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FOR E w ORD 

This publication is the second in the Advances in Fusion Science and Engineer- 
ing series, a part of the DOE Critical Review Series. The purpose of the 
Advances in Fusion Science and Engineering series is to provide the fusion 
research community with high-quality reviews in specialized areas of fusion sci- 
ence and engineering. 

Although Alfvtn waves have been the subject of study in space plasmas for a 
long time, only recently have plasma dimensions and betas reached sufficiently 
high values to make it possible to study Alfvtn waves in the laboratory. Auxili- 
ary heating by means of Alfvdn waves has been tried both in the United States 
and abroad. Preliminary indications are that heating may be possible with the 
very high absorption efficiency predicted by theory. Because of the localized 
nature of wave conversion, Alfvin waves have the potential of providing plasma 
profile control. Alfvdn waves have recently been proposed for space-resolved 
measurement of magnetic fields in tokamaks and may become important as a 
diagnostic tool in the future. 

This monograph deals with. the properties of Alfvin waves and with their 
application to fusion. The book is divided into seven chapters dealing with linear 
properties in  homogeneous and inhomogeneous plasmas. Absorption is treated 
by means of kinetic theory. Instabilities and nonlinear processes are treated in 
Chapters 1 to 6 ,  and the closing chapter is devoted to theory and experiments in 
plasma heating by Alfvtn waves. 

V 



vi  FOREWORD 

I n  view of the growink importance to the tokamak program of auxiliary 
heating by means of electromagnetic waves, I believe this monograph will fill a 
need for an exposition of the essential elements of AlfvCn waves, with emphasis 
on geometries relevant to tokamaks. The extensive reference section at the end 
of each chapter will assist the reader in expanding his knowledge of the subject. 

W. L. Sadowski 
Editor, Advances in Fusion Science and Engineering 
DOE Critical Review Series 
Division of Applied Plasma Physics 
Ojjice of Energy Research 
U. S. Department of Energy 
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PREFACE 

Of the many types of waves that exist in plasmas, the Alfven wave is probably the best 
studied. However, some of its unique properties, such as the absence of a discrete 
eigenmode in a nonuniform plasma and the effect of a finite ion gyroradius, are not 
widely known. Although the importance of the Alfven wave in astrophysical and space 
plasmas was realized soon after its discovery in 1942, plasma physicists paid relatively 
little attention to it until recently because of difficulties in exciting it in the 
laboratory. However, the recent progress in thermonuclear fusion research has 
increased the possible physical size and magnitude of plasma beta (the ratio of the 
plasma to magnetic-field pressure) so that the Alfvkri mode is now accessible in 
laboratory plasmas. Consequently a large part of ths.book explores areas of relevance 
of Alfv6n waves to fusion. This book also serves as a good review for scientists in the 
areas of astrophysics, space physics, and solid-state physics. Recent references in these 
areas are listed at the end of Chap. 1. 

Chapters 1 and 2 introduce the Alfven wave and describe its linear properties in a 
homogeneous medium. Chapters 3 and 4 cover the effects of inhomogeneities on these 
linear properties. Particular emphasis is placed on the appearance of a continuum 
spectrum and the associated absorption .of the AifvCn wave which arise as a result of 
the inhomogeneity. Kinetic theory is used to explain the physical origin of absorption. 
Chapter 5 is devoted to the associated plasma instabilities. 

In recent publications considerable interest has been shown in the study of 
nonlinear phenomena associated with the AlfvCn wave. Since it is not possible to 

vii 



v i i i  PREFACE 

describe all this work, we restricted our study to nonlinear processes in laboratory- 
scale plasmas. Nonlinear effects discussed in Chap. 6 include quasi-linear diffusion, 
decay, a solitary wave, and a modulational instability. To compensate for our 
omissions, we have included a large number of references on recent work at the end of 
the chapter. 

The Alfven wave is a potential candidate for radio-frequency heating of a fusion 
plasma because low-cost power sources in the appropriate frequency range are readily 
available and its absorption rate is high. The principles of Alfven-wave heating, a design 
example, and present-day experimental results are described in Chap. 7. 

The idea for this review originated when the authors met at Bangalore, India, in 
December 1976. I t  has been difficult to co-author a book whle  the authors are sitting 
on opposite sides of the earth, but thanks to our very efficient typists, Hildegard 
Franks (United States) and K. S .  Rajagopal (India), it has gone rather smoothly. 

After the manuscript was finished, one of the authors (A. Hasegawa) used it in a 
plasma seminar course at Columbia University graduate school to teach plasma 
physics, using the Alfven wave as an example. The richness of phenomena related with 
the Alfven wave, which involves the magnetohydrodynamic theory, the kinetic theory, 
plasma instabilities, and nonlinear effects, was very useful in showing how the 
plasma-physics theory can be applied to a real problem. 

We both are grateful to our spouses, Miyoko Hasegawa and Professor S . N .  
Balasubrahmanyam, for their encouragement and endurance. One of the authors 
(A. Hasegawa) is particularly appreciative of his favorite music colleague, Sachiko 
Nishida, who has continuously helped to calm his impatient spirit. The other 
(C. Uberoi) is thankful that her children, Rajju and Soonu, “understood” when their 
mother had to go to the “office.” 

Akira Hasegawa 
Bell Laboratories 

Chanchal Uberoi 
Indian Institute of Science 
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ALFVEN WAVE -rrlDEAL” 

The well-known basic principle of magnetohydrodynamics is that, when a conducting 
fluid moves in the presence of a magnetic field, the motion of the fluid gives rise to 
electromagnetic force, which produces electric currents. These electric currents modify 
the initial magnetic field, and, in the presence of the magnetic field, the mechanical 
force due to the electric currents modifies the motion of the fluid. Thus there is an 
interaction between the magnetic field and the motion of the fluid. The mechanical 
effects of a magnetic field are equivalent to a hydrostatic pressure, B2/2p0, combined 
with a tension, Bz/po, along the lines of force. In an incompressible fluid, the 
hydrostatic pressure can be balanced by the pressure of the fluid so that only the 
tension, B2/2po, remains effective. Analogy with the theory of stretched strings 
suggests that this tension may lead to the possibility of transverse waves along the lines 
of force, with a velocity VA given by 

where p is the mass density of the fluid. 

given by Al fvh  was “electromagnetic-hydrodynamic’’ waves. 
The possibility of such waves was first established by H. Alfve‘n in 1942. The name 

DlSPERSl ON R ELATlO N I .  

To study small-amplitude wave ‘propagation’ in an ideal incompressible fluid, we 
linearize the ideal magnetohydrodynamic (MHD) equations (see the appendix), taking 

1 



2 ALFVBN WAVE-"IDEAL" Q 
p to be constant and u + 00, an infinite conductivity assumption. The fluid is initially 
stationary, and the equilibrium magnetic field is Bo = (O,O,Bo). We consider a linearly 
polarized wave with the wave magnetic and velocity fields in the y direction; 

We take the direction of wave propagation in the x-z plane. This is equivalent to 
taking an incompressible perturbation, V * v =  0. With the use of (v - v ) v =  
vy (avy/ay) = 0, the equation of motion of fluid becomes 

where the x component of the current density Jx relates to By through the AmpZre 
law, 

By and vy are related through the electric field by Ohm's law 

E, + vyBo = 0 

and the Maxwell equation 

If we substitute Eqs. 1.2, 1.4, and 1.5 into Eq. 1.3, we have 

and 

1 BY By = - VA - 
VY=-- (Po P )  BO 

Equation 1.6 represents a wave propagating along z direction with Alfven velocity 

The sinusoidal solution of Eq. 1.6 is 
VA given by *Bo(pop)-%. 

By = A sin w (c- t) (1.8) 



PROPERTIES 

where A is the amplitude; vy is then given by 

sin o (t - t )  
.1 

Vy = - A -  b o  P P  

3 

(1.91 

The lines of force now lie in the y-z plane, and their shape is given by the 
equation 

(1.10) 

Solving this, we find that (dy/dt) = v y ;  i.e., the velocity of the lines of force is the 
same as the fluid velocity. This leads to the well-known concept of “frozen-in” fields. 
The magnetic lines of force are “frozen in” to  the conducting fluid and are thereby 
constrained to move with the fluid. It is this concept which gives rise to the analogy of 
AlfvCn waves to those waves along an elastic string. The magnetic lines of force have a 
lateral pressure and a tension equal to B Z / p o .  Since the magnetic lines are frozen in the 
fluid, the density can be taken as p ,  the fluid density. Hence the wave velocity along 
the magnetic lines of force is given as Bo(pop)-%. We also note that the wave equation 
1.6 is exact in that we did not have to linearize to obtain it [(v * V)v term in Eq. 1.2 is 
identically zero]. In this respect the Alfven wave is considered as an exact solution. 

PROPERTIES 

The most striking property of the Alfve‘n wave is that it propagates in one 
direction only (i.e., along the magnetic lines of force that pass through it) and 
therefore suffers no geometric attenuation with distance (i.e., it does not spread out 
three-dimensionally around a source of disturbance which leads to “spherical 
attenuation”). There are cases of astrophysical importance in which densities are so 
low that attenuation due to collisional effects becomes negligible over relevant length 
scales. 

The AlfvCn wave is transverse in nature since the particle velocities are 
perpendicular to the direction of wave propagation. 

It is a low-frequency wave; we have already set an assumption of neglection of 
the displacement current. The discovery of this wave in an incompressible medium 
became a very important and highly interesting phenomenon since the energy could be 
transmitted without large-scale exchanges of the fluid elements. 

AlfvCn velocities are several orders of magnitude smaller than the velocity of light 
(Table 1.1). Because of this velocity, the wave can be easily controlled. This fact is 
used in the coupling of the Alfven wave to other waves as seen in the excitation of 
sound waves in solids. 



4 ALFVEN WAVE--“IDEAL” 

Table 1.1 

ORDER OF MAGNITUDE OF ALFVEN WAVE 
VELOCITIES IN FUUR DIFFERENT MEDIA 

Alfvdn wave 
Magnetic Density, velocity, 

Media field, G g/cm3 cmlsec 

Solar corona 10-2 10-’6 3 105 
Galactic arms 10-5 10-2 3 x 106 
Hydrogen gas (at 

100 om Hg pressure) lo4 10- 3 x 107 
Bismuth 103 3 x 10’ 

In an Alfven wave the energy is transmitted partly as magnetic and partly as 
kinetic. The electric energy is small and is insignificant for an Alfvin wave. The 
hnetic-energy density 

1 i --p v2 =- 
2 2110 

equals the magnetic-energy density. Therefore, for an MHD Alfven wave, the 
kinetic-energy density is equal to the magnetic-energy density. This equi-partition of 
energy is, of course, a consequence of the’frozen-in lines of force, and this will 
therefore hold only for a medium of infinite conductivity. 

However, as indicated in Chap. 2, the Alfvdn wave, which has a perpendicular 
wavelength comparable to the ion gyroradius, carries electric energy that is comparable 
to the magnetic-field energy. 

REFLECTION AND TRANSMISSION 

Here we consider reflection and transmission of the Alfven wave. We take 

(z < 0, incoming wave) 

(z > 0, transmitted wave) 
(1.11) 

Z B” Y = A” sin w [-G - t) (z < 0, reflected wave) 

Q 



@ FINITE CONDUCTIVITY 

E: = A’ V A ~  sin w 

E ~ : = - A ” v ~ ~  s inw 

Boundary conditions are 

By t B;’ = B; 

E, t E; = E\ 

which gives 

5 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

Rigid boundary (conducting, p 2  = m): A = A”; there is no phase shift in the induced 
magnetic field. From the relation between vy and B y ,  it can be easily shown that there 
is a 180” phase shift in the velocity field. 

Free surface (p2 = 0): A.= - A”; hence there is a 180” phase shift in the magnetic 
field, and the velocity field is reflected with the same phase. 

At a nonconducting boundary, the current density, J,, associated with the wave 
must be zero, which gives A =  -A”.  Hence the phase shifts in the magnetic and 
velocity fields are the same as those for the free surface. 

A general treatment of the reflection and refraction of Alfve‘n waves, when the 
magnetic field is inclined at an angle of the plane of separation z = 0, has been given by 
Ferraro (1954). I t  was shown that the general laws of reflection and refraction no 
longer remain simple, as in the case when the magnetic field is normal to the surface of 
separation, since they depend on the ‘orientation of the field with respect to  the 
surface of separation of the two liquids. 

FINITE CONDUCTIVITY 

The “infinite conductivity” is an ideal situation. What are the conditions in which 
the AlfvCn wave can still exist if the conductivity is large but finite? This can be 
studied by introducing the effect of finite conductivity in Ohm’s law, 

(1.4a) 1 E, t vyBo = - J, 
(7 
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The dispersion relation i s  

or 

where a is the conductivity, 
For small damping, 

The damping distance is 

2PO ma 
w2 zo =- 

For an Alfvdn wave with wavelength X to exist, 

20 s x 

That is, 

ALFVEN WAVE--"IDEAL" 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

(1.21a) 

(1.21b) 

where L is the Lundquist numher (Lundquist, 1949a, 1949b). 

COMPRESSlBl L l T Y  EFFECTS 

When compressibility is taken into account, the dispersion relation assumes the 
form 

H where vs = (yPo/po) i s  the sound speed and 0 is the angle between the equilibrium 
magnetic-field direction and the wave propagation direction. 



CORIOLIS FORCE EFFECTS 7 

There are three modes of propagation. The first two are given by the upper and 
lower signs of the equation 

(1.23) wz-1 1 H - t t vi)’ - 4 ~ 5 ;  COS’ e]  
k2 2 

and the third by 

(1.24) a’ - - vi COS’ e k2 - 

They are termed fast, slow (magnetosonic waves), and intermediate (Alfven waves) 
modes, respectively. 

When 0 = n/2, the only mode that persists is the fast mode. The fast mode has 
about the same velocity as the Alfven speed when the magnetic pressure is large 
compared with the material pressure and represents the compressional Alfven mode. 
The compressional Alfven mode arises owing to compression of the magnetic lines of 
force. 

When 8 = 0, we have the Alfven and sound waves. 
If VA % vs,  then the compressibility effects are not very large; the two modes, VA 

cos 6 and vs cos 8 ,  are anisotropic in direction; and the third mode, VA(1 t 1/2 v:/ 
v i  sin’ e), is not affected much by the direction. 

However, if V,/VA is not small, we no longer have a disturbance transmitted along 
the lines of force as a coherent whole unless the motion is wholly normal to Bo. 

CORIOLIS FORCE EFFECTS 

In the presence of the Coriolis force, 2 p v x  a, where 52 is the uniform angular 
velocity directed along the magnetic-field direction, the dispersion relation for Alfvkn 
waves assumes the form 

v; (I-%) - 2vzpvl t V‘A = 0 

where vp = o / k  isihe phase velocity. 
The two modes of propagation are 

known as the “inertial,” or “fast,” mode and the “magnetic,” or “slow,” mode. 

(1.25) 

(1.26) 
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Thus, in the presence of the Coriolis force, a plane Alfve'n wave splits into two 
circularly polarized transverse waves with velocities vps < VA < vpf. It can be easily 
shown that there is no equi-partition between the kinetic and the magnetic energies 
(Lehnert, 1954a). 

CYLINDRICAL GEOMETRY: 
TORSIONAL ALFVEN WAVE 

Most of the experiments use cylindrical containers in the laboratory. TO 
understand the theory of these experiments, we consider the Alfve'n wave propagation 
in cylindrical geometry for incompressible and finitely conducting fluid. 

Taking the magnetic field in the z direction and considering axisymmetric 
perturbations so that ala$ = 0, we have 

The equation for B is given by 

where 

and q (= a-') is the resistivity. 
The solution of B ,  which is finite at r = 0, is given as 

B = AJl(kcr) ei(kz-wt) 

where J1 (kcr) is the Bessel function of the first, order. The field variables are 

ik 
PO 

J = - -  

(1.27) 

(1.28) 

(1.29) 

(1.30) 

(1.31) 

n 
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(1.32) 

In the absence of resistivity, the electric field is entirely radial. The Alfve'n wave 
becomes a torsional, or shear, wave. Adjacent magnetic surfaces are able to shear past 
each other without mutual coupling in their motion. If we take k = k, + i/l, where k, is 
the propagation constant and 1 is the attenuation distance, 1 is given by 

(1.33) 

The quantity k, will be determined by the boundary conditions. 
For example, if we take a liquid in the cylinder with radius R and height H and at 

the bottom z = 0 excite a motion, v(r,t) = (vor/R)e-iW t, the boundary conditions are 

r = R  J r = O  (condition 1) 

= 0 = vo L ,-iwt (condition 2) R (1.34) 

z = H  J ,=O (condition 3) 

Condition 1 gives the wave numbers for different modes of propagation as 
J1 (kcnR) = 0; i.e., k,, is given by the zeros of the Bessel function. The corresponding 
k, is then given by Eq. 1.17. 

Conditions 2 and 3 can be satisfied as follows: Consider the repeated reflections of 
the waves. A wave traveling up to the surface isreflected without phase difference in v, 
but H is in the opposite phase in the upward and the downward waves. At the bottom 
the conditions for H and v are reversed. At a point z, if we add all the waves traveling 
up and down, i.e., 

the solution becomes 

(1.36) 
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For z = 0 and r < R, we have 

ALF VEN WAVE- "IDEAL" 

(1.37) 

from which An can be determined. Finally, the expression for v(r,z), valid for 
O < v  < R and O < z  < H, is 

251 (kcnr) COS kn(H - Z) 
(1.38) 

kcnrJz(kcnR) COS knH 
n= 1 

The preceding analysis was given by Lundquist (1949a) while studying the Alfvkn 
waves experimentally. 

EXPERIMENTAL STUD I ES 

The concept of hydromagnetic waves was introduced by Alfve'n in 1942 (Alfve'n, 
1942), but the first experimental observation in the laboratory was made in 1949, 7 
years later. This was due mostly to the difficulty in obtaining conditions under which 
the wave attenuation is sufficiently low to allow observation. The early experimental 
studies of Alfve'n waves were conducted by using liquid metals. Liquid mercury was 
used by Lundquist (1949b) and liquid sodium by Lehnert (1954b). Since more-recent 
experiments in plasmas (discussed in Chap. 2) are very similar to these early 
experiments, we shall give a brief account of these in this chapter. 

The mercury, in a cylindrical vessel, was placed between the pole pieces of an 
electromagnet with the axis of the cylinder aligned parallel to the direction of the 
field. The cylinder diameter was 15 cm, the height 15 cm, and the magnetic field 
about lo4 G. These parameters satisfy the condition L 9 1. A circular disk was placed 
at the base of the vessel so that it would be free to oscillate in its plane about the axis 
of the cylinder. 

Because of the inertia of the mercury, the oscillations of the disk do not produce 
any motion of the mercury in the absence of the magnetic field. However, as soon as 
the magnetic field is switched on, the motion of the disk interacts with the mercury 
electromagnetically, and its oscillations are transmitted along .the magnetic field. This 
is, in fact, the propagation of hydromagnetic waves, which, in this case, are torsional 
waves along a cylinder. As these waves reach the surface, they produce a rotational 
motion. This could be detected by a mirror floated suitably on the surface. The 
deflections of the light reflected from the mirror would indicate the rotational motion 
at the surface. Vely low frequencies, less than 1 cycle/sec, were used to keep the 
damping at a low level. Hence it was not possible to obtain any standing wave effects. 
The waves here will, obviously, be standing for h = z/4, and the amplitude will be quite 
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large. However, owing to the damping effect, which originates from the finiteness of 
the conductivity of mercury, the amplitude on the surface is much decreased. 

Lehnert repeated the experiment with sodium, because its higher electrical 
conductivity and lower density are more suitable for MHD experiments (the Lundquist 
number is 35 times that in the mercury), but the experiment is more difficult to 
perform because of the nature of sodium. Since it is more easily oxidized, it is 
enclosed in a vessel in an atmosphere of some inert gas. So that the motion of the 
surface in hydromagnetic oscillation can be observed, use is made of the probes, which 
are held at various points on the surface. The motion of the material carrying frozen-in 
lines of force with it induces in the probe an electric field given by 

E = - v x  B ( 1.39) 

The relative magnitudes of these electric fields induced in different probes give at 
any instant the relative motions of the surface elements and hence the oscillation of 
the surface. 

The experimental results agree qualitatively with the theory. 
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2 AlFVi!N WAVES IN PLASMAS 

It is now well known that the MHD, or ideal, Al fvh  wave is a fundamental mode of 
wave propagation in plasmas involving low-frequency ion oscillations in the presence 
of a magnetic field. 

At first, it appears surprising that a wave propagating in an incompressible and 
infinitely conducting medium can exist in an ionized gas in which equations V v = 0 
and Et v x B = 0 hold, As pointed out by Herlofson (1950), these difficulties are 
more formal than real. A l f v h  wave exists in plasmas for very low frequencies, 
w Q w,i. Hence the equation of motion for plasmas, 

(E t v x  B) dv-  e 
dt m 

at low frequencies becomes equivalent to the infinite conductivity assumption in a 
liquid. Actually, this characteristic condition means that the magnetic flux through a 
surface moving with the liquid is independent of time. In both cases the magnetic lines 
of force will therefore move with the plasma. Concerning the incompressibility 
condition, the Alfven-wave perturbations are such that the velocity of the medium is 
always perpendicular to the wave normal and thus do not compress the plasma. 
Therefore v * v = 0 is satisfied without suggesting that the plasma is incompressible. 

14 
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DISPERSION RELATION 

We shall use the two fluid descriptions for the plasma to understand the electric 
field and current which are set up in the plasma with the propagation of the Alfven 
wave. 

Since the perturbations do not compress the plasma, the plasma can be treated as 
“cold.” The equivalent dielectric tensor derived from the two-fluid model for a cold 
plasma is 

S -iD 0 

K = h  (3) 

with 

1 S = ;? (R i- L) 

1 
2 D = - ( R - L )  

R = l -  
o(w - wce) - w(w i- W,i) 

The notations are standard and are listed in the appendix. 

magnetic-field, Bo = (O,O,Bo), direction is given by 
The dispersion relation for the waves propagating at an angle 0 with respect to the 

An4 - Bn2 i- C = 0 

where 

A = s sin2 e + P cos2 e 

B = RL sin2 e t ps (1 + e )  
C = PRL 
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where n = ck/w is the index of refraction. When 0 = 0, the two transverse modes are 

These are circularly polarized modes. In the limit w < w,i, we find 

(2.10) 

where p = nomi. The two modes, shear and compressional AlfvCn waves, are degenerate 
at 0 = 0. 

From Eq. 2.10, we find 

= v i  wz - C Z  - -  
kZ 1 + (c2/va) 

(2.1 1) 

with v i  < cz .  Since Eq. 2.10 gives the dielectric constant for a low-frequency wave, 
the Alfven wave can be treated as an electromagnetic wave, which is modified by the 
high dielectric constant of the medium. 

The electric field is in the x direction. The velocity components are then given as 

(2.12) 

(2.13) 

The corresponding solution of the electron equation of motion gives, in the limit 
0' <wEe, 

vex + 0 (2.14) 

E 
BO 
- (2.15) 

The fluctuating magnetic field, By, is given by the Maxwell equation, 
V x E = - aB/dt, as 

w E=-BB, k (2.16) 

Thus we have E in the x direction and Bo in the z direction, which gives E x Bo drift 
in the y direction, which, for w 2  < oEi, is the same for both ions and electrons. Thus 
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the motion of the fluid in the y direction has magnitude of the velocity IE/BoI. The 
ripples in the magnetic-field lines of force move with the velocity (w/k)lB,/Bol, which 
is equal to fluid velocity. The plasma particles thus bound to the magnetic lines of 
force provide an added inertial effect, which lowers the frequency of an electro- 
magnetic oscillation of the given wavelength. The principal mode induces a shear of 
the magnetic lines but no compression (Le,, magnitude of the field does not change in 
the first order). The restoring force is thus derived solely from the tension (Le., 
curvature) of the magnetic lines. The string analogy, as in the conducting liquid case, 
holds for ionized media also. It should be noted, however, that the concept of plasma 
frozen to lines of force and moving with them is an accurate one so long as there is no 
electric field along Bo.  

What sustains the electric field that was presupposed to be there? As E fluctuates, 
the ion inertia causes ions to lag behind the electrons, which induces the polarization 
drift, vp, in the direction of E. This drift, vix, given by Eq. 2.12, causes a current J to 
flow in the x direction. The resulting J x Bo force on the fluid is in the y direction and 
is 90" out of phase with the velocity v. This force perpetuates the oscillation in the 
same way as that in any oscillator in which the force is out of phase with the velocity. 
It is, of course, always the ion inertia that causes an overshoot and sustains the 
oscillation, but in a plasma the momentum is transferred in a complicated way via the 
electromagnetic forces . 

COMPRESSIONAL ALFVEN WAVE 

In Eq. 2.7, when 0 = n/2, the dispersion equation gives 

(2.17) 

In this case the wave propagation is perpendicular to the magnetic lines of force, 
and the compression of the magnetic lines contributes to the restoring force along with 
the curvature. 

The (shear or torsional) A l f v h  wave has no magnetic field induced in the 
longitudinal direction, whereas the compressional AlfvCn mode does have a component 
B parallel to Bo in general. 

Considering 0 ,  not in the vicinity of n/2, we get 

and 

PPO cz 
n2 cosz e = I t - 

B?, 

(2.18) 

(2.19) 
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The first isotropic mode is the compressional mode, and the second is a torsional 
or shear mode, This can be determined by calculating E, whch  shows that E, % 0 for 
both the modes, whereas E, x 0 for Eq. 2.18 and E, 0 for Eq. 2.19. From the 
relation 

E + v x  B = O  (2.20) 

we get 

V -  cos (k,x + k,z - u t )  (2.21) 

for the mode of Eq. 2.18 and 

v - cos (k,x + k,z - a t )  (2.22) 

for the mode of Eq. 2.19, which confirms the compressional and torsional nature of 
these modes. 

HALL CURRENT EFFECTS: 
FINITE FREQUENCY A L F V ~ N  WAVE 

The Hall current effect becomes more important than the electrical resistivity 
whenever the magnetic field, B, is so large that the gyrofrequency of electrons greatly 
exceeds their collision frequency. This can happen in high-temperature low-density 
plasma for reasonable strength of the magnetic field. 

When w 4 ace but w < wci, then 

These two modes give 

(2.23) 

(2.24) 

where + and - are for compressional and shear Alfven waves, respectively. 
Hence the effect of finite ion gyrofrequency disperses the Alfven wave, and the 

unidirectional property, which allows the “ideal” Alfven wave to propagate without 
attenuation, is not met in the case of a “finite frequency” Alfven wave. 

When the Coriolis force is also taken into account, an interesting effect appears 
(Uberoi, 1976). The presence of rotation and Hall effects gives rise to a critical 
frequency, ucr, lying between the rotational and the ion-cyclotron frequencies, 
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(2.25) 

where h = Bo/(4nne), at which the slow and fast modes have the same phase velocity. 
Across this frequency, both modes undergo polarization reversal. At this critical 
frequency, conditions may exist for strong coupling between the two modes of 
propagation. 

ION-NEUTRAL COLLISION EFFECTS 

In a partially ionized plasma, the ion-neutral collisions can become very 

The effect of neutral atoms is introduced through the collision term Pi” in the 
important. We use subscript “i” for ions and “n” for neutrals. 

momentum equation for the plasma ion. Since mi = m,, 

PIn = nnjm, (- vi + v,)v,i (2.26) 

where v,i is the ion-neutral collision frequency. The velocity, v,, is determined by 
the equation 

with 
pnl= - pln 

The Alfven velocity is then given by 

with 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

where r = w/vni. 

FINITE LARMOR RADIUS EFFECTS: 
KINETIC A L F V k N  WAVE 

When the perpendicular wavelength, 2n/kl, becomes comparable to the ion 
gyroradius, pi, ions can no longer follow the magnetic line of farce, whereas electrons 
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are still attached to the field line because of their small Larmor radius. This produces 
charge separation and coupling to the electrostatic mode (Stepanov, 1958; Stefant, 
1970). To treat this effect, we must use Vlasov equations for ions. When kpi = 1, the 
frequency of the fast (compressional) mode becomes the order of the ion-cyclotron 
frequency; hence we can consider that the fast mode is decoupled. Then the 
compressional component of the magnetic-field perturbation, B,, can be assumed to 
be much smaller than the transverse components. This allows us to use a scalar 
potential, I$, to represent the transverse component of the electric field, E,, 

El = - Vl@ (2.31) 

because then B, becomes zero. To represent the z component of the electric field, we 
must use a different potential, $, 

(2.32) 

so that the transverse components of V x E are not zero. The appropriate field 
equations are Poisson’s equation, 

(2.33) 

and the z component of the Ampere law, 

The quantities ni, ne, Jiz, and Je, are obtained from the linearized Vlasov equation 
(appendix) of each species by assuming the unperturbed distribution function to be 
Maxwellian (Rukhadze and Silin, 1969). If the electron thermal speed is larger than the 
Alfven speed, 

(2.36) 

(2.37) 
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(2.38) 

where hi = k: p ? ,  Io&) is the modified Bessel function of the first kind, and 6i and 6, 
are the fractional Landau damping rates, 

6i = 2(n)HpiK exp ( - p i ’ )  (2.39) 

and 

(2.40) 

(2.41) 

where V T ~  and V T ~  are the electron and ion thermal speeds, respectively. The 
dispersion relation can be obtained by substituting Eqs. 2.35 to 2.38 into 2.33 and 
2.34. If we ignore the damping, 

where cs is the ion sound speed with electron temperature, cz = Te/mi. The preceding 
dispersion relation shows the coupling of the Alfven wave and the ion acoustic wave. 
In a low-beta plasma, since vs & VA, they are decoupled, and the dispersion relation of 
the AlfvCn wave becomes 

(2.43) 

Here we call the wave represented by this dispersion relation the “kinetic A l f v h  
wave” because of this kinetic property. If Ai < 1, the dispersion relation of the kinetic 
AlfvCn wave reduces to 

(2.44) 

The kinetic AlfvCn wave can propagate across the magnetic field and faces both 
electron and ion Landau damping because of its coupling to the electrostatic mode. It 
is also important to note that the wave accompanies the electric field in the direction 
of the ambient magnetic field. 

If the plasma is relatively cold such that V T ~  < VA, the electron inertia becomes 
important and the dispersion relation is modified to 

(2.44’) 
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ALFVkN WAVES IN CYLINDRICAL PLASMAS 

The theory of Al fvh  wave in cylindrical geometries in Chap. 1 was developed to 
understand experiments in which only the torsional waves were excited. However, in a 
plasma-wave guide (a long electrically conducting, cylindrical tube containing a plasma 
confined by a uniform magnetic field directed along the axis), there can be many 
different modes of propagation. It therefore becomes necessary to study the properties 
of Alfven wave relative to other modes of propagation. 

Under laboratory conditions it is usually assumed that the plasma pressure is 
negligible compared with the magnetic pressure. 

The ideal MHD equations for axisymmetric perturbations (m=O) of the type 
exp (- iwt t ikz) give the following three equations for the components of the 
magnetic-field vector: 

( k i  - kZ)Be = 0 (2.45) 

dBZ ( k i  - kZ)B, = ik - dr (2.46) 

(2.47) 

The equations thus decouple to give the pure torsional and compressional AlfvCn 

For the compressional mode, Bz is governed by the equation 
waves. 

which gives 

BZ = AJ (kg r) 

where 

kg = k i  - k2 

(2.48) 

(2.49) 

(2.50) 

The compressional modes therefore have a lower cutoff frequency, which is 
obtained by setting k equal to 0 in Eq. 2.50, 

W O C  = kcvA (2.51) 

8 
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where k, is determined by the eigenvalue condition 

J (k,R) = 0 (2.52) 

which arises owing to boundary conditions at r = R, the radius of the cylinder. 
For torsional or shear modes, the frequency is determined by 

W =  kVA (2.53) 

The quantity Be is an arbitrary function of r .  These modes are therefore characterized 
by a constant phase velocity VA and by the absence of a cutoff. Since R is not 
contained in Eq. 2.53, the walls have no effect. The Alfven mode thus has a very 
special nature. 

The compressional and shear Alfvdn modes correspond to transverse-electric (TE) 
modes and principal modes, respectively, in the hydromagnetic wave guide theory, 
which was first discussed by Newcomb (1957). 

The cutoff frequency, woc, is the lowest frequency below which the compres- 
sional mode does not exist. In laboratory plasmas the frequency, woc, is often 
comparable to or is greater than the ion-cyclotron frequency. This makes the study of 
Alfvdn wave, excited well below the ion-cyclotron frequency, simpler. For example, in 
the experiment of Wilcox, Boley, and DeSilva (1960) described in the next section, the 
Alfven velocity, VA, was 2.8 x I O 7  cm/sec for a Bo of 10,000 G .  Therefore 

3'83 (with VA e 4 x I O 7  and R =  5 cm) - WCi 3 108/sec and uOc - R 

Hence woc is comparable to wci. 
If we move away from the ideal situation and take the Hall effect, finite 

conductivity, and ion-neutral collisions into account, the general dispersion relation, 
when m # 0, becomes (Woods, 1962) 

[sk2 - k i  (1 + i6,.k2 + i6,1k:)] {s(k2 t k:) - ki [l t isl (k2 + k;)] } 
= k2(k2 + kE)Q2 (2.54) 

Pn 1 + ir where s =  1 +-- 
Pi 1 + r2 

23 
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and 
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The two modes in Eq. 2.54, which are now coupled, represent “slow” and “fast” 
modes corresponding to torsional and compressional modes at low frequencies. 

Let k = k, t (ill); then at low frequencies Eq. 2.54 gives 

0 (slow) k: =- -  
k: (fast) 

and 

where s f s1 t is2. 
When s1 = 1 and s2 = 0, we get 

(2.55) 

(2.56) 

(2.57) 

for the slow wave, which is the same as Eq. 1.33 to lowest order in 77 in Chap. 1. 
When 6 = 0. 

(2.58) s2 VA I =  ___ 
2wst 

for the slow wave. The damping distance, which is due to both neutral particle 
collision and conductivity, is proportional to Bo for the torsional Alfven mode. 

When m # 0, the components of the magnetic-field vector associated with the slow 
and fast waves to first order in 52, are given, respectively, as 

k: m52 
k,r [sl (k: t k;) - k i ]  

Be = - C (Ib(k,r) - (2.59) 
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and 

1 B o = * [  k,(k: t k:) 52 - Jh(kcr) - - k*m Jrn(kcr) 
s, k: - k a  kCr 

25 

(2.60) 

When m # 0, the boundary conditions give the following eigenvalue conditions: 

J)m(kcR) = 0 (fast wave) 

Jm(kcR) = 0 (slow wave) 
(2.61) 

When m = 0, these become 

Jb(kcR) = 0 (for both waves) (2.62) 

The boundary conditions are for conducting walls. When m = 0, however, the 
torsional wave has the boundary condition of Eq. 2.62, even in case of insulating walls. 

We note from Eq. 2.59 that, for low frequencies, w < wci and m = 0, the slow 
wave is almost entirely a torsional wave. Hence at low frequencies and for 
axisymmetrical perturbations, the torsional wave decouples from the compressional 
mode, and, if wo - o c j ,  the Alfven torsional mode is the only mode propagating in 
laboratory plasmas at very low frequencies. 

EXPERIMENTAL STUDIES 
OF A L F V ~ N  WAVE PROPERTIES 

I 

The experimental generation and detection of Alfven waves in a magnetized 
plasma was first reported at Berkeley, Calif., by Allen, Baker, Pyle, and Wilcox (1959) 
and in England by Jephcott (1959). 

The experiments reported in plasma, though conceptually very similar to the ex- 
periment conducted by Lehnert (1954b), allowed a d e t d e d  study of the properties of 
Alfven waves (see Chap. 1). The major difficulty in these experiments was that the 
damping distance, which was due both to ion-neutral collisions and finite conduc- 
tivity, was proportional to Bo. Very high magnetic fields of the order of 10 kG were 
needed to overcome the damping. If Bo is large, VA, and hence the wavelength, 
becomes uncomfortably large unless the density is high. 

In the experiment of Wilcox, Boley, and DeSilva (1960) and Wilcox, DeSilva, and 
Cooper (1961), with Bo equal to 10 kG, a density of 6 x 10”/cm3 was used to 
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achieve a low AlfvCn speed of 2.8 x lo7 cmlsec. The work was done in a highly 
ionized hydrogen plasma created in a cylindrical copper tube immersed in a uniform 
axial magnetic field that could be varied in strength up to 16 kG. The plasma was 
produced by an ionizing wave front that in many respects was similar to a 
"switch-ion'' shock wave. The plasma thus produced was initially 80 to 100% ionized, 
with an ion density greater than 5 x lo5 /cm3 and an estimated temperature of aro.und 
lo4 OK. Torsional hydromagnetic waves were induced in the plasma by discharging a 
small capacitor between the copper cylinder and a coaxial electrode mounted in an 
insulator at the end of the tube. The coaxial driving-electrode system generates 
azimuthally symmetrical waves. The wave magnetic fields were observed with small 
magnetic probes, and the integrated wave electric field was observed as a voltage on 
coaxial electrodes. Since the theoretical analysis postulates an azimuthally symmetrical 
wave propagation, care was taken to measure the azimuthal symmetry. It was 
measured experimentally with four magnetic probes disposed 90" apart on the same 
base circle. The symmetry was found to be present within a few percent. 

" - I  

AXIAL MAGNETIC FIELD, kG 

Fig. 2.1 Measured phase velocity of Alfv6n wave as a function of axial magnetic-field strength. 
Initial mass density, lo-* g/cm" [From A. W. DeSilva, J. M. Wilcox, W. S. Cooper 111, and F. I. 
Boley, Experiments on Alfvdn-Wave Propagation, in Magnetohydrodynamics, Proceedings of the 
Fourth Biennial Gas Dynamics Symposium, Evanston, Ill., Aug. 22-24, 1961, p. 149, A. B. 
Cambel, T. P. Anderson, and M. M. Slawsky (Eds.), Northwestern University Press, Evanston, Ill., 
1962.1 
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The experimental results are shown in Figs. 2.1 to 2.6. Figure 2.1 shows 
measurements of wave phase velocity vs. magnetic field, depicting the linear 
dependence as given by Eq. 1.1 in Chap. 1. 

Figure 2.2 shows the attenuation against the magnetic-field strength. The 
attenuation is mainly due to finite conductivity since the plasma is fully ionized. The 
agreement between theory and experimental values is good. The attenuation of AlfvCn 
waves due to neutral damping was measured by Jephcott and Stocker (1962) and by 
Brown (1965). 

The most important check on the theoretical predictions for the wave field was 
provided by the observation of wave reflections. The reflections were observed from 
an insulating boundary, represented by a pyrex end plate, from a conducting boundary 
(a copper plate), and from a plasma-neutral interface. The observed change of phase 
of the wave fields on reflection in Figs. 2.3 to 2.5 is in agreement with the theory. 

The magnetic-probe measurement of the azimuthal magnetic field, Be, associated 
with the wave indicated that the strength of Be was about 100 G. Since the static field 
is 10,000 G, the wave field is about 1%, and therefore a small-amplitude theoretical 
treatment is valid. 

Figure 2.6 gives the radial distribution of Be, which is described by a first-order 
Bessel function as predicted by the theory. 
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TIME, flsec 

Fig. 2.3 Oscillogram showing reflection of Al fvh  wave from a pyrex end plate. The voltage (E,) 
reflects in phase and the magnetic field (Be) out of phase, in accord with theory for a 
nonconducting boundary. [From A. W. DeSilva, J. M. Wilcox, W. S. Cooper 111, and F. I. Boley, 
Experiments on Alfvh-Wave Propagation, in Magnetohydrodynamics, Proceedings of the Fourth 
Biennial Gas Dynamics Symposium, Evanston, Ill., Aug. 22-24, 1961, p. 151, A. B. Cambel, T. P. 
Anderson, and M. M. Slawsky (Eds.), Northwestern University Press, Evanston, Ill., 1962.1 

0 2 4 6 a 10 
TIME, psec 

Fig. 2.4 Oscillogram showing reflection from a copper plate with ionizing current still flowing to 
the plate. The electric field has reflected out of phase and the magnetic field in phase, in agreement 
with theory for a conducting boundary. [From A. W. DeSilva, J. M. Wilcox, W. S. Cooper 111, and 
F. I. Boley, Experiments on Alfvbn-Wave Propagation, in Magnetohydrodynamics, Proceedings of 
the Fourth Biennial Gas Dynamics Symposium, Evanston, Ill., Aug. 22-24, 1961, p. 152, A. B. 
Cambel, T. P. Anderson, and M. M. Slawsky (Eds.), Northwestern University Press, Evanston, Ill., 
1962.1 
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0 2 4 6 8 10 
TIME, gsec 

Fig. 2.5 Oscillogram showing reflection from an interface between plasma and neutral gas. The 
phases indicate a nonconducting boundary at reflection. [From A. W. DeSilva, J .  M. Wilcox, W. S. 
Cooper 111, and I;. I. Boley, Experiments on Alfvh-Wave Propagation, in Magnetohydrodynamics, 
Proceedings of the Fourth Biennial Gas Dynamics Symposium, Evanston, Ill., Aug. 22-24, 1961, 
p. 153, A. B. Cambel, T. P. Anderson, and M. M. Slawsky (Eds.), Northwestern University Press, 
Evanston, Ill., 1962.1 

CONCLUDING REMARKS 

In low-beta ideal MHD plasmas, the axisymmetric perturbations propagate as two 
types of decoupled waves, the torsional, or shear, Alfvkn wave and the compressional 
Alfvh wave. When pressure perturbations are taken into account, the torsional modes 
are not affected, because they do not involve any compression of the plasma. The 
properties of the compressional wave, however, change considerably, and the wave 
couples to the ion acoustic wave. In a nonuniform plasma, on the other hand, the 
density gradient introduces a frequency-dependent coupling between the torsional and 
compressional waves of uniform plasma. As a result, an axial component of the 
magnetic-field perturbation, which is normally associated only with the compressional 
wave, is now carried by the torsional wave as well, and was, in fact, detected for 
low-beta plasmas at frequencies well below the lowest waveguide cutoff (McPherson 
and Pridmore-Brown, 1966). The pressure perturbation is not important for the 
tofsional wave but affects the compressional modes in a uniform plasma. However, in a 
nonuniform plasma, it plays a very important role also in the torsional mode. This 
change is rather striking and importiht for the Alfven wave in nonuniform plasmas, as 
discussed in Chap. 4. 
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60 . I I 1 I 

RADIUS, crn 

Fig. 2.6 Radial distribution of the magnetic field, Be, measured near the receiving end of the tube 
after the wave made three transits of the tube. - - -, theoretical distribution for the lowest mode 
J ,  (kcr), Higher modes are all negligible at the distance represented by this measurement. [From 
A. W. Desilva, J. M. Wilcox, W. S. Cooper 111, and F. I. Boley, Experiments on AlfvBn-Wave 
Propagation, in Mugnerohydrodynamics, Proceedings of the Fourth Biennial Gas Dynamics 
Symposium, Evanston, Ill., Aug, 22-24, 1961, p. 155, A. B. Cambel, T. P. Anderson, and M. M. 
Slawsky (Eds.), Northwestern University Press, Evanston, Ill., 1962.1 
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SPECTRAL ANALYSIS OF IDEAL 

MAGNETIC FIELDS 
3 ALFViN WAVE IN INHOMOGENEOUS 

The propagation and properties of the ideal AlfvCn wave in the direction of a constant 
uniform magnetic field are discussed in Chaps. 1 and 2. In many cases, however. the 
magnetic field, though constant in time, is not uniform, and the magnetic lines of 
force are, in general, not straight lines. The question then naturally arises as to what 
type of solution the hydromagnetic-wave equation will admit. Will it have well-defined 
discrete modes with a dispersion relation that gives rise to wave propagation analogous 
to the AlfvCn wave? These questions are discussed in this chapter for a class of 
magnetic fields for which the strength of the magnetic field varies along the direction 
perpendicular to the plane in which the field lines lie. The choice of this class of 
magnetic fields derives from the fact that a theoretical study of propagation of Alfvdn 
waves in such fields has led to very striking and important results. The local variation 
of AlfvCn-wave velocity gives rise to a singularity in the wave equation at the point 
where the wave phase velocity equals the local Alfvdn velocity, which, in turn, leads to 
a continuum spectrum of Alfvdn-wave frequencies. 

Such a study was initiated by Gajewski and Winterberg (1961). Actually, the 
equation arrived at by Gajewski and Winterberg did not show any singular behavior, 
because these investigators neglected the effect of pressure perturbations. The basic 
characteristic of the ideal Alfvdn waves, as noted in Chap. 1 ,  is that the total pressure 
in the fluid, defined as the sum of the fluid and magnetic pressures, remains constant 
during the passage of the wave as a consequence of the incompressibility condition. 

33 
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For inhomogeneous medium, however, the total pressure, in general, couples with the 
dynamics of the motion, and the assumption of neglect of pressure perturbations 
becomes invalid. Uberoi (1964) considered the problem, including the pressure 
perturbations, and found that a singularity arises in the wave equation. She showed 
that there was no possibility of any dispersion relation. Pridmore-Brown (1966) 
discussed various features of the singular behavior of the wave equation but dM not 
arrive at the continuum spectrum of Alfven-wave frequencies. I t  is interesting that 
Grad (1969), in his popular review, mentioned the possibility of the existence of a 
continuum spectrum of Alfven waves. Uberoi (1972) noted that the AlfvCn-wave 
equation exhibits rather complete similarity to that governing high-frequency 
electrostatic oscillations of a cold plasma of nonuniform density. The latter equation 
had been rigorously analyzed by Barston (1964). This similarity made it possible to 
exploit and to extend the generality, rigor, and inclusiveness of Barston’s treatment to 
the case of Alfvkn waves. 

Interestingly, as mentioned by Uberoi (1974), the wave equations obtained in the 
study of the following four problems associated with inhomogeneous flows of liquids 
and plasmas, i.e., the two-dimensional shear parallel flow of inviscid incompressible 
fluid (the Rayleigh problem), the two-dimensional motions of low-density crossed- 
field electron beams, the electrostatic oscillations of inhomogeneous plasma, and 
Alfven-wave propagation in inhomogeneous magnetic fields, show complete similarity 
to each other. The similarity between the first two problems was pointed out by 
Briggs, Daugherty, and Levy (1970). We note, however, that this singular behavior of 
the Alfven wave originates from the assumption that exists behind the ideal 
magnetohydrodynamics, e.g., the zero Larmor radius and/or zero dissipation approxi- 
mations. It will be shown later that the singularity can be eliminated by relaxing these 
approximations. 

T H E  WAVE EQUATION 

The variation in the static magnetic field is assumed to be perpendicular to the 
plane in whch the field lines lie; therefore 

B o w  = Boy(X) $ t Bo&) 

This is consistent with the initial equilibrium state of the system: 

vo = 0 

p o  = constant 

constant B o  l 2  
2flO 

po t -,= 
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We have considered the density to be uniform so that the effect of varying 
magnetic-field strength on the frequency spectrum associated with the Alfven mode of 
propagation can be more easily understood. As shown in Chap. 4, for incompressible 
perturbations, the wave equation is similar either when only the magnetic-field 
variation is considered or when both the density and magnetic-field variations in the 
direction perpendicular to the magnetic field are considered. 

For the initial magnetic-field configuration given by Eq. 3.1, the ideal MHD 
equations for incompressible fluid, after linearization, combine to give 

a z v -  1 
a t2  popo 
--- 

As shown in this equation, the total pressure 5 [p t (Bo * B/po)] is,-in general, 
coupled with the dynamics of the motion unless the medium is homogeneous. 

If the medium is homogeneous, we can take the divergence of Eq. 3.2 and obtain 
V2(ap/at) = 0, whose only solution vanishing outside a bounded region is ap/at = 
constant, which makes $=constant. This then gives the ordinary Alfvdn wave 
satisfying the equation 

where the local Alfven-wave operator, 8, is given by 

In the present case, 5 is not constant. We take the x component of the curl of Eq. 3.2, 

9 ,vx  v),=O (3.4) 

where (v x v ) ~  = (av,/ay) - (dv,/az). 
If vy, v,, and 6 are eliminated from Eq. 3.2 and if V *  v=O, the final equation, 

satisfied by vx, the velocity component along the direction in which the magnetic field 
varies, can be put in the form 

1 '  
V { [$ - - (BO * V)'] Vvx} = 0 

Is0 Po 
(3.5) 

This equation is to be solved subject to the boundary condition that vx -+ 0 as 
1x1 -+ 00. 

Equations 3.4 and 3.5 govern the two modes that can propagate in the 
inhomogeneous fluid. In general, the individual velocity components are coupled 
together by the incompressibility condition, V - v = 0. In one particular case, there is 
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no coupling, namely, when there is no dependence on z. Then vz satisfies 9 v 2  = 0, Le., 
it propagates at local Alfven speed and is uncoupled from v,. An even simpler case is 
one in which the coupling has two dimensions, i.e., the motion is confined to the x-y 
plane. Then Eq. 3.4 drops out altogether, and vz and vy are conveniently computed 
from a single-stream function that satisfies Eq. 3.5. In general, however, in any 
arbitraty velocity disturbance, there will be a part, namely, the component of the 
vorticity, which will propagate in one dimension along the field lines at the local 
Alfven speed. Other components of the disturbance are coupled to v,, which satisfies 
the more-complicated three-dimensional equation (Eq. 3.5). Thus we can expect that 
at sufficiently large distances the latter components will die out and only (v x v), will 
survive. 

We now turn to a more-detailed analysis of Eq. 3.5. For the Fourier analysis of Eq. 
3.5, we take the time and space dependence as exp [i(- a t  + kyy + k,z)] . The 
equation satisfied by Ukw(x,ky,kz,a), the Fourier transform of v,, is found to be 

where k2 = kc + k; 
a i ( x )  = [Bo(x) . k I 2 / ( ~ o ~ o )  

vi(x) k2 cos2 8, with VA(X) = \Bo l / ( / ~ ~ p ~ ) ' ,  the local Alfven speed 
B(x) = the angle between the direction of magnetic field and wave normal 

direction 

Equation 3.6 can be written as 

where f(x) = wi(x )  - a*, --OO < x < 00, and g(x) = k 2 ,  the boundary condition being 

Ukw(x)+ 0 as 1x1 -+m (3.8) 

SOLUTION OF THE WAVE EQUATION 

We consider the magnetic field, Bo(x), to be everywhere continuous and constant 
for all sufficiently large 1x1 so that the contributions to the discrete spectrum of the 
regions of constant Bo are taken into account. Therefore the functions w i ( x )  in 
Eq. 3.7 can be considered as real valued, continuous, nowhere constant in some finite 
interval, I, and constant outside this interval. For Eq. 3.7 to have nontrivial solutions 
in this interval satisfying boundary conditions 3.8, w2 must be real and satisfy the 
inequality [aa(x)] min S a 2  S [wi(x)] This then defines the continuous 
spectrum S = { wl [wa(x)] min  < w2 < [ (~a (x ) ]  max I} of the problem. 



SOLUTION OF THE WAVE EQUATION 

We assume that f(x) does not vanish anywhere. Multiplying Eq. 3.7 with U$ and 
integrating from -m t o  +m with the boundary conditions, we get 

If w is complex so that o2 w i  + iwi , the real and imaginary parts of Eq. 3.9 give 

and 

(3.10) 

(3.1 1 )  

From Eqs. 3.10 and 3.1 1 ,  we can say that, if fI(x) f 0 and fR(X) f 0, then 
@(x) E 0 is the only solution. Therefore, for a nontrivial Nx), fI(x) equals 0 (i.e., wz 
should be real), and fR(X)  equals 0 (i.e., w2 should lie in the spectrum S). This implies 
that a point xo exists in the interval I so that wz = wi(xo) .  

In Eq. 3.7, the points x = xo for which f(xo) = 0 [i.e., IVA(X) cos O(x)l = lo/kl] are 
the singular points of the equation, and thus the eigenfunctions Ukw(X) may not be 
well behaved there. We shall now investigate the behavior of the solutions of this 
equation near such a singular point. 

Let f(x) and g(x) be analytic functions in a neighborhood of xo so that 

m 

f(x) = fn(x - 
n= 1 

where fn(x) # 0 for n 2 1. Then, near x o ,  which is a regular singularity, the general 
series solution of Eq. 3.7 is of the form 

where A 1 ,  A Z ,  B1, and B2 are constants, W(x) and V(x) are analytical in a 
neighborhood of xo ,  and W(x,) = 1. Thus the general solution of Eq. 3.7 diverges at 
the point x = xo,  the divergence being logarithmic. 

It is easily shown that these singularities will appear in solutions that obey the 
boundary conditions 3.8. Hence, in general, the'mode solutions of Eq. 3.7 are singular. 
However, a well-behaved solution of the original boundary-value problem can be 
constructed in the realm of generalized functions by making an integral superposition 
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over the whole spectrum S of these eigenfunctions with some expansion coefficient 
Ak(Cd) SO that 

Uk(X,t) = Is &(a) u k w ( X )  e-iwtdw (3.13) 

We shall now try to  determine the arbitrary constants A I ,  A2,  B1, and B2 by 
applying certain matching relations that must be satisfied across the singular point 
x = ~ 0 .  Constants AI and A2 are arbitrary, whereas B1 equals B 2 .  To prove this, we 
define 

U1 W(X) H(x - XO) 

U2 B1 [W(x) In lx - xo I + (x - XO) V(x)] 

U3 E B2 [W(x) In Ix - xo 1 + (x - XO) V(X)] 

U4 - U ~ H ( X - X ~ ) + U ~ H ( X ~  -x) 

where H(x) is the Heaviside function. Then, from Eq. 3.12, we have 

Ukw(X) = A2 W(X) + (Ai - A,) U1 + U4 

It is then sufficient to show that 

; (f2) - g(x) f(x) u1 = 0 

and 

df(x0) 2 (f2) -g(x)f(x)U4 =B1 - B 2  -6(x-x0) dx  

(3.14) 

(3.15) 

(3.16) 

Note that 
m 

f(x) = fn(x - xo)" f l  # 0 f(x0) = 0 
n= 1 

W(x,) = 1 
dH(x - X O )  

= S(X - XI)) dx 

and, if y(x) is continuous at XO, that 

Y(X) 6(x - XO) = Y(X0) 6(x - XO) 

n 



SOLUTION OF THE WAVE EQUATION 

We shall first prove that A l  and A2 are arbitrary. We have 

dUi dW 
dx dx - = - H(x - XO)  + 6(x - Xo)  

and thus 

dU1 dW 
dx dx f - = f.- H(x - x O )  

Therefore 

;(f$) =H(x-x0)-  ( f -  y ) + f ! g 6 ( x - x o )  
dX 

d dW 
. = H(x - xo) (fx) 

and so we obtain 

-& (f s) - gfU1 = H(x - xo) [it:) - g f w ] = o  

Therefore it is demonstrated that A I  and A2 are arbitrary. Let us now show that 
B1 = B z .  For this we define a function G(x) as follows: 

(x > xo) 
dUZ G(x) = f(x) - dx 

For very small values of E ,  E > 0, we have 

I W(Xo - E )  dV(x - E )  
In E - - - E  + V(x, - E )  

dU3(x - E )  = B2 [ dW(dxx- E )  

dx E dx 

Since 

f(x)= fn(x -Xo)n 
n= I 
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we find 

dUz(xo + 
= B1 f l  W(x,) = B1 f l  dx C(xo +) = lim f(x0 + e) €-to 

dU3(x0 + €1 = B2 f, 
dx C(xo -) = lim f(xo + E )  

€ + O  

and thus 

which shows that B1 = B2. 
The fact that the coefficients Al and A2 are independent across a singularity 

precludes any functional dependence of w on k; i.e., given any fixed value of k, w is 
free to range over the continuous spectrum S, and thus our medium does not give rise 
to dispersion relations. Well-behaved solutions to Eq. 3.5 can be obtained by 
integrating their singular modes over the spectrums. The dominant terms of the 
asymptotic expansion for Uk(x,t), as estimated by Barston (1964), are 

Thus each infinitely thin fluid layer oscillated with the Alfven-wave frequency OA(X) 
and the oscillations are damped as the inverse of time. 

Hence, if WA(X) is continuous and nowhere constant in an intervalI, the MHD 
plasma admits of only singular modes and an entirely continuous spectrum. No 
dispersion relation exists. The spectrum consists of values of w that satisfy the 
equation w2 = wi(x) for some x E I .  We note that the anisotropy induced by 
the I magnetic field, which causes the bandwidth { [wi(x)lmi,  cos' O(x) Q 
w2 < [wi(x)Imax cos2 O(x)} of the continuous spectrum to continuously change 
with 0,  cannot be considered as a dispersion in the classical sense (see Fig. 3.1). 

What about the discrete spectrum? Suppose wh(x) assumes constant values w i l  
and w i 2  on either side of the open interval I .  In  this case, + W A ~  and + W A ~  will form 
the entire discrete spectrum of the system. If, however, jump discontinuities are 
introduced in the function OA(X) in the interval I ,  so that OA(X) jumps discontin- 
uously from a value O A ~  to a value 0Ai+1 ( > o A ~ )  upon crossing a surface Si [Le., 
planes parallel to (y-z) plane], and if ( o A i @ A i + l )  and the range of OA(X) have no 



CONCLUDING REMARKS 

\ 

0 n/2 
0, radians 

Fig. 3.1 Distribution of the spectrum of lwlkl sketched as a function of  0 ,  the angle between the 
wave normal direction and the direction of magnetic field. [Adapted from C. Uberoi, Alfvkn Waves 
in Inhomogeneous Magnetic-Fields, Phys. Fluids, 15: 1674 (1972).] 

point in common, then we can get well-behaved modes, the number being equal to the 
number of discontinuities, which will also form part of the discrete spectrum. The 
well-behaved modes arising owing to step discontinuity in the function OA(X) are the 
well-known Alfvkn surface modes; the existence and properties of these are discussed 
in Chap. 4. 

CONCLUDING REM AR KS 

Knowledge of the existence of a continuum spectrum for Alfvkn waves plays an 
important role in practical problems both in space plasmas, where inhomogeneity is 
due both to the density variation and to structured magnetic fields, and in laboratory 
plasmas, where the density is nonuniform. 

In space plasmas this knowledge has led to an understanding of the phenomenon 
of magnetic pulsations in the ultra-low-frequency ranges (Lanzerotti et al., 1973; Chen 
and Hasegawa, 1974). 

A practical method for heating plasmas in fusion experiments by creating 
conditions for spatial resonance of the Alfvkn wave has been proposed. This aspect is 
discussed in detail in Chap. 7. 
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The understanding of the spectral theory of magnetohydrodynamics has led to a 
new approach in the study of MHD stability theory, Relevant early references are Grad 
(1973), Appert, Gruber, and Vaclavik (1974), and Goedbloed (1975). 

The inhomogeneous nature of solar magnetic fields has been firmly established by 
observations (e.g., Harvey, 1971). We believe that the theory of Alfvdn waves in 
structured magnetic fields presented in this chapter will play an important role in 
delimiting various effects in solar physics. 
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RESONANT ABSORPTION AND MODE 4 CONVERSION OF ALFVkN SURFACE 
WAVES IN NONUNIFORM PLASMAS 

The study of Alfven-wave propagation in nonuniform cylindrical plasmas considered in 
Chap. 2 was limited to low-beta plasmas with the assumption that the pressure 
perturbations of the plasma could be neglected. This assumption does not hold good 
for high-beta plasmas. Moreover, as noted in Chap. 3, the coupling of pressure 
perturbations to the dynamics of the motion can completely change the properties of 
Alfve'n-wave propagation in inhomogeneous media. The Alfve'n-wave equation shows a 
singular behavior at the point where the externally applied frequency, w, matches the 
local Alfven (shear Alfven) frequency, k,,(x) VA(X), where kll(x) is the local wave 
number parallel to the ambient magnetic field. Owing to the presence of this 
singularity, a nonuniform plasma with continuously varying density is characterized by 
a continuum spectrum in the hydromagnetic frequency regime. On the other hand, if 
jump discontinuities are introduced in the density profile, the system admits of 
discrete spectrum. The incompressible perturbations in the hydromagnetic regime give 
rise to Alfve'n surface waves propagating along the discontinuous plane with definite 
frequencies. Most of the instabilities that originate from the nonuniformity of a 
plasma are, in fact, the instabilities of a surface wave (Hasegawa, 1975). (The 
instabilities associated with Alfve'n surface waves are discussed in Chap. 5.) 

The earlier part of this chapter is concerned with the question of how to unite the 
two dissimilar pictures presented above; i.e., we ask what happens to the surface wave 
when the discontinuous density profile is smoothed and whether there are some 

44 
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collective modes of propagation even in the case of continuous density. We shall, 
therefore, treat the Alfvdn-wave equation (which is similar to Eq. 3.5 in Chap. 3) afresh 
by using the Laplace transform technique to solve the corresponding initial-value 
problem. Once again, using the andog between the Alfven-wave equation and the 
plasma-wave equation, we follow closely the analysis given by Sedlac'ek (1971) for the 
study of electrostatic oscillations of cold inhomogeneous plasma. This approach, 
though equivalent to the normal-mode analysis, is known to provide results in a form 
suitable for finding the whole asymptotic time expansion (not just the dominant 
terms) of the solution simply by studying the singularities of its Laplace transform in 
the complex frequency plane. By constructing the Green function of the wave 
equation, we find that there are branch point singularities on the real axis of the 
complex frequency plane which correspond to the continuous spectrum and which, 
asymptotically, give rise to noncollective oscillations with position-dependent fre- 
quency and damping proportional to negative powers of time. In addition, there are an 
infinite number of new singularities (simple poles) of the analytic continuation of the 
Green function into the lower half of the complex frequency plane with position- 
independent frequency so that they represent exponentially damped, collective 
(surface eigenmodes) modes of wave propagation. Thus the effect of a continuous 
density profile is to introduce damping to the originally undamped surface modes of a 
discontinuous plasma. This damping arises owing to the presence of the continuous 
frequency spectrum. The normal modes that make up the continuum can phase mix in 
time, and this mixing leads to decay of macroscopic variables. The damping of Alfven 
surface waves is thus similar to the well-known Landau damping of plasma oscillations 
in warm plasma. The damping of surface waves has been observed experimentally 
(Grossniann, Kaufmann, and Neuhauser, 1973) and in a magnetohydrodynamic 
computer calculation (Pritchett and Dawson, 1978; Balet et al., 1979; Appert et al., 
1980). 

Another aspect of a continuum, related to the absorption of surface waves, is that 
the system can irreversibly absorb energy when,it is externally driven. The energy 
absorption rate in the presence of an external driving source, which is represented by a 
sheet current located in the vacuum, is discussed 1ater.h this chapter. The absorption 
is a consequence of the local Alfvkn resonance which occurs when the externally 
applied frequency 'matches the frequency 6 'the continuum. A characteristic of this 
absorption is that it occurs locally in the space in which the continuum is defined. The 
relationship between a continuous spectrum and energy absorption has been noted and 
discussed extensively for zero-temperature plasma oscillation in a nonuniform plasma 
(Baldwin and Ignat, 1969). 

Extensive studies on linear transformation and absorption of electromagnetic 
waves in nonuniform plasma have revealed . the fact that coltisionless resonant 
absorption of waves in a plasma is connected with wave tramformation (Golant and 
Piliya, 1972). In the section Resonant Mode Conversion, we study the resonant mode 
conversion of the AlfvCn surface waves (Hasegawa and CIien, 1976), which will enable 
us to understand the mechanism by which the surface-wave energy is absorbed and 
propagated in the plasma, away from the resonant region. 

: .  . 
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+ X  
-a 0 a 

Fig. 4.1 Discontinuity in density (-) and smooth variation (- - -). 

ALFVEN SURFACE WAVE 

Let us consider a plasma with a sharp density gradient (Fig. 4.1). 

n(x) = no (x > 0) 

n(x) = no2 (x < 0) 

We shall also consider discontinuity in the magnetic field taken along the 
z direction: 

Taking the ideal MHD model for the plasma, we consider incompressible 
perturbations in the y-z plane given by f(x) exp [i(-wt t k,y t k,z)] . We seek for 
the surface-wave solutions such that the wave amplitudes decay away from the 
interface x = 0. 

Following the procedure in Chap. 3, we can write the basic MHD equations, after 
linearization, in the form 

w 
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where p =  [p t (Bo * B/po)] and po = mino, with mi the ion mass and no the 
unperturbed plasma density. Eliminating from Eqs. 4.1 and 4.2 gives 

v 2 v ,  = o  (4.3) 

whch  is to be satisfied in both region 1 and region 2. 
Therefore the equation governing the surface perturbations is the Laplace 

equation, with the boundary conditions v, and fY continuous. From Eq. 4.1, fY can be 
written as 

- 1 ( 2 Bti)dVX P = z  0 Po -- - ax (4.4) 

where kll  
continuity of v, and E ( ~ v , / ~ x ) ,  with E = (l/k2)[02pb - (B:ki/p0)1. 

k,, kl =Icy, and kZ = ki t'k:. The boundary conditions, therefore, are 

The solution of Eq. 4.3 for surface waves is given as 

Applying the boundary conditions, we get the following dispersion relation for the 
surface waves: 

(4.6) 

If we consider a plasma-vacuum interface, Eq.416, with p02 = 0 ,  gives the 
following dispersion relation for the Alfven surface waves (Kruskal and Schwarzschild, 
1954): 

In the particular case with Bol = Boz , this frequency becomes (Chen and Hasegawa, 
1974) 

We note that the surface-wave frequency in this case is higher than the Alfvdn-wave 
frequency (the bulk resonant frequency), which is in contrast to the electrostatic 
surface wave where the surface-wave frequency is given by w s  = wp/(2)lh 
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4.0 8.0 12.0 
PLASMA DENSITY (q) 

Fig. 4.2 Ratio of magnetic fields and plasma densities on either side of the plane of surface-wave 
propagation plotted against each other for various values of the ratio of surface-wave velocity, vps , 
to the Alfvbn-wave velocity, V A ~ .  

In general, Eq. 4.6 will have real roots only when the surface phase velocity 
satisfies the inequality 

w2 v i 1  cos2 e < k < v i 2  cos2 e 

where 8 is the angle between k and Bo. This condition, which was discussed in 
Chap. 3, was obtained from Barston's theorem. 

If we define 77 = poz/pol and y = Bo2/Bo 1 ,  Eq. 4.6 can be written as 

where vps 
for given ratios of surface-wave velocity, vps , to AlfvCn-wave velocity, VA 

w/(kIIvA l). Figure 4.2 gives an estimate of the surface parameters 77 and y 
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RESONANT ABSORPTION OF SURFACE WAVE 

Instead of having a sharp density discontinuity, we now consider the situation in 
which the plasma density is smoothly varying in x.  For this we consider a small 
transition layer, -a < x < a ,  in which the density varies smoothly. The density profile, 
as compared with that in the preceding section, then looks like the broken line in 
Fig. 4.1. 

To study the surface waves in region 0, we proceed as in Chap. 3 to obtain the 
wave equation, in which Bo = Bo; is uniform and density, po E po(x), is continuously 
varying with x ,  

Equation 4.8 shows the coupling of bulk Alfven waves with the surface Alfvin waves. 
If we consider the perturbations to be independent of the coordinate y, the Fourier 
analysis with respect to z ,  

yields the equation 

This equation is now to be solved for Uk(X,t), subject to  the boundary condition that 
Uk(X,t) vanishes at infinity and to the initid conditions uk(X,o) and its time derivative 
&(x,O). The initial conditions for the velocity themselves must, of course, satisfy the 
appropriate boundary conditions and must .be physically:'acceptable, i.e., must be 
sufficiently smooth and square integrable in the infinite interval. 

The Laplace transform of Uk(X,t) is defined as usual by the formula 

ukw(x)=/om Uk(X,t) Ciwt dt (4.10) 

where Imw > 0. The application of this transformation to Eq. 4.9 gives 

A{[ p o ( x )  wz - dx (4.1 1) 

where $w,x) corresponds to the initial conditions. 
We shall now solve Eq. 4.1 1 with the aid of Green's functions. As will be noted, 

the homogeneous equation 4.11 is the same as Eq. 3.7 discussed in Chap. 3. The 
Green's function G(x,s;k,w) can be expressed in terms of two linearly independent 
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solutions, ukw(l)(x) and Ukw(Z)(X), of the homogeneous equation 4.1 1 ,  which 
satisfies the boundary conditions at x = -m and at x = +-. The following formula 
holds! 

G(X,S;k,W)=J-l [ukw(l)(x) Ukw(z)(X)H(s-x) 

+Ukw(z)(X) Ukw(i)(S)H(x-s)l (4.12) 

where H(x) is the unit step function and J(k,w) is the so-called conjunct of the two 
SOlUtiOnS Ukw(i )  and Ukw(Z), 

where E(X) = po (x) w2 - (Bzk’ / P O ) .  

independent of x and s. 

profile composed of linear sections (Fig. 4.1) so that 

A theorem exists [Theorem (3 .2)  in Friedman, 19561 which shows that J(k,w) is 

To make the homogeneous equation 4.11 solvable, we choose a monotonic density 

E(X) = €1 = o 2 p 0 p l  - k2 B i  (x G - a, region 1) 

= el t A(:t 1)  (- a < x < a, region 0) (4.14) 

= el = o z p o p 2  - kz Bg (x 2 a, region 2) 

with A = (wZp0/2) (pz  -PI).  

and becomes a modified Bessel equation in region 0 (the transition region). 
With this density profile, Eq. 4.1 1 assumes constant coefficients in regions 1 and 2 

The solutions Ukw(l),  bounded at x = -00, andUkw(z),  bounded at x = 00, in the 

and 

(4.15) 

(4.16) 
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where zx = -h(w2popx - k 2 B i ) ,  h = ka/A, and Io(z) and Ko(z) are the modified 
Bessel 'functions. 

With the use of the matchng conditions as given in the preceding section, at the 
boundaries x = +a, the constants A1 , 2 ,  B1 , 2 ,  C1 , 2 ,  and D1 ,2 can be decided. 

Regardless of whether the solutions in region 1,  0, or 2 are used, by substituting 
the two solutions into Eq. 4.13, we get 

(4.17) a 
A J(k,o) = -21  ~2 D(k,o) 

We shall now discuss the properties of D(k,o) as a function of o in great detail. As 
will be evident, the study of its analyticity, the structure of its Riemann surface, and 
its zeros and singularities will give the details of the continuum spectrum and the 
discrete eigenvalues of the differential equation 4.1 1. Hence it is appropriate to call 
the function D(k,o) a dispersion function. 

The modified Bessel functions Io(z) and I1 (z) are entire functions, and Ko(z) and 
Kl(z) can be decomposed into a logarithmic term plus an entire analytic function, 
Wo(z) and Wl(z), respectively (Erdelyi and Bateman, 1953). Hence D(k,o) can be 
written as (Sedlazek, 1971) 

(4.19) 

On writing OA ,2 = k v ~  , 2 ,  we determine the multivaluedness of D(k,w) by the 
logarithmic term 

(4.20) 

which shows that D(k,w) possesses four logarithmic branch points on the real axis: 
- 0 ~ 2 ,  - 0 ~ 1 ,  W A ~ ,  and 0 ~ 2  ,, each of which coincides with a simple pole. If the 
o-plane is cut along the intervals connecting the fust pair and the second pair of these 
points (Fig. 4.3), the function In (z2 / z l )  becomes a singlevalued function of w .  These 
cuts (or spectral cuts) are identical with the regions of the continuous spectrum of the 
differential equation 4.1 1. 

51 
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Fig. 4.3 Branch cuts and leastdamped roots of the dispersion function D(k,w) on the n = -1 
sheet of its Riemann surface. 

The function D(k,o) has the same Riemann surface as the function In (zz/zl). All 
the branches of D(k,w) may then be constructed simply by replacing h ( z z / z l )  in 
Eq. 4.19 with In (zz/zl) + 2nni. The result is 

We shall now investigate the zeros of D(k,w). The zeros lying on the principal 
sheet of the Riemann surface are identical to the discrete eigenvalues of Eq. 4.1 1. The 
zeros lying on the other sheets are usually referred to as “virtual” eigenvalues (because 
no independent eigenfunctions correspond to them) and are associated with the 
phenomenon of spectral concentration, whose physical interpretation is quite similar 
to the theory of Landau damping in warm plasma oscillations. 

With the aid of the Nyquist criterion, it can be shown that there are no zeros of 
D(k,w) on the principal sheet. There are, however, zeros on the other sheets of the 
Riemann surface. We shall calculate those which, at  least for small values of the 
parameter ka  (i.e., the least-damped modes), lie nearest the real axis, which are the 
ones associated with the phenomenon of spectral concentration. Considering first the 
sheet n = - 1, we expand D- (k,w) in terms of the small parameter ka, retaining only 
the terms of the zeroth and first order. 

A 
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If ka = 0, i.e., if the density profile is discontinuous, the dispersion function D(k,w) 
gives the dispersion relation representing surface modes, as derived in the preceding 
section, 

pz(w2 - w i 1 ) t p 1 ( o 2  - w i 1 ) = 0  (4.23) 

The roots of this equation are purely real; therefore we can assume that the imaginary 
part of the solution of Eq. 4.22 will be of the order ka. We take w = WR t i q ,  and 
then, retaining only the terms of the zeroth and first order in ka, we split Eq. 4.22 into 
real (R) and imaginary (I) parts, which gives the following two equations to determine 
WR and W I :  

t 1 1 t 1 

t 

and 

We see from Eq. 4.25 that the effect of a continuous density profile (kaZ0)  is to 
introduce damping to the originally undamped surface-wave modes of a discontinuous 
(ka = 0) MHD plasma. 

We denote the roots on n =  -1 sheet as a(-). Since the dispersion relation is a 
function of only w 2 ,  the point --a(-) is also a root. The roots on n = 1 sheet, a(+) 
and -w(+), can be found in the same way. . 

Considering that the oscillation frequency ak-) is given approximately by 
Eq. 4.23, we have 

(4.26) 

Substituting into Eq. 4.26 this value of ok-), we get the damping rate, wi-) ,  as 

(4.27) a!-) 77 P l  - P 2  

wk-’ 4 PI +PZ 
2ka - -- --- 

Ifp,  4 p l , w e h a v e  

(4.28) 
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Here a [d In p/dx];J, is the scale length of the density variation. We note, 
therefore, that, the sharper the density discontinuity (i.e., the smaller ka), the weaker 
the damping. 

The complete solution of Eq. 4.9 will be given by performing inverse Laplace 
transform, which then gives U(x,t) in terms of the Bromwich integral, 

(4.29) 

where the integration path C runs parallel to the real axis of the plane above all 
singularities of uk,(x). 

Without going into the complete details of finding the asymptotic behavior, we 
give the results as obtained by Sedlazek (1971): , 

Uk(x,t) = Al(x;k) t-1 e-iwA(x)t + A2(x$) t-' eiwA(x)t 

+ Bl(x;k) e-iw(-)t + B2(x$) e-iw(+)t (4.30) 

The first two terms in Eq. '4.25 correspond to the noncollective modes {the 
continuous spectrum S = < o2 G (oi)m,,I] }with asymptotically posi- 
tion-dependent frequency oA(x)  and damping proportional to inverse power of time. 
The second two terms, though negligible in the asymptotic expansion (Eq. 4.30), 
represent the discrete spectrum, corresponding to  the only collective modes of 
oscillations (the surface eigenmodes) with position-independent frequency and 
exponential damping (resonant absorption). The damping can be rather weak if the 
plasma parameters have sharp variations. The damped surface eigenmode is used by 
Chen and Hasegawa (1974) to explain the impulseexcited damped magnetic 
pulsations. 

In the next section we elucidate the physical mechanism of the resonant 
absorption, using kinetic theory. This absorption is a manifestation of the resonant 
mode conversion of the surface wave to the kinetic Alfvdn wave introduced in Chap. 2. 

RESONANT MODE CONVERSION 

To understand the energy absorption mechanism, we shall study the linear 
transformation of the Alfven surface wave to the kinetic Alfvdn wave in the 
neighborhood of the resonance region (Hasegawa and Chen, 1976). 

The logarithmic singularity in the solution of the Alfvdn-wave equation arises 
because the ideal MHD equations do not have any dissipative mechanism and/or 
assume zero Larmor radius. This singularity is removed when the finite resistivity 
effect or the finite Larmor radius correction is introduced into the ideal MHD 
equations. The effect of resistivity on the Alfven surface wave has been considered by 
Kappraff and Tataronis (1977) and Uberoi (1977). This treatment, however, is valid 
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only when the plasma skin depth is shorter than the ion gyroradius. We note that finite 
resistivity effects are smaller than kinetic effects by 0 ( v e i v ~ / o ~ v ~ , ) ,  where uei is the 
electron-ion collision frequency, vTe is the electron thermal speed, and 00 is either 
the applied frequency or the eigenfrequency of the surface wave. For a typical hot 
plasma, v+,/vh = (flmJm&%l, vei 5 105/sec, and wo lo6 rads/sec. Therefore the 
skin depth is generally much larger than the ion gyroradius. Then the kinetic Alfven 
wave excited at the singular surface can propagate for a considerable distance 
measured by the size of the ion gyroradius, and the energy is dissipated more 
uniformly in the plasma. This phenomenon cannot be seen by the one-fluid MHD 
theory but can be studied only by the kinetic theory. We consider the unperturbed 
distribution hnction for the ions to be given by 

(4.3 1) 

where f(O)(v) is the Maxwell distribution with the ion ‘temperature Ti and g is a 
function representing the plasma nonuniformity in the x direction. 

The linearized Vlasov equation for the perturbed distribution function of ions is 

The perturbed distribution function of electrons obeys the drift kinetic equation 

The field equations are the same as those derived in Chap. 2 (Eqs. 2.33 and 2.34), 
Le., the quasi-neutrality condition 

ni = ne (4.34) 

and Ampere’s law in the z direction 

(4.35) 

In these expressions the number density, n,,and the current density, J ,  are given by the 
distribution function, f, 

nj = hj fj dv 6 =Le) (4.36) 
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.. , and 

Jj = qjno J Vfj dv (j = i,e) (4.37) 

The set of equations from 4.31 to 4.37 describes the electromagnetic waves in an MHD 
frequency range without restrictions on the size of the perpendicular wavelength (but 
with a restriction of no compressional magnetic-field perturbation). 

To study the resonant mode conversion of the Alfvln wave, we can assume that 
k,, the wave number perpendicular to the magnetic field as well as to the density 
gradient, is much smaller than p r l  and that the scale size of the density gradient is 
much larger than the ion gyroradius, and thus 

where K-' is the inhomogeneity scale. This assumption allows us to ignore the term 
vY/wci in g in Eq. 4.31, which is equivalent to neglecting a drift wave. 

In addition, we assume that the wavelength in the x direction near the mode 
conversion point is small but larger than the ion gyroradius; thus we can expand the 
wave equation in the power of pi d/dx. We also assume V T ~  > VA . 

With these assumptions the Fourier amplitude of the number density and the 
current-density perturbations are given by 

and 

(4.39) 

(4.40) 

(4.41) 

In these expression the ion and the electron plasma frequencies, wpi and ope, 
respectively, are constants and refer to the values at the maximum plasma density, 
where g(x) is normalized to unity. 

To study the resonant mode conversion to the kinetic Alfven wave, we consider 
only the region near the resonant point x = xo, where w2 = k i  [vk/g(x = xo)] .We can 
then further simplify the expressions by using the assumption of a low-beta plasma so 
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that v i  B c i  = T,/mi. This assumption eliminates the possibility of a simultaneous 
coupling to the ion acoustic wave. The wave equation can then be derived by 
eliminating rl, from Eqs. 4.34, 4.35, and 4.38 to 4.41, 

t -  Ex (&, - g - 1) &- k; (L - I)] @ = 0 (4.42) 
k', v i  

where the Alfven speed, v i ,  is that of the maximum density and g is normalized to 
unity. 

We can immediately notice that, if we put pi + 0 in this expression, the wave 
equation reduces to 

(4.43) 

where E(X) = (w'/k$vi) g - 1. Equation 4.43 has frequency structure identical to the 
MHD wave equation 4.11. It is also noted that in a uniform plasma, g = 1, Eq. 4.42 
gives two decoupled wave equations, 

0: @ = O  (4.44) 

and 

(4.45) 

where p2 = [(3/4) + (Te/Ti)] pf . The quantity k, 4 d/dx is used in Eq. 4.45. 
Equation 4.44 represents a quasi-static electromagnetic perturbation (cutoff mode) 

associated with an external source. In the absence of a source, this equation represents 
a surface wave. Equation 4.45 is the wave equation for the bulk kinetic Alfvdn wave 
(Eq. 2.44). 

We can thus identify that Eq. 4.42 represents a coupling between a surface MHD 
mode or an externally applied electromagnetic perturbation and the kinetic Alfvdn 
wave. From Eq. 4.45 we can see that the kinetic Alfve'n wave propagates, after the 
mode conversion, to the higher density side, where k', vi(x) < k', vi(x = xo). 

To study the mode conversion, we must specify the actual density profile. Since 
the wave after the mode conversion is expected to propagate on the higher density 
side, the solution depends on whether the converted wave can propagate all the way 
across the plasma column or whether it dissipates significantly before it reaches the 
other side. We assume here that the plasma is semi-infinite in the x direction. 
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As a simple example, we take a linear profile for the plasma density so that 

g(x) = K X  + a 

where x is a normalized distance whose origin is located at the resonmt point where 
g(x = 0) 02/(k:vi) = 1, or aw2/(k:vi) = 1, with 0 < a < 1. Equation 4.42 is then 
reduced near x x 0 to a simple form 

pz %+K&=Eo (4.46) 

where 

3 k",i T, 
Ti 

and 

E =-- 
ax  

(4.47) 

(4.48) 

Eo is an integration constant representing a nominal value of E, at a large negative x 
(E, associated with the external source field or surface wave). 

In the derivation we also assumed that I(dg/dx)/gl Q I(d@/dx)/@l; i.e., the variation 
of the wave amplitude is much faster than the variation of the density (W.K.B. 
approximation). The wave equation of the type of Eq.4.46 has been studied 
extensively in relation to the mode conversion of the electromagnetic wave to the 
Langmuir wave. I t  is well known that the solution can be expressed in terms of the 
Airy functions. 

If we introduce a scale length, 

and use a normalized electric-field intensity, 

(4.49) 

(4.50) 

the general solution is given by 
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Fig. 4.4 Schematic diagram of field of the kinetic Alfvdn wave excited at the Alfvdn resonance 
surface x = 0. E, shows the x component of the external field or the surface Alfvdn wave. The 
Alfvdn speed is assumed to decrease toward the right. 

where Ai and Bi are Airy functions and Gi is a function involving integrals of Ai and 
Bi . 

The integration constants c1 and c2 can be decided by applying appropriate 
boundary conditions. For a semi-infinite plasma as considered here, they are decided 
whether or not the,energy source exists internally or externally to the plasma. 

For the resonant absorption or the surface-wave damping as discussed in Chap. 3 
and earlier in this chapter, the suitable boundary condition for the kinetic Alfven wave 
is to accept only the right-going wave (no reflection at x --f -) and that which has no  
divergence at x --f -=. We can then find c2 = 0 and c1 = i. The asymptotic solution for 
Ix/AlS 1 can then be written as 

(4.52) 
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for x > 0, and 
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E E =o 
KX 

(4.53) 

for x < 0. The first term in Eq. 4.52 represents the kinetic Alfven wave and the second 
term, as well as the expression in Eq. 4.53, the source or surface-wave field. 

As is expected, the kinetic Alfven wave propagates on the higher density side 
(x 2 0) of the resonant point, as shown in Eq. 4.52. In Eq. 4.52 the first few peak 
amplitudes of the kinetic AlfvCn wave after the mode conversion are given by 
E,(K~)-', with an effective wave number of ( ~ / p ~ ) % ,  whereas away from the 
resonant point, say at x = K- ' ,  the amplitude and the wave number of the kinetic 
Alfven wave become Eo(~p) -% and p - l  , respectively. The qualitative feature of the 
mode-converted kinetic Alfvdn wave is shown in Fig. 4.4. 

We can see that the solution for x < 0 is identical to that obtained under the ideal 
MHD approximation. Hence the plasma impedance, and consequently the absorption 
rate, seen from the external circuit remains unchanged from the previous MHD 
calculation. 

If the energy source exists inside the plasma, we must take the left-going wave also. 
Such a problem is important in the analysis of the drift Alfven instability (Chap. 5). 

If VTe < VA at the resonance surface, xo , the appropriate dispersion relation of the 
kinetic Alfv6n wave is approximately given by 

(2.44') 

Hence, after the mode conversion, the kinetic wave propagates toward the lower den- 
sity side. 
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PLASMA INSTA B 111 TIES ASS0 CIA TED 5 WITH THE ALFVh WAVE 

In this chapter plasma instabilities associated with the excitation of Alfv6n waves are 
discussed. As in many other cases of plasma instabilities, the Alfven wave becomes 
unstable owing to either the velocity space nonequilibrium or the coordinate space 
nonequilibrium. These instabilities appear by a conversion of free energy stored in the 
plasma to the AlfvCn perturbation. The free energy exists when the velocity 
distribution of the plasma particles is s o t  an isotropic Maxwellian or when the plasma 
is not uniform in space. The former case, a case of velocity space nonequilibrium, 
produces an instability called “velocity space instability,” whereas the other case, the 
case of coordinate space nonequilibrium, produces an instability called “coordinate 
space instability.” The instabilities work to equilibrate the distribution. The instability 
is found by solving the dispersion relation for the eigenfrequency, o, for a given value 
of the wave number k. For an assumed Fourier amplitude expression of 
exp [i(k * x - ut)] , the instability exists when o has a positive imaginary part. We shall 
present some of the typical AlfvBn-wave instabilities. 

FI RE-HOSE INSTABI LlTY 

The fire-hose instability occurs when the plasma has an anisotropic pressure. If we 
take the direction of k vector in the x-z plane, where z is the direction of the ambient 
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magnetic field, the AlfvCn-wave dispersion relation is written by 

where eXX is the xx component of the plasma dielectric constant (listed in the 
appendix). In the magnetohydrodynamic (MHD) frequency (o/o,i << 1) and the 
wave-number (kvTi/w,i << 1) range, eXX is given by 

where the summation j is over different species (electrons and ions), vl is the velocity 
in the direction perpendicular to the ambient magnetic field, and angle brackets (( )) 
indicate average. Hence the dispersion relation of the AlfvCn wave becomes 

where 011 and 01 are the parallel and perpendicular components, respectively, of the 
ratio of the plasma pressure to the magnetic-field pressure, 

As shown in Eq. 5.3, when pII --o1 >2 ,  w becomes purely imaginary; hence the 
instability appears. Since the physical mechanism of this instability is similar to that 
which generates oscillations in the water hose when the water pressure exceeds a 
critical value, this is called “fire-hose instability” (Rosenbluth, 1956; Parker, 1958). 

TWO-STREAM INSTABI 1 I T Y  

When a stream of charged particles exists in the plasma, the AlfvCn wave becomes 
unstable. To analyze this instability, we ca‘nnot use the dispersion relation of the 
Alfvh  wave (Eq. 5.1), because the existence of a streaming particle produces a 
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nonvanishing E , ,  component. For simplicity, we consider the wave propagating in the 
direction of the ambient magnetic field. Then the wave equation can be written 

[-k? + 7 o2 ( 1  t e,,) - 
(5 -4) 

Since the Alfven wave is the lower frequency limit of the ion-cyclotron wave which is 
left-hand polarized, we have introduced a left-hand polarized electric-field vector 
defined by EL = E, + iE,. 

For a low-beta plasma, the dispersion relation can be written, by using E , ,  in the 
appendix, as 

or, alternatively, 

where (Y is a ratio of streaming electron density to the plasma density and vo is the 
velocity of the electron stream. It  is easily seen that the instability occurs when 
k = olv0w,i/2v~ and the threshold condition is vo > VA. The interesting point of this 
instability is that the frequency at which the instability occurs is given by awci/2; Le., 
it is proportional to the density ratio of the stream to the plasma. Another type of 
two-stream instability exists in the AlfvCn wave when the finite Larmor radius 
correction is included. In  this case the kinetic AlfvCn wave is excited by electrostatic 
coupling, which requires a density perturbation. The instability can be obtained by 
using the dispersion of the kinetic Alfven wave and by including an zdditional term 
that originates from the streaming particles. The instability can be produced by 
streaming ions in the tokamak (Rosenbluth and Rutherford, 1975) or by alpha par- 
ticles (Sigma, 1980). 

KE LVIN-H E LMH 0 LTZ I NSTABl LlTY 

When a velocity shear exists, the Kelvin-Helmholtz instability appears in a plasma. 
In the MHD-frequency range, the instability excites the AlfvCn wave. 

For simplicity, we assume two types of plasma: one is stationary and exists at 
x < 0 (medium 1) and the other exists at x > 0 (medium 2) and moves at the velocity 
vo with respect to the former. The boundary surface between these two plasmas is 
x = 0. We consider a wave that propagates along this surface as exp [i(k,y t k,z - 
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u t ) ] ,  where z is the direction of the ambient field. The analysis is similar to that in 
Chap. 4 except that one u is Doppler shifted with respect to another by k * V O .  The 
dispersion relation is then modified from Eq. 4.6, Chap. 4. 

where the vector AlfvCn velocity, VA,  is taken in the direction of the magnetic field. 
The condition of instability can then be obtained from the condition of a complex 
root of o as (Chandrasekhar, 1961) 

We see that the instability is most easily excited when the plasma flow, vo,  is 
perpendicular to the ambient magnetic field and for the wave that propagates in the 
direction of the flow. The excited wave is elliptically polarized. 

DRIFT ALFVEN-WAVE INSTABILITY 

In an inhomogeneous plasma the dispersion relation of the Alfvkn wave is modified 
by the diamagnetic drift of ions. If we ignore the finite Larmor radius effect, the 
dispersion relation becomes 

where ur is the ion diamagnetic drift frequency 

(5.10) 

where K i s  the measure of the density gradient 

K = - v h n o  (5.1 1) 

The finite Larmor radius correction produces the coupling to the electrostatic electron 
drift wave. The local djspersion relation for o 9 kzvTi then becomes (Mikhailovskii, 
1967) 
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where xi  = (klVTi/Oci)2. The Alfven wave becomes unstable .if 2 k z v ~  < UT,  with the 
frequency, o, and the growth rate, 7, respectively, given by 

(5.13) 

(5.14) 

Note that the Alfven frequency is reduced in this case. The dispersion relation is 
obtained by assuming that k, equals 0, where x is the direction of the density 
gradient. To include the local effect, we must solve the eigenvalue problem for a wave 
equation in the x direction. Such an analysis gives results that distinguish whether the 
instability is convective (spatial growth in x) or absolute (temporal growth). This is a 
problem of recent controversy. An analysis by Tsang et al. (1978) shows that the 
instability is convective. 

If it is convective, the wave energy may escape from the plasma in a manner that is 
exactly opposite from the resonant mode conversion, as discussed in Chap. 4. This 
may contribute to anomalous heat loss from a plasma. 

REF E RENCES 

Text Citations 

Chandrasekhar, S., 1961, Hydrodynamic and Hydromagnetic Stability, Chap. 13, Clarendon Press, 

Mikhailovskii, A. B., 1967, Review of plasma Physics, M. A. Leontovich (Ed.), p. 172, Consultants 

Parker, G. N., 1958, Dynamic Instability of an Anisotropic Ionized Gas of Low Density, Phys. 

Rosenbluth, M. N., 1956, Stability of the pinch, USAEC Report LA-2030, Los Alamos Scientific 

-, and P. H. Rutherford, 1975, Excitation of Al fvh  Waves by High Energy Ions in a Tokamak, 

Sigma, D. J., 1980, Velocity Space Instabilities of Alpha Particles in Tokamak Reactors, proceed- 

Tsang, K. T., J. C. Whitson, J. D. Callen, and J. Smith, 1978, Drift Alfvbn Waves in Tokamaks, 

Oxford, England. 

Bureau, New York. 

Rev., 109: 1874. 

Laboratory, NTIS. 

Phys. Rev. Lett., 34: 1428. 

ings of course held in Varenna, Italy, Aug. 27-Sept. 8, 1980. 

Phys. Rev. Lett., 41: 557. 

General References 

Benezin, Yu. A., and V. A. Vshivkov, 1976, On the Firehose Instability of Alfvh  Waves, J. 
Computer Phys., 20: 8196. 



REFERENCES 

Bidi, K. O., D. G. Lominadze, and A. G. Mikhailovskii, 1976, Stimulation of Shortwave Alfvkn 

Chao-Kung, Yang, and B. U. 0. Sonnerup, 1976, Compressive Magnetic Field Reconnection a 

Dobrowolny, M., 1972, Kelvin-Helmholtz lnstability in a High-Beta Collisionless Plasma, Phys. 

Egorenkov, V. D., 1973, Low-Frequency Instabilities oi Cold Plasma with a Group of Hot Ions 

- , and K. N. Stepanov, 1973, Electromagnetic Instabilities in a Finite-Beta Plasma with Hot 

Elsasser, K., and H. Schamel, 1972, Nonlinear Evolution of Firehose-Unstable AlfvCn Waves, J. 

Hasegawa, A,, 1975, Plasma Instabilities and Nonlinear Effects, Springer-Verlag, New York. 
Hudson, M. K., and C. F. Kennel, 1975, The Electromagnetic Interchange Mode in a Partly-Ionized 

Collisional Plasma, J. Plasma Phys., 14: 121-134. 
Kaladze, T. D., D. G. Lominadze, and K. N. Stepanov, 1973, Excitation of Alfvbn Waves by Fast 

Ions in a Finite-Beta Plasma, Zh. Tekh. Fiz., 43:  2517-2520; Sou. Phys.-Tech. Phys., 18: 

Kan, J. R., and R. R. Hcacock, 1976, Generation of Irregular (Type PI C) Pulsations in the Plasma 
Sheet During Substorms, J. Geophys. Res., 81: 2371-2377. 

Kats, M. E., V. N. Makarenko, and A. K. Yukhimuk, 1976, E. M. Wave Instability in Plasma with a 
“Reverse Loss Cone” (Application to Magnetosphere), Zh. Tekh. Fiz., 2:  133-1 37. 

Landau, R. W., and S. Cuperman, 1971, Stability of Anisotropic Plasmas to Almost-Perpendicular 
Magnetosonic Waves, J. Plasma Phys., 6: 495-512. 

Mazur, V. A., and A. B. Mikhailovskii, 1976, Excitation of Alfvkn Waves by Fast Ions in Tokamak 
with NonCircular Cross-section, Fiz. Hazmy, 2:  172-175. 

Mikhailovskii, A. B., 1973, “Drift” Instabilities Distorting the Magnetic Surfaces of Tokamak-Type 
Toroidal Systems, Nucl. Fusion, 13: 259-269, 

- , 1975, “Drift” Stimulation of Al fvh  Waves by Trapped Electrons in Tokamak at Beta/Sub 
J/#1, Fiz. Plazmy, 1: 378-392. 

- , and 0. A. Pokhote’ov, 1975, A New Mechanism of Generation of Geomagnetic Pulsations by 
Fast Particles, Fiz. Plazmy, 1 : 786-792. 

Montgomery, M. D., S. 0. Gary, W. C. Fieldman, and D. W. Forslund, 1976, Electromagnetic 
Instabilities Driven by Unequal Proton Beams in the Solar Wind, J. Geophys. Res., 81:  
2743-2749. 

Nishida, Y., and K. Ishii, 1974, Observation of the Coupled Mode of a Collisional Drift Wave and 
an Alfvkn Wave, Phys. Rev. Lett., 33: 352-355. 

Ohsawa, Y., K. Nosaki, and A. Hasegawa, 1976. Kinetic Theory of Magnetohydrodynamic 
Kelvin-Helmholtz Instability, Phys. Fluids, 19: 1139-1 143. 

Roberts, B., 1976, Overstability and Cooling in Sunspots, Astrophys. J., 204: 268-280. 
Tang, J. T., N. G. Luhmann, Jr., Y. Nishida, and K. ISM, 1975, Destabilization of Hydromagnetic 

Drift-AlfvBn Waves in a Finite-Beta Collisional Plasma, phys. Rev. Lett., 34: 70-73. 

Waves by High-Energy Ions in Tokamak, Fiz. Hazmy, 2(170): 95-96. 

Slow Wave Mode1,Astrophys. J., 206: 570-582. 

Fluids, 15: 2263-2270. 

with Anisotropic Velocity Distribution Function, Ikr. R z .  Zh., 18: 1472-1475. 

Electrons,Zh. TekA. Fiz., 43:  270-275;Sov. phys.-Tech. Phys., 18: 178-180. 

r n ~  phys., 7:  475-502. 

1583-1584 (1974). 

67 



NONLINEAR PROCESSES 

In the preceding chapters we considered small-amplitude Alfven waves. When the 
perturbed magnetic field is no longer small compared with the ambient magnetic field, 
the study of nonlinear magnetohydrodynamic (MHD) equations becomes necessary. It 
is now well-known that a circularly polarized Alfven wave described by B = (Bo ,By ,Bz) 
and v = (O,vy,vz) is an exact solution of the nonlinear MHD equations (Ferraro, 1956). 
Ferraro also pointed out the equi-partition of kinetic and mechanical energy, which is 
characteristic of the MHD waves. Can a large-amplitude Alfven wave persist in a real 
plasma? The decay instability of this wave into a small-amplitude Alfven wave and a 
sound wave has been discussed in detail by Sagdeev and Galeev (1969). 

The large-amplitude linearly polarized Alfven wave, on the other hand, has the 
local phase velocity 

B$ t B(t)' 
Po P 

v; = 

which can be seen to approach the Alfvbn velocity as B(t)/Bo -+ 0. The rapid 
development of a plane polarized Alfven wave into hydromagnetic shock has been 
discussed by Montgomery (1958) and has been observed experimentally by Boley and 
Forman (1964). 

The possibility of the propagation of solitary hydromagnetic waves in the direction 
parallel to a uniform magnetic field in a cold collision-free plasma was shown by 
Shaffman (1961). It was noted that solitary Alfven waves move much faster than 
linearized Alfven waves in the plasma. 
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A large number of papers on the nonlinear effects of the MHD Alfven waves have 
been published in the comparatively recent literature. However, as we have seen in the 
linear theory of the Alfven waves, in most laboratory-scale plasmas, its inhomogeneity 
prohibits the existence of the ideal MHD Alfven wave. Hence the nonlinear theory of 
the MHD AlfvCn wave is not applicable in most laboratory plasmas. In this chapter, 
therefore, we shall consider nonlinear processes associated with the Alfven-wave 
perturbation with particular emphasis on its kinetic effects. 

We discuss quasi-linear diffusion in the presence of the kinetic Alfven wave 
turbulence, parametric decay and nonlinear Landau damping of the kinetic Alfven 
wave, some solitary wave solutions, and the modulational instability of the 
finite-frequency Alfvkn wave. 

QUASI-LINEAR DIFFUSION 

In the collisionless plasma with a stationary ensemble of waves, the quasi-linear 
diffusion occurs only i~. the presence of wave-particle resonant interactions. The MHD 
Alfven wave does not have the wave-particle resonant interactions; hence there should 
be no quasi-linear diffusion. One should introduce either a finite-frequency or a 
finite-Larmor-radius effect. 

Consequently we consider here the quasi-linear diffusion in, the presence of the 
kinetic Alfven-wave turbulence (Hasegawa and Mima, 1978). This is relevant in fusion 
plasma because the kinetic. Alfven wave is excited, for example, by the drift-wave 
instability. 

Electron Diffusion 

We first consider the electron diffusion. We use the drift kinetic equation (see the 
appendix) for the electron guiding center distribution function fe(vII ,x,t). 

Here we used a local Cartesian coordinate in which the z axis is taken to be in the 
direction of the ambient magnetic field. Bo; E and B are the wave electric and 
magnetic fields, respectively; subscripts z and 1 indicate the components in the 
direction parallel and. perpendicular to the ambient magnetic field, respectively; z  ̂ is 
the unit vector in the z direction; and vd is the drift velocity perpendicular to the 
magnetic field, which, for electrons, is given by 
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We assumed also that the plasma 
neglecting the magnetic compression B, . 

equation for the average distribution function <fe) can be written as 

is small (compared with unity) to warrant 

We assume that the density gradient exists in the x direction. Then the quasi-linear 

where f:’) is the linear response and 0 shows the ensemble average. If we use the 
Fourier amplitude expression for the linear terms, such as 

= R~ ff , i(k*x-wt) 
k 

the linear response of the distribution function f;) can be expressed as 

where P indicates the principal value, 6 is the Dirac delta function, and the Maxwell 
equation V x E = - aB/at is used to express Bx in terms of E, and E,. 

If we substitute Eq. 6.4 into Eq. 6.3, the term multiplied by the delta function, which 
represents the dissipation due to the Landau damping, contributes to the quasi-linear 
diffusion coefficient. The first term contributes to the diffusion in velocity space and 
the second term to that in coordinate space. Taking the second-term contribution 
here, we have 

As is expected, only the z component of the wave electric field contributes to the 
diffusion. The preceding result is valid for any kmd of low-frequency electromagnetic 
waves not restricted to  the kinetic Alfvdn wave. 

(f,) dv,, can be constructed by 
integrating Eq. 6.6 over vz. If we assume a Gaussian distribution for <fe), i.e., 

The diffusion equation for electron density, ne = 

A 
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we have, for V T ~  $- VA , 

ane - --. 
a t  I 

where 

(De$) 

As stated previously, a unique feature of the kinetic A l f v h  wave is that it 
accompanies the electric field E, in the direction of the ambient magnetic field. 

Ion Diffusion 

We now discuss the ion diffusion. The diffusion coefficient can be formally 
obtained by using fi in place of fe in Eq. 6.6. However, because fi(v = w/k, = VA) = 
exp (-v1/2vii) e exp (-p- '), if the plasma beta is small, the diffusion coefficient 
obtained this way gives a value negligibly small compared with that of electrons. 

However, if a local energy balance is maintained between electron and ion 
dynamics, the ambipolarity results, namely, the ion-diffusion coefficient, become 
identical to that of the electrons. To present an example of such a case, we consider a 
situation in whch the fluctuation is generated by the drift-wave instability. When the 
local energy balance exists, the fluctuation excited by the inverse Landau damping of 
electrons is absorbed by ion damping and the stationary state is maintained. If we take 
the viscous damping as the damping mechanism by the ions and ignore the finite ion 
Larmor radius effect for simplicity, the ion-density fluctuation, nik, is obtained from, 
the equation of motion and the equation of continuity, 

(6.10) 

where v is the viscosity coefficient and the parallel ion inertia is ignored for the Alfven 
branch considered here. We note that the diffusion coefficient, Di, is obtained by 
calculating the diffusive ion flux, 

1 
2 = -Re(n&Eyk) 

(6.1 1 )  
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If we substitute Eq. 6.10 for this expression, we can formally obtain the ion flux 
in terms of the viscosity coefficient v ,  

(6.12) 

To compare this with the electron diffusive flux (Eq. 6.8), we need to express v and 
Eyk in terms of 6, and Ezk. For this, we derive the dispersion relation by using 
quasi-neutrality and the Ampere law, including the effect of the density gradient. By 
assuming stationary state (real a), we have, from the real part of the dispersion 
relation (Eq. 5.12), 

(o - 0,) (a2 - k;vi) = Ask;vio (6.13) 

and, from the imaginary part, 

(6.14) o * / w -  1 
A S  

6 ,w = vk; 

where o* is the drift-wave frequency given by 

The relation between Ezk and Eyk can be obtained from the Ampkre law: 

40  - a*> 
E y k = z E z k  [I - Ask; v i  1 (6.15) 

Using the dispersion relation (Eq. 5.13) and substituting Eqs. 6.14 and 6.15 into 
Eq. 6.12, we have 

If we compare this expression with Eq. 6.1 1, we see 

(6.16) 

and hence the ambipolarity is proved. 
However, we point out that, if the local energy balance between electron and ion 

dynamics does not exist, the ambipolarity disappears. For example, if the. stationary 
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state is acheved whereby the fluctuation produced by the electrons is convected away 
by the wave or is reabsorbed by electrons, the ion diffusion coefficient becomes 
practically zero. 

PARAMETRIC DECAY 

The MHD Alfvkn wave is known to decay into another AlfvCn wave and the ion 
acoustic wave (Sagdeev and Galeev, 1969). Hence we discuss the decay of the kinetic 
AlfvCn wave, which has a much larger decay rate than the MHD AlfvCn wave 
(Hasegawa and Chen, 1976). We consider a self-consistent pump wave, Go(x,t) (the 
lunetic Alfvkn wave), of the following form: 

(6.17) 1 $,(x,t) = 7 {q50 exp [-i(wo t - ko * x)] + c - c} 

where (00, k,) satisfies the linear dispersion relation for the kinetic AlfvCn wave. The 
pump field, $0, is assumed to be sufficiently weak so that only interactions up to 
O(l$o 12) need to be kept. Furthermore, since decay instabilities are considered here, 
we ignore the upper sideband as being off-resonant and discuss only the couplings 
among the pump wave (+wo, kk,), the lower sideband (a-, k k ) =  (w, - w o ,  
k, - ko), and the low-frequency wave (a,, k,). Note again that (+ao, kk,) and (a-, 
kk)  are kinetic Alfven waves and (os, k,) is the ion acoustic mode. For low-beta 
plasmas, loolXlk,vAl > /wsI X Ik,c,l. To further simplify the analyses, we make the 
additional assumptions that Iklpil < 1 and T,/Ti > 1; thus we ignore the finite ion 
Earmor radius effect. The dynamics of both species are then described by the 
following drift kinetic equation: 

where 

with VE = El x Bo/Bi, Vpj = (m/qBi)j (dEl/dt), and VB = v,Bl/Bo, and where 
fj(x,v,,t) is the drift distribution function and other notations are standard. Note that 
here d/dt contains a convective term; i.e., d/dt = a/at +.(v - V). 

Letting fj = 6') + ql) + ff"" and using the two potentials @J and J/ defined in 
Eqs. 2.7 and 2.8, we obtain the linear response, $ I ) ,  as 

J 

(6.20) 
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(6.2 1) 

where 5 = eJ//Te, 5= e@/Te, and x= k:(c:/uEi). Equations 6.20 and 6.21 are valid 
for both kinetic Al fvh  and ion acoustic waves. Note, however, since (w,, k,) is an 
electrostatic mode: 4, is equal to I),; whereas, for the kinetic Alfven modes, (w- ,  k-) 
and ( W O ,  ko), qj-,o is not equal to J / - , o .  

In dealing with the nonlinear analyses, let us note that, because the kinetic Alfvkn 
waves have X =  0(1), our results are therefore valid in the regime xZ+ wO/oci ,  whereas 
the classic MHD results of Sagdeev and Galeev (1969) are valid in the opposite limit. 
The details of nonlinear interactions are different for the different modes as well as for 
species and will be treated separately. 

Let us first consider the ion acoustic (os, k,) mode. Since we are interested in 
either the resonant decay to the ion acoustic mode or the induced scattering decay 
when this mode is heavily damped, only nonlinear perturbations up to O(l@ol) need to 
be kept here; i.e., we must calculate q2) only. For the electrons Iw,~,  lwol < a c e ,  and 
Iklpe( 4 (klpij < 1, vpe, the electron polarization drift can therefore be neglected. 
Referring to Eq. 6.8, we then find the dominant nonlinear contributions to fL2) to 
originate from the Vl * [ v B ( ~ o )  f L 1 ) ( L )  + (0 * -)] term as well as from the 
(q/m)e{  no) X Bl(fZ-)] (wO , ko), 
S2- 

2 + (0 f -)} (af;')/avZ) term, where no 
(0-, k-), and 0, 3 (os, ks). With Iw,~ Q JkzsVTeI, f i2) (as) is given by 

and where 5~ corresponds to the VE x B l  term; 

(6.22) 

(6.23) 

(6.24) 

In deriving Eqs. 6.23 and 6.24, we have made use of the fact that and 52- are 
kinetic AlfvBn waves and hence J/ (or E,) and Bl  are related to 4 by Eq. 6.5. 

In treating the ions, we note first that, because Iw-1, lwol > IklloVTiI, Ikll-vTil, VB 
has negligible contribution, and, from Eq. 6.21, f{" of the kinetic Al fvh  wave is 
reduced to 
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Second, we note that vpi contains a nonlinear term from its convective part; i.e., v$) = 
(m/qBg)i (v .v)i El. However, it can be shown that the contribution to the 
VI - [vlfl i term from v$)fF) cancels to the order wo/wci with that from VEfilf). 
Thus the only net contribution comes from the V E f i )  term, which corresponds to  the 
usual (VE *V)vz convective nonlinear (ponderomotive) force term in the parallel (to 
Bo) equation of motion. Another important nonliqear contribution, which is similar to 
that of the electrons, comes from the (VE x Bl)  f: term. Combining these nonlinear 
terms, we obtain 

(6.26) 

where GC corresponds to the Vl [VEf{i)] nonlinearity and is given by 

and $E@,) is given in Eq. 6.24. Substituting Eqs. 6.20, 6.21, 6.22, and 6.26 into the 
quasi-neutrality equation 

es=  1 +&+xi (6.29) 

(6.30) 

(6.32) 
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n w 

and 

F(x) = x, t 5;- t - x, (6.33) 

Equation 6.28 describes the coupling of the ion acoustic mode to the lower-sideband 
kinetic Alfven wave via the pump. 

Let us now consider the kinetic AlfvCn (w- ,  k-) mode. For this mode we have to 
calculate both the charge and the parallel current-density perturbations to O(@olz)), 
i.e., f j " ) ( S Z - ) ,  to take into account the induced scattering process. 

Thus nonlinear contributions due to both $(')(a,) and q2)(SZs) must be included. 
Let us first consider the electrons. Again vpe has negligible contribution, and dominant 
nonlinear contributions come from the vfi(n,) [fL1)(52,) t fA2)(SZS)] term as well as 
from the [ v E ( ~ , )  x B,*(S20)] 2 term. I t  turns out, however, that ne(2) is negligible 
compared with n i2)  owing to the canceling of dominant nonlinear terms, whereas ni3) 
is given by 

(6.34) 

Perturbations in parallel current density can then be obtained from the continuity 
equation, 

and 

As to  the ions, because 10-1 >lkz-vTil, the dynamic is mainly in the 
perpendicular (to Bo) plane. Thus we can neglect Jzi, and, from the continuity 
equation, we find the ion-density perturbations to he 

and 

(6.38) 

where v$)(S2-) is the nonlinear ion polarization drift due to the convective (VI * V 1) 
term. 



PARAMETRIC DECAY 77 

The two field equations, Eqs. 2.9 and 2.10, including nonlinear perturbations. 
become at fl= 52 - 

j=e,i 

which can be combined into a single equation, 

where 

and 

(6.39) 

(6.40) 

(6.41) 

(6.42) 

(6.43) 

(6.44) 

In deriving Eq. 6.41, we have noted that S L  is a resonant kinetic AlfvCn mode, and 
hence lfAl < 1. If we substitute Eqs. 6.34 to 6.38 for the nonlinear charge density and 
parallel current density perturbations into Eq. 6.41, it reduces to  

P~(s2 - )  5- = AA F(X) $,*& 

where 

(3) f A  = EA - EA 

with €2) due to third-order perturbations, 

(6.45) 

(6.46) 
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and where 

(6.48) 

Combining the two coupled equations, Eqs. 6.38 and 6.45, we then derive the 
following dispersion relation for the parametric decay instabilities: 

[€A - P f " ]  E ,  = AAAs FZ (X) I& I' (6.49) 

where 

P(')= + A A A ~  F(X) 1 & 1 2  (6.50) 

With T, 3- Ti, the acoustic wave is weakly damped, and we have the resonant 
decay instability. In this case, €2) can be neglected. Let os = usr +- iy and W -  = 
-WA t i-y, where oSI and WA = wo - wSI satisfy, respectively, the dispersion relations 
for the ion acoustic and kinetic Alfven waves. Equation 6.49 then reduces to 

A A  

(6.5 1) 

(6.52) 

(6.53) 

and and F, are the corresponding linear damping rates. From Eq. 6.51 we can 
deduce the threshold pump field by letting -y = 0. Well above the threshold field, the 
growth rate is given by 

IF(x) sin 81 (6.54) 
[( 1 + Xo)( 1 + x-)( 1 t X,)] %- 

In deriving Eq. 6.54, we have let (k, x ko) z* = (k- x ko) z  ̂ = k,-klo sin 8 and 
have used the relation between B l o  and &(= eGo/Te) expressed in Eq. 6.5. The 
growth rate obtained here is larger than that of the ideal MHD results by a factor of 
h a c i / m A .  

This enhancement is expected because, owing to the finite h's, nonlinear effects 
induced by the E x Bo drifts of electrons and ions do not cancel each other to the 
order of X in the case considered here, whereas only ion polarization drift [which is 

- 
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smaller than the Ex Bo drift by a factor ( w ~ / o , i ) ]  contributes in the ideal MHD 
limit. Furthermore, unlike the MHO case in which only the backscattering is allowed, 
three different types of decay are possible here as illustrated in the w vs. k, diagrams 
in Fig. 6.1. Note also, since F(X) + 0 as xo + 0, this decay process is pertinent t o  the 
pump wave’s being a kinetic AlfvCn wave. 

Let us now consider the case in whch  Te 5 5Ti so that the ion acoustic wave is 
heavily Landau damped by ions. In this case the decay instability is made through 
nonlinear ion Landau damping; i.e., it is an ion-induced scattering process or a 

WA 

x O < x A  

w 

3 0 k 
kz 

‘A 

0 

XQ >< A* 

Fig. 6.1 Dispersion diagram showing the decay process of the kinetic Alfvbn wave at wo to 
anothe-r kinetic A l f v h  wave at WA and the ion acoustic wave at ws. 
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quasi-mode decay instability (which it is sometimes also called). From Eq. 6.49, the 
growth rate, yN, is obtained to be 

(6.55) 

As indicated in Eq. 6.50, 6 2 ’  does not contribute to the growth rate, and yN further 
reduces to 

which has its maximum value at lwSl X IkzsVTiI and 

Main conclusions are: (1) the growth rate obtained here is larger than the classic MHD 
value by a factor ( ~ w ~ ~ / o A ) ~  ; (2) the results are pertinent to the pump wave’s being a 
kinetic Alfven wave; and (3) there is a similarity to  the resonant decay instability in 
that three types of decay are possible here (see Fig. 6.1). Note that the threshold 
pump field depends on FA, which, in the collisionless regime, is due mainly to electron 
Landau damping and, typically, rA/cdc i  x 0(10-’). Then, for a reasonable choice of 
other parameters, such as 0 x lo-’, W , ~ / W A  x 10, and T, %Ti ,  the threshold 
amplitude of B ~ o ,  (BLO)th/BO becomes approximately lov2.  

SOLITARY WAVE OF THE 
KINETIC ALFVEN WAVE 

The solitary wave is a nonlinear wave that propagates in a stationary form. Usually 
such a stationary waveform is generated by a balance between a nonlinear steepening 
effect and a dispersion effect. 

Since the MHD Alfven wave does not have dispersion, to construct a solitary wave, 
one should introduce either the finite frequency effect (Kakutani, 1974) or the finite- 
Larmor-radius effect. We consider the latter example and construct the solitary wave of 
the kinetic Alfven wave (Hasegawa and Mima, 1976). 

The kinetic Alfven wave has a dispersion for an oblique propagation. The 
nonlinearity originates from its compressible nature. 

We make two assumptions. The first is that the plasma p(= 2ponT/B$) is small but 
much larger than the electron/ion mass ratio. The effect of a high-beta correction was 
studied recently by Yu and Shukla (1978). The second is that the variation exists in 
the x-z plane, where z is the direction of an ambient magnetic field, Bo, and x is a 
perpendicular direction. 
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The low-beta assumption allows one to use the two potential fields @ and $ to 
a$/az. They produce only shear describe the electric field, E, = - a$/dx and E, = 

perturbations in the magnetic field; B, = Bo (constant), Bx = 0, and 

(6.57) 

The relevant field equations are the quasi-neutrality relation for ion and electron 
densities ni and 4, 

ni = ne (6.58) 

and the Ampere law for J,, the current density in the z direction, 

In a low-beta plasma, the ion density is given by 

The electron density is obtained from the drift kinetic equation, 

(6.59) 

(6.60) 

(6.61) 

Since the drift velocity Vd[= v,(B/Bo) + E X (&/Bo)] has only the y component, the 
second term does not contribute. Hence the electron density can be assumed to be 
given by the Boltzmann distribution, 

eJ/ ne = no exp- 
Te 

(6.62) 

where Te is the electron temperature. In Eq. 6.60 the contribution of the ion parallel 
inertia term is ignored by the low-beta assumption. 

Similarly, the contribution of ions to the current density, J,, is negligible; hence J, 
is given by the electron density. 

(6.63) 

Equations 6.59 to 6.63 become dimensionless if we introduce the new variables 
t = x / p s ,  { = z w ~ ~ / c ,  7 = w c i t ,  Ti= n/no, @ =  &ITe, and $ =  e$/Te, where ps=  

- 
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(T,/mi)s/uci, u c i  = eBo/mi, u p i =  (e2no/eomi)W, and where no is the unperturbed 
plasma density and c is the speed of light. We then consider a one-dimensional simple 
wave solution propagating obliquely with respect to the ambient magnetic field. The 
simple wave is chosen to be stationary with respect to a coordinate p ,  which is defined 
by 

For the boundary conditions, we require that the number density perturbation, 
n(q), as well as its derivatives, an/@ and anla{, vanish as t + f 00 and { -+? 00. In 
terms of 5 and $, this means $ = a$/a$ = a$/a{ = a2$/at2 = a3$/(at2 af) = 0 as 
$ + f 

With the use of these boundary conditions and the variable p ,  Eqs. 6.59 and 6.60 
can be integrated. If we then eliminate 5, $, and J, from Eqs. 6.59 to 6.63, we have 
the following nonlinear wave equation: 

and { -+ f 00. 

(6.65) 

The linear dispersion relation is obtained by substituting ii = 1 + 6n exp (iKp) = exp 
[iK(KxC; t K,{ - T ) ]  E exp [i(k,x + k,z - u t ) ]  : 

1 = K i  (1 t k2Ki)  (6.66) 

In terms of the original coordinates, 

u2 = k 2 v i  (1 + kzp:) (6.67) 

This is the dispersion relation of the kinetic AlfvCn wave (Eq. 2.19). The related 
solitary wave solution is expected to have a structure scaled by the ion gyroradius pi in 
the perpendicular direction and to propagate almost in the parallel direction. 

Equation 6.65 can be readily integrated once by changing the independent variable 
from p to ii. Using the condition dii/dq = 0 at ii = 1, we obtain 

(gy =g [(l -3 (Ki + ri) t (1 t Ki)iiInii] 

(6.68) 

Expanding F around ii = 1 identifies ii = 1 as a double root, a condition required for a 
solitary wave. 
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' The potential function F(ii,Kg) is plotted in Fig. 6.2 for various values of Kg . The 
nonlinear wave($ that we are seeking exists only for the range of density that makes 
F 2 0, including i i= 1. As shown in this figure, no range exists if KZ < 1; only one 
range, 0 < Ti < 1, exists if KZ = 1 ; and two ranges, 0 < ii < 1 and 1 < ii < Emax, exist 
if Kg > 1. K, = 1 corresponds to a wave that propagates at the Alfven speed in the z 
direction; hence Kg > 1 (KZ < 1) corresponds to a sub-Alfvenic (super-Alfvenic) wave. 

-0.24 - O . t  

Fig. 6.2 Nonlinear .potential function, F, vs. the mrmalized number density. The solitary wave 
solution exists when 'F 2 0. 

For the sub-Alfvenic range, there are two types of solitary wave solutions, one 
accompanying .a density hump (E2 1) and the other accompanying a density dip 
(ii < 1). ,Qualitatively this result agrees with the small-amplitude result. However, the 
wave corresponding to ii< 1 has a minimum density of zero, which is beyond the 
scope of our .theoretical framework (since the Alfven speed becomes infinity), and 
other effects, such as the finite frequency effect, need to be introduced to obtain a 
reasonable solution in this range of ii. 
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Consequently we consider only the wave corresponding to ii2 1. If K2 deviates 
from unity by a small amount, say M = K; - 1 < 1 (M > 0), the maximum amplitude 
nmax of the solitary wave is correspondingly small. For such a case, we can integrate 
Eq. 6.68 analytically for a small density perturbation, A = ii - 1, to give 

- 

(6.69) 

The corresponding magnetic-field perturbation, By (normalized by Bo), is obtained 
from Eq. 6.57. 

dv H CS 

Bo VA Kx Kz VA 
-- B Y = B  =-“l(ii- 1)-=-3(M) sgn(KxKz)- 

+ tanh [ai (6.70) 

The wave accompanies a finite x component of the electric field as 77 -+ k -, whch is 
given by E,(v + i: -) = VAK;’ B,(q + i: -). In general, E, is given by 

(6.71) 

The present solution is exact to an arbitrary amplitude so long as the result is 
consistent with the low-beta assumption. This means that the effective phase velocity 
of the wave should be larger than the ion sound speed, cs. Hence the maximum 
allowable value of Kz is VA/C,, or K: Q 0- . For a large value of K: , the peak density 
nmax is related to K: through K2 iimax/ln iimax. Hence the present result should 
be valid if iimax p- ’ .  

Figure 6.3 shows the density profiles for iimax = 10 and iimax = 5 ,  which are 
obtained by numerically integrating Eq. 6.65. The broken lines show the sech2 
solutions that are fitted to the maximum density point. The exact solitary wave has a 
wider structure than the ideal sech2 solution. The corresponding values By and Ex are 
shown in Fig. 6.4. The integration constant is chosen so that these values vanish at the 
origin of the q coordinate. As expected, they have kink structures. 

The structure of the total magnetic line of force is also interesting. Because 
By(q + 5 -) + i: constant, the line of force must be straight as q + i: -. Hence the 
projection of the field line into the 17 - y plane is basically a triangular shape with a 
round top as shown in Fig. 6.5. The actual line of force exists in the y-z plane. 
Because the phase stationary line at t = 0 exists on = 0, such a line can be expressed 
by opiz /c  = - [(K,/Kz)x/ps] , namely, z = - (Kx/Kz) (vA/c~)x. Hence the z axis has 
an angle 0 = - tan-’ (KZcs/Kxv~) with respect to q = 0 line. Therefore the actual 
line of force follows the edge of an oblique slice of the triangular roof-like surface by 

- 
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1: 
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Fig. 6.3 Normalized density as a function of  q/K,. 

- 
-16- 

1 I I I I I I I 1 7 / K x  
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-8 L \  
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Fig. 6.4 Normalized electric field, E,, and magnetic field, By, plotted as a function of q/Kx. 
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2 r e  

Fig. 6.5 Kink structure of magnetic line of force of the kinetic Alfvbn solitary wave (shown by 
the curve with arrowheads). 

the y-z plane as shown by the arrowed solid curve in the figure. For a linear wave, 
Kx approximately equals W c i / o  3- 1, as can be seen from Eq. 6.67. Hence the angle 0 
is usually very small. 

MODU LATIONAL INSTABI LlTY 
AND ENVELOPE SOLITON 

When a large-amplitude wave propagates in a nonlinear dispersive medium, the 
amplitude modulation is known to grow under a certain condition. Such phenomena 
are called modulational instability. When the nonlinear dispersion relation for o is 
given as o(k,a), where k is the wave number and a is the amplitude of the wave, the 
nonlinear equation that describes the dynamics of a wave amplitude $(x,t) with a 
monochromatic carrier frequency wo and wave number ko is given by (Karpman and 
Krushkal, 1969) 

where 

and 1401 is the magnitude of the stationary amplitude. The envelope function @(x,t) is 
shown to be unstable if the product (av,/ak a o o / a a )  has a negative sign. To prove 
this, we put 

w 
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and obtain the dispersion relation Sl =Sl(K) for small perturbations on p and u so that 

(E) = e) t Re ($) exp {i[K(x - vgt) - a t ]  } (6.74) 

By substituting Eqs. 6.73 and 6.74 into 6.72, we derive the dispersion relation, 

where 

(6.76) 

From Eq. 6.75 we see easily that an instability arises when a > 0. This means that a 
small perturbation in the wave amplitude (envelope) grows in time. Such an 
instability is called “modulational instability” and is originally discovered in nonlinear 
optics 

The physical picture of the instability can be easily understood if we realize that 
Eq. 6.72 represents the Schrodinger equation of a quasi-particle in a potential field 
given by (awo/aa) (141’ - 1 # 0 1 2 ) ;  if a > 0, the potential is attractive and the 
quasi-particles are trapped in the potential whose size is proportional to the 
quasi-particle density 141’ itself. Hence the more the quasi-particles are trapped, the 
deeper the trapping potential becomes; thus the perturbation grows. 

This self-trapping process4eads to a solitary wave solution for / @ I 2 .  If we put 
1401’ = 0 and obtain an exact stationary solution of Eq. 6.72 by imposing the 
condition that 141’ -+ 0 at x -+ f 03, we have, for a > 0, 

Id2 = PO sech’ [ ( C U P O ) ~  (x - v,t)] 
and 

&Po 
2 a = - t  

(6.77) 

(6.78) 

If a < 0, the solitary wave solution appears only under the condition that 141’ + 

p1 (# 0) at x + 5 03. The solitary wave appears in the form of an absence of wave 
energy (Hasegawa and Tappert, 1973), 

141’ = P I  { 1 - PO sech’ [(la1 PIPO)’ (x - vgt)l } (6.79) 

and 

X (X - vgt)]} -!$!-p1 (3 - Po)t (6.80) 
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Zakhalov and Shabat (1972) have shown that the nonlinear Schrodinger equation 
(Eq. 6.72) can be solved exactly by using the inverse scattering method and that these 
solitary wave solutions are, in fact, solitons: i.e., the time asymptotic solution of 
Eq. 6.72 for an arbitrary initial condition can be expressed in terms of solitary wave 
solutions of Eq. 6.77. 

In contrast to the solitary wave solutions of the wave itself, these solitons are 
often called envelope solitons. 

Now, let us see whether the Alfven wave is modulationally stable or not. As we 
have seen, the modulational instability can be found by deriving the nonlinear 
dispersion relation w(k,a) and finding the sign of (avg/ak) * (aw/aa). 

First, we note that the AlfvCn wave propagating in the direction of the ambient 
magnetic field has no dispersion; therefore avg/ak = 0. Hence, to find the modula- 
tional instability, we must consider the finite frequency correction. The dispersion 
relation as derived in Chap. 2 (Eq. 2.24) then becomes 

(6.8 1) 

Hence we see that avg/ak = a 2 0 / a k 2  < 0. Now, to find we must apply a 
nonlinear perturbation theory. The perturbations should include amplitude to the 
third order. The most elegant method for this is the reductive perturbation theory 
developed by Taniuti and Yajima (1969). The reductive perturbation leads directly to 
the nonlinear Schrodinger equation of the form of Eq. 6.72. 

Leaving the detail of the perturbation processes to a reference (Hasegawa, 1972), 
we show here the nonlinear Schrodinger equation which describes the modulation 
amplitude of the Alfven wave, 

We see here that aw/aa,a,O = kva/(4vg) > 0. Since avg/ak < 0, we find that the 
Alfven wave is modulationally unstable. 

The nonlinear frequency shf t  aw/aa is closely related to the ponderomotive 
force. The modification of the background plasma density due to the electromagnetic 
wave pressure (ponderomotive force) leads to the local shift of the wave frequency. 
For the Alfven wave, the wave energy is primarily magnetic, and the corresponding 
ponderomotive force becomes negative; this means that the plasma is attracted to the 
region of larger intensity of wave magnetic field (Kaufman, Cary, and Pereira, 1978). 
This leads to the modulational instability in the region of negative av,/ak, which is 
opposite the case of the well-known Langmuir wave, where the ponderomotive force 
is positive. 
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7 PLASMA HEATING BY ALFVkN WAVE 

As we have seen in a homogeneous plasma, an externally applied electromagnetic field 
with frequency, wo , faces spatial resonance absorption at the Alfven resonant surface, 
r = ro , given by 

wo = kll(r0) V*('O) 

If a proper choice of parameters is made, the absorption rate approaches 100%; i.e., 
the wave energy is deposited into the plasma at the same rate as the frequency of the 
wave. Plasma heating with this absorption has been proposed independently by 
Grossmann and Tataronis (1973) and Hasegawa and Chen (1974). The absorbed 
energy is shown to be converted to  the kinetic AlfvCn wave. The plasma is heated 
when the kinetic Alfven wave is dissipated by the particles by collision damping, 
Landau damping, and/or nonlinear effects (Hasegawa and Chen, 1975). We derive the 
rate of absorption, the heating rate of each species, and some design examples in the 
following sections. 

RES0 NANT-ABS0 RPTl O N  AND 
ENERGY-DEPOSITION RATE 

As we discussed in Chap. 4, in an inhomogeneous plasma the AlfvCn wave has 
continuous spectrum. If a monochromatic wave or an oscillating magnetic field is 
applied externally to an inhomogeneous plasma, the wave energy is absorbed at the 
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resonant surface. The absorption rate can be obtained by using the ideal magneto- 
hydrodynamic (MHD) equations. This rate can be shown to be the same, even if the 
kinetic theory is used, if the kinetic AlfvCn wave, which is excited by the mode 
conversion, propagates into the plasma and is eventually absorbed by wave particle 
interactions. Here we calculate the energy absorption rate, using a model boundary 
condition for a conceivable plasma. We take planar geometry as shown in Fig. 7.1, in 
which the inhomogeneous plasma is located in x 2 0. The current in the antenna coil is 
represented by a surface current, J,, at x = - h ,  where x = xo represents the Alfven 
resonant surface. The plasma is assumed to be uniform in x 2 a. The equilibrium 
properties of the plasma [mass density ( P O ) ,  pressure (Po), and the confining magnetic 
field (Bo)] vary only in the x direction. Bo(x) has a shear component; i.e., 

(In a toroidal plasma, x, y,  and z correspond to radial, poloidal, and toroidal direction, 
respectively.) Po(x) and Bo(x) satisfy the equilibrium condition 

Linearizing the ideal MHD equations, including the compressibility effect, from 
the equation of motion, we have 

VACUUM (x  < 0)  

E (x )  

PLASMA ( x  > 0) 

Fig. 7.1 Variation of E as defiied in Eq. 7.8 and the location of the surface current J, to excite 
the kinetic Alfven wave for plasma heating. 
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where E is the fluid displacement vector and B, the perturbed magnetic field, is related 
to  E through the Maxwell equations 

B=(Bol*V)E-(E*V)Bo - B o ( V *  t )  (7.3) 

Combining the adiabatic equation of state and the continuity equation, we can express 
the perturbed plasma pressure, p, in terms of E, as 

(7.4) 
dP0 

P = - t x d x 7 P o ( v . E )  

If we assume perturbations of the form 

= [(x) exp [i(k,z t kyy - a t ) ]  

with w = wo t i6(6 = O+),and adopt the local rectangular coordinates with ell = Bo/ 
[Bo I and e, = ell x e,, Eq. 7.2 then becomes, for each component, 

dfi fEx = P o  dx 

Here 

E(X) 0 2 p o p  - kf BZ 

B Bo 
PO 

F=p+-  

kl,(X) B o w  = kzBoz + kyBoy 

ki(x)  BO(^) =kyBoz -kzBoy 

Using Eqs. 7.3 and 7.4, we can express tl(x) in terms of tx(x) as 

(7.5) 

(7.6) 

(7 ;7) 
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Here 

w2 vz 
(7.9) 

where vs is the sound speed. Substituting Eqs. 7.6 and 7.8 into Eq. 7.7, we then arrive 
at the wave equation for tX: 

(7.10) 

Equation 7.10 contains the shear Alfven, magnetosonic, and ion-acodstic waves. 
Owing to the nonuniformities, these three waves are coupled. Note that Eq. 7.10 has h 
singular solution at the resonant point x = xo where e = 0. This singularity then causes 
the wave phase mixing, and hence the energy of the excited wave is' dissipated. 
Equation 7.10 is a generalized form of Eq. 3.5 in that the effect of compressibility is 
included. When vs + 00 and k, = 0, this equation reduces to the ideal Alfven-wave 
equation (Eq. 3.5). We also note here that, near the spatial resonance where E 0, Eq. 
7.10 is reduced to 

(7.1 1) 

and hence it recovers the structure of Eq. 3.6. This indicates that near the Alfven 
resonance the effect of compressibility becomes irrelevant. In the subsequent analysis 
we shall assume that the low-beta plasma is v i  & v i ;  thus w% 3- v:k$ and 

Let us now obtain the energy absorption rate, dW/dt. From the power 
conservation law, dW/dt should be equd to the difference in power flow toward the 
plasma before and after it reaches the resonance surface xo. The total power flow, P, 
in a cross-sectional area, S = Lyk, is given by 

a(x) 1 -I- ("Z / v i )  = O( 1). 

- -  - LvLz Re ioot,*c 
2 

If we note that tx has a logarithmic solution near x = xo so that 

(7.12) 
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.$, = C In (x - xo f i6) (7.13) 

where C is a constant. Equation 7.12 indicates that the power flow is discontinuous (but 
not divergent) across the plane x = XO. Herice the absorption rate is obtained as 

where er is the real part of E .  The preceding expression shows that the absorption rate 
is proportional to the gradient of E given in Eq. 7.8 and to lC12 ; C is proportional to 
the amplitude of the externally applied field intensity. For a design purpose, C should 
be expressed in terms of driving field. To do this, we must solve the boundary-value 
problem of Fig. 7.1 and express C in terms of the current density, J,, of the exciter 
coil. This process is straightforward but tedious. If we use the process by Chen and 
Hasegawa (1974), the result is 

LyLz 1 1 Bi(0) 
27100 - - - - - dW 

dt Ikyl lkyxol lr12 PO 
-- 

with 

(7.15) 

where In(x) and Kn(x) are modified Bessel functions of the fitst and second kind, 
respectively, and Bi(O), the magnetic field induced by J, in vacuum, is 
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(7.16) 

It  can be shown that, if the plasma nonuniformity is weak so that K/k, < 1, then 

1x0 I = IkyXo I B 1 

K,l= Iky(a - xo)l% 1 

and 

r (2n) w (Ik, I xo)-' exp (Ik, I xo) 

Then the absorption rate can be written 

(7.17) 

This expression shows that, at each cycle of the wave, the magnetic-field energy given 
by IBx(xo)12/po in the volume of I.,,& kyl-' is absorbed, an indication of a very 
efficient rate of absorption. 

HEATING RATE 

To obtain the heating rate of each species in the plasma, we must use the kinetic 
theory. As was shown in Chap. 4, the absorbed energy due to the spatial resonant is 
converted to the kinetic Alfvdn wave. Hence the heating rate of each species can be 
obtained by the damping rate of the kinetic Alfvin wave by the species (Hasegawa and 
Chen, 1975, 1976). 

First, let us consider the collisional regime. Here the ion heating is dominated by 
the viscous damping of the transverse component of the wave field. The heating rate is 
given by 

dT. 1 
= - Re(J E*)i no dt 2 

(7.18) 
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where vii is the ion-ion collision rate. Since k,, ]E, 1 2 ,  and wii/wzi are all functions 
of x, the heating rate varies as a function of the distance away from the mode 
conversion point. However, the variatiohs tend to cancel among each other, and the 
heating rate remains roughly constant and is given approximately by 

dTi IB,,(K-')~~ 
no -= dt vii 2p0 (7.19) 

where  by(^-') is the value of the wave magnetic field at x = K - ' .  By is related to the 
amplitude of the source field, B,,, through the Airy function, as shown in Chap. 4, 

near the mode conversion region, 

(7.20) 

(7.21) 

and away from the mode conversion region (at x = K - ' ) .  If we take a tokamak plasma, 

Hence the y component of the wave magnetic field can be enhanced by a factor of 100 
near the: mode conversion point. 

The electron heating in a collisional regime is governed by the ohmic dissipation of 
the field aligned current, 

dT 1 
dt 2 no 2 = -Re(J,Eg) 

If we compare this heating rate with that of the ions in Eq. 7.18, we have 

(7.22) 

(7.23) 

For most tokamak parameters, this ratio remains of the order of unity. Hence, in a 
collisional regime, electrons and ions are heated approximately at an equal rate. 
However, electrons are heated in the parallel direction, whereas ions are heated in the 
perpendicular direction. 



HEATING RATE 

In a collisionless regime, the linear heating occurs as a result of the Landau 
damping. Hence particles are heated in the parallel direction, (dT/dt) = Re(JzEz/ 
2). The Landau damping rate for trapped electrons by a local mirror is reduced by the 
bounce motion. For simplicity, we assume the case of a straight magnetic field. The 
heating rate for ions in a collisionless regime is then given by 

where 

6 i=2(n )  Y pi -% exp(-o;’) (7.25) 

and pi is defined for the ion pressure, pi = 2v&/vI,  at the resonant point. Other 
quantities except w are a function of position. Maximum heating is achieved at hi = 1. 

The heating rate for electrons in a collisionless regime is given by 

where 6, is given by 

(7.26) 

(7.27) 

In Eqs. 7.24 and 7.26, eo IExlZ((w~j/w~j) can be approximately identified as the wave 
magnetic-field energy B$/2po. 

The ratio of the heating rate for ions and electrons in the collisionless regime 
becomes 

dTj/dt ( 1/2)piIoe-Xi (Te/Tj) 6 j - 2mj 
-cy dTe/dt - he - hy (+r (for hi < 1) (7.28) 

The factor pi on the ion heating rate appears because the ion Landau damping is 
possible only through the coupling to the ion acoustic wave. This ratio is negligibly 
small for a low-beta plasma; i.e., only electrons can be heated in a low-beta plasma. 
However, when pi approaches unity, the ratio becomes of the order of unity. For 
example, if pi = 0.2, Te/Tj = 2 makes this ratio unity, and the corresponding value of 
6e becomes 0.13. Because of the trapped-particle effect, this value of 6e is an 
overestimate. The true damping rate will probably be an order of magnitude less. 

Let us now consider a nonlinear regime. Because the kinetic Alfven wave has an 
enhanced amplitude as a result of the resonant mode conversion, even with a 
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reasonably small amplitude of the external source field, nonlinear processes are 
expected to take place. 

As was discussed in Chap. 6, if Te%Ti ,  the kinetic Alfvdn wave decays 
parametrically into another kinetic AlfvCn wave and an ion acoustic wave. If T, = Ti, 
it decays into another kinetic Alfvdn wave through the nonlinear Landau damping of 
the ions. In either case, the ions are heated, and the heating rate is roughly 
proportional to the decay rates given in Eq. 6.54 or 6.57, 

where y = ~ D ( T ,  % Ti) or yN(Te = Ti), with 

and 

where 

1 > A(= kjp;) = max(Xo ,A,,A,) 

(7.29) 

DESIGN EXAMPLES 

In this section we present some design examples of the application of th kinetic 
Alfven wave for supplementary heating of a tokamak-type plasma. Since the ohmic 
heating saturates at a temperature near 1 keV, a supplementary heating is needed to 
increase the temperature to  a fusion temperature of 10 keV. Several methods have 
been proposed for this purpose, but none has been proved conclusively to be the best 
choice. A reactor tokamak typically has the following dimensions: Density of 
electrons (ne), 2 x 1014 ; toroidal field (Bo), 70 kG; minor radius (a), 3 m; and major 
radius (R), 12 m. This gives the plasma volume of approximately 2 x lo3 m3 and 
output power of 3 G W .  To heat such a plasma within the expected energy 
containment time of 10 sec, we need the input power of the supplementary heating of 
200 MW. If we subtract heating efficiency, this number indicates that we need a power 
source with an efficiency of the order of 50%. This is a rather severe requirement for a 
power source with 200 MW. 
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The Alfven wave, whose frequency range is of the order of 1 MHz, is attractive in 
this respect because a power source of this magnitude and efficiency is currently 
available. 

Plasma is heated when the kinetic AlfvBn wave is absorbed by the plasma particles. 
Supplementary heating has meaning only in the collisionless regime where the ohmic 
heating can no longer operate. In this regime Landau damping, or nonlinear 
wave-particle interaction, is the important absorption process. 

Since the linear Landau damping, which effectively operates only on electrons, is 
expected to saturate quickly owing to the plateau formation of the distribution 
function, the nonlinear heating is probably the most important process. There ions can 
be heated by the nonlinear ion Landau damping. The threshold value of the 
normalized wave amplitude, BI/B,-,, is given by 

B"I WZCi 
vii < 0.1 -- B$ w 

Here we have assumed that the electron Landau damping has been saturated by the 
plateau formation; hence only the ion viscous damping, viiXi, is a dissipative process. 
The ion-ion collision frequency, vii, for kiloelectron volt plasma with a density of 
5 x 10' cm-3 is approximately IO' sec-' . Hence the threshold is given by 

If we use 1 MHz, the threshold amplitude of the kinetic Alfven wave becomes 
approximately 50 G. This is quite a reasonable value if we recall that the amplitude of 
the kinetic AlfvCn wave is enhanced, owing to the resonant mode conversion, by a 
factor of @,a)-% = 30 compared with the externally applied field. 

If the kinetic AlfVBn wave dissipates completely as it propagates through the 
plasma column, the heating rate is given by the absorption rate of the externally 
applied oscillating field by the resonant absorption. This means that the damping rate 
per cycle should be larger than the wavelength (-p,)  over the minor radius of the 
column, which, for the example shown here, is The absorption rate is given by 

dW B ~ ( X , ) ~  
--aV - w 
dt 2PO 

where V is the plasma volume and Bf(xo) is the value of the magnetic field at the 
location corresponding to the resonant surface in the absence of the plasma. This 
relation shows that, to provide 200 MW to the plasma, we need only 4 G of oscillating 
magnetic field. Inside the plasma this field will be enhanced to about 100 G and will 
be well beyond the threshold value for the nonlinear Landau damping. 
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The oscillating radio-frequency (r-f) field with a typical frequency of 1 MHz is 
launched by a coil that is placed at, the wall and is helically wound with respect to the 
toroidal magnetic field. The ohmic (skin) resistance, R, of the coil is given by 

where d and 1 are the width and length, respectively, of the coil and R, is the skin 
resistance of ohm for copper and ohm for tungsten. 

On the other hand, the radiation resistance, R,, is given by 

where L is the coil inductance. Hence the heating efficiency of the coil, 17, is given by 

where 

R 1 
Rr 2 n x  10' d(m) 
--M 

even for a tungsten coil. 
If d = 0.1 m is used, R/R, is much smaller than 1 and 7) is approximately equal to 

1. The Q vqlue of the coil itself is given by woL/R = 2n x 10' d. The Q value of the 
coil, including the radiation impedance, is of the order of unity because of the high 
efficiency of the resonant absorption. 

The induced terminal voltage, V, of the coil is given by 

v = WOLI 

To produce a 1043 amplitude of fj;(Xo) at 1 MHz with a coil of 1-m length, the in- 
duced voltage becomes V = 100 V. 

The excitation by a coil has a merit in that it can be designed so that the 
magnetosonic wave is cut off by choosing kyVA(= k0vA) 9 w ,  whereby one can 
suppress the unnecessary compressional motion of the plasma. However, it  has 
demerits that originate from the installation of a large coil inside the reactor chamber. 

An alternative method is to use a waveguide or a smaller antenna coupling to 
excite a magnetosonic wave that is resonantly absorbed at the Alfven layer as shown 
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by Eq. 7.10. If a plasma can tolerate the compressional motion of the magnetosonic 
wave, this method can eliminate the problem of the large antenna (Ott, Wersinger, and 
Bonoli, 1978; Kearney and Perkins, 1978). 

EXPERIMENTAL RESULTS 

We introduce four major experiments of Alfven-wave heating: (1) Theta-pinch 
plasma in Lausanne, Switzerland; (2) stellarator plasma in Wisconsin; (3) stellarator 
plasma in Sukhumi, Russia; and (4) heliotron plasma in Kyoto, Japan. In all these 
experiments, efficient absorption and heating have been observed; however, there seem 
to be discrepancies in the existence of enhanced loss of plasma. 

Theta Pinch 

Alfven-wave heating on linear theta-pinch plasma has been studied by Keller and 
Pochelon (1978). The pinch configuration and the helical launching structure are 
shown in Fig. 7.2. The theta coil is 142 cm long and has an inner diameter of 9 cm. 
The main field reaches 16 kG in 3.8 psec, at which time it is crowbarred. The quartz 
discharge tube has an inner diameter of 5.2 cm. Two electrodes, 1.2 cm in diameter, 
are 142 cm apart. The typical plasma parameters are: percentage of ionization, 75%; 
mean plasma radius, 0.76 cm; mean electron density, 2 x 10' cm-j ;  and maximum 
plasma temperature (before heating), 40 eV. The helical launching structure has an 
m = 1 configuration. The energy source is a 45-kV, 0.1-pF, low-inductor condenser. 

I I -- I_ --- 
I I 

4 6 7  3 ! I5 T 0 4 em 2 

Fig. 7.2 Alfvin-wave heating experiments on the Lausanne linear theta pinch. [From R. Keller 
and A. Pochelon, Alfvdn Heating of a Theta F c h ,  Nucl. Fusion, 18(8): 1052 (1978).] 

1 m z l c o i l  5 Viewing port 
2 Part of the electrostatic shielding 6 Quartz tube 

(insulation not indicated) 7 Electrode 
3 Diamagnetic coil 
4 Thetacoil 
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Coupled with the coil system, the ringing frequency,is 1 MHz. The temperature and 
heating power are measured by diamagnetic probe. Figure 7.3 shows the increase of 
temperature (T) and plasma beta (0) as functions of time. The heating efficiency 
deduced from the experimental data is approximately 50%. Evidence of resonant 
absorption is observed. 

1 2 3 4 5 6 

TIME, psec 

Fig. 7.3 Plasma temperature and mean beta value as functions of time in the presence (0) and 
absence (0) of the Alfvkn wave, [From R. Keller and A. Pochelon, Alfv6n Wave Heating of a Theta 
Pinch, N u l .  Fusion, 18(8): 1055 (1978).] 

Proto-Cleo 

Alfvin-wave heating on Proto-Cleo plasma at Wisconsin has been reported by 
Golovato, Shohet, and Tataronis (1976). The Proto-Cleo is operated as an I = 3,7 field 
period stellarator with a major radius of 0.4 m and an average plasma minor radius of 
5 cm. The plasma density is approximately 10' ~ m - ~ ,  and the electron temperature 
is of the order of 10 to 20 eV. The poloidal field is 3 kG, and the energy confinement 
time is 1 msec. The experimental setup is shown in Fig.7.4. The rf coil is the helical 
winding that goes around the major axis of the torus three times in going around the 
minor axis once. It is inside the higher pitched confining field windings. A generator 
operating up to 200 kW at a pulse length of 1 msec was used to launch the rf. Figure 
7.5 is the plot of the radial electron-temperature profile immediately after rf was cut 
off, normalized to the temperature profile at the same time without the presence of rf. 
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VACUUM 
TANK 7 

HE Ll  CAL 

FIELD COILS 
MAGNETIC- 

STRUCTU R E  

Fig. 7.4 Experimental setup of the Wisconsin ProtoCleo stetlarator. [From S. N. Golovato, J .  L. 
Shohet, and J. A. Tataronis, Alfvdn Wave Heating in the ProtoCleo Stetlarator, Phys. Rev. Lett., 
37(19): 1273 (1976).] 

I c 
3 

Fig. 7.5 Change of temperature as a function of radial position in the ProtoCleo Alfvdn-wave 
heating. 
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Notice that several peaks are observed. These peaks roughly correspond to the spatial 
resonant surfaces if we assume one-dimensional theory. Both the electron and ion 
temperatures are reported to be doubled. One unique feature of this experiment is the 
observation of enhanced transport owing to the applied rf field. The anomalous 
transport varies approximately linearly with respect to the amplitude of rf and is 
believed to be caused by magnetic island formation. 

R-02 

The Alfvdn-wave heating experiment on R-02 at Sukhumi is interesting because of 
the high-intensity rf field (Demirkhanov et al., 1977). The schematic diagram of R-02 
and its coupling coil is shown in Fig. 7.6 .  

Efficient heating has been found to take place when the plasma density is made 
larger than 5 x 1 O I 3  ~ m - ~ ,  at which density the Alfvdn wave can be coupled into the 
plasma. Figure 7.7 shows the clear nonlinear aspect of the heating as a function of rf 
magnetic-field intensity. It is also interesting that the temperature reached was almost 
20 times as great as the initial temperature. In actual numbers the ion temperature 
increases from 20 to 250 eV. The nonlinear threshold of the heating takes place at the 
rf magnetic-field amplitude of about 50 G. One remarkable aspect of this experiment 
is that the fluctuating field observed by loop voltage has disappeared, and better 

t iROGqWSKY COIL 
,-@1300 

PHOTOMU LTlPLl E R 

BOLOMETER 

DIAMAGNETIC GAGE J 
Fig. 7.6 Experimental setup of Sukhumi R-02 stellarator. (From Demukhanov e t  al., 1977.) 
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Fig. 7.7 Diamagnetism which indicates the plasma temperature as a function of Alfvhn-wave 
intensity. A clear nonlinear heating is shown. 0,ll  kG. 0,s kG. (From Demukhanov et al., 1977.) 

confinement is acheved when the AlfvCn wave is coupled in the higher density phase 
of the discharge. The better confinement in the presence of the large-amplitude AlfvCn 
wave may be understood in terms of the negative ponderomotive effect, as discussed in 
Chap. 6. Unlike electrostatic ponderomotive force, magnetic ponderomotive force 
tends to attract plasma into the high-intensity re@on of the rf field. If this is proved to 
be the case, the Alfvdn-wave heating has a very attractive feature in that the applied rf 
field works to  heat as well as to confine the plasma. 

Heliotron-D . %  

Alfvdn-wave heating of the Heliotron-D has been reported by Obiki et al. (1977). 
The machine has a major radius of 1.1 m, a minor radius of 10 cm, a toroidal field of 2 
to  3 kG, and an electron density ranging between 3 x 1OI2 and 3 x 1013 ~ m - ~ .  The 
plasma isohmically heated before the AlfvCn-wave heating is applied. A schematic 
diagram of the Heliotron-D is shown in Fig. 7.8. The initial experimental data tend to 
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MONOCHROMATOR 
HIGH-SPEED CAMERA 

'URE ON TEMPERA1 TOROIDAL COIL 

MAGNETIC PROBE 

ION TEMPERATURE 

BROADENING) 
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PLASMA DE 
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DIAMAGNETIC LOOP 
0 l m  
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Fig. 7.8 Experimental setup of the Kyoto stellarator Heliotron-D. [From T. Obiki et al., Alfvdn 
Wave Heating Experiment in the Heliotron-D,Phys. Rev. Lef t . ,  39(13): 812(1977).] 

show successful heating but poor confinement of electron heat. However, most recent 
results seem to indicate good heating and good confinement, as shown in Fig. 7.9. The 
improvement in confinement is achieved by better shielding of the rf coil. One 
remarkable result of this experiment is the clear threshold of efficient heating as the 
function of initial electron temperature, as shown in Fig. 7.10. As was shown earlier in 
this chapter, the heating occurs owing to the dissipation of the kinetic AlfvCn wave 
which is excited at the resonant surface. However, the kinetic Alfvkn wave propagates 
toward the plasma center only when the electron thermal speed is larger than the 
Alfvkn speed at the resonant surface. Otherwise, the kinetic Alfvkn wave propagates 
toward the plasma edge and heats only the plasma surface (see Fq. 2.44'). In addition, 
when the electron thermal speed is larger than the Alfvkn speed, electron Landau 
damping and the consequent heating of electrons can take place. This threshold is 
shown in Fig. 7.10; the temperature increases only when this condition is satisfied. If 
the kinetic Alfvkn wave cannot be excited, the heating takes place only locally at the 
resonant surface. Therefore, having an initially large-enough electron temperature so 
that its thermal speed is larger than the Alfvkn speed is essential for a bulk heating. 
Among three toroidal experiments introduced here, the Wisconsin results fall into the 
case of surface heating. The enhanced plasma transport, which seems to exist only in 
the Wisconsin experiment, may be related to this point. 



EXPERIMENTAL RESULTS 109 

t- 

0 WITH RF 

0 WITHOUT R F  
b 
2.' 

100 

n 
Y 
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Fig. 7.9 Electron temperature profile with and without Alfveh wave as a function of radial 
position and time (Obiki et al., 1977). 

0 100 200 
ELECTRON TEMPERATURE, eV 

Fig. 7.10 Heating threshoid as a function o f '  the initial electron temperature in the Kyoto 
Heliotron-D. [From T. Obiki e t  al., ALfvin Wave Heating Experiment in the Heliotron-D, Phys. 
Rev. Lett., 39(18): 815 (19771.1 
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A PPEMDIX: A LIST OF SYMBOLS 

B 

CS 

D 

E 
Ek 
e; e 
F 
f(x ,VS) 
Im 
In 
i 
J 
Jn 
Kn 
k 
kD 
L 
1 
me 
mi 
n 

C 

D(wM 

Magnetic-field vector 
Speed of light in vacuum; 2.998 X lo8 m/sec 
Ion sound speed, vTe(me/mi) 
Diffusion coefficient 
Dispersion relation; D(w,k) = 0 
Electric-field vector 
Fourier amplitude of an electric-field vector with the wave vector k 
Electron charge, 1.602 x coulomb; base of natural logarithm 
Force 
Distribution function in v-x phase space 
Imaginary part 
Modified Bessel function of the first kind 

Current density 
Bessel function of the first kind 
Modified Bessel function of the second kind 
Wave vector 
Debye wave number; W ~ / V T  

Lundquist number 
Attenuation distance 
Electron mass; 9.107 x low3' kg 
Ion mass 
Number density of particles; harmonic number 

(-1) 
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LIST OF SYMBOLS 

Order of x in magnitude 
Principal value 
Pressure 
Total pressure [p + (Bo - B/po)] 
Charge of a particle (e for proton, -e for electron) 
Radial coordinate 
Radius 
Real part 
Temperature (energy unit) 
Time 
Plasma volume 
Velocity 
Group velocity, L / a k  
Phase velocity, o / k  
Parallel speed; in cylindrical coordinates vz 
AlfvCn speed; co,i/wpi 
Drift speed 
Diamagnetic drift speed 
MHD sound speed 
Thermal speed; (T/m)s 
Perpendicular speed in cylindrical coordinates with z llBo ; ( v i  + v;>” 
Kinetic energy; m(vf + v;t)/2 
Position vector 
Coordinate 
Coordinate 
Plasma dispersion function 
Coordinate 
Pressure ratio of plasma to magnetic field; noT/(B?Y2~0) 
Growth rate of a wave with the wave vector k 

Kronecker symbol; = 1 (i = j), = 0 (i # j) 
Delta function 
Permittivity of free space; 8.854 x 
Equivalent dielectric constant 
Resistivity 
Angle between B and k 
Measure of density gradient; -V(h no) 
Wavelength 
k2vtl/w; 
Debye wavelength; V T / W ~  
Adiabatic invariant; mv? /(2B0) 
Permeability of free space; 4n x IG-’ H/m 
Collision frequency of particle a to particle 0 
Collision frequency of electron to ion 

ex @/ax) + ey ( W Y )  + e, (a/az) 

F/m 
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Superscript * 

Subscript e 
Subscript i 
Subscript i 
Subscript p 
Subscript r 
Subscript s 
Subscript 0 
Subscript 1 
Subscript II 

Reduced spatial coordinate vector 
Plasma displacement; &$/at = v 
Mass density 
Larmor radius 
Conductivity 
Equivalent conductivity; -ioeo e(w,k) 
Mean free time 
Reduced time 
Amplitude of a modulated wave 
Electrostatic potential 
Parallel potential 
Solution for w for a given value of k of a linear dispersion relation 
Plasma (angular) frequency; (ez no/.com)W 
Cyclotron (angular) frequency; eBo /m 
Drift-wave (angular) frequency; kl+ V (In no)/w, 
Alfven wave (angular) frequency 
Ensemble average 

Complex conjugate 

Electron 
Ion (proton) 
Imaginary part 
Plasma 
Real part 
Surface 
Unperturbed (d-c) quantities 
Perpendicular to the magnetic field 
Parallel to the magnetic field 



APPENDIX: B EQUATIONS USED IN THIS BOOK 

MAGNETOHYDRODYNAMIC EQUATIONS 

an 
a t  
-t V - ( n v ) = O  

m i n e =  J x B - V p  dt 

E + v x B = q J  

- - -_  dP - 5 P  
dn 3 n  

aB  V x E=-- 
a t  

V X B=p,-,J 

V * B = O  
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VLASOV-MAXW EL L EQU AT10 NS 

EQUATIONS USED IN THIS BOOK 

af(x v t)  q af 
at  ax m av 

af(x,v,t) + . t - [E(x,t) t v x B(x,t)] * -= 0 

aB v x  E = - -  at 

V - B = O  

DRIFT KINETIC EQUATIONS 
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PLASMA DIELECTRIC TENSOR 

The argument of the Bessel functions, Jn ,  is klvl/w,, oc = (qBo/m), k = (kl,O,kz), 
and Bo = (O,O,Bo). 

In MHD limit: 
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where 

snd 

( I m o  > 0) 

PLASMA DISPERSION FUNCTION 

= analytic continuation of the above integral for Imt < 0 

o = O  I m f > O  
= I  Imf = O  
= 2  I m f < O  



c t ; iE IEF  NONIDEALIZING PARAMETERS 
(DIAGRAMMA TIZED) 

INHOMOGENEOUS MAGNETIC 
FIELDS CONTINUUM 
SPECTRUM (1972) 

PLASMAS w << wci 

SHEAR AND COMPRESSIONAL (1950) 
YIELDS THE ALFVEN MODES 

HALL CURRENT EFFECTS 
( F I N I TE F R EQU ENCY 
ALFVEN WAVE) 
DISPERSION (1960) 

FINITE LARMOR 
RADIUS EFFECTS 
(KINETIC ALFVEN WAVE) 
OF CURRENT INTEREST 

DAMPING (1949) 

THE "IDEAL" ALFVEN WAVE 

EFFECTS OF COMPRESSIBILITY 
ALFVEN WAVE AND TWO 
MAGNETOACOUSTIC WAVES (1950) 
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