

represented roughly by a single curve in a plot of the experimental and 

theoretical growth rates in the manner of Fig. 14. In Eq. (14) C « 70 is a 

dimensionless coefficient adjusted to obtain a reasonable fit. A displacement 

of the "origin" of the triangularity by an amount a « 0.03 appears needed to 

obtain such a representation. For small values of ellipticity, (I^/lO e << 

1, the ratio of the triangularity to ellipticity contributions is CIK,/^)2 

(epp) (a 3 - a-j)/a2. The numerical factor, CfRp/R,,)2 * 13, is greater than the 

theoretical value, 113/48 = 2.4, by a factor of approximately five. The 

dJ fference may have arisen because the physical model used in the theory is 

not directly applicable to the experimental situation, or because the theory 

uses a small parameter expansion. 

5. CONCLUSIONS 

The strength of vertical instability of a diverted plasma is determined 

experimentally in the PDX device for a range of the n-index value, -1.5 < n < 

+ 0.5, in both the standard-D and inverted-D configurations. In PDX, 

stabilizing currents are induced mostly in the divertor coils connected in a 

parallel ladder network and flow in well-defined paths. This is one feature 

that distinguishes the present experiments from previously reported results in 

which some or all of the stabilizing currents flowed in less clearly defined 

paths in the surrounding walls. This feature allows determination of the 

equilibrium loop currents and calculations of the radial error field 

corrections which are essential to accurate measurements of small instability 

growth rates. For this reason the PDX device is well suited for measurements 

of the instability strength and for testing the efficacy of stabilization by 

means of a discrete coil system. It is shown experimentally that the discrete 
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coil system used in PDX is effective in partially stabilizing the vertical 

instability. It is shown further that the instability can be completely 

controlled up to an n-index value of -1.5 by an additional active feedback 

system employing a moderate power (100 kw) amplifier when the plasma current 

is in the range 170-310 ka. These instability studies extend from a stable 

regime to an unstable regime with growth rate up to 45/sec. No clear 

correlation is found in PDX between the measured growth time and the plasma 
4 6 * 

L/R-time. The measured growth time ranges from 10 to 10 times the Alfven 

transit time. This is uis to tour orders of magnitude greater than previously 

reported results and is close to values expected in fusion reactors. 

The measured growth rate can reasonably be represented by the n-index 

alone up to its value of -0.8, but the growth rate scatters widely for a given 

value of the n-index for n<-1.0. Transition from the stable to unstable 

regimes occurs almost exactly at n=0. This suggests any stabilizing effects, 

such as rectangular deformation of the plasma [16,17], are small under 

conditions encountered in the present experiments. The line current theory is 

shown to be capable of predicting the growth rate ireasonably well when it is 

less than about 15/sec, but the theory gives growth rates too small when they 

are greater than this value. Furthermore, the theory fails to predict 

evidently different behaviors of the standard-D and inverted-D configurations. 

A way to characterize the shape of a poloidal flux surface systematically 

in terms of a Fourier expansion [Eq. (1)] is devised. The first terji of the 

expansion is an equivalent plasma minor radius. The following three non-zero 

terms represent the ellipticity, triangularity, and rectangularity. The 

experimental growth rates are correlated to one or more of these dimensionless 

shape parameterJ using results of analytical theories. Comparisons with 

Wesson's theory [3] based upon a cylindrical, elliptically elongated plasma 
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surrounded by a confocal resistive wall show that the inverted-D configuration 

is approximately three times more unstable than the standard-D configuration 

for the same ellipticity. This difference between the two data groups is 

attributed to a triangular deformation of the plasma. The inverted-D 

configuration is further destabilized compared to a\ purely elliptical 

deformation because of its negative triangularity and the standard-D is 

stabilized by its positive ;riangularity. This interpretaion is in 

qualitative agreement with an analytical theory by Yamazaki et al., [10]. The 

amount of triangularity correction, needed to bring both the inverted-D and 

standard-D configurations into a single group, is estimated. The magnitude of 

the triangularity contribution relative to the ellipticity contribution 

appears to be greater in the experiments than in the theory by approximately a 

factor of five. However, the pnysical model used in the theory is based upon 

a perfectly conducting wall and is not representative of the PDX device. More 

accurate assessment of the toroidal effects must await a more applicable 

theory. 
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TABLE CAPTIONS 

Table 1 
Electrical properties of the four loop current circuits shown 
in Figure 6. 

Table II 
Range of plasma properties for the five experimental data groups. 
Rp< Ip# V L and L are the major radius, current, one-turn voltage 
and self-inductance, respectively. The ratioes, VL/I and 
L I /V L, are the average resistance and L/R-time, respectively. 

Table III 
Range of normalized Fourier expansion coefficients of the outer
most magnetic surface (Equation 1) for the five experimental 
data groups. a_, a, and a. are the ellipticity, triangularity 
and rectangularity, respectively. eB is the product of the 
inverse aspect ratio and the ratio of the kinetic to poloidal 
magnetic pressures. 
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Table I 

1-1 1-2 1-3 1-4 

Self-inductance (mh) 1.65 0.64 0.96 1.68 

Resistance (mJ2) 8.8 5.2 7.6 26.8 

L/R-time (msec) 187 123 126 63 
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T a b l e I I 

G r o u p J Tl 1TX_ IV 

R (cm) 1 1 6 . 5 - 1 2 6 . 6 1 1 5 . 7 - 1 2 4 . 9 1 1 7 . 0 - 1 2 7 . 2 1 5 9 . 7 - 1 6 8 . 2 1 6 4 . 0 - 1 6 6 . 4 

Ip(ka) 217-225 282-301 299-312 171-203 178-235 

VL(volt) 0.5-1.0 0.8-1.0 1.1-1.3 1.1-1.4 1.4-1.7 

Lp(yh) 3.1 3.1 3.1 4.8 4.8 

v L/i p(v«) 2.8-4.8 2.8-3.3 3.7-4.2 5.7-7.9 5.5-8.9 

L„I„/VT(s) 0.7-1.1 0.9-1.1 0.7-0.8 0.6-0.8 0.5-0.9 
p P ' 



Table III 

I II. Ill H Z 

a 2 x 10 2 -5.3--12.4 -5.8—10.7 -4.7~-9.9 -1.2--6.3 -3.4~-5.2 

a 3 x 10 +6.6-+8.3 +6.4~+7.3 +6.1-+7.2 -4.B--6.4 -S.4--6.3 

a 4 x 10 2 -0.3--2.8 -0.4--2.4 -0.7--2.8 -1.8--3.7 -2.3--2.6 

epp x 10 2 6.9-8.4 3.8-4.4 3.6-4.4 6.4-8.6 4.8-7.0 
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FIGURE CAPTIONS 

Fig. 1 A cross-sectional view of the PDX device showing the locations of 
the poloidal field coils. Only the upper half plane is shown. 
The coil system is nominally symmetric with respect to the 
structural meridian plane with the exception of the toroidal field 
busswork (not shown). 

Fig. 2 (a) The vacuum poloidal flux pattern in the R-z plane (upper half 
plane only), and (b) the vertical magnetic field variation along 
the meridian plane for a diverted PDX plasma. The plasma current 
goes into the page and the equilibrium vertical field points 
downward in this figure. 

Fig. 3 The vertical magnetic field decay index (n-index) as a function of 
magnetic axis location for three different plasma currents, I p = 
180, 240 and 300 ka, and for one DF current, I D p =11.5 ka. The 
ordinate is the decay index times (I p/I D F) where I p is in units of 
240 ka and I D F in units of 11.5 ka. 

Fig* 4 Poloidal flux surface patterns in (a) inner and (b) outer unstable 
regions. 

Fig. 5 Fourier expansion coefficients of the outermost magnetic flux 
surface as functions of the magnetic axis location, aj is the 
ellipticity, a 3 the triangularity, and 84 the rectangularity. 
Note that t'ie triangularity has opposite signs in the inner and 
outer unstable regions. The coil currents used are I T F = 30 ka, 
IDF = 11-5 ka, I 0 H = I B F = 0 ka and I E P varies for different major 
radial locations. 

Fig. 6 Equivalent DF/Loop current circuits. The vertical position 
feedback circuit is also shown schematically. 

Fig. 7 Six excitation sources and eight responses are considered in 
constructing transfer functions for the PDX poloidal coil system. 

Fig. 8 Radial and vertical positions of the magnetic axis of the 
plasma. (a) vertical position (ordinate) vs. time, (b) radial 
position (abscissa) vs. time, and (c) composite diagram of 
vertical position (ordinate) vs. radial position (abscissa) with 
time as parameter. 

Fig. 9 A contour plot of the radial field (a) with perfect symmetry, and 
(b) with asymmetric TF busswork currents. Zero radial field 
contours (bold lines) show large distortions near the saddle 
points (A and B) in the presence of TF busswork current. This has 
significant effects on interpretation of the instability growth 
rate data. 

Fig. 10 A logarithmic plot of the vertical position against time for an 
unstable case. The solid line is the least-square fit to the data 
taken every millisecond. 
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Fig. 11 The experimentally determined vertical instability growth rate 
plotted against the magnetic axis location for five groups of 
data. Groups I-III are for the inner unstable region (standard-D) 
and Groups XV-V for the outer unstable region (inverted-D). See 
Table II for parameter ranges. The ordinate is a composite 
logarithmic/linear scale. A part of the stable region is omitted 
from the abscissa. 

Fig. 12 The experimental growth rate plotted against the value of n-index 
on the magnetic axis. See Fig. 11 for symbol definitions and 
Table II for parameter ranges. 

Fig. 13 The experimental growth rate plotted against theoretical growth 
rate based upon the line current model. See Fig. 11 for symbol 
definitions and Table II for parameter ranges. 

Fig. 14 The experimental growth rate plotted aganist Wesson's growth 
rate. See Fig. 11 for symbol definitions and Table II for 
parameter ranges. Wesson's theory is based upon a cylindrical, 
elliptically elongated plasma surrounded by a confocal resistive 
wall. Clearly different trends of the standard-D and inverted-D 
groups suggest influence of toroidal effects, most notably the 
triangularity of the plasma. 
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