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Abstract

Numerical computations are made to study the collision

process between two cylindrical or spherical solitons. The

soliton resonance is found to play an important role in colli-

sion processes between two curved solitons as well as between

two plane solitons.
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§1 Introduction

The resonant interaction of ion-acoustic solitons has

been studied both theoretically and experimentally in several

papers. In the previous paper (hereinafter refered by

I followed by the appropriate section number), the authors

numerically solved the two-dimensionally extended form of the

Boussinesq-like equation and pointed out an importance of the

resonant interaction of solitons in nonlinear evolution of

ion-acoustic waves. Here, we shall present the results of

numerical studies to make clear a role of soliton resonance

in the collision of two cylindrical or two spherical solitons.

Similar to the previous paper I, we start from the fol-

lowing equation,

3!f/3t2 - V2f + cc(3/3t)(Vf)2 - B(32/3t2)V2f = 0, (1)

where f is the velocity potential of ion fluid associated with

a weakly nonlinear, weakly dispersive ion-acoustic wave, and

a, 8 are constant parameters specifying the order of magnitude

of nonlinearity and dispersion, respectively. All quantities

are normalized in a dimension.less form.

The one-soliton solution of eq.(l) is given by

p = (66/ct)K2sech2a, (2)

6 = K(x-x0) - n(K)t, (3)

3p/3t = -V2f, (4)
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where the dispersion relation holds between K and n(K);

D(fi,K) s n2 - K2 - 46fi2K2 = 0. (5)

The analytical two-soliton solution has been obtained

by applying Hirota's method and assuming a, a to be small

enough to neglect their higher order terms. When the reso-

nant condition

D(n1±n2,K1±K2) = o, (6)

is satisfied for an appropriate set of K. (i = 1,2), where

D(n.,K.) = 0, the two-soliton solution tends to the resonant

solution with a triad structure of solitons; the two solitons

K. and K~ join at a point from which the third soliton , K..

± K_, newly brances out through the resonant interaction. The

left-hand side of eq.(6) is considered to be a function of the

angle made by K. and K2 for fixed values of | K. I ' s, so that

eq.(6) gives two resonance angles ^ ^ and i^"^ corresponding

to the double sign in the equation. The resonant state is

realized when the intersecting angle of two solitons equals

to (i or • . If it is between two resonance angles, the

two soliton solution becomes singular in the sense that regu-

lar solitons with sech2 profiles are transmuted to singular

solitons with -cosech* profiles through the interaction. For

angles of intersection being outside of (1< , ip ) , the two

solitons interact weakly and overlap each other almost without
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changing their wave forms. The solutions under the initial

condition, that the two solitons are superimposed each other

with various angles, have been numerically studied in I; for

intersecting angles between two resonant angles they strongly

interact through exchanging resonant solitons and for other case

any resonant state of solitons was not seen in the development

of the system. On this account, the angular region between

*i~i and i> , in which the interaction of two solitons is
i€S iG S

resonantly strong, is called the resonant region and the outer

region is called the regular region,in the following.

A soliton solution of a cylindrical or spherical symmet-

ric structure for eq.(l) is obtained by assuming the effect

of curvature of the wave-front to be small and applying the

reductive perturbation method (see Appendix A ) . In §2, nu-

merical computations are made to study the collision of two

cylindrical solitons. The case of two colliding spherical

solitons is considered in §3. In both cases, the results show

that soliton resonance comes to appear when two solitons in-

teract in the resonant region. The final section is devoted

to concluding discussions.

The integration scheme applied here is the same as that

in I: Equation (1) takes the form

3f/3t + a(Vf)2 - 8O/3t)V2f + p = 0, (7)

with eq.(4). Introduce a new variable through
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I = 3f/3t, (8)

and transform eq.(7) into

3p/3t = -V2ff (9)

•'( 1 - BV2 )f = -p - u(Vf)1. (10)

Replacing the differentiation with respect to the spatial

variables by the four point central difference quotients, we

solve eq.(10) to get 1 on the mesh points at a certain time

step, and then obtain p and f at the next step from eqs.(8)

and (9) by means of the 4-th order Runge-Kutta-Gill method.

Iteration of this procedure completes the numerical integra-

tion of the initial value problem. In what follows, the pa-

rameters a and B are taken both 0.03 and the mesh size and the

time step are taken as ax = fly = 0.5 and At = 0.0 5. The pe-

riodic boundary conditions are imposed in x and y directions.

§2 Collision of Two Cylindrical Solitons

The collision process of two cylindrical solitons, which

are created from different sources, is studied by numerical

integration of eqs.(8)-(10). The initial condition is given

as superposition of cylindrical soliton solutions (see Appen-

dix A) ;

p(x,t=0) = 6K2[sech2(Kr+) + sech
2(Kr_)], (11a)
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f(x,t=O) = 6n[tanh(Kr+) + tanh(Kr_)], (lib)

r± = /(x±xo)
2+y2 - rQ, n = /KV(1-4BK 2), (lie)

where rQ is the initial position of wave-front of each soliton

and 2xQ the relative distance between two sources. In the

numerical calculations the two cases are studied; case (A) rQ

= 30 and xQ = 15, case (B) rQ = 40 and xQ = 50. In both

cases K = /2 is taken. The resonance angle between solitons

with equal amplitude is given by putting n . = n . = K/V1-48KZ

in

( K i ± K . . ) 2 = ( n i ± a j ) V [ l + 4 e ( n i ± n j ) 2 ] » ( 1 2 )

w h i c h i s o b t a i n e d f r o m e q s . ( 5 ) a n d ( 6 ) ; f o r t h e p r e s e n t c a s e

*l*l = cos"1! (1-128K2 )/d+126K2 ) ] = 81° ant* +ili = 0° •
ITS S JTGS

case (A) , the initial angle of intersection of two solitons

is e= 2sin"1(xn/rn) = 60°, and then <>
 ('~' < 9 < *!*' holds.

The solitons interact each other in the resonant region from

the begining. On the other hand, for case (B), the two soli-

tons never intersect initially. As time increases, they come

to intersect one another with expanding wave fronts. The col-

lision process in early stage is regular, or non-resonant,

starting from the head-on collision with e = 180° . As soon

as two solitons cross each other with the angle <> , the in-
res

teraction becomes a resonant type.
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2-1) Numerical Results

The wave patterns obtained in numerical simulations are

shown in Fig.l for case (A) and in Fig.2 for case (B). In

both cases, a new wave with large amplitude is seen to emerge

from, the intersection point of two colliding solitons. The

r-dependence of these waves is shown in Fig.3. The solid

lines show the r-dependence predicted from the reductive per-

turbation theory in Appendix A. In applying eqs.(A.9) and

(A.12) the values of parameters, ?„ and rQ are suitably taken.

The agreement of predicted values with numerical simulation

is quite well not only for colliding solitons but also for

new waves. This implies that the new wave can be regarded as

cylindrical soliton for both cases, (A) and (B). Hereafter,

the new wave with large amplitude is then called the leading

soliton.

There are differences between case (A) and case (B) . For

case (A) , one can see a small amplitude wave accompanying the

leading soliton, while for case (B) the corresponding small

amplitude wave is not observed. Furthermore, the difference

between two cases is also seen in the change of the amplitude

of the colliding soliton through the collision process; for

case (B) the decrease of the amplitude after the collision

is remarkable when the two solitons interact in the resonant

region (see Fig.3b in which the amplitude after the collision

is plotted by open circles showing rapid decrease), but for
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case (A) the decrease in the amplitude is not so obvious.

2-2) Analyses of Numerical Results

Above simulation results naturally lead to an idea that

the resonant interactions take place in two ways such as shown

schematically in Figs.4a and 4b corresponding to case (A) and

case (B), respectively.

2-2ai case (A): Since the two colliding solitons are already

in the resonant region at the initial state, that is <l<
iS 5

< e < 4) where e ic the initial intersecting angle of two
res

solitons, the interaction is quite similar to the case studied

in I§3; the two cylindrical solitons, marked "A" and "B" in

Fig.4 a, interact through exchanging four intermediate ones

("C", "D", "E" and "F") and transform themselves into the

others ("A1" and " B 1 " ) . The solitons "C" and "D" correspond

to the leading soliton and the follower accompanying it from

behind in Fig.l, respectively. Though ripples are also ex-

cited, their amplitudes are negligibly small. The amplitudes

of "C" and "D" can be estimated in the same way as in I§3; for

given Kft and Kg, , the resonance condition imposed on the ver-

tices ("A","E","C") and ( "B1 " , "E" , "D" ) , i.e, S!(K.+K,J = a. +
A L. A

Si and !J(KDI+K_) = fiD1 + a . , and the kinematical re la t ion K.
«- £> LI D U A

+ K = K + K determine two vectors K and K , where K and
I— D L) t- IJ A

Kg, are substituted by the observed values of the simulation.

The results thus obtained are illustrated in Fig.5, showing

good agreement with the simulation results.
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2-2b) case (B): The two colliding solitons do not intersect

with each other at initial state. They first overlap around

t = 10. However, the interaction there is still non-resonant

(see Figs.2a-2c). The regular solution is expected to hold

in this stage. Around t = 60, the resonance condition is

satisfied between tiem (Fig.2d). After that, the wave pattern

such as shown schematically in Fig.4b is consecutively pre-

served (Figs.2d-2f). The situation is different on this point

from case (A). As is shown in I, the state that two solitons

are superposed in the resonant region disintegrates at once

by emitting a quadruplet of solitons from the overlapped re-

gion. This is because in the neighborhood of the overlapped

region the local structure of the state is different from the

solution of eq.(l). This is the case (A). For case (B),

however, two colliding soli<_ons gradually go into the resonant

region so that the interaction is considered to be moderate

to maintain a simple resonance structure of Fig.4b by emitting

an excess energy little by little as ripples; the two col-

liding solitons ("A" and "B") interact each other through ex-

changing the resonant soliton "C" and is transmuted into "A1"

and "B1".

In the non-resonant state, t<60, the amplitude of maximum

peak at the intersection is estimated by the regular solution

(see Appendix B);

pmax = 2 pA [ 1 " (1-2xo/R2)(1"vS)/(1+/5)J' - 1 3 a )
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A = (l-2apA)/[l - 2apA((RA,0)
2 - 1)], (13b)

where R is the curvature radius of the colliding soliton and

PA = (6a/B)KA its amplitude.

For t > 60, the amplitude of "C" and "B1" (or "A1") of

Fig.4b are estimated by imposing the resonance condition (6)

on the vertex made by "A", "C" and "B1" (or "A"11: The res-

onance condition is written by taking plus sign and putting

(i,j) = ("A","Br") in eq.(12) as

(KA+KB,)
2 = (nA+BB,)V[l + 4S(fiA+fiB,)

2]'

where K (K , ) and Q (nn!) satisfy the dispersion relation

(5). Neglecting the higher order terms of a or B, one can get

immediately from the above resonance condition

l-(ap /6){l + z)2

sin2(*/2) = (ap /2) (1+z)2 , (14a)
A l+(4ap /3)z

<14b>

where p D, = (68/a)K2, and * is the angle between KA and KnI.
Jj hi A B

The soliton amplitude for "C" is given by

Pc = (6B/a)Kc
2 = (66/a) (KA+KB, )

 2

= P A [ ( 1 + Z )
2 - 4z sin2 (0/2)]. (15)

We can obtain the amplitudes for "B1" and "C" by solving eqs.

(14) and (15) for given p. and 0.
A

The calculated values for p , p , and p_ are compared
max LJ c
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with the simulation results in Fig.6. In getting the calcu-

lated values, the observed values in the simulation are used

for R, pft and <t> in eqs.(13)-(15). Theoretical prediction for

"B1" agrees fairly well with the simulation results. However,

prediction for "C" quite exceeds the observed value near the

resonance point. This suggests, as was pointed out by Kaup ,

that "C" can r.ot fully form while the collision passes through

the resonance point.

§3 Collision of Two Spherical Solitons

Similar analyses as in §2 can be applied to the case of

two colliding spherical solitons with an account of a geomet-

rical difference. Numerical integration of eqs.(8)-(10) is

made under the initial conditions (16a) and (16b) with

r+ = /(x±x0)
2 +y2 +z2 - rQ , fi = K//1-4BK2. (lie1)

The parameters rQ, xQ and K are taken as rQ = 30, xQ = 15 and

K = /2 for case (A), and rQ = 35, xQ = 40 and K = /2T5" for

case (B). The difference in the initial conditions is the

same as that in §2; at the initial stage, two solitons, for

case (A), are already in the resonant region but do not inter-

sect each other for case (B) . The corresponding patterns are

quite similar to those in Fig.l and Fig.2; for case (A) a

quadruplet of intermediate solitons is formed through resonant

i teraction and for case (B) a resonant soliton mediates be-

cween two wedges made by incident solitons (see Fig.4). We
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do not repeat again details, but show only the results in

Figs.7-9.

Figures 7a and 7b show the r-dependence of the amplitudes

for the colliding soliton and the leading soliton. The decay

of the soliton amplitude with increasing R is well understood

by the asymptotic theory in Appendix A.

For case (A) , the amplitude for the leading soliton and

the follower, corresponding to "C" and "D" in Fig.4a, is

plotted in Fig.8, where the calculated values by using the

resonance condition are found to agree well with the numerical

results.

For case (B), the amplitude for the resonant soliton

("C") and the scattered soliton ("A"' or "B'"J is shown in

Fig.9. In calculating the amplitudes p , p and pD, from

eqs.(13)-(15) the observed values in numerical simulation are

used for the values of R, p. and $ as well as in the case of

§2-2b. The qualitative agreement of theoretical prediction

with the simulation for "B1" is seen. However, deviation of

the prediction from the simulation is also found near the reso-

nance point (see §2-2b).

§4 Concluding Discussions

In this paper, we have numerically studied the collision

process of cylindrical or spherical ion-acoustic solitons, and

succeeded in analyzing the simulation result in terms of soli-

ton resonance. The interaction between two solitons is found
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to take place through an interchange of one or four interme-

diate solitons according as they are initially superposed in

the regular or the resonant region.

The word "soliton" has been used widely throughout the

paper; for example- the localized objects exchanged in the

interaction process have been named "intermediate soliton",

"leading soliton" and so on. Strictly speaking, however,

these objects are hardly recognized as soliton, because they

have a finite length of crest and then imperfectly satisfy the

soliton dispersion relation (5). it is, therefore, impossible

to estimeite the amplitude for those objects by regarding them

as genuine solitons and applying the resonance condition. For

example, cosider the case cf §2-2a represented by a schematic

diagram in Fig.4a, which contains four external lines (corre-

sponding to incoming and outgoing solitons) and four internal

lines (intermediate objects). All thcss objects are specified

by the wavevectors K's, each of which has two components. The

resonance conditions, together with the kinematical conditions

(K. + K. = K, ; a triad (i,j,l) stands for coirponent of a

vertex), are imposed on four vertices, to yield twelve condi-

tions in total. If the external objects, both incoming and

outgoing solitons, were regarded as given solitons, the num-

ber of conditions would be over that of unknown vectors, K ,

.., K . (The same discussion is valid for the case of three

component wavevector.) Such an overabundance of condition
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comes from the unreasonable identification of intermediate ob-

jects as genuine solitons. On this account, in §2-2a, the

resonance condition has been applied on the sub-diagram made

by "A", "B"', "C", "D", "E" in Fig.4a; Kc and KD are regarded

as unknown variables to be determined, while K and K , being

considered given variables substituted by the observed values

(four kinerratical conditions and two resonance conditions

uniquely determine three unknown vectors, K , K and K ).

In this case, the "C" (or "D") connected to the apex of

"A" and "E" ("B"1 and "E") is considered to differ from that

connected to the apex of "B" and "F" ("A1" and "F"):

By the use of another sub-diagram ("A"1, "B", "C", "D", "F"),

a different solution for K-, and K_ , with the same magnitudes

as above but different directions, should be obtained. This

difference in the directions of Kc and K^ should be considered

to cause the wave fronts of "C" and "D" to bend (see the simu-

lation pattern of Fig.l). Of course, one can regard K and

Kg as given vectors to obtain the other six unknown vectors

KA, , K , , K_ ,.., K_. This assignment, however, implies an

improbable requirement of flatness of wave fronts to "C" and

"D", and is not so good as that of §2-2a in the agreement with

the simulation result.

In the case of §2-2b, the same discussion is possible;

considering the sub-diagram made by "A", "B1", "C", and re-

garding K and the angle between Kft and K , as unknowns, we
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have applied the resonance condition to get the satisfactory

results.

Here, we attempt to analyze, on the basis of the above

discussion, the experiments on the collision of two plane sol-

itons by Folkes, Ikezi and Davis , and Nishida and Nagasawa .

The interaction pattern is schematically given ty a diagram

such as Fig.4b. For the regular collision, in which the in-

tersecting angle of two solitons 4> is not in the resonant re-

gion, the amplitude of the intermediate object "C" can be ob-

tained by eg.(13) with replacing x /R by sin(*/2). For the

collisions in the resonant region, the amplitude of "C" is ob-

tained by imposing the resonance condition on the sub-diagram

made by "A", "B1" and "C". Two cases are considered; case

1), K. and the relative angle between "A" and "B1" are re-

garded as given variables and K_ and IK
B i I as unknowns, and

case 2), K. and the relative angle between "A" and "C" are re-

garded as given and |K^| being unknown. The results

of these two cases, combined with that for regular collision,

are shown in Fig.10, Qualitative agreement with the experi-

ments is better in case 1) than in case 2). This may be a

reflex of a plausible assignment of given or unknown variables

in case 1). The quantities connected with the external ob-

jects, incoming and outgoing solitons, are assigned there to

known variables. Whilst, in case 2), though "C" is unqualified

as a genuine soliton, its direction is considered given.

- 14 -



Recently, Ze, Hershkowitz, Chan and Lonngren have experi-

mentally observed generation of a new nonlinear object in col-

lision processes of two cylindrical and two spherical solitons

of ion-accustic wave. Kaup analyzed their experiment

and concluded "that the phenomena of nonlinear resonance cf

solitons do qualitatively account for these experimental re-

sults, and that more accurate data on these collisions may

also give quite good quantitative agreement". Certainly,

their experimental results differ from the present numerical

results in some points. First, the speed of their new wave

is considerably large compared with ours. Since the amplitude

of resonant soliton is known from the theoretical study to be

at most four times of that of incoming solitons, the speed

of new wave should be given by

a/K = (1 - 46K2 ) ~ 1 / 2 = (1 + 4cp/3)

in the unit of ion-acoustic speed, /T /m. , if it were a reso-

nant soliton. It is observed in their experiment that the

front of new wave advances from that of colliding so.litons

more than predicted from the above soliton speed. Secondly,

the new wave seems to be created in their experiment at an

earlier stage than predicted from the resonance condition.

Our numerical results, however, do not contradict with the

theory based on the soliton resonance. In such ways, the de-

tails of their experimental result seems to differ in nature

~ 15 -



from our theoretical prediction. The experiment on collision

of two cylindrical solitons has been recently made in a double

plasma device by Tsukabayashi and Nakamura. ' According to

a preliminary study, the qualitative agreement of this experi-

ment with our simulation result is rather well. Further

studies, both theoretical and experimental, are necessary in

order to get a more definite answer on an importance of soli-

ton resonances.
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Appendix A

We here look for ar. asymptotic solution for soliton with

a cylindrical or spherical symmetric structure. By introduc-

ing the radial variable r through r = /x2 +y2 for cylindrical

wave.and r = /x2+y2+z2 for spherical wave, and defining

u = 3f/sr, (A.1)

eq.(l) is written in the form,

(32/3t2)u - (32/3r2)u - 3/3r(qu/r) + a(32/3t23r)u2

- B(3"/3r23t2)u - p O V a t ' a r ) (qu/r) = 0, (A.2)

where q = 1 for the cylindrical case and q = 2 for the spheri-

cal case.

Consider a soliton solution expanding with velocity c

in the two- or three- dimensional space. Since the wave am-

plitude decreases with expanding wave front, the speed c

changes with its location for its amplitude dependence. As-

suming that the curvature radius of wave front is so large

compared with the so]iton width that the curvature effect may

become small, we introduce the new variables

T = t - / rdr'/c(r'),

(A. 3)

E = er,

w.'iere £ is a small parameter specifying the curvature effect.
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The r-dependence of c is to be c^termined later. The power

series expansion of u in e,

u = u ( 0 )
 + cu

(1) + (A.4)

is applied in (A.2). In the lowest order, we have

(1-C~ 2)(3 2/3T 2)U ( 0 ) - (a/c)(32/3T2){u(0)}2

- (B/c2)O V 3 T - ) U ( 0 ) = 0. (A.5)

which admits a soliton solution

u ( 0 ) = (3(c2-l)/2ac)sech2(/(c2-l)/4S T ). (A.6)

In the next order, we have

( 1 / C 2 ) 3 2 / 3 T 2 [ ( C 2 - 1 ) U ( 1 ) - 2 a C U ( 0 ) U ( 1 ) - B 3 2 U U ) / 3 T 2 ]

+ 3 / 3 T [ ( 2 / C ) 3 U ( O ) / 3 5 + 2 o u ( 0 ) 3 u ( 0 ) / 3 €

+ ( 2 6 / C ) 3 3 U ( 0 ) / 3 T 2 3 5 - ( c ' / c 2 - q / c 5 ) ( 6 3 2 U ( 0 ) / 3 T 2

+ u ( 0 ) ) ] = 0 , ( A . 7 )

where c' = 3 c/3 5 • Integrating (A. 7) once with respect to

x, multiplying by u and integrating again over -t from -=> to

•= yields

[1 + (2(c2-l)2/5c2)] dc2/dr

+ (2g/3r)(c2-l)[l - (c2-l)/5 ]= 0, (A.8)
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as a non-secular condition for u . The r-dependence of c

is readily obtained by solving (A.8);

(A.9)

X, = c2 - 1,

where c and r are integral constants. For c « 1 , (A.9) is

approximated as

C/CQ - (r/r Q ) "
2 q / 3 . (A.10)

Taking account of p= u/c in (A.6), we have

p = (3/2a)c/(l + c)sech2t-/i74T(t-/rdr//T+T)] , (A.11)

frorr which the amplitude of soliton is obtained,

(3/2a)?/{l+<). (A.12)

For small c, the amplitude is approximately proportional to

r~ ^ . This result agrees with that obtained hy Maxson and

Vicelli from the consideration of the energy conservation in

the Korteweg-de Vries equation with the curvature effect.

Appendix B

Two soliton solution for eq.(l) is given by eqs.(11)-(13)

in I§2. It is seen from the viewpoint of symmetry of solution

that the maximum of amplitude is realized at e. = e_ = -ln(A)/4
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and is expressed as

Pmax = < 68/ aH 1 + / A) 2[ (K1-K2)
 2 + 2(K^+K^)/A

+ (K1+K2)
2A J (E.I)

Dfa.-n^K,-* )
'A = -(l-8gn,n ) — i - ~ (E.2)

D(n 1+n 2,K 1+K 2)

x.here D(n,K) is the dispersion function, D(fi,K) -= n 2- K 2

- 4BSJ2K2. For the case of equal soliton amplitude, n. = n 2 =
fi = K/zT^TjK2", (B.2) is written in the form

A = (l-126K2)/(l-12BK2cot2(*/2)), (B.3)

where <t> is the angle made by K. and K,. Similarly we have

p
m=.v = (12B/a)[l -[ (1-/A)/(1+/A) ]cos * ]. (B.4)

From the geometry shown in Fig.4, we have sin($/2) = x./R,

which is substituted (B.3) and (B.4) to yield eg.(13).
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Figure Captions

Fig.l: Numerical solutions for collision of two cylindrical

solitons for case (A) with r,. = 30 and xQ =15, at

six time steps t = 0, 10, 20, 30, 40, 50. Wave pat-

terns in the form of contour maps are plotted on the

right side. At t = 0, two solitons are superposed

in the resonant region.

Fig.2: Numerical solutions for collision of two cylindrical

solitons. for case (B) with rQ = 40 and x~ = 50, at

six time steps t = 0, 20, 40, 60, 80, 100. Wave

patterns in the form of contour maps are plotted on

the right side. At t = 0, two solitons do not in-

tersect each other.

Fig.3: Amplitude for the colliding soliton and the new wave

versus the curvature radius of wave front for the

cylindrical case: (a) for case (A) and (b) for case

(B) . Numerical solutions are plotted by dotts and

the theoretical predictions, (A.9) and (A.12), by

solid lines. The curvature radius of wave front is

practically defined as the distance frorr. the wave

front to its own source (0, or 0 ? in Fig.4) for col-

liding solitons and to the origin 0 for the new wave.

Fig.4: Schematic diagram for collision of two curved soli-

tons: (a) for case (A) and (b) for case (B). Soli-
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tons "A" and "B" are excited from 0 and 0 , respec-

tively. At t -• 0, their wave fronts are apart from

their own sources by rQ. The lines "A1" and "B1"

correspond to the outgoing solitons. The lines "C"(

"D", "E" and "F" represent the wave fronts of inter-

mediate objects.

Fig.5: Numerical solutions (•) versus theoretical predic-

tions (o) for the amplitude of the leading scliton

"C" and the follower "D" in the case (A) with cylin-

drical geometry.

Fig.6: Numerical solutions versus theoretical predictions

for the amplitude of the new wave "C" and the out-

going soliton "B'" in the case (B) with cylindrical

geometry. The theoretical values are plotted by

O for p , • for p̂ , and A for p_, . Numerical re-
max C JD

suits are given by • for "C" and A for p ,.

Fig.7: Amplitude for the colliding soliton and the new wave

versus the curvature radius of wave front for the

collision of spherical solitons: (a) for case (A)

and (b) for case (B). Numerical solutions are plot-

ted by dotts and the theoretical predictions, (A.9)

and (A.12), by solid lines.

Fig.8: Numerical solutions (#) versus theoretical predic-
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tions *(0) for the amplitude of "C" and "D" in the

case (A) for spherical geometry.

Fig.9: Numerical solutions versus theoretical predictions

for the amplitude of "C" and "B1" in the case (B)

for spherical geometry. The theoretical values are

plotted by O for p , D for p_ and A for p„,. Nu-
IllaX L- D

merical results are plotted by • for "C" and A for

Fig.10: Amplitude of intermediate object for two colliding

plane solitons: (a) for the experiment by Folkes,

4 )
Ikezi and Davis and (b) for one by Nishida and

Nagasawa . For (a), the intersecting angle is

fixed and the amplitude varied, and vice versa for

(b). Theoretical predictions are made for two cases:

case 1); K and | K , ] are considered as unknown

variables, and case 2); K , and |K | are unknowns.

These are plotted by solid line for case 1) and bro-

ken line for case 2).
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