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ABSTRACT

A new procedure for the maximum entropy spectral estimation is

studied for the purpose of data processing in Fourier transform

spectroscopy. The autoregressive model fitting is examined under a

least squares criterion based on the Yule-Walker equations. An AlC-like

criterion is suggested for selecting the model order. The principal

advantage of the new procedure lies in the enhanced frequency resolution

particularly for small values of the maximum optical path-difference of

the interferogram. The usefulness of the procesure is ascertained by

some numerical simulations and further by experiments with respect to

a highly coherent submillimeter wave and the electron cyclotron emission

from a stellarator plasma.



1. INTRODUCTION

The Fourier transform spectroscopy (FTS) is one of the most

important spectroscopic method in the range from near infrared to
i p

submillimeter waves.' In recent years, this method has been success-

fully used for measuring the electron cyclotron emission from high-

temperature plasmas and proved to be a powerful diagnostic tool for

measuring the radial electron temperature profile of the plasmas con-

fined in toroidal magnetic fields':

FTS is a technique of determining the spectrum from an interferogram

which is obtained using a movable mirror in a two-beam interferometer.

The interfarogram so obtained is nothing but the autocovariance function

of the electric field amplitude of the incident radiation to be analyzed,

and can be processed according to the method suggested by Blackman and

Tukey (BT method for short); that is, the interferogram is multiplied by

a lag-window and then Fourier transformed to obtain an estimate of the

power spectral density. As is well known, the statistical accuracy and

frequency resolution of the spectral estimate obtained by the BT method

depend on the type of lag-window in such a way thai, one cannot get

high resolution without loss of statistical accuracy. Considerable

effort has been devoted to designing lag-windows which compromise the

two incompatible properties of the spectral estimates in a desired

fashion.

Recently, a new method of spectral analysis called the maximum

entropy method (MEM) ' or the autoregressive (AR) method; has been

proposed in connection with time series analysis and has met with

remarkable success in many diverse fields. This method is based on

modeling the given signal on the AR process, and has a potential
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superiority over the BT method in that it gives a good frequency

resolution even for data of short length. In the presont paper, the

AR method is further developed so that it may be applied not only to the

real time signals, but also the interferograms obtained in FTS.

According to the standard technique for the AR spectral estimation,

let us assume that the incident electric field amplitude E(t) on the

beamsplitter of a two-beam interferometer is an AR process of order N,

that is, a weakly stationary random process which satisfies the follow-

ing relation:

Ei = J T anEi-n + ei O - O . ±1. . . . ) . (1)

where { E ^ = {E(iAt)} (i = 0 , ±1, ...) is the sequence of the electric

field amplitudes at times t = iAt and defines a discrete real-valued

random process. The a 's are real constants, and {e-} is a white noise
2 2

process with zero mean and variance a , i.e., <e-> = 0 and <e.e-> = a 8. .,

where the angular brackets and 6. . denote the ensemble average and the

Kronecker delta function, respectively.

Since <e-E. .> = 0 for I > 0, one obtains from eq.(l) the so-called

Yule-Walker equations:

N -
I anR +oZ6 Q U = 0, 1, ...) , (2)

n=l '

where R. E <E1-E. „> (I = 0, 1, ...) is the autocovariance function and

we have R. = R „. The power spectral density S(f) of the process {E-)

is related to R 's by

S(f) = At I R exp(-j2irfJlAt) , (3)



- 3 -

and given by

S(f) = 0^At/|l - I anexp(-j2TTfnAt)r (4)
n=l n

for |f| < l/2At. For known R£ (X. = 0, 1 N), the first (N + 1)

equations in eq.(2) are sufficient to determine the AR parameters of

a\ = (a,, ..., aN) and a . If {E.,} were observed directly for i = 1, 2,

..., M, then one could obtain the estimate of R., R\, for example, by
Ro = M •? Ei+£Ei (̂  = 1. 2, ..., N), assuming M » N. Inserting the

R 's into these equations to be solved for a and o , one could get the

estimates of all the AR parameters and then obtain an AR spectral

estimate from eq.(4).

This estimation procedure is closely related to the linear predic-
o

tion. The usefulness of the AR model can be explained in the context of

Shannon's information theory. Let us suppose that the process to be

analyzed is a Gaussian random process, and that its autocovariance

function R. is known for I = 0, 1, ..., N. Then, unlike the BT

approach, the maximum entropy approach does not assume the autocovariance

function to be zero at the nonavailable lags. Rather, the entropy of the

process is maximized under the constraint that the inverse Fourier trans-

form of an unknown spectral density S(f) matches the values of R 's at

the available lags I = 0, 1, ..., N. Such a maximization results in a

spectrum identical with that in eq.(4); The AR spectral estimation is

essentially equivalent to Burg's MEM.

Now, we note that the Fourier transform spectrometer consists of a

specially designed interferometer, whose output gives the autocovariance

function of the process {E^. Let us denote the measured values of R^'s

by r^'s, and assume that f-hey are available for X. = 0, 1, ..., L.
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Needless to say, we can still obtain an AR spectral estimate of order N

by substituting the measured value r. into R. (£ = 0, 1, ..., N) for

solving the first (N + 1) equations in eq.(2), provided that N < 1.

Such an estimation procedure has been applied to the radioastronomy by
11 12

White, and recently to FTS by Campbell. According to the conventional

terminology, this procedure may be called the Yule-Walker (YW) method.

Nevertheless, one may find some disadvantages of such a direct applica-

tion of the Yule-Walker equations. In this estimation procedure, the

maximum lag actually used for estimation necessarily coincides with the

assumed model order N, and only the first (N + 1) samples are utilized

to get a spectral estimate. The maximum lag L experimentally obtained

may be much larger than the model order N which provides the best spectral

estimate. In such a case, the coincidence implies the neglection of

many data at lags of a > N. Since the correlation measurement in FTS

is not very accurate due to various effects, the usage of the sample

as few as the model order may result in a poor spectral estimate.

Another disadvantage may be found in selecting the model order.

Generally speaking, the more samples may produce the better spectral

estimate as long as they are meaningful ones to be taken into account

and are efficiently used for estimation. However, the larger order does

not always give the better result in the AR spectral estimation. Due to

the modeling of the observed data, the statistical property of the AR

spectral estimate heavily depends on that of the data and on the model

order N; the too small value of N leads to a highly smoothed spectral

estimate, whereas its excessively large value introduces spurious detail

into the estimate. Akaike has proposed an efficient criterion for

finding out the optimum value of N, namely, the final prediction error

(FPE) criterion, and then it has been extended to a more versatile one
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called Akaike's information criterion (AIC). Nevertheless, any method

for order selection has not been described in the works of White and
12Campbell. In fact, the direct relation between the model order and the

number of samples used in their estimation procedure would be inconvenient

also for searching the optimum model order.

Upon these considerations, the authors investigate the adaptation

of AR model under a least squares criterion related to the Yule-Walker

equations. Their study is based on the works of Tokumaru et al. and

Ogura et al., who have studied similar treatment with respect to the

real time series obtained from random process to be analyzed. In the

next section, Sec.2, is given the derivation of the new estimator. A

practical criterion for order selection similar to the AIC is suggested

by noting the similarity between the least squares estimator and the

maximum likeligood estimator. The proposed estimation procedure is

first examined in Sec.3 using test autocovariance functions numerically

produced, and compared with the YW and BT methods. Section IV describes

its application to the interferograms of a highly coherent submillimeter

wave and the electron cyclotron emission from a stellarator plasma.

Discussions and conclusions are given in Sec.5.

2. LEAST SQUARES SPECTRAL ESTIMATOR

Based on the (' + 1 ) available samples r 's, we start with the

first (L + 1) equations in eq.(2):

\ = j, anVn + °\,0 <*'°. ! L) • (5)

We note that the measured values r 's may be deteriorated by the extranal



- 6 -

noises such as the detector noise and by some other effects. Therefore,

eq.(5) would not hold for r»'s in a strict sense. Hence we define the
Jo

following quantity, assuming r = r . and N < L:

(6)

o
Then we require that IN(a\, a ) takes a minimum for the estimates of a

and o , a and a , i.e.,

7
IN(a, o

c
?

, a
(7)

2

Similar critenons have been studied by Tokumaru et al. and Ogura ut al.

From eqs.(6) and (7), we have

L L
(k = 1, 2, .... N) , (8)

and

(9)

For convenience, let us define the determinant QN+, by
16

Q00 Q01
Q10 Qll •'IN

QN1 QNN

(10)
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where

Then we get

and

an = -Bn/QN (n = 1, 2, .... N) (12)

IN(a, a
2) = QN+]/QN , (13)

where Q.. and Bn are the cofactors belonging to Q Q 0 and QQ , respectively.

These relations may serve the convenience of calculation, as long as CL

is not very small in magnitude.

Note that the obtained estimate a may satisfy the requirement that

the whole samples should be utilized somehow in order to improve the

accuracy of the final estimate of the spectral density. However, the

estimate a given by eq.(9) may be still insufficient. Since eq.(9)

explicitly includes the samples r , ..., r.. only, the accuracy of

estimation will depend especially on them. Now, folloiwng the suggestion

of Ogura et i

from eq.(1):

of Ogura et al., let us note the following relations easily obtained

^ anR-£-n + V 2 U = 0, 1, ...) . (14)

where g.'s are the coefficients of the moving average expansion of the

form Ei = £| o g ^ e ^ , and given by

fN
df

! ffN
= W \

N ] "nil "
(«• = 1, 2, ...)
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o
and g = 1, where f.. = l/2At. Then the quantity IN'(o ) defined as

7 , L-N N „ 9
IN'(a

2) = — ! I (r - [ a r - g a 2 ) 2 (16)
N L - N +1 SL=O l n=l n * n *

can be minimized tc give another estimate of a . Here (L is the quantity

obtained from eq.("i5) by substituting a for a . Then we get

, L-N N L-N /»,

°l = L I (r l - I anr.£.n)g£]/ I g
2 , (17)

0 SL=O l n=l n l n * £-0 £

which may be a more reliable estimate than a . The estimation procedure

developed above will be called the least squares (LS) method hereafter.

The LS estimates, a 's and a , can be shown to reduce to the corresponding

YW estimates for N = L, respectively.

With respect to the selection of the model order, Tokumaru et al.

have got a hint from FPE which can be used only for the real time series,

and studied a statistic named the function of order estimation (FOE).

In the present case, the minimum FOE criterion may reduce to choosing

the order N which gives the minimum of ECl^a, a )], where E denotes

the ensemble average with the constraint that a and a are given. This

selection rule, however, needs a fairly artificial procedure for

revaluating the true covariances R 's from the obtained spectral esti-

mates of various model orders. Rather, we choose the following procedure

because of its simplicity. Now, let us assume r 's are mutually

independently distributed normal random variables with means R 's and
X

2
an identical variance n ; that is, the deviation given by e = r - R
satisifes <eo> = 0 and <E.E > = r\ & (X.,m = 0, 1 L). Then the

x. it m 36 j m

maximum likelihood estimates a\ and a of the AR parameters are obtained

by solving



JN(a, a
2) = min Jja, a2) , (18)

a,a2

and

where R (I = 0, 1 L) is the solution to eq.(5) with the given a
o

and a . In this scheme, the AIC can be written as

AIC(N) = (L + 1) logn2 + ZN , (20)

? 2
where fj is the maximum likelihood estimate of n and given by

= JN(a, a
2) . (21)

Thus, to solve eq.(18) will result in a reasonable estimation procedure
o

with the criterion of minimum AIC. However the minimization of J«,(a, a )

under the constraint of eq.(5) leads to a problem of nonlinear program-

ming which may be difficult to solve exactly for large N.

In order to avoid this difficulty, let us note the similarity
2 2

between JN(a\, a ) and IN(a, a ). In fact, if R^'s in ̂ q.(19) are
N ?

r e p l a c e d w i t h E a r . + o 6 „ on t h e b a s i s o f t h e samp les r o ' s , t h e n
p= I n Xj~i\ JtjU a

o o ^
JN(a\, a ) is reduced to IJ&, o ) . In this sense, the LS estimates a and
"7 ?

a1- may be considered as approximations of a and a , respectively. This

relationship may not only guarantee the usefulness of the LS spectral

estimator, but also suggest that the AIC approximated as follows is

practicaMy useful for order selection in the LS method:
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AIC(N) - (L + 1) log IM(ai, a
2) + 2N . (22)

The least squares IN(a\, 5 ), which indicates the goodness of fit of the

AR model to the data, decreases monotonically with the increase in N.

Therefore, the first term on the right of eq.(22) decreases with N,

while the second term increases with N. Hence, one may expect that

AIC(N) defined abov;; attains a minimum for a certain value of N in the

range 1 < N < L. Its dependence on N should be well worth referring,

although the model order which gives the minimum may not be absolutely

best in the LS spectral estimation.

The effectiveness of the LS spectral estimation with this criterion

is demonstrated by some numerical examples in the next section.

3. NUMERICAL EXAMPLES

A. 4th Order AR Spectram

The LS spectral estimator is now numerically examined and compared

with the YW spectral estimator and further with the BT spectral estimator

with the Bartlett (triangular) lag-window. As a first example, let us

consider the 4th order AR process with a = (1.1, -0.4, 0.2, -0.3), a2 =

1 and At = 1 sec, whose power spectral density is illustrated with a

solid line in Fig.l. Normal random numbers with mean zero and variance
7 7 2

n = (0.03RQ) = 1.75 x 10 are numerically added to R^ in order to

produce the samples r {I = 0, 1, .... 50). As seen in Figs.2(a)-(b),

the LS spectral estimate approaches the true spectral density within

a few steps of N and remains very stable for 4 < N < 8. With the

furthe*1 increase in N, however, the spurious peaks appear in the high
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frequency region. The values of I».{a, a ) and AIC(N) as functions of N

are shown in Fig.3. After the initial rapid degradation, IM(S, a )
p

decreases gradually and monotonically toward the value of n , whereas

AIC(N) attains the minimum for N = 4. For many different random numbers,

AIC(N) has the minimum for the order of N = 4 or 5. Thus the above

example indicates that the LS estimation procedure with the minimum

AIC(N) criterion gives a well-behaved estimate.

The YW spectral estimates calculated using the same samples r 's

are shown in Figs.4(a)-(b). The results are not good even for N = 4 and,

moreover, the spectral estimate greatly vari&s with N, becoming spurious

even for relatively small values of N. The unstable behavior of the

estimator like this will offer a difficulty in finding the best spectral

estimate for the process of unknown order. Note that these results are

obtained from very few samples, which lead to a very poor reproducibility

in estimation with respect to different random numbers. Note also that

the estimate of a takes a negative value for N = 6. Since the quantity

a is positive definite, one may say that the YW estimation of o is

almost meaningless in this case. The LS method is excellent also in

this respect; actually, even eq.(9) is useful to prevent the estimate

a from becoming a negative value, ar.d an additional improvement is

achieved using eq.(17). The superiority of the LS over the YW spectral

estimation is remarkable for large values of n/RQj that is, for

inaccurate correlation measurements.

Needless to say, this improvement I"F attributed to the use of

samples much larger in number than the AR parameters to be estimated.

The LS method, however, is still excellent for extremely few samples.

The broken line in Fig.5 illustrates the LS spectral estimate with N = 4

and L = 5, which is better than the YW spectral estimates of similar
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orders shown in Fig.4. For such a small value of L, however, the AIC(N)

monotonically decreases as N is increased to L, and shows no minimum.

Note that the criterion of minimum AIC is based on the asymptotic

property of the maximum likelihood estimator and valid under the
14restriction of L » N.

The above results should be compared with the BT spectral estimates

shown in Figs.l and 5. We observe that the LS method is superior to the

BT method in the resolution for small L and in the signal-to-noise ratio

for large L.

B. Butterworth and Gaussian Spectral Peaks

Next, let us study two types of spectra, which may be similar to

the spectrum of the electron cyclotron emission from plasma. One type

consists of the first order Butterworth spectral peaks, whose auto-

covariance function is expressed as

p 9
R(T) = I 4 exp(-2TTg. |x|)cos2iTkf T . (23)

k=l K K °

Another type has the autocovariance function written as

p
R(T) = I c| exp(-sj;T

2/2)cos2*kfoT , (24)

which produces Gaussian spectral peaks. These two types differ strongly

in that the Butterworth spectrum is well approximated by that of an AR

process, while the Gaussian spectrum has not a finite-order all pole

expansion. In the following numerical examples, we let p = 3 and f

= 0.05 Hz, choosing the values of the other parameters as follows:

&k = 0.007 (k = 1, 2, 3) and (a*, a*, a*) = (0.15, 1.50, 0.30) for the
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Butterworth type; Bfc = 0.04 (k = 1, 2, 3) and (a*, a*, a*) = (0.10,

1.00, 0.20) for the Gaussian type. We put R£ = R(«,At) with At = 1 sec,
2 2and mean-zero normal random numbers with variance n = (0.011R ) are

added in order to produce the data r. (l = 0, 1, , 140).

In the Butterworth case, the behavior of the LS spectral estimator

is quite good. The result obtained by the minimum AIC(N) procedure is

shown in Fig.6. The spectral estimate is fairly good even for a

relatively small model order such as N = 20 and approaches the true

spectral density steadily and slowly as N increases. A good approxima-

tion is obtained and remains stable for 30 < N < 50, while AIC(N) attains

a minimum for N = 36. It is after N is increased over 50 that spurious

spectral details gradually appear. These results as well as those on the

4th order AR spectrum indicate a notable fact that the minimum AIC(N)

criterion may give the value of N a little bit larger than the lower

limit of the allowable ragne of N, for which the reliable estimation is

achieved. In other words, one may be able to find the best spectral

estimate for the model order which actually minimizes AIC(N) or for a

somewhat larger order.

In Fig.6, we observe small additional spectral peaks in the high

frequency region. Their origins are traced to the random numbers

which are used as the substitutes for the error in correlation measure-

ment. Actually, the sample covariances composed entirely of the random

numbers can result in similar spectral peaks, which can be shown to vary

with the change in the random numbers and also the maximum lag L. Note

that the change in L implies a partial change in the sample covariances

used for estimation and can lead to a somewhat different statistical

error in estimation.

On the other hand, the Gaussian spectral peaks can not be
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reproduced so well as the previous example. In Fig.7 is demonstrated

the spectral estimate for N = 48, which gives the minimum of AIC(N).

Although the estimate is fairly stable and good around this model order,

some slight deteriorations are observed in the spectral shape. Particu-

larly, small spurious peaks appear in the second harmonic for 30 < N <

40 and subsequently in the first and third harmonics for N > 45. As

far as the second harmonic is concerned, the best fit is achieved

around N = 65 for the random numbers used here. Note that the spectral

estimate in Fig.7 has a slightly enhanced peak of the second harmonic

and the biased peak frequency of the third. The BT method always gives

the underestimation of spectral peaks and has better fidelity as to peak

frequencies in spite of lower resolution, as an example for Gaussian

spectral peaks is shown in Fig.8.

In Figs.9(a)-(b) are shown the results of the YW spectral estimation

for Gaussian spectral peaks, which make a sharp contrast with the LS and

BT spectral estimates described above. The YW spectral estimate ob-

tained is characterized by three extremely enhanced spectral peaks for

relatively small values of N, and by many large spurious peaks for large

values of N. In addition, the spectral shape is greatly changed whenever

N is varied only slightly. After all, the YW method gives very poor

approximations to the given spectral shape. The same is substantially

true with respect to the Butterworth spectral peaks.

Finally, the LS spectral estimation is examined only briefly in

terms of the phase error owing to the error in locating the origin of

the interferogram. This type of error is the most common and serious

failure in FTS. In order to.see this effect, the autocovariance func-

tion given by eq.(24) is first shifted by St so that R^ = R(£At + 6t)

(A = 0, 1 140), and then corrupted by random numbers having the
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same variance as before. The result obtained by the minimum AIC(N)

procedure is compared with the corresponding BT spectral estimate for

6t = At/4 in Fig.10. Although we find that the two spectra are sloped

in a somewhat similar way, the adaptation of specific model to the

given process seems to cause a more complicated phase error.

4. APPLICATION TO FOURIER SPECTROSCOPY

The interferograms, produced with a double pass rapid-scanning
1ftFourier-transform spectrometer, are now processed by the newly

developed method. The spectrometer consists of an interferometer of the

modified Martin-Puplett polarizing type and has been built for receiving

the radiation from high-temperature plasmas confined in toroidal mag-

netic fields. A maximum optical path-difference as much as 46 cm is

achieved using a scanning mirror which oscillates at 25-30 Hz. The

interferometer output is detected with a Putley type InSb detector,

whose output is fed to a low noise wide-band amplifier. The mirror

displacement is monitored with the aid of an auxiliary interferometer,

and the amplifier output is successively sampled at each equally-spaced

mirror displacement. The sequence of the acquired samples constitutes

an interferogram, that is, the sample autocovariance function of the

electric field amplitude of the incident radiation. The corresponding

time interval At is evaluated as At = Az/c = 0.752 psec from the spatial

sampling interval As and the velocity of light c. One of the important

factors limiting the accuracy of the measurement is the amplifier noise.

In the present experimental condition, the coherence time of the

amplifier noise is much shorter than the scan time for the mirror to

move along the distnace Az. Hence, as long as the amplifier noise is
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the dominating error in the measurement, the sample covariances r.'s

can be assumed to be mutually independent.

A. Analysis of a Highly Coherent Submillimeter Wave

Before measuring the radiation from plasma, the measuring system

is checked for the coherent radiation from a 140 GHz klystron. The

obtained interferogram is processed by the two methods, i.e., by the BT

and LS methods; the results are compared in Figs.ll(a)-(b). For the

maximum lag of L = 100, the LS spectral estimate obtair'.u under the

minimum AIC(N) criterion has a full width at half the maximum power of

Af = 0.1 GHz, which is much smaller than the smallest value of Af = 6.9

GHz achieved by the BT method (Fig.ll(a)). This superiority of the LS

method in frequency resolution is more remarkable for smaller L, as seen

in Fig.11(b). A small maximum lag such that LAt is less than the

characteristic period of the klystron signal, in other words, the

maximum path-difference smaller than the wavelength is sufficient to

present the line-like spectrum by the LS method, although AIC(N) has no

minimum in the case of small L like this. The peak frequency f of the

LS spectral estimate shows a weak dependence on L; for example, the

value of f is evaluated to be 141.7 GHz for L = 100 and 140.2 GHz for

L = 175 under the minimum AIC(N) criterion, whereas the variation in the

peak frequency of the BT spectral estimate can be shown to be less than

0.1 GHz for L within the range of 100 < L < 175.

In Fig.ll, the normalized spectral densities are plotted because

of the computational difficulty in the AR estimation. For a highly

coherent signal, the numerator of eq.(4) is evaluated to be nearly zero;

in addition, the denominator takes a very small value at the peak

frequency and thereby produces the peak value, which is inaccurate.
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This difficulty may be enhanced by the inaccuracy in the YW estimation.

In fact, although the line-like spectrum can be reproduced well by the
2

YW method, the YW estimate of a greatly changes with N and does not

*2 3
give a reliable value at all; for example, (a /r ) x 10 takes values

of 1.7, -27.7, and 0.68 for N = 14, 15, and 16, respectively. The

situation is considerably improved by the LS method, which yields

(c^/r0) x 10
3 = -0.35, -0.55, and -0.56 for L = 100 and the same values

of N, respectively. In addition, the improvement in estimating the

denominator contributes to the stabilization of the peak value. The

negative value of a may be caused by the error in determining the zero

to which the interferogram should reduce in the limit of infinite lag.

Actually, the change of only 1 % in the assumed zero can lead to a

^2
positive value of a .

The asymmetrical side lobe of the BT spectral estimate in Fig. 11 (a)

is essentially attributed to the phase error in the interferogram. Using

19
Loewenstein's method, the displacement of the sample points can be

evaluated to be 6t - 0.05At, and the corrected spectrum yields f =

141.6 GHz.

B. Analysis of the Electron Cyclotron Emission from a Stellarator Plasma

The practical knowledge gained by the above simulations and experi-

ments is now devoted to analyzing the radiation from a stellarator plasma

20
produced in the JIPP T-II device. The observation is made along the

major radius of the plasma. The interferogram shown in Fig.12 is chosen

for a negligibly small phase error. In Figs.13 and 14 are shown the LS

spectral estimates of various orders, which should be compared with the

BT spectral estimate displayed with broken lines in Fig.14. By the BT

method, spectral peaks coming from the electron cyclotron emission of



extraordinary mode are observed around nf (n = 1, 2, 3 ) , where f

is the electron cyclotron frequency at the center of the plasma. An

additional small spectral peak having a peak frequency lower than f

is related to the electron plasma oscillation. Since the plasma is

optically thick for the second harmonic, its spectral profile can

represent the radial distribution of the electron temperature in the
21

magnetically confined toroidal plasma. To be accurate, the cyclotron

frequency varies with the radial position, since the toroidal magnetic

field is inversely proportional to the major radius of the toroidal

plasma, whose radiation power is also proportional to the local electron

temperature. Hence the obtained power spectral density can be easily

transformed into the radial temperature distribition. The Thomson

scattering experiment shows the electron temperature of about 0.7 keV

at the center of the plasma. The small dip in the second harmonic,

observed in the BT spectral estimate, may indicate the existence of

comparatively low temperature plasma.

Figure 13 shows that the LS spectral estimate for N = 20 is

excessively smoothed; however, the fine structures are recovered with

the increase in N. The somewhat unstable behavior which appears for

Gaussian spectral peaks is not observed in this case. As shown in Fig.

15, AIC(N) attains a minimum for N = 30; for this model order, however,

the peak frequency related to the electron plasma oscillation is somewhat

underestimated. For larger N, the estimation is improved for all the

frequencies of the main spectral peaks mentioned above, and the dip of

the second harmonic becomes deeper. For N in the range of 35 < N < 40,

the estimate remains stable except for •'•he small peaks in the high

frequency region of f > 200 GHz; these peaks are gradually enhanced with

the increase in N. As N is increased over 40, the dip becomes somewhat
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shallow again, while all the other spectral peaks are emphasized; for

N > 50, they are apparently inadequate to spectral estimates and a new

dip also appears in the third harmonic.

On the basis of these observations, the estimate for N = 35 is

chosen as the best one to be compared with the BT spectral estimate and

displayed in Fig.l4(a); the high frequency part is plotted in the

magnified vertical scale in Fig.l4(b). Note that the dip structure of

the second harmonic can be made more evident by the LS method than by

the BT method. The dip in electron temperature may be explained as due

to the enhanced radiative energy loss in the presence of excessive

impurity ions in the central part of the plasma; in fact, the enhanced

line radiation from FeXVI is observed in this plasma condition.

Also note that the highly improved signal-to-noise ratio may malo

it possible to detect the higher harmonics of the electron cyclotron

emission. In Fig.l4(b), the small peaks observed in the high frequency

region (f > 200 GHz) resemble to those observed in the range of f > 0.2

Hz in Figs.6 and 7. Although the amplitudes of these peaks are of the

order of the statistical error, a better reproducibility is observed in

the plasma experiment.

A problem remains in the choice of L. The lag of L = 180, which is

the largest one in the given interferogram, assures the highest frequency

resolution in the BT spectral estimation at the expense of the statistical

accuracy; for smaller L, the BT spectral estimate is smoothed, and the

dip in the second harmonic can be shown to disappear for L < 140. By

contrast, in the LS spectral estimation the lag of L = 70 is sufficient

to detect all the main peaks and the dip, while a slightly smoothed

spectrum is obtained for large L such as L = 180.

Finally, the YW method is applied to the same interferogram. As
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seen in Fig.16, the results are characterized by too steep spectral

peaks and by their violent vairations with the model order. Note that

the vertical scale in Fig.16 differs from that in Fig.14. The YW method

fails to give useful information in the electron temperature distribution.

5. DISCUSSION AND CONCLUSIONS

By taking account of the inaccurate correlation measurement in FTS,

the AR model fitting under a least squares criterion has been studied

on the basis of the Yule-Walker equations. An AlC-like criterion based

on the similarity between the proposed estimator and the maximum likeli-

hood estimator has been suggested with respect to the selection of model

order. The proposed method has been first applied to some artificially

produced autocovariance functions and subsequently to some actual

interferograms of submillimeter waves. The results have been compared

with those of the conventional methods. The principal advantage of the

AR method (MEM) over the BT method lies in its enhanced frequency

resolution, in particular, for small available lags. By the least

squares approach, such an advantage is succesfully introduced into FTS.

The direct application of the Yule-Walker equations leads to very poor

results.

For a highly coherent submillimeter wave, the maximum optical path-

difference smaller than the wavelength is sufficient for the LS method

to reproduce its line-like spectrum. The extremely high resolution,

however, has to be understood with some reservations. With respect to
22a sinusoid corrupted with a white noise, Lacoss has showed that the

BT method gives a peak value proportional to the power of the sinusoid,

while the AR method does not; it is rather the area of the obtained
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spectrum which indicates the power. Additionally, we find a difficulty

in determining the peak value in a highly coherent case.

The LS spectral analysis of the electron cyclotron emission from a

toroidal plasma also gives an interesting information on the spectral

detail of the second harmonic, namely, the dip in the electron tempera-

ture distribution. We recall that the LS method produces spurious peaks

on the second and third harmonics of the Gaussian spectrum for some model

orders. Nevertheless, they are considerably smaller and exhibit unstable

behaviors with the change in N and, in addition, never appear in the

corresponding BT spectral estimate. The adaptation of a specific model

causes bias and statistical errors which heavily depend on the true

spectral density and the model order. Because of the complexity of

the dependence, one may often find some difficulty in inferring the true

spectral density from its estimate. Therefore the BT spectral estima-

tion is still useful as a reference standard, and numerical simulations

should also be necessary.

The high signal-to-noise ratio of the LS spectral estimate may open

up the possibility of detecting higher harmonics of the electron cyclo-

tron emission. However, it should be noted that the error in measuring

the interferogram may produce similar spectra' peaks. The quantity

IN(a, a ) can be considered as an approximation of the maximum likelihood
p

estimate of the mean squared error n in correlation measurement. For
~ *9 1/9

N = 35 and L = 140, its magnitude is evaluated as D N(a, a )] ' /r =
_2

1.33 x 10 . We have used the random numbers with similar variances in

the simulations on the Butterworth and Gaussian spectral peaks. Some

simulations for p > 3 suggest that the spectral shapes of the higher

harmonics obtained by the LS method heavily depend on the particular

random numbers which are used. Further investigation is needed with



- 22 -

this respect.

The proposed criterion for order selection is sufficiently useful

in practice. Even though the AIC is exactly calculated in the maximum

likelihood estimation procedure, it may not give the absolutely best

model order. Since the AIC is related with the whole profile of the

spectral density in some sense, it may not indicate the best estimate

with respect to a limited part of the spectrum in which we are interested,

for example, the second harmonic of the electron cyclotron emission.

Thus, it is necessary to check the degree to which the obtained spectral

details vary with the model order. Anyway, the stability of the

estimate around the order adapted on the basis of the AIC is at least

needed for reliable estimation. Furthermore, the criterion for selecting

the maximum lag L may have to be studied by considering the inaccurate

measurement at large lags, which may be caused by the degradation of the

interferogram itself and also by the error in determining the zero to

which the interferogram should reduce at the infinite lag. However, such

a criterion may be less important than that on N, because the dependence

of the estimate on L is rather weak.

When a trend is included in the interferogram, it produces very low

frequency spectral component. In general, as a result of the nonlinear

operation of the autocovariances, the AR spectrum for the sum of two

autocovariance functions is not simply the sum of the reipective spectrum.

So far as the authors know from experiments, however, the trends havs no

significant effect on the obtained emission spectra. On the other hand,

the error in locating the origin of the interferogram may result in a

spectrum distorted in a complex manner, and may bring about a considerable

change in the model order which gives the minimum of AIC(N). With respect

to a highly coherent signal, some preliminary experiments show that the
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LS and BT spectral estimators are somewhat similar in both the amount

and direction of the peak frequency shift due to the phase error; a

higher sensitivity to the phase error is observed as to the YW spectral

estimator.

In spite of these difficulties, the spectral estimator based on the

model adaptation has some remarkable characteristics, which may be

useful for raising the limitations of FTS. It may be excellent

especially for short optical path-differences. The path-differnece may

be limited practically by the electronics noise in the case of weak

incident radiation and eventually by the facility of the movable mirror.

Up to now, in the research of time series analysis, the AR spectral

estimation has not been well studied with the emphasis on the sample

covariances which are directly measured in experiments. Such a situation

needs some new estimation procedures under the validity of the maximum

entropy principle. The success in the present LS approach might provide

a basis for further works in both the time series analysis and the FTS

research.
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FIGURE CAPTIONS

Fig.l Power spectral density of the 4th order AR process (solid line).

The broken line shows the BT spectral estimate for L = 50.

Fig.2 LS spectral estimates of various model orders for the 4th order

AR process in the case of L = 50: (a) N = 2, N = 3;

(b) N = 4, N = 8. Solid lines display the true

spectral density.

Fig.3 Dependences of AIC(N) and IN(a. o ) on N. The arrowhead
p

indicates the magnitude of n .

Fig.4 YW spectral estimate to be compared with the estimates in Fig.2:

(a) N = 3, N = 4; (b) N = 5, N = 6.

For N = 6, the absolute value of the estimate is plotted because

ac takes a negative value of -1.63. Solid lines show the true

spectral density.

Fig.5 Comparison of the LS spectral estimate of N = 4 (broken line)

and the BT spectral estimate (dotted line) in terms of a small

maximum lag of L = 5. The results in Figs.l, 2, 4S and 5 are

obtained from the same sample covariances. The true spectral

density is plotted with a solid line.

Fig.6 LS estimate (broken line) of Butterworth spectral peaks (solid

line); N = 36, L = 140 and [I36(a, a
2)]1/2/R0 = 1.31 x 10'2.

Fig.7 LS estimate (broken line) of Gaussian spectral peaks (solid line);

N = 48, L = 140 and [I48(a, a
2)]1/2/RQ = 1.38 x 10"2.

Fig.8 Result of BT spectral estimation (broken line) for Gaussian

spectral peaks (solid line).
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Fig.9 YW spectral estimates (broken lines) to be compared with the

results in Figs.7 and 8; all these results are based on the

same sample covariances. The true spectral density is plotted

with solid lines.

Fig.10 Phase error due to the displacement of 6t = At/4. The solid

and broken lines display the LS (N = 28, L = 140) and BT (L =

140) spectral estimates, respectively. The true spectral density

is identical with those in Figs.7, 8 and 9.

Fig.11 Normalized spectral density of a klystron output, (a) Results

for large L: the broken and solid lines give the BT (L = 175)

and LS (N = 14, L = 100) spectral estimates, respectively; the
^2 1/2AIC(N) is minimized for this model order with [I,-(a, a ) ' /r

= 7.41 x 10"3. We read fQ = 141.7 GHz and Af = 6.9 GHz from the

former, and f = 141.7 GHz and Af = 0.1 GHz from the latter,

(b) Results for small L: the broken and solid lines give the

BT (L = 9) and LS (N = 8, L = 9) and LS (N = 8, L = 9) spectral

estimates, respectively. The latter indicates f = 142.4 GHz

and Af = 0.6 GHz.

Fig.12 Interferogram of the emission from a magnetoplasma.

Fig.13 Plasma emission spectrum obtained by the LS method for various

model orders and L = 140; N = 20 (solid line with plus signs),

N = 30 (solid line) and N = 50 (broken line).

Fig.14 Comparison of plasma emission spectra obtained by the two methods;

the solid and broken lines display the LS (N = 35, L = 140) and

BT (L = 180) spectral estimates, respectively. Part (b) presents

the high frequency spcetra in the magnified vertical scale.

Fig.15 Dependences of AIC(N) and IN(a, a ) on N in the estimation of

plasma emission spectrum.



- 28 -

Fig.16 YW estimates of the plasma emission spectrum: (a) N = 20,

N = 35; (b) N = 37.
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