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ABSTRACT

Ideal MHD-equilibria for the toroidal EXTRAP configuration
have been computed with an equilibrium code. The free-boundary
problem is solved by using the condition that the current
density is proportional to r on a flux surface.

It is found that the toroidal Z-pinch, initially induced
in the central zero-field region of a transverse octupole field,
drifts radially outwards producing an inverse -D shaped
cross-section. The plasma current of this high-B equilibrium
may be increased if the plasma is pushed back by altering the
external confining magnetic field as demonstrated.



1. Introduction

The EXTRAP confinement scheme exists both in a linear and

a toroidal version. A common characteristic is that the plasma

is confined in a purely poloidal field. This field is generated

both from external currents and from the anti-parallell plasma

current itself, see Fig.l. The latter current is driven along

a single, degenerate field line located at the centre of the

region between the external current-carrying rods. As the plasma

current builds up, a Z-pinch is created, and drifts, in the

toroidal case, radially outwards to reach an equilibrium state.

This paper deals primarily with toroidal plasma equilibria;

the linear scheme has been treated in an earlier paper /!/. As

yet, a good deal of experimental evidence for equilibria in the

linear case and even in a 60°-sector device have been

obtained {2.7* There remains now to experimentally confirm the

confinement for the fully toroidal case.

The geometry is given in Fig.l. An alternative toroidal

configuration arises from rotating the external current-coil

pattern by 45 . Except for extremely high aspect ratios, though,

in this case no equilibrium position is accessible through a

radial expansion of the plasma. This matter will be discussed

further on. By equilibrium we understand a force balance between

the loop force due to the plasma current and pressure, on one

hand, and the external field force due to the external

current-carrying conductors, on the other.

In section 2 the equilibrium problem is defined and dis-

cussed. It is frequently assumed there that the vacuum-field

already constitutes a pattern with coinciding zero lines. The

problem of achieving this has been treated extensively in

Ref. /!?. Also a number of relations are derived which will serve

to simplify the understanding of the mechanisms involved.



The idea behind the code and its structure is discussed in

section 3.

A presentation of code results are given in section 4.

Two cases will be considered. The first deals with the

equilibrium achieved when the loop force is allowed to shift

the plasma outwards. This equilibrium has an inverse -D shaped

plasma cross section, in comparison with the second case, where

the plasma is square-shaped. Here the plasma has been pushed

back by introducing a nearly vertical magnetic field through

increasing the current in the outermost external conductor.

Finally the conclusions are given in section 5.

A small note for the careful reader: the magnitudes of

the forces in this paper are integrated in the toroidal

direction. If this leads to confusion, just multiply by dip /2-n,

where d y is an infinitesimal increment of the toroidal

angle jp.



2. Equilibrium problem

2.1 General remarks

The problem consists in solving the familiar ideal

MHD equilibrium equations in axial symmetry:

div B = 0 (1)

curl B p = yQj (2)

curl B v = 0 (3)

Vp = j x B (4)

B = Bp + Bv

where the magnetic field B is given both by the plasma current

generating B , and by the currents in the external conductors,

which generate B . In the following the indices p and v are

associated with contributions from the plasma current and from

the vacuum, or external, currents respectively. Eqs. (1) and

(2) are together equivalent with Biot-Savart's law, yielding

B from the plasma current distribution "J(r,z). In EXTRAt-

geometry the magnetic field is entirely poloidal. Wa assume

a scalar pressure p.

In the code the current distribution is built up by a

finite number of loop currents. This results in solving elliptic

integrals for the determination of B, equivalent with a

Green's function technique.



Upon combining (2) and (4) in cylinder-coordinates

(r,tp,z), a restriction on the current distribution is

revealed:

(6)

where r is the cylinder coordinate and f = -^r is an

arbitrary function of i/>. The poloidal flux function ^ is

defined by

B = curl A

A = (0,\|>/r, 0) (7)

j here has an azimuthal component j ^ only.

The problem of analytically solving the equations of this

section is complicated by the fact that though it is relatively

easy to solve Biot-Savart's law for any current distribution,

it is next to impossible to end up with flux surfaces fullfilling

the requirement of eq. (6). A numerical iteration scheme for

solving the problem is appealing, since then the current

distribution could be forced to obey (6) at each iteration of

the calculation. The latter is accomplished by distributing

the plasma current proportional to r on the flux surfaces

of the previous iteration. This is the idea behind the code.



For linear EXTRAP geometry we assume circular surfaces of

constant current density j;

,0)

jp ct + 2
o 2

Tra a

where p is the minor radius, a is the plasma radius, I is

the total plasma current, and the exponent a is 5-1.

For toroidal EXTRAP geometry the current distribution (8)

may be shown not to result in an equilibrium. We therefore

save the necessary degree of freedom in the code by distributing

the plasma current so that it obeys (8) in the midplane only.

2.2. Linear EXTRAP geometry

The separatrix represents an outer limit for the plasma

boundary, and will here be calculated for the case of four

straight conductors arranged as in Fig.l. Further, an expression

for the plasma pressure distribution is calculated. These

results will be modified in toroidal geometry as demonstrated

in the next section.

In this case the exact vacuum B -field is computable, see

Appendix. An approximation of its magnitude, B , is then

easily derived;

A is here the distance from the center to the external

conductor, and I is the conductor current, same in each rod.



Note that Ar is the radius measured from the degenerated

zero point, in contrast to p which is the radius from the

magnetic axis. These coincide only here, in linear geometry.

The approximation (9) is valid within 15% for Ar/A ^ 0.7.

Integrating (8) for

magnetic field profiles

p -S a yields the plasma current and

(10)

Bp(p) 2 TT a (11)

The separatrix location may now be computed. As shown in the

Appendix the exact position of the zero-points determining the

corners of the square-shaped separatrix are given by

[Z = = A(
4(4 - k)

1/4

(12)

k =fy
assuming that the plasma is symmetrically positioned at the

origin of the rz-coordinate system. The mean separatrix radius

may then be approximated by the radius of a circle enclosing

the same area as the square. This yields (k << 4)

= P
sep

(13)

Further, for reasons of stability /4/, we assume the

plasma to extend out to the separatrix, i.e.



a = p (14)
sep

Finally the plasma pressure distribution may be calculated

from the equilibrium equation (4) and the equations (8) and

(11). Were there no external magnetic field, the plasma pressure

distribution becomes

a2(a+l)UJ J J
(15)

satisfying p(a)=0 and -r- (p (p=a))=O.Also the Bennett relation

in its proper form is, of course, identically satisfied;

pp (p)dp =
16*'

(16)

The influence of an added external magnetic field is to deform

the cross-section ji the pinch due to its associated magnetic

pressure. This effect is mostly pronounced for toroidal

geometry and will be considered in the next section.

2.3 Toroidal EXTRAP geometry

2.3.1 5§dial_fgrce_balance

The radial force balance of a toroidal equilibrium may be

treated as a balance between three forces; the loop force due

to the plasma current, F (^jxBp)»and to the plasma pressure,

F (̂ Vp) on one hand, and the external field force F ^

on the other, see Ref. /"57-



Even though EXTRAP has a high-0 plasma, we will now learn

that for high aspect ratios F is negligible in comparison

with the two other forces. To this end we adopt a surface-current

model in this section.

The work done by the plasma pressure as it expands the

volume of a ring-shaped plasma with radius a by the amount

dV is

dW = p(r+dr)2ir(r+dr)ira2-p(r)2irrua2 (17)

In the limit we arrive at

F 3 . 2 2 2 i
pp dr w a d]

In a surface current model p = constant over the cross-section,

hence (see also Ref.

F p p - 2.
2a2.P (19)

The pressure p is given by Bennett's relation;

„ 1 2

p = ffr (20,
8IT a

so that in combination with (19)
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We now may compare the plasma pressure force F with e.g.

the plasma current loop force F . With L as the inductance

of the loop, we have

dW
rpc dr K2

m
pc dr K2 V dr (22)

where W is the magnetic ener9y of the loop. With L given

as

L = v r(ln (23)

we arrive at

8R (24)

where R is the magnetic axis radius.

A comparison between (21) and (24) yields

_ 1

(25)

i.e. for aspect ratios R/a > 20, relevant here, F is about

one order of magnitude smaller than Fpc- *fc maY also be shown

that the external field force is a very sensitive function

of r, so that F is only balanced by F . in a small
pc ef

fraction of the region of interest. In other words F does

only play a role in a region which is sufficiently small to
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represent the required accuracy of the equilibrium to be

determined.

Conclusively the plasma equilibrium is received from a

radial balance between F and F f, while the magnitude of

F J.S retained only as a measure of the accuracy of the code.
PP o

If the external current-coil pattern is rotated by 4 5 a similar

configuration occurs. For sufficiently high aspect ratios,

P./A >> 10, equilibria may exist. As the aspect ratio is

decreased, though, F is never balanced by F f at any point

outside of the initial zero-field region. This means that no

equilibrium is accessible for the plasma as it expands radially

outwards.

2.3.2 Conseguences_gf_toroidicitY

The reason for discussing linear EXTRAP geometry in

section 2.2 was partly that some of the relations mentioned

in this section still hold with good accuracy in toroidal

geometry. Now, though,, I is to be replaced by I-, the

current flowing in each of the two mid-conductors of Fig.l.

In this paper P. = 40 cm and A = 2/2 cm. For I 1 = 1.299,

T_ = 1.0 and I., = 0.701 a single, degenerate null-field

regio: results /"3_7- The approximation (9̂  is in the toroidal

case va:id within 20% for Ar/A « 0.6.

An effect of toroidicity is that the pinch now will shift

radially outwards.The magnitude of this shift may be approximated

in the following way. Equating F (eq (24)) with the external

field force acting in the midplane on a thin conductor with

current I at r = R yields

(26)

in the radial direction. With expression (9) for B we arrive at
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Ar s s• f fe I "«I s - »]T 1/3
(27)

which relation gives fairly good estimates (within 70%)

of the shift as compared to code results. The discrepancy is

largely due to the vertical field variation over the finite

plasma cross-section.

As the plasma column drifts outward, its cross-section

transforms from being square-shaped to inverse-D shaped.

The pinch "radius" in the outward direction then decreases

according to (eqs. (9), (11) and (13);

(a + s)Ja = ^ (28)

in contrast to the relation (13) . This equation is preferably

solved for a by primarily calculating an approximate value

of a from (13), inserting it into (27) and trying for

a in (28) with the calculated value of s.

It was mentioned earlier that the effect of the

equivalent external magnetic field pressure is enhanced in

toroidal geometry. For a significant radial shift of the

plasma, the plasma pressure will have to balance comparable

contributions to the magnetic pressure of both the external

field and of the plasma current itself. To this end the

contribution Ap, due to the external field, to the plasma

pressure is calculated.

By integrating eq. (4) in the radial direction, with

eqs. (8) and (9) inserted;

Ap(p) °4
2TTA

(x+s)3(l-(f)a)dx
a

(29)

we arrive at
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We here have used the condition that the perturbed pressure

p + Ap, where p is given by (15), vanishes at the plasma

boundary p= a.

A few numerical examples may be given. For I /I- = 1/4,

A = 2/2 cm, e. = 1 cm, a = 2 and s = 0, i.e. no shift (or

equivalently; linear geometry) Ap/p = 0.050 and 0.085

for P = 0 and 0.5 cm respectively. Ap becomes significant

first when a shift is at hand; for s = 1 (as in Fig 4a))

and P = 0 Ap/p * 3 with the same parameters. Of course

now Ap ought to be averaged over a flux surface, if ideal

MHD theory is applied, but it is nevertheless obvious that

the external magnetic field is largely contributing to the

actual pressure profile in toroidal geometry.
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3. The method

The equilibrium code is entirely based on the equilibrium

condition (6). The forces are all derived from the true vacuum

fie.Td of the external ceils of Fig.l and of the plasma current.

The latter is given by distributing the total plasma current

in the shape of ring currents on a number of evenly spaced

flux surfaces. Then the total magnetic field is given in

terms of elliptic integrals. The equilibrium can then be

obtained through an iterative procedure. This method is suitable

for the treatment of free boundary equilibria. Hard core

pinches, i.e. pinches with non-vanishing forces acting on the

centre, may also be treated with this method.

Initially the exponent a of the current density profile

and I , the plasma current, are set. The device geometry also

has to be defined. The code then uses eq. (27) to estimate

the position of the magnetic axis and finds the initial

separatrix to set the pinch radius. This initiates the first

iteration, in which the current distribution is calculated as

follows.

First, we use equation (6) to write each current

Referring to Fig.l, we note that AfcAs constitutes a surface

element perpendicular to the plasma current, positioned at

nth current on the mth flux surface of the (k-l)th iteration.

The code traces each field line so that the first iteration

(k=l) uses the initial estimation, with a single current

approximating the plasma, to determine the positions for the

currents of (31) .
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Since the magnetic flux is constant along a flux tube,

we have

Ck) Ck)
A* = (rAsB)^' = const ^' (32)

where B is the magnitude of the joint field of the

plasma and the external coils i.e.

B
mn

<">

B1-1 is the magnetic field at point (m,n) due to the current

at (i,j). The prime on the double summation indicates that

the diagonal terms (i,j)=(m,n) are to be omitted.

(k)It is now possible to determine I explicitly. Since

AÄ, is constant in the code, we have through combining (31)

and (32)

mn

Cik"1) ls
iteration,

(according

C /Bm mn

a constant

reflecting

to (6)).It

"̂  inn m

for

j(i
is

-1)5
i
i

each

\>) , i

shell m at the (k-

e. also the pressure

determined through

Ll
I B(k-

mn

(34)

l)th '

distribution

i
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so that, finally

(k)_
Lmn

B
mn

pm
(36)

B.
n

(k-1)
mn

I is the fraction of the total plasma current beingpm
deposited at the flux surface m, according to (10), implying

(37)

We have now defined a procedure for calculating the

currents for the kth iteration from the magnetic fields of the

currents of the (k-l)th iteration.

The total radial force is computed in each iteration from

,(10 _ ?(k)
mn

m,n

with

(38)

p(k) _ 2,»r
(k)i(k)

Fmn " 2Trrmn Xmn Xmn {-* Bzmn
i3

(39)

B 3 '
zmn

the z-component of the magnetic field at (m,n) due

to the current (i,j) at the kth iteration.
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When the code has converged, i.e. when it traces the
(k)

same field lines in two subsequent iterations, and F is

sufficiently close to zero, we have an equilibrium. Actually

it seems that the best convergence criterion is that the sum

in eq. (35) becomes close to constant during the last

iterations; a relative change in magnitude of this sum, from

one iteration to the next, less than about 5% is sufficient

for cut-off. Typically about 5-15 iterations are necessary

for to reach an equilibrium.
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4. Code equilibria

It is quite natural, of course, to compute the equilibrium

of the configuration outlined in Fig.l, with its external

currents (generating a single zero-field channel) unaltered

during the shot. We then know that the plasma will shift

outwards after having been created along a zero-field line.

This is Case 1. Since this shift is appreciable, it is

tempting to imitate the straight geometry by simply pushing

back the plasma column. That is achieved through introducing a

vertical magnetic field, e.g. through raising the external

current I~. This is Case 2.

Results from these two equilibria determinations will now

be presented. The common parameters are R=40 cm, A=2/2 cm,

Ix=1.299 and I2=1.0.

For estimating the position of the magnetic axis it is

advantageous to produce a graph such as in Fig.2, where the

radial force F has been plotted against r for the two

cases. The approximate position of the magnetic axis at equi-

librium is given by F ^ ^ O .

The first iterations generally produce drastic changes

of the flux surfaces, as can be seen in Fig.3. For Case 1 the

plasma is elongated in the Z-direction and forms to an inverse

-D shape, while a quadratic cross-section is reached for

Case 2.

In Fig.4 flux plots of determined equilibria for the two

cases are given. Here the currents ratios |I /I2I f°r Cases 1

and 2 are 0.25 and 0.5, respectively. As for the numerical

parameters 4 current shells have been us'id, out of which one

is a single current positioned at the magnetic axis. For

sufficiently good accuracy, each of the outer shells must

contain at least 40 currents on each surface. About 50 currents

a,re being used here. The two equilibria presented in Fig.4

needed 8 and 7 iterations, respectively. On a DEC-10 computer
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this means about 7 CPU-minutes for the iterations, and about

5 additional minutes to produce the entire flux plot.

Regarding Case 1 we note that the shift is as large as

10.1 mm/ which equals 0.36 A. The separatrix encloses a plasma

of about 6 x 9 mm cross section, i.e. with an average pinch

radius of about 8 mm.

In Case 2 the shift is 4.0 mm, and the average pinch

radius has increased to just above 13 mm. The current I~

has been increased by 13.4%, i.e. from 0.701 to 0.795. This

has the consequence of separating the three zero-points of

the vacuum field in the rz-plane by more than 10 mm; see

Ref. /37- Now the magnitude of the magnetic field also has

ceased to obey (9).

Recently toroidal-sector experiments in this geometry

have been carried out /2_7. The vacuum field was built up by

external toroidal conductors, as in this report, but the

plasma was created by a discharge in a 60° sector of the

device. The discharge duration was typically about 30 JJS.

What is interesting to note is that the implications of

Fig.2 are verified experimentally. In Pig.2a) the force F

on the plasma column is always directed radially outwards

{i.e. it is positive) for r < r . and vice versa for
axx s

r > raXje- This is due to the undisturbed vacuum field pattern

In b) there appears an inwards force a few mm inside the

equilibrium position. The situation becomes like that for a

ball on a hill; if the plasma is initiated at r < 0.40 it

takes off radially inwards and vice versa if r > 0.40. In

the latter case it may reach the equilibrium position at

r = 0.404. In the experiments different additional external

vertical fields were tried for |Ip/I1j=ll/24. This gave

equilibria, stable with respect to radial displacements, only

if the vacuum field was initially arranged so that the plasma

was born in the two outermost zero-points, close to the right

crossing of curve b) with the r-axis.
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If too large a value of the pinch radius or of the

magnetic axis is used the outer field lines, primarily

enclosing the plasma, in a subsequent iteration may turn to

enclose the outermost conductors. This is illustrated in the

run shown in Fig.5. The implication is not a loss of plasma

from the pinch, since ideal MHD-theory results in frozen-in

field lines. The effect should rather be attributed to that no

equilibrium exists for the present set of parameters, or to

numerical instability. Whether or not numerical instability

is at hand, may be judged by increasing the accuracy of the

computations through depositing a larger number of currents

on the shells.

An example where no equilibrium exists is given by

Case 1, choosing |l /I | >> 1/4. Then the shift (27) and

plasma radius (28) increase will position the plasma too

close to the outermost conductor. Flat current profiles

(a >> 2 in (8)) also tend to stimulate the behaviour in Fig.5,

though the equilibrium major radius is not substantially

altered. For both cases of this report a = 2.
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5. Conclusions

Toroidal EXTRAP equilibria and associated parameters

have been discussed in general, with code equilibria in

particular. The basic results may now he summarized:

(i) The force balance is composed of the loop force due to

the plasma pressure and current on one hand, and of the

external field force on the other. The first force may

be neglected when the aspect ratio R/a is large, as in

the present investigation,

(ii) Relations for the following quantities have been derived:

the vacuum magnetic field strength B , the "corners"

of the separatrix, the pinch radius a, the plasma

pressure P due to the magnetic field arising from

the plasma current and the contribution Ap due to the

external magnetic field, the radial force due to the

plasma pressure F , the radial force due to the plasma

current F , and the shift s of the magnetic axis,pc

(lii)A method for computing toroidal free boundary plasma

equilibria is put forward.

(iv) Equilibria have been computed by a code for two different

cases in the same EXTRAP geometry. The major radius has

been chosen to 40 cm and the external coil separation to

4 cm (A=2/2 cm);

a,) Degenerate zero point vacuum field

If the vacuum currents of Fig.l, resulting in

degenerate regions of zero magnetic field (I2-0.701)

are maintained during the pulse, the pinch will be

significantly shifted outwards. For a current ratio

|I /I2I ~ 1/4 t n e shift is just past 10 mm. This results

in an elongated inverse-D shaped plasma cross section
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with a pinch radius between 6-9 iron. The flux plot is

shown in Fig. 4a) .

b) Altered vacuum field

In this case the plasma is positioned in a vacuum

field containing three separate zero-field regions. Two

of these are placed at about 10 iron above and below the

midplane, 5 mm to the right of the previous degenerate

zero-field region; the third is placed in the midplane,

5 mm to the left of the same region. 1^ is now 0.795.

|lp/I2! - 1/2 so that the pinch radius has increased.

The square-shaped plasma crops section is shown in Fig.4b.

For both cases a) and b) the convergence of equilibria

are favoured by a peaked current density, i.e. small a in

(8). Recent experiments performed in a toroidal sector also

confirm the presented results.

The advantages of the algoriten .are primarily that a good

picture of the radial force balance is achieved and that

computer time is saved by using the relation (6). Since

unwanted perturbations of the desired experimental parameters

always are likely to occur, it is helpful to consult a graph

such as in Fig.2, indicating whether or not the equilibrium

is stable with respect to radial perturbations.

Drawbacks are that the magnetic axis may be difficult

to find, and that convergence is slow for strongly elongated

plasma cross-sections. Neither is the effect that the plasma

may carry with it its original magnetic flux, as it expands

outwards, included.
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ndix

In linear geometry the exact vacuum field from four

conductors, placed at (0, :' A) and (± A,0) in Cartesian

(x,y)-coordinates,has been calculated:

B =

1 bx = y7+3x2y5+(3x4-A4)y3+(x6+3A4x2)y

^ b = x7+3y2x5+(3y4-A4)x3+(y6+3A4y2)x

b = x8+4y2x6+(6y4-2A4)x4
+(4y

6
+12A

4y2)x2
+y

8-2AV+A
8

The current I is the same in each conductor.

A good approximation of i B| in the centre region is

obtained by neglecting all but the highest power terms of A.

This yields

B 2 A (A 2)

Assuming an anti-parallel plasma current I through the

origin, the separatrix may be calculated from (A 1). Its

"corners" (x ,y ), determining its square shape, are points

with zero magnetic field. These are given by equating the two

magnetic fields along the y=x line. The result is

l«d - Ird " * (TTÄr)1/4

(A 3)
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Figure Captions

Fig.l Toroidal EXTRAP geometry. In this paper R=0.40 cm

and A=0.028 m. The degenerate vacuum field pattern

is produced by letting 1^1.299, I2=1.0,

I,=0.701. The code distributes n loop currents

on the iP.-l flux surfaces and a single current

on the magnetic axis.

Fig.2 The total radial force F is computed by the

code. Wherever the force is positive, it is

directed radially outwards, and vice versa. It is

defined as the integral in the toroidal direction,

i.e. to get the force per unit toroidal angle,

F must be divided by 2TT. The crossings of the

r-axis represent the position of the magnetic axis.

a) and b) represent Cases 1 and 2, respectively;

mentioned in the text.

Fig.3 For each iteration the poloidal flux surfaces

become more elongated, as demonstrated here for

Case 1. Three iterations are shown.

Fig. 4a) Flux plot for Case 1. jl /I-| = 1/4, a = 2,
P ^_2

the radial hift is 1.01 • 10 m and the pinch

radius about 0.8 • 10 m.

Fig. 4b) Flux plot for Case 2 |l /I2[ = 1/2, a = 2. By

letting I- - 0.795 we have decreased the radial

shift of the pinch. The pinch radius is about

1.3 • 1O"2 m.

Fig.5 For too large currents I no equilibrium is

found (Case i). This is due to that the pinch

radius and the radial shift increase with I .

Finally no equilibrium exists, and the flux

surfaces encircle the outermost external conductor.
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TRITA-PFU-82-06

Royal Institute of Technology, Plasma Physics and

Fusion Research, Stockholm, Sweden

TOROIDAL EXTRAP EQUILIBRIA

J. Scheffel, March 1982, 26 p. in English

Ideal MHD-equilibria for the toroidal EXTRAP configuration

have been computed with an equilibrium code. The free-boundary

problem is solved by using the condition that the current

density is proportional to r on a flux surface.

It is found that the toroidal Z-pinch, initially induced

in the central zero-field region of a transverse octupole field,

drifts radially outwards producing an inverse -D shaped

cross-section. The plasma current of this high-0 equilibrium

may be increased if the plasma is pushed back by altering the

external confining magnetic field as demonstrated.

Key words: Equilibrium, equilibrium code, Extrap configuration,

Z-pinch, high-8 plasma.


