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INTRODUCTION

Among the molecular crystals exhibiting a plastic crystalline
phase, solid methane occupies an unique position. The remarkable
properties of solid methane at the lower pressures and tempera-
tures arise from a particular combination of shape and size of
the molecules. On the one hand, the molecules have an almost
spherical three-dimensional structure, the symmetry of the
slight anisotropy being as high as tetrahedral. On the other
hand, the molecule is rather small, implying that quantum effects
in the rotational system cannot be neglected at the lower tem-
peratures. The latter property distinguishes methane from other
tetrahedral molecules like the carbon halides or adamantane. The
first property makes methane qualitatively different from solid
molecular hydrogen, the best-known system showing rotational
quantum effects.

The highly spherical shape of the molecules stabilizes the
cubic rotationally disordered phase I over a wide temperature
range (90 to 27 K for CD 4). The anisotropic forces are relatively
weak, and the rather large molar volume (lattice parameter)
allows the molecules to rotate in all directions without pushing
aside their neighbours. Indeed, the orientation probability
distribution of a molecule in phase I, as determined by elastic
neutron' scattering, is almost isotropic1. The cubic anisotropy
reflecting the equilibrium positions of the surrounding molecules
is very small. This enables us to separate the hamiltonian in an
isotropic part acting only on the translational coordinates of
the molecular centres of mass and an anisotropic term containing
the thermal equilibrium value of the lattice constant as a para-
meter. This fortunate quality of the methane crystal also justi-
fies a two-center multipole expansion of the anisotropic inter-
action truncated somewhere after the initial terms2.

These approximations are no longer valid at the higher den-
sities in phase I, at pressures of a few kilobar. However, they
seem to persist in the intermediate partially ordered phase II
at normal pressures. In fact, adopting this approximation in the
most extreme form, i.e., an electrostatic octupole-octupole
coupling between molecules on a rigid f.c.c. lattice, James and
Keenan3 were able to predict the structure of phase II prior to
experimental verification by Press1. The symmetry of phase II is
remarkable high. The point group is cubic like in the disordered
phase I (see fig.l). Indeed, on one out of four sites the octu-
pole molecular field vanishes and the orientations of the mole-
cule on that particular site are still disordered. The vanishing
of the octupole molecular field on the central site in fig.l
requires the contribution of the surrounding ordered molecules
to cancel.

The possibility of destructive interference of octupole



Fig.l. Structure of phase II. The sphere at the central site represents a
molecule with a disordered orientation probability distribution. The
tetrahedra at the surrounding sites give the equilibrium orientation
of the ordered molecules.

fields is related to the fact that octupoles, unlike quadrupoles,
are odd under spatial inversion. The surrounding ordered mole-
cules are conjugated in antiparallel pairs like dipoles the one
nullifying the effect of the other at the central site. However,
the symmetry of the finite octupole field at an ordered site is
also higher than the site symmetry. The point group of the
ordering potential is tetrahedral (Td) while the site symmetry
is D2d-

It may be expected that the highly symmetric and partially
disordered phase II loses its stability at the lower tempera-
tures. On further decreasing the temperature, the phase II in
the deuterated methanes is transformed to a completely ordered
phase III. The structure of phase III is tetragonal but the
details of the orientational order are not yet resolved. However,
in CHij, at normal pressure, the II-III transition cannot be
observed. In CH4, the phase III is produced by applying pressure
(about 400 bar)1*. The low temperature stability of phase II in
CHij is a consequence of the large value of tue rotational con-
stant (the reciprocal inertial moment) , a special feature of the
methane molecule which was mentioned above. The strong libra-
tional zero point motion of ordered molecules inhibits complete
ordering, because of the increased rotational kinetic energy and
the poor gain of potential energy in such a structure. This sta-
bilization of a highly symmetric orientatior.al phase by libra-
tional zero point motion may be compared to a similar effect of
vibrational zero point motion in the translational system of
helium.

The exchange of the four protons by the rotational motion
in the quantum states of the disordered molecules leads to



interesting spin dependent effects5. The relative population of
the spin states becomes a crucial parameter at helium tempera-
ture. But also the four proton exchange for an ordered molecule
due to the librational zero point motion in the octupole mole-
cular field is still appreciable. The tunnel or exchange split-
ting of the librational ground state manifold is in the order of
a Kelvin6 (see fig.2). On the other hand, as has been emphasized
above, the Td symmetry of the orientational potential es excep-
tionally high. This leaves the second tunnel level, with total
spin 1 = 1 , with a threefold orbital degeneracy for a fixed value
of the magnetic quantum number m. The conversion to the totally
symmetric 1 = 2 ground level, which is only degenerate in m, is
extremely slow (in the order of days, see ref.5). Hence, the
phase II in CHi, at very low temperatures, prepared in a state
with a considerable concentration of I=1 molecules, is expected
to show some unusual dynamical effects as a result of the inter-
action between the states in the T manifolds of neighbouring
molecules.
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Fig.2. Librational ground state manifold of an ordered CHt, molecule.
The numbers at the left give the value of the total spin quantum I.
The numbers at the right are the degeneracies of the levels. The
experimental values of the tunnel energies are taken from ref.6.

This thesis consists of two parts. The first part is an experi-
mental investigation of the interaction responsible for the I-II
transition and the second part comprises three theoretical
studies of several of the properties of phase I and II, intro-
duced above. The first chapter of part I, chapter 1, is a
general introduction to a thermodynamic treatment of the isotope
effect in an orientational phase transition. Here, the isotope
effect is understood to be the transformation of the phase
transition curve induced by the operation of substituting
deuterons for protons in the molecules. The thermodynamic



approach yields a corresponding state model for the phase dia-
grams of the five isotopes of methane (CHi,, CHD3, CH2D2, CH3D
and CDi,) . As the main result of the corresponding state theory,
it is shown that the quantum effect in the density dependence of
the transition temperature of a given isotope may be estimated
from the isotope effect in the temperature-density phase diagram.

In the remaining two chapters of part I, the corresponding
state relation mentioned above is applied to the I-II transition
of methane in order to obtain an experimental value for the
effective exponent n of the dependence on intermolecular separa-
tion of the ordering anisotropic interaction. For this purpose,
the temperature-density diagrams of CH3D and CHD3 have been
determined using high pressure NMR techniques. The experimental
procedure is the subject of chapter 2. Also in this chapter, the
experimental results are presented in combination with similar
data for CH4, previously determined by Nijman and Trappeniers1*.
Then, in chapter 3, the three phase diagrams are subjected to
the corresponding state analysis and a value for the effective
exponent n is obtained. In the same chapter, the mean field
approximation to the isotope effect is also compared to experi-
ment and discussed.

Part II, the more theoretical part, starts with chapter 4,
containing a derivation of a quasi-classical approximation to
the statistical, density matrix p0 of a free spherical top. The
resulting configuration representation of po is essential for the
critical examination of the mean field approximation to the iso-
tope effect in chapter 3. As a further application, the leading
terms of the quantum correction to the equipartition value of
the rotational kinetic energy in the disordered phase are also
calculated in chapter 4.

In chapter 5, while the orientational system is treated
classically, the consequences of the other characteristic of
the methane molecules are considered, i.e. the high approximate-
ly odd symmetry of the molecule (the octupole field in phase II
is odd under spatial inversion). It is argued that the renormal-
ization group analysis of critical phenomena in certain highly
complicated antiferromagnetic systems may be equally well applied
to the I-ll transition in methane. It turns out that methane
belongs to the universality class of type II, m//k*, n = 4 anti-
ferromagnets like the Terbium monopnictides and Cerium mono-
chalcogenides. As the main result of the renormalization group
analysis, it follows from the so-called 'fourth Landau rule' that
the I-II transition in methane is a fluctuation induced first
order transition.

Finally, in chapter 6, the study of the quantum effect in
phase II is resumed. The spin lattice relaxation time at very
low temperature is calculated from first principles using an
orientational dynamical process of purely quantum-mechanical
nature. The reciprocal correlation times and consequently the
relaxation rates due to this mechanism vanish in the classical
limit. The underlying orientational dynamics may be described as
a coupling between the exchange processes of the two sets of
four protons of two neighbouring ordered molecules. The finite
contribution of this rather exotic mechanism is the direct con-
sequence of both the quantum-mechanical nature of the rotational
motion and the high symmetry of the molecules, as was outlined



in the beginning of this introduction.

Each of the chapters of this thesis has been published or is
about to be published as a separate paper in Physica A or B.
Hence, in the introduction to the individual chapters a partial
repetition of the arguments of this general introduction cannot
be avoided. Also, the chapters are not arranged in chronological
order of the publication of the corresponding papers. This
implies that one chapter may refer to a preceeding as well as a
subsequent chapter. For the chapters already published as a
paper, the reference to the particular issue of Physica can be
found in the list of contents.
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PART I : EXPERIMENT AND ANALYSIS

CHAPTER 1 : THE THERMODYNAMICS OF DISCONTINUOUS ORIENTATIONAL

PHASE TRANSITIONS IN QUANTUM CRYSTALS

Generalized Clausius Clapeyron r e l a t ions are derived for discontinuous
or ienta t ional phase t rans i t ions in the quantummechanical regime. Some q u a l i -
t a t ive features of the isotope effect on the t r ans i t i on temperature are
explained. The quantum correction to the density dependence of the h . c . p . -
f . c . c . t r a n s i t i o n temperature in so l id hydrogen, the s t a b i l i t y of the
p a r t i a l l y ordered phase of sol id CHi» and the anomalous isotope effect in
ammonium bromide are t r ea ted . in thermodynamic terms.
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Generalized Clausius-Clapeyron relations are derived for discontinuous orientational phase
transitions in the quantum-mechanical regime. Some qualitative features of the isotope effect on
the transition temperature are explained. The quantum correction to the density dependence of
the h.c.p.-f.c.c. transition temperature in solid hydrogen, the .stability of the partially ordered
phase of solid CH4 and the anomalous isotope effect in ammonium bromide are treated in
thermodynamic terms.

1. Introduction

From experimental evidence it is known that the orientation of molecules in
most crystals is disordered at the higher temperatures. Orientational order is
established at lower temperatures by the process of one single or a number of
phase transitions. Familiar examples of systems showing this behaviour are
hydrogen, methane and the ammonium halides. In the ionic crystal of the
ammonium halides the ammonium ion plays the role of the molecular unit. In
these systems the effect of quantization of rotational kinetic energy is expec-
ted to be quite large as a consequence of the small values of the inertiai
moments. The quantum nature of the molecular states also affects the
thermodynamic properties as may be inferred from the large isotope effect on
the phase diagrams. Some of the aspects of the isotope effect on dis-
continuous orientational phase transitions can be understood by applying the
well-known thermodynamic stability criteria for the coexistence of two
phases. The thermodynamic theory presented here is largely inspired by the
quantum theory of corresponding states developed by Nosanow and cowor-
kers12).

Solid hydrogen, methane and the ammonium halides have been the subject
of extensive research. Some of the more recent and comprehensive theoreti-

t Present address: Philips Research Laboratories, Eindhoven, The Netherlands.
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232 M. SPRIK. et al.

cal publications, in which a description of the structure of the phases and
references to the experimental results are found, can be mentioned. Thus
quantum-mechanical versions of the mean field theory have been developed
by James and Raich') for hydrogen and by Yamamoto and coworkers4) for
methane. The orientational transitions in the ammonium halides are treated by
Huiler5) in terms of a complex Ising model.

2. Thermodynamic theory

The time evolution of the orientational system is controlled not only by the
details of the dependence on orientation of the various contributions to the
hamiltonian but also by their orientation-independent magnitude. The latter
variables will be called the size parameters. If it is assumed that the lattice is
determined by the isotropic interactions, the density may be considered as a
constraint imposed on the orientational system. A suitable hamiltonian for an
orientational system showing a phase transition can therefore be defined as

H = A VA 2 , M '-V
i - i

(2.1)

The variables At and A() represent the size parameters of a crystal field and
of the anisotropic interaction responsible for the ordering established in the
phase transition under consideration. AA gives the strength of a competing
interaction opposing the ordering by an increase of potential energy in the
ordered state (see e.g. (5)). uCi is a dimensionless function of the orientational
coordinates w, of the ith molecule. The magnitude of vCl is comparable to
unity. Likewise, way and wAij are functions of <o, and &>,, determining the
orientation dependence of the ordering, resp. the competing interaction be-
tween the molecules i and j . Note that any dependence of the interactions on
the direction cosines of the vector connecting the sites i and j is absorbed in
the function wOi,-. In some systems (see e.g. (5)) the representation of the
ordering interactions by merely a product of a density dependent factor Ao

and an orientatior dependent factor wOij is certainly an oversimplification. If a
more complicated interaction is required one may add a second term with a
corresponding size parameter. The same holds for the competing interaction
and the crystal field.

The dimensionless differential operator f,, multiplied by the kinetic size
parameters AK, yields the rotational kinetic energy operator of the ith
molecule. A convenient definition for AK is

A K = h2B, (2.2)
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with

B is the average of the reciprocal of the eigenvalues of the inertial tensor of
a molecule. Since the expression for tt is implied by the definition of MK we
have

i2 i2 T2 \
ü + i t + ÜL (2 4̂
BIx

 + BIy
 + BlJ' ( l )

where the components of the angular momentum operator J, are given with
respect to the principal axes of the inertial tensor. The system corresponding
to the hamiltonian (2.1) is assumed to be isotopically pure. The size
parameters Ao, AA and Ac determine an interaction strength and they can be
varied by density changes. Hence our observation, that in thermal equilibrium
the size parameters are essentially determined by the isotropic interactions
and the nature of the particular isotope and not by the motion of the
orientational system itself, forces us to treat the size parameters as ther-
modynamic constraints in addition to temperature. Defining the ratios

f c - f and ƒ« = £ , (2.5)

the partition function can be expressed as

Z = Triexp - (TJ 2 *i + k 2 »ci + 2 wOi/ + ƒA 2 H>A,7)/T*}. (2.7)

T* is a scaled temperature

feT
T* = !~-, (2.8)

no

TJ is called the quantum parameter and is related to the De Boer parameter26).
As may be clear from definitions (2.4) and (2.6) TJ measures the extent to
which the classical behaviour is modified by quantum mechanics. Evidently TJ
vanishes in the classical limit.

The partition function (2.7) depends in several respects on the isotopic
content of the molecules. First of all there is the effect of the mass of the
particles which contribute to the inertial moments of the molecules. It is
assumed that the deviations from the spherical top shape implicit in the
operator f, are of minor importance in comparison to the average mass effect

10



234 M. SPRIK et al.

measured by the kinetic size parameter (see (2.2) an (2.3)). This approximation
is justified since the coefficients in expression (2.4) are all close to unity.

In addition to the difference in mass, particles of a different isotope may
also differ in spin. A variation of spin quantum numbers may have an effect
on the thermodynamics of the system, since the trace of (2.7) includes the
spin weights of the molecular states. However, the complications introduced
by spin will be neglected in our argument. For hydrogen this approach is
justified because it proves possible to prepare the system in a pure spinstate
(see e.g. ref. 7). In methane the spin effect cannot be eliminated in this way.
However, the temperatures along the phase transition curves are for the
greater part sufficiently high to avoid a concentration of the molecular
population in the ground states. To our knowledge no spin effect is reported in
literature for the ammonium halides.

The result of our approximations is that the thermodynamic properties of
the entire family of isotopes of a particular chemical substance are completely
contained in the dependence of Z on the parameters TJ; fA; fc and the scaled
temperature. The same holds for the scaled free energy F*:

F*(T*, T|,/C, f A, N) = -T* In Z. (2.9)

N is the number of molecules. As suggested above the parameters 17, fc

and /A are now treated as thermodynamic fields. Numbering them for con-
venience with the index e we define the extensive thermodynamic variables
conjugated to the field f€ as

r) • (210)

Here ,/V stands for all the fields except the one involved in the operation of
differentiation. Substituting (2.7) into (2.10) and performing the differentiation
one obtains a simple physical interpretation of 4>f:

*f = - 7 ^ (2.11)
it

where Uf is the scaled thermal equilibrium value of the term in the hamil-
tonian (2.1) proportional to At. The proof of the identity (2.11) is completely
equivalent to the one given by Nosanow for a system of translational degrees
of freedom1). The differential of F* in field space, extended with the variable
N, is evaluated as

(2.12)

S is the dimensionless entropy and fi* is the chemical potential of the

11



THERMODYNAMICS OF ORIENTATIONAL PHASE TRANSITIONS 235

orientational system under the constraint of a rigid lattice, n* can be visu-
alized as the increment of the scaled internal energy U* of the orientational
system when more molecules are added on the lattice points, at constant
entropy:

* (9U*\ (2-13)

As a consequence of the relation (2.11) the following identity holds for U*.

y2 (2.14)

L/g, the scaled value of the energy stored in the ordering interaction is, just
like U f, an extensive variable in the limit of large N. This property enables us
to derive a generalised Gibbs-Duhem relationship by applying the familiar
thermodynamic arguments:

Ndju* = - S d T * + 2 # ? d / e . (2.15)

Unlike temperature the pseudofields f€ are not involved in some equilibrium
condition (see e.g. (8)). Nevertheless the relation (2.15) still implies a general-
ized Clausius-Clapeyron relation in field space. Equalizing the chemical
potentials of the two coexisting phases the following expression for the
tangent plane of the hypersurface of coexistence is obtained

-ASdT* + 2A«S>*d/ t=0. (2.16)

The difference of the values of an extensive variable <P? in the high tem-
perature disordered phase I, with respect to the low temperature ordered
phase II, is represented by A<&€

3. Qualitative treatment of the isotope effect

For the purpose of some qualitative insight into the isotope effect we
assume that the fields fA and fc are essentially constant. We first note that a
considerable part of the TJ, T*-plane is accessible to experiment. As an
illustration we have indicated in fig. 1 a few possible paths of the system in
the 7], T*-plane. The geometry of the lines can be inferred from the
definitions of T* and TJ. If d/A and d/c are set zero the relation (2.16) contracts
to

/dlnT*\
VdlnT,/coex i s t

12



236 M. SPRIK et al.

Fig. 1. The 17, T*-plane. An isochore and an isotherm of a given isotope are represented by the
dashed, resp. the dotted line. The open circles correspond to the states of the various isotopes at fixed
values of temperature and density. For the solid curve see text section 3.

Here we have substituted the symbol K* for the scaled rotational kinetic
energy U% of relation (2.11). The scaled latent heat of the reversible phase
transformation is represented by AQ*.

The coexistence curve of the I —* II transition considered in the preceding
section is represented in fig. 1 by the solid line. It intersects with the TJ = 0
axis at the classical transition temperature T§. In the classical limit all
isochores and isotherms collapse on to the 17 = 0 axis. This is reflected in (3.1)
by the vanishing of the right hand side. In a classical system the equipartition
principle rules out any kinetic energy difference between two stable phases.
However, in the quantum mechanical region a discontinuity of kinetic energy
is favoured by the uncertainty principle. This can be seen from the fact that,
generally, the rotational or librational motion of the molecules is confined in
phase II to smaller angles by virtue of the ordering. Thus it may be expected
that the average kinetic energy in phase II exceeds the value in phase I.

The resulting negative sign on the right-hand side of (3.1) implies that
substitution of protons by deuterons under isochoric conditions will render
the low-temperature phase stable at increasing temperatures. This prediction
is confirmed by almost all the experimental data on orientational phase
transitions. A related quantum effect appears when the transition curve
intersects with the zero temperature axis (point TJC in fig. 1). In the low
temperature high 17 region of the upper half of the 17, T*-plane the disordered
phase is still stable. Any reduction of free energy in an ordering field is
outweighed by an increase due to the larger kinetic energy. A transition to the
ordered state can only produced by lowering the value of 17. This can be

13
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accomplished by deuteration or raising the interaction strength Ao by ap-
plication of pressure. Such behaviour is actually observed in CH.»910).

4. The isochoric system

The independent variation of the fields in (2.15) is impossible in an actual
experiment. In an isochoric phase transformation the temperature T, the
quantity B defined in (2.3) and the density p are the controlled variables. The
Clausius-Clapeyron equation (2.16) can be reduced to a linear relation be-
tween the variables. Evaluating the differentials of the fields in (2.16) with
respect to T, B and p we obtain after transformation to unsealed variables.

!*L\ =M (41)JP

Ulnp /n AQ ' {4"2)

with

po=£L(dEl\ - (4.3)
K N \ dp /T.B.S

The unsealed value of the orientational free energy (2.9) is represented by F°.
T, stands for the transition temperature and V is the volume of the molecular
crystal. Any temperature or isotope dependence of the parameters Ao, Ac and
A A under isochoric conditions has been neglected in (4.1) and (4.2). For
reasons explained in section 5 the quantity p° is called the orientational
pressure. For p° the following identity can be demonstrated if the energy
relations (2.11), (2.12) and (2.14) are taken into account.

ov=UodlnAo+Ucd\nAc+ud[nA^
a In p d In p d In p

Moreover, under the condition of a rigid lattice no external work is done
during the phase transformation:

AQ = AK + AUQ +AU& +AUc- (4.5)

Hence the right-hand side of eq. (4.1) can be interpreted as the fraction of the
latent heat spent on the kinetic-energy difference between both phases. To
grasp the physical significance of (4.2), the crystal field and the competing
interaction are left out of consideration as was done in section 3. Furthermore
the term representing in (2.1) the ordering interaction between two molecules

14
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can be approximated in most molecular crystals by the first nonvanishing term
of the multipole expansion of the interaction energy. In this approximation
the size parameter Ao takes an exponential density dependence with an
exponent «o determined by the order of the dominant multipoles (see e.g.
refs. 3 and 4). The expression for the discontinuity of orientational pressure is
simplified to

(4.6)

Substituting (4.6) into (4.2) we obtain as a consequence of (4.5)

. . . .
( 4-7 )

The density dependence of the transition temperature deviates from a classi-
cal scaling by mear>s of the interaction strength. It exhibits a quantum effect
conjugated to (4.1) since a finite kinetic energy discontinuity implies that the
latent heat is no longer completely absorbed by the potential energy stored in
the ordering interaction.

5. The isobaric system

In the argument so far no change of state of the orientational system was
allowed to compress or distort the lattice. There is however some dis-
agreement in literature about the question whether in a strictly rigid lattice
some of the phase transitions considered here will keep their observed
discontinuous character, (see e.g. refs. 5 and 11). Moreover, the majority of
the experiments is performed under isobaric constraints. Therefore we will
relax the condition of zero lattice compressibility and introduce pressure as a
parameter.

The isotropic interactions and the orientational system of (2.1) will be
considered as two separate weakly interacting thermodynamic systems. This
assumption amounts to the following basic approximations for the internal
energy U and the entropy 5 of the molecular crystal:

U = UL + U°, (5.1)
S = SL + S°. (5.2)

The superscripts L and O denote a variable depending on the isotropic resp.
the anisotropic interactions. The assumptions (5.1) and (5.2) exclude from our
theory all orientational phase transitions connected with an essential struc-
tural change of the lattice. The lattice and the orientational system exchange
energy through the distance dependence of the anisotropic interactions. We

15
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may therefore assume them to have the same temperature T. From the
additivity of energy and entropy and thermal equilibrium it follows that for
the free energy F:

F(T, V) = FL(T, V) + F°(T, V). (5.3)

The relation (5.3) enables us to define a partial pressure for the orientational
system.

P°{T,V) = -{~-) . (5.4)
\ 9 V I T.N

The partial pressure pL of the lattice is defined by an analogous relation. In
the approximation (5.1) and (5.2) the parameters Ao, AA and Ac, giving in (4.4)
the strength of the anisotropic interactions in a rigid lattice are replaced by
their average values. Hence it will be clear that partial pressure (5.4) is
identical with the quantity defined in (4.3). Since the two subsystems share the
same volume V there is no question of mechanical equilibrium between them.
Instead the pressure p of the combined system is imposed by mechanical
equilibrium with the outside world. As a consequence of (5.3) it is found that

p=p<- + po ( 5 5 )

Note that in the derivation of (5.5) the anisotropy of the strain induced in
lattice by the orientational system is neglected. The existence of partial
pressures allows the definition of inverse isothermal compressibilities for the
subsystems:

KT' = Kf' + K?". (5.6)

The pressure coefficient y, giving the isochoric increment of pressure with
temperature can be separated into two terms in an analogous way. In a further
approximation it is assumed that the structure of the lattice is unaffected by a
variation of mass of the particles. Using the argument of section 1 and
relation (5.3) it is easy to show that the rotational kinetic energy K° and the
parameter B are related by:

Treating the variables T, B, p as the independent constraints we can derive
the Gibbs-Duhem relation for the molecular crystal

Ndfi = -SdT + V dp + K°(dB/B). (5.8)

By means of familiar arguments eq. (5.8) can be employed to establish a
Clausius-Clapeyron relation in T, B, p space. In particular we obtain for the

16
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isotope effect on a isobaric transition

(!!£) = ^ (59)
The relation (5.9) is very similar to (4.1). However, the latent heat, unlike the
denominator of (4.1), contains in (5.9) a contribution from the lattice. The
increase of lattice entropy can be evaluated if we recall that the trans-
formation occurs under isobaric conditions. Hence from (5.5)

ApL = -Ap°. (5.10)

Since in our approach the phase transition concerns only the orientational
system, the stability of the lattice remains unaffected. ApL can therefore be
related to the small Volume discontinuity AV by means of the isothermal
lattice compressibility. Hence, with (5.10), it appears that

AV = KrVAp°. (5.11)

Likewise, the increase of lattice entropy due to the small compression of the
lattice is calculated using one of the Maxwell relations

AS'=yLAV. (5.12)

Substituting (5.11) into (5.12) and using (5.2) we may transform the relation
(5.9) to

In T,\ =

lnB/p

AK°
AQ°+aLTVAp°' ( 5 1 3 )

where we have replaced the product of the lattice compressibility and
pressure coefficient by a formal thermal expansion coefficient of the isotropic
binding forces. In a stable solid the value of the coefficient aT almost
vanishes. The isobaric relation (5.13) then reduces to the isochoric version
(4.1).

If, by a completely equivalent procedure, the extensive lattice variables are
eliminated from the familiar Clausius-Clapeyron relation for the transition
curve in the P,T-pIane one obtains

(ÊL) -
dp)B AQ° + aLTVAp°- (3"14>

The relation (5.14) may be converted into relation (4.2) with a correction
term in the order of aT, where o is the thermal expansion coefficient of the
complete molecular crystal. This will not be done here. The third Clausius-
Clapeyron relation contained in (5.8) gives the isotope effect on p t, the
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transition pressure, at a fixed value of temperature. Using (5.11) we find

/ apt \ - - 4 K °
la InB)T~ rkVAp0-

6. Applications

6.1. Hydrogen

Hydrogen freezes in an orientationally disordered h.c.p. structure. The
h.c.p. to f.c.c. transition in solid hydrogen is believed to be due to the ordering
of angular momentum of the molecules by anisotropic interactions. The
change in the lattice structure would impair the applicability of the theory
presented in the preceding sections. However, it has been shown experi-
mentally (see e.g. ref. 7), that repeated cycling of a solid sample through the
transition stabilizes the disordered high temperature phase in a f.c.c. struc-
ture.

Moreover, an analysis by means of Landau theory shows that the dis-
continuous character of the transition is retained in a rigid lattice"). Hence,
we conclude that an application of the results of section 5 is justified.

The coupling between the J = 1 molecules is dominated by the quadropole-
quadrupole coupling, where the coefficient a0 in eq. (4.7) takes the value of j .
There is no crystal fieid of any importance. Taking for granted, on account of
the arguments of section 5, the validity of the isochoric expression (4.7) we
may compare the value of AKIAQ obtained from the density dependence of
the transition temperature with the value calculated from the isotope effect.
However, the eq. (5.13) or (4.1) cannot be applied as a consequence of the
large quantum effect in the lattice. Fortunately the values of the effective
interaction strength Ao at zero pressure are known for pure ortho H? and para
D27). Direct substitution in (3.1) of these parameters and the values of the
transition temperatures at zero pressure yields a value of —0.14 for AKIAQ.
The data on the density dependence of the transition temperature of Silvera
and Jochemsen12) result for the factor (I-AKIAQ), correcting the ao = l
behaviour in (4.7), in the value of 1.14 ±0.06 and 1.07 ±0.03 for pure ortho H ;

resp. para D2. Hence the quantum correction to the density dependence of the
classical transition temperature yields for AKIAQ the value -0.14 ±0.06 resp.
0.07 ±0.03. Comparing this result to the value obtained from the isotope
effect, we may conclude that the agreement is satisfactory in spite of the
many approximations and assumptions underlying the relations (4.1) and (4.7)
(see also ref. 12).
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6.2. Methane

At temperatures in the interval of 20 to 30 K at normal pressure") the
disordered cubic phase of the various isotopes of methane is transformed into
a cubic partially ordered phase. The ordering is produced by the octupole-
octupole coupling characterized by a density dependence with a exponent
«o = I- Nijman and Trappeniers14) have determined the density dependence of
the phase transition temperature of CH4. A check of the isotope effect against
the quantum effect in the density dependence results in a value of -0.4 ±0.05
for AKIAQ from (5.13) and a correction factor of 2.5 ±0.5 to the ] dependence
of (4.7). In comparison to the previous example of hydrogen the agreement is
rather poor. In part this is due to a considerable spin effect (see e.g. refs. 4
and 10). But a crystal field of the type discussed in ref. 4 is also likely to
interfere with the ordering established by the octupole-octupole coupling.
This crystal field acts very much like a competing interaction, raising the
potential energy in the ordered phase. From the expression (4.4) for the
orientational pressure and (4.2) it can be deduced that a non-negligible
discontinuity of the crystal field energy Uc seriously affects the density
dependence of the transition temperature. At the moment an experimental
determination of the transition temperatures at higher pressures of several
other isotopes is carried out by some of the authors. A detailed analysis is
postponed until these data are available.

6.3. Ammonium halides

The isotope effect associated with the transition from the disordered phase
to the antiparallel ordered state in ammonium bromide is opposite to the
common behaviour described in section 3. The heavier isotope ND4Br goes
into an ordered structure at a lower temperature than the lighter NH4Br "),
and therefore the kinetic energy must be decreased by the process of ordering
according to (5.13). Hence, one is tempted to think that the librations of the
ammonium ions in the ordered state are less localized than in the disordered
state. This inference is supported by the negative slope of the transition curve
in the P,T phase diagram (see also ref. 16).

This can be understood in terms of the model proposed by Huiler and
Kane175). Tbs general form of the hamiltonian for this model is similar to
(2.1). A strong cubic crystal field restricts the rotation of the ammonium
tetrahedra to a libration around sharply defined orientations, usually
represented by the two states of a Ising / = z spin. In addition to the
interaction favouring the antiparallel ordering there is a competing interaction
striving for parallel ordering.
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Substituting the expression (4.4) of the orientational pressure into (5.14) and
recalling the negative sign of the left hand side we obtain the inequality

In (6.1) we have used the convention of section 2 for the delta symbol. Note
that the lattice compressibility K lf and the latent heat AQ are positive in virtue
of thermodynamic stability criteria. The discontinuity AUC is approximately
zero because the two states of the pseudo-spin are degenerate in the crystal
field. The coefficients in (6.1), giving an effective exponent of the density
dependence of Ao and AA are positive. Moreover the potential energy of the
ordering interaction is mininrzed by the ordering. Hence it may be concluded
that the energy of the competing interaction is raised, as could be expected.
Since however the effective exponents are of comparable magnitude17), so are
the absolute values of AU0 and AVA. The opposite effect of the ordering and
competing interaction allows therefore a potential well confining the librations
in the ordered state to be deeper as well as to have greater width. This is
rather different from the usual situation. A greater width reduces the kinetic
energy, which leads to the observed anomalous isotope effect. It should be
mentioned that a alternative model for the stability of the antiparallel order in
terms of a spin-phonon coupling has been developed by Yamada et ai.'*) (see
also ref. 15).

7. Conclusion

The thermodynamic theory outlined in the sections 2 and 5 is quite
successful in explaining the qualitative features of the isotope effect.
However, as the example of methane shows, for a quantitative application
some knowledge of the hamiltonian is required. Nonetheless it may be
concluded that the theory offers a convenient tool to test a particular model
provided the effect of spin is estimated to be negligible.

Acknowledgement

This investigation is part of the research program of the "Stichting voor
Fundamenteel Onderzoek (F.O.M.)", supported by the "Organisatie voor
Zuiver Wetenschappelijk Onderzoek (Z.W.O.)".

20



244 M. SPRIK et al.

References

1) L.H. Nosanow, LJ. Parish and F.J. PÏnskyÏPhysTRev. Bil (1975) 191.
2) L.H. Nosanow, J. Low Temp. Phys. 26 (1977) 613.
3) H.M. James and J.C. Raich, Phys. Rev. 162 (1967) 6497
4) T. Yamamoto, Y. Kataoka and K. Okada, J. Chem. Phys. 66 (1977) 2701.
5) A. Huiler, Z. Physik 270 (1974) 343.
6) J. de Boer, Physica 14 (1948) 139.
7) P.J. Berkhout, J.T. Minneboo and I.F. Silvera, J. Low. Temp. Phys. 32 (1978) 401.
8) R,B. Griffiths and J.C. Wheeler, Phys. Rey. A2 (1970) 1047.
9) A.J. Nijman and NJ. Trappeniers, Chem. Phys. Lett. 47 (1977) 188.

10) A.J. Nijman and N.J. Trappeniers, Physica (to be published).
11) J.R. Cullen, D, Mukamel. S. Shtrikman, L.C. Levitt and E. Callen, Solid State Commun. 10

(1972) 195.
12) I.F. Silvera and R. Jochemsen, Phys. Rev. Lett, (to be published).

R. Jochemsen, Thesis (1978) University of Amsterdam.
13) M. Bloom and J.A. Morrison, Surface and Defects Properties of Solids (The Chemical

Society of London, 1973) Vol. 2, p. 140.
14) A.J. Nijman and N.J. Trappeniers, Physica 9SB (1978) 147.
15) W. Press, J. Eckert, D.E. Cox, C. Rotter and W. Kamitakara, Phys. Rev. B14 (1976) 1983.
16) W. Mandema and N.J. Trappeniers, Physica 81B (1976) 285.
17) A. Huiler and J.W. Kane, J. Chem. Phys. 61 (1974) 3599.
18) Y. Yamada, M. Mori and Y. Noda, J. Phys. Soc. Jpn. 32 (1972) 1565.

21



CHAPTER 2 : THE ISOTOPE EFFECT IN THE PHASE DIAGRAM OF SOLID

METHANE

I. PROTON NMR EXPERIMENT

M. Sprik, T. Hijmans and N.J. Trappeniers

Van der Waals Laboratory, university of Amsterdam, The Netherlands

The pressure-temperature phase diagram of solid CH3D and CHD3 up to 3 kbar
is determined by means of the observation of the anomaly in the proton spin
lattice relaxation time. The proton second moment of CHi,, CH3D and CHD3 is
determined by applying the zero time resolution technique. The experimental
value of the isothermal compressibility, resulting from these data, is used
to transform the pressure-temperature transition curves of CHt,, CH3D and
CHD3 to temperature-density relations.
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1 INTRODUCTION

Methane freezes in a plastically crystalline state. The carbon
atoms are arranged on a f.c.c. lattice, but the orientations of
the molecules are still disordered. The rotational motion of the
molecules in this mesomorphic phase I is not restricted by a
strong crystalline field, forcing the orientations of the mole-
cules in two or more localized states, like in the ammonium
halides. Also, a molecule does not have to push its neighbours
aside in order to rotate, such as in the carbon halides where
there is a strong steric hinderance. In fact, the molecules
occupy all orientations with respect to the lattice with almost
equal probability. This led James and Keenan1 to study possible
orientationally ordered structures at lower temperatures by
means of a molecular field model, taking only the electrostatic
octupole-octupole coupling into account. The lattice was treated
as a rigid f.c.c. structure, disregarding any coupling to dis-
placive degrees of freedom. The James and Keenan model obtains a
partially disordered cubic phase as the most stable structure at
higher temperatures. In addition, at lower temperatures a trans-
ition from this highly symmetric phase II to a completely
ordered phase III was predicted. The structure of the inter-
mediate phase II was actually verified by the neutron diffrac-
tion experiment in CD4 by Press

2.
Despite this apparent success, it is somewhat questionable

whether the James and Keenan hamiltonian is a satisfactory
approximation to the anisotropic interaction. This problem was
the subject of theoretical investigations by Yasuda3 and Briels1*.
In their approach, the anisotropic interaction, consisting of a
sum of atom-atom potentials between the atoms of neighbouring
molecules, is expanded about the two centres of mass in irreduci-
ble multipole moments. One of the results of Yasuda's calcula-
tion is that the contribution of the polarization and dispersive
forces to the effective octupole-octupole term in phase II is
comparable to the electrostatic octupole-octupole part. Further-
more, as Briels has shown, the convergence of the multipole
series is poor. The truncation at the octupole-octupole term is
not justified1*. The effective multipole analysis suggests that
the James and Keenen hamiltonian contains the essential symmetry
elements of the interaction between methane molecules in order
to understand the orientational structure of phase II. However,
the model fails to give the correct interaction strength or to
represent the finer details required to describe the more
quantitative properties of phase II. In particular, the struc-
ture of phase III cannot be explained2.

The agreement with experimental observations was consider-
ably improved by Yamamoto and his group. In a series of papers,
a quantum-mechanical version of the James and Keenan mean field
model was developed (for a review, see ref.5). The original
electrostatic octupole hamiltonian was extended with the effec-
tive octupole-octupole term and the weak crystalline field
derived by Yasuda- This model successfully reproduced many
features of the level schemes of the molecules in the molecular
field, as observed in Raman or infrared spectra of intramolecu-
lar modes and incoherent inelastic neutron scattering (see ref.5
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and references therein). However, as a means to test a model for
the intermolecular potential, a mean field calculation is some-
what indirect. More straightforward experimental information is
indispensable.

A characteristic of the anisotropic interaction, which is
relatively easily obtained from experimental observation, is the
dependence on intermolecular separation. A direct probe into the
radial dependence is the density dependence of librati.onal
modes in the lattice region. These collective excitations may be
investigated by Raman scattering6 or by infrared absorption7.
Exploiting the large quantum effect at low temperatures, the
density dependence of the tunnel splitting of the librational
ground state manifold may also be used8. Similarly, the density
dependence of the ordering transition temperature should reflect
the radial dependence of the anisotropic interaction. However,
due to the quantum effect, the transition temperature does not
simply scale with the strength of the ordering interaction. As a
consequence of the librational zero point motion, the transition
temperature is considerably depressed with respect to the clas-
sical value. This kinetic quantum effect is expected to perturb
the classical density dependence of the phase transition tempera-
ture, thus complicating the study of the radial dependence of
the interaction strength.

As has been outlined in ref.9, an approximate correction for
this quantum effect in the temperature-density phase diagram may
be obtained by comparing the phase diagrams of the deuterated
methanes. In the present paper, we report the P,T phase diagram
of CH3D and CHD3 up to 3 kbar. The transition temperatures have
been determined by the anomaly in the temperature dependence of
the proton spin lattice relaxation time at constant pressure.
These two phase diagrams can be combined with similar data for
CH^10 to give an impression of the isotope effect. In addition,
the pressure dependence of the proton second moment for the
three isotopes mentioned has been studied in the three solid
phases. As has been explained by Nijman and Trappeniers11, the
isothermal compressibility may be estimated quite accurately
from these data. The resulting compressibility, supplemented with
the densities and thermal expansion coefficients reported in
literature, is then applied to give a linear approximation of
the equation of state of solid methane and the temperature-
pressure relations of the phase transition curves are trans-
formed to temperature-density relations. In a subsequent paper,
these phase diagrams are subjected to a corresponding state ana-
lysis. This analysis yields an estimate for the quantum effect
in the density dependence of the transition temperature.

2 EXPERIMENTAL PROCEDURE

The CH^ gas and the isotopes of CH3D and CHD3 were purchased from
Merck, Sharp & Dohm. The oxygen content was reduced to less than
2 ppm by means of a technique described in ref.ll. The deuterated
samples were used without isotopic purification. The specifica-
tion of the supplying company, 9 8 atom percent deuteration, was
confirmed by a mass spectrometer analysis. The variable tempera-
ture, high pressure helium cryostat is the same apparatus as
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described in ref.ll, apart from minor changes. Here, we will
only refer to the points relevant for an estimation of the
accuracy.

All temperatures are in the range of 15 to 40 K. The fluc-
tuation of the temperature control of the Be-Cu pressure vessel
is within 0.01 K. Temperature measurement is performed by a pair
of calibrated thermometers inserted in holes in the outside of
the bottom of the pressure vessel. One of the two thermometers
is a carbon glass resistor thermometer, the other a platinum
resistor thermometer, with the calibration corrected for mag-
netic field effects. The discrepancy between the two thermo-
meters never exceeds the 0.2 K which sets the absolute accuracy
of the temperature measurement. Thermal gradients may be assumed
to be less than the resolution of 0.1 K of the step-wise temper-
ature variation, applied in the isobaric determination of the
phase diagram. Helium is used as a hydrostatic pressure medium.
The pressure is generated by a combination of a hydraulic oil
compressor and a mercury piston gas compressor. The pressure is
determined by a manganin cell mounted in the oil system. The
manganin pressure gauge is calibrated by a pressure balance. The
accuracy of the pressure measurement up to 3 kbar is 0.5%.

An extensive description of the sample preparation can be
found in ref.il. After a period of annealing, the sample (about
0.5 cm3 in size) is pressurized at a temperature of 10 K below
the solidification point (90 K). The cooling under pressure of
the sample to the low temperature region takes a few hours. By
means of this procedure, a polycrystalline sample is obtained
with randomly orientated crystallites. This may be inferred from
the rather well reproducible value of the second moment. A
matter of somewhat more concern is the extent to which the fluid
helium of the hydrostatic pressure medium dissolves in the
methane crystal. Extrapolation to zero pressure gives good agree-
ment with measurements performed under vapour pressure condi-
tions. At the lower pressures, the helium content of the solid
may, therefore, be assumed to be negligible. For the high
pressure region above 1.5 kbar, the justification is less firm.
However, no time-dependent phenomena were observed, indicating a
slow mixing or unmixing of the two components.

For the determination of the spin lattice relaxation time
Ti and the second moment M2, a pulse spectrometer at a working
frequency of 28 MHz was used. The Tx data were obtained by means
of a 10x90° - 1x90° pulse sequence, while the zero time resolu-
tion technique was employed for the determination of M2- The
zero time resolution technique12 applies a pulse sequence,
starting with a 90° pulse. The ensuing lock pulse is interrupted
by several so-called windows of equal time length. The period
of interruption is long compared to the effective transverse
relaxation time T 2, while the duration of a window is short in
comparison to the effective T2. At the end of the pulse sequence
the ensuing free induction decay is observed. This pulse
sequence is repeated several times with different window lengths.
In ref.12 an explanation is given on how the experimental second
moment may be obtained from this procedure.

The pulses are generated by a broad band 1 kW transmitter
coupled to a low Q probe. The free induction decay signal is
detected by a phase sensitive receiver with a 1 MHz band-width.
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The rise and fall time of the pulses in the circuit is about 0.2 ys.
This time interval defines the absolute accuracy of the length
of a window. The length of a window varied from a minimum of
1 ys to a maximum value of 5 to 10 us, depending on the magni-
tude of the second moment. Note that the second moment, being
entirely due to the intermolecular dipole-dipole interaction, is
rather small. All the measured values are in the range of 1 to
5 Gauss2. This implies that the given time resolution of the
spectrometer is sufficient for the purpose of determination of
the methane second moments. On the other hand, the resonance
condition of the static magnetic field is rather critical as a
consequence of the same low value of M2. It can be argued that a
deviation from exact resonance always gives an over-estimation
of M2• An 0.1 Gauss difference gives an error of approximately
1%. By controlling the field of our conventional electromagnet
by a flux gate, a stability of 1 over 106 was achieved. The
gradient of the field over the sample is about 50 mGauss.

Another systematic error arises from the fact that the
methane sample is a polycrystal with an almost isotropic dis-
tribution of the orientations of the crystallites. The bias
resulting from this effect is opposite to an off-resonance
measurement. The observed second moment will appear to be
smaller than the expected powder average, because the relaxation
in the double rotating frame during the lock-pulse does not cor-
rect for the inhomogeneity of the transverse relaxation in win-
dows . The error is proportional to the number of times N a win-
dow of fixed length is repeated in a pulse sequence and approxi-
mately quadratic in the window length. For the values of M2 con-
sidered here, it turns out that for N=10, the error introduced
by this effect is in the order of one percent, while an appre-
ciable enhancement of the signal to noise ratio is still
achieved. The final accuracy of the experimental M2 values may
be evaluated to be three percent. The sensitivity is consider-
ably- better. On account of a special effect, the accuracy of the
CHD3 data is presumed to be worse than for the other two iso-
topes studied. This will be discussed in section 4.

3 Tx RESULTS AND THE P,T PHASE DIAGRAM

The points on the transition curves in the P,T plane were deter-
mined by slowly cooling the sample under isobaric conditions,
while measuring the spin lattice relaxation time Tx every tenth
of a degree. The cooling rate was about 0.5 K per hour. Then,
after passing the transition region, the same Tj measurements
were repeated, the sample now being isobarically heated at the
same rate. A few typical results are shown in figs. 1 and 2.
Fig.l gives the temperature dependence of Tx in the vicinity of
the high temperature (I-II) phase transition of CH3D and CHD3 at
relatively low pressure. Within the resolution of the 0.1 K
temperature variation, no hysteresis was observed. Fig.2 shows
the temperature dependence of Tj at the low temperature (II-III)
transition at approximately the same pressure. The low tempera-
ture transition clearly exhibits a hysteresis of 0.2 K. As far
as the thermal inertia of the transitions is concerned, there is
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Fig.l. The proton spin lattice relaxation time as a function of temperature
at the I-II phase transition of CH3D (p=425 bar) and CHD3 (p=490 bar)
The circles and squares were determined with decreasing temperature,
the triangles with increasing temperature.
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Fig.2. The proton spin lattice relaxation time as a function of temperature
at the II-III phase transition of CH3D (p = 430 bar) and CHD3 (p =
490 bar). The circles and squares were determined with decreasing
temperature, the triangles with increasing temperature.
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no distinction between CH3D and CHD3, This should be compared to
the very large hysteresis of the II-III transition in CH4 at
comparable pressures10'11. The extraordinary behaviour of CHi, is
caused by spin-conversion effects as is explained in ref.10. It
may be concluded that spin effects can be ignored at the phase
transitions in CH3D and CHD3, even at lower pressures.

In fact, both the I-II and the II-III transitions hardly
change appearance if the pressure is raised. Only at the highest
pressures investigated in the present experiment (3 kbar) did
the I-II transition point obtained with decreasing temperature
no longer seem to coincide with the transition point obtained
with increasing temperature. An example is shown in fig.3. How-
ever, in this region, the I-II and II-III curves approach an
intersection point, and the apparent hysteresis at the high tem-
perature transition may very well be due to metastable states
created by the low temperature transition. In fig.4, we have
plotted the various transition points determined by the proce-
dure described above. In the case of hysteresis, the average
transition temperature has been used. For later reference, the
CHij data of Nijman and Trappeniers10 are also displayed. Table I
gives the coefficients of a polynomial fitted to the experi-
mental points by means of a least mean square method. These expres-
sions have been applied to obtain an estimate of the P,T values
of the triple points. These results are also given in Table I.

The zero pressure extrapolation of our results may be com-
pared to data obtained in literature at vapour pressure. The
agreement of the Tj values in phase II and phase III of the
present work and the study of De Wit and Bloom13 is satisfying.
However, there is a discrepancy in the disordered phase I. In

100

s

10

1

T
1

t

-

Z

C H 3 D

A

I i

A A

A

1

Q

1

A

> T
L_

29 30 31 32 33 3t K

Fig.3. The proton spin lattice relaxation time as a function of temperature
at the I-II and II-III transitions of CH3D (p = 2840 bar).
The circles were determined with decreasing temperature, the triangles
with increasing temperature.
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Fig.4. The pressure-temperature diagram of CHD3 (circles), CH3D (triangles)
and CHi, (squares). The solid curves are the I-II transitions, the
dashed curves the II-III transitions. The data of CHt, are taken from
Nijman and Trappeniers10
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I-II
I-II
II-III
II-III

CH3D
CHD3

CH3D
CHD3

K

22.80
25.31
15.49
20.24

Ai

K kbar"1

4.00
3.80
7.14
5.79

A 2

K

-0
-0
-0
-0

kbar"2

.27

.25

.59

.34

CH3D
CHD3

K

34.1
34.3

kb ar

3.80
2.94

Table I: Polynomial T = Ao+Aip + A2p fitted to the experimental transition
points in fig.4. Pt and T t are the coordinates of the triple points
obtained from extrapolation.

particular, the Tx of ref.13 is nearly twice as long (140 s) for
CHD3. Of course, the lower value of the present work may be
blamed on paramagnetic impurities in our samples. However, it is
difficult to understand why the Tl in the ordered phase II,
still being rat ier long, is not affected by the impurities to
the same extent. Unfortunately, the data in literature on the
zero pressure values of the transition temperatures of the par-
tially deuterated methane isotopes are less numerous than the
data on CH3 and CD3. The main reference is a calorimetric study
by Colwell, Gill and Morrison. As regards the transition temper-
atures, a convenient summarization can be found in ref.14. (For
the low temperature specific heat, however, see ref.15.) The
zero pressure transition temperatures obtained in the present
work may be read from Table I. All these values are considerably
lower than the values listed in ref.14. In particular, for the
transition temperature of the sharp high temperature transition,
the disagreement is 0.7 K in both CH3D and CHD3. This difference
is somewhat surprising, in view of the fact that the transition
temperatures of CH^ agree within the accuracy of the temperature
measurement. This suggests that either our samples were con-
taminated by lighter isotopes (e.g., CHiJ or the samples of ref.
14 by more heavy isotopes (e.g., CD^). However, to acoount for
the disagreement quantitatively, a rather large concentration of
isotopic impurities has to be assumed (more than 10%). Also, it
remains to be explained why the difference in transition tempera-
ture for the low temperature phase transition is, in fact,
smaller than for the high temperature transition, contrary to
what one would expect.
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4 M 2 RESULTS AND COMPRESSIBILITY

In the temperature and pressure range of interest, the reorien-
tational motion of the methane molecules is sufficiently fast in
order to average the intramolecular contribution to the second
moment to zero. The observed M 2 is a broadening, arising from
those parts of the intermolecular dipole-dipole coupling, which
remain invariant under the reorientational motion 1 1. This
implies that the second moment is proportional to the square of
density, provided the equilibrium position and orientations of
the molecules are not rearranged by a phase transition. On
account of these fortunate conditions in methane, we are able to
determine the isothermal compressibility of a stable phase from
the pressure dependence of the second moment along an isotherm.
Moreover, the compressibility, contrary to the thermal expansion
coefficient16, is mainly determined by the isotropic forces
between the molecules. Hence, it may be assumed that the isotope
effect on the compressibility is small (see also ref.17). On the
other hand, the value of M 2 is considerably reduced by substitu-
tion of deuterons for protons. Therefore, a possible instrumen-
tal bias, varying with the magnitude of the experimental second
moment, may be detected by comparing the pressure dependence of
two different isotopes in the same phase.

Gauss'

3.5 -

3.0
1000 2000 3000 bar

Fig.5. The proton second moment as a function of pressure for CH4 phase I at
T=31 K (circles) , CHi, phase II at T = 20 K (squares) and CH3D phase I
at T=34 K (triangles).
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Fiq-5 gives the pressure dependence of M2 for CH4 and CH3D in
phase I along an isotherm close to the I-II phase transition
curves. The reproducibility of the M2 values is within a tew
percent. For the purpose of the elimination of a possible small
dependence on sample history, the results of several measure-
ments with increasing and decreasing pressure are averaged. The
straight lines in fig.5 are least mean square fits. The com-
pressibility is calculated by applying linear regression to the
pressure dependence of the logarithm of the experimental M2

values. The results for the compressibilities in phase I of the
two isotopes agree within experimental error (see Table II). As
has been discussed above, this consistency lends support to. the
reliability of our method of determination of the compressibili-
ty. Owing to the very long relaxation times in CHD3, it proved
to be impossible to repeat the same series of measurements for
this isotope. Also shown in fig.5 is the pressure dependence of
the CH4 second moment in phase II. The particular isotope and
isotherm have been chosen in order to give the maximum range of
available pressure values in the intermediate phase II. As may
be concluded from table II, the isothermal compressibility of
phase II is approximately equal to that of the disordered phase.

This relation does not seem to be continued in the com-
pletely ordered phase III. Fig.6 gives the pressure dependence
of CH3D-III and CHD3-III along an isotherm just below the II-III
transition curve. Unfortunately, we were not able to pursue the
pressure dependence of M2 above 1.5 kbar because of the solidi-
fication of the helium used as the pressure medium. For the same
reason, the corresponding investigation in CH^ is impracticable.
Although the accuracy of the M2 measurement is not sufficient to
allow an exact determination, the increase with pressure of M2

is considerably smaller than in phase I and II. A tentative value
can be found in Table II. It is somewhat questionable if this
behaviour can be attributed to a comparatively incompressible
structure of phase III. A possible alternative explanation might
be a not yet understood pressure dependence of the equilibrium
properties of the spin system. However, to account for the
observed pressure dependence, this effect is bound to reduce the
second moment if pressure is raised. This is rather unusual. On
the other hand, while the cubic lattice symmetry of the disordered
phase I is retained in the partially ordered phase II, the lattice

CHi^ -
CH3D -
CH^ -
CH4 -
CH3D -
CHD3 -

I
I
II
III
III
III

3.1
2.9
3.2

1.0
1.0

a

± 0.1
± 0.2
± 0.2
-
± 0.2
+ 0.5

b

_
-
3.
2.
-

5
3

c

5
-
-
-
-

-2 -1
Table II: Isothermal compressibilities -\n units 10 kbar . Column a gives

the results obtained from the data of figs. 5 and 6. Column b
contains the values taken from refs. 6 and 18 and column c from
ref.17 (for discussion, see text).
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Gauss

1.5
500 1000 1500 bar

Fig.6. The proton second moment as a function of pressure for CH<, phase II at
T = 20 K (squares, see fig.5) , CH3D phase III at T=15.5 K (circles)
and CHD3 phase III at T=20 K (triangles).

in phase III shows a tetragonal distortion. This suggests that
only in the completely ordered phase III, through a simultaneous
rearrangement of positions and orientations, a more close-packed
structure is approached with a corresponding increase of the bulk
modulus:

The second column of Table II contains the values of the
compressibility given by Medina and Daniels6/18. These values
were determined from an estimation of the loss of pressure on
isochorically cooling after solidification at known pressure and
volume. It should be noted that the values are obtained from the
minimum of two sets of data points. The agreement for the dis-
ordered phase I and the intermediate phase II is satisfactory.
The last entry of Table II gives the compressibility resulting
from the piston-displacement measurement of Stewart17. This
value is determined from the slope at zero pressure of the
pressure dependence of volume along the 77 K isotherm.

In Table III, the zero pressure extrapolation of the M2

isotherms of figs. 5 and 6 are compared to results obtained by
other authors at the same temperatures. The second column gives
the values of Nijman and Trappeniers11 obtained by fitting an
Abragam trial function to the free induction decay. The agree-
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CHi, - I
CH4 - II
CH3D - I
CH3D - III
CHD3 - III

Z.T.R.

3.91
4.12
2.97
3.26
1.57

A.T.F.

3.9
4.02

C.W.

a

4.1
4.77
3.4
3.72
1.65

b

4.2
4.2

c

4.5
4.5
1.8
2.2

Th.

3.87

2.87

Table III; Zero pressure second moments in units Gauss . The zero time reso-
lution results (Z.T.R.) of the present work are compared to the
M2 values of ref.ll, obtained by fitting an Abragam Trial Function
(A.T.P.), and the Continuous Wave (C.W.) M2 of ref.20 (column a),
ref.21 (column b) and ref.22 (column c). The last column gives a
theoretical prediction according to ref.ll.

ment with the zero time resolution results of the present work
(first column) are remarkably good. The second moments deter-
mined by means of continuous wave techniques by Wolf and
Withney20, exhibit a systematic difference of 10% to 20% with
the zero time resolution values. Note also the surprisingly low
C.W. second moments for CH3D of ref.22. The last column of
Table III are predictions following from the theoretical expres-
sion derived by Nijman and Trappeniersn. For the evaluation of
the theoretical M2, molar volume data from literature have been
substituted (for a review, see ref.23). The agreement with the
experimental second moments of the present study is satisfactory.

A word of caution should be added regarding the zero time
resolution value for CHD3. The determination of M2 of this iso-
tope is considerably less accurate than for the two other iso-
topes. This is due to a special effect which we are unable to
explain. The shape of the free induction decay signal at the end
of the lock-pulse sequence was found to be dependent on the time
length of the intermittent windows. Windows of longer duration
were followed by a free induction decay with a smaller apparent
M2. In order to verify that this effect was not a spurious
instrumental aberration, solid CFi,, a system with an approxi-
mately equal intermolecular second moment, was also examined.
The second moment of 1.85 Gauss2 observed in this system is in
good agreement with both data from literature and theoretical
expectations 2h.

5 THE T,p PHASE DIAGRAM

The pressure-temperature diagram of fig.4 may be transformed to
a temperature-density dependence by means of substitution of the
equation of state. For this purpose, the variation of density
with pressure and temperature is approximated by a linear
expansion, using the normal pressure state at a temperature
close to the phase transition as the origin. The densities at
normal pressure were taken from literature. The main references
are the CH^ and CD^ data of refs. 16,. 19 and 25. A convenient

35



review can be found in ref.23. The molar volume of CD^-I at the
I-II phase transition temperature is 2% smaller than the molar
volume of CH4-I at the transition point. For the molar volumes
of CH3D and CHD3, the interpolation scheme of Lushington and
Morrison23 was applied. Similarly, the thermal expansion coeffi-
cients for the three isotopes are obtained. The thermal expan-
sion coefficients of CD4 and CH4 differ by about a factor 2.
However, the correction to density along the phase transition
curve due to thermal expansion is negligible in comparison to
the variation with pressure. To account for this effect of about
10%, the compressxbility values of the present study were used
as the coefficients in the linear approximation. The value of
3.0xi0~2 kbar"1 was substituted for all three isotopes. This
assumption and the experimental uncertainty of the compressibil-
ity determines the accuracy of the linear equation of state.

Fig.7 gives the resulting density dependences of the I-II
transition temperature, represented on a logarithmic scale. By a
similar procedure, the temperature-density diagram of the II-III
transition is derived (fig.8).

The thermodynamic data in the linear equation of state now
refer to phase II. The compressibility of CHi» as well as CH3D and
CHD3 was estimated by the phase II value, for CH^ (see Table II).
The results of the figs.7 and 8 will be discussed in a subsequent
paper. However, the departure from the p7'3 dependence predicted
for the high temperature transition by the classical James and

3.260 3.360 3.460
10" mol/cm

3.560
3.60

3.40 -

3.20 -

3.00
-3.43 -3.41 -3.39 -3.37 -3.35

- 21

-3.33

Fig.7. The logarithm of the I-II transition temperature as a function of the
logarithm of density (inverse molar volume) for the three isotopes
CHt, (circles) , CH3D (triangles) and CHD3 (squares) .
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10 mol/cm
3.310 3.410 3.510 3.610

3.40

3.00 -

2.60 -

2.20
-3.41 -3.39 -3.37 -3.35 -3.33 -3.31

Fig.8. The logarithm of the I I - I I I transition temperature as a function of the
logarithm of density (inverse molar volume) for the three isotopes
CHit (circles) , CH3D (triangles) and CHD3 (squares) .

Keenan model1 is evident. I t is also suggested by a preliminary
examination of fig.7 that the strong density dependence is only
partially due to a quantum effect, because the transition
curves of the three isotopes are almost parallel. A more quanti-
tative analysis and a comparison to the results of other authors
is given in the second paper.
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CHAPTER 3 : THE ISOTOPE EFFECT IN THE PHASE DIAGRAM OF SOLID

METHANE

II. CORRESPONDING STATE ANALYSIS

M. Sprik and N.J. Trappeniers

Van der Waals Laboratory, University of Amsterdam, The Netherlands

The isotope effect in the phase diagram of solid methane is discussed in
terms of a corresponding state theory for the effect of substitution of
deuterons for protons. The variation of the ordering (I-II) transition tem-
perature with the deuterium content is correlated to the quantum correction
to the classical density dependence of the transition temperature in a given
isotope. The corresponding state anilysis is applied to the experimental
I-II transition curves of CHi», CH3D and CHD3 to obtain the effective expo-
nent n=15 for the radial dependence of the ordering interaction. The mean
field estimate of the isotope effect in the I-II transition is compared to
experiment.
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1 INTRODUCTION

This is the second paper on the quantum effects in the phase
diagram of solid methanes. In the general introduction to the
first paper1, henceforth called I, it is argued that although
the structure of the partially ordered intermediate phase II may
be understood in terms of the electrostatic octupole-octupole
coupling only, the actual anisotropic interaction is far more
complicated. In particular, on account of the contribution of
dispersive forces, the radial dependence of the anisotropic
interaction between two molecules is expected to be considerably
stronger than the r~7 dependence of the electrostatic octupole-
octupole coupling. The effective exponent n, characterizing the
distance dependence, is believed to be about twice as large2

(nsai5) as the n = 7 value of the octupole-octupole coupling. The
effective exponent n shows up, divided by 3, in the exponential
density dependence of the ordering phase transition temperature.
Indeed, as was found by Nijman and Trappeniers3, the I-II trans-
ition temperature of CH^ exhibits a very strong density depen-
dence (see also I).

In a quantum system, however, as is exemplified by the
interacting rotational degrees oi freedom of methane molecules,
the transition temperature does not simply scale with interaction
strength. Due to zero point motion, the localization, i.e., the
ordering of the orientations of the molecules, requires a certain
amount of positive energy cancelling part of the gain in negative
potential energy produced by the ordering. The transition tem-
perature in a quantum system is, therefore, depressed with
respect to the classical value. Furthermore, contrary to the
ordering interaction operator, the operator responsible for the
zero point motion, the kinetic operator, is independent of the
intermolecular separation. Hence, the zero point motion effect
introduces an additional density dependence of the transition
curve in the temperature-density plane. Since the magnitude of
the kinetic term for CHi, is comparable to the anisotropic inter-
action strength between two nearest neighbours4, the quantum
effect in the temperature-density phase diagram may be quite
large. In fact, comparing the experimental density dependence to
a prediction derived from a quantum-mechanical mean field treat-
ment of the electrostatic octupole coupling5, Nijman and 'l'rappe-
niers3 suggested that the quantum effect could account for the
anomalous density dependence. However, the reliability of the
mean field approximation is not obvious in this respect. Also,
the agreement observed by Nijman and Trappeniers would certainly
turn into a disagreement when compared to the subsequent mean
field results of Yamamoto et al1*, where dispersive forces are
included. Clearly, an experimental study of the contribution of
the zero point motion effect would be of some avail.

In ref.6, it is outlined how the quantum effect in the
density dependence may be estimated from the isotope effect on
the phase transition temperature. For this purpose, the phase
diagram of CH3D and CHD3 have been determined. The experimental
results and the experimental procedure can be found in paper I1.
In the present paper, the corresponding state analysis proposed
in ref.6 is applied to the phase diagrams of CH3D and CHD3 pre-
sented in paper I and the diagram of CH4, which is reproduced in
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the graphs of paper I. In section 2, the basic assumptions of
the corresponding state analysis are reviewed and in sections 3
and 4 the results are derived and discussed. In sections 5 and 6,
the experimental data on the isotope effect are compared with a
quasi-classical approximation to the octupole mean field model8.

2 CORRESPONDING STATES

The objective of a corresponding state theory is to find a set
of parameters describing the phase diagrams of CH^ and the
deuterated isotopes in a unified way. A pre-requisite for such
an approach is that the differences between the various phase
transition curves are only of a quantitative nature. These
curves separate phases with the same structure in each isotope.
A one-to-one correspondence between the respective stable phases
of the isotopes is required. This condition is almost certainly
satisfied in solid methane (for a discussion, see the introduc-
tion of ref.4). As is explained in the introduction, the con-
siderable variation of transition temperature with the deuterium
content in solid methane is mainly a quantum effect. Our ana-
lysis of this effect follows the approach of the corresponding
state theory of translational quantum solids (4He, 3He, H2, Ne)
developed by De Boer9. Only recently, these ideas have been
applied by Nosanow10 to phase transitions in a Van der Waals
quantum solid. In ref.6, the phase transitions in orientational
quantum solids (methane, hydrogen, ammonium halides) are treated
in close analogy to the thermodynamic theory of Nosanow. How-
ever, in the quantum rotational systems, some additional simpli-
fying approximations cannot be avoided6. Therefore, the approxi-
mations pertinent to the methane problem will be reviewed in the
present paper.

In this section the quantum effect in the orientational
system of methane on a rigid lattice will be considered. The
anisotropic interaction between two molecules is approximated by
a simple product of an interaction strength and an anisotropic
function.

Vijrêij,^,^) = r(Rij)v(eij,<})ij,fii,nj). (2.1)

The interaction strength r depends on the length of the vector
Rij connecting the centres of mass of the molecules i and j. The
function v is a dimensionless function depending on the Euler
angles ü± and^fij of the two molecules and the polar angles
(8i j , "J

1! j) of Rij- T ne function v is in the order of unity. The
Hamiltonian is then written as

dl 1
H = £ 2Ï + 1 ^ Vij- (2"2)

i

J-L is the angular momentum vector operator of the molecule on
site i and I designates the inertial moment. The thermodynamic
state of the system, as can be derived from the hamiltonian (2.2)
by means of the methods of classical statistical mechanics, is
completely determined by a single thermodynamic state variable,
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the scaled temperature T*

kBT
T* = -Ts- . (2.3)

kB is the constant of Boltzmann. The value of the inertial
moment is irrelevant because of the equipartition principle for
the kinetic degrees of freedom. However, equipartition nc longer
holds in quantum statistical mechanics. On account of quantum
dispersion, the thermal expectation value of the kinetic term in
the hamiltonian and the potential energy term are now correlated.
The kinetic energy is increased by zero point motion while a
part of the potential energy is averaged out. The thermodynamic
behaviour is dependent on the value of the inertial moment and
thus in ref.6, in addition to T*, a new thermodynamic state
variable is introduced, called the quantum parameter n:

n = jf . (2.4)

n is the rotational analogue of the De Boer parameter (for fur-
ther discussion see refs. 6, 9, 10). As will be evident from
definition (2.4), the value of n may be reduced by icreasing the
mass of the particles on the vertices of the tetrahedron, i.e.,
the protons. This abstract operation may be implemented experi-
mentally by substituting deuterons for protons. However, by
deuteration two important symmetry properties in the molecule
are also changed. Firstly, the inertial tensor of the partially
deuterated molecules is no longer spherical. The anisotropy is,
however, small and the inertial moment I in def. (2.4) may be
replaced by the average6

J. J J-x J-y J-Z "

The second equality in eq.(2.5) defines the effective rotational
parameter B, measured in temperature units. A more serious com-
plication of deuteration is the fact that deuterons and protons
obey a different quantum statistics. In addition to the kinetic
effect discussed above, the quantum dispersion of rotational
motion also introduces exchange between the four particles on
the vertices of the rigid tetrahedral structure of the molecule.
Since the quantum parameter n in CH4 is in the order of unity

2/4

at normal pressure, appreciable proton exchange is allowed under
the thermodynamic conditions of the phase transformation, where
the scaled temperature T* is also close to unity. Therefore, the
statistical weight of the states at the phase transition depends
on the different spin quantum numbers of the protons and deu-
terons. Hence the modification of thermodynamic behaviour under
deuteration6 is not completely determined by the corresponding
change in n only. However, in the deuterated systems and at
higher pressure (see I), where the transition occurs at higher
temperatures, the ratio of n and T* is considerably smaller than
unity. It may also be argued that the kinetic effect is domina-
ting the equilibrium thermodynamic behaviour. The importance of
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a quantum effect may be estimated from a comparison of the
thermal wave angle and the quantum process under consideration11.
The characteristic angle, measuring the rapid variation of the
anisotropic potential with orientation is equal to or smaller
than2 the angular separation of two protons in a molecule.
Therefore, we assume that exchange effects and the resulting
spin isomer concentration dependence may be disregarded in
favour of the kinetic effect. This approximation is certainly
not justified for the II-III transition at the lower tempera-
tures where spin conversion is extremely slow4»7.

It is explained in ref.6 that the approximations discussed
above imply that the thermodynamics of the entire family of
isotopes is controlled by the two thermodynamic fields n and T*.
The states of systems with different degree of deuteration are
corresponding states of the n and T* values are the same. Note
that a possible variation of interaction strength with the iso-
tope is also covered by the model. A difference of interaction
strength in two isotopes results in a different value for both
n and T*. We formally express the isotope dependence of T by
inserting the rotational parameter B, defined in (2.5), as an
argument in (2.1) in addition to R

r = r(R,B). (2.6)

Since every thermodynamic state of the family of isotopes is
represented by a point in the n,T* plane, the phase transitions
in the various isotopes are described by a curve in the n,T*
plane6

T* = f(n). (2.7)

The relation (2.7) is the main result of the corresponding state
theory. All transition curves are described by one curve para-
metrized by n- The basic assumption in the derivation of (2.7)
is expressed in eq.(2.1). For a first approximation, the aniso-
tropic interaction is factorized by a density dependent inter-
action strength and a function depending only on directions and
orientations. However, in a more complicated system, the exten-
sion with a second similar term with a different density depen-
dence may be necessary. This leads to the introduction of addi-
tional scaled parameters as thermodynamic fields (see ref.6).
Such an enlarged parameter set is presumably required for a
proper model of the II-III transition12. However, it is assumed
here that the analysis by means of the relation (2.7) applies to
the order-disorder transition (I-II) and we will concentrate on
the quantum effect in the latter transition.

3 THE ISOTOPE EFFECT

The basic result of the corresponding state theory is that the
transition points of different isotopes are represented by a
point on the universal curve (2.7). Unfortunately, unlike the
corresponding state relations for Van der Waals systems, a
direct experimental verification by substitution of eq.(2.7) is
not possible because the interaction strength r is not known. An
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= 3 kbar

15
10 15 K

Fig.l. The I-II transition temperature (circles) and the II-III transition
temperature (squares) as a function of the rotational parameter B
(see eq.2.5) at constant pressure. Three pairs of isobars are shown.
The data points for CHu are taken from ref.7, for CH3D and CHD3 from
ref.l and for CDi, and CH2D2 (zero pressure) from ref.13. The solid
lines for the I-II isobars and the dashed lines for the I-II isobars
were obtained by linear regression.
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important exception is solid hydrogen, as is discussed in ref.6:
However, a less specific implication of eq.(2.7) may be tested
by direct inspection of the experimental data presented in I.
The Intermoiecular distance R in eq.(2.6) is determined by
density p (p is the reciprocal molar volume, see I). Substitu-
ting eqs.(2.3), (2.4) and (2.6) into (2.7), we have

Tt = r(P,B)f (n(p,B)/kB (3.D

Therefore, the transition temperature Tt is a function of p and
the rotational parameter B defined in (2.5). The experimental
transition curves of paper I are obtained under isobaric condi-
tions. As will be discussed below, the equation of state in the
corresponding state model is an expression, giving density in an
isotope as a function of temperature T, pressure p and B. The
transition curves in the p,T plane of fig.4 of I are to be con-
sidered as cross-sections of a phase transition surface Tt =
T(p,B) in T,p,B space with planes at constant B. The curves
fitted to the data points can be used to provide a cross-section
at constant pressure. This is shown in fig.l of the present
paper. The values of B have been calculated according to the
definition (2.5) from the experimental inertial moments listed
in table I of ref.13. Fig.2 gives the slopes of the linear T,B
relations for various isobars. Another possible cross-section is
a plot of transition pressure as a function of B at constant
temperature (not shown). If these three distinct representations
of the experimental data are actually cross-sections of one and
the same transition surface in T,p,B space, then the slopes of
the curves should satisfy the well-known relation

(W) fill fiE] = _i (3 2)
^B^p ^ p ^ ^ T ^ B • l J - ^ J

The product of the experimental value of the derivatives for the
I-II transition is given in fig.3 with pressure as the parameter.
The agreement is good although a systematic error is clearly
visible. The result for the II-III transition is about -0.9, but
the experimental error is too large for the test to be conclu-
sive.

The corresponding state relation (2.7) has been derived for
a system on a rigid lattice. For further application of (2.7),
it is necessary to investigate what happens if the condition of
a rigid lattice is relaxed and isobaric conditions are assumed.
The orientational and the translational degrees of freedom are
now allowed to interact. The anisotropic interaction will tend
to contract a lattice determined by the isotropic forces. The
change in the equilibrium value of the lattice parameter may be
evaluated by an approach similar to the quasi-harmonic approxi-
mation to the thermal expansion in the theory of lattice
dynamics. Since the quantum effect in the thermal expectation
value of anisotropic forces is large, the resulting effect on
the equilibrium lattice constant is also expected to depend on
the deuterium content. This inference is supported by the con-
siderable isotope effect observed in the thermal expansion
parameter. Moreover, the density of CD^ at normal pressure is
about two percent higher than in CH4 (for references to the
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Fig.2. The isobaric derivative of the transition temperature with respect to
the rotational parameter B, as a function of pressure. The circles are
the values obtained for the I-II transition, the squares for the
II-III transition. The curves are a guide to the eye.

1.0

0.5
500 1000 1500 bar

Fig.3. The experimental verification of the relation (3.2) for the part ial
derivatives of the I-II transition surface in temperature, pressure,
rotational parameter space. The derivatives were determined at four
values of the pressure along the CHD3 curve.

relevant experimental literature, see I ) . Of course, zero point
motion in the translational system (phonons) may also contribute.
The difference in interaction strength, resulting from a dif-
ferent density for two isotopes at the same temperature and
pressure, is mainly a zero point motion effect in the statis-
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tical mechanics of the combined orientational and translational
system. It does not correspond to an actual difference in the T
of the microscopic potentials of eq.(2.1). Such an isotope
dependence may be present but, being small, will be neglected.
It is assumed, therefore, that the effective r is completely
determined by density, although the isobaric equilibrium value
of the latter may vary with the degree of deuteration. The
measure of deuteration is expressed in our approximation by the
value of the rotational parameter B of eq.(2.5). Hence, the
assumption of an effective isotope independent interaction
strength may be summarized by the relations

(|£) = 0 (f§) ?* 0. (3.3)

Note that a possible mass dependence of the isotropic forces
does not conflict with the approximation (3.3). Similarly, under
isobaric conditions, the effective F may change with tempera-
ture. However, also in an isochoric system, the effective
interaction strength may show a slight temperature dependence,
because it is an average over the thermal vibrational motion
due to the phonons. This temperature dependence, contrary to the
isobaric temperature effect, will be neglected and we have in
analogy to (3.3)

<I>P, T - ° Hop. , " "• <3-4)

Assuming that the approximations (3.3) and (3.4) are justified,
some interesting implications may be derived from eq.(2.7).
Evaluating the partial derivative of expression (3.1) with
respect to B, one obtains on account of (3.3) and (3.4)

dT*

3B Jp dn
= f (n). (3.5)

The transition curve in the n/T* plane is a one dimensional
manifold. The classical limit n ->• 0 of the derivative is, there-
fore, a constant independent of the thermodynamic variables p
and T. Equation (3.5) states that this number may be obtained
from the B ->- 0 extrapolation to the experimental T,p phase dia-
gram

3Tt] d Ttf t ] t
limUsr- = lira -=— = f' (0) . (3.6)

>SB J n + 0 d n

In paper I, combining various experimental data, approximate T,p
relations were determined for the two phase transitions. These
functions are displayed in double logarithmic graphs in figs. 7
and 8 of I. Applying these results, we obtain the experimental
estimate of f'(0) listed in table I. Only a single number is
given for each transition because the derivative (3.6) exhibits
hardly any density dependence. These isochoric derivatives
should be compared to the linear isobaric relations of fig.l.
The appreciable discrepancy is due to the quantum effect in the
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lattice, expressed in the inequality of eg.(3.3). The signifi-
cance of the f'(0) value in table I for the low temperature is
questionable because the approximation (2.1) is presumably not
justified for this transition. For the high temperature transi-
tion, however, we will adopt this approximation as a hypothesis.
In section 6 the experimental f'(0) value in table I will be
compared to a mean field estimate of f'(0) for an effective
octupole-octupole interaction. A direct comparison is possible
because f'(0) is independent of interaction strength.

f • (0)

I-II
II-III

-0.44 ± 0.07
-0.9 ± 0.2

15 8
12

Table I : The f i r s t column gives the experimental value of the der iva t ive
defined in e q . ( 3 . 6 ) . The second and th i rd columns give the e f fec t ive
exponent defined by e q . ( 4 . 3 ) , as determined from eq.(4.6) for the
low respec t ive ly high densi ty region of the T,p,B phase diagram.

4 THE DENSITY DEPENDENCE

In the preceding section, the par t ia l derivative of the t r a n s i -
tion temperature with respect to the rotat ional parameter was
investigated. In this section, we will turn to the derivative
with respect to density. Because both pa r t i a l derivatives are
enfolded in the universal curve f(n) of (2.7), they must be
related. Evaluating the p a r t i a l derivatives of expression (3.1)
with respect to p in the approximations of eqs.(3.3) and (3,4).-
we obtain

dr
kRdp

(4.1)

The second factor in the right hand side of eq.(4.1) contains
the universal function f(n) and its derivative. Both functions
can be replaced by observable properties. For the function f (n)
we substitute the scaled temperature (2.3) while f'(n) is elimi
nated by means of the relation (3.5). Therefore, using defini-
tion (2.4) of the quantum parameter, we find

3p
dr
rdp (4.2)

The partial derivative with respect to B on the right hand side
was determined in the preceding section from the isotope effect
in the T,p phase diagram (i.e. the T,p,B diagram). Equation (4.2)
shows that the variation with the deuterium content also appears
as a quantum correction to the density dependence of the transi-
tion temperature in a given isotope (constant B). At a finite
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value of B and T t, i.e. in a quantum system, the density depen-
dence of transition temperature and interaction strength are no
longer equal, as in a classical system. However, the partial
derivative with respect to p on the left hand side is, of course,
also obtained from the experimental T,p,B diagram. Hence the
corresponding state equation (4.2) provides a means to study the
radial dependence of r in a quantum system despite the complica-
tion, that Tt is not related to r by scaling. The equation (4.2)
enables us to extract from the T,p,B diagram information on the
effective exponent for the radial dependence of I'. This effec-
tive exponent is defined by the relation

r fRoln

where Y and the intermolecular distance are normalized by the
normal pressure values. With the definition (4.3) eq.(4.2) is
written as

In the eq.(4.4) the partial derivative with respect to B is
replaced by the classical limit (3.6) assuming that a first
order approximation of the quantum'effect is sufficient. In
order to subject the underlying corresponding state hypothesis
(2.7) to experimental test and simultaneously determine n, we
introduce another scaled temperature

T = | - (4.5)

The temperature in the partial differentiation on the left hand
side of (4.4) may be replaced by the scaled value (4.5) and
integration gives

ln |I_ = n ln £_ (4>6)

AT 3 po

with the shifted temperature AT defined as

AT = T - f'(0). (4.7)

The suffix 0 denotes, as in eq.(4.3), the normal pressure values
The classical limit is attained when the shifted temperature AT
equals the scaled temperature T, or equivalently, when the con-
stant f'(0) is negligible in comparison to the ratio of T and B.
The relation (4.6) contains the parameter B only implicitly.
This implies that, if the relation (4.6) describes the transi-
tions correctly, the experimental transition curves collapse on
a single curve, when represented in an ln A T / A T 0 , ln p/Po plot.
Fig.4 shows thp data points of the T,p relations of fig.7 of I,
transformed according to this scheme, using the f'(0) value of
table I. The curves for the three isotopes intersect at the
origin by definition. A possible violation of the relation (4.6)
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0.1 -

0.02 0.0 A 0.06 0.08

Fig.4. The logarithm of the shifted scaled transition temperature of eq.(4.7)
as a function of the logarithm of density (inverse molar volume) for
the I-II transition. The temperature shift i s equal to the constant
f'(0) of table I. The suffix zero denotes the normal pressure values.
The dashed line is the linear relation expected for the electrostatic
octupole-octupole coupling.

will appear as a divergence at higher densities. Fig.4 exhibits
some divergence. But in the region where the deviation is most
serious, the system behaves almost classically because of the
increased transition temperature at higher densities (Ax rax) .
Therefore, the discrepancy at higher density cannot be a t t r i -
buted to a quantum effect. However, at the lower densities also
the quantum correction is of moderate importance, although i t is
not negligible. For CH4, the lightest isotope, the shift in
scaled temperature is about 30%. Moreover, at the lower tempera-
tures, the curves almost coincide. Therefore, we conclude that
the application of eq.(4.6) for the purpose of determination of
n is justified. The resulting value of n is given in the second
entry of table I. The effective n exceeds by a factor two the
n = 7 value of the electrostatic octupole-octupole coupling of
the James and Keenan model14. The merit of the corresponding
state analysis is that i t shows that the strong density depen-
dence of the transition temperature cannot be completely
accounted for by the zero point motion effect. The density
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dependence of T t rather reflects the actual high effective
exponent of the radial dependence of the ordering interaction
strength.

This deduction contradicts the conclusion of Nijman and
Trappeniers3. Using the earlier work of Yamamoto et al.5, these
authors compared the experimental T,p diagram of Ctik to the pre-
diction of a quantum-mechanical version of the James and Keenan
model. The mean field calculations of ref.5 give the ordering
transition temperature in the quantum system as a function of
the strength of the electrostatic octupole-octupole coupling. If
the interaction strength is adapted to density according to
(4.3), a direct comparison between theory and experiment is
possible. The agreement was found to be remarkably good, thus it
was suggested in ref.3 that the ordering transition is indeed
dominated by the electrostatic octupole-octupole coupling. The
conclusion of the present work, however, is that this concurrence
of the theoretical and experimental curve must be considered
fortuitous. The mtan field approximation evidently over-estimates
the quantum effect. In section 6, more support for this claim
will be provided. Furthermore, the value n = 15 obtained from the
I-II T,p phase diagram by means of the corresponding state ana-
lysis is in good agreement with the n=16 reported by Medina15.
The latter value has been determined from the experimental
Grüneisen parameter of a collective librational mode in phase II.
The exponent of the strength of the effective octupole-octupole
term in the multipole expansion of Yasuda is about 19.

The third column of table I contains the effective n fol-
lowing from the high density points of fig.4. In table I, an
effective n for the high density region of the II-III phase dia-
gram is also given. This number has been derived from a plot
similar to fig.4 of the data points of fig.8 of I. These high
density, high temperature results are tentative. The effective n
for both'transitions is rather low. A reduction of n is diffi-
cult to explain unless it is assumed that the approximation
(2.1) no longer holds at higher densities. The hamiltonian needs
to be extended with a second similar term with a stronger radial
dependence (larger n). At the higher densities, such a term will
gain in importance with respect to the first term.

If the two types of interaction enter the expression of Tfc
with opposite sign the effective n, as derived from the T,p dia-
gram will appear to decrease with increasing density. Such a
competition between two different types of interaction has been
proposed by Maki et al.12 in a mean field treatment of the
II-III transition. Such a composite interaction is also likely
for the I-II transition at the higher densities because of the
vicinity of the triple point of the phases I, II and III (see I).
Hence the reduction of effective n for the I-II transition may
be a precursor of the intersection with the II-III transition
curve.

5 MEAN FIELD THEORY

Returning to the isotope effect in the T,p phase diagram, we
note that the constant f'(0) , being independent on interaction
strength (see (3.6)), must be a parameter characterizing the
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anisotropic function v in eq.2.1. Imposing on this function the
symmetry of an effective 2 1-2 1 multipole coupling, it may be
inferred that the constant f'(0) is some function of the
integer 1. Because the high temperature transition is an order-
disorder transition, the corresponding number f'(O) may be eva-
luated in the mean field approximation. The theoretical estimate
may be directly compared to the experimental result given in
table I. The concept of an effective 2 1-2 1 coupling is discussed
in refs.2, 4 and 12. The dependence on the Euler angles Q,j_ and
°,j and the polar angles (9ij ,<t>ij) is separated by a two center
expansion. The effective 2 1-2 1 interaction is the term coupling
the 21 + 1 components uj (ni) of the reduced 2

1 multipole operator
of molecule i with the components of the molecule at the site j.

v(8i.,(j)i-,fii,n̂ i) = £ (-i)
y+v ̂  (ni)c(9i.,<()i.)^ u^v(fi.). (5.i)

The coefficients C ^ are the (21+ I) 2 components of a 1*1 tensor
of unit magnitude. Suppressing the explicit reference to the
polar angles of Ri j , we write

I) 2 . (5.2)
uv

The minimum value of 1 allowed for by the tetrahedral molecule
symmetry is 1 = 3 . The effective exponent n of the radial depen-
dence of the interaction strength F 1 1 may be considerable larger
than the n = 2 1 + 1 pertaining to the electrostatic 2 1-2 1 inter-
action. In the mean field approximation, the statistical opera-
tor for the orientational states of the molecules is factorized
in a product of single molecule operators. The operator for
molecule i is derived from the molecular field hamiltonian H i

J2

H i = 2Ï + £ (~ 1 ) l J X U ( i ) u - u ( i ) " (5-3)

The coefficients Xw(i) are the 21+1 components of the molecular
field at si te i . The components Xy(i) are required to constitute
an irreducible tensor of rank 1. The thermal expectation value
of the components of the 21 multipole may be calculated from the
partition function

i 3 P i

"Uv ' 3Xp(i)*

with

F± = -kB T l n T r e~BHi ; (5.5)

The effective 2 1 -2 1 multipole in terac t ion introduced above
imposes "-.he following self-consistency equation on the X (i)
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F-;
(5.6)

The solution of eq.(5.6) is in general an arduous task (see ref.
14). However, in order to investigate the perturbation from the
classical transition temperature T c l for finite r\, explicit
knowledge of the classical solution is not necessary. Hence, we
formally write for n = 0

T > T c l

T £ Tci

X (i) = 0
(5.7)

The coefficients xy(i) define the structure of the ordered
phase. £, is the magnitude of the molecular field and may be con
sidered as the order parameter. The phase transition described
by eq.(5.6) and (5.7) is continuous

• c l Lcl
(5.8)

The structure constants xu(i) may be assumed to be temperature
independent. Self-consistency requires the set of xy (i) values
to satisfy an eigen value relation

k T
=-(21+1) (5.9)

The identity (5.9) is most easily verified by expanding the self
self-consistency equation in powers of the Xy(i). The cumulant
expansion of the F.̂  of eq.(5.5) gives

Fi = Fo " f

The suffix 0 denotes an average with respect to the canonical
distribution function of the free classical spherical top. Since
the functions uy(i) are the components of an irreducible tensor,
the expectation value is readily evaluated (see also ref.8)

Fi = F0 ~ X U ( i )

Then, differentiating with respect to the molecular field
according to eq.(5.4) and substituting in (5.6), we find

= " (21(21+ _v Xv(i) (5.12)
JfV

Inserting (5.7) and (5.8) and equating the coefficients of the
terms of lowest order in Tcl-T on the right and left hand side
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of eq.(5.12), we obtain the relation (5.9). Next, the quantum
mechanical problem is considered. For the purpose of studying
the perturbation in lowest order in n we may assume that the
transition in the quantum system is continuous as well. Hence
the relations (5.7) and (5.8) are generalized to

T > Tc Xy(i} = O

T < Tc Xy(i) = 5(
(5.13)

Tc is the quantum-mechanical critical temperature, depending on
the interaction strength r11 and on the rotational parameter B.
According to the correspondence principle, the structure of the
ordered phase is isomorphic to the classical structure and the
structure coefficients xy(i) in (5.13) and (5.7) are identical.
Correspondence also implies that the decrease of the transition
temperature Tc with respect to Tci is continuous in n and hence
Tc may be obtained in lowest order in n from a linear approxima-
tion to (5.6) similar to classical relation (5.12). The cumulant
expansion (5.10) and (5.11) is modified to

F± = F0(a) - 2 ( 2 1
B
+ 1} (I(-DU Xu(i) X_u(i))f1(a)f (5.14)

where the function f1(a) is the quantum-mechanical analogue of
the classical free rotor thermal average of the products of u1

functions, normalized to the classical value. v

a
fl(c0 = aZnla) f<=lw(lTr^o(a-w)ïï^o(w)u^ + ) . (5.15)

o K

Po is the statistical operator of the quantum free spherical
top. a is related to the inverse of the kinetic temperature
(4.5).

- h2 _ 1
a ~ ^ " 27 • (5

Zo(a) is the trace of p0 and Fo the corresponding free energy.
In ref.8 a continuum approximation to the configuration repre-
sentation of p0 is derived. Applying this approximation and the
group theoretical techniques developed in ref.8, several inte-
grations over the orientational coordinates are carried out and
the following result is found

0 0

with

a (a-w) " (5.18)
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Referring to the mathematical argument of ref.8 once again, a
linear approximation to fx(a) is readily obtained

fl(a) = 1 - 1 ( 1 ^ 1 ) a . (5.19)

Returning to the expression (5.14), the derivatives with respect
to the Xy(i) are substituted in eq.(5.6) and the quantum mecha-
nical version of eq.(5.12) follows

Xy(i) = - ^ i ^ l ) fi(a) I H ) ^ C(i,j)^_ v Xv(j) . (5.20)

The dependence on the molecular field and the structure coeffi-
cients may be eliminated from both sides of the eq.(5.20). From
eq.(5.13), it may be clear that the magnitude of the molecular
field, being finite for T < Tc, can be simply omitted. Then,
using the eigenvalue relation (5.9), the self-consistency equa-
tion (5.20) is reduced to a simple equation for the quantum
critical temperature

T c = Tclf!(a) . (5.21)

Employing the approximation (5.19) for fi(a) together with defi-
nition (5.16), the equation (5.21) is solved to first order in a
(high kinetic temperature)

T c = Tel "
 1(1

12~
 1 }B + (5.22)

The mean field result (5.22) confirms the more general correspon-
ding state relation (3.6). Indeed, the mean field estimate of
f'(0) is a characteristic of the symmetry 1 and independent of
interaction strength F11. The octupole-octupole coupling yields
the value f'(0) = -1. In literature, the result (5.22) has been
previously obtained by Nakamura and Miyagi16. The mean field
treatment of these authors, like the derivation of the present
work, relies on a quasi-classical approximation to the free
rotor statistical operator. However, as discussed in ref.8 in
more technical terms, some serious objections may be raised to
the approximation of ref.16. Indeed, if the statistical operator
of ref.16 is applied to calculate the first order term in the
expansion of f]_ defined in eq.(5.15), a discrepancy of a factor
two is found in comparison to the expression (5.19). On the
other hand, for the solution of the self-consistency problem
also, Nakamura and Miyagi prefer a different approach and there
the factor two is recovered to yield a result identical to
(5.22) . The temperature-density diagram not being available,
Nakamura and Miyagi were dependent on the isotope effect in the
pressure-temperature diagram for the purpose of a comparison to
experiment. Surprisingly, the mean field*estimate for the
octupole-octupole coupling (-1) reproduces the experimental value
(see fig.2) almost within experimental error. However, from the
argument of section 3 it must be concluded that this agreement is
fortuitous.
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6 DISCUSSION

The mean field calculation of the preceeding section gives the
value f'(0) =-1 for an effective octupole-octupole coupling
(1=3) and f' (0) = -5/3 for the hexadecapole-hexadecapole
coupling (1 = 4). These numbers are considerably larger than the
experimental result for the I-II transition mentioned in table I.
Since 1=3 is the minimum 1 allowed for by the molecular symme-
try, the disagreement of a factor two points to a fundamental
failure of the approximation applied in the previous section. Of
course, an obvious explanation would be the need for a second
interaction term of different symmetry in eq.(2.1). The addi-
tional parameter introduced by the extension of the hamiltonian
is not eliminated in the classical limit (3.6). A complicated
interference of the two terms may effectively reduce the isotope
effect in the transition temperature. A similar situation was
discussed in section 4 with regard to the apparent decrease of
the effective n of the interaction strength with density. There,
it was concluded that a two-term hamiltonian is required at the
higher densities. In this region the range of temperatures where
the intermediate phase is stable gradually decreases and finally
vanishes at the triple point. However, at the lower densities
and temperatures, the transition curves are approximately
described by the relation (4.6). Therefore, we maintain that in
this region the one term model of eq.(2.1) with (5.1) is appro-
priate. The validity of this model may very well be the reason
for the stability of the rather exceptional phase II and,
therefore, also for the success of the James and Keenan approxi-
mation.

Another term not represented in the anisotropic hamiltonian
(2.2) is the crystal field introduced by Yasuda2. It has been
neglected because the strength of this single molecule potential
is more than one order of magnitude less than the molecular
field potential4. It has been proposed by Yamamoto and co-
workers1*'17 that the crystal field is important in the order-
disorder transition region despite its weakness. According to
these authors, the crystal field may even by indispensable for
an explanation of the slight discontinuity of the I-II transi-
tion. However, in our opinion the disproportionate consequence
of this rather small interaction is an artifact of mean field
theory. The discontinuous character of the transition also fol-
lows from a renormalization group treatment of the Ginzburg-
Landau hamiltonian describing the transition18. In this approach,
the classical James and Keenan hamiltonian for molecules on a
rigid lattice already gives a first order transition. We there-
fore assume that the crystal field may be ignored in the problem
of the isotope effect.

The less realistic features of the mean field approximation
may also be held responsible for the discrepancy between the
experimental value of f'(0) and the theoretical prediction
(5.22). The mean field estimate is too large. Indeed, the mean
field approximation tends to over-estimate the isotope effect.
In ref.8 it is shown that in phase I the enhancement of kinetic
energy by meané of zero point motion is already considerable.
The zero point motion in the disordered phase arises from libra-
tion in orientational potentials produced by short range corre-
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lations between the orientations of the molecules. However, the
mean field theory, disregarding correlations, treats the dis-
ordered molecules almost as free rotors (recall that the crystal
field is small). Only the libration in the static long range
molecular field is accounted for. This implies that the mean
field evaluation of the difference in kinetic energy of phase I
and II is too large and, therefore, the depression of the trans-
ition temperature too strong. The corresponding prediction of the
isotope effect will be equally exaggerated. As is discussed in
section 4, the same imperfection of mean field theory is sug-
gested by an examination of the density dependence of the trans-
ition temperature in a given isotope.

As a conclusion, we therefore propose that at the lower
densities the I-II phase transition is dominated by the effective
octupole-octupole coupling defined in eq.(2.1) and (5.1). The
rapid increase of transition temperature with density is only
partially due to a quantum effect. Corrected for the quantum
effect, the remaining density dependence is still rather pro-
nounced, corresponding to an actual high effective exponent for
the radial dependence of interaction strength. This confirms the
importance of dispersive forces in the anisotropic interaction.
Caution is needed with regard to the mean field prediction for
such a quantum system. The disagreement with observation for the
density dependence of transition temperature is related to the
over-estimation of the isotope effect. Clearly the extension of
the corresponding state analysis to higher densities above the
triple point is interesting. In particular, a comparison of the
isotope effect at the I-II and I-III transition may yield some
information on the interaction solved in the I-III transition.
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PART I I : THEORETICAL

CHAPTER 4 : THE ROTATIONAL KINETIC ENERGY IN THE

ORIENTATIONALLY DISORDERED PHASE OF SOLID METHANE,

A QUASI-CLASSICAL APPROACH

I t i s shown tha t , as a consequence of the or ienta t ional cor re la t ions , the
quantum ro ta t ional k ine t i c energy of in te rac t ing molecules in the or ienta-
t iona l ly disordered phase of solid methane exceeds the free rotor value. The
expectation value of k ine t i c energy i s obtained from the i n i t i a l terms of a
quasxclassical high temperature expansion of the free energy. The calcula-
t ion i s based on an analyt ic function approximating the configuration repre-
sentation of the s t a t i s t i c a l density operator of the free spherical top. I t
i s demonstrated t h a t in the c lass ica l l imi t the function tends asymptotically
to the true density operator, the e r ro r being exponentially dependent on tem-
pera ture . As an appl ica t ion, the quantum correction to the second moment of
an infrared absorption band i s estimated.
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It is shown that, as a consequence of the orientational correlations, the quantum rotational
kinetic energy of interacting molecules in the orientationally disordered phase of solid methane
exceeds the free rotor value. The expectation value of kinetic energy is obtained from the initial
terms of a quasiclassical high temperature expansion of the free energy. The calculation is based
on an analytic function approximating the configuration representation of the statistical density
operator of the free spherical top. It is demonstrated that in the classical limit the function tends
asymptotically to the true density operator, the error being exponentially dependent on tem-
perature. As an application, the quantum correction to the second moment of an infrared
absorption band is estimated.

1. Introduction

The motion of the anisotropic properties of single molecules in the con-
densed phases may be studied by various inelastic scattering and absorption
techniques1). In a dense liquid or plastic crystalline phase composed of simple
molecules like methane, the spectral densities of the orientational degrees of
freedom exhibit a broad, featureless profile centered about zero frequency.
Most models attempting to give a microscopic picture of the re-orientational
motion start from an approximate single molecule state, describing the motion
over a short period. The long time behaviour is then represented by the
relaxation of the initial single molecule state into other similar states2'3). In the
extended diffusion model4), the free rotor state of the molecule is interrupted
by a collision with the environment and changed into a free rotor state with a
different angular momentum (for the application to CH4, see ref. 5). On the
other hand, in the itinerant oscillator model6), the molecule librates about a
temporary equilibrium orientation in a potential produced by orientational
correlations with the surrounding molecules. On a larger time scale, this
equilibrium orientation undergoes a diffusive motion. The extended diffusion
model is most successful in liquids at low densities. The itinerant oscillator
model is more adequate in orientationally disordered solids. Both models
contain the Debye small step model as a limit2).
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The long time behaviour is investigated in various experimental techniques
by probing the low frequency part oi the spectrum. It is most conveniently
characterized by the correlation time denned as the zero frequency com-
ponent of the fourier transform of the normalized time correlation function
or, alternatively, as the half width of the lorentzian fitted to the band shape
function7). Information about the short time dynamics is not so easily ac-
cessible by experiment. It is reflected in the high frequency wings of the band
and is usually treated by extracting the successive moments of the spectral
distribution8). Gordon9) has shown that the second moment of the line shape
function of the infrared absorption spectrum is, essentially, a measure of the
average rotational kinetic energy, provided that the shift fluctuation effect is
small.

In the classical limit, the value of the kinetic energy is imposed by the
equipartition principle. The second moment is, therefore, not sensitive to the
molecular interactions. The kinetic energy of a quantum rotor like methane is,
however, considerably altered by the anisotropic interactions. In an ordered
phase like, e.g., the phase II of methane, the rotational kinetic energy is raised
as a result of confinement of the rotational motion by the molecular field. In
the disordered phase I, the average torque on a molecule vanishes. Here,
however, the kinetic energy may be increased by the orientational cor-
relations between neighbouring molecules, although these local ordering
configurations have a finite lifetime. This may be best understood in terms of
the itinerant oscillator model, already mentioned above. The molecules
cooperate in small clusters to establish a local and temporary molecular field
in order to reduce, to some degree, the anisotropic interaction energy. On a
short time scale, the individual molecules are, therefore, trapped in librational
states, accelerating the motion and thus raising the kinetic energy. This effect
shows up as an enlarged band width of the infrared absorption spectrum (for
an evaluation of this effect for CO, see ref. 10).

In the first part of this paper, an approximate calculation of the rotational
kinetic energy in the plastic phase I of isotopes of methane with a spherical
inertial tensor (CH4, CD4) is performed. In the second part, this result is
applied to the correlation function of a first-order irreducible tensor. In the
last section, a comparison with the available experimental data is made.

2. The Hamiltonian

The hamiltonian describing properly the I-»II phase transition in CH4 and
many properties of the partially ordered phase II is the hamiltonian of the
extended James and Keenan model, introduced by Yasuda"12):
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Vc(o)() + {g Wu(<o,, a),). (2.1)

The centres of mass of the molecules are assumed to be ordered on a rigid
f .c.c. lattice, any translation-rotation coupling being neglected. The first term
is the kinetic hamiltonian, J, the angular momentum of the molecule with the
index i. The orientation of the molecule i is measured by the Euler angles
w, = {a,, |3i, 7J of the rotation carrying the crystal fixed frame (CFF) from its
initial orientation, defined with respect to the lattice, to the orientation of the
molecule fixed frame (MFF). The MFF axes are attached to the numbering of
the protons in a molecule. For the conventions and definitions regarding these
two frames, we refer to the paper by Yamamoto et al.12) (see also ref. 13).
Vc(w,) represents the crystalline field, a one-body potential. The anisotropic
interaction W^co,, <0j) can be expanded in terms of irreducible tensor opera-
tors adapted to the tetrahedral symmetry of the molecules. Taking only the
leading term into account, the octupole-octupole coupling, Wi, may be
expressed as12)

Wii{a>i,a>l)= 2 (-ir+'ulMC(i,j)32lt.-.ul(tul). (2.2)

The 7 functions ul correspond to the components of the octupole tensor of
the methane molecule. They are the projection of the wigner functions D^K on
the tetrahedral molecule symmetry. The M^ are, therefore, invariant under a
rotation of the tetrahedral group performed about MFF axes. In ref. 13, it is
demonstrated that they may be written as a linear combination

ulM = £ DU<o)U(3)K.Ar (2.3)

Lr(3)lc.A, is the column labelled Ai of a 7x7 unitary matrix 1/(3). Moreover,
the rows of this transformation matrix satisfy the familiar Condon-Shortley
phase relation

2 U(3),,A,Lr(3)*A, = 2 (-WLUO)llAlUQU.Al = L (2.4)

If the operator PR rotates the contours of the functions «^ by a proper
rotation R about the CFF axes, the «^ transform among each other like a
third order irreducible tensor

ÜJS) = ul(a>R-s) = 2 ul(cos)Dl„((oR)*, (2.5)
7

where we have added the rotation S as a subscript to the Euler angles,
transferring the MFF from its standard orientation of coincidence with the
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CFF to the molecular orientation it represents. Note the complex conjugation
of the representation matrix in eq. (2.5). For a proof, see ref. 13. The coupling
tensors in eq. (2.2) depend on the length and the direction of the vector r, - rh

connecting the sites j and i. This dependence may be made explicit by
inserting the vector rj - r, as an argument in the coefficients. The components
of the coupling tensor of the rotated pairs R(rj- rf) are related to the
components of the original pair as

C(R(rj - r,))£ = £ Dl^oi^Ciri - r,)J?vD
3
r.,.(aiR-.)*. (2.6)

In an appendix of ref. 13, the identity (2.6) is derived from the expression for
the coupling tensor given in ref. 12. The value of the coupling coefficients
between nearest neighbours can also be found in ref. 12. It should be
observed that the components, as they are given there, are adapted to the
cubic site symmetry of the lattice. However, the only quantity of importance
in the present calculation is the root mean square value

. (2.7)

As may be inferred from eq. (2.6), the parameter r33 is the same for all 12
different nearest neighbour pairs. Using the data of ref. 12, one obtains
JH33 = 29.1K for CH4. For the purpose of the calculation in the subsequent
sections, we separate the terms in the hamiltonian (2.1) into a product of a
parameter fixing the magnitude of the term and a dimensionless operator of
the order of unity. We define, thus, a scaled interaction tensor

c(i , j)M,=^C(f, j)S„ (2.8)

a kinetic parameter

B=f^, (2.9)

I being the inertial moment or the spherical rotor, and a dimensionless kinetic
operator

f f=fl (2.10)

The crystal field term in (2.1) is small in compari-on to the anisotropic
interaction12), and will be neglected. The hamiltonian (2.1) is now written as

H = B 2 ti + ^ 2 2 (-ir+'fii(i)c(i, }U,-,al(j). (2.11)
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Here, bars have been added to distinguish operators. The hamiltonian (2.11) is
not invariant under a rotation of the molecules with respect to their site fixed
frames. The cubic symmetry of the lattice, however, still remains. This
property may be demonstrated by applying the transformation rules (2.5) and
(2.6) in combination with the familiar relations for inversion and complex
conjugation of wigner functions. Thus, we have

= 2 2 (-l)fi+"u3,(a)I)c(R(rj - nïi-^uKiü,). (2.12)
IJ ui'

If R is an element of the cubic point group of the lattice, the vectors Rr, and
Kr, represent points i' and j' on the same Bravais lattice as the sites i and j .
The points i' and j ' are related to i and ƒ by a one to one correspondence.
Hence, the hamiltonian (2.12) may be interpreted as the interaction between
the molecules of a transformed system obtained from the original one by
redistributing the coupling tensors over the pairs of molecules. The thermal
average of a single molecule operator, evaluated with respect to the hamiltonian
(2.12), is not affected if we reset the system to the original configuration (2.11).
This amounts to an effective cubic symmetry of the anisotropic properties of one
molecule. This cubic symmetry is broken by the I —*• II order disorder phase
transition.

3. The statistical density operator

In the disordered phase I, the statistics are determined by the canonical
ensemble based on the hamiltonian (2.11). In the following sections the
coordinate representation of a quasi-classical high temperature approximation
of the density matrix will be derived. For this purpose, we define several
scaled quantities. The parameter (2.9) is compared to temperature by the
inverse kinetic temperature a

kv is Boltzmann's constant. Similarly, an inverse interaction temperature is
introduced.
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The ratio

is called the reciprocal quantum parameter (cf. ref. 14). Since B = 7.5 K for a
CH4 molecule in its vibrational ground state, the value of 7 is about 4 (see eq.
(2.7) and below for Fn). The hamiltonian (2.11), measured in kinetic units, is
written as

- HH* = -j£=t+yv, (3.4)

where F is the rotational kinetic operator and v stands for the interaction
hamiltonian of all pairs of octupole operators (2.3) coupled by the scaled
tensors (2.8). Designating the Boltzman exponent, or statistical operator, by
the symbol p

p = e"*fl*. (3.5)

The partition function and the free energy ƒ scaled to the kinetic parameter
are given by

(3.6)

The statistical operator (3.5) satisfies the equation

^ , (3.7)

supplemented with the initial condition

p(O) = f. (3.8)

In the operation of partial differentiation, the value of y is kept fixed. The
relation (3.7) is known as the Bloch equation. The limit 7 = 0 yields the
spherical free rotor with the statistical operator.

Po = e""'". (3.9)

Po is the solution of the equation

^ p o ( a ) = -Tpo, (3.10)

with the initial condition similar to (3.8) and the appropriate boundary
conditions in the configuration space of an ensemble of tops. The equation
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(3.7) will now be iterated with respect to 7, starting from the free rotor limit
(3.9) as the zero order approximation. This may seem quite the opposite of
how one is inclined to proceed in a quasi-classical approach. In the classical
limit of heavy molecules with large inertial moments, y tends to infinity (see
eq. (3.3) and (2.9)). However, from the definition (3.1), it can be seen that the
classical limit corresponds to vanishing a or, equivalently, to an infinite
kinetic temperature. As a result of the unbounded eigenvalue spectrum of the
kinetic operator F, p0 develops a strong singularity at a = 0 and an analytic
expansion of p0 with this value as the origin is, therefore, impossible.

On the other hand, the absolute values of the interaction energies are
restricted within a range of the order of r33. Hence, in the limit of high
interaction temperatures (/3* < 1, see def. (3.2)), the kinetic contribution to the
partition function dominates over the interaction term. For the stability of the
disordered phase I, the temperature is required to exceed the average inter-
action strength. We may, therefore, consider phase I as a system of perturbed
free rotors, regardless of the large value of the reciprocal quantum parameter

7-
This particularity of the quasi-classical limit of the plastic phase of methane

should be compared to the corresponding problem in a translationally dis-
ordered system such as a fluid. Here, the temperature stimulated competition
between kinetic effect and the interaction in complicated by the infinite
repulsive character of the hard core. In the literature151617), therefore, the
quasi-classical fluid is treated by calculating the quantum correction to the
complete classical distribution function, i.e., including the interaction poten-
tial. Such an expansion in powers of ft of the statistics of the linear rotor has
been performed by Kirkwood18) and Gordon10). Nakamura and Miyagi19)
ventured a similar approach for the spherical and symmetric top. A discussion
of their work is deferred to the end of the sections 5 and 8.

Returning now to the problem of the weakly interacting quantum rotors, we
solve the bloch equation (3.7) up to the second-order term in y.

a

p(a) = po(a) -y \ da'po(a - a')vp/r')
0

a a'

+ y2 ƒ da' ƒ da"po(a - a')vpo(a' - a")vpo(a") + .... (3.11)
0 0

A derivation of the expression (3.11) and the following identities in this
section is given in the book by Feynman20). Taking the trace, we obtain an
expansion of the partition function
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2

Z = Z0 + y Z , + ^ Z 2 + . . . , (3.12)

with

(3.13)

Using the fact that Tr AB = Tr BA, the first-order term may be simplified to

Z, = -aTre- a r ö . (3.14)

It is shown in ref. 20 that one integration in the double integral in the
second-order term can be eliminated by a suitable transformation of in-
tegration variables. It turns out that

a

Z2 = a ƒ dn> Tr e^"""""» e""1"». (3.15)
o

Likewise, the scaled free energy defined in (3.6) is expressed as

y . - . , (3.16)

with

ƒ<> = - - I n Zo. a 17)

Substituting the eqs. (3.12) and (3.16) into (3.6), expanding the exponential and
equating the coefficients of equal powers of y, we obtain

Indicating the thermal average of the interaction term v, evaluated in the free
rotor limit by (ü)0, and applying the eqs. (3.14) and (3.15), we find

(3.20)

h = a((v)of-Zöl jdw Tr po(a - w)vpQ(w)v. (3.21)

4. The quasi-classical spherical top

In order to arrive at an expression for the free energy at high tem-
peratures, one further approximation has to be made. The evaluation of the
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trace in eq. (3.15) is impracticable, if the exponential of the free rotor
statistical operator (3.9) is retained in the exact form. In the limit of small
inverse kinetic temperature a, a cut-off in the population of the discrete free
rotor levels is not allowed. Some kind of continuum approximation of p»
might be more effective. We will concentrate on the spherical rotor
(CH4, CD4). Furthermore, it is assumed that the spin states may be left out of
consideration at high temperatures. The formal coordinate representation of
the statistical operator a of a single spherical top follows from the expansion
in the eigen functions.

±^ (4.1)

The vector |cos) stands for the orientational state defined by the rotation S
(see below eq. (2.5)). The eigen-states of the spherical top are degenerate in
the quantum numbers M and K and the summation over these indices is
easily performed. Recalling that the Wigner functions are representation
matrices, we have

DJ
MK(a)S)*D'MK(<os0 = £ DJ

KK(a)S-. s). (4.2)

The left-hand side is, by definition, the character x^s' of the rotation S~'S' in
the representation J. x1 is completely determined by the only coordinate
frame independent characteristic of S~lS', the angle of rotation 5s's'

The quantity 5s- 's' may be considered as a measure of the distance between S
and S'. Substituting in eq. (4.1), we obtain

££*.- (4.4)
In order to diffuse the eigen-value spectrum into a continuum, we define the
real sequence

Xj=VaU+i), J~ 0 ,1 ,2 , . . . , (4.5)

with

XJ+I - Xj = Axj = V a . (4.6)

The energy to temperature ratio of the Jth level is, then, expressed as
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Introducing the notation TJ for the half-angle z8s^s; eq. (4.4) is now written as

b(j), a) = (COSICTIWS) = -r-l—= 2 *J sin(2xjTj/Va) e~x2'Axj. (4.8)
4ir a sin TJ J^O

In the limit a ->0, the infinite series (4.8) becomes asymptotically equal to an
improper integral

eoM I f

a

The integral (4.9) is convergent for a ¥= 0 and may be reduced to the cosine
transform of a gaussian by means of partial integration (see e.g. ref. 21).

f dxx sin(2xTj/Vö) e"'2 = -4=—-e""2 '" . (4.10)
J Va 2
o

Substituting eq. (4.10) into (4.9), we obtain the coordinate representation of
the continuum approximation <xc for a

-is', «), (4.11)

where the function bc(t\, a) is given by the expression

' 2 ^ - ^ - " 2 ' " . (4.12)

The corresponding continuum limit of the- single particle partition function
follows if we set S = S' in eq. (4.11) or, equivalently, TJ = 0 in eq. (4.12) and
integrate over configuration space

f Vïr e"M

Zc(a) = j d(üs(cJs\a-c\(as} ==—prr~- (4.13)

As a first application, we calculate the average of the rotational kinetic energy
of the ensemble of N free molecules. Because of the invariance of trace and
eq. (3.10), we have

Ko = <SF> = - B ^ - I n Zo. (4.14)

Substituting eq. (4.13) and using def. (3.1), we find

(4.15)3 I rri B

In the quasi-classical regime the equipartition value of kinetic energy is
diminished by a temperature independent amount. The origin of this con-
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tribution is suggested by the eqs. (4.5) and (4.7). As distinct from the
translation kinetic energy, the rotational kinetic energy eigen-values are not
rigorously quadratic in the momentum quantum number. In addition to the
term J2, they contain a linear term J disturbing, to a certain extent, the
equipartition principle.

5. The classical singularity

The assessment of the reliability of <rc as a description of the free rotor is
the paramount problem. This question may be investigated by checking a few
vital relations. If the three Euler angles a, )3, and 7 of S'lS' are eliminated in
favour of the only independent variable TJ, the Bloch equation for the
spherical free rotor takes the form

The derivation of eq. (5.1) is outlined in Appendix A. By means of a short
calculation it is verified that the function (4.12) is an exact solution of the
differential equation (5.1). Also, the initial condition (3.8) is satisfied. It turns
out that in the limit a -»0 the function (4.11) is a realization of the Dirac delta
function in configuration space

l im (o)s\a-c\(iis) = S(ws - cos). (5.2)
a 10

To prove (5.2), we first note that for S ^ S', we have 17 5* 0, and, therefore,

S * S'^lim<ws|<7c|ü)s) = lim bc(-q, a) = 0. (5.3)
o J O „ 1 0

Next, the function (4.11) is integrated over configuration space with respect to
the coordinate coS'

J d(Ds{(Os\a-c\ü)s) = I db)Sbc(28s[s; a). (5.4)

Changing to more convenient integration variables, we define

S* = S-lS' or S' = SS". (5.5)

In configuration space, an infinitesimal volume element located at S' is
transferred to a new position S" by the constant rotation S~'. This operation
conserves the measure of volume:

dws=dcüss=dtds». (5.6)
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The integral (5.4) is then transformed into

I dcüsbcdSs'ss «) = I dcüs'bcdSs", a). (5.7)

If the axis of rotation of S" is indicated by the vector n" with the polar angles
(0", <|>"), the volume element is evaluated as

dws- = 8 sin2 y d y sin 0" do" d<*>". (5.8)

Omitting the primes and returning to the notation TJ for the half-angle, from
the eqs. (5.4) to (5.8) we find

ir/2 ir 2ir

I dws(u)s|ffc|ws) = 8 I di] sin2 T] bc(Tj, a ) I d0 sin 0 I d#. (5.9)
0 0 0

Insertion of eq. (4.12) gives
ir/2

f 4 ea '4 f
I da>s'<eos|<xc|ws-) = —y=—rr, dijT) s inr i e " 2 / a . (5.10)

o

By means of some calculus, the definite integral (5.10) may be reduced to the
error function21) (cf. eq. (4.10))

n/2

(5.11)

and thus, using eq. (5.10),

(^^)}^^-'"- (5.12,

For vanishing a, the complex argument becomes a large positive real number
and the error function approaches the value 1 exponentially. We may con-
clude that

lim f dü)s(tt)s|ac|<i)s) = 1. (5.13)
a 10 J

For all practical purposes, the properties (5.3) and (5.13) are sufficient evi-
dence for the identity (5.2). So far, the continuum approximation (rc meets the
conditions for an exact solution. The spherical symmetry is also preserved.

s'>, (5.14)
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or, with the help of eq. (4.11),

<O>S|PR(TCPR|COS.) = WïSiir'sr'cir's-i, «)• (5.15)

The difference S'XS' is invariant under simultaneous rotation of S and S'.
Hence; the right-hand sides of the expressions (4.11) and (5.15) are equal. The
transformation of eq. (5.14) corresponds to a rotation about site fixed axes. In
appendix C, it is demonstrated that the rotational invariance of ac also holds
with respect to molecule fixed operations. The spherical symmetry implies
that (TC and a have the free rotor states \JMK) as a common set of eigen
states. The eigen values may be obtained by evaluation of the integral

<ais|ffc| JMK) = ƒ dcos.(ü)s|ac|a)S>D{,K(ü>s.)*, (5.16)

where M and K are arbitrary. Applying the coordinate transformation (5.5)
using eq. (4.11) we find

<a>s|ffc|JMK> = ƒ dws-bc&s-, a)D'MK(o>ss-)*. (5.17)

The representation matrix of SS" may be decomposed

(<US . )*. (5.18)ƒ
Because the functions DMK(<<>S)* are orthogonal, all terms in the summation
(5.18) will vanish unless K = K'. Setting M = K and employing the
degeneracy in the quantum numbers, we deduce from eq. (5.18) the following
relation for the eigen-value bQj(a) of the Jth manifold:

M a ) = 2jVï ƒ dü)s"&c(!ös . «) § DMM(«S-)*. (5.19)

By means of the eqs. (4.3), (4.11) and (5.8), the right-hand side of (5.19) is
converted into a simple integral

ir/2

4 e"'4 1 f
bc](a) = ~7=~-j— dtrn sin(2J + 1)T, e""2'0. (5.20)

o

Comparison of the eqs. (5.10) and (5.20) shows that (5.10) is simply the special
case J =0 of eq. (5.20). Partial integration, therefore, yields a generalization
of the result (5.12) (see also appendix B).

) ] ^ t ^ (5.21)^ = + i ( / + | ) V ^ ) ] ^ : e .
2Va li Vira 2J +1
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Again, for a-»0, the error function approaches unity very rapidly, and the
eigenvalue b,-;(<*) tends to the eigen-value of the true statistical operator. The
convergence is exponential. In fact, exploiting the properties of the error
function31), it may be shown that

i^pmJ(a), (5.22)

where the functions ntj(a) are bounded in some right environment of a =0.
For the derivation of a more subtle and uniform estimation, we refer to
appendix. B. The result (5.22) leaves us with a paradox. <rc satisfies the Bloch
equation exactly, including the initial condition, and yet it differs from a. The
reason is that the continuum limit violates the periodic boundary conditions
for a top. This may be verified by adding 2TT to the angle of rotation of the
difference S'KS' in eq. (4.11) or, equivalently, n to the half angle in expression
(4.12). Clearly, the gaussian in (4.12) prevents periodicity. Here, we recognize
one of the basic principles of quantum mechanics. A discrete eigen value
spectrum is related to a confined or periodic configuration space, while a
continuous spectrum occurs in a system with infinite extension. Apparently
the continuum limit (4.9) amounts to a neglection of the cyclic nature of a top.

The errors introduced by this procedure are rather unfamiliar from the
mathematical point of view. The remainder in eq. (5.22) shows an essential
singularity at a = 0. If may be differentiated to all orders at the origin, the
derivatives being invariably zero. This peculiarity is passed on to the partition
function. In appendix B, it is shown that

a G [ 0 , e ) ^ | z ( a ) | < R , (5.23)

where the continuum limit value Zc(a) is given by eq. (4.13). Because of this
singularity, mathematical rigour forbids a series expansion of thermodynamic
observables in powers of h, starting with the classical value as the zero order
term (cf. the translational case151617)). However, the regular part may be
separated from the non-analytic remainder by the continuum limit. The
non-analytic term is always a singularity of the type exp(- l /a ) and may be
neglected. An important implication of this rule is that a further quantum
correction to the rotational kinetic energy (4.15) is non-analytic and cannot
be approximated by a power series.

We are now in the position to discuss the work of Nakamura and Myagi19).
Extrapolating from the linear rotor, they arrive at the following conjecture for
the spherical top statistical operator:
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2 exp{{- (^

= - c o s xX<t> - + ' ) - ( * - «/*')•

To avoid ambiguity, the set of euler angles (a, 0 ,7) is renamed (4>, x, </r).
(4>,X, <̂ ) is the set of the difference S~'S'. The function in the exponent
corresponds to the lowest order term of the expansion of 8S-<s; with respect
to 4>, x a m d *}>• This implies that the function (5.24) describes the statistics
correctly only in the lowest order of the inverse kinetic temperature, i.e., the
classical limit. Indeed, the kinetic energy resulting from (5.24) is the equipar-
tition value. A quasi-classical calculation based on the distribution function
(5.24) is, therefore, somewhat precarious. The values obtained for ther-
modynamic quantities not as critical as the diverging kinetic energy are,
however, not necessarily incorrect. (For further discussion, see section 8.)

6. The kinetic energy

The mathematics of the preceding section enables one to make an ap-
proximate evaluation of the terms in the expansion (3.16) of the free energy.
The free rotor statistical operator p0 in eqs. (3.20) and (3.21) is factorized in
the single particle operators <f, of eq. (4.1).

N

p"o = 11 ö'u Zo = (Tr <r) = Z s . (6.1)

Zs is the partition function of a single spherical top. The octupole interaction
couples two third order irreducible tensor operators belonging to two different
molecules. The product of two such operators vanishes, if averaged with
respect to the ensemble of free rotors. The states of the free rotors are
uncorrelated. A direct consequence is that the first order expansion coefficient
fu as given in eq. (3.20), is also zero. If, in the eq. (3.21), the expression for v
is substituted (see eq. (2.11)) and the summations and multiplications over the
particle indices are elaborated, exploiting the statistical independence of eq.
(6.1), the following expression for the coefficient U is obtained:

2 ( ) ( , j ) M , t ( , ƒ ) „ . ,
a

x ƒ dw{Tr((7,(a - w)öi(0aj(w)H^(i))}{Tr(a)(a - w)fi»ö)öï(w)Bkffl. (6.2)
o

In eq. (6.2), the trace operations are understood to be summations of diagonal
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matrix elements in the Hubert space of particle i and ƒ, respectively. The
density matrix a is a J = 0 tensor. The transformation rule (2.5) imposes,
therefore, a selection criterium for the combination of the component indices

Tr a,(a - w)al(i)ö,(w)üHi) = ̂ ^ 8-^-2 Tr *(a - w)üla(w)üt (6.3)

The molecules are also all equivalent in the phase I. Consequently, the
particle index i has been omitted in the right-hand side of relation (6.3).
Inserting eq. (6.3) into (6.2), we find

h=-kz:12 2 (- i r vc(i, j)-*_.c(i, ])„

{ 2 f } (6.4)
o

The contraction of the scaled coupling tensors of an arbitrary pair i ¥=• j is
easily performed. Comparison of eq. (2.7) and definition (2.8) shows that the
result is just the number of components of a coupling tensor, i.e., 49. Because
every dependence on the site indices i and j is now eliminated, the lattice sum
in eq. (6.4) amounts to a multiplication by 12N, twice the number of nearest
neighbours in the system.

a

h = -6NZ72 ƒ dw{2 Tr <x(a - w)ü
o

(6.5)

The trace is evaluated in the coordinate representation. Substituting the
expressions (2.3) and (4.11), we have

Tr ac(a - w)ü3
xac(w)M3; = Y ir(3)„.A,lT(3)>,,A,(-l)'1

vv

X ƒ dü)S da>sbc(i8s->s; a - w)Dlv(<os)bc({8(sr>s, w)D3-^,l,.(ws). (6.6)

Repeating the procedure followed in section 5 to calculate the integral (5.16),
we separate the integral (6.6)

f J 1 3 1 3

= 2 ƒ d&)SD3
1K(ws)r>3-M,„(a)s) J dü>s"bc(i8s% a - w)Dl(<oS")b£8(S1->, w).

(6.7)

The coordinate representation (4.11) of ac is invariant for a permutation of S
and S' or, equivaiently, for an inversion of the difference rotation S~lS'.
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Inserting this into eq. (6.7), one may show, from (4.12), that the two functions
bc in the product merge into one similar function

, a - w)bc(iSs-i, w) = Zc(a)( • L j -g^r b&Ss, W), (6.8)

with

1/w' = 1/w + l/(a - w), (6.9)

and Zc given by eq. (4.13). Continuing now in close analogy with the argument
following (5.18), we write

f dwsM&j, a ~ w)l>!U«s)bcÖ8s-', w) = SKU % ^ h(w'), (6.10)

with
ir/2

sin 7i7bc(Ti, w'). (6.11)ƒ
The remaining integral in the right-hand side of eq. (6.7) is standard. Employ-
ing the unitarity of the 1/(3) matrices (see eq. (2.4)), one finally finds for the
trace (6.6)

Tr a(a - W)Ü^(T(W)H3; = Zc{a)^~^. (6.12)

Defining the function

'(a,w)))2, (6.13)
o

and inserting this function with (6.12) into eq. (6.5), we may express the scaled
free energy of eq. (3.16) as

f=fo(a)-3Ny2a4>2{a) + .... (6.14)

The significance of the function fcia) appears when the expression (6.14) is
multiplied with B to obtain the unsealed free energy

F = Fo(a) - 3Nk3T(p*)2<j>2(a) + .... (6.15)

There, instead of y, the inverse interaction temperature (3.2) contains the
dependence on the average strength of the octupole coupling. The factor
preceding (fo(a) is just the classical second order coefficient in the expansion
of F in powers of /3*. Indeed, <£2(a) tends to unity in the classical limit a = 0,
as may be seen from the quasi-classical approximation

</>2(a) = l - 4 a + . . . . (6.16)
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To attain the expansion (6.16), we first examine the function h(w') denned in
eq. (6.11). According to the expression (4.12), bc(rj, w') contains a gaussian
centered at the origin 17 = 0, with a width proportional to Vw7. Using this
gaussian as a kernel, the Taylor series in TJ of the remaining factor in the
integrand of eq. (6.11) is integrated term by term. The resulting moment
expansion yields the expansion in powers of w',

h(w ' )= l -12w' + . . . . (6.17)
The finite integration interval [0, TT/2] may seem a problem. However, the
extension to infinity of the integration boundaries induces an error of the
same exponential type as the non-analytic part discussed in section 5. This
correction is neglected in the limit of zero inverse kinetic temperature. If the
result (6.17) is substituted in eq. (6.13) and the integration with respect to w is
performed according to eq. (6.9), the first two terms of eq. (6.16) follow.
Finally, the expression (6.15) is applied to calculate the rotational kinetic
energy K. The value of K is derived from the free energy by means of the
relation

() (6.18)

The identity (6.18) is a finite temperature version of the Feynman-Hellman
theorem. The proof will not be given here. Combining the eqs. (6.15), (6.16),
(6.18) and (4.15), we obtain the first order quasi-classical approximation for K

( 6 I 9 )

or, in terms of unsealed temperatures

.. (6.20)

A discussion of the relation (6.20) is deferred to the last section. In order to
give an impression of the magnitude of the quantum effect in CH4, we
mention that, at liquid nitrogen temperature, the correction to the equipar-
tition value is 9%. At 36 K the kinetic energy (6.20) has already increased to
twice the equipartition value. However, in this temperature region the con-
tribution of higher order powers of /3* is no longer negligible.

7. The second moment

The initial decay of a correlation function is mainly determined by the
kinetic hamiltonian. The second moment of the spectrum is, essentially, the
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zero time value of the second order time derivative. It may, therefore, be
expected that the quantum effect in the rotational kinetic energy should reveal
itself in the second moment of the spectral density of an anisotropic observ-
able. The short time expansion of correlation functions is related by means of
sum rules to equal time averages of commutators. In particular, we define the
symmetrized correlation function of the Wigner functions as

g;,K;flv(t) = <[DiK(t),(DJ,v(0))t]+>{[6iK,(Div)t]+>-1. (7.1)

The brackets enclosing the anti-commutators denote thermal averages. The
second moment of the Fourier transform

M(2)i„:(tV= ƒ < W ƒ ^^'"'gUMt) (7-2)
- X -1.

may be calculated from the relation

,,K' = jtfJL&L, H] , [H, D};K]]+)([DU, Dj;v]+>-', (7.3)

where H is the hamiltonian of the system. For J = I9) and ƒ = 2"), Gordon
derived general expressions for the moments (7.3) and applied them to linear
rotors10). For the three-dimensional rotor, these relations are very complicated
and not available in a convenient form. Moreover, in elaborating the expres-
sions, it is assumed that the motion of the molecules is isotropic. However,
the orientational correlations, examined in the present work, reflect the
anisotropy of the solid. As pointed out in section 2, the symmetry of the
interaction potential is cubic. The breaking of spherical symmetry introduces
additional terms in the second moments due to the enlarged set of symmetry
allowed combinations of the component indices ft and /x'. Fortunately, the
Kronecker product, composed of two J = 1 representations, contains no other
invariants under the cubic site group and tetrahedral molecule group than
under spherical site and molecule symmetry. We may, therefore, narrow down
our calculation on the linear combination

, H], [H, D]lK]]+)(2 WU, D£] + V. (7.4)

Employing the expression (7.4), the selection rule for the J = 1 function may
be formulated

M(2)|IK:Mlf=8M.M.SKyM(2)i. (7.5)

It turns out that in the disordered phase I, as in the fluid, the second moment
(7.4) is completely determined by the average rotational kinetic energy K of
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eq. (6.18):

(f)!(|4) (7.6)

To prove the relation (7.6), we first note that the commutator of a Wigner
function with the hamiltonian of the type (2.11) removes the interaction term

[DUO,H*] = [DUi),Ül (7-7)

H* is the hamiltonian H scaled according to eq. (3.4). The dependence on the
particle index i is trivial and will be suppressed. The dimensionless irreducible
CFF components of the angular momentum operator are defined by

i>£j- (7.8)

The following operator identity is readily demonstrated:

[p, DU = J(J + Dfii. 4 2 2 (- DUÖ£)i"-... (7.9)

The hermetian conjugates of the operators D ^ are genuine irreducible
tensors of the Jth rank (cf. eq. (2.5)). This explains the commutator relation

[I, r>U = V;". j*)öi-R«, (7.io)

with the coefficients (J; v, pi) given by

v = 0, (J; v, /n) = - \h

^ ")}1/2. (7.11)

The relation (7.10) may be converted to

j,J>U«s) = (J; v, iDD'rJLuts). (7.12)

Substituting eq. (7.12) and (7.9) into (7.7), we have

[H*, D j j = HJ + l)6i« + 2 2 (-D'(J; v, M-)Öi-^f-r. (7.13)

Next, the relation (7.13) is inserted in the anticommutator of eq. (7.4). By
means of repeated application of the relation (7.10), the factors in the operator
products are arranged in such a way that the angular momentum operators
always come last.
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2 [[D;K) H% [H*, DI;K]\+ = - 4 2 wu, Kh

- 2 2 (1; v, (x)(l;- v',- A ^ [ÖU,K, DjU-1+kjl./-•]+}• (7-14)

The term linear in angular momentum is only symbolically represented. The
thermal average of a product of this type is proportional to the integral

ƒ |r e-"fte-"ft|a)S>. (7.15)

The diagonal matrix element in the integrand vanishes on account of time
inversion symmetry, setting the whole integral to zero. The contractions of
Wigner functions in eq. (7.14) are invariants of the group of tetrahedral
molecule symmetry. This implies that, by the procedure of averaging with
respect to the canonical ensemble, the invariants among the anticommutators
of the angular momentum operators are projected out. The kinetic energy
operator p is the only quadratic tetrahedral invariant and, hence, it will be clear
that

(7-16)

The second identity is another consequence of the cubic site symmetry.
Moreover, the unitarity of the Wigner functions may be translated to the
relation

2 [ÖUÖJJj+ = 61" (7.17)
(IK

Substitution of (7.17) into (7.16) confirms that the correlation (7.16) is propor-
tional to the scaled kinetic energy per particle. Similarly, the thermal expec-
tation value of the Wigner functions in the second term of eq. (7.14) may be
replaced by a constant owing to the cubic site symmetry. Thus gathering
together the symmetry arguments outlined above, we find for the thermal
average of eq. (7.14)

( 2 [ifiu B% iB*. Ö £ ]

x {3 + (2 O; v, M)(1; -v, -/*))(! +KJ1»}. (7.18)
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It may be verified by a short calculation that the coefficients (7.11) satisfy

2 (J; v, M)(J; -v, - ^ ) = -J(J + i)(2J +1). (7.19)

Applying the eq. (7.19) for J = 1 to eq. (7.18), and substituting the result in eq.
(7.4), we obtain ea (7.6).

8. Discussion

Inserting the rotational kinetic energy (6.20) into the relation (7.6), one
obtains the quasi-classical approximation for the second moment of a first
rank irreducible tensor in phase I

Recall, that in the approximation (8.1) the skewness of the spectral dis-
tribution has been disregarded. If, for r33, the value drawn from ref. 12 is
substituted (see section 2), the quantum correction to the classical value at
liquid nitrogen temperature is predicted to be 19%. At decreasing tem-
peratures, the term proportional to h2 gains on the classical equipartition term
and at 39 K the two contributions become equally important. For a review of
the imperfections of expression (8.1), we return to the more convenient scaled
quantities (3.1) and (3.2)

fc2M(2)J = 4B2{l/a+£ + 8(/3*)2}. (8.2)

The right-hand side of eq. (8.2) is the sum of the initial terms of the expansion
with respect to both the inverse kinetic and inverse interaction temperature.
The exponential singularity discussed in section 5 has been neglected al-
together. The most serious of these approximations is, presumably, the
truncation of the series of powers of 0*. Nonetheless, the conclusion is
justified that, at the lower temperatures, the quantum amplification of kinetic
energy due to the orientational correlations is the dominating effect in CH4.
This is particularly interesting in view of the rather low value of the ordering
transition temperature (T = 20.4 K).

Unfortunately, the experimental evidence is rather poor. This is largely due
to the difficulty of a separation of the pure rotational effect in an infrared
absorption spectrum from other mechanisms. The second moment is very
sensitive to broadening by vibrational relaxation, shift fluctuation and induced
effects28). Moreover, in comparison to the ordered phases II and HI, the
phase I received little attention in the literature. For information on experi-
mental work, we refer to the paper by Chapados and Cabana23). There is
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general agreement that the infrared absorption band, as well as the Raman
bands24), are unusually broad. On lowering the temperature, the halfwidth is
reduced. In terms of the picture presented in the introduction, this behaviour
may be explained as being a result of the prolonged lifetime of the orien-
tational correlations. As a related effect, according to our model, the second
moment of the band grows. This implies that the high frequency wings
become more pronounced at the lower temperatures. Hence, the appreciable
quantum effect predicted by eq. (8.1) may be observed as a rapid increase of
the relative contribution to the integrated absorption of the high frequencies.
This increase will be roughly proportional to the third power of the inverse
temperature.

To conclude, we resume the discussion of the work of Nakamura and
Miyagi19). Aiming at a quasi-classical version of the mean field description of
phase II, these authors derived a differential equation for the quantum
correction to the full self-consistent statistical operator. This equation was
solved by means of iteration with respect to the kinetic parameter B. Un-
fortunately, in this solution, as in our approach, the powers of B are not
neatly sorted out. Every iteration adds a term containing the kinetic operator
as a factor one time more than in the previous term. The integrals involved
are very complicated and the first order quantum correction could only be
isolated in the lowest order of the inverse interaction temperature p*.
However, no justification was given for this claim. In fact, as has been
pointed out in section 5, the free rotor statistical operator, employed in ref.
19, fails already in the lowest order of the quantum correction. In spite of
these inconveniences, the particular result, for which Nakamura and Miyagi
set out, agrees surprisingly with the one from our approach in the cor-
responding calculation.
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Appendix A

Proof of eq. (5.1)

For a verification of the validity of the differential equation (5.1), it is
sufficient to demonstrate that
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jf Ö*-,) - -i(sin ^ ü ^ ^ + 3 cot „ £)ƒ(„). (A.l)

Here, j 2 is the square of the dimensionless angular momentum operator j
defined in eq. (7.8). ƒ is a function in one variable satisfying all the required
conditions on continuity. The differential operator j 2 is applied with respect to
the parameters representing the rotation S. If S is a rotation over an angle 8
about an axis n with polar angles (0, $), the rotation may be represented by
the 2x2 unitary matrix u(S)

ff. (A.2)

ff is a vector notation for the set (ax, cry, a2) of Pauli matrices and the real
quaternion coordinates a0 and a are given by

00 = COS 28,

ax = sin 28 cos $ sin 0, (A.3)

ay = sin 28 sin </> sin 6,

a2 = sin 28 cos 6.

The quaternion coordinates of the inverse rotation S~' are obtained from the
relation

H(S~') = u(Sf = a0 - ia • ff, (A.4)

while the coordinates of the product S" = S'S follow from

u(S") = u(S')u(S) = (aó+ia' • ff)(ao + ia • ff). (A.5)

In particular, using (A.5), we have for the coordinate al

al = I Tr M(S") = \ Tr{aifl0 + i(a' + a) • tr - (a' x a) • (ff x a)}. (A.6)

The tensor product tr x tr may be elaborated applying the well-known multi-
plication rules for Pauli matrices. Then, recalling that the Pauli matrices have
zero trace, one finds

a '-a . (A.7)

If we set

i) = iSs-is' = arccos x, (A.8)

it will be clear from the eqs. (A.3), (A.4) and (A.7) that

x = aóüo + a ' -a . (A.9)

If the set (ax, a,, az, a0) is relabelled, for convenience, to (au ai, aj, aA), the
quaternion representation of the operator j 2 may be written as

83



ROTATIONAL KINETIC ENERGY OF SOLID METHANE 44)

(A. 10)

In the partial differentiation with respect to a» all three coordinates j / i are
kept fixed. In most text books on continuous groups and Lie algebras, the
expression (A. 10) is derived through the quaternion representation of the
infinitesimal operators of the three-dimensional orthogonal group. The func-
tion ƒ in eq. (A.1) is completely determined by the angle of rotation of S~XS'
or, equivalently, the variable x defined in (A.8). On account of eq. (A.9), we
have

— ƒ (arccos x) = aï-^/(arccos x). (A.11)

If relation (A. 11) is substituted in (A. 10), it appears that the dependence on
the quaternion coordinates a, and a] is reduced to a dependence on x by the
contraction over the indices i and j . The result is

j2f (arccos x) = - j ( ( l - x2) ̂ - 3x £ ) ƒ(arccos x). (A. 12)

Note that the set of eigen functions of the differential operator in the
righthand side may be identified with the family of Chebyshev polynomials of
the second kind21). This agrees with the fact that the character (4.3), when
expressed in terms of x, also yields a Chebyshev polynomial of the second
kind. Finally, the differential operator (A. 12) is transformed to an operator in
the variable TJ employing relation (A.8) and the identity (A.I) follows.

Appendix B

Proof of eq. (5.23)

The expression (5.20) for the eigen values of the continuum limit of the
statistical operator may be modified to

W2V5"

. . . ea/4 2 r . . „._ .. ,__ dr d

J ' • -«P '+ iWïOj^ . (BO
0

In the limit of vanishing a the integration boundary is extended to infinity and
the true eigen value is found. This may be verified by means of partial
integration21):

ea/4 2 r _ d
= I dt sin((2J + l)Vat) — e"'2
ir J dt
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2 e"'4 f —
= -j= dtcos((2J + l)VaOe"'2=e-"w+l). (B.2)

V TT J
O

The complete correction to the true eigen value is, therefore, given by the
integral

^-^7=———r f dtsin((2J + l ) V ^ ) - e - ' \ (B.3)
Va (2J + l)Vir J dfTtlZVa

Consequently, the remainder of the continuum approximation (4.13) for the
partition function is represented by the infinite series

AZ{a) = 2 (2J + D2Abj{a). (B.4)

For the purpose of an estimation of AZ(a) in the neighbourhood of a = 0, the
convergence of the series (B.4) needs to be carefully examined. Reversion of
the partial integration (B.2) gives

Repeating this procedure two more times, we obtain

Abs(a) = a-5'2 £ ^ c{a) + a~™ j 0 ^ , (B.6)

where the function c(a) and the sequence dj(a) are given by

2 | ^ ^ e - | 2 | ^ (B.7)
dtIT d t

"'4 f d4e"'4 f d
(a) = 2- 7 =a 3 / 2 drcos((2J + l )V^r)^ ;e - ' 2 . (B.8)

v IT J at

The function c(a) is easily evaluated as

- 2 ' 4 ° . (B.9)
T7 \ 2

Near enough to the origin, the element dj(a) is bounded by a similar function

Substituting eq. (B.6) into (B.4), we note that AZ{a) may be considered as a
sum of two different infinite series, provided both these series converge. The
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first series,

is alternating and is convergent according to the Leibniz criterium. On
account of expression (B.9), the sum may be estimated in a neighbourhood of
a = 0 by the function

In order to derive a similar property for the second series

êrk- (B13)

it is necessary to demonstrate uniform convergence in a for a closed interval
[0, e]. According to (B.10), there is a convergent series of constants E"' with

< B 1 4 >

such that

(2J + W

Hence, the series (B.13) satisfies the conditions of the Weierstrass M test for
uniform convergence and we may write, using (B.10) once more,

a-mDe-n2"a, a 6 [ 0 , 4 (B.16)

The relations (B.12) and (B.16) establish the validity of the expression (5.23).

Appendix C

Proof of the invariance of ac under molecule fixed rotations

It is explained in ref. (13) that a rotation R, performed about molecule fixed
axes, gives for the orientational state \<as)

PR\O>S) = KR- '> . (C.I)

Hence, we have

(C.2)

or, witheq. (4.11),

<<»s|PR(7cP~R\O)S) = bc(i8R IS - 'SR ,a ) . (C3)

8 6
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The rotation R~l(S~lS')R and S~[S' belong to the same equivalence class. This
implies that the angles of rotation are equal, which proves the spherical
molecular symmetry.
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CHAPTER 5 : THE ORDERING PHASE TRANSITIONS IN SOLID METHANE

AND THE CERIUM MONOCHALCOGENIDES COMPARED.

A TEST OF UNIVERSALITY

M. Sprik, T. Hijmans and N.J . Trappeniers
Van der Waals Laboratory, University of Amsterdam, The Netherlands

Using data from l i t e r a t u r e , i t i s shown tha t the an t i fe r roro ta t iona l t r ans i -
t ion in sol id methane and antxferromagnetxc t r ans i t ion in the Ce monochalco-
genides are described by the same n=4 Ginsburg-Landau-Wilson hamiltonian.
Arguments are given t h a t t h i s agreement s t i l l applies in the case of a com-
press ib le l a t t i c e . The confl ic t ing experimental observations in the two
systems seem to v io la te the universal i ty hypothesis.
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1 THE UNIVERSALITY HYPOTHESIS

One approach to a renormalization group analysis of critical
phenomena in the solid state is to represent the critical system
by a continuum model. The model is defined by a free energy
functional called the Ginzburg-Landau-Wilson (GLW) hamiltonian.
There are two ways to arrive at the GLW hamiltonian of the
system. The microscopic hamiltonian, with detailed assumptions
about interactions, may be turned into a GLW hamiltonian by
omitting specific microscopic details (e.g., the Wilson conti-
nuous spin model, see ref.l). The more practical alternative is
the macroscopic approach. The GLW hamiltonian is constructed by
comparing the symmetry of the ordered phase to the symmetry of
the disordered phase, as discussed by Landau and Lifschitz2.
Only structural data are used. No model is required for the
interactions. Although the GLW hamiltonian resulting from a
microscopic model is more complicated and complete, it is
assumed that the hamiltonian, derived from symmetry considera-
tions only, provides all the information relevant for critical
behaviour. The macroscopic GLW hamiltonian is then believed to
determine the universality class of the system. For an introduc-
tion and review of this approach, we refer to the paper of
P. Bak3.

This strong formulation of the universality hypothesis has
been successfully applied to several physical antiferromagne'iic
metals and compounds4'5'6. For most of these systems, no micro-
scopic model is available. According to the familiar Landau and
Lifschitz2 argument, the number of the independent components of
the symmetry breaking order parameter is equal to the dimension-
ality n of the irreducible representation according to which
they are transformed under the symmetry operations of the dis-
ordered phase. The transition is described by the GLW hamil-
tonian of an n vector field. In an antiferromagnetic transition,
the unit cell is doubled in one or more directions. Consequently,
the order parameter transforms according to an irreducible
representation of the full space group with a finite Jc. The star
of this particular wave vector may include more than one vector
and the dimensionality of the representation can be nj>4. Bak,
Krinsky and Mukamel studied the critical behaviour of several
n >; 4 antiferromagnets4'5»6 by applying the renormalization group
(RG) transformations in d =4-e (e > 0) dimensions to the GLW
hamiltonian constructed from symmetry considerations. As the
main result of their investigation, they found that many n > 4
models do not possess a stable fixed point. The instabilities
are due to the relevance of quartic anisotropies in order para-
meter space of dimension n >_ 4. The absence of a stable fixed
point was interpreted as indicating a first order transition.
This rule is supposed to be valid in those systems where clas-
sical Landau theory would allow for a continuous transition.
This fixed point criterium for a discontinuous phase transition,
also known as tho. fourth Landau criterium, is confirmed by
experimental data of systems like TbP (n = 4), UOZ (n = 6), MnO
(n=8), Eu (n=12) and Cr (n=l2). Also, it could be shown that
some of these fluctuation-induced first order transitions may be
changed back to continuous transitions by application of symmetry
breaking fields. This effect has actually been observed in MnO
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(for further discussion, see ref.3). Thus, the fixed point
criterium was adopted as a rule of thumb.

2 THE Ce MONOCHALCOGENIDES

The antiferromagnetic transition in the Ce monochalcogenides is
the only known instance of a conflict between the phenomenolo-
gical rule and experimental observation. Ott, Kjems and Hulliger7

determined the ordered phase of CeTe and CeSe to be antiferro-
magnetic type II with the moment m parallel to the propagation
vector ÏÏ of the magnetic structure. The wave vector k is a
vector of the star of the reciprocal lattice vector (2ir/a) {\,\ ,h) •
the L point in reciprocal space of the f.c.c. lattice of the
paramagnetic phase (space group Fm3m). The star of the L point
consists of four ineguivalent vectors, for which we choose the set

iti=-^L(%,%,%), $-i=^{-h,-h,h), ̂ =—kh,-h,-h) and k\ = l±{-\,\,-\)
The magnetic structure is described by giving the^direction of
the spin vector S(1) at each site R(l) = liaj +l 2a 2 +l 3a 3 of the
lattice. The spin arrangement S(1) in the ordered phase may be
expanded in the four independent single k structures

§i(i) = S k± cositi.Rd) i = l,2,..,4 (2.1)

The vectors k^ are axial unit vectors in the k^ direction. S is
the length of the spin vector. Each of the structures Si belongs
to the invariant representation A 2 g of the group D^ of the cor-
responding wave vector k^. (We are only considering the unitary
symmetry operations of Fm3m, disregarding time inversion.) The
four independent components of the order parameter of Landau
theory are determined by the projection of the magnetic state
S (1) on the four structures 5-̂  (1) *• .

<j>i = S H^(ï)-ki) cos(k\.£(!))• (2.2)
i

The four components define the representation A2g/D3d of the L
point. In ref.5, the GLW hamiltonian of this system is derived.

4 4 2 4
H = - h l [ r $ l + (Vcj^) 2 ) - u ( 5 > ? ) - v j > £ - w*l<l>2<l>3<k ( 2 - 3 )

i i i

The order parameter has three fourth-order invariants. In addi-
tion to the cubic term, there is one more anisotropic quartic
term with the adjoint field w. For this hamiltonian, Mukamel and
Krinsky5 found that all fixed points are instable to second order
in the E expansion and the proposed rule predicts a disconti-
nuous phase transition. However, from the careful neutron dif-
fraction study of Ott et al.7 and the thermal expansion and
specific heat measurements of Hulliger et al.8, it follows that
the transition is continuous within experimental accuracy. This
result lead to a new theoretical effort. In a re-examination of
the stability of the fixed points of the hamiltonian (2.3),
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Fig.l. Single k structure_̂ of an n=4, m/k type antiferromagnet. Represented
is the structure -S3 in the definition of eq. (2.1).

Mukamel and Wallace9 verified the previous theoretical result.
These authors showed that at the same critical spin dimension
nx(d) (nx(3) =3.1-3.4), where the isotropic and the cubic fixed
point exchange stability under w = 0 conditions, the cubic fixed
point becomes instable with respect to the additional quartic
anisotropy (finite w ) , while no new stable fixed points are
branching off. However, the cross-over exponent of the latter
instability was found to be rather small, <J>WR*0.15, suggesting
that the transition may be weakly first order. An Ising model on
an f.c.c. lattice was also discussed with nearest and next-
nearest neighbours interactions and an associated GLW hamiltonian
coinciding with the hamiltonian (2.3). A subsequent Monte Carlo
study10 of such an Ising model confirmed the theoretical predic-
tion of the discontinuous ordering phase transition.

As a possible clue to resolving this apparent discrepancy,
Ott, Kjems and Hulliger7 suggested that the symmetry of the
ordered phase might be of importance. These authors point out
that the neutron diffraction data of the monochalcogenides are
compatible with two different linear combinations of the func-
tions (2.1), the single ic structure, consisting of only one of
the functions Si7 i.e., all ^ of eq.(2.2)
or the four k structure where all
has opposite sign, e.g., ^ 1 - ^ 2 - § 3 - t

tures cannot be^distinguished by neutron diffraction7. However,
for the single k state one expects a rhombohedral distortion,
while in the four k state the lattice should remain cubic.
Theory and experiment are in agreement for the phase transitions
in the rock salt type Tb monqpnictides like TbP, belonging to
the same class of type II m//k antiferromagnets described by the

are zero except one,
are equal except one which
In fact, these two struc-
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Fig.2. Four k structure of an n=4, m^k type antiferromagnet. Represented is
the structure S1+S2-S3+S4 in the definition of eq. (2.1).

GLW hamiltonian of eq.(2.3). In TbP, the transition is first
order but is accompanied by a considerable distortion, charac-
teristic for the single k state. However, the lattice of the
ordered phase of CeSe preserves the cubic symmetry of the para-
magnetic phase. It is concluded in ref.7 that the possibility
exists that CeSe orders in a four k state contrary to TbP.

3 SOLID METHANE

In this section, it will be shown that the orientational order-
disorder transition in the molecular crystal methane is also
governed by a GLW hamiltonian of the symmetry of eg.(2.3). In
the case of methane, it is firmly established by experiment that
the disordered orientational system is transformed into a cubic
four k structure by a discontinuous transition. To our knowledge
the RG analysis has not been applied in literature to orienta-
tional transitions in molecular crystals. Clearly this approach
is not of much avail for the popular quadrupolar systems H2 and
N2 because these transitions are first order, according to the
classical Landau criterium. The guadrupolar order parameter has
a third order invariant11. However, in the octupolar system CH^,
such a third order invariant is absent as a result of the odd
symmetry of octupoles under inversion. The order-disorder trans-
ition is permitted to be continuous by classical theory and is
amenable to the RG analysis. The space group of the disordered
or pararotational a-phase of solid methane is Fm3m. In the
ordered or antiferrorotational 3-phase, the orientations of the
molecules are arranged in eight sub-lattices. Two of the eight
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(3.1)

sub-lattices are still disordered and the six ordered sub-
lattices are conjugated in pairs in an antiferromagnetic fashion.
This partially ordered structure has been predicted by James and
Keer.an12 by means of molecular field theory and was subsequently
verified by the neutron diffraction experiment of Press13 . The
Landau order parameter was determined by Maki, Kataoka and
Yamamoto14. The orientational arrangement may be defined in
terms of the four octupolar lattice functions14:

AUj (1) = (u 5+u 6+u 7)

AU2 (1) = (-u 5-u 6+U 7)<

AU 3 (1) = (u5 - u 6 - u 7) cosk"3

AUij (1) = (-u5 + u 6 - u 7) cosic^

The four wave vectors k\ are the inequivalent vectors of the
star of {2-n/a) ihih,h) as introduced in the first part (see eq.
(2.1)). u 5 , u B and u 7 are three components of the seven component
octupolar tensor of a molecule adapted to the cubic lattice sym-
metry and the tetrahedral molecule symmetry. The components are
functions depending on the set of Euler angles ai-+ = (et:*, (3-j,yj)
giving the orientation of the molecule at site Rtl) with respect
to a frame fixed to the f.c.c. lattice. A mathematical treatment
can be found in the paper of James and Keenan12 (see also refs.
14 and 15) . The function AU-^ transforms according to the small
representation A l u of the group D 3 d of the corresponding reci-
procal lattice vector ici (cf. the functions ^ i of eq.(2.1)*.

Fig.3. Partially ordered single k structure of an octupole solid. Represented
is the structure AU3 in the definition of eq.(3.1).
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The orientational grdering can be expressed as the four k linear
combination AUi + AU2 + AU3 + AU4 with the cubic space group Fm3c.
The four independent components of the Landau order parameter
may be defined as the projection of the orientational structure
AU(1) on the functions AU±(1) similar to the procedure of eq.
(2.2) .

= 87- ïfdü^Aüïl AU (3.2)

The antiferromagnetic order parameter of eq.(2.2) belongs
to the small representation A2g of the L point, while the anti-
ferrorotational order parameter (3.2) is Alu component. The even
order invariants of the two sets ^>i and i()i under the operations
of Fm3m are identical. The third order invariant of the ^ is
excluded by the odd time inversion symmetry while in the anti-
ferrorotational case the odd parity under real space inversion
prohibits a third order invariant of the i^. Hence, the GLW
hamiltonian associated with the orientational transition in
methane is of the type given by expression (2.3). Possible objec-
tions to an application of the RG techniques to this macroscopic
GLW hamiltonian for methane seem to be no different from the
doubts that such an approach may raise in the antiferromagnetic
case. The singularities which may be introduced by the 1/Ra

intermolecular distance dependence of the multipole interactions
are presumably not relevant. The value of a for the interactions
between tetrahedral molecules is at least 7, the 21 + 1 value of

Fig.4. Partially ordered four k structure of an octupole solid. The sphere
indicates a molecule with completely disordered orientations.
Represented is the structure AU^ + Atl2 + AU3 + AU^ (CD^-II) in the defi-
nition of eq.(3.1).
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octupoles. Comparing this exponent to the critical value ac =
5-n, the lower limit of the stability range of the d = 3 iso-
tropic short range fixed point with respect to the isotropic
long range fixed point1, one may be confident that the critical
behaviour of methane is controlled by the short range GLW hamil-
tonian of eq.(2.3). It must then be concluded from the fixed
point criterium of Mukamel and Krinsky5 that the antiferrorota-
tional transition is discontinuous. It should be emphasized that
the RG treatment obtains a discontinuous transition for the pure
classical octupolar system on a rigid lattice, i.e., the James
and Keenan hamiltonian of ref.12, without the cubic crystal
field, usually introduced to ensure a first order transition in
self-consistent field theory (see the hamiltonian defined in
ref.15) .

Like the TbP case, but in contrast to CeSe and CeTe, the
theoretical prediction for methane is in agreement with experi-
ment. The phase transition is definitely first order. The very
accurate X-ray results of Baer et al.16 for the CD4 isotope show
a hysteresis of 0.008 K (Tc = 26.9 K) . The lattice in the ordered
phase remains perfectly cubic. The phase transformation reduces
volume by 0.24% (see also ref.13). On the other hand, the
neutron diffraction data of Huiler and Press 17 and Press et al.18

reveal incipient critical phenomena preceding the small discon-
tinuity, as can be expected for a fluctuation-induced first
order transition.

4 COMPARISON AND DISCUSSION

Assuming that the antiferromagnetic transition in the Ce mono-
chalcogenides is actually continuous, as experiment indicates,
the experimental observations in this system and methane seem to
be at variance with the universality principle. The ordering
transitions in both systems are described by a GLW hamiltonian
with the same symmetry. Methane conforms to the fixed point rule;
derived from this hamiltonian, while CeSe and CeTe do not. A /
comparison of CeSe and TbP leads to a similar discrepancy. I
However, methane and CeSe are presumably more alike than CeSe I
and TbP, as far as symmetry considerations only are concerned. '
The point group of the antiferrorotational state of methane, I
being a four £ structure, is cubic (O). As mentioned in section
2, it is strongly suggested by experiment that the same holds /
true for the antiferromagnetic state in CeSe. This implies tha;t,
even if a coupling to the elastic degrees of freedom is taken
into account, the GLW hamiltonian of the two systems will still
have the same symmetry. In the treatment of De Moura et al.19,
following the classical theory of elasticity, only the symmetry
of the common crystal system (cubic) enters in the expression of
the effective GLW hamiltonian. The conflicting critical pheno-
mena in methane and the Ce monochalcogenides do, therefore, not
support the suggestion of Ott, Kjems and Hulliger, discussed in
section 2.

In fact, experiments seem to violate the strong formulation
of universality stating that critical behaviour depends only on
symmetry, dimensionality and interaction range (see e.g. ref.l).
Clearly, if the values of the fields r, u, v and w in the expres-
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sion (2.3) are important, methane and CeSe differ greatly. Even
if CeSe actually orders in a_yfour k structure, it will be a
linear combination S1-S2-S3-S4 differing from the AUj + AU2 + AU3
+ AUi, structure of methane. Moreover, methane is a molecular
crystal with a high compressibility ( K T = (3.1 ±0.2) x 10~

2 kbar"1,
see Nijman and Trappeniers20) . It may, therefore, be expected
that the coupling to elastic degrees of freedom is more important
in the antiferrorotational case than in the antiferromagnetic
systems. There is a possibility that the orientation translation
interaction in methane is the dominant process. In addition to
hysteresis, the antiferrorotational transition in CD4 also shows
co-existence of the ordered and the disordered phase16, indica-
ting strain-induced nucleation barriers.

Another distinction between spins and molecules is that,
conjugated to the angles which give the orientation, molecules
also have kinetic degrees of freedom. For a classical molecule,
the kinetic hamiltonian may be disregarded because of equiparti-
tion. In the quantum regime, the thermal wave angle is comparable
to the characteristic angular dependence of the anisotropic
potentials. The kinetic effect opposes the ordering by means of
zero point motion and for the small and light methane molecules,
the ordering transition temperature is considerably depressed15»21.
The antiferrorotational transition temperature of solid CH4 is
reduced by almost thirty procent with respect to CD4, the more
classical of the two isotopes. However, the kinetic hamiltonian
is invariant under the full three dimensional rotation group and
it may be assumed that only the values of the fields in eq.(2.3)
are changed, without the introduction of new terms of different
symmetry.

Summarizing, we may state that, in spite of the evident
fact that methane and the Ce monochalcogenides are very distinct
systems, the symmetries and the dimensionalities believed to be
relevant for critical behaviour are, nonetheless, the same.
Further experimental investigation of the phase transitions in
the two systems may be necessary for the purpose of a test of the
universality hypothesis in the strong formulation. In particular,
the study of possible cross-over phenomena at the antiferro-
rotational transition may be interesting. Perhaps the observa-
tion of cross-over provides the answer to the question, which of
the two instabilities mentioned above is responsible for the
discontinuity in methane. The cross-over exponent associated
with the quartic anisotropy in order parameter space, as well as
the exponent associated with interaction with the cubic com-
pressible lattice, are both predicted to be small9'19. This may
give some hope that the region of incipient non-classical cri-
tical behaviour is accessible to experiment.
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CHAPTER 6 : THE ORIENTATIONAL RELAXATION OF METHANE MOLECULES

IN THE SOLID PHASE II AT LOW TEMPERATURES

M. Sprik and N.J. Trappeniers

Van der Waals Laboratory, University of Amsterdam, The Netherlands

A model for the dynamics of the coupling between the orientations of the
ordered CHi, molecules in phase II of solid methane at low temperatures is
proposed. The model is equivalent to the dynamics of disordered solid hydro-
gen. The effective interaction strength is determined by the overlap of the
librational ground states in the molecular field potential and vanishes in
the classical limit. An approximate expression for the effective interaction
strength is derived, showing an exponential dependence on the uncertainty of
orientation in the librational ground states. This parameter is estimated
from the experimental values of the tunnel energies. The second moments of
the spectral densities of several anisotropic operators are evaluated in the
infinite temperature limit. The resulting gaussian approximations for the
spectra are applied in a derivation of the spin lattice relaxation time. The
calculated values of the spin lattice relaxation time are compared to experi-
ment.
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A model for the dynamics of the coupling between the orientations of the ordered CH4
molecules in phase II of solid methane at low temperatures is proposed. The model is equivalent
to the dynamics of disordered solid hydrogen. The effective interaction strength is determined by
the overlap of the librational ground states in the molecular field potential and vanishes in the
classical limit. An approximate expression for the effective interaction strength is derived,
showing an exponential dependence on the uncertainty of orientation in the librational ground
states. This parameter is estimated from the experimental values of the tunnel energies. The
second moments of the spectral densities of several anisotropic operators are evaluated in the
infinite temperature limit. The resulting gaussian approximations for the spectra are applied in a
derivation of the spin lattice relaxation time. The calculated values of the spin lattice relaxation
time are compared to experiment.

1. Introduction

In the molecular crystal of light and compact molecules like H2, N2 and CH4

the stability of the orientational disordered phase ranges over a comparatively
large temperature interval. The relaxation of orientational correlations in the
disordered phase of these systems is believed to be due to the same anisotro-
pic interaction which is also responsible for the long range orientational order
at the lower temperatures. The physics of the orientational correlations can in
fact very well be compared to the corresponding problem in the paramagnetic
phase of an anisotropic Heisenberg ferro or antiferromagnet.

This similarity is most explicit in the case of hydrogen, as has been pointed
ant e.g. by Harris1). The dominant anisotropic interaction between H2 mole-
cules is the electrostatic quadrupole-quadrupole interaction. However, the
rotational constant B (= 171 K), defined as the kinetic energy eigenvalue of
the J = 1 free rotor state, outweighs the interaction strength FEQQ (~ 1 K) by a
factor 170. The ratio B over F is known as the quantum parameter 17. The
large value of 17 implies that by the anisotropic interaction only the direction
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of the angular momentum vector J is affected, its magnitude being almost a
constant of motion. As a consequence of the large value of ,B in comparison
to temperature only the J = 1 manifold will be populated in ortho-hydrogen.
Hence the coupling between two ortho-molecules setting limits to the lifetime
of the free rotor states may be represented by the interaction between I = 1
(pseudo)spins in the paramagnetic phase. In the disordered (paramagnetic)
phase the temperature exceeds the interaction energy in temperature units.
Hence the dynamical properties of the system may be approximated by a high
temperature expansion. Thus exploiting the analogy with the paramagnet,
Harris2) calculated the two first terms in the moment expansions of the
spectra of several orientational observables of H; in the disordered phase (see
also e.g. ref. 3).

For the disordered phases of CRi (the a phase) and N : (the J3 phase) the
similarity to a paramagnetic spin system is only formal. The values of the
rotational constant of these molecules (15.1 K for CH4 and 5.7 K for 14N-I4N)
are too small to restrict the population of a specific spin isomer to one singia
free rotor level. In CH4 the dominant term in the anisotropic interaction is the
octupole-octupole coupling, resulting in a value of about 0.5 for the quantum
parameter (see e.g. ref. 4). The value of the quantum parameter of N :

obtained from the effective quadrupole-quadrupole coupling nearly vanishes
(TJ = 0.02 see e.g. ref. 5). Mixing of free rotor states with different J for a
particular spin isomer may therefore not be neglected. A semiclassical ap-
proach to the dynamical problem in a methane has been developed by
Bloom6). To our knowledge no dynamical calculation has been attempted for
the disordered phase of N3.

In the ordered phase the orientational dynamics is altered drastically by
the cooperative effect of the anisotropic interaction. The molecular field
enables the orientational correlations between neighbouring molecules to
propagate harmonically. These collective orientational excitations are called
librons. Although both in H: and N: the orientational order is imposed by the
quadrupole interaction, the molecular states are very different as a con-
sequence of the values of TJ in these substances. The comparatively weak
molecular field in ortho H : aligns the direction of the quantization axes of the
free rotor states, while in N : the molecules are constrained by a strong
molecular field to oscillate around an equilibrium orientation. Consequently
the librons in ortho H2 resemble antiferromagnetic spin waves (see ref. 1)
while in N? the librons correspond to optic phonons. The librons in hydrogen
and nitrogen have been the subject of extensive studies, both theoretical and
experimental. (For H2 see e.g. refs. 7 and 8 and for N : refs. 5 and 9.)

As may be clear from the value of TJ, CRi takes an intermediate position.
The states of the ordered molecules in the partially ordered /3 phase are
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ORIENTATIONAL RELAXATION OF METHANE MOLECULES 413

neither free rotor-like nor harmonic oscillator-like. Because of the in-
determinate character of the molecular wave functions, a straightforward
transformation to a harmonic representation of the Hamiltonian in terms of
libron coordinates is impossible in CH4 since the introduction of considerable
anharmonicities can not be avoided (see e.g. Michel and Kroll10)). Hence it
may be expected that the librons will be severely damped. In addition, the
interaction with lattice modes and excitations at the disordered molecule sites
contribute to the damping. The breaking of translation symmetry by the
random distribution of spin states may also impede the propagation of librons.
The libron spectrum of CD4 has been studied theoretically by Huiler") and
Michel and Kroll10). A treatment by means of the methods of transport theory
is given by Michel and De Raedt12). While no well defined librons were
observed in experimental investigations, there is evidence of damped libra-
tional excitations in )3-CD4""").

At the higher temperatures, where a sufficient amount of Hbrons is excited,
it may be presumed that the time correlation function of orientational opera-
tors of a molecule is determined by the strongly interacting libron system.
This inference is supported by the temperature dependence of the spin lattice
relaxation time showing an apparent activation energy equal to the estimated
libron band gap of 75 K l617). However, at normal pressure the /3 phase of CH4

is stable even below 1 K (see ref. 18). This is another consequence of the large
value of the quantum parameter (see e.g. ref. 19). Hence in the temperature
range below 10 K the libron system is virtually in its ground state. Again the
assumption is confirmed by the temperature dependence of the spin lattice
relaxation time T\, probing the orientational relaxation. Corrected for spin
conversion effects T\ proves to be nearly temperature independent1617). Ap-
parently the libron ground state exhibits a residual lifetime broadening in
absence of librational excitations.

The paradox is solved by noting that the librational ground state of a
methane molecule in the molecular field for given values of the spin quantum
number I and the magnetic quantum number m is degenerate. This feature is
a consequence of the highly symmetric three-dimensional structure of the
molecules. It distinguishes methane from the dumb-bell shaped two-dimen-
sional molecules N2 and H2. Here each of the partners of the librational
ground state has different spin quantum numbers. The additional degeneracy
in CH4, however, separates the anisotropic interaction between a molecule
and its neighbours in a secular term, the molecular field itself, and a non-
secular term. The latter couples the librational ground state manifolds of the
molecules and provides the motion observed as lifetime broadening of the
ground states or equivalently as a damping of the libron vacuum state.

The effective strength of the nonsecular part is determined by the secular
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term. As will be shown in the following sections, it depends on the finite
overlap of the approximate wavefunctions located in the minima of the
molecular field potential. Consequently the lifetime broadening of the ground
states and their tunnel splittings are related. Both phenomena are quantum
effects. They vanish in the classical limit. It can therefore be understood that
the nonsecular interaction strength is small in comparison to the temperatures
considered here (say 8 K). It now appears that the orientational dynamics of
CH4 in the ordered phase at low temperatures can be treated in the high
temperature limit (see also ref. 16). In fact, the underlying physics is sim-
plified to the corresponding dynamical problem in the disordered phase of
hydrogen. The mathematics for CH4 is, however, somewhat more involved.

In the following sections we will calculate the second moments of the
spectra of anisotropic observables in close analogy with the approach of
Harris for hydrogen. If the multipole expansion of Yasuda (see refs. 4 and 20)
is employed and the overlap integrals are estimated from the experimental
values of the tunnel energies14), all unknown parameters will be eliminated in
the expressions for the second moments. The result will be compared to
experiment in the last section, where the spin lattice relaxation time of j8-CH4

at low temperatures is evaluated.

2. The molecular field

Applying the work of Yasuda21), Yamamoto and coworkers derived an
explicit expression for the Hamiltonian. If the centres of mass of the mole-
cules are assumed to be ordered on a rigid f.c.c. lattice, the crystal Hamil-
tonian can be made up of three different parts4)

«• = 2 f J?+X ve(fli,)+i 2 »»(»«. «ƒ)• (2-D
i *• i i.J

The first term is the kinetic Hamiltonian, J, being the angular momentum of
the molecule on site i. Vc(w) represents the crystalline field, the one body
potential for the interaction of the orientation of a molecule with the sur-
rounding sites, irrespective of the orientations of the molecules on these sites.
The orientation of the molecule i is measured by the Euler angles w, =
{at, /3„ -y,} of the rotation carrying the crystal fixed frame (CFF) from its initial
orientation defined in fig. 2 to the orientation of the molecule fixed frame
(MFF). The MFF axes are attached to the numbering of the protons according
to fig. 1. Tht explicit expression of Vc(to) can be found in ref. 4. The
anisotropic interaction energy Wj^w,,^,) can be expanded in terms of irre-
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Fig. 1. Molecule fixed frame. The protons are
represented by spheres.

Fig. 2. The crystal fixed frame. The numbering
of the eight sublattices follows the convention
of ref. 4.

ducible tensor operators adapted to the symmetry of the molecules and the
lattice:

I„ co,) = (2.2)

The functions H'T(W) are called tetrahedral rotator functions. The functions of
order 1 = 3 labeled by T = 1 , . . . , 7 correspond to the components of the
octupolar tensor of the methane molecule. Similarly, the nine functions of
order 4 represent the hexadecapolar tensor. The 21 + 1 functions of order /
are divided in subgroups forming the basis of an irreducible representation of
the group of cubic symmetry operations performed about CFF axes. Each of
the functions is invariant under an operation of the tetrahedral group with
respect to the MFF axes, i.e., the molecular symmetry group. For a con-
venient definition of the irreducible representations of Oh and Td, we refer to
appendix A. An outline of the symmetry properties of the tetrahedral rotator
functions and the correlation of the index r to the symmetry labels of the
irreducible representations of O can be found in appendix B. The explicit
expression in terms of Euler angles for the third order functions is given in
ref. 4; for the fourth order functions in in ref. 20. The coefficients coupling the
multipoles can be expressed as4):

l)"2(2/2 + I)"2

(2.3)

Here C(/|/2/; JU-I^/X) denote Clebsch-Gordan coefficients, (R, 0,,, <£,,) the polar
coordinates of the vector r, - r„ r„ being the position vector of the ith site.
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and Yl{0, <j>) the spherical harmonics. The definition of the unitary matrices
UiOur are given in appendix B. The strength w(R,/,/:/) of the 2''-2'2 pole
interaction of the I type calculated for R = 4.172 A are listed in table II of ref.
4. The explicit values of the coefficients C(i, j ) " can be found in table V of
ref. 4 and those of C(i, j)lt and C(i, j)% in table V of ref. 20. The symmetry
and transformation relations for the coefficients (2.3) are treated in appendix
C.

James and Keenan") employed a Hamiltonian of the type (2.1) to predict
the structure of the /3 phase. Their calculations are based on a classical mean
field theory, retaining only the (3,3,6) term in (2.1), i.e., the electrostatic
octupole-octupole coupling. The /3 phase structure proposed by James and
Keenan was first verified in CD* by the experiments of Press"). In this
peculiar structure the orientations of the molecules on only part of the sites of
the f.c.c. are ordered. On the remaining sites the octupole interactions with
the neighbouring molecules cancel, creating orientationally disordered mole-
cules, as is illustrated in fig. 3. The nonvanishing molecular field at the 12
surrounding sites takes 6 different orientations with respect to the lattice, thus
dividing it into 6 ordered and 2 disordered sublattices. Following the con-
ventions of ref. 4, the disordered site shown in fig. 3 is given the number I, the
complementary disordered site I'. The names of the ordered sublattices can be
read from fig. 2. They are conjugated in pairs. The molecular fields at the sites
making up a pair are 180° out of phase in an antiferrorotational fashion (sec
fig. 3). The disordered sites have Oh symmetry. The molecular fields on the
ordered sites, although varying in orientation with respect to the CFF, are
actually equivalent from the point of view of the molecules. The motion of
the orientational degrees of freedom is confined by an approximately tetra-
hedral field, generated by a D2d environment shown in fig. 4. Defining now a
frame fixed to the D2d site as indicated in fig. 4, we can describe each of the

Fig. 3. Oh site with crystal fixed frame. A site on sublattice I is shown (after ref. 4).
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Fig. 4. D:d site with site fixed frame. The disordered molecules are represented by spheres.

ordered sublattices by the rotation transforming the CFF of fig. 2 into the
particular site fixed frame (SFF) of the sublattice. These transformations are
given in table I by means of the matrices defined below.

>«. (2.4)

The index a labels the sublattices, the index f the three directions x, y and z
of a coordinate frame. ea( and ec( denote the unit vectors along the £ direction
of the a SFF and CFF, respectively.

Extending the electrostatic octupole Hamiitonian with the crystal field and
octupole interactions of nonelectrostatic nature, Yamamoto and coworkers
treated the James and Keenan structure of the jS-phase of CH4 in a quantum
mechanical version of the mean field theory. They were able to reproduce
quite accurately the experimental energy level schemes of the Oh and D^

T A B L E I

The transformations of the CFF to the SFF of the sublattices defined in (2.4). The rows and
columns are labeled by x, y, z, starting in that order from the left of the rows and the top of

the columns

0
- 1 / V 2
- 1 / V 2

0
1/V2

-I/V2

II
0
1/V2

-1/V2

II'
0

-1/V2
-1/V2

1
0
0

- I
0
0

1/V2
0
1/V2

-1/V2
0
1/V2

III
-1/V2

0
1/V2

III'
1/V2
0
1/V2

0
-1

0

0
I
0

1/V2
1/V2
0

-1/V2
1/V2
0

IV
-1/V2

1/V2
0

IV'
I/V2
1/V2
0

0
0
1

0
0

-1
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l
Fig. 5. The groundstate manifold of a D2li molecule. For explanation see text section 2. The
experimental values of the tunnel energies are taken from ref. 14.

molecules4). Fig. 5 shows the librational ground state manifold of an ordered
molecule. The quantum numbers specified at the left are spin quantum
numbers I of the CH4 molecule. The assignments of the orbital symmetry
labels are made under the group Td, the symmetry group of the molecular field
established by the octupole coupling. As a convenient basis of the ground
state manifold, we can define, therefore, the set {\Im, yi-)}, where I and y
take the values stated in fig. 5. The states \lm, y& satisfy the transformation
rule;

Pojlm; Y0 = 2 \hn; y?)DUO). (l.b)

Here POi denotes the operation O of Td rotating or reflecting the state vector
about SFF axes. The matrix Dy(O) represents O in the irreducible represen-
tation of Td defined in (A.4). m is the magnetic quantum number giving the
eigenvalue of the 2 component of the spin operator. The small energy
separation of about 10 mK (see ref. 4) induced in the T, manifold by the D2d

environment is not indicated. The numbers at the right-hand side of fig. 5 give
the resultant degeneracies of the tunnel manifolds. We will return to the
subject in section 4, where approximate expressions for the wave functions of
the T, manifold are derived.

3. The dynamical model

In CH4 at normal pressure, the partially ordered structure of the j3 phase
still proves to be stable at liquid helium temperatures. A transition to the
completely ordered y phase observed in the heavier isotopes of methane can
only be produced in CH4 by applying pressure, as has been demonstrated by
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Nijman and Trappeniers18). The persistent stability of /3-CH4 is due to the
large kinetic contribution to the free energy opposing the tendency, to ordering
effected by minimalization of potential energy terms (for further explanation
see ref. 19).

The quantum effect in CH4 allows us to study the dynamics of the /3 phase
in the zero temperature limit of the librational system because at 4.2 K. the
population of the excited librational states of the D2d molecules can be
neglected, the excitation energy being about 75 K. The states of the Oh

molecules may be very well approximated by free rotor states, also having
large energy level spacings in comparison to temperature. However, the
transition from the / = 1 to the J = 0 state requires a change of spin-quantum
number. Experiment24) as well as theoretical investigations25) show that at
helium temperatures the conversion to the 1 = 2 ground state occurs within a
few hours. Hence, also the Oh molecules may be assumed to be in their
ground states.

The spin conversion within the ground state manifold of a L>>d molecule
takes a few days2425). We may, therefore, imagine the system of ordered
molecules at low temperatures as a stable mixture of three symmetry types of
molecules, differing in spin quantum number and orientational wave function.
The three species are distributed at random over the ordered lattice sites. The
concentrations must be calculated from the degeneracies of the corresponding
tunnel levels in fig. 5. The orientation of a molecule 1 of type h is coupled to
the orientation of molecule 2 of type h through the interaction (2.2), the
symmetry of either molecule being conserved. The matrix representing the
interaction in the tensor product basis of the states (2.5) of the two molecules
is written as

x (hm2; 7i&l«&2)|£#fi2; y2&>. (3.1)

The subscript c has been attached to the label T, stressing the fact that the
components of the multipole tensors in (2.2) are defined in the CFF. Con-
cealed in the matrix elements (3.1) are the energy eigenvalues of the molecu-
lar field constraining the wavefunctions of the molecules to the states, with
respect to which the matrix elements are evaluated. These self-consistent
one-body terms can be eliminated by projecting out the invariants under the
operations of the Td site symmetry. This is easily accomplished by transform-
ing the CFF components u'Tc to components w's referring to the SFF of the
molecules.

< ( 0 = 2 u'Ai)D'r.T(R-ah))- (3.2)

1 0 8
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Here the matrix D'T'T(RoW) is the real orthogonal representation defined in
(B.4) of the transformation (2.4), rotating the CFF to the sublattice a(i) of the
molecule i. Substitution of (3.2) in (3.1) gives

(3.3)

where the SFF coupling tensors can be expressed as (see appendix C)

2 )'$.D'^{Raa))- (3.4)

Because the tetrahedral rotator functions in (3.3) are adapted to the same
group of site operations as the state vectors, we can apply the Wigner-Eckart
theorem to their joint matrix elements. However, the Hamiltonian (2.2) only
accounts for interactions between orientations which can be reached from the
CFF by a proper rotation. The full site symmetry group Td, on the other hand,
includes reflections and improper rotations. In the next section and in ap-
pendix B, the functions u'T will be generalized to operators m\, measuring the
multipole components of reflected molecular structures as well. Anticipating
this result, we will apply the Wigner-Eckart theorem for the complete group
of site operations. Hence, if the Td symmetry labels associated with a
particular pair of values of / and T are denoted by y' and TJ (see (B.14)), we
may write

(Im; y fKlfm; y|> = C(yy'y; ^)(y| | /y' | |y); (3.5)

C(yy'y;fi7£) stands for a Clebsch-Gordan coefficient of Td defined in (A.7).
(yllMly) ' s a reduced matrix element. According to the correlation table
(B.14), a representation y appears at most once in the reduction of a multipole
m[ of order / = 3 or 4. Since every ordered site is equivalent when described
in the corresponding SFF, the reduced matrix elements are independent of
sublattice or particle index. Substituting (3.5) into (3.3) and removing the
molecular field by simply leaving out the T = 1, V = \ terms yields the
nonsecular coupling between the molecules of the various spin species. For a
first calculation, we will concentrate on the / = 1 type because the mutual
interactions between these molecules, also called T or ortho molecules,
dominate the onentational relaxation. In section 9 the coupling to the two
other symmetry types will be considered.

According to the eqs. (3.5) and (3.3), the anisotropic interaction does not
discriminate molecules of different magnetic quantum number. Hence this
information is irrelevant to our problem and will be suppressed. The parti-

1 0 9
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cular form of the theorem (3.5) suggests to treat the dynamics in terms of the
motion of a set of basis operators appropriate for the tetrahedral symmetry.
Abbreviating the notation of the states of the three-dimensional Tx manifold to
|£), we define the operators f by

{i\r\è) = C{T{yT,;^n0\ (3-6)

y takes all the values occurring in the Kronecker product T, x Ti (see (A.6)).
The dynamical Hamiltonian of the pure ortho system may now be formally
translated to the Hamiltonian of a system of coupled I = 1 Heisenberg spins.
Substitution of (3.6) and (3.5) into the nonsecular term of (3.3) for ƒ, = ƒ, = 1
gives

' ' |T1 (2T2

Y V V •v?i(i)C(i r)/'1'2 > / , W i ' ) rt 7>
'<! Il 12

Note that, just like the molecular field, the kinetic Hamiltonian can be omitted
because the corresponding operator is proportional to the unit operator A,. To
account for the E>2d crystal field splitting, the D2d invariant among the opera-
tors has been added, multiplied by a parameter fixing the magnitude. In virtue
of their relation to the C-G coefficients, the pseudo spin operators (3.6) have
many desirable properties. Employing the permutation relations (A.8), it can
be easily derived that the representation matrices are real and exhibit definite
symmetry under transposition.

<f If'ID* = <f If'ID = *,<£lf 'ID, (3-8)

where the number sy is called the signature of pseudoparity of y. The value of
5y is +1 for an even and —1 for an odd representation. The sy are given in
(A.9). The eq. (3.8) can be contracted in the hermitean conjugation relation.

( f )* = syy\ (3.9)

From (3.9) and the orthogonality of the C-G coefficient matrices (see (A. 10)),
follows the orthogonality of the pseudo spin operators

The nine pseudo spin operators (3.6) form a basis in the space of linear
operators on the Tt manifold. The commutators and antic ommutators of the
operators can therefore be expanded in a linear combination of the same
operators. Defining a formal signature sc = ± 1 for the commutators by

[A, B]Sc = AB + scBA. (3.11)

no
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The group structure of Td reflected in the C-G coefficients may be trans-
formed to commutation relations

- 2 «SJ.I1J2Jc(Yiy273)SC(rIy2y3;i7i%Tj3)f?3. (3.12)
173

Eq. (3.12) states that only those operators •yn whose symmetry index is
contained in the product 7, x y2 appear in the expansion, with the additional
condition that the signatures equal the product of the signatures of the
commutator and the operators enclosed in the commutator brackets. The
coefficients (717273) are listed in table II. The simple commutator algebra of
eq. (3.12) relies essentially on one important feature of Td. In contradistinction to
the tetrahedral rotation group, Td is simply reducible allowing for unambiguous
definitions of pseudo parities for the irreducible representations and real C-G
coefficients. The explicit proof of (3.12) is straightforward and will not be
presented h re.

T A B L E II

The coefficients (717273) in the expansion of the
commutator relations (.1.12). The coefficients not
mentioned in the table can be obtained by apply-

ing the symmetry relation (717273) = (727173)

V
7iY2\

T2A,
T2E

r2r2
r2r,
T,A,

r,r,
EA,
EE
AtA,

A,

0
0
2/V3
0
0
0

-2/V3
0
V2
2

E

0
0

-&n

V2
0
0

(I)"2
2

-V2
0

T2

2
- 1

1
1
0
V3
1
0
0
0

r,
0

-V3
-1
-1

2
- I
- I

0
0
0

4. The wave functions

To evaluate the reduced matrix elements of eq. (3.S), a detailed knowledge
of the wave functions in the molecular field is necessary. In our treatment of
the low temperature limit of the dynamics of p-CHt, we will follow the
variational approach developed by Hiiller and Krol!26) for the purpose of an
estimation of the tunnel splittings. Although the trial functions employed by
these authors render only the coarse features of the molecular states, they
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have the advantage of reducing explicitly the nonvanishing values of the
tunnel energies and the nonsecular interaction strength to the common under-
lying physical principle, namely the large zero point motions of the molecules in
the minima of the molecular field potential.

Huiler and Kroll greatly simplified their calculations by a parametrization of
the orientational configuration space of a CH4 molecule in terms of quater-
nions. These quaternions, denoted by the set {T\, T2, T3, T4}, are related to the
Euler angles as the cartesian coordinates of a point on the four-dimensional
unit sphere to the corresponding polar coordinates in R4. Moreover, because
of the identity of the configuration space of a top and the group space of
SO(3), the quaternions also constitute the j = \ representation. If S is the
rotation carrying the MFF from its standard orientation of coincidence with
the SFF to the molecular orientation it represents, the quaternions are defined
as

DiJLnCS) = exp[-i(« + y)/2] cos 0/2 = T4 - ir3, (4.1)

DlJh.m(S) = exp[i(« - y)/2] sin 0/2 = T2 + ir,, (4.2)

where the T^ fulfil the condition
i

2 T2
l = detD l / 2(S)=l. (4.3)

A wave function concentrating the distribution of orientations around a
particular orientation R can be most conveniently expressed in terms of these
quaternions26). Writing the orientation (ru T2, T3, T4) as the vector T of R", we
define a so-called pocket state by

VR(T) = AT' exp[-AgR(T)], (4.4)

A is a positive real number and N~2 is a factor normalizing the square of ^R

to unity in configuration space. gR(r) is a quadratic function of T:

gR(T) = 1 - (T(R) - T)1 = T • (1 - T(I?) x T(R)) • T, (4.5)

T(R) is the vector representing the orientation R. The dot in eq. (4.5) denotes
the usual inproduct in R", i.e., contraction of equal indices; the cross denotes
the tensor product. The second identity in (4.5) gives the symmetric bilinear
function pertaining to gR. The matrix representing this function has T(R) as an
eigenvector with eigenvalue zero. The vectors perpendicular to T(R) have all
eigenvalue 1. If gR is expressed in terms of coordinates {T^} projected on the
principal axes of the matrix we find, therefore,

2 + (T02, (4.6)

where the axis parallel to T(J?) has been labeled by the index value 4. From
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(4.6) it will be clear that the pocket states are isotropic gaussian distributions
on the RA unit sphere centered around a most probable orientation R. To
include the configurations generated by the improper operations, a discrete
coordinate p is introduced (see also refs. 16 and 27). p takes the vaiue 1 if the
orientation of the molecule can be reached starting from the standard position
by merely a proper rotation, and p = -1 if, in addition, an inversion is needed.
If / stands for either the unit operation E or the inversion i and R is a proper
rotation, the molecular state locating the molecule in the vicinity of the
orientation O = R x ƒ is represented by

^O(T ,P ) = 5P ,P ( / )^R(T), (4.7)

where VR is the pocket state defined in the eqs. (4.4) and (4.5). p(E) = 1 and
p(i) = —1. SPp. is the usual Kronecker delta symbol. The representation (2.2)
of the interaction term has significance only in the p = 1 part of the
configuration space. However, the order / of a multipole operator determines
also the parity (-1)'. Hence, the tetrahedral rotator functions in (2.2) can
easily be generalized to a multipole operator m'T covering the complete
configuration space (for a more rigorous treatment, see appendix B):

m'T(<o,p) = (8pA+(-\)'8p,-i)u'T(<»). (4.8)

The functions (4.7) are connected with each other by the action of a site
transformation Po% as defined in (B.8), or a molecule transformation POm of
(B.9). Since the quaternion coordinates equal either the real or the imaginary
part of a matrix element of the } = {• representation (see (4.1) and (4.2)), the
components of T(RIR2), i.e., the quaternion vector belonging to the rotation
RiR2, can be obtained from those of the vector T(R2) by a linear trans-
formation. The matrix of this transformation is orthogonal, its elements being
identical to the components of T(RI) with a positive or negative sign. Alter-
natively, T(RIR2) can be generated out of T(JR,) by an orthogonal trans-
formation made up of the components of T(R2).

Furthermore, the function gR of eq. (4.5) is left unchanged if the same
orthogonal transformation is applied to T and r(R). Consequently, switching to
the ket notation \O) for the states Vo of (4.7), it is easy to see that

. PoJO2) = \OlO2) and PoJO2) = |O2Or'>. (4.9)

The approximate ground state functions of the CH4 molecule are con-
structed out of the pocket states. If the orientation of an ordered molecule is
measured with respect to the site fixed frames (2.4), the unit orientation
(a, /3, y) = (0,0,0), or equivalently (T,, T2, T3, T4) = (0,0,0,1), coincides with a
minimum of the molecular field potential, thus creating a pocket state \E). The
site operations, leaving the molecular field invariant as well as the molecular
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symmetry operations, form a group with the structure of Td. Hence, because
of (4.9), the unit pocket state \E) is multiplied into a manifold of 24 states with
O £Td . The states \O) are transformed into 24 symmetry adapted independent
linear combinations.

with

2 \)o:^.ymim, (4.10)
oeTd

= 2 l%&: Vmfm)D^(O,)Dj:im(O2). (4.1
fsfm

Here ys£s and ym£m are the symmetry indices of the Td site symmetry group
and the Td molecule symmetry group, respectively. A solution for the matrix
A can be found by decomposing the reducible representation of Td defined by
the transformation rule (4.9) into irreducible representations. Noting that the
relations (4.9) are actually equivalent to the multiplication table of Td, it may
be evident that the reduction of the corresponding representation of Td

amounts to the decomposition of the regular representation. By means of
standard techniques of group theory, it can be demonstrated that this is
accomplished by the matrix

(4.12)

By [y] is denoted the integer dimensionality of the representation y and h in
the order of the group Td (h = 24). Each of the irreducible representations y is
contained [7] times in the regular representation. The celebrated dimen-
sionality theorem

h = *£[y? (4.13)
T

ensures that A is a square h x h matrix. The orthogonality of A follows
immediately from the great orthogonality theorem of/representation theory, as
does the orthogonality of the states (4.10). However, on behalf of the finite
overlap of the pocket states, the states (4.10) are not normalized. The
renormalization factor can be written as a function of the overlap integrals.
To this end the transformation rules (4.9) are translated into relations between
overlap integrals. Using the fact that POs and POm are unitary transformations
in Hubert space, we have for arbitrary O\, O2, O3, GTd

3Ol> and <O21 O,) = <O2Oj'| O.OJ1). (4.14)

The eqs. (4.14) imply the following well-known identities for overlap integrals

<O21 O.) = <E I O?Oi) = (E I OxOl\ (4.15)
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(E | O,) = (E | 020,0; ') = BK. (4.16)

In (4.16), the index K labels the equivalence class to which O\ belongs. As is
obvious from expression (4.7), a molecule in a pure pocket state can only be
observed either in the p = 1 or the p = - 1 part of configuration space but not
in both. The overlap integrals BK will therefore vanish for the equivalence
classes with improper operations O. Applying all these arguments, it is proved
in appendix D for the norm of the functions (4.10) with (4.12) that

N , = " < T & : YE»I -yfe;yU = l + 2 •%xy*BK, (4.17)

nK is the number of elements of the class indicated by K and xl is character of
y in that class. By definition, the unity class is labeled by the value K = 1 and
the classes of rotation around the C2 and C3 axes by K = 2 and K = 3,
respectively. Because the pocket states are normalized, B\ equals unity. This
result has been substituted in (4.17). Normalizing the states (4.10), a one-
parameter family of symmetry adapted trial functions for the ground state
manifold is obtained.

l£ (4.18)

5. The effective interaction strength

The states (4.18) should be matched to the symmetry adapted spin states to
form the proper antisymmetric tunnel states as is required by the Pauli
principle. This procedure eliminates certain possible combinations of values
of the spin quantum number I and the orbital quantum number y. However,
for the permitted pairs of I, y values, the spin state does not affect the matrix
element of a purely orientational operator. The matrix elements of the
multipole operators (4.8) can, therefore, be calculated by simply replacing the
spin quantum numbers Im by the molecular symmetry indices yr\m, where i\m

is arbitrary. Thus, one has for a state of an Iy manifold of fig. 5:

(Im; y£s\m'T\Im; y£> = {y^\ rrjin|ni/
T|ye; yijm). (5.1)

The relation (5.1) is a consequence of the invariance of m[ under the I
operations of the molecule symmetry group. This property also underlies the
following identity:

Ü ' | 2 'T|O). (5.2)

1 1 5
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The proof of eq. (5.2) will be outlined in appendix D. In the summation (5.2)
only the terms involving a proper rotation R contribute because the multi-
poles (4.8) are unable to induce transitions between states in subspaces with
different p. Recalling that in the p = I subspace the m'T equal the tetrahedral
rotator functions, we obtain on account of (5.1) and (5.2)

(lm; ytim'Üm; y£> = N; 2 {s«<El«l
T|E>+ 2^ Dfc,(R)<E|n'T|R>}. (5.3)

The expectation value of u'- in a pocket state and the terms due to overlap
have been separated in (5.3). In order to elucidate the physical implications of
(5.3), we will study the classical limit. In this limit the parameter A in (4.4)
related to the reciprocal width of the pocket states becomes infinite and the
pocket states tend to delta distributions. The overlap vanishes, setting the
factors Ny of (4.17) to unity. Likewise, the second term of the right hand side
of (5.3) decreases to zero and one finds

\im(Imy&\m'T\Imy£J = 5sii'T(0.0,0, 1). (5.4)
A—*

The argument of the tetrahedral rotator function is the quaternion coordinate
of the unit orientation. The right-hand side of (5.4) represents the unit
operator multiplied by a coefficient independent of y. The unit operator,
however, apart from being invariant under molecule symmetry operations, is
also invariant under site symmetry operations. Eq. (5.4) implies, therefore,
that the matrix elements of multipole components with a site symmetry
different from At (i.e., T ^ 1) are reduced to zero in the classical limit (see also
ref. 25). Indeed, the u[ with T?4 1 all assume the value zero at the unit
orientation as is required by consistency. In the quantum mechanical regime,
the orientations are no longer exactly localized. It can be inferred from (5.3)
that the resulting overlap produces two related quantum effects. The eigen-
values of /4, site symmetry operators will discriminate between states with
different y, leading to the phenomenon of tunnel splitting displayed in fig. 5. In
addition the nonsecular components of the multipoles will gain finite expec-
tation values appearing as the effective strength of an interaction between the
molecules in the molecular field.

Approximating the molecular field by the product the u] and a magnitude
parameter Aj, Huiler and Kroll26) minimized the energy (5.3) of the states
(4.18) with respect to A for a set of values of Aj. The crystal field was
neglected. Adapting the parameter Ay in order to reproduce by the solution of
the variational problem the experimental values of the tunnel energies of ref.
14, these authors arrived at a value of A = 13.9. This result can now be
employed to estimate the nonsecular components of the multipoles by simply
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substituting eq. (5.3). Noting that for a A in the order of magnitude of 10 the
overlap will be very small, we expand the right hand side ot (5.3) in the
quantities involving overlap, retaining only the first order term

(ImyCs\m'r\ImyQ=2 D}((R)(E\u'T\R). (5.5)

Although a finite value of the zero order term (E\u'T\£) for T?* 1 is not
forbidden by site or molecule symmetry, it turns out that it nevertheless
vanishes when the rather featureless pocket states are used. As may be seen
from (4.6), the state WR is left unchanged by any rotation in R4 around the
axis parallel to T(R). The functions M'T for T ^ 1 and / = 3,4 contain no
invariant under this group of transformations. This symmetry argument in
configuration space explains the absence of the terms (E\u[\E) in eq. (5.5).
The overlap terms (E\u'T\R) can be approximated by exploiting another
particularity of the pocket wave functions. The product of the Gaussians *"„
and tyE is again a Gaussian with a maximum on the R* unit sphere located
somewhere between T(E) and T(/?). By virtue of the isotropy of WE and VR

just mentioned this maximum rm coincides with the point of intersection of
the vector rE + rR with the unit sphere thus

rm(R) = (T(E) + T(R))'ME) -T(E) + T(R) • T(R) + 2T(E) • r{R))'"2. (5.6)

Using eqs. (4.3), (4.4) and (4.5), a short calculation shows that

= N-2 expl-A(l - r(E) • T(R))]. (5.7)

The exponent in the right-hand side of (5.7) measures the relative importance
of the V'EV'R overlap. It will be named the overlap amplitude. The inproduct in
the exponent is easily evaluated by means of the definitions (4.1) and (4.2),
resulting in an overlap amplitude of e~A for the overlap of a C2 rotation and
e~*12 for a C3 rotation. For a A = 10, the C2 overlap terms may, therefore,
safely be disregarded in (5.5), the C3 rotations being the leading terms. The
parameter A also determines the reciprocal width of the overlap Gaussian.
Taking advantage of the large value of A once again, we will treat the C3

overlap Gaussian as a de'.ta distribution centered at rm(R) of (5.6). The
overlap matrix elements in the right-hand side of eq. (5.5) are thus ap-
proximated by

<E\U'T\R) = UUTJLR))B,, (5.8)

where R now stands for some specific C3 rotation. B3 is the overlap integral
as defined in eq. (4.16). In (5.8), the tetrahedral rotator functions are under-
stood to be expressed in terms of the quaternions. The overlap integral is
most easily evaluated in a coordinate frame along the principal axes of the
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symmetric bilinear function /IR(T,,T2) defining the overlap Gaussian VEVR

(compare (4.4) and (4.5))

= AT2 exp[-A(l - T ( E ) • T(R))] exp[-AftR(T, T)], (5.9)

with

/IR(T, T) = h^rl)2 + h2(T2)
2 + MTJ)2 , (5.10)

where T is given by the coordinates (T|, T->, T3, T'A) in the principal axes frame
with the 4 direction pointing to the maximum, i.e., rm(R). huh2,hj are the
eigenvalues. Although the surface of the four-dimensional unit sphere is finite,
it is certainly much larger than the surface of the area where the Gaussian
takes sizeable values (A > 1). For the purpose of the calculation of the norm
of the function (5.9), the unit sphere can be considered to extend infinitely and
to be flat. Hence J?3 is estimated as

B3 = AT2 exp[-A(l - T(E) • T W W - Z T / A A / I . W " 2 - (5.11)

This approach fails if one of the eigenvalues happens to be zero. Fortunately,
this is not the case for the C3 overlap. Clearly, one may obtain the factor N'2,
normalizing the square of a pocket state to unity in the same approximation
by setting in (5.11) T(R) = T ( £ ) and hx = h2 = /i3 = 2 and omitting the N2 in the
right-hand side. Inserting eq. (5.11) together with (5.8) into (5.5), we find for
the T # 1 components

D(R)lu'T(rm(R)), (5.12)

where the summutation runs over all the 8 120° rotations of Td. Using the
expression (5.12) to calculate the reduced matrix elements (yH^'lly) defined in
(3.5), it appears that in the ortho manifold (7 = T|), only the matrix elements
of the tetrahedral rotator functions with y' = T2 symmetry have nonnegligible
values. The y' = E-type functions can be disregarded because their matrix
elements contain no C3 overlap terms. This follows if the matrix (3.6) of an
E-type operator which is diagonal (see C-G coefficients (A. 10)) is compared
to the completely off-diagonal T, representation matrix DTl(R) of a C3 axis.
The (TIH/TIHTI} are set to zero because, on the one hand, the tetrahedral
rotation functions are hermitean operators with a real representation, hence
symmetric, while, on the other hand, the permutation rules (A.8) for the
corresponding C-G coefficients make them asymmetric. However, if an
operator is in a subspace both symmetric and asymmetric, it must be the zero
operator on that particular subspace. Finally, the <r,||/T2||r,) are evaluated for
/ = 3,4 by converting the quaternion coordinates rm(R) back to Euler angles
and substituting these angles in the expression of the tetrahedral rotator

118



430 M. SPRIK AND M.J. TRAPPENIERS

T A B L E III

The values of some tetrahedral rota-
tor functions with T2 site symmetry
at the maximum of the overlap
function *E^R, where R is the -; ir
rotation about the axis through the
particle 1 (see fig. 1). The second line
gives the coefficients At defined in

eq. (5.13)

/ = 3 / = 4

W -0.57 0.51
A, -6.1 5.4

functions given in refs. 4 and 20. An example can be found in table III. If the
product of the eigenvalues in (5.12) is computed and the representation
matrices are substituted, all parameters in the coefficients following the
overlap amplitude are known. The resulting reduced matrix elements can now
be expressed as

A,e~m. (5.13)

The coefficients At are listed in table III.

6. The coupling tensors

While the effective interaction strength in the dynamical Hamiltonian (3.7)
is mainly determined through the overlap amplitude by the magnitude of the
molecular field, the structure of the molecular field is reflected in the sublat-
tice dependence of the coupling tensors in eq. (3.7). In the treatment of the
orientational time correlation functions in the subsequent sections, it will
appear that, similar to the static problem of the tunnelstates, the sites of
different ordered sublattices for the dynamical problem are also equivalent.
Hence, we will study the coupling tensors in terms of coordinates adapted to
the D2d site symmetry of an ordered site (see fig. 4). The central molecule is
assigned the index 0. Its ordered neighbours are labeled by the index product
an according to fig. 6, n being the integer 1, 2, 3 or 4 and a - ±1. The frame
«?\ ef, ef in fig. 6 is identical to the SFF of fig. 4. The position vectors r(<m)

pointing from the origin to the site an are connected with each other as
follows:

rlak) = Rknr
(an) and r

(~n) = ~rl+n). (6.1)
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Fig. 6. The assignment of the label an with n = 1,2,3,4 and a = ±1 to the sites surrounding the
D:d site of fig. 4. The xa, ya. *o axes coincide with the JC„ y,,, z% axes of fig. 4.

The Rkn are rotations of n about the x, y or z axis of the central site frame.
Next we will introduce a convenient set of frames fixed to the sites an. Their
unit vectors e'/"1 are directed along the symmetry axes of the molecular field
at the sites an. The vectors e'/"1 can be defined by the matrix of the rotation
Rm, transferring the central frame 0 from its initial orientation in fig. 6 to the
orientation of the frame an.

' = 2 efR{an)e(. (6.2)

The frames defined by the rotations R„„ have to conform to the D2d site
symmetry. We require, therefore, that the same operation rotating the posi-
tion vector from one site to another also transforms the two frames into each
other. This can be expressed as

Ram = RmnRm- (6.3)

Since the +n and the —n sites are occupied by molecules of the same
sublattice (see figs. 4 and 6), the frames on the two sites will be equated

R-n ~ R+n (6.4)

The SFF in eq. (2.4) and table I have been designed in such a manner that,
if the site 0 is identified with a site on the sublattice IV, the SFF of the
surrounding sublattices meet the conditions (6.3) and (6.4). In this case, the
frame labeled 0 in eq. (6.2) coincides with the frame of sublattice IV; the sites
n = l,2,3 and 4 are located on the sublattices a = 111', III, II and II',
respectively. Adopting the SFF of table I with the above-mentioned a, an
correspondence as the choice for the frames an, we can obtain the represen-
tation matrices of eq. (6.2) by transforming the CFF coordinates of the a unit
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vectors to coordinates with respect to the frame IV. For instance, one finds
for the +1 site

„. (6.5)

Similarly, measuring the components of the tensor coupling the molecule 0
with the molecule +1 with respect to the two associated site frames, we have

C(0, + l)isJ» = C(IV, IH')!&. (6.6)

It should be emphasized that the component indices T and v at the left-hand
side like in (3.4) refer to two different frames. The objects on the right-hand side
are the SFF components given in eq. (3.4). The particle 1 has been placed on the
sublattices IV and particle 2 on III'. Analogous identities hold for the molecules
at the sites n# 1. As a consequence of the relations (6.3) and (6.4), the site
symmetry adapted components of the coupling tensors follow very simple
transformation rules.

C(0, am)l& = 2 D'^Rmn)C(0, <m)% (6.7)

Eq. (6.7) is most easily understood if one recalls that the components of the
tensor coupling two multipoles remain unchanged under a rotation of the
vector connecting the multipoles, provided that the frames with respect to
which the components are measured undergo the same rotation. Such a joint
rotation is almost performed by the Rkn of eqs. (6.1) and (6.3) when the crk
neighbour is substituted for the one at site an, except that we still want to
express the 0 multipole in coordinates of the original 0 site frame. Hence, we
have only to reset the 0 frame to the initial orientation by means of the
inverse rotation /?*„'. Eq. (6.7) can be verified mathematically by application
of the relations (C.4), (6.1) and (6.3). By means of a similar argument, the
relations (C.5), (6.1) and (6.4) yield the identity

C(0, -n)'& = (-1)''+'>C(O, +n)'T&. (6.8)

The utility of (6.7) is mainly due to the fact that the rotations J?mn form,
together with the unit operation, the subgroup D2 of the symmetry group Td of
the molecular field. This implies that the components of the interaction tensor
coupling in (3.7) pseudo operators of a particular symmetry y to a neighbour-
ing molecule transform among each other if the neighbouring sites are
interchanged. Thus, for the coupling of a T2-type operator one has

C(C, om)&, = 2 D%(Rmn)C(Q, on)!&,, (6.9)

where v is arbitrary. The eq. (6.9) will now be employed to demonstrate that
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the interacties of a T2-type operator with the surrounding A, operators
cancel. A Ax operator commutes with the Hamiltonian (3.7). It is a conserved
quantity and can be replaced by the thermal average denoted by (A^. Hence,
the T2,Ai coupling of the central molecule to the environment can be
conceived as an interaction of the f f(0) operators with a field Fr,(0)

( 'lh (6.10)

The summation over the four neighbours with the same sign a can be
converted into a summation over the elements of E^ using (6.9).

2 C(0, «!)'&», = 2 2 D«(i?)C(0, o\)%Ax. (6.11)
n " f RGD2

Since the T2 representation contains no D2 invariant, the right-hand side
vanishes and consequently also the field in (6.10). Combining these arguments
with the results of the preceding section concerning the reduced matrix
elements, it turns out that only the T2, T2 coupling remains. Substituting eq.
(5.13) into (3.7), the dynamical Hamiltonian of the ortho system now closely
resembles an I = 1 spin Hamiltonian.

HT = ec 2 Él(i)+C- 2 2 tj(i)C(U)„T?'Ü'). (6.12)

with

C(iJ)v.v= 2
(1.(2=3

Table IV gives the components (6.6) for the T2, T2 coupling. The numbers

TABLE IV
The tensors coupling the T2 operators on the site 0 with the T2

operators on the site +1 in the definition of eq. (6.£). The rows
and columns are labeled by x, y, z, starting in that order from
the left of the rows and the top of the columns. The energies

are given in temperature units (K)

\
/,

3

4

'2

\

-39.6
-35.4
-12.6

-11.0
-14.8
-32.7

3

-35.4
-39.6
-12.6

-14.8
-11.0
-32.7

-12.6
-12.6
-26.9

-14.2
-14.2
- 9.6

11.0
14.8
14.2

15.4
4.5

10.4

4

14.8
11.0
14.2

4.5
15.4
10.4

32.7
32.7
9.6

10.4
10.4
30.0
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have been obtained by transforming the CFF components of refs. 4 and 20
according to (3.4). The coupling to the other sides an can be calculated from
table IV applying the transformation rules (6.8) and (6.9).

7. The second moments

The distinguishing mark of the dynamical behaviour of ortho-Cfy at low
temperatures is the complete disorder of a quantum mechanical many-particle
system with a bounded energy spectrum at high temperatures. At the tem-
peratures of interest (say 4.2 K) an infinite temperature approach is justified
because the interaction energies (6.12) are all in the millikelvin range as a
consequence of the small value of the overlap amplitude. In the infinite
temperature limit, the density operator of the canonical ensemble becomes
the unit operator, simplifying the statistical mechanics considerably. The
correlations between the orientational operators (3.6) of two different mole-
cules i and j vanish.

<f?'(i)y?20")> = <f? I(/)Xr? ïü)>. t (7.1)

Here, the brackets denote the thermal average at T = ». Furthermore, since
all the ordered sites are equivalent, the thermal averages equal the trace of the
matrices (3.6) divided by 3, the value of the one molecule partition function.
The C-G coefficients of appendix A show that for all y, except y = Au the
diagonal matrix elements cancel when added. The result may be summarized
as

<yTI(0> = sY,A1. (7.2)

At T = oo, the correlations of operators of one molecule are similar to the
correlations between classical properties.

(7.3)

. (7.4)

The correlations (7.4) are calculated by substituting the commutation relations
(3.12) with eq. (7.2). If, in addition, Kronecker delta symbols are used to
express ihe C(y,y2At; rjiTJ2) C-G coefficients, one finds

^ „ „ „ B. (7.5)
Analogous relations hold for the time correlation functions

= <[y?'(O, yJKÖH+XEy?1, y?W~l- (7.6)
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If the two operators ?!", y?2 are hermitean, it follows that the gljj^ are real,
even functions of time. Consequently, the Fourier transforms or spectral
densities

O « ) = ƒ dte*g;™(0 (7.7)
—x

are also real and even in the frequency. The second moments defined as
x

M™= ƒ (WO*) <7-8>

are real nonnegative numbers. They can be obtained from the commutation
relations by means of the well-known identity

MZl = l p <tt7?'. HTU [HT, ypJ-I+Kt-y?', f ?]+>-'. (7-9)

HT is the Hamiltonian (6.12) of the pure ortho system. Eq. (7.9) will now be
applied to the calculate the second moments of T2 and E type operators on an
arbitrary site k. Substituting the expression (6.12) and employing (3.12) and
(C.6), one finds for the commutator in (7.9)

[?«(*). HT]- = £ f

(7.10)

No other operators of the site k than the Tx operators appear because,
according to (3.12), the commutator of y = E,T2 operators, which have
pseudo parity s = 1, may only contain s = -l operators. This excludes all the
pseudo spin operators (3.6), except the T, type. This argument also implies that
the first term, which is derived from the crystal field, vanishes if J = E
because the Tt representation does not occur in the product Ex.E. Because
we are interested primarily in the interaction term we set the parameter ec to
zero for the present. Inserting then (7.10) into the anti-commutator of (7.9),
one obtains

[H\\ y

X 2 2
vUi V2V2C2

X 2 C(fc,i),,1,5C(fc,j)lw4[ffi(i)ff'(fc),fWfc)ffia)]+. (7.11)
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Elaborating the anticommutator in the right-hand side by means of (3.12) and
contracting to the infinite temperature averages using the eqs. (7.1), (7.2),
(7.3), (7.4) and (7.5), one can demonstrate that for iV k and jï k

(7.12)

The coefficients in the right-hand side can be found in table II.
Finally, substitution of (7.12) and (7.11) into (7.10) gives

x 2 C(y,T27V, SiVxOCinTiTx; bmO 2 2C{k, D^Cik, i ) w (7.13)

Depending on the molecule index i, the components r\ refer, in each case, to
another site fixed frame (see def. (6.13)). However, because 17 is eliminated by
a summation, the product of the T2,T2 coupling tensors in (7.13) can be
evaluated in an arbitrary frame along the symmetry axes of the molecular
field at the site i. We may, therefore switch to the representation of the
coupling tensors introduced in the preceding section and identify the molecule
k with the central molecule 0 of fig. 6, irrespective of the sublattice of which
the molecule k is part. In analogy with eq. (6.11), the summation over the
nearest neighbours is then replaced by a summation over the elements of the
group Dj using (6.9). The result is

= 2 2 DlMVD^lR) 2 (C(0, <rl)C(0, trl)\M. (7.14)

In the right-hand side the matrix notation has been applied from the T2, T2

coupling tensors. C(Q,<rl? denotes the transpose of C(0, oi) . The DTl

representation matrices of the 77 rotations are diagonal. Moreover, the
diagonal elements constitute each an independent one-dimensional irreducible
representation of P2. This explains the identity

£ % n ( ) % n i ( ) mvmviVlvr (7.15)
KED2

Substituting (7.15) and (7.14) into (7.13), one obtains

2 C(y,r27,; fiirf)C(7iT2T,; feirf) 2 (C(ö, trl)C(0, o-l)+)„. (7.16)
if a
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In eq. (7.14), the L% invariants among the C(0, o-l) matrix and its transpose
have been singled out. However, the C(0, crl) tensor remains unchanged if the
whole site is reflected with respect to the plane through the z axis and the r(+l)

vector. This will be evident because this particular reflection is a joint
symmetry operation of the molecular field at the central site and the +1 site
(see fig. 4). Consequently, the products of the coupling matrices in (7.16) are
invariant under the complete L̂ d group of transformations of the central
frame. Since this group is a sir^-oup of the Td, the symmetry group of the
molecular field at site 0, the irreducible representation matrices of Td can be
defined in such a manner that the indices y£ correspond to indices of the
irreducible representations of D2d (see correlation table appendix A). It may
be clear, therefore, that in the contraction of the Td C-G coefficients in (7.16),
a combination of yi£i, y2£> values yields a nonzero result on the condition that
the product yf'yf2 contains a E>2d invariant. For the particular choice of the
representation matrices of appendix A, this implies that y, = y2 and £1 = £>•
The resulting nonvanishing second moments (7.16) are listed below. They
have been calculated by substituting in (7.16) the C-G coefficients and the
coefficients of table II.

= ME,

= ME,

+ (CC)yy\ = M*, (7.17)

+ (CC)yy} = MAl,

+ (CC)yy + 4(CCtU = MB,,

where we have set for convenience

= 2 (C(0, <rl)C(0, ai)% = £ (C(0, trl)^)2. (7.18)

The second identity (7.17) labels the second moments according to the D2d
symmetry index y assigned to the Td operator, which is correlated with itself
in the left-hand side. Similarly, the gaussian approximations for the spectral
densities (7.7) can be named after the D^ symmetry of the pseudo spin
operators. Defining thus

(7.19)
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TABLE V
The first line gives the coefficients wr defined in eq. (7.20). The second line
gives the width of eq. (9.1) for the A taken from ref. (26) and the third line for

a value of A which reproduces the T, data of ref. (16)

y 3 . 5x10^ 2.8xl03K 2.2xl03K
4,(0.56) 13.9 3.3 mK 2.4 mK 1.9 mK 1.5 mK
4,(0.56) 11.5 36 mK 27 mK 21 mK 17 mK

the width Ay is determined by the second moments (7.17)

(7.20)

The coefficients vvY defined in the second equality are evaluated from (7.17) by
substituting the numerical values of the coupling tensor between the molecule
pairs 0,+ 1 and 0 , - 1 . The 0,+ 1 term is obtained by adding the matrices of
table IV multiplied by the coefficients of table III according to eq. (6.13). For
the evaluation of the 0, — 1 term the matrices of table IV must first be
transformed by means of eq. (6.8). The values of wy are enumerated in table
V. If the contribution of the crystal field in (7.10) is not disregarded in the
ensueing calculations, the result for the MB moment will be

(7.21)

The other second moments of (7.17) remain unaltered. Eq. (7.21) must be
interpreted as a splitting of the line at zero frequency with the width AE into
two lines centered around the frequencies ±3eJ2h with the same width AE

given by (7.20).

8. The spin lattice relaxation time

In this section the gaussian spectral densities (7.19) will be employed in a
calculation of the spin lattice relaxation time Tt of the pure ortho system. For
this purpose, we prefer a derivation of T, by means of a Green-Kubo type
expression28) to the more common approach through a master equation
composed of transition rates between the states of the ortho manifold (see
e.g. ref. 16). Our motive is that the former method deals with time correlation
functions from the outset. In the latter approach, the spectral densities of the
orientational relaxation and the matrix elements of the intra-molecular dipole-
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dipole coupling have to be cautiously combined to transition rates between
the states of a single molecule3116)-

The intra-molecular dipole-dipole coupling is the dominant relaxation
mechanism in /3-CH4 at low temperatures1617). Conforming to the formalism of
the preceding sections, we express this interaction Hamiltonian in terms of
the irreducible tensor operators defined on the ortho manifold |lm; Tt£) of the
ordered molecules. The orientational pseudo spin operators (3.6) are general-
ized to cover the complete 9 dimensional manifold

\ (8.1)

In addition, we define a second-order spin-tensor operator 2"

(\m'; T,f |2"|lm; T,£> = 6«C(121; mfun1). (8.2)

It should be noted that the operators (8.1) and (8.2) are invariant under a
permutation of protons in the molecule. The dipole-dipole Hamiltonian can
now be written as

= -dD 2 <i r,lN|i r,> E (- ir^-^njï^, (8.3)

where y takes the values T2 and E. dD is the interaction strength determined
by the gyromagnetic ratio yp of the proton and the distance r between two
protons in a CH4 molecule

dD=7pfi2/r3. (8.4)

By ƒ}„ is denoted the Euler angles with respect to the SFF of the sublattice a
of the rotation carrying this frame to the orientation of a laboratory fixed
frame with the z axis in the direction of the magnetic field. D2

ylli(üa) is
derived from the ƒ = 2 representation

D^(O.) = S I/(2)&.D» .M(a)• (8-5)

The unitary matrix (7(2) decomposes the ƒ = 2 representation into irreducible
representations of Td. The explicit expression can be found in the refs. (16)
and (29). The symbols <1 T',||2-y|j1 T",> stand for reduced matrix elements. They
have been calculated in the A=>=» approximation for the pocket states (4.7).
This might seem to conflict with the argument following eq. (5.4). It should be
noted, however, that the orientational operators in the dipole coupling,
besides having a site symmetry different from Au have also a molecular
symmetry different from A,. Hence, a relation similar to eq. (5.4) does not
hold for these operators and their matrix elements remain finite in the
classical limit. The rather complicated evaluation of the reduced matrix
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elements will be presented In a forthcoming paper30) (see also ref. 16). Here
we merely state the result. Introducing the notation dy for <17",||2-y||l T"i> we
have

and dTi = \y/\. (8.6)

The Hamiltonian of the magnetically interacting ortho-system now consists of
three terms

H = -*<*: 2 « 0 + 2 tfdd(0 + HT, (8.7)

(oz is the Larmor frequency and I0(i) the z component with respect to the
laboratory fixed frame of the sum of the spin operators of the four protons in
molecules. HM(i) represents the intramolecular dipole-dipole coupling (8.3) of
the ith molecule. The Green-Kubo expression in the infinite temperature limit
for the relaxation rate reads as28)

lim lim |" dt ^ <[AW)(0, W ( f )]-M>(0), AN)(0)]->. (8.8)
0

As before, the brackets denote thermal averages at T = °°. I!>N) and Hffl stand
for the sum of the operators I0(i) and HMUX respectively, of the N molecules.
Since the system is entirely made up of ƒ = i particles, one has for the
dimensionless susceptibility

The parameter #c compares the strength of the coupling between the Zeeman
and orientational system to the energies of the two systems without mutual
interaction. Because the Zeeman energy is the smaller of the two, K may be
defined as

K = dolhw, = yhlBor*, (8.10)

Bo being the magnitude of the magnetic field. The validity of (8.8) depends
primarily on properties of the intermolecular dipole coupling. On the one
hand, this interaction must be strong enough to eliminate all the constants of
motion of the isolated Zeeman system by the process of spin diffusion, with
the exception of the Zeeman energy. On the other hand, the contribution to
the relaxation of the Zeeman energy must be negligible in comparison to the
intramolecular relaxation rate (8.8). It is argued in ref. 32 that these conditions
are satisfied. Substituting (8.3) and using the well-known commutation rela-
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tions for irreducible tensors, il is easy to prove that

[H&1, nNll- = dD S 2 2 (-1YnD\^(/2aH))2"(i)f <(i). (8.11)

From (8.11) and def. (8.10), it will be evident that the time correlation function
in (8.8) is at least of second order in K. Dividing by K2, as is required by eq.
(8.8), we obtain

x S 2 S(-0'l|+«^Ie1.-M,(«ïfr
0' Min; f|J:

x <2«<i, Oyf'O", f )2«(/, O)ffK/. 0)). (8.12)

In the T = *> limit of the system (8.7) the motion of two molecules are
uncorrelated. Moreover, the ordered sites are all equivalent if described in the
associated SFF and, hence,

<2"'(i, t)yHi, 02^0", 0)ri'0\ 0)> = ^" ' (OYf 1(02"»(0)f K0)>. (8.13)

The thermal expectation value of the right-hand side averages the operators
(8.1) and (8.2) over the nine states of the orthe manifold of an ordered
molecule. According to (8.8), the time correlation functions have to be
evaluated in the decoupling limit K = 0, where the Zeeman and orientational
system no longer interact. In this limit, spin operators and orientational
properties show no correlation and we may write

lim<2"'(r)yf'(02^(0)#(0)> = (2>»(t)2>*(0MyHt)yp(0))a, (8.14)

where the subscript 0 refers to the fact that K = 0.
The motion of the spin operators, when completely determined by the

Zeeman Hamiltonian, is coherent and harmonic. This feature also shows up in
the time correlation functions. Consequently, after evaluating the r = 0 cor-
relations by means of a contraction of the C-G coefficients in eq. (8.2), one
obtains

= J(-1)"" expMMnutOS^.-,,,. (8.15)

Similarly, the orientational time correlation functions for K = 0 can be
identified with the functions (7.6). The result of substitution of (7.5) into (7.6)
for y = E or y = T2 can be summarized as

On account of the relations (8.12) to (8.16) and (8.9), the relaxation rate (8.8) can
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be expressed as

4r = A«cVz £ 2 r ^ / r ^ W M 2 Hm [dfexp[-(e + i/*afc)f]g*(O. (8.17)

The function /TfM(fc) is a sublattice average of the product of the functions
(8.5)

ƒ**(*) = 6 2 OW(A,)(- D"D^(f i a ) . (8.18)
a

The functions fy(^{b) depend on the unit vector b in the direction of the
magnetic field. The functions (8.5) obey a phase relation similar to spherical
harmonics. This implies the identity

ƒ**<*)=4 2 £>^( A, )(D\an« ))*=ƒ*-*(*>• (8-19>

I' ' ie reduced matrix elements (8.6) are substituted in eq. (8.17), and (8.19) is
employed, it turns out that the relaxation rate can be written as

3D

T = I (l?)2 2 2 »%at>) f Hm f df exp[-(6
o

* (0

X

+ Hm f df exp[-(e -iixa>:)t]g%(t)}, (8.20)
elO J J

0

where we have eliminated K in favour of dD ((dDfi~'? = 17.75 x 10' s"2). Recal-
ling that the time correlation functions are even functions of time in the
infinite temperature limit, the sum of the integrals in (8.20) can be converted
in the spectral density (7.7) by means of the well-known relation between
Fourier transforms and Laplace transforms on the real axis of the complex
plane. If, moreover, the gaussian approximation is applied, the final expres-
sion for the inverse relaxation time is obtained

Here again, y stands for an irreducible representation index of the site group
D2d. Because the dipole-dipole coupling operator is composed of E and T2

type operators, in (8.21) y takes all the values occurring in eq. (7.17). For the
one-dimensional representations, the function /w(6> appearing in (8.21) is
simply equal to the corresponding function in def. (8.18) or (8.19). For the
two-dimensional representation E constituted by T2x and ^ y functions we
have

). (8.22)
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The dependence on the direction b of the magnetic field is most conveniently
made explicit by expressing b in terms of the direction cosines bIc, byc and bZc

with respect to the CFF of fig. 2. The direction cosines bk measured in the
SFF of the sublattice a can be obtained from the CFF coordinates by means
of the matrices defined in eq. (2.4)

bu = 2 *(«>**«• (8-23)

If the first two of the Euler angles ila introduced below (8.3) are equated with
the SFF polar angles of b and the third is set zero, the absolute values of the
functions (8.5) can easily be written as polynomials in fc6. Next, the poly-
nomials are transformed to the CFF coordinates 6& employing (8.23) and the
results for the six sublattices are added according to (8.19) and (8.22). It is
then found that the cubic symmetry of the center of mass lattice in the
sublattice averages fyiL in eq. (8.21) is restored. Apart from constants, the fyiL

contain only the cubic invariant y, defined by

y = bl + bl + b\. " (8.24)

The functions fyiL are listed in table VI. In a powder consisting of crystallites
with random orientations, the average value of v is 0.6. Substitution of this
value in the functions fyiL yields a surprisingly simple expression for the
powder average of the relaxation rate (8.21)

(8.25)

T A B L E VI

The functions fyl± giving the direc-
tion dependency of Tt. The
parameter y is defined in eq. (8.24)

VA
B,
B,
E

I

(I/2)(l-y)
y/3
(l/2)(I-y)
(2/3)y

2 '

(l/8)(I + y)
(l/l2)(3-y)

i (1/8)(1 +y)
(1«X3-y )

9. Comparison to experiment and discussion

In order to compare the results of the previous sections to experimental
data, we first have to consider the effect of the presence of ordered molecules

•\
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with spin states other than I = 1 and the disordered molecules. The 1 = 2
molecules, also called the A or meta type, contribute to the molecular fk
only. Because these molecules have wave functions with A2 site symmetry
(see fig. 5), the matrix elements of the nonsecular multipole operators ( T ^ 1)
vanish. Hence, the meta molecules are inert as far as the dynamical problem
is concerned. The same holds for the disordered molecules, assuming that
they are all in the ground state.

For the I = 0 molecules, also known as the E or paratype, a finite value for
all the nonsecular multipoles is ruled out by the tetrahedral site symmetry,
except for the components with E symmetry (/ = 4, T = 2,3). In the present
approach, the coupling of the T-type states with the E operators on the E
manifold will be ignored because of the low concentration of the E type
molecules (%). In this approximation, another similarity between /3-CH4 and
disordered hydrogen emerges. We may conceive the random alloy of spin
species as a system of active I = 1 molecules diluted by inert molecules. Also
in this respect j8-CH4 resembles disordered hydrogen2). If the concentration of
ortho molecules is denoted by x, the chance that a neighbour of the central
molecule of fig. 4 is an / = 1 molecule is given by x. The alloy average of the
summation (7.14) over the nearest neighbours is, therefore, proportional to JC.
Indicating the alloy average by a bar, for the second moments (7.17) and the
widths (7.20) we obtain

My(x) = xMy and Ay(x) = y/xAT (9.1)

For a discussion of the validity of this approach in hydrogen at low ortho
concentration we refer to Ebner and Myles3).

Similar to the effect on the orientational dynamics, the effect of the para,
meta and free molecules on the spin lattice relaxation is indirect only. By
means of analogous symmetry considerations, it can be demonstrated that the
intra-molecular dipole-dipole interaction is unable to couple the Zeeman
energy of these states immediately to the orientational degrees of freedom16).
The intra-molecular dipole interaction between two ordered states not con-
serving the spin quantum number I may, in principle, contribute to the
relaxation of the Zeeman energy, but the effect is very weak, as can be
inferred from the experimental spin conversion time. Hence, the only effect
of the disordered molecules and the I ̂  1 states on the spin lattice relaxation
is due to the transport of their magnetization to the ortho-system by means of
spin diffusion. The relaxation rate of the pure ortho-system is slowed down by
a factor equal to the ratio of the susceptibility of the ortho-system to the
suceptibility of the complete crystal. If the experimental relaxation time is
denoted by T" and the relaxation time of the isolated ortho system by T°rl\
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we have, therefore,

]/7T = (l/7Tth)?xN«J2»-I
t (9.2)

where </2) is the expectation value of the squared length of the total spin
vector of the N molecule system and x is, as before, the fraction of the
ordered molecules with spin ƒ = 1. T°rth is given by the expression (8.25),
where the width Ay(x) of eq. (9.1) has to be used in the gaussian spectral
densities (7.19) instead of the width (7.20) for the pure ortho-system. On
account of the arguments at the beginning of section 3, it may be assumed
that x = ^ and that the disordered molecules are all converted to the ƒ = 2
ground state. Under these conditions, the correction factor (9.2) takes the
value JO.

As has been explained in section 5, an estimation from the tunnel energies
of the crucial parameter A in the exponent of the overlap amplitude, see eq.
(5.13), yields a value of 13.9. If this result is substituted in the expression
(7.20) for the width of the spectral densities, we obtain the values given in
table V for the alloy averages (9.1). These predictions can be subjected to
experimental test by comparing the Tf derived from them with the available
experimental data. Nijman and Trappeniers16) found, at 5 K and a pressure of
lOatm, a Tx of 155 ms for the working frequency of the spectrometer
v = 28.8 MHz (hao= 1.38 mK). The experiment of Briganti and coworkers17)
showed that at Oatm and for i^=4MHz, T, keeps the value 100 ms for all
temperatures from 5 K down to 0.4 K. If the data of table V are applied to
calculate T, according to the procedure outlined above, a T, of 32 ms and
14 ms is obtained for v = 28.8 MHz and v = 4 MHz respectively. The crystal
field splitting has been neglected in this calculation (ec = 0 in (7.10)). If the
estimation \^c — 10 mK of ref. 4 is combined with table V, it follows from section
8 that the gE spectral density breaks up into two lines at finite frequency
wc = ±2€eh~1, with a width considerably smaller than the distance <wc to the
frequency zero axis. The spectrral density at the Larmor frequency will,
therefore, be negligible, and the gE function no longer contributes to the
relaxation rate. A finiic crystal field splitting does not affect the Au Bx and B2

spectral densities. The resulting Tx are 50 ms at v = 28.8 MHz and 29 ms at
4 MHz.

Evidently the disagreement with experiment does not depend on details of
the spectra. The conclusion must be that the widths of table V are roughly a
factor 10 too small. This is confirmed by the inelastic neutron scattering
measurements of Press and Kollmar14), yielding a line-width of about 40 mK
for the resonance between the tunnel states.

The more unrealistic features of the pocket states (4.4) may be held
responsible for the failure of a factor 10. In particular, at the orientation
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where, according to (5.6), the 120° overlap reaches the maximum value,
the approximation (4.4) will be rather poor. Note that at the orientations
Tm(C3) the function u](co) describing the molecular field potential, shows a
saddle point with the value +9 (see ref. 22). We should also remember the
argument following eq. (5.5) concerning the isotropy of the pocket states in
configuration space. Moreover, the dependence on A, being an exponential
dependence, is quite critical. A 17% reduction of A from 13.9 to 11.5 suffices
to reproduce the T\ of ref. 16 for the ee = 0 case. The Ay values of this A are
listed in the third line of table V.

The conclusion that the orientational relaxation in j3-CH4 at low tem-
peratures is indeed driven by the process described in this paper is, therefore,
justified, but the actual calculation of the effective interaction strength needs
some improvement.
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Appendix A

The cubic group Oh and the subgroups Td and Y>2A

The irreducible representation matrices D}t{O) of a rotation O of the cubic
group O are defined by the relation

PoMr) = f}{O~xr) = 2 fl(r)DUO), (A. 1)

where r is the vector with the components x, y, z and the functions f} are
given by

ff(r) = (1/V3)(2z2 - x2 - y2), / f (r) = x1 - y\

The group Oh consists of operations Ox I, where O is a prorer rotation of
O and I is either unity E with p(E) = 1 or the inversion with p(i) - - 1 . The
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irreducible representation of Oh are given by

Df((OxI) = Dh(O) and D$(O x ƒ) = p(I)D}((O). (A.3)

The irreducible representations D}((T) of an element T of Td are defined
by means of the representations (A.3) of Oh.

= DA>*(T) =

= DA*(T) =

E), (A.4)

Similarly, the representation Dle(D) of an element D of D2d may be defined
as

D\D) = DA'e(D) = DA!"(D) = Dff(D),

= DTiu(D) = DT*{D),

=Djf(D), with£ = x,y.

The reduction of the Kronecker produce y x y for Td and O is given by (recall
that Td and O are isomorphic)

A\ X y = A,,

A2xE = E, AiXT, = T2, A2xT2 = Tu

ExE = Ax + A2 + E, E x r , = £'xr2=T1 + r2, (A.6)

7, x T, = T2 x T2 = At + E + T, + T2,

l + T2.

The Clebsch-Gordan coefficients for Td and O are defined by the relation

= SyiyiD(R)}lh, w i t h ^ e r . x y , . (A.7)

The Clebsch-Gordan coefficients can be made to satisfy the following per-
mutation relations:

y2; 666) = V * ^ (j^j) C(y3y2r,; 666)

= s^s^ \^j C(y,y3y2; 666) = "y^^Ciy^yy, 666). (A.8)
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where [y] denotes the dimension of y and sy in the pseudo parity given by

SA,
 = SE = ST2 — 1, sA2 = Jr, = ~ ' • (A.9)

The C-G coefficients applied to the calculation of the second moments are the
coefficients of the product T| x T\.t

£,A A, El E2 7\JC T,y T,z T2x T2y T2z

XX

xy
xz
yx
yy
yz
zx
zy
zz

1/V3
0
0
0
1/V3
0
0
0
1/V3

-1/V6
0
0
0

-1/V6
0
0
0
2/V6

1/V2
0
0
0

-1/V2
0
0
0
0

0
0
0
0
0
1/V2
0

-1/V2
0

0
0

-1/V2
0
0
0
I/V2
0
0

0

1/V2
0

-1/V2
0
0
0
0
0

0
0
0
0
0
1/V2
0
1/V2
0

0
0
1/V2
0
0
0
1/V2
0
0

0
1/V2
0
I/V2
0
0
0
0
0

(A. 10)
Also needed are the coefficients of the product T, x T2:

1/V3
0
0
0
1/V3
0
0
0
1/V3

El

-1/V2
0
0
0
1/V2
0
0
0
0

E2

-1/V6
0
0
0

-1/V6
0
0
0
2/V6

Txx

0
0
0
0
0
I/V2
0
1/V2
0

r,y

0
0
1/V2
0
0
0
1/V2
0
0

T,z

0
1/V2
0
1/V2
0
0
0
0
0

T2x

0
0
0
0
0
1/V2
0

-1/V2
0

T2y

0
0

-1/V2
0
0
0
1/V2
0
0

T2z

0
1/V2
0

-I/V2
0
0
0
0
0

XX

xy
xz
yx
yy

zz

(A. 11)
The relations (A.8) to (A.ll) were taken from ref. 16.

Appendix B

The tetrahedral rotator functions and the multipole operators

If O is a rotation of the group O and D}((O) is the representation of O
defined by the relations (A.I) and (A.2), the transformations (/(/) for / =
0,1,2,3,4 are defined by

(B.I)
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The functions D'^iao) are the usual Wigner function of the Euler angles o>o of
O. The matrices (/) satisfy

U (/);j,„ = [/(/)* Tf = ( -1T U(l).M( (B.2)

The transformations l/(/)M>T used in eq. (2.3) with / = 3,4 are identical to the
l/(/VV£ defined above with the following correspondence between /, T and yij
(see ref. 20)

/ = 4 - T »
A, El E2 T2x T2y T2z

The transformation f/(3) is given in ref. 22. 1/(4) is found by multiplying the
matrix of table II in ref. 20 by 3. The representations D'TT used in eq. (3.2) are
defined by

D'T.r(a>R) = 2 Uar^.D'^w^Ud)^. (B.4)
/»'*«

Here I? is an arbitrary proper rotation. The functions (B.4) are real on account
of eq. (B.2) and the conjugation relations for the Wigner functions. The
irreducible representations of the element R x ƒ of the full three-dimensional
orthogonal group defined by

and D';>(ft>R,pa)) = p(/)D^(a.fi) (B.5)

are likewise decomposed into irreducible representations of Oh by the trans-
formations (/(/). Introducing the parity index <r = g,u, for the element Ox I
of Oh we have

/) . (B.6)
MM'

Generalizing (B.4), we define

D'?r(o>R, P(/)) = £ U{l);.lyD^(ioR, p(ƒ)) UV)^, (B.7)

where the IT, yij correspondence is equally given by (B.3). The decomposition
of the representations (B.5) into the irreducible representations (A.4) of Td is
derived from eq. (B.6) by converting the Oh indices ya, % into Td indices yf
according to (A.4). Similarly, the Td indices corresponding with the la, r
indices of the functions (B.7) are obtained from the relations (B.3) in com-
bination with (A.4).

The orientation coordinate of a molecule with respect to a site fixed frame
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(SFF) is per definition the parameter set (<os,P) of the operation 5 x /
carrying the SFF to the orientation of the molecule fixed frame (MFF). <os is
the set of Eulers angles with respect to SFF axes of the proper rotation S and
p is the parameter p(/) associated with /. If ƒ is a function f(ios,p) of the
orientational coordinate, the operation O = Rx I performed about site axes
transforms ƒ into P0J given by2716) .

(PoJ)((os, p) = /(WR'S, PPU)). (B.8)

The operation O = RxI performed about molecule fixed axes transforms ƒ
into P0J given by2716)

(B.9)

This implies for the Wigner functions D|tK(ö>s)

= 2 D^AtosW^i^rD'^iw^). (B. 10)

Since the transformations U(l) are unitary, it follows from (B.10) for the real
functions (B.4)

PRlPRlmDU<os) = 2 D'SAUSWMO^DUUK). (B. 11)
V

If i?, and J?2 are elements of the group of cubic symmetry operations
performed about SFF resp. MFF axes, the representations of R} and R2 in
(B.ll) have the block form (B.I). Hence, it will be clear that the tetrahedrai
rotator functions

u'T(a>s) = DlA<os) (B.I 2)

are invariants for the subgroup T of proper rotations of the molecular
symmetry group Td. (Recall that the function f \ defined in (A.2), is an
invariant of T.) Under the group of cubic site operations, the functions (B.12)
transform according to the irreducible representations of O found by the
correspondence table (B.3). The generalization to improper operations is
obvious. Thus redefining the multipole operators (4.8) by

ml(iüS,p) = Dlt(a)s,p) and mA
r(<os, p) = D%(<os, p), (B.13)

we conclude that these operators are invariants of the molecular symmetry
group Td. Under the operations of the site symmetry group Td, the m'T
transform among each other according to the irreducible representations (A.4)
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of Td related to the indices T by the correspondence

. . T 1 2 3 4 5 6 7
A, T2x T2y T2z T,x T,y Ttz

. , T 1 2 3 4 5 6 7 8 9
y£ A, El E2 T2x T2y T2z 7> T,y T,z' ^ ! '

Appendix C

Symmetry relations for the coupling tensors

If the dependence of the position vectors r, and r,- of the coupling tensor
(2.3) is made explicit by inserting the vector rj — r-, as an argument in the
left-hand side of eq. (2.3), the coupling tensor of the rotated pair Rir, - r,) can
be expressed as

C(J?(r, - n))'£ = S W(R> W)W\ + l)"2(2/2 + I)"2

. (C.I)
Applying the well-known relation for the C-G coefficients to convert the
representation D' into a product Dl>D'i and using def. (B.4), one obtains the
following transformation rule:

C(R(rj - n))'£ = 2 DjKiB^Cfo " *)!&&(««-•). (C.2)

On the other hand, rotation by R of the frame to which the components of the
two interacting multipoles refer gives

C(r, - r ,) '4 = 2 DW«r')C(i) - r^D^Acj^, (C.3)

where the subscript 1 indicates that the components T, V we measured in the
original frame while the subscript 2 denotes the components T, V in the rotated
frame. Combination of (C.2) and (C.3) yields the invariants exploited in the
derivation of eq. (6.7).

C(R(r, - ri))JA = C(ri - r ,)^,. (C.4)

The coupling tensors (2.3) follow a few convenient permutation rules for the
indices.
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C(i, })'& = CO', i)W' = ( - 1 )''+'>C(«, j)«i = ( - 1 )''+'>C(j, i)i'^. (C.5)

In eq. (3.4), the components belonging to the molecules i and ƒ refer to two
different site frames. In this mixed representation, not all of the rules (C.5)
are valid. However, the first identity still holds.

C(2,O&=C(l,2)!ft. (C.6)

The proof of (C.6) is straightforward. It is based on (C.5) and the ortho-
gonality of the representation (B.4).

Appendix D

Proof of eqs. (5.2) and (4.17)

Because the multipole operators m'T are invariant under the operations of
the molecular symmetry group Td, their matrix elements satisfy a relation
similar to the second identity (4.15) with respect to the pocket states. Since,
using the transformation rule (4.9) and the unitarity of the operators POm we
have

<O2|m'T|01) = <020ï1|m'T|O10j1> = <E|m'T|O1O2l>. (D.I)

This relation is applied in an evaluation of the matrix elements of m'T between
the symmetry adapted states (4.18)

2 D?sfm(O2)D|s,m(O1)(E|m'T|OlOj1)
o,.o2eTd

&* o2,o3eTd

24 N;2 Jr d

T sMS(m(m- (D.2)

The last identity is due to the great orthogonality theorem of representation
theory. (Recall that the representation matrices defined in (A.4) are real.)
Contraction over the index f yields eq. (5.2). If, in addition, the operator m'T
also has /4, site symmetry, which means that r- 1 according to (B.14), a
relation analogous to eq. (4.16) can be derived

(E|m',|O|) = <O2O2"
l|mi|O2O,Ojl> = M'K, (D.3)
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where, as in eq. (4.16), the index K labels the equivalence class, of which O, is
a member. Substitution of (D.3) into (5.2) gives

<y&; y&n\m\\y&; yU = N? £ M'K £ DUO). (D.4)

The second summation in (D.4) runs over the nK elements of the class K. If a
theorem from group theory is employed

^ : - <D.5)
LYJ

where xl ' s the character of the representation y in class K, the relation (D.4)
is turned into

<y& TfinNlTÈ, yU = My2 2 Mi ^ tf. <D.6)

If the unit operator is substituted for m' in (D.4), the matrix elements (D.3)
become the overlap integrals (4.16) and the identity (4.17) follows.
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SAMENVATTING

De merkwaardige eigenschappen van vast methaan bij lage tempera-
tuur (T < 40 K) en in het drukgebied van 0 tot 3 kbar hangen
samen met een unieke combinatie van vorm en afmeting van het
molecuul. Enerzijds heeft het molecuul een driedimensionale bijna
sferische structuur. Bovendien is de symmetrie van de afwijking
van de bolvorm bijzonder hoog, nl. tetraëdrisch. Dit onder-
scheidt methaan van de veelvuldig bestudeerde haltervormige
moleculen H2 and N2, die, zover het de rotationele beweging
betreft, als tweedimensionale structuren beschouwd moeten wor-
fjn. Anderzijds is het molecuul klein, met als gevolg dat de
inverse traagheidsmomenten groot zijn. Bij lage temperatuur is
het quantumeffeet in het orëntationele systeem dan ook van
essentieel belang. Hierin verschilt methaan van de koolstofhali-
den, een andere groep van bekende tetraëdrische moleculen. In
dit proefschrift wordt aan verscheidene eigenschappen van methaan
in het bovengenoemde druk- en temperatuurgebied aandacht besteed.
Het bestaat uit twee gedeelten. In het eerste gedeelte wordt een
experimenteel onderzoek beschreven van de oriëntationele fase-
overgangen in gedeutereerde methanen. Tevens worden de experi-
mentele resultaten geanalyseerd. Het tweede gedeelte is meer
theoretisch gericht en behandelt uiteenlopende kwesties in vast
methaan.

De motivatie voor het experimentele onderzoek is dat door
de invloed van deuteratie op de orientationale orde-war over-
gangstemperatuur te bestuderen een meer kwantitatieve indruk
gekregen kan worden van het belang van quantummechanische effec-
ten bij die overgang. Dit verband wordt uitgelegd in hoofdstuk 1.
Hoofdstuk 2 bevat de experimentele details en resultaten van het
proton NMR experiment met behulp waarvan de temperatuur-druk en
temperatuur-dichtheid fasediagrammen van CH3D en CHD3 bepaald
zijn. In hoofdstuk 3 worden deze resultaten gecombineerd met
overeenkomstige gegevens voor CH., geanalyseerd met de in hoofd-
stuk 1 ontwikkelde theoretische methoden. Het voornaamste resul-
taat van dit alles is een waarde voor de effectieve exponent die
de afstandsafhankelijkheid beschrijft van de anisotrope inter-
actie verantwoordelijk voor de oriëntationele ordening. Deze
exponent blijkt aanzienlijk groter te zijn dan men voor een elek-
trostatische anisotrope wisselwerking tussen de moleculen
(octupole-octupolekoppeling) zou verwachten.

Het tweede meer theoretische gedeelte begint met hoofdstuk
4, waarin een quasiklassieke benadering afgeleid wordt voor de
statistische dichtheidsoperator van een sferische tol. Van dit
resultaat wordt gebruik gemaakt in hoofdstuk 3, bij een kritische
beschouwing van de moleculaire-veldtheorie voor een quantumme-
chanisch systeem. Ook wordt deze functie toegepast in een bere-
kening van de rotationele kinetische energie in de ongeordende
fase (fase I). In hoofdstuk 5 wordt de renormalisatie-groep-
analyse ontwikkeld voor kritische verschijnselen in antiferro-
magneten toegepast op de oriëntationele orde-war overgang in
vast methaan. Een van de gevolgtrekkingen van deze benadering is
dat de orde-war overgang in methaan beschouwd moet worden als
een door fluctuaties gedreven eerste-orde-overgang. Tenslotte
bevat hoofdstuk 6 een ab-initio berekening van de spinrooster-
relaxatietijd in fase II van CHi, bij zeer lage temperatuur. Er
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wordt een mechanisme voor de oriëntationele dynamica voorgesteld,
dat van zuiver quantummechanische aard is, dat wil zeggen de
klassieke limiet van de correlatietijd als gevolg van dit mecha-
nisme is oneindig. Het mechanisme berust op een koppeling tussen
de _.vier proton exchange processen in het oriëntationele molecu-
laire veld van twee nabuur moleculen. De op deze wijze berekende
spinroosterrelaxatietijd verschilt een factor drie met de geme-
ten waarde. "' ------- -

Elk hoofdstuk in dit proefschrift is verschenen of zal verschij-
nen als een afzonderlijk artikel in het "tijdschrift'Physica _A of
B. De verwijzingen naar het desbetreffende nummer van -Physica
kunnen gevonden worden in de inhoudsopgave.
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STELLINGEN

Bij een computersimulatie van het Debye rotationele diffusieproces is

het niet geoorloofd om de korte tijdsovergangswaarschijnlijkheid naar

analogie met translatiediffusie, te benaderen met een Gaussische ver-

deling in de reoriëntatie hoek met een breedte evenredig met de wortel

van het tijdsverschil.

R.G. Gerling and A. Huiler, Z. Phys. B4.0 (1980) 209

II

De benadering door P.A. Fedders voor de tweedeeltjes tijdscorrelatie-

functie van langs een keten hoppende deeltjes is niet correct omdat

er geen rekening wordt gehouden met de niet ergodiciteit van een der-

gelijk systeem.

P.A. Fedders, Phys. Rev. B18 (1978) 45

III

Ondanks de ogenschijnlijke overeenkomst met experimentele gegevens

voor (CH3)2SnF2 is het niet gerechtvaardigd om de tijdsfactor voor de

exponent in de Arrhenius uitdrukking voor de correlatietijd van aniso-

trope eigenschappen van methylgroepen gelijk te stellen met de recip-

roce libratie nulpuntsfrequentie.

L.A. de Graaf and Chr. Steenbergen, Physica 97B (1979) 199

IV

In tegenstelling tot wat J.H. Ferziger en H.G. Kaper beweren, geven de

door hen geintroduceerde warmtegeleidingscoëfficiënten voor een geioni-

seerd gas in aanwezigheid van een magneetveld niet de experimentele

warrategeleidingscoeffieiënten onder de omstandigheid dat er geen dif-

fusiestromen zijn.

J.H. Ferziger and H.G. Kaper, Mathematical theory of transport

processes in gases. Hoofdstuk 14-.



Een schatting van de intermoleculaire bijdrage aan de spinrooster-

relaxatietijd in vast CF4 met behulp van de reductie van het tweede

moment is, zoals uitgevoerd door L. en M. Niemela, niet mogelijk.

L. Niemela and M. Niemela, Ann.Acad. Sci. Fenn. 341A (1970) VI

VI

Het artikel van S.I. Shevchenko draagt nauwelijks bij tot het begrip

noch de experimentele realisatie van Bose Einstein gecondenseerd spin

gepolariseerd inonoatomair waterstof, omdat het, inzoverre juist, tri-

viaal is en in zoverre niet triviaal onjuist.

S.I. Shevchenko, Sov. J. Low Temp. Phys. 7 (1981) 263

VII

Er dient ernstig rekening gehouden te worden met de mogelijkheid dat

de tot op heden nog onbekende structuur van phase III in vast methaan

niet met een klassiek mechanisch model voor de orientationele vr i j -

heidsgraden verklaard kan worden.

Hoofdstuk 3, dit proefschrift

VIII

Het is zeer wenselijk om in vast CH^-II in het millikelvinbereik NMR

en soortelijke warmte metingen te verrichten omdat in dit gebied een

collectief rotationeel quantumeffect te verwachten is.

Hoofdstuk 6, dit proefschrift
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