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INTRODUCTION

The aim of performing nuclear structure calculations can be twofold.

Firstly it may provide a systematic correlation and interpretation of a

large variety of existing experimental data. Some examples of presently

quite well investigated properties in many nuclei are the energy levels

of low-lying low-spin states, electromagnetic transition rates and moments

with low multipolarity, spectroscopie factors for single-particle transfer

reactions and allowed p-decay. Secondly, once such calculations are success-

ful in reproducing experimental data one can use these theoretical results

to investigate new processes for which a reliable description of nuclear

states is required. Some examples in this field are high-spin states, pion-

and muon-scattering experiments, electromagnetic transitions with high

multipolarity, many-particle transfer reactions and the study of parity

violation.

In several mass regions the nuclear shell model gives a good description

of many nuclear properties. A requirement for the calculations to be techni-

cally feasible is that the number of active shell-model orbits and/or the

number of active nucleons in these orbits is rather small. During the last

thirty years the increase of computing power made it possible to describe

nuclei which are rather far removed from closed-shell nuclei. For example,

it became possible to study all light nuclei (A « 45) by taking into account

a complete harmonic-oscillator major shell, e.g. the Op-shell or the lsOd-

shell. For heavier nuclei such complete major-shell calculations are no

longer feasible. For these nuclei even (strong) restrictions have to be

imposed on the number of active orbits within a major shell. Nevertheless such

a truncated shell-model description may still give quite good results. Other

nuclear models like collective models and the Interacting Boson Model may

lead to a much simpler description for several of these nuclei.

The middle of the fp-shell, i.e. nuclei in the 56Ni region, renders a

nice example of a mass region, whure the shell model is very successful

although complete major-shell calculations are unfeasible. In the first

chapter shell-model calculations are performed on the light Ni-isotopes

(A = 57-59). In a simple model, where only one, two or three neutrons outside

a 56Ni core are active, reasonable spectra can be obtained with the schematic

Surface Delta Interaction. However, a considerable 'renormalization1 of the



operators describing electromagnetic properties turns out to be necessary

in order to obtain agreement with experiment. In the present work it is

allowed that one nucleon can be excited from the f7/2 orbit to one of the

other fp-shell orbits. The general observation in the enlarged model space

is that one can use operators that require a much weaker 'renormalization1.

An approximation method based on perturbation theory is presented that

speeds up the calculations considerably. It requires the calculation of a

selected set of matrix elements of the Hamiltonian only. It is shown that

the results calculated with the approximated Hamiltonian closely resemble

those obtained with the complete Hamiltonian.

An additional advantage of the inclusion of one particle-hole excitations

is that it allows a description of several intruder states, i.e. states

that cannot be produced with the assumption of a closed 56Ni core. Examples

of intruder states are the JV = 7/2 states in 57Ni.

In the second chapter the nuclei with mass number A = 52-55, i.e. a small

number of holes in the 56Ni core, are investigated. The spectra of the

low—lying states in these nuclei can be quite well reproduced in a model

where only the nucleons in the f-,/2 orbit are active. The Hamiltonian can

then be expressed into eight f7/o two-body matrix elements, which can be

determined empirically from the experimental data. The simplicity of this

one-orbit model leads to certain relations which should hold e.g. for

electromagnetic transition rates and moments. However, these rules are

violated experimentally, which is an illustration of the shortcomings of

a description that is too much simplified. It is shown that in the enlarged

model space, which includes the one particle-hole excitations from the f?;7

orbit to the remaining three fp-shell orbits, many observables are described

much better.

In the third chapter much lighter nuclei (A = 4-16) are discussed. The

relative simplicity of these light nuclei makes them more suitable for a

detailed microscopic investigation than nuclei in any other mass region. In

the shell model one can employ an unrestricted major shell (Op) configuration

space. Such calculations have been performed many years ago. However, in

this model space one can produce normal-parity states only. Nothing can be

said about processes like El, M2, E3 and M4 radiation where two states of

different parity are involved. Experimental information about these tran-

sitions is scarce. Moreover, the experimental accuracy is rather low (errors



of 50% or more occur) and sometimes the measurements are contradicting.

For a theoretical description of nonnormal-parity states one has to

admit the excitation of at least one nucleon to a higher harmonic-oscillator

major-shell. In such a model space it is well known that shell-model

states are generated which do not have the centre-of-mass in the ground

state. These unphysical states are referred to as spurious states and may

spoil the quality of shell-model wave functions. In the present calculations

spurious states are also present. However, we could successfully deal with

a translationally invariant interaction, i.e. the resulting eigenfunctions

are either completely nonspurious or completely spurious. The spurious

states are easily recognizable and thus no problem arises how to remove

them.

In this thesis normal- as well as nonnormal-parity states are treated

equivalently. For both types of states the lowest complete harmonic-oscilla-

tor model space is employed. For the two-body interaction a general parame-

trization is made, with the only restriction that translational invariance,

parity and isospin are conserved. Because of these requirements there are

relatively few parameters which enter into such a calculation. Moreover,

the effective two-body interaction is assumed to be mass-independent and

can thus be determined empirically from a fit to experimental energy levels

in different nuclei. It turns out that apart from a number of El transition

rates most experimental data on energy levels and electromagnetic properties

can be explained very well. Several extensions of the present approach are

suggested in the summary of Chapter 3.

The first two chapters of this thesis have been published in Zeitschrift

für Physik A293, 327 (1979) and A303, 267 (1981), respectively.



CHAPTER 1

The Influence of/7/2 Hole Configurations on Properties of 5 7 - 5 9 Ni

Shell-model calculations have been performed on 57 59Ni. All configurations with one
hole in the ƒ ,„ orbit have been included exactly. The results of a newly proposed
approximation method are in good agreement with those of the exact calculations, when
applied to the predominant zero-hole states. The experimental results are compared with
those of the realistic Kuo-Brown interaction and the schematic Surface Delta Interaction.
The role of the . / 5 , orbit differs significantly for these two interactions. The results show
that flt, hole contributions strongly improve the description of the Ni isotopes.

1. Introduction

In this paper we present the first results of a system-
atic shell-model investigation of nuclei in the mass
region around 56Ni. In these studies the configu-
ration space is taken as large as feasible with avail-
able computer facilities.
The present investigation of 5 7~ 5 qNi is concentrated
on (i) a critical evaluation of two well-known sets of
two-body matrix elements i.e. those obtained from
the realistic Kuo-Brown interaction (KB) and from
the schematic Surface Delta Interaction (SDI), (ii) a
detailed test of the proposed approximation method,
which allows one to take into account effects of a
configuration space too large to be treated exactly,
(iii) a study of the effects of the break-up of the 56Ni
core.
The Ni isotopes have previously [1, 2] been treated
in the shell model in a configuration space with a
doubly closed 5( 'M core, and the active neutrons
distributed over the 2/>,,,, l/5,2 and 2phl orbits.
Within this configuration space and with two-body
matrix elements derived from the Surface Delta In-
teraction [3] the spectra and single-particle spectro-
scopie factors can be well described. For a reasonable
reproduction of electromagnetic properties the in-
troduction of strongly modified transition operators
was required, however. An optimalisation of the two-
body interaction by means of a least-squares fit to

excitation energies did not further improve the elec-
tromagnetic properties [4]. The large renormali-
sations of the transition operators, needed when one
assumes a closed 5bNi core, indicate that this model
space is much too restricted. In the present paper the
effects due to an extension of the configuration space
are investigated. Such an extension is achieved by
also taking into account states with one hole in the
1 fln orbit. The dimensions of the matrices involved
increase considerably. Hence, it is desirable to de-
velop a method which reduces the computer time
needed for the construction and diagonalisation of
large matrices. An approximation method lei this
purpose is described in Sect. 2.2. For states with a
zero-hole part dominating the wave function this
method is tested by comparing its results with those
of the exact calculation (see Sect. 3.1).
The complete zero-hole plus one-hole calculations
have been performed both with SDI and Kuo-Brown
matrix elements in order to investigate the influence
of the two-body interaction on the results (see Sect.
3.2). ."he states with a predominant one-hole charac-
ter are discussed separately in Sect. 4. Some remark-
able discrepancies between the results obtained with
SDI and Kuo-Brown matrix elements can sometimes
be attributed to the different role of the l/5 /2 orbit in
the two interactions (see Sect. 5).



2. Calculations! Aspects

2.1. The Model Space

In the present calculations on 5 7 - 5 9 Ni the 40Ca core
is assumed to be inert. The 17-19 active nucleons are
distributed over the /p-shell with the restriction that
the number of nucleons in the 1/7/2 orbit should be
15 or 16. Thus besides the closed core, also the one-
hole excitations from the 56Ni core are included.
For Ni and Cu isotopes this model space leads to
matrices with maximum dimension of about 7,500
x 7,500. Hence, for a treatment of these nuclei it is
necessary to investigate a simplification of the con-
struction and diagonalisation of the Hamiltonian
matrices. Since for 57~ 59Ni a complete zero-hole plus
one-hole calculation can easily be performed (maxi-
mum dimension smaller than 400 x 400) these nuclei
will serve as a test for the validity of the approxima-
tion involved.

2.2. An Approximation of the Zero-Hole
Plus One-Hole Hamiltonian

It is found that electromagnetic properties can be
strongly affected by rather small one-hole com-
ponents in the wave functions (see e.g. Sect. 3.1).
Since thus each component could be important it was
decided to investigate an approximation method
which does not a priori disregard any one-hole com-
ponent of the wave functions. From the binding
energies of 55Ni, 56Ni and 57Ni one finds in the
extreme single-particle model a value of 6.3 MeV for
the single-particle energy gap Az3,7 = e(2p3/2)
— E(1/ 7 / 2 ) . Calculations with the SDI result in a value
of about 4 MeV for AE31, in order to reproduce the
excitation energy of the first J* = 7/2~ state. Most
low-lying eigenstates of the complete zero-hole plus
one-hole Hamiltonian will therefore be of a pre-
dominant zero-hole character. This explains the suc-
cess of the closed-core calculations in predicting exci-
tation energies [1, 2. 4].
In the approximation method which is tested in the
next section, it is assumed that the off-diagonal Ha-
miltonian matrix elements between two one-hole basis
states will hardly influence the eigenstates with a
predominant zero-hole character. Hence we assume
that these off-diagonal matrix elements all vanish,
whereas all other matrix elements are kept un-
changed.
The matrices obtained this way are diagonalised with
a Lanczos routine [5]. Since the approximated Hamil-
tonian matrices have a much simpler structure one
saves in both the construction and diagonalisation

time a factor of 5 to 10 compared to the complete
zero-hole plus one-hole calculations on '7~5 ' 'Ni .
The relation between the approximation method pre-
sently followed and the diagonalisation of the com-
plete zero-hole plus one-hole Hamiltonian can be
formulated as follows: the first method takes into
account the influence of the one-hole basis states on
the zero-hole eigenstates, while the second method
takes into account the effect of the one-hole eigen-
states on the zero-hole eigenstates.
The presently proposed approximation method is
only useful when a small fraction of the matrix do-
minates the eigenstates we want to approximate. Pre-
dominant one-hole cigenstates are therefore not ap-
proximated by this method.

3. States of a Predominant Zero-Hole Character

3.!. Test of the Approximation Method

For 3 7" ' '9Ni most low-lying states can be reproduced
in a zero-hole model space [2]. The approximation
method described in Sect. 2.2 is only applicable to
those states. We assume that they will maintain their
zero-hole character, i.e. that the one-hole admixtures
are sufficiently small. The comparison between the
exact and approximated wave functions has been
performed with SDI two-body-matrix elements. The
parameter values are obtained from a least-squares fit
to 19 excitation energies in '7~ :> ' 'Ni indicated in Figs.
2-4 with a dot. The 7 = 0 strength ,40 of the in-
teraction could not be well determined from the data
and was taken equal to the 7 = 1 strength .4, which
was determined to be 0.57 MeV. The single-particle
energy differences found are c(l A,-,) — ':(2p, ,)
= 0.29MeV and e(2pV2)-e(2p3rJ = Ó.97MeV. The
value of J K , 7=fi(2p3;2) —c(l/72) was not well de-
termined by the excitation energies and was taken at
5.0 MeV in order to obtain a reasonable reproduction
of the dipole moment of the •"'7Ni ground state.
In order to test the validity of the method desribed in
Sect. 2.2 we first calculated overlaps <i//|i//> between
wave functions i// and \\i' obtained with the excact and
the approximated one-hole Hamiltonian. respec-
tively. The calculations with the approximated Hamil-
tonian were performed not only with an energy gap
Ae3 7 = 5MeV but also with values of 4 and 3 MeV.
It is seen from Table 1 that the overlaps between
corresponding yrast wave functions in =7Ni are larger
than 0.99 in all cases. When the same value of J e 3 7

is taken in both the exact and the approximated
calculation it appears that the one-hole contribution
to the wave function is reduced considerably in the
latter case (see Table 2). Let us illustrate this for the



Table 1. Overlaps between yrast states in 57Ni, calculated with the
exact and the approximated one-hole Hamiltonian.
Except for Jc , 7, the parameters are those from the second column
of Table 3

Exact

5
5
5

(MeV)

Approx.

5
4
3

<*««•! *.p

J--1/2-

0.997
0.997
0.991

pr„.)

J--3/2"

0,995
0,998
0.998

J" = 5/2-

0.998
0.998
0.994

Table 2. Percentage one-hc!e admixtures in yrast states of 5 'Ni
calculated for some values of Ar.s 7. The other parameters are
taken from the second column of Table 3

Jr,.T (MeV)

Exact H

Approx. H

5
(5
4
3

<!ƒ«'»

J"=l/2-

18
15
20
27

<100

J'=

20
13
17
22

3/2- J"=5/2-

13
11
14
19

3/2- ground state of 57Ni. With 4fi3.7 = 5MeV the
exact wave function is given by \ji=Q.895iji0

-f-0.445i/f,, and the approximated wave function by
iji'=0.930\l/o +0361 \j/\. Here I/'0 = I//'O indicates the
single-particle state. The one-hole parts of both wave
functions are indicated by i/f, and ^i\. The overlap
<iAI '̂> =0.9952 shows that tj/t and \j/\ have main-
tained the same structure. In fact their overlaps are
given by <i/' I |^'1>= 0.997. The calculated dipole mo-
ment of this 3/2" ground state depends strongly on
the intensity of the one-hole admixture, however.
This intensity changes from 0.20 in the exact to 0.13

2

x

57Ni

1.11 -1 _

-5

1J0

0.8-

— one-hole admixture (%)
0.6'—

10 15 20 25
Fig. 1. Relation between the magnetic dipole moment of the 51Ni
ground state and the percentage one-hole admixture. The results
are obtained with the same calculations as mentioned in Table 2

in the approximated calculation and as a result the
magnetic dipole moment changes from —0,81 to
-1 .05 n.m. (see Fig. 1).
Thus the often used value of the overlap between
exact and approximated wave functions may not be a
good criterium, as follows from the case discussed
above. Calculations on 58Ni and 59Ni yield similar
results. Hence a comparison of spectra, spectroscopie
factors and electromagnetic properties obtained with
both methods is essential to test the approximation.
For a further comparison between the two methods
the interaction strengths and the single-particle en-
ergies used in the approximated calculation were no
longer taken equal to those used in the exact calcu-
lation. In both cases the parameters were determined
by a fit to the excitation energies of the 19 levels in
57~D9Ni mentioned before. Only Ar.37 was deter-
mined poorly in both fits. The value of this gap was

O 3 2^-» 3-

KB(1) EXR SDI(l) SDIflAI SDI(0)

Fig. 2. Spectra for !7Ni. The indices 0. 1.4
and I denote zero-hole, approximated onc-
hol<? and exact one-hole calculations,
respectively. The parameters used for the
different calculations are given in Table 3.
For each level 2 x J is given. Experimental
excitation energies are given in MeV [13]



KB(1) EXR SDI(l) SDI(1A> SDKO)
Fig. 3. Spectra for 58Ni. For each level J is given. See also caption
of Fig. 2. Experimental data [10, 14]

Table 3. Empirical single-particle energies and strengths of the SDI
(all entries in MeV)

SD1 KB

0-
hole"

1-hole
exact

1-hole
approx.

1-hole 1-hole
5hNi *"Ca
core core

.:(l/;,)-.:(2P3,l
E(l/',,,)-C(2p, ,(
i:(2p. ,) —c(2/),,)

_

O.X2
1.10
0.53

- 5 . 0 0
0.29
0.97
0.57

- 4 . 0 0
0.41
1.13
0.57

- 5 . 6 5
0.71
0.97
-

- 1 . 8 3
4.X3
1.82
-

Taken from (he fit to Ni and Cu isotopes of [2]

taken to be 5 MeV in the exact calculation and
4 MeV in the approximated calculation, see Table 3.
This change of one MeV in the energy gap makes the
one-hole admixture in the wave functions about the
same in both cases (see also Table 2).
From Figs. 2-4 it can be seen that the spectra of
57"59Ni resulting from the exact and approximated
one-hole Hamiltonians denoted by SD1(1) and
SDI(1 A) are similar.
The comparison of spectroscopie factors derived from
the exact and approximated Hamiltonian follows
from Fig. 5. It is seen that both calculations produce
equivalent S-values. The largest deviation found (mark-
ed (a) in Fig. 5) concerns the S-factor for stripping
to the 1/2" state in 5°Ni (see also below).
The comparison of electromagnetic transition
strengths expressed in Weisskopf units is presented in
Fig. 6. Except for the points (b) and (c) one finds that

x
LU

1

59

\1,95

KB(l) EXP

Ni

- 3 - "

SDI(l) SDKIA)
_, 3 Fig. 4. Spectra for '"Ni. See also caption of
oDKO) Fig. 2. Experimental data [ 15]
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/
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o ,•*
/ •
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exact

Q2 0.6 0.8 1.0 1.2

Fig. 5. Relation between spectroscopie factors obtained from calcu-
lations with the complete and approximated zero-hole plus one-
hole Hamiltonian. The parameters used are those from the second
column of Table 3. For each spin the lowest states with a pre-
dominant zero-hole character are included. Spectroscopie factors
taken into account are those from single-nucleon stripping on 56Ni
and 57Ni, pick-up on 5l|Ni, and both stripping and pick-up on
'8Ni. For point marked a) see text

Fig.6. Relation between Ml and £2 transition amplitudes in
57~ 5<>Nt obtained from calculations with the complete and appro-
ximated zero-hole plus one-hole Hamiltonian. The amplitudes for
the transitions are given as the square root of the Weisskopf unit.
The parameters used are those from the second column of Table 3.
Only transitions between low-lying states with predominant zero-
hole character are considered. For points marked b) and c) see text

both Ml and £2 transition rates are only weakly
affected by the present approximation. The points in
Fig. 6 marked (b) and (c) concern the l/2j~ ->3/2j~
and 1/27-»3/2T Ml transition in 59Ni, respectively.
The wave functions of these 1/2 ~ states in 59Ni are
found to be very sensitive to changes in both the
model space and the interaction (see also Sect. 3.2).
Apart from this exception we may conclude that the
results obtained with the approximated Hamiltonian
do not deviate much from those of the complete one-
hole Hamiltonian.

3.2. Comparison of Results Obtained
with SDI and Kuo-Brown

In order to investigate the influence of the two-body
interaction on the calculated observables, we com-
pare the SD1 results with those derived from Kuo-
Brown matrix elements (KB). The latter interaction is
derived for a 40Ca core (see [6], Appendix 3) and is
modified according to a suggestion of Pasquini and
Zuker [7] as W}rf=Wfrfr-0.3(- l)T MeV. Here
Wfrfr denotes the original diagonal two-body matrix
elements; ƒ stands for the fia orbit, and r for one of
the other three /p-shell orbits; T denotes the isospin
of the two particles.
The fitted single-particle energies used are given in
Table 3. For convenience their values are give:, both
with respect to the 56Ni core as well as to the 40Ca
core. One sees from Table 3 that the 1 ƒ shell is shifted
upwards about 4 MeV with respect to the lp shell
when for KB matrix elements *°Ca instead of 56Ni is
taken as a core. For SDI the values of the single-
particle energy differences between two orbits are in-
dependent of the core chosen.

3.2.1. Excitation Energies. For both interactions the
results of the complete one-hole space are compared
with experiment and with the closed-core SD1 calcu-
lations [2].
It is seen from Figs. 2-4 that the KB spectra are
inferior to the SDI results. The main discrepancy is
that KB yields a much too compressed spectrum for
58Ni and the opposite for 59Ni. An increase of
0.5 MeV applied to all calculated excitation energies
of 58Ni gives a rather good spectrum. For a further
discussion of this feature, see Sect. 5.

3.2.2 Spectroscopie Factors. The only experimentally
known spectroscopie factors derive from single-par-
ticle transfer reactions on s8Ni. The results for the
different calculations are shown in Table 4. It is seen
that for the pick-up reaction on 58Ni both the zero-
and one-hole SDI calculations are in good agreement
with experiment. For the KB interaction one Finds a



Table 4. Spectroscopie factors (>0.1) for single-nucleon pick-up
and stripping reactions on 58Ni

TableS. Magnetic moments (n.m.) and Ml transition strengths
(mW.u.) in 57"5 ' 'Ni. Bare-nucleon Ml operators are used

SDI KB Exp." Exp." SDI KB Exp.a

O-hole 1-hole 1-hole

S 8 Ni(0 + ) - "Ni(3 /27) 1.23 0.79 1.32 0.84 1.25
5/27 °-62 0.89 0.28 0.63 0.44
I/27 ° ' 6 0.17 0.22 0.21 0.15
7/27 - 3.60 3.00 2.40 2.13

5 8Ni(0+)-5 9Ni(3/27) 0.63 0.65 0,50 0.65
5/27 0.87 0.75 0.68 0.73
I/27 0.62 0.16 0.58 0.61
1/2; 0.30 0.65 0.19 0.27

* [13] and [15] for [tl, t) and {(l,p), respectively

" [8]

too small S-factor for the 5/2" state in 57Ni. The low
S-value obtained very recently from a (p,d) experi-
ment with 121 MeV protons may not. be reliable [8].
This indicates that the KB ground-state wave func-
tion of 58Ni does not contain enough l/5

2
/2 (see Sect.

5). '
Also for stripping on 58Ni the closed core and one-
hole results agree well with the data, except that the
one-hole SDI calculation interchanges the S-factors
for the lowest two 1/2" states in 59Ni (see also Sect.
3 1)
-».»/.
From the S-factors no preference can be given toeither SDI or KB, however.

3.2.3. Electromagnetic Properties. In Sect. 3.1 we have
chnurn that email 1 /* hr\l/> aAmivturtxe in tVta wi-iri*

57Ni,,:3/27
5/27
1/27

M1: 5/27

1/27
5 S Ni / r2 +

4*
M1:21 -

'1 ~*

u-
3+ - .

U -
Ü -

-3 /27
-3 /27

2+

27

2+

07
I

1J-0J
4r-
3 J -

5*Ni»,:3/27
5/27
1/2"

M l : 5/27

1/27
3/2_;
3/2;
5/2;
5/2;

1/2;
1/2Ï
7/27

•37

^3/27
-3 /27
-3 /27
-5 /27
-3 /27
-5 /27
-3 /27

-1 /27
-5 /27

0-hole

-1.91
+ 1.37
+ 0.64

0
1,300

-0.52
-0.41
180

0
400

0
5

510
65

190
420

60

360

-1.55
+ 1.26
+ 0.68

3
8;r.
ISO

16
80
60

260
-1

13

1-holc

-0.81
+ 1.27
+ 0.61
15

230

+ 0.21
+0.55
50
0,7

360
80
0

200
4

15
160
50

0

-1.07
+ 1.20
+0.58
10
60
70
4

10
30

410
0
3

1-hole

-0.72
+ 0.62
+ 0.31

0.1
220

-0.26
+ 0.04
110

0.03
40

1
1

140
11
90
50

100

290

-0.76
+0.51
+0.36

5
180
80
16
30
30
60

1
5

+0.88 ± 0.06

14
180

-0.12

10
0.7

< too
140
<0.2
90
10

120
100

300

+ 3

±50

!+ 0.24

+ 3
± 0.1

±20

±50
+ 2

±30
±60
±80

+ U.35+ 0.15

7
<10

70
< 4
40

<50
30
0.6

+ 1

+ 10

+ 10

±10
± 0.3

ll2

functions may strongly affected the electromagnetic
properties. Comparing the closed-core and one-hole
results one finds in general that in the latter approach
the Ml strengths are strongly quenched and the £2
strengths enhanced when in both model spaces the
same Ml and £2 operators are used.
Let us now discuss in more detail the results for the
57~59Ni isotopes obtained with SDI and KB two-
body matrix elements.
The Ml transition strengths and magnetic dipole
moments calculated with the bare-nucleon M1 oper-
ator a. e listed in Table 5. The measured transition
strengths are rather small and in general much smal-
ler than 0.3 W.u. The order of magnitude is correctly
reproduced by the one-hole calculations, whereas the
closed-core results often strongly overestimate the
observed strengths.
For the relatively large M1 strengths, i.e. those larger
than 0.1 W.u. the SDI and KB results do not differ
more than a factor of two from experiment. There is
no preference for either SDI or KB. An exception is
the rather strong Ml transition 0+ —If in 58Ni,
which is 1-forbidden in the zero-hole SDI calculation.

" Experimental results are obtained from [13-15]

but reproduced rather well in the one-hole SDI cal-
culation. For the weak transitions the differences
between SDI and KB are much more pronounced,
but in 57Ni and 58Ni there is no preference for one of
the two interactions. The Ml transitions which are
forbidden in the zero-hole calculations are better
reproduced by the SDI. however.
In 39Ni the KB results are superior especially for the
transitions involving the l/2~ states and for the mag-
netic dipole moment of the 5/2" state. The SDI value
for this moment is much too large, whereas the KB
value is in agreement with experiment. A similar
difference between SDI and KB is found for the
magnetic dipole moment of the first 5/2" state in
57Ni (see Table 5). In 57Ni the contributions of the

j 'S ( ,*-t/7 / 2 reduced single-particle matrix element lo
the magnetic moment of the J" = 5/2~ state are
-0.87 and -0.29 n.m. for KB and SDI, respectively.
The 0.58 n.m. difference between them largely ex-
plains the 0.65 n.m. difference between KB and SD1
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Table 6. Electric quadrupole moments {efm1) and £2 transition
strengths (W.u.) in 5 7 - s " N i

Table 7. Excitation energies (in MeV) of high spin states in

57Ni E2:

58Ni Q:

£2:

" N i £ 2 :

5/27
5/2;

?
2 + —
2 + -

2J -

o j -

5/27

5/2J

1/2J
7/27
7/27
9/27
7/2;

SDl

O-hole
Ae
= 1.7 e

- 3 / 2 7 1.1
- 3 / 2 7 -

- 2 0
- 3 3

.0+ 9.4

.0* 0.5
• 2 , + 3
.27 0.02
.2,+ 11
.2* 0.05

- 3 / 2 7 0.2
- 3 / 2 7 8
- 3 / 2 7 14
- 5 / 2 7 1.7
- 3 / 2 7 2.4
- 5 / 2 7 6
- 5 / 2 7 8
- 3 / 2 7 2

1-hole
Ae
= 1.0 e

1.3
1

- 1 9
- 3 1

10.1
0.3
3
0.5

15
0.1

0.1
9

12
1.4
0.4
8
5
5

- KB
1-hole
A e
= 1.0 e

1.8
9

- 1 3
- 3 2

8.4
1.9
4
0.3
9
0.7

0.04
5

11
1.3
2.2
5
8
3

Exp.'

2.5
18

-12

10.6

±0.6
+4

±4

+0.3
0.03+0.01

15
(3.5
18
1.7

<0.2
1

10
1.1
2.7

27
11
7

+ 5
+0.5)10-"
+3
+0.9

±i
+4
+0.4
+0.6

+5
+2
±1

5 7 Ni:

5 8 Ni:

5 g Ni:

a For 57

indicate 1

3/22-

7/2,
7/2;
9/27

11/27
13/27
15/27

4J
57
6r
9/27
9/2;

11/27
U / 2 ;
13/27
15/27

Ni [17.18],

SDI
1-hole

4.85
4.01

3.45
4.02
3.89
5.07
5.36
5.78

3.89
4.22
5.01
6.57

1.70
2.22
2.30
3.93
4.79
5,44

for 5BNi [10]

KB
1-hole

4.01
3.45

2.88
3.70
3.80
4.16
5.22
5.69

3.16
4.11
5.39
6.45

1.77
2.97
3.15
3.36
4.64
5.95

and for 59Ni
uncertain spin-parity assignments

Exp.a

3.01
(2.44)

2.58
3.23

(3.86)

(5.32)

3.62
(4.38)
(5.12)
(5.66)

(1.74)
1.77

(2.35)
2.70

(2.54)

[11]. Brackets

' Experimental results are obtained from [13-15]

for this moment. The/5/2<-+./"7/, contribution derives
from the/7^2'(/5/2)2<—/5;2 transition. The intensities of
the /f;,1 (/5/2)J components in the KB and SDI wave
functions for this 5/2" state are 3.3 and 1.1 %, re-
spectively. Thus the variations in these small com-
ponents are responsible for the large difference be-
tween the KB and SDI dipole moment. Unfor-
tunately the experimental value of the magnetic mo-
ment of the 5/2" state in 57Ni is not known. In 59Ni
one finds a 0.43 n.m. difference in the contribution
from the/5/2*-»/"7/2 transition. This again is the major
part of the 0.69 n.m. deviation between the KB and
SDI values. The components in the wave function
responsible for this difference cannot so easily be
traced as for 57Ni. however. The results for £2 tran-
sitions and quadrupole moments are shown in Table
6. The closed core results are obtained with an effec-
tive charge Ae = \.le. For the one-hole calculations
the considerably smaller effective charge z! e =1.0 e is
used. The results of both interactions are quite simi-
lar and there is no preference for either the SDl or
KB wave functions.

4. States of a Predominant One-Hole Character

The inclusion of one / 7 / 2 hole in the 56Ni core may
yield additional low-lying states of low spin as well as
high-spin states containing no closed 56Ni-core com-

ponents. The excitation energies of some high-spin
states not shown in Figs. 2-4 are presented in Table 7
and compared with the available experimental
data.
For ' 7Ni only the lowest three states can be de-
scribed with a closed 56Ni core. It is seen from
Table 7 that both interactions yield too large exci-
tation energies, especially for the second 3/2~ and
5/2" states. These states, however, are most probably
two-hole states, since they are excited in the
54Fe(oc, ny) reaction and" not in single-neutron pick-
up reactions on 58Ni [12]. A decrease of the gap
AE3 7 to obtain the right excitation energies of the J*
= 7/2~ states spoils the electromagnetic properties of
the iowest three single-particle states, especially for
SDI. The decay properties of these hole states are
discussed in Sect. 5.
Most of the low-lying states in 58Ni which can be
produced in a closed-core calculation preserve their
zero-hole character in the one-hole model space. An
exception is the second 3 + state which has a one-hole
character in both calculations. The third 0 + state
which is calculated too high with both SDI and KB
is most probably a two-hole state [9]. The 4J state is
a one-hoje state only for KB. With SDI this state has
a zero-hole character, but the one-hole 4J level has
only a 0,07 MeV larger excitation energy. The experi-
mental £2 strength seems to favour the one-hole
description (see Table 6).
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States with J>5 in 58Ni can be formed only when
/7 / 2 holes are included in the model space. Recently
Baïlini et al. have proposed [10] a tentative level
scheme of 58Ni in which J' up to 7+ is included. The
excitation energies of the J" = 5+ and 6+ states are
well reproduced by both interactions. The proposed
excitation energy of the J" — l+ state at 5.66 MeV is
not confirmed by the present results (see Table 7).
With SDI strong Ml ( = 0.5W.u.) as well as £2
transitions (~20W.u.) occur within the band
8 r - > 7 i " -* 6 i ' - > 5 i " - > 4 3- M o s t o t n e r transition
strengths between hole states are much weaker. With
KB strong £2 strengths ( = 20W.u.) are found for the
transitions If-*6f -*5f -*4%, whereas some rather
strong Ml transitions ( = 0.2W.u.) occur between
non-yrast states.
In 59Ni states with J" up to 11/2" can be made in the
closed-core configuration space. The first J" = ll/2~
state, however, is a zero-hole state in the SDI calcu-
lation only, whereas KB predicts a one-hole charac-
ter. The present calculations do not support the
assumptions of Pichevar et al. [11], who find for
instance two J"=9/2~ states at about 1.75 MeV and
a 13/2" state at 2.54 MeV (see Table 7).
With SDI strong Ml and E2 strengths occur for the
15/27 —* 13/27 -»11/21 transitions. The second J*
= 11/2" state is the lowest one-hole state. All other
transition strengths between hole states are rather
small with SDI. For KB some strong transitions are
found between non-yrast states as in 58Ni.

5. The Role of the fS/2 Orbit

There are systematic differences between the wave
functions obtained from SDI and KB, which are
related to a different role of the l/5/2 orbit. Let us
discuss the particle states first.
The KB interaction yields a 58Ni spectrum in which
the gap between the ground state and the excited
states is about 0.5 MeV too small, see Fig. 3. Mo-
reover, the ground-state wave function contains not
enough (/5

2
/2)j=o.r=i a s follows from the calculated

spectroscopie faujrs (Sect. 3.2.2). From Table 8 we
see that for SDI the contributions of /5

2
/2 and p\l2 are

about the same in the lowest two J"=0+ states. With
KB the ground state is dominated by p\l2 while the
second 0+ state is dominated by /5

2
/2. This difference

between the two interactions is mainly due to the
(f£i2\v\plii>j=o r=i matrix element, which has a
value of -0.8 'and -1.4 MeV for KB and SDI,
respectively. A modification of the KB interaction by
taking the value of this matrix element at -1.4 MeV
clears up both the 58Ni spectrum as well as the
spectroscopie factors for pick-up reactions due to a

Table8. Percentages ( l . / 5 / 2 ) ; , , , , r . i and (2p,.2)j.„_,._, in the one-
hole J " = 0 * wave functions of 5"Ni

U/s.;)2

(2pm)2

°r
SD1

39
37

KB

12
63

°i

SDI

2«
41

KB

61
14

stronger mixing of the /5
2, and p\l2 components in

the 0+ wave functions. Similar calculations on iron
isotopes [16] yield the same feature. With the KB
wave functions the 56Fe(0+)->55Fe(5/2") spectro-
scopie factor is much too small as compared with
experiment.
Considering now states with a hole character one
finds experimentally [12] for the second 5/2" state in
57Ni a 100% branch to the ground state, with a
mixing ratio <5=x. Calculations with KB yield a
99% ground-state branch with <5 = 4. The SDI wave
function yields ö = 0.4 and a 83 "'„ ground-state branch
which is in disagreement with experiment. Differ-
ences between the KB and SDI wave functions derive
from the f5/2 occupation which is 0.02 and 0.8 par-
ticles, respectively. The vanishing Ml ground-state
transition and the absence of a branch to the first
5/2" state can be explained with the KB interaction
as follows. Since the second 5/2" state is almost pure
[ƒ772 P2L= 5/2,r= 1/2, where p stands for p3/2 or p,,2,
and the ground state has mainly a p3l2 single-particle
character, the Ml ground-state transition will be
largely /-forbidden. A transition from the second to
the first 5/2" state should be weak since the latter has
mainly a /5/2 single-particle character and thus can-
not be connected with a f-,~2 p2 state by a single-
particle operator.
In 58Ni the second 3+ state has mainly a one-hole
character for both KB and SDI, with an fsl2 occu-
pation of 0.4 and 1.2 particles, respectively. The elec-
tromagnetic decay properties of this state are de-
scribed much better with KB (see Table 5), which
indicates that the one-hole character of the SDI wave
function is not correct.
Concluding one finds that for low-lying states the KB
interaction populates the f5l2 orbit much less than
SDI does. Comparison with experimental data shows
that this particular feature of the KB interaction is to
be preferred for states with a hole character only. The
SDI better reproduces the properties of states with a
predominant closed-core character.

6. Summary and Conclusion

The approximation method described in Sect. 2.2
considerably reduces the computer time and memory
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needed for a treatment of 57~51JNi isotopes in a /7 / a '
model space. From a comparison between the exact
and approximated wave functions it follows that cal-
culated energies, spectroscopie factors and electro-
magnetic properties are very similar in both cases. One
should realize, however, that the approximation
method when applied also to other Ni isotopes only
successfully treats the states with a predominant clos-
ed-core character.
In the complete zero-hole plus one-hole configu-
ration space the results for the Kuo-Brown interac-
tion (KB) are compared with those of the Surface
Delta Interaction (SDI). The calculated properties of
some states in 57~5<)Ni depend sensitively on the
interaction. This is often related to the occupation of
the fs.2 orbit, which differs between KB and SDI.
For KB states with a one-hole character the f5l2

orbit is almost empty, such in contrast to SDL An
experimental determination of the magnetic dipole
moment of the lowest J" = 5j2~ state in *7Ni would
be very helpful for a test of further improvements of
the effective interaction.
A considerable improvement of previous closed-core
results is reached, since (i) a bare-nucleon M1 opera-
tor and much lower effective charges for the £2
operator can be used and (ii) effects of ffj admix-
tures, necessary for calculations on / 7 / , single-particle
transfer and high-spin states, are taken into account
explicitly.
The experimental spectre are better reproduced by
the SDI and so are the properties of states with a
closed-core character. The KB interaction is favoured
for the description of the one-hole states.

with financial support from the "Nederlandse Organisatie voor
Zuiver-Wetenschappelijk Onderzoek" (Z.W.O.|.
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CHAPTER 2

Effects of Configuration Mixing on Predominantly /"/2 States
in 4=52-55 Nuclei

Extensive shell-model calculations are performed on ./7/2 nuclei with A =52-55. The
model space includes the excitation of one fll2 nucleon to the p3 / 2 , /5 / 2 or p1 ; 2 orbit.
Spectra, electromagnetic properties (Ml, £2, £4) and /?-decay are studied. It is found
that almost all observables calculated in the enlarged space are in much better agree-
ment with experiment than those of the simple /7"2 space.

\. Introduction

Several shell-model calculations have been applied
to fll2 nuclei. From these the single-shell calcu-
lations on especially the Ca isotopes and the N = 28
isotones were very successful in reproducing many
experimental data [1,2]. Recently Kutschera and
Brown published a rather complete calculation on
a " fi/2 nuclei in the simple f"2 model [3]. This
restricted model space, however, has some serious
shortcomings. There are low-lying states observed
which do not have the f"l2 character and thus can-
not even be produced in the simple model space.
For the states which are reproduced in th?. ƒ",,
model we can investigate whether the following rules,
which are valid for a pure j " space, hold.
- There are no Ml transitions between states in
nuclei with only identical active particles.
- The g-factors for all states in the self-conjugate
nuclei are given by l/^gp + g,,). while in the N = 28
isotones they are all equal to gp. Here gp and g„
denote the /'72 proton and neutron g-factor, respec-
tively.
- £2 transitions between states with the same se-
niority vanish when the active orbit is half filled.
Therefore in 52Cr, where the /'7,2-proton orbit is half
filled and the /7/2-neutron orbit is inactive, all qua-
drupole moments should vanish.
It is found that the rules given above are not satis-
fied well experimentally. The problem can only part-
ly be solved by the introduction of effective g-
factors for the Ml operator and effective charges for
the £2 operator. The vanishing transitions and mo-

ments, however, will remain zero whatever effective
g-factor or charge is used.
Considerable improvements can be expected only
when the calculations are performed in an extended
configuration space. Especially / 7 , excitations to the
other three /p-shell orbits should be taken into ac-
count. Lips and McEllistrem [4] have performed
calculations on N = 28 nuclei assuming an inert
48Ca core. They include single-proton excitations to
either the p3n orbit or to the fsn orbit. Their wave
functions, however, do not have good isospin.
Calculations {with good isospin) have been perform-
ed by Johnstone and Benson [5-7] on many nuclei
with masses between 48 and 58. In their calculations
excitations of at most two particles from the / 7 ; 2 to
the p , 2, fSl2 or pll2 orbit were included. However,
mixing between states with a different number of
particles in the /'7,2 orbit was not taken into ac-
count. This was done since they assumed that re-
normalizations in the interaction could partly com-
pensate for the absence of the mixing mentioned
above. With their matrix elements, which are partly
empirical, partly those of Kuo and Brown [8] and
partly the ASDI matrix elements of Glaudemans
and Koops [9], they were very successful in repro-
ducing the energies of many "intruder" states. The
electromagnetic properties of the f"n states re-
mained of course the same as in the simple /7 '2
model.

Very recently Povcs and Zuker [26] published re-
sults of calculations on /'7 , nuclei using the quasi-
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configuration method. They applied second order
degenerate perturbation theory in order to describe
the predominantly f"l2 states. They claim that for
such states their method should give spectra similar
to those obtained from a diagonalization of the
complete ./'p-shell Hamiltonian. They used a realistic
Kuo-Brown interaction with some monopole
changes.
For the /V = 28 isotones Yokoyama, Oda and Horie
[10] took into account besides the f"j2 configuration
also the one-nucleon excitations to (he pil2 orbit.
They included the mixing ignored previously. The
twenty two-body matrix elements have been deter-
mined empirically. The inactivity of the f52 and p{j2

orbit in their work results in the missing of some
intruder states in e.g. 53Fe. Moreover, for Ml tran-
sitions and /J-decay the omitted contributions from
excitations to the / 5 / 2 orbit play a very important
role in the transitions between predominantly ƒ",,
states, as is seen in the present work. Styczen et al.
[11] performed calculations on N=28 isotones with
at most one f1<2 nucleon excited to the other three
/p-shell orbi's. The mixing between states with a
different number of flj2 particles was included in
their calculations. The matrix elements they used
were those of Johnstone and Benson (JB). The off-
diagonal two-body matrix elements connecting the
ƒ",, states with the §"r2 ' •(pV2J'sl2,pin) states, which
did not enter in the JB calculation, were taken from
Kuo and Brown [8]. In order to obtain good spec-
tra ibr JV=28 isotones the four (f1/2)\= t matrix
elements had to be changed a little with respect to
their JB values. This was necessary since the low-
lying states in the calculations of Styczen et al. had
no longer the pure /'";2 character as resulted from
the JB calculations. The "intruder" states, however,
remained very pure f"l2~

l •(p3lljiiz,pt,z) states and
were therefore almost identical to those of John-
stone and Benson. Since Styczen et al. only studied
the N = 28 isotones they found no reason to modify
the (/7

2
/2)r= n matrix elements.

We investigated in detail all fla nuclei with mass
greater than 51 in the same model space as applied
by Styczen et al. and focussing our attention mainly
to the predominantly / 7 / 2 states, we found that it
was necessary to renormalize the (f^l2)r=n matrix
elements, especially the one with J = l.

Table ia.

J

0
1

3
4
5
6
7

Values (in MnV,

T

1
0
1
0
1
0
1
I)

Theory

(ƒ")

-2 .60"
-1 .75
-1 .17
-0 .75
-0 .10
-0 .38
+ 0.35
-2.40'1

of/72 2 Iwo-hody matrix

(model space)

(ƒ"+,/""'•!•)

- 2.6O1'
-0.99
-1.11
-0.61
-0.20
-0 .15"
+0.23
-2.51

elements

Experiment11

5 4Fe(7 — l|
" C o IT = 01

-2 .60
-1 .66
-1.19
-0 .78
-0 .06
-0.51
+ 0.35
- 2.40

2. The Model Space and Interaction Used

Because of the serious shortcomings of the f"., mod-
el space mentioned in Sect. 1, extended calculations tm.i6iw U1 me /7 /2

have been performed in the .t"2+j"aX •>' model the following reason. The admixtures of f " . 2 '
space, which will be called from now on the en- components in the predominantly f",2 states lower

•• An amount of 2.60 MeV is subtracted from the experimental
spectrum [20] for comparison with oilier columns
h The values of these matrix elements were kept fixed, see text

larged model space, in contrast to the simple ƒ-",
model space. Here r denotes either p3ll, pl2 or / 5 , ,
and n denotes the number of active particles outside
the *°Od core.
In order to compare the results obtained in both
model spaces, we determined for each model space
empirical f";2 two-body matrix elements by a fit to 36
excitation energies. The results for the f"2 calcu-
lation are given in the first column of Table la. In
the fitting procedure we optimalized only the exci-
tation energies of levels with isospin T=TX. For the
ƒ",, calculation this means that from the (j'-f^hr ma-
trix elements the 7 = 1 and 7 = 0 groups can be
shifted with Ar=1 and 4 7 = 0, respectively, without
affecting the results. The (/7

2o),,=l, / = , matrix element
is taken at —2.60 MeV i.e. the same as in the en-
larged model space, see below. The (./f,,)./= 7. , = o m a "
trix element is taken such that the experimentally
observed 0.20 MeV energy difference between the
7 + ; 7 = 0 and 0 + ; 7 = 1 states in 54Co is reproduced.
From a comparison with the third column of
Table la one sees that the other empirical ./7

2,2 ma-
trix elements for the f"l2 model space are almost
identical to the matrix elements deduced directly
from the 5*Co and 5*Fe spectra. For the construc-
tion of a Hamiltonian in the enlarged model space
one needs 60 two-body matrix elements and four
single-particle energies. The states one can construct
within the enlarged model space can be di\ ided into
two categories. The first category contains the pre-
dominantly ƒ,", states. We will focus our attention
mainly to the description of these states in order to
illustrate the strongly improved description with re-
gard to the f"l2 model. The second category contains
the generally very pure ƒ"~2' • r states.
It was not our intention to reproduce the excitation
energies of the / '7/2 ' • r states as well as possible for
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the energies of the latter by about two MeV. For an
equivalent treatment of the f"[il-r states the
tia1'1"1 components should be taken into account.
Since this is unfeasible it was not tried to fit the
relative positions of the fyi2~

l -r states with respect to
those of the predominantly/7", states.
When one describes states with a dominant f"l2

character it is clear that the energies are mainly
determined by the eight ƒ,% two-body matrix ele-
ments. The remaining 52 two-body matrix elements
and three single-particle ene gy differences are of
minor importance. Hence it is not meaningful to
optimalize these matrix elements and single-particle
energies by a fit to energy levels. The fact that these
parameters are not well determined by the energy
levels certainly does not mean that the ƒ"" ' -r part
in the wave-functions is unimportant, as will be il-
lustrated in the following sections. The single-par-
ticle energies used for the calculations in the en-
larged model space are given in Table 1 b. These
single-particle energies are choosen such that, em-
ploying the two-body interaction discussed below,
they lead to qu:te good agreement with the assumed
experimental positions of the single-particle states in
41Ca, 4 9Ca and 57Ni.

The experimental £y7,,— e r , , energy gaps for 48Ca
and 5f>Ni are obtained from the following relations
between binding energies

2xB£( 5 6 Ni) -B£( 5 5 Ni) -B£( 5 7 Ni)=-6 .3MeV

2xB£( 4 8 Ca)-B£( 4 7 Ca)- f l£ ( 4 9 Ca)=-4 .8MeV

With exception of the eight /'7
2, matrix elements all

two-body matrix elements were taken identical to
those used by Styczen et al. [11]. Using these two-
body matrix elements and the empirical set of sin-
gle-particle energies given in Table 1 b we determined
the optimal set of /7

2
;2 two-body matrix elements by

a fit to 36 excitation energies.

Table lb. The single-parlicle energy differences (in McV) with
respect to three different cores

Theory

4"Ca
core

-1.90
+ 1.90
+ 5.00

4(iCa
core

- 4 . 4 !
+ 1.60
+ 4.03

5"Ni
core

-5.41
+ 1.11
+ 0.76

Experiment

4"Ca
core

-2,1
+ 2.0
+ 4.5

4"Ca
core

-4 .8
+ 2.0
+ 4.0

5"Ni
core

- 6 . 3
+ 1.1
+ 0.8

For the calculations in the enlarged model space we
were no longer free to shift the 7 = 0 and T=\
groups of /7

2
/2 matrix elements, as could be done in

the simple model space, since there is a strong cor-
relation with the single-particle energies. The
(/'7-:1)J=5 / = 0 matrix element was fixed since it was
not well determined. The (,/7

2
2)j=o.r= i matrix ele-

ment is taken such that the energy gaps between the
./'7/2 and pil2 orbit around both 4SCa and 5hNi are
reproduced reasonably well, see Table I b. It should
be remarked that a shift of all /f, two-body matrix
elements with only —0.06 MeV reproduces exactly
the experimental energy gaps of 4.8 MeV for 4HCa
and 6.3MeVfor5"Ni.
An identical approach has been followed by using
for the 52 two-body matrix elements those of Kuo
and Brown [8] including a modification suggested
by Pasquini and Zuker [12]. The results are similar
to those obtained with the set of Styczen et al. Since
the spectra obtained with the latter set are slightly
better we have concentrated the discussion on this
set only. A list of all 60 two-body matrix elements
used in the enlarged model space is given in
Table 1 c.
Comparing the set of /7

2
2 two-body matrix elements

obtained in both model spaces, as given in Table 1 a,
one sees that the sets of T= 1 matrix elements do
not differ significantly. Apparently in the enlarged

Table 1c, The two-body matrix elements of the effective interaction (in MeV)

2/.

7
5
5
3
3
3
1
1
1
1

7
7
7
7
7
7
7
7
7
7

2/c

7
7
5
J
5
3
7
5
3
1

7
7
7
7
7
7
7
7
7
7

7=1

7 = 0 ' 7=1 7 = 2

-2.60 -1.11
0.00

-0.09 0.10
-0.50
-0.01
-0.66

7 = 3

0.22

0.12
0.17

-0.01
-0.08

0.23

7 = 4

-0.20
0.41
0.23

-0.3!
0.11
0.15
0.29

-0.09
0.50

-0.07

7 = 5

0.36

o.or
0.35

7 = 6

0.23
0.72

-0.69

7=0

7=1 7=2

-0.99
-1.89
-5.26 -2.87

0.48
-1.07

7 = 3

-0.61
-1.01
-1.99
-0.48
-0.16
-1.18
-0.64
-0.93
-1.15
-2.14

7 = 4

-1.48

-0.11
-0.62

-0.92
-0.06
-1.18

7=5 7 = 6 7 = 7

-0.15 -2.51
-0.90
-0.58 -3.27
-0.82
-1.01
-2.67
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model space the ƒ"" ' • / • admixture in the wave func-
tions dominated by the (/7

2
2) ï = , matrix elements

depresses all energy levels with about the same
amount. Therefore only a small renormalization of
the (./'7

2
2)7 = i matrix elements is necessary in order

to maintain or even to improve the agreement with
experimental spectra. For the (/7

2
2)7 = O matrix ele-

ments the situation is rather different. The (./7
2

2); = O

0 L

26» 2B~zh27

exp f1 4
+ f1?r

Fig. 1. Spectra for 54Fe and 54Co. The experimental excitation
energies for the T=0 states are those of 54Co. and for the T= l
states of 54Fe. The subscript./14 denotes the calculations in ihc
ƒ,'* model space. The subscript . / ' 4 + / 1 3 r denotes the calcu-
lations in the enlarged model space where one particle may be
excited to the p 3 , . p, , or fsz orbit. All states given have normal
parity. Experimental data from [20]

r. atrix elements obtained in 'he /'7/2 model space are
in very good agreement with the positions of the
7 = 0 states in •"l4Co, see Fig. I. However, after ex-
panding the model space one has to increase the
difference between the (./7

2
2)j=s7.i = n u n t ' t ' l s

( / 7
2 I ) J=I / = () matrix elements with 0.9 MeV in order

to obtain agreement with experiment. When the
7 = 0 matrix elements obtained in the small model
space are applied in the enlarged model space, the
1 + ; 7 = 0 state in ^ C o is depressed below the 7 T :
7 = 0 state.
The 36 excitation energies that were used to fit the
/7

2 , matrix elements are indicated in the Figs. 1, 2
and 3 with a dot. Not all low-lying states, however,
should be identified as predominantly /'7"2 states.
For instance the first 3/2" and 1/2" states in 53Fe
are almost pure ( . / 7 2 ) r states as follows from the
present results in the extended model space. Though
these states are the first and the second excited
states in S3Fe we did not include them in our fitting
procedure. Results from particle transfer reactions
also suggest that these states do not belong to the
./V-? family [13].
In the N=2S isotones it is generally rather straight-
forward to find the experimental level correspond-
ing to the predominantly f"2 state. A small problem
arises for the two 2+ states in ^Cr near 3 MeV. Both
spectroscopie factors [14] and electromagnetic decay
properties support the assumption that the lower
one (at 2.96MeV) is dominated by the ƒ,'? con-
figuration. The 3.16 MeV 2+ state thus has to be an
intruder state since no more 2+ states can be pro-
duced in the small / '7 ; model space.

E, 2J

f1" exp r+ffr f- exp
Fig. 2. Spectra of 53Fe and "Mn. See also caption of Fig. I. Experimental data from [23]

f1 3
+ f1?r
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"Fe I M3-~-
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- '33 , <

IM - - "

ISS

am . 9 L34
Ml
131 •

UI i
-UI l3

exp exp ë x p f1Vf11.r
Fig.3. Spectra of 52Fe. "Mn and 52Cr. See also caption of Fig. I. Experimental data from [21]

3. Spectra

The calculated spectra for the different nuclei are
shown in Figs. 1, 2 and 3. The experimental states
which are assumed to have a predominantly f"l2

character are drawn with long lines. The few lowest
intruder states in each nucleus are also shown. No-
tice that the latter are not used in the fitting pro-
cedure.
A fit to the 36 excited states in 4 = 52-54 resulted in
a mean deviation of 0.12MeV for the ƒ" , calcu-
lation. The calculations in the enlarged model space
gave a mean deviation of only 0.07 MeV.
Besides the overall improvements from the spectra
that are obtained," some aspects are worth" to be
mentioned. The inversion of the 10+ and 12+ in
52Fe is reproduced correctly in the enlarged model
space. The 10+ state, although not known experi-
mentally, has to lie above the 12+ in order to make
the latter state an isomer. In 53Fe the undesired
inversion of the 13/2" and 15/2' states obtained in
the ƒ}' , calculation has disappeared in the calcu-
lations involving the enlarged model space.

4. Electromagnetic Properties

4.1. Magnetic Dipole Momtnts and Ml Transitions

in the. / ,1 , model the g-factors of all states in the
IV = 28 isotones are equal to the./7 , proton g-factor
which is given by 1.65. Experiment shows that these

I 1.6

1.4

1.2

55Co " ' F e " "Mn "*Cr

Fig. 4. The ^factors for N = 2S jsotoiiej^ The hare micleon AM
operator is used. The values in the small /- , model space are
indicated with squares. Results in the enlarged model space are
indicated with circles. For odd .4 nuclei 1J is gi\en. The experi-
mental data (stars) are from [20, 22. 23]

values are about 1.40 (Fig.4). An effective f-, z pro-
ton g-factor of 1.40 will thus give quite satisfactory
results in the simple model. Equally good results can
be obtained in-the enlarged model space with the
bare nucleon g-factors, see Fig. 4.
The quenching with regard to the pure f", results
can thus be explained by admixtures of one-particle
excitations to the /5 ;2 , p3.2

 a n d /'1 2 orbits. Clearly
admixtures of 15-25%. i.e. the admixture in (he
present calculations, are sufficient to bring the calcu-
lated results in good agreement with experiment.
Moreover, in the extended model space the calculal-
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ed g-factors in the iV = 28 isotones are no longer
necessarily equal to each other. In the self-conjugate
nuclei 54Co and 5 2Fe the calculated g-factors hardly
change when the configuration space is expanded.
This is to be expected since for 71=0 nuclei only the
isoscalar part contributes to the final g-factor. It
follows from systematics in light nuclei [15] that the
isoscalar terms can be evaluated rather well within
a./" model space which yields for ƒ,",, the value g=0.55.
All g-factors calculated in the enlarged model space
are indeed found to have values near 0.55. There is
no experimental information available to check
these results.
For the remaining g-factors (of the N= 27 nuclei)
experimental values are determined only for the first
6+ and 2+ states in 52Mn. The g-factor of the 6+

state is calculated in both model spaces to be 0.50
n.m. in good agreement with the experimental value
of 0.510 n.m. For the 2+ state the experimental
g-factor almost vanishes (+ 0.0038 n.m.). In the simple
model space the calculated value is —0.29 n.m. In
the enlarged model space this g-factor is reduced to
—0.05 n.m., in much better agreement with the ex-
perimental value.
For the W=28 isotones Ml transitions are forbid-
den in the f"l2 model [16]. The fact that they are
observed in experiment indicates that this configu-
ration space is too restricted. For the N = 28 iso-
tones studied there are only five such transitions, in
5 j Mn and S2Cr, for which an experimental strength
is known. Their values are weak compared to tran-

sitions in nuclei with N = 21. In the enlarged model
space this feature is reproduced.
Some very strong Ml transitions arc calculated in
the odd-odd nuclei 54Co and S2Mn, see Table 2. In
" M n the l + - » 2 + transition is calculated to be 2.9
W.u., almost as strong as the recommended upper
limit of 3 W.u. as used by Endt [17]. Since this value
is already quenched with regard to the value of
4.2 W.u. calculated in the f".2 model space, an exper-
imental determination of this strength would be
helpful for a further test of the enlarged model
space. Unfortunately no values are known experi-
mentally.

4.2. Quatlrupole Moments and E2 Transitions

For the nuclei considered only two quadrupole mo-
ments are known experimentally. Using effective
charges ep=\.5e and i',,=0.5e, the quadrupole mo-
ment of the 52Mn ground state (J = 6) is reproduced
in the enlarged model space, see Fig. 5. From this
figure one also sees the general trend that, when the
same effective charges are used, the moments are
enhanced when the configuration space is en-
larged.
In 52Cr all quadrupole moments vanish in the ƒ",,
model due to the fact that the /'7 2-proton orbit is
half filled [16]. The experimentally known quadru-
pole moment of the first 2+ state is significantly
different from zero. Since a nonvanishing value can

Table 2. Strengths of M1 transitions (in W.u.) between predominantly ƒ-", states

5-Mn

5-Cr

5 3Fe

5 i Mn

r-2*
3*-2+
3*—4*
7*-6*
8"-7*
9^-8*

4--41"
2' -*2*
5"-4*
5'-4>
5^-6*

9/2"-.
II-2--
13,2"-
15/2--

5/2" -
9/2"-
3/2"-

7/2"
9/2"

11/2-
13/2-

7/2"
7/2-
5,2"

(kcV)

5 4 6 -
8 2 5 -
8 2 5 -
8 7 0 -

2 ,285-

•i

378
378
732

0
870

2,907-2.285

2.76X-2.37O
2.965-
3,616-
3.616-
3.616-

1.328—
2.340-
3.176-.
3,463-

3 7 8 -
1.620-,
1.290-

1.434
2.370
2.768
3.114

0
• 1.32»
-2.340
•3,176

0
0

• 378

Theory (model:

(ƒ")

4.2
2.9
2.9
0.68
0.40
1.04

0
0
0
0
0

0.71
1.18
0.97
1.34

0
0
0

(./" +

2.9
2.0

0.36
0.32
0.45

0.2X
0.21
0.01

<0.01
0.47

0.45
0.74
0.60
0.69

0.36
0.01
0.85

;pace)

- . / " - ' T)

x 1 0 - :

x l O " 2

x l ( ) - -
x l ( ) - 2

xlO"-

x l 0 J

x 1 0 -
x K)-2

Experiment'

(0.20±().06)xl()--"
(0.04±0.01)x 10--

0.5 ±0.2
0.34 ±0.08

(0.26 + 0.011 x 10 '
(0.11 ±0.03) x 10 ;

(2.3 + 0.3) x 10-*

[17]
Assuming a pure Ml transition with a branch of (1.5+0.3)",, suggested by [18]
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60

4 0 -

20

-20

2,^4 ,4 ,6
"Fe "Mn 52Cr

Fig. 5. Quadrupole moments in the A = 52 isotones. Effective
charges of 1.5 f and 0.5 e are used for protons and neutrons,
respectively. The results in the simple ƒ" , model space are in-
dicated with squares. Results in the enlarged model space are
indicated with circles. The experimental data (stars! are from [22]

Fig. 6. Decay scheme of the levels involved in the decay of 52raFe.
The calculated results are those obtained in the enlarged model
space. Bare nucleon g-factors are used. Effective charges of 1.5 c
and 0.5 c are used for protons and neutrons, respectively. Experi-
mental data are presented between brackets. The mean lifetimes
are given in ps. except for the isomeric states, where the units are
given. For the calculation of the lifetimes of the states decaying
by P++EC the log/values are taken from [24]. The calculated
partial lifetime for the E4 decay of the I2+ state in 52Fe is not
included in the given mean lifetime (see text)

never be explained in the ƒ,'! model this indicates
once more that the f"/2 model space is too re-
stricted.
Calculations in the enlarged model space gave a
slightly too small value for the quadrupole moment
of the first 2+ state, but yields the right sign. The
calculated quadrupole moments of the first and sec-
ond 4+ states in 52Cr are — 26 and + 20e-fm2,
respectively, in the enlarged model. These large qua-
drupole moments are not caused by effects of exci-
tations out of the fll2 orbit, but by the seniority
mixing of the two / 7 ' | states. These two states, with
seniority 2 and 4, are unmixed in the /'7';| model and
have a vanishing quadrupole moment. Via the other
states these two f^\ states can mix with each other
in the enlarged model space. Nonvanishing quadru-
pole moments are obtained since the £2 operator
has nonvanishing matrix elements between the two
(fvih=*,T=2 states with different seniority. An ex-
perimental determination of these quadrupole mo-
ments would give important additional information
about the seniority mixing and the relative phase of
the two (fi,l)j=t components in the wave functions
of the lowest two 4+ states in 52Cr.
In the simple f"/2 model the £2 decay in 52Cr from
the 6+ state at 3.11MeV to the second 4+ state,
both with seniority 2, is forbidden. An experimental
£2 branch of 1.1 % is observed [18]. A more serious
shortcoming of the simple model is the decay from
the second 4+ to the first 2+ state, which is also
forbidden since both states do have seniority 2. An
experimental branch between these two states of
98.5% is observed [18]. The good agreement which
is obtained in the enlarged model space can be seen
from Fig. 6. The seniority mixing in the wave func-
tions of the two 4+ states mentioned above is re-
sponsible for this agreement.
Besides the large improvements obtained for the 4+

states in 52Cr one sees from Table 3 that £2 tran-
sitions are in general enhanced when the configu-
ration space is extended. With effective charges of
1.5 f and 0.5 f used for protons and neutrons, re-
spectively, the experimental £2 strengths are rather
well reproduced in the enlarged model space but
they are calculated too small in the simple ƒ,",,
model space.

5. Properties of Ground States and Isomeric States

5./. Beta Decay

In the A = 52 nuclei some interesting /^-transitions
are observed, see also Fig. 6 and Table 4. The 52Fe
ground state decays by EC+P+ to the 1 +
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Table 3. Strengths of £2 transitions (in W.u.) between predominantly ƒ",, stales

"Fe

"Mn

"Cr

"Fe

"Mn

"Fe

2 + -0 +

4 + - 2 +

6+— 4+

8+—6^

4 + - 6 +

4T—2*
7+—6T

8+— 61"
9+-7*

ir-9-
2 + - 0 +

4+— 2T

4T—2+

2*—0+

•> + _ * " > +

6T —4+

6*-4+

8 + -6*

H/2" - 7,2"
H / 2 - - 9,2"
13/2-- 9/2"
15/2--U/2-

5/2"- 7/2"
3/2-- 7/2"
3/2-- 5/2"

H / 2 - - 7/2"
9 /2- - 7/2"

15/2--U/2-

2*—0+

4* - 2 *
6*-4*

(keV)

8 5 0 - 0
2,386- 850
4,329-2,386

?-4,329

7 3 2 - 0
7 3 2 - 378
8 7 0 - 0

2,285— 0
2,907- 870
3,836-2,907

1,434- 0
2,3.86-1,434
2,768-1,434
2,965- 0
2,965-1,434
3,114-2,386
3,114-2,768
4,750-3,114

2,340- 0
2,340-1.328
3,176-1,328
3,463-2,340

3 7 8 - 0
1,290- 0
1,290- 378
1,441- 0
1.612- 0
2,694—1.441

1,408- 0
2,538-1,408
2.945-2,538

Theory (model space)

(ƒ")

5.5
7.2
4.8
4.3

2.4
5.2
4.7
1.9
4.1
3.6

5.9
6.5
0
0
6.0
5.6
0
4.2

2.4
4.2
3.0
3.6

10.7
3.8
2.8
4.9
1.8
3.6

4.3
4.3
2.0

(ƒ" + ƒ " - ' r)

10.5 <
13.3
10.2
8.2

2.6
8.7
9.0
2.5
5.0
4.7

9.2
7.1
2.6
0.4xl0- 2

10.4
5.3
2.6
6.3

2.9
10.0
3.9
4.7

17.2
6.8
2.0
7.6
3.3
4.6

7.5
6.3
3.1

Experiment"

;16

4.7+0.4

11.4+0.5
6.7 + 1.41"
4.4 ±1.0"

(0.3+0.1) x ÏO"2"
13 + 2
5.1 ±0.2
3.1+0.5
7 + 2

1.8+0.4
9+4

12+1
14±2
1.7 ±0.4

14 + 2
7.9 ±1.1
5.6 ±0.9

8.3 ±0.2

3.1 ±0.1

* [17, 18] b [18. 21]

Table 4. Log ƒ I values from EC+/S' decay

Initial
nucleus

54Co

" F e

52Fe

"Mn

J?

1-

7/2"

o-
12*

6*

— final
nucleus

- 5 i F e

- . " M n

- 5 2 M n

- 5 2 C r

J}

6"

7/2"
5/2-
9/2-

1*
ir
6*
5-
T
-1
7~

Theory

(./")

4.14

4.61
4.42
7.62

3.92
3.95

5.34
6.08
4.52
5.72

(model space)

( ƒ " + ƒ " - ' -I')

5.19

4.99
4.86
6.32

4.42
4.78

5.34
5.77
4.94
6.08

Experi-
ment"

5.16

5.20
5.08
5.68

4.69
4.83

5.58
6.16
5.32
7.09

- [20-22]

(0.55 MeV) state in 52Mn. The isomeric 12+

(6.82 MeV) state decays for more than 95 % to the
11+ (3.84 MeV) state in 52Mn by EC + p+ [19]. The
lowest two states in " M n , with J " = 6 + and 2 + ,

both decay to some states in 52Cr. In 54Co the 7^
state decays with a branch of 100% to the 6+ state
in 54Fe at 2.95 MeV. Furthermore there is the super-
allowed pure Fermi transition between the 5+Co and
the 54Fe ground states. The latter transition, howev-
er, does not provide us with a test on the wave
functions.
Together with the beta transitions from the 5 3Fe
ground state to " M n we have studied ten allowed
transitions between predominantly ƒ" , states. The
log/r values are calculated using the expression

6,163

For the strongest six transitions between them (with
log/><5.5) the beta decay is predicted to be too fast
by a factor of 4 to 8 in the simple model. In the
enlarged model space these 6 transitions are consid-
erably quenched and never more than a factor of 2.5
too fast, see Fig. 6 and Table 4. This retardat'on is
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Table 5. Strengths of £4 transitions to J"=0* ground states or from isomeric states

"Fe
"Fe
S-Cr
5-Cr

"Fe
"Mn
s2Fe

J?-JJ

4' -.0*
47 -»o+

47 ->0+

4? - .0*

19'2-->ll/2-
2*-> 6+

1 2 ' - . 8 +

l/B(£4)/i-xfnTl

(model space)

(ƒ")

72.5 cp

42.5[e +e )
0

81.6 , p

52.2 cp + 3.6 e.
53.5 fp+8.4 e.

27.7 [,-,,+,-„)

(ƒ"+ƒ"" ' T )

76,1 <.-p + 26.2 f.
47,7 (fp + O
59.9 t',,+ 16.5 i'.
65.8 i'p + 29.6 i-n

41.1 c',,+ 11.2 <.•„
38.5 i'p+16.0 t.„

20.6,,p + ,„,

B(£4)/i'2 x fm"

exp.

l,100b

5,400 ̂

650 + 30°
33O±20J

<2.7C

(model space)

(ƒ")

-
0.90

0.52
0.43

0.47 < ^ < 0.53

( ƒ " + ƒ " - ' T )

0.65
1.08

0.70
0.63

0.46<'J<().54
L'

* Effective proton charge needed in order to obtain the correct transition strength. The neutron charge c„ is taken
" [25]
' [22]
* [21]
L' [19], see also text

to be e —i'

seen to be almost completely due to excitations from
the f1/2 to the fif2 orbit. The amount of/5,2 admix-
ture in the wave functions employed was always
between 6 and 8 %.
The description of the four weaker transitions is also
improved with regard to the ƒ",-, model. Because in
the latter cases interference effects are not always
destructive, the transition strengths are not so much
quenched when the configuration space is expanded.
For one transition, 53Fe(g.s.)-»53Mn(9/2-), the
strength is enhanced but in better agreement with
the experimental value.

5.2. Strengths of E4 Transitions

For all isomeric states considered, except for the 7"1"
stale in 54Co, the electromagnetic decay mode with
the lowest multipolarity is £4. Since there is a com-
petition between beta decay and the £4 decay one
should know the lifetimes and branching ratios in
order to determine the experimental B(£4) values.
For the 12+ state in 52Fe, however, no £4 transition
has been observed. Actually no 8+ state is known
experimentally. With the present calculations in the
enlarged model space the 8+ state is predicted to lie
0.80 MeV below the 12+ state. The experimental
mean lifetime of the 12+ is given by 66.3+1.0 s [19].
From these numbers and the upper limit of 0.4% for
a branch to any 8+ state [19] one finds that the
B(£4) value has to be less than 2.7t'2-fm8. Besides
B(£4) values for the transitions from the isomeric
states, some fl(£4) values are known from elecfon
scattering experiments on 52Cr [25].
The results obtained in the various calculations are
shown inTable5. Equal polarization charges for pro-
tons and neutrons are used. Excluding the electron

scattering data on 5"Cr, which may have large un-
certainties, one sees that this polarization charge is
roughly -0.5e in the./'",, space and -0.35 e in the
enlarged model space. The isoscalar polarization
charge one needs in order to obtain agreement for
the 52Fe 12+-»8+ transition is about -0.5 e. How-
ever, when the energy difference between the 12+

and the 8+ state is assumed to be 0.55 MeV or less
instead of the calculated 0.80 MeV no disagreement
with experiment is obtained in the enlarged model
space when one uses an isoscalar polarization
charge of —0.35 e as suggested by the other transitions.
It is however rather unlikely thai the energy of the
8+ is calculated so far off in the present model
space, since the mean deviation of the fitted energy
levels was only 0.07 MeV. It seems more plausible
that the transition strength is strongly quenched as a
result of the omitted many-particle excitations out of
the f-i 2 orbit.
In contrast to the B(£2) values one sees that the
B(E4) values are generally reduced when the con-
figuration space is enlarged.

6. Summary

Shell-model calculations performed in the small ƒ",
and the enlarged / ; , , + / " ; ' - r model spaces are
compared with experiment. In the latter model space
two interactions have been investigated. Since the
results are very similar only one set is discussed.
In both model spaces empirical ./7

2i two-body matrix
elements are determined by a fit to energy levels in
A =52-54 nuclei. The resulting values of the
UIII)T= I matrix elements derived in the small and
enlarged spaces are quite similar to those which can
be obtained directly from the 54Fe spectrum. The
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(fv)j=ir=o matrix element, however, which in the
f"r model is found to be almost identical to that
resulting from the 54Co spectrum, is changed con-
siderably in the enlarged model space. The mean
deviation from experimental excitation energies for
the fitted levels is reduced with almost a factor of
two to 0.07 MeV when the configuration space is
enlarged.
In the enlarged mode) space a very good agreement
is obtained for all known g-factors. There was no
need to introduce an effective Ml operator. The Ml
transitions in Af = 28 nuclei are forbidden in the/",,
model space. Their strengths are different from zero
in the extended model space and in reasonable
agreement with experiment.
For a reproduction of £2 transition strengths and
electric quadrupole moments in the enlarged model
space one finds the effective charges 1.5 e and 0.5 e
for protons and neutrons, respectively. Especially the
decay to and from the lowest 4+ states in 5?Cr, not
reproduced at all in the f"l2 model space, agrees
nicely with experiment.
Almost all Gamov-Teller beta transitions are much
too fast in the ƒ",, model space. In the enlarged
model space the 6-8 % ffol -)5/2 admixtures in the
wavefunctions are responsible for a retardation, such
that agreement with experiment is strongly im-
proved.
The three £4 transitions from isomeric states in
4 = 52-52 can be reproduced with effective proton
and neutron charges which are smaller than the
bare-nucleon values. These values ep=0.65e, en =
—0.35 e obtained in the enlarged model space are
closer to the bare-nucleon values than those needed
in t'ne pure f"/2 model. The isomeric character of the
12+ state in 52Fe can not be well explained from the
present results.

This work was performed as part of the research program of the
"Stichting voor Fundamenteel Onderzoek der Materie" (FOM)
with financial support from the "Nederlandse Organisatie voor
Zuiver-Wetenschappelijk Onderzoek" (ZWO).
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CHAPTER 3

A TRANSLATIONALLY INVARIANT SHELL-MODEL

TREATMENT OF (0+1)Hw STATES IN A = 4-16 NUCLEI

Abstract: Shell-model calculations on positive- and negative-parity states

have been performed for the p-shell nuclei. The model space includes

all Onu and lnw harmonic-oscillator basis states. The matrix elements

of the two-body interaction and the harmonic-oscillator size parameter

are determined empirically from a fit to experimental energy levels.

The interaction is required to satisfy translational invariance. The

single-particle energies are compatible with this requirement. In the

present calculations the spurious states are isolated completely from

the nonspurious states. Resulting calculated spectra and electromagnetic

properties (El, E2, E3, Ml, M2, M4) are compared with experimental data.

1. Introduction

The Op-shell nuclei are probably most suitable for a detailed microscopic

analysis. Therefore in the past many shell-model calculations have been

performed on these light nuclei with mass A = 4-16. From these investigations

the calculations of Cohen and Kurath [1] are most well-known. Their wave-

functions and two-body matrix elements are quite often used in nuclear struc-

ture studies. The matrix elements were obtained from fits to experimental

(binding) energies of a selected set of normal-parity states in A = 6(8)-16

nuclei.

For a more complete description of p-shell nuclei one would like to repro-

duce also states of nonnormal-parity. For all nuclei in A = 4-16 we call the

parity of a state nonnormal if it has the value (-1) .In 1]-Be even the

ground state is a nonnormal-parity state (j71'; T = l/2+; 3/2), whereas the most

simple shell model predicts a ground state with normal parity. Shell-model

calculations on nonnonnal-parity states have been performed e.g. by Jager and

Kirchbach [2] on A = 9-12, by Millener and Kurath [3] on a number of nuclei
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between 11Be and l bN, and by Teeters and Kurath [4] on X 1B. These investi-

gations have in common that they are all performed in a complete ITIU model

space. The single-particle energies employed in these calculations are partly

taken from the early Cohen and Kurath results and partly from experimental

information on e.g. 1 70 or ^He.

The two-body matrix elements needed in these previous calculations were

composed of some sets existing in the literature. For instance Teeters and

Kurath used the (8-16)2BME of Cohen and Kurath [1] for the p-shell, the

<p,sd|v|p,sd> two-body matrix elements of Millener and Kurath [3] and the

<s,p|v|s,p> and <s,sd|v|p2> two-body matrix elements of Kuo [5].

The shell-model wavefunctions generated with these sets of one- and two-

body interactions will in general contain spurious admixtures, since the

interactions are not trans lationally invariant. In the complete lfiiii harmonic-

oscillator model space these spurious admixtures in the wavefunctions can

be suppressed by adding a term Hg to the shell-model Hamiltonian. This term

shifts the energy of the spurious states upwards [6]. However, the origin

of the spurious-state problem, which is in this case the violation of trans-

lational invariance in the interaction, is not removed with the inclusion

of an artificial operator HD.
P

Another problem with spurious states arises since shell-model calculations

are always performed in a restricted model space. This problem can be solved

only in the harmonic-oscillator shell model at least if one employs a

complete Nfiiü model space [7] . In the Ohio model space the violation of trans-

lational invariance does not manifest itself in spurious admixtures. Hence

Cohen and Kurath did not have to consider this feature in their p-shell cal-

culations. They could straightforwardly determine all 15 p-shell two-body

matrix elements and two single-particle energies which entered into their

fitting procedures. However, these results do not describe a translationally

invariant interaction. The Cohen and Kurath interaction which approximates

translational invariance is their potential named (8-16)POT. The

violation of translational invariance in this case finds its origin in an

improper value of the ep_,„ - ep ,. single-particle energy difference, as

we will explain in Sect. 2.5.2.

When one wants to take into account also Into excitations, a fit of all

two-body matrix elements and single-particle energies is no longer possible.

All well-known levels in the A = 4-16 nuclei, of which about 150 are suitable

for a fitting procedure, can never well determine the 140 two-body matrix
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elements and 6 single-particle energies involved in the calculations.

In the I1iu model space a strong reduction of the number of parameters is

thus necessary in order to make an empirical approach, like the one of Cohen

and Kurath in the Ohw model space, possible. This reduction is obtained

if one requires that the two-body interaction should be translationally

invariant. It is important to note that this fundamental symmetry is broken

in most shell-model calculations. Frequently used central interactions like

the Surface Delta Interaction and the quadrupole-quadrupole interaction

violate the translational invariance.

A more serious violation arises when antisymmetric spin-orbit (ALS) matrix

elements (i.e. matrix elements between two-particle states with different

spin) are present in an interaction which conserves parity in the laboratory

system. For a nucleon-nucleon interaction the presence of ALS matrix elements

implies parity violation in intrinsic coordinates. The presence of ALS terms

in a two-body interaction which conserves parity in the laboratory system

can only be understood if both the intrinsic parity and the centre-of-mass

parity are not conserved. The violation of translational invariance caused

by ALS matrix elements is now apparent. In many empirical effective inter-

actions ALS terms are present, however [8]. Also during the renormalization

procedure of a realistic interaction, via the Bruckner G-matrix, ALS terms

can be introduced due to the second order core-polarization terms [8,9].

On the other hand the necessity of ALS terms in effective interactions

is not clear at all. If one does not assume a core, then only ladder diagrams

contribute to the (bare) G-matrix. In this case, however, no ALS terms will

be introduced during the evaluation of the G-matrix for a parity-conserving

realistic interaction. For an empirical effective interaction (the Preedom-

Wildenthal interaction) it has been shown by Metsch et al. [10] that the ALS

components can be dispensed with. Equally good spectra and electromagnetic

properties in the 20Ne region are obtained when the ALS components are

removed and the LS components are multiplied by a factor of about two.

A method to remove the components which violate translational invariance

from a two-body interaction is described by Lawson []]] and very recently

by Erculisse [12]. They optimalize matrix elements of a translationally

invariant interaction with a least-squares fit to a given set of (empirical)

two-body matrix elements. In the present work we do not follow this procedure,

however.

In Sect. 2 it is demonstrated in which way the violation of translational

27



invariance of the two-body interaction can be avoided completely. It will

be shown that both normal- and nonnormal-parity states in A = 4-16 nuclei

can be well described with one mass-independent translationally invariant

interaction. Since we force the centre-of-mass to move in a harmonic-oscil-

lator potential and moreover we work in a complete l*nw model space, the

spurious-state problem is almost trivially solved because the spurious

states do not mix with the nonspurious states.

The present calculations are performed in the isospin formalism. Coulomb

energies are estimated first and subtracted from the experimental binding

energies in order to obtain the nuclear binding energies, see Sect. 3. In

Sect. 4 the interaction resulting from the fit to experimental nuclear

binding energies is presented. In Sect. 5 the calculated spectra are given

and discussed. Electromagnetic properties (E1-M4) are studied in Sect. 6.

Conclusions are drawn in Sect. 7.

2. Consequences of translational ir.variance

In the present calculations we require that the fundamental symmetry of

translational invariance is not violated. It should be mentioned that rota-

tional invariance is preserved since no anisotropy is introduced into any

of the pr esent interactions.

The solutions of the shell-model Hamiltonian Hg^ given by [13]

HSM

with kinetic energy T and a two-body interaction V1 -are not translationally

invariant since the assumed single-particle potential U is fixed in space.

In the harmonic-oscillator shell model this unphysical aspect should not

influence the calculated intrinsic properties of a nucleus.

In the present work we do not follow the traditional shell-model pre-

scription leading to (2.1) but instead we use the method given in e.g. de

Shalit and Feshbach p. 194 [14]. This leads more naturally to a separation

of a shell-model Hamiltonian into a one-body and a two-body part.
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2.1. The Hamiltonian

The Hamiltonian of A nonrelativistic particles with mass m and momenta

p. interacting via a two-body interaction V^> is given by

p^
H = £ ~ + E V. . (2.2)

. , 2m . . ii
1=1 1<J

T + V .

This expression can be rewritten such that the Hamiltonian is split into a

part which depends on the centre-of-mass coordinates and into a part which

depends on the intrinsic coordinates

r

H =

A

~ Pil A
V..) (2.3)

2mA i<j 2mA

HCM + Hintr"

We are interested in the intrinsic properties of a nucleus and therefore

free to modify the centre-of-mass term in the Hamiltonian. Instead of the

physical operator

P2
w i t h PCM .\ i

2mA i=l

we now use, adding a harmonic-oscillator potential,

p2 A
H^ = + |Amw2R2 with R = - Z r.. (2.4)

^ AI
Z r.

^ 1 A A . I

2mA i=l

Here w is a free parameter that will be specified later. With this choice

for the extra potential energy in (2.4) the centre of mass is localized near

the origin of the laboratory system.

The modified Hamiltonian H we want to use is given by
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* W = HCM + «intr. <2"5>

The advantage of studying this operator instead of H. is that one can

evaluate the matrix element of H in the laboratory system. A transformation

to intrinsic coordinates which is necessary when one studies H. separately

has thus been avoided. With the harmonic-oscillator potential included in

the centre-of-mass term H_M, only one- and two-body matrix elements are

required for the evaluation of H . With other choices for the centre-of-mass

Hamiltonian much more complex effective three- and many-body matrix elements

enter into the calculations of H . The latter have no physical origin in

contrast to those resulting from possible realistic many-body forces.

Using (2.3) and (2.4) one can rewrite the operator H in terms of one-

body plus two-body operators as

H™ =
A

* T r% n \ . Tni,\£?r? +
LJ ' ,-;;X "ij 2A

(r.-r.)
ij

2

l + H2-

With the usual assumption that V depends on the intrinsic coordinates only,

one obtains the eigenfunctions of H as a product of eigenfunctions of H

and H. , see (2.5). The eigenvalues are found as a sum of the eigenvalues

of HjL. and H. . For a description of nuclear properties it is most

convenient to take only those eigenstates of H with H in its ground state.
LJJM

Excited states of H lead to spurious states.

2.2. The model space

In the present calculations we restrict the model space to include all

(O + iyfiw configurations. This means that we take as basis states only those

eigenstates of H., see (2.6), which are either in the ground state or in

the first excited state.

The model space which includes all excitations up to those with energy

Nfiw above the Fermi level is called a complete NRoi model space. The proper

choice of the model space is an important aspect of the spurious-state

problem,as will be discussed in Sect. 2.4.
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2.3. Single-particle states.

The A-dependence of H M defined in (2.4) is chosen such that the single-

particle components of H. are independent of A. This is very important since

it allows us to obtain the two-body matrix elements of V defined with res-

pect to only one mass-independent set of basis states. A straightforward

optimalization of these matrix elements to experimental energy levels in

a large mass region is then possible. It should be noted that an explicit

knowledge of V is not necessary.

It is a standard procedure to take an A-dependence in H given by

"hui = 41 x A ' MeV (2.7)

to obtain the proper mass-dependence for nuclear radii [13]. However,

this way one rreates a nontrivial A-dependence in the two-body matrix

elements for a general two-body potential V. The result would be that an

optimalization of matrix elements of V to energy levels in a certain mass

region is no longer possible without further assumptions about their A-

dependence.
-1/3

We now want to illustrate that the A -rule (2.7) is only a crude

approximation. We find that within the harmonic-oscillator shell model the

nuclear charge radii of p-shell nuclei can be approximated even better when

one assumes that to does not depend on A. This can be illustrated as follows.

The square of the charge r.m.s. radius is defined by

Z
< r 2 >

c h = 1
 E <(ri-R)

2>, (2.8)

where R is given in (2.4). Here the summation runs over the protons, which

are assumed to be point particles. This expression can be rewritten as

2 1 Z 2 Z ,< r 2 > c h " z .V r ?i>- 2 *<*£> + <R
2> , (2.9)

where R is the proton centre-of-mass coordinate. For normal-parity states

in p-shell nuclei one finds with <r?> = (2n. + SL. + 3/2)Ti/mu) the relation
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= J_ (j ± + <z--)\ -•) - 2- - -ü- + -
moi Zmw 2 Amw

3_
2A mui (2.10)

When one performs a least-squares fit to determine ftu from experimental

r.m.s. charge radii of p-shell nuclei [15-19] one finds tiu = 13 MeV. When
-1 /3

one assumes Tiu to be proportional to A one finds with (2.10)

"nu = 28 A MeV. The charge radii calculated with fun = 13 MeV and ticj =
-1 /3

28 A MeV are compared with the experimental values in Fig, 1. When one
-1 /3

assumes "nu to be proportional to A the increase of the radius with A

is too fast for A = 7-16. A constant value of "nw gives a slower growth of

the radii which is in considerably better agreement with experiment for

A > 7 nuclei. The charge radius of 6Li is badly reproduced with both assump-

tions . 2.8r

2 A

MeV
o :Exp

J
Nucleus1.6

Fig. 1. Nuclear charge r,m.s. radii for p-shell nuclei. The calculated results
are obtained for point particles in the OHut model space. Experimental errors
are typically of the order of 0.04 fm. [15-19].

Ste 6Li l i 9Be 10B 11B 12C 13C \ % 15N 1
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It follows from these results that within the p-shell there is no special
-1 /3

need to choose TIID proportional to A .In the present work the mass-

independent value of flu is optimalized, together with the matrix elements

of the two-body potential V, to energy levelsÏ only. Experimental nuclear

radii are not used for the determination of ntu.

2.4. Spurious states

The operators H_M and H. , defined in (2.3) and (2.4) for a complete

configuration space, commute. For their projections onto a restricted model

space this no longer has to be true. This leads to the spurious-state

problem. In the present calculations this problem does not arise as will be

explained below.

One can rewrite the operator H_. as follows:

HCM~

A

i=l

A
l

i<j
2mA 2A

(2.11)

As a f i r s t r e su l t one finds

rel

, HQ1] 0 . (2 .12)

In the present calculations matrix elements of V, see (2.3), do not

appear between eigenstates of H with different energy because of parity

conservation and the absence of 2nw and higher excitations in the model

space. Hence it is no restriction to assume that the 2Ti(i) and higher off-

diagonal matrix elements of H. vanish, see (2.3). As a result one finds

We are interested in those eigenstates of HU = H" + H. , see (2.5), for

which H. leads to ground states or first excited states. In order to find

these states we have to construct the matrix of H in the complete lnw

model space (which includes per definition also the complete Ohw model space).
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The eigenstates of H U are simultaneously eigenstates of H and

The states that correspond to excited states of H (i.e. the spurious

states) are found in the same energy range as the nonspurious states.

Actually we do know the position of each spurious state, since it is located

lfuo above the state which describes the same intrinsic state but with the

centre of mass in the ground state. An identification of spurious states

with this knowledge is thus possible.

It is convenient to shift the spurious states to positions high in the

spectrum. This can be done with the operator

An appropriate value for the number g will be specified below. The only

effect of (2.14) is that the energy of each spurious state is shifted an

amount of gfiu. The nonspurious states are not affected. It is sufficient

to take 3 = 5 in order to obtain a clear separation between both types

of states. In previous calculations where one did not use a translationally

invariant interaction, a very large value for 3 (% I05) was necessary to

separate the spurious states from the nonspurious ones [2,4]. In those

calculations the operator H. had to hide the deficiency of the employed

interaction. In the present calculations the operator H is an auxiliary
p

operator introduced only for the identification of spurious states.

Finally we should subtract (for the nonspurious states) an amount of

-=• tiid from the calculated energies in order to correct for the centre-of-mass

ground state energy.

The final form of the Hamiltonian to be constructed and diagonalized

within the complete lfiw model space reads:

..

H,

The calculated energies can be compared directly with absolute nuclear

binding energies. The calculated eigenstates are always a product of an

intrinsic and an unphysical centre-of-mass wavefunction. For the nonspurious
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states the latter is always in the Os state.

2.5. Translational invariance of the two-body interaction

2.5.1. General formula

Since the single-particle basis states are harmonic-oscillator eigen-

states, the coupled two-particle states can be expressed in terms of in-

trinsic and centre-of-mass states as follows [20]:

*n il (ri) * %l2
ir2^h = 4 ^ L I ^ ^ ^ V A I ^ W X *NL

(R)]A (2>16)

NL

with r - (rj-r2)//2 and R = (r]+r2)//2 .

The total angular momentum is denoted by A. The harmonic-oscillator eigen-

functions for relative and centre-of-mass coordinates are denoted by (J>

and (J>NT , respectively. The bracket < |> is the usual Brody-Moshinsky trans-

formation coefficient [20]. The projection quantum numbers are ignored.

The summation in (2.16) is restricted by the condition

2n + «, + 2n2 + I = 2n + I + 2N + L , (2.17)

which follows simply from energy considerations of harmonic-oscillator

wavefunctions.

The present calculations are performed in the jj-coupling scheme. In

order to find the two-body matrix elements of a translationally invariant

interaction one applies the following transformations on the two-particle

states [21] .

1. From jj- to LS-coupling:

Jl
(2.18)

The symbol [ ] denotes the LS-jj transformation coefficient and is related

to a 9j-symbol { } as:
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2
A S J

j , + l)(2J2+O(2A+l)(2S+l) (2.19)
A S J

The label T, denoting the isospin of the two-particle state, does not

participate in this and the following transformations.

2. From the single-particle coordinates to intrinsic and centre-of-mass

coordinates:

[n 2.,,n 2. ;A,S;J> = 2. <nü.NL|n Z n «,,> \nt, NL;A,S;J> . (2.20)
1 : l l l n«.NL l A A X

3. Recoupling in order to separate the intrinsic coordinates from the centre-

of-mass coordinates:

|n«,,NL; A,S;J>T =
I S j
LOL
A S J

|n£,S;j,NL;J> (2.21)

Combining these transformations one finds the following expression for

the normalized and antisymmetrized two-body matrix elements of a trans-

lationally invariant and isospin conserving two-body interaction V:

<naVa'nbV>b;JMVcjc'Vdjd;J>T =

AA'
SS'

la
^b
A

2

S

j a

j

c
^•d
A'

4 Jcl
2 Jd
S ' J

I <nuNLn I n, I, > .<n' £'NL n I nJ«.J>.,' a a b b A c c d d A'
nln'V

I n, I, > .a a bb A c c d d A'

x E

j

Jl
L
A

CO

0

CO

J
L
J

£
L
A

C
O

0
'S

' j 1

L
' J

(2.22)
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The last factor in (2.22) is included to obtain normalized and antisymme-

trized matrix elements, see e.g. Lawson p. 208 [11]. Since V is independent

of the centre-of-mass coordinates it justifies the suppression of the

centre-of-mass coordinates in the one but last factor of (2.22).

The matrix elements <n£,S; j |v|n' X,1 ,S; j>T are referred to as relative

matrix elements.

Since we do not allow parity violation in our calculations it follows

that |&-ft'| is even. As the two-particle states are completely antisymmetric

(both X.+S+T and Jl'+S'+T are odd) one has S = S'. From parity conservation

and the absence of 2ÏÜÜ and higher excitations in the model space it follows

for the two-body matrix elements (2.22) that the number of oscillator quanta

is conserved:

2n +1 +2n,+JL = 2n +SL +2n,+2.,. (2.23)
a a b b c c d d

Because of the t r a n s l a t i o n a l i nva r i an t e one obtains from (2.17) the

r e l a t i o n

N = 2n+£ = 2n'+X,'. (2.24)
q

The maximum value of N , i.e. N , that can contribute to a given two-

body matrix element (2.22) is equal to 2na+£a+2n|D+!!/|3- This follows from

(2.17) when the two-particle centre-of-mass is in its groundstate (N=0,

L=0). In the present calculations N = 3 is reached for two-body matrix

elements of the type <p,sd|v|p,sd> .

In several model spaces (for nuclei with mass up to A = 40) the number

of relative two-body matrix elements as well as the number of active jj-

coupled two-body matrix elements are given in Table 1. From this table

one sees that the number of relative matrix elements is much smaller than

the total number of jj-coupled two-body matrix elements. Note that besides

these relative matrix elements of the two-body interaction the quantity

tico is the only other parameter which enters into the evaluation of H ,

see (2.15).

It should be remarked that for a 2nw model space the relative matrix

elements are not restricted to those diagonal in the number of oscillator

quanta N . One must include also those differing two quanta, i.e.
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Table 1

Comparison between the number of relative matrix elements N
rme

and the

total number of jj-coupled two-body matrix elements N , which are

relevant in the various complete Onw and ltiu model spaces for nuclei

with A < 40

allowed

two-particle

configurat ions

mass range

Onu luw

model model

space space

number of matrix

elements

N
r

N
rme tbme

(s)

" +(p)

sd)+(p,sd)

+ " +(sd)2

A «

A «

A *

A s

A «

; 4
: 5

; 16

I 17

; 40

A s

A «

A «

A s

: 4

: 4

: 16

: 16

2

6

13

22

34

2

12

27

140

203

= 2n'+X,'+2. As a result one finds that for N m a x = 4 the number of
q

relative matrix elements is 50. With these 50 matrix elements shell-model

calculations up to A = 16 in a complete 2nu model space are possible.

The total number of jj-coupled two-body matrix elements in such a calcu-

lation is 671.

In our approach the two-body matrix elements and tiu are to be deter-

mined by a least-squares fit to energy levels. However, for a certain

class of experimental levels not all parameters are necessarily deter-

mined. We distinguish here between two cases. First it is possible that

some parameters are only weakly determined because of the lack of experi-

mental data. We will not discuss this feature further. The second possibili-

ty is that for some parameters only linear combinations of them can be

determined. This will occur for instance when one fits to excitation

energies only. When one uses only one harmonic-oscillator major shell

(p, sd, fp,...) information about some parameters will be lost because of

the assumption of a closed core. We will discuss this feature further in

the next section.
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2.S.2. Consequences for normal-parity states

The calculations of Cohen and Kurath are performed on Ofiw normal-parity

states in p-shell nuclei. The. positions of energy levels are optimalized

with respect to the '•He ground state. From Table 1 one observes that 14

parameters, i.e. 13 matrix elements and "noi, are involved. However, not

all these parameters can be determined. We will explain this feature

for a general Onu model space.

In (2.22) the two-body matrix elements have been rewritten by a decoup-

ling of the centre-of-mass coordinates. Alternatively we can split off

the spin coordinates. Thus one obtains a spin-tensor decomposition of the

two-body interaction as is described in detail by Klingenbeck et al. [8]

Following their notation we can write the two-body interaction as:

V - E t X
( k ) * S ( k ) ] ( 0 ) . (2.25)

v=l v v

(k)
Here k denotes the rank of the tensor operators. The four operators S

in the two-particle spin space are defined here with the Pauli spin

operators as

s(o) = , (J_o a )

b2

S3
(2"J f?1

S4 = [Vö
2
] *

(k)
The operator X acts in the configuration space. Operators leading to

ALS terms have vanishing matrix elements in the present calculations.

Hence the summation in (2.25) is limited to v ̂  4, whereas in [8] one has

v < 6. The quantities of the two-body interaction which determine its

calculated properties are the reduced matrix elements in configuration

space:

(V) , /Ifi,

red <ni)ti'n2Jt2' M v ' 'n3 3' 4 4' " U.^/J

When these matrix eleraents are written in terms of intrinsic and centre-
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-of-mass coordinates one obtains for the central components (k = 0):

M j = 2. <nJ!.NL|n,X,]n„J,„>.red t „MT ' l l z / A ^ .. -,-,>*
nn X.NL ( 2 > 2 8 )

(k)
Here we have assumed that the operators X act on intrinsic coordinates

only. When two-particle states within one harmonic-oscillator major shell

are involved, one has

Here N is the number of oscillator quanta in the two-particle state.
q

I t follows that n = n' in (2.28). Furthermore one has the property for

the transformation coefficients [20];

' , « , n J o > , = (-l)A~X>1<NLn£|n,£,n^„>A . (2.30)

Interchanging nü and NL in both transformation coefficients in (2.28) gives

no extra phase factor since within one major shell 2A-£ -2.., is even. It

follows that the sum of the coefficients of all reduced matrix elements

<nS,| |X^0) | \nH> in (2.28) with 2n+X.=Nq and with 2n+5.=N™
aX-Nq is equal for

any value of Nq. Since only one major shell is assumed to be active, the

value of N is the same for all matrix elements,
q

In the p-shell (Nmax=2) this means that an addition ö to all reduced

matrix elements <n£||x ||n£> with 2n+£=2, and a subtraction of the same

amount from those with 2n+£=0 has no influence on the reduced matrix

elements (2.27).

With this argument one sees that in the Onw model space for p-, sd-,

and fp-shell nuclei there are 2, 4 and 6 relations between reduced matrix

elements. For the spin-orbit (k = 1) and the tensor (k = 2) interaction

one obtains a 6j-coefficient in (2.28) and hence the above argument does

not hold. Within the Onu model space for p-shell nuclei there are 11

•-(=13 - 2) independent two-body matrix elements. For the sd-shell this

number is 30 (=34 - 4), see Table 1.

Apart from the two-body matrix elements one also has single-particle

energies which enter into the calculations. These quantities may not be
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varied freely once the two-body matrix elements are determined. With re-

spect to a ^He core the single-particle energy difference between the two

p-shell orbits is determined completely by the two-particle spin-orbit

interaction

VLS = LX3 * S3 J • {2'31)

Expressed in reduced matrix elements of X„ one calculates:

e - e = ~V% < n=0 «.= 1 I |X^1} I |n=0 £=1 >. (2.32)
P3/2 Pl/2 2 J

For the definition of the reduced matrix element the convention of Racah

is used [13,22]. When this energy difference is expressed in the jj-coupled

two-body matrix elements, one obtains

+T-< P|/2l
Vip3/2>J=2,T=l

" 4 < P3/2P1/21V|P3/2P1/2>J=1,T=1

" 4~ < P3/2Pl/2lVlp3/2pl/2>J=2,T=l

- 3 < P?/2|v|pf/2>J=OT=1 • (2.33)

The binding energy of a particle in the p-shell with respect to a 4He

core is calculated from (2.15) when there are no two-body spin-orbit

components. One finds:

e (4He) = jKu+ j < n=0 1=01 (X]
(0)+X^0)) |n=0 i=0>

+ j < n=0 «.= I |(x[0)+9X^0))|n=0 d=I>. (2.34)
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The term r "hu in (2.34) represents the kinetic energy of a particle in the

p-shell.

The p-shell single-particle energy ep(4He) can be treated as a parameter

in the fit on binding energies with respect to 4He. However, it does not

determine the value of nw since the second term on the right-hand side

in (2.34) is not determined, as has been explained. The value of hw can be

determined if one optimalizes to absolute binding energies. Then also the

total energy of 4He enters into the equations. One finds for the energy

of the 'He ground state:

Eb('*He) =jtioü + 3 < n=0 X,=0 | (X^
0)+X^0)) | n=0 X.=0>. (2.35)

In combination with (2.34) one sees that both "hu and

< n=0 &=O|(Xj ^ + X ^ ) | n=0 l=0> can be optimalized.

Summarizing one can say that for the calculation of Ohu states in the

p-shell there are 12 independent parameters when one optimalizes energy

levels with respect to 4He (or to any other OTM state within the p-shell).

Cohen and Kurath, however, employed 13 parameters in the (8-16)POT

case [1]. The extra parameter results from the single-particle energy

difference between the p.w7 and the P,/? orbit, which they treat as a free

parameter. The resulting value for this energy difference is

eP3/2 ~ ePl/7 = ~1*29 MeV. However, using their two-body matrix elements

and substituting in (2.33) one finds a value of -2.41 MeV for this energy

difference.

Though the two-body matrix elements of the (8-16)POT interaction

describe a translationally invariant interaction, we. have illustrated

that, in the harmonic-oscillator shell model, the complete (8-16)POT

interaction is not translationally invariant. The single-particle energies

may not both be considered as free parameters.

In the present calculations, which include also the nonnormal-parity

states, no improper values for the single-particle energies are used. This

is a requirement in order to completely avoid spurious admixtures in

the wavefunctions.
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2.5.S. Consequences for nonnormat-parity states

In the previous section we mentioned that the value of Tiw was not

determined, by a fit to the relative binding energies of normal-parity

states in p-shell nuclei. A fit with respect to absolute binding energies

would have determined its value. Instead we choose to determine "nu as

well as all 22 relative matrix elements with 2n+£ $ 3, see Table 1, by

a least-squares fit to experimental binding energies of both normrl-

and nonnormal-parity states relative to a p-shell nucleus. For the latter

we have taken 1 2C. All 23 parameters can be determined in the fitting

procedure. As discussed in the previous section the states with normal

parity can determine 12 parameters. The remaining II parameters are hence

determined only by the nonnormal-parity states. Variation of the para-

meter Uw shifts all nonnormal-parity states with respect to the normal-

parity states.

3. Treatment of experimental data

In this section we discuss the selection of experimental energy levels

used to determine the parameters of the interaction. The main principles

of the optimalization procedure are also presented.

3.1. Evaluation of the Coulomb energy

In the present work experimental nuclear binding energies are used

to determine the matrix elements of the interaction. For each state the

contribution of the Coulomb energy to its total binding energy is sub-

tracted first in order to retain only the contribution of the nuclear

part of the interaction.

The Coulomb energy is estimated with a procedure similar to the one

described by Chung [23]. Firstly it is assumed that the Coulomb energy

does not depend on the number of neutrons. Secondly we make use of the

known experimental positions of the isobaric analog of each Tz = 1 ground

state in the T z = 0 nuclei between A = 6-16. The total binding energies

are taken from the tables of Wapstra et al. [24]. The procedure is as

follows. The 4He nuclear binding energy is found by subtracting from its

total binding energy the empirical Coulomb energy determined by the
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relation

E =0.60 Z(Z-l) A"1/3 MeV. (3.1)
c

The nuclear binding energies of 5He and 5He then follow from the tables

of Wapstra et al. The nuclear binding energy of the isobaric analog of

the 6He groundstate in 6Li is therefore also known. With the experimentally

determined excitation energy of this level one finds the nuclear binding

energy of 6Li, and thus also of 7Li and 8Li. This procedure is repeated

until we reach i(*0. The only time we deviated from this procedure is at

A = 8. The isobaric analog of the 8Li groundstate, which has J = 2 , is

strongly isospin mixed in 8Be. Therefore we used the position of the

isobaric analog of the first excited state in 8Li, with J = 1 . Nuclear

binding energies for nuclei with T > 1 are obtained from the positions

of isobaric analog states in T = 0 or T = +j> nuclei.
z z

The resulting nuclear binding energies for p-shell nuclei with

0 $ T $ 2 are given in Table 2. These 'experimental' values never deviate
z

Table 2

Experimental and calculated nuclear binding energies for p-shell

nuclei with 0 S T z S 2

Nucleus

"He
bHe
6He
6Li

'He
7Li

"He

<>Li
BBe
9Li
9Be

I0Li

l°Be

10B

j *

0+

-ill'

0*

1+

3/2"

3/2"

0+

2+

0+

3/2"

3/2"

0+

3+

Eb(HeV)

Exp.a)

-29.1

-28.2

-30.0

-33.6

-29.6

-40.8

-32.0

-42.9

-59.5

-46.8

-61.2

' -46.0

-68.0

-69.7

Calc.

-28.2

-27.1

-31.3

-33.6

-29.2

-42.5

-32.2

-43.8

-59.4

-47.7

-61.1

-46.8

-68.2

-69.5

Nucleus

1'Be

I'B

I2Be

1*B
12C
13B
13C

'"B

i-c

1"N

15C

15N

1GN

160

J"

l/2+

3/2"

0+

l +

0+

3/2"

1/2"

2"

0+

1 +

l/2+

1/2"

2"

0+

Eb(MeV)

Exp.a'

-68.3

-81.2

-72.1

-84.6

-99.7

-89.5

-104.6

-90.5

-112.8

-115.1

-114.3

-126.0

-128.4

-141.4

Calc

-68.

-81.

-71.

-84.

-99.

-89.

-103.

-90.

-112.

-114.

-113.

-127.

-129.

-143.

•

2

2

2

2

7 C )

6

6

8

2

7

5

1

3

4

a)

Coulomb corrected, see sect . 3.1.
Calculated j " value for the 10Li ground state.
Fixed to experimental binding energy.
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more than 0.6 MeV from the nuclear binding energies one obtains when the

Coulomb correction term (3.1) is subtracted from the total binding energy

given in the tables of Wapstra et al. However, after having performed the

Coulomb correction as described above, not all states belonging to isobaric

multiplets are completely degenerate. Instead of taking averages to find

the 'true' energy of such multiplets we decided to fit the positions of

the states in nuclei with T z > 0 only.

3.2. Selection of energy levels

States which are included in the fitting procedure should of course

have well assigned quantum numbersJ ; T. In order to select states which

are expected to belong mainly to the present model space the following

selection criteria have been used:

- At most the lowest two states with given J ; T are included for each

value Qf A.

- The second 0 state as well as 2 and 4 states above the 0 in even-

even nuclei are not included in the fit, since they are generally assumed

to have important 2nw components.

- States with spin values that cannot be produced in the present model

space (intruders) are excluded. Examples of such states are the 11/2

in U B and the 5 + in 14N.

- States with nonnormal-parity in A ^ 7 nuclei are not used because of

the scarcity of data for A = 6 and A = 7.

- Excluded are also the states which satisfy the conditions given above

but for which the fitted energy has an unacceptable large deviation

from experiment, i.e. larger than two MeV.

Fortunately all states excluded by the latter rule are found rather high

in the experimental spectrum and the calculated energies are even higher.

Hence a classification of these states as intruders in the present model

space is likely. An example is the 3 state at 6.44 MeV in 1!*N, see Fig. 18.

This way we selected in total 136 states in A = 4-16 from which 74 with

normal parity and 62 with nonnormal parity. These 136 states are indicated

in Figs. 3-21.

In the fitting procedure the nuclear binding energies are optimalized

with respect to the 12C ground state. We expect this state to be described

quite well in the present model space. This may not hold for other
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reference nuclei such as 4He or 1 6 0 , which are at the boundaries of the

p-shell.

3.3. The fitting procedure

In Sect.2.5 we presented the two-body matrix elements of a translationally

invariant two-body interaction as a linear combination of matrix elements

in relative coordinates. The eigenvalues of the Hamiltonian can thus be

expressed with standard procedures [13] as a linear combination of the

latter matrix elements. Besides these two-body matrix elements the only

other parameter entering these linear equations is Tiw , see (2.15).

The values of these parameters are optimalized to experimental energies

by means of a least-squares fitting routine, see e.g. [13,23], Since the

eigenstates will change if they are recalculated with the fitted set of

parameters, also the set of linear equations will change. The procedure

is therefore repeated until convergence has been reached.

In the present calculations the positions of the normal-parity states

with respect to the 1ZC ground state are fitted first. Though the width

of several levels, for instance of the 4. state in 8Be, is very large,

the same weighting factor for all states of normal parity is used. There

are 12 independent parameters entering the calculations. The fit converges

rather well, which indicates that all parameters are reasonably well

determined. The value of nu is then still undetermined as explained in

Sect. 2.5.1.

In the second part of the fit the nonnormal-parity states are included

also. Hence all 23 parameters (22 relative matrix elements and tiaj) are

optimalized in the fit of the 136 energy levels mentioned before. The 12

parameters which are already determined by the normal-parity states only

are again left free to vary. In order to prevent that their values and hence

the positions of the normal-parity states change too much, the nonnormal-

parity states are given a weighting factor which is three times smaller

than that of the normal-parity states. The convergence of the 23 para-

meter fit is found to be much slower than the convergence of the 12 para-

meter fit to normal-parity states only.

The resulting matrix elements of the two-body interaction and the value

for fin) are discussed in the next section.
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4. Resulting interactions

4.1. Single-particle energies

The calculations described in this paper are performed without the use

of a core. The basis states used are the one-particle „eigenstates of H|,

see (2.15). Half of the corresponding one-particle energies results from

the potential term in H. as follows directly from the virial theorem. The

Hamiltonian H£ n t r, see (2.3), contains no single-particle potential,

however. Thus when one evaluates the total Hamiltonian H t o t, defined in

(2.15), the terms representing a single-particle potential must cancel

each other.

For each one-particle state the kinetic energy is half the one-particle

energy. In contrast to the potential energy there is no cancellation of

the kinetic energy terms in Htot;. The intrinsic kinetic energy of a

nonspurious eigenstate of Htot is obtained by subtracting the centre-of-

mass kinetic energy, (3/4)tiw, from the total kinetic energy of all nucleons.

The value found for nw in the present calculations is 9.55 MeV. This

corresponds with a harmonic-oscillator size parameter b = /fi/mw which is

equal to 2.07 fm. Nuclear charge radii calculated with this value for Tito

are roughly 20% too large. This is an indication that the inclusion of

2hin and higher excitations might be important for the description of

nuclear radii.

The difference in nuclear binding energy between a closed core with mass

A and the Ohio states in the A ± 1 nuclei are the single-particle energies

with respect to that core. One should be careful with single-particle

energies of other than Onu states because of spurious admixtures. As

reported already by Baranger and Lee [25], the sd-shell single-particle

basis states defined with respect to a uHe core each contain exactly 40%

spurious admixtures.

It should be noted that the eigenstates of H t o t are either completely

spurious or completely nonspurious, whereas the basis states, i.e. the

eigenstates of Hj, may contain spurious admixtures.

Without paying attention to the spurious admixtures one can calculate

straightforwardly the energy of the basis states (Os)1* and (0s)l4(sd)1. The

energy differences define single-particle energies with respect to ^He

as a core. With the operator H t o t, see (2.15), where the auxiliary term
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H^ is removed, one obtains for the presently determined interaction the
p

results given in Table 3.

Table 3

Single-particle energies (in MeV) with respect

to a **He and a 1 60 core

0s,/2

°P3/2

Op 1/2

0d 5 / 2

ls,/2

od3/2

Present
calc.

-19.26

+ 1.07

+4.20

+13.93

+9.89

+17.49

b)

b)

b)

4He core

Exi

-20.

+0,

+4,

).

.58

.89

.89

MK a )

-12.00

+ 1.38

+ 1.68

+10.43

+5.34

+11.86

160

Present
calc.

-49.66 b )

-23.85

-16.24

-3.37

-2.38

+ 1.86

core

Exp.

-

-21.85

-15.67

-4.14

-3.28

+0.94

a)

b)
[3].

Single-particle state contains spurious admixtures, see

Sect. 4.1.

Though the lfuo single—particle basis states contain spurious components

one can still draw some conclusions about the position of nonnormal-

parity states in A = 5. Consider (2.15) in the complete Itiw model space

and let 3 be zero. In A = 5 this leads to a triplet of pure spurious states

at an energy of l"hu above the calculated 3/2 ground-state energy. For

the present value of "nw this triplet is at an excitation energy of 9.55

MeV. However, the 1sj/2 single-particle basis state is calculated at

8.82 MeV (=9.89 - 1.07) above the energy of the ground state, see Table 3.

Since the lsj/2 basis state lies below the spurious eigenstates, one has,

because of configuration mixing, a nonspurious 1/2 eigenstate of Htot

even below 8.82 MeV in excitation energy, see Fig. 4. Note that the

excitation energies mentioned here are given with respect to the calculated

ground-state energy.

A comparison of the sd—shell single-particle energies with the values
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given in [2-4] is not directly possible. With the operator H u, see (2.15),

one shifts the sd-shell single-particle energies (taken with respect to

4He) by an amount of 0.4 Bnw without affecting the results for the non-

spurious eigenstates.

The relative positions of the sd-shell single-particle energies given in

[2-4] agree with our values. For the various interactions the energy of

the Isji2 orbit (4He core) is 4-5 MeV below the energy of the ^^/2 orbit.

The value used in [2-4] for the epi/o~epo/9 energy difference is almost

zero, i.e. the Cohen and Kurath value for the (8-16)2BME case, see Table 3.

The value obtained for epi/o~epT/o i-n this work is 3.1 MeV, which is in

much better agreement with the experimental energy splitting of about 4

MeV in 5He.

In the calculations [2-4] which are performed only for nuclei with A > 9

the value of the Osj/2 single-particle energy relative to ^He as a core is

only weakly determined. This results from the fact that the percentage

0s]/2~h°le i-n t n e wavefunctions for A > 9 is rather small. Teeters and

Kurath [4] could therefore change the 0s]/2 energy from -12 MeV to -17 MeV

without disturbing the spectra. In the present translationally invariant

calculations the single-particle energies may not be considered as para-

meters but they are determined by the matrix elements of the interaction

and the value of tiw. For the 0s]/2 orbit one obtains the relation

e0sj/2(itHe) = | tiu + | K n = 0 a = 0' s = ° ; J=0|v|n=0 1=0, S=0; j=0>T=,

+ | < n=0 Jl=0, S=1; j=l|v|n=0 £=0, S=l ; j = l> T = Q. (4.1)

With the matrix elements given in Table 4 and the value for tiw (9.55 MeV)

one obtains a value of -19.3 MeV for (4.1). This value is rather close to

the experimental difference in binding energy between 3He and 4He:

E*Xp(4He) - E*XP(3He) = -20.6 MeV.

From Table 3 one can also deduce that the calculated splitting between

the Op and the 0s orbit with respect to a ^He core is 21.4 MeV, where use

is made of the relation

3/2 l/2
ep - • • (4.2)
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It should be remarked that the magnitude of this energy splitting is only

weakly related to the value of "hu.

The single-particle energies around 1 60 are also rather well reproduced.

Though not optimalized, the 1 70 single-particle levels have the correct

relative spacings, see Table 3. The calculated positions of the sd-shell

single-particle states with respect to a 160 core are almost one MeV too

high. However, the calculated 1 60 ground state is too strongly bound by

almost two MeV (i.e. the largest deviation of all 136 fitted levels), see

Fig. 21. Therefore the more serious disagreement is not found for the J 70

single-particle energies, but for the total energy of the 160 core.

4.2. Two-body matrix elements

The matrix elements obtained in the present work are compared with the

empirical values of Cohen and Kurath, (8-l6)POT case, and with the Sussex

matrix elements deduced from a phase shift analysis [26]. For the latter

we use the set associated with an harmonic-oscillator size parameter

b = 1.4 fm, i.e. the b-value most suited for light nuclei.

In Fig. 2 the 15 jj-coupled two-body matrix elements for the p-shell

1 »
Ol

I
-4

-8

o Present calc.
—- Sussex (b-1.4 fm)
— (8-16JP0T

T = 1
3 s O 2 2 0 1 2 0 1 3 1 1 1 2 1 1

j a * j t f 3 3 3 3 2 2 1 3 3 3 3 2 2 2 1
J c + J d s 3 3 2 1 2 2 1 3 3 2 1 2 2 1 1

<JaJblv'JcJd>JT

Fig. 2. Values for the fif-
teen jj-coupled two-body
matrix elements in the
p-shell. The Sussex matrix
elements are calculated from
[26], The (8-16)POT values
are taken from [1].
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Table 4

Relative matrix elements for various

two-body interactions (in MeV)

n,n

0

0

1

1,0

0

1

1,0

0

0

1

0

0,2

2

i

1,3

3

3

0

1

0

1

1

1

0

1

1

0

1

1

1

0

1

1

1

1

0

1

1

1

J

0

1

1

0

1

2

0

1

1

2

1

2

3

1

0

1

2

2

3

2

3

4

i

1

0

0

1

1

1

1

0

0

1

0

0

0

0

1

1

1

1

0

1

1

1

Present
calc.

-6.37

-11.24

+4.11

-2.91

+4.42

-0.18

-7.11

-7.58

-0.39

+0.26

+ 1.27

+ 1.12

-2.12

+4.70

+4.52

+2.86

-2.76

+3.63

-1.25

-5.53

+3.90

-0.21

Sussex
(b=1.4 fm)

-9.68

-11.11

+4.06

-2.54

+3.97

-2.33

-4.19

-5.59

+0.41

-1.31

+3.83

-5.29

-0.48

+7.63

-0.28

+6.64

-3.44

+0.45

+0.97

-0.19

+0.79

-0.14

(8-1b)POT

-6.37 a)

-11.24 a)

-0.29

-1.28

+3.82

+0.48

-7.43

-5.52

-1.47

+ 1.61

-0.01

+3.13

-3.30

-

-

-

-

-

-

-

-

-

a)

Undetermined parameter; fixed to value obtained in present

calculation. For instance, with (8-16)POT only the sum of

the first and seventh matrix element, i.e. -13.SO MeV, is

determined. See Sect. 2.5.2.
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matrix elements have values which are in general between those of the

(8-16)POT and the Sussex matrix elements. The mean absolute deviation

between the fifteen (8-16)POT and the Sussex values is 1.5 MeV. For the

present calculations the mean absolute deviation from the (8-16)POT matrix

elements is 0.8 MeV; and from the Sussex matrix elements 0.9 MeV.

Hence as compared to the Cohen and Kurath results our empirical set of

two-body matrix elements better resembles the Sussex interaction.

The relative matrix elements of the two-body interactions are given in

Table 4. Por the (8-16)P0T matrix elements, which are applied only in the

p-shell, there are 11 independent matrix elements as is explained in Sect.

2.5.2. Therefore we fixed the two matrix elements with 2n+ü,=0 to the value

we obtained, see Table 4. From this table one sees that also for the.

relative matrix elements our values are often in between the (8-16)POT and

the Sussex values. For the matrix elements with 2n+X,=3, which are not

determined by the normal-parity states, the correspondence between the

presently obtained values and the Sussex values is not particularly good.

It should be remarked, however, that in our calculations these matrix

elements are less well determined than those with 2n+£_<2. This derives from

the fact that only two-body matrix elements with a particle in the sd-shell

can contribute to relative matrix elements with 2n+X,=3.

From the relative matrix elements with 2n+£=3 the two with j=£+l, i.e.

<n=l 1=1, S=l; j=2|v|n=l l=\, S=l; j=2>T=1 and

<n=0 1=3,S=l; j=4|v|n=0 1=3, S=l; j=4>T_], are best determined in our

fitting procedure. It may be accidental that these two agree quite well

with the Sussex values.

The two spin-singlet matrix elements with 2n+£=3 are the most poorly

determined parameters in the present calculations.
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5. Discussion of calculated spectra

In Figs. 3-21 the calculated spectra for normal- and nonnormal-parity

states are given and compared with experiment. The r.m.s. deviation for

the 74 normal-parity states included in the fit is 0.75 MeV. This deviation

is larger than the value of 0.43 MeV obtained by Cohen and Kurath with the

(8-16)POT interaction [1]. It should be noted, however, that in the latter

case 35 levels are fitted with 13 parameters, whereas presently 74 levels

are included in a 12 parameter fit. For the 62 fitted nonnormal-parity

states the r.m.s. deviation is 0.59 MeV.

The binding energies of ground states as well as excited states in the

A = 4-16 nuclei are fitted relative to the Coulomb-corrected 12C ground-

state binding energy, as discussed in Sect. 3.1. Hence we may not expect

30- U

25|-

20

10-

Fig. 3. Speatrum of hHe. The
experimental data are taken
from [25]. Energies are given
relative to the experimental
ground state energy. The calcu-
lated results for the Ohu
(normal-parity) and the lfiu
(nonnormal-parity) states are
shown in the right- and left-
hand column, respectively. Each
state is labeled by JV;T (2Jll;2T
for odd-A nuclei). When not given
the T value is equal to Tz. A
dashed line connects a calcula-
ted and experimental state used
in the fitting proaedure. In
each column all states are given
below the highest one shown.

EXP.
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to reproduce absolute nuclear binding energies. The latter can be reproduced,

however, when we shift all calculated binding energies by a certain amount

AEjj. The experimental nuclear binding energy of 1:^C is -99.7 MeV, whereas

we obtain the theoretical value of -102.9 MeV. Therefore a shift of

AEjj = +3.2 MeV has been applied to all calculated values presented in Table 2.

A discussion of the spectra will be presented below for each A-value

separately.

A - 4, see Fig. 3. Only the 4He ground state has been included in the

fit. The predicted positions of the unbound negative-parity states in the

E x = 21-31 MeV region are in rather good agreement with experiment. Note

that no nonnormal-parity states are included in the fit for nuclei with

A <_ 7.

A second 0 state can not be constructed within the present model space.

Hence the Ot state at E x = 20.1 MeV must be an intruder state.

A - 5, see Fig. 4. The P3/2 a nd V\l2 single-particle states in 5He are

correctly calculated. The single-particle energy difference for (8-16)POT

201-

16

12

8

0

(3.5)*

He

r

Fig. 4. Spectrum of 5He. The
experimental data ave taken
from [16]. See also caption
of Fig. 3.

W\u EXP. OTiw
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[1] is given by ep. ,„-ep„ ,„ = 1.29 MeV, which is too small compared to the

experimental splitting of about 4 MeV.

From the nonnormal-parity states the lowest 3/2 state, which is not

included in the fit, is calculated at about the right position. A very

remarkable feature is the prediction of a 1/2 state at E x = 8.5 MeV. This

resonance (all states in A = 5 nuclei are unbound) is not observed experi-

mentally. It should be remarked that this 1/2 state is not a spurious

state, nor does its energy depend on the relative matrix elements with

2n+£=3 (see Table 1), which may be poorly determined in the fit.

Recently shell-model calculations have been performed by Bevelacqua [27]

on A = 5 nuclei in internal coordinates using harmonic-oscillator states

and including excitations up to 5ti(o. With a scaled Sussex interaction a

good reproduction of the A = 5 spectra is obtained. The 1/2 ; T = 1/2

state in 5He is calculated at E = 18.0 MeV. This value strongly differs

from our result, i.e. E x = 8.5 MeV. A further investigation is necessary

in order to clarify this discrepancy. The lowest T = 3/2 state in ^ e

is presently prer" cted to be a 1/2 state at E = 24.5 MeV. This value
x +

agrees with the result of Bevelacqua [27] who obtains a 1/2 state at

E x = 23.7 MeV as the lowest T = 3/2 state in
 5He. No experimental T = 3/2

states are known in A = 5 nuclei [16].

A - 6, see Fig. 5. The calculated level sequence of the 6Li normal-parity

12
21J

1:

2-

6Li -1*1
-2*;1

1*

EXR OTiu

fig. 5. Spectrum of &Li. The
experimental data are taken
from [16]. See also aaption of
Fig. 3.
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spectrum is correct. A significant difference with (8-16)POT [1] concerns

the position of the 1_; T = 0 state. Compared to experiment we predict this

level 1.5 MeV too high, whereas with (8-16)P0T it is found 1.5 MeV too low.

In 6Li no experimental levels are known in the E x = 6-21 MeV region.

The lowest nonnormal-parity state is expected theoretically at E x
 = 9 MeV,

however. In 6He the lowest nonnormal-parity state is calculated at E = 9.5

MeV.

A = 7, see Fig. 6. In 7Li the calculated level sequence for the lowest

seven normal-parity states is in agreement with experiment. Above 10 MeV

in excitation energy experimental information is scarce. Only the isobaric

analog of the 7He ground state at E.r = 11.2 MeV is known. Note that its

position is correctly calculated.

There is some experimental evidence for a 3/2 state at E x = 9.5 MeV

in 7Li which is about 2 MeV below the calculated position. For other

calculated nonnormal-parity states at E x fy 11 MeV no experimental candidates

are known.

12 3
71

7Li

|3*T 7"

5-

\\
7"

1 -

Fig. 6. Spectrum of 7Li. The
experimental data are taken
from [Iff]. See also caption
of Fig. 3.

1Tico EXP. OTicu

A = 8, see Figs. 7 and 8. In 8Be all T = 0 levels below E x = 20 MeV are

reproduced. From the isospin mixed 2 + doublet at E x = 16.6 and 16.9 MeV we

obtained the position of the 2 • T = 0 component by averaging the two

56



20- 4-

16

Fig. 7. Speatrum of BBe. The
experimental data are taken from
[16]. Levels with T = 1 are not
shown. The experimental 2+ states
near 17 MeV are strongly isospin
mixed.
See also aaption of Fig. 3.
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Fig. 8. Spectrum of BLi. The
experimental data are taken from
[16]. See also caption of Fig. 3.
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energies. The fitted levels in 8Be with E x > 15 MeV are calculated roughly

one MeV too low. This also holds for the T = 1 levels as is seen from the

spectrum of 8Li. With (8-16)POT [1] the four T = 0 levels between 15 and

20 MeV in 8Be are calculated about 3 MeV too low, however.

In 8Be the lowest three nonnormal-parity states with T = 0 are repro-

duced with the correct level sequence. In 8Li the lowest calculated non-

normal-parity state with J ; T = 2 ; 1 is not known experimentally (nor

any other state with nonnormal parity).

10

- 3l

uu

I.

Be

Oil

+
\

\
\

''*
/

e

r•• 5

Fig. 9. Spectrum of 3Be. The
experimental data are taken
from [16]. See also caption of
Fig. 3.

EXR OTicj

A = 9, see Figs. 9 and 10. In 9Be the level sequence of the lowest five

states, including two states with nonnormal parity is well reproduced.

A comparison can be made with the calculations of Jager and Kirchbach [2]

on nonnormal-parity states. We only make the comparison with their 'p-h
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Fig. 10. Spectrum of 2Li, The
experimental data are taken
from [10]. See also caption of
Fig. 3.

3"

1Tiu EXR Otiw

interaction II', which we will denote by JK. This interaction is almost

identical to the interaction of Millener and Kurath [3]. The level sequence

obtained with the JK interaction for the lowest four nonnormal-parity states

in 9Be is identical to the sequence we find.

For 9Li our results predict the lowest nonnormal-parity state to be a

5/2+ state at E x = 4.5 MeV, whereas JK predicts it to be a 3/2 state at

E x = 5.5 MeV. Experimental information about
 9Li is very scarce, however.

A - 10, see Figs. 11 and 12. In 10B all T = 0 levels up to 7 MeV are

reproduced. Especially the normal-parity states are in beautiful agreement

with experiment. For these states the level sequence calculated with

(8-16)P0T [1] is identical.

If the two uncertain spin-parity assignments in 10B are correct, see

Fig. 11, the level sequence of the five lowest nonnormal-parity states is

also reproduced. With the JK interaction [2] these five nonnormal-parity

states are calculated roughly one MeV too high, except the 1 state which

is correctly given.

In 10Be the 0o state at E = 6.2 MeV is considered to be an intruder

state. The calculated position of the second 0 state is at E x = 12 MeV.

The excitation energies of the lowest three nonnormal-parity states in 10Be
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Fig. 11. Spectrum of 1 UB. The
experimental data are taken
from [16]. Levels with 1=1
are not shown. See also caption
of Fig. 3.

Fig. 12. Spectrum of l0Be. The
experimental data are taken
from [16~]. See also aaption
of Fig. 3.
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are very well reproduced. With the JK interaction also the correct level

sequence for these states is obtained, but they are'calculated about---]. 3

MeV too high [2].

A = 11, see Figs. 13 and 14. The positions of the normal-parity states

in 1]-B are well reproduced by both (8-16)POT [1] and our interaction.

Among the calculated states in 11B below E x = 12 MeV there is no candidate

for the 3/2~ state at E„ = 8.6 MeV. This may be explained as follows. A

3/2 state may be formed by coupling a P3/2 proton to the 0„ state in 10Be,

or by coupling a P3/9 proton-hole to the 0„ state in 1 2C. In 10Be as well

14

12

10

- 5*-

71.

.3'"
3*.

-3"

-1"

_5~

.5-

_r

.3-

EXP. OTiw

Fig. 13.

Spectrum of ^ B . The experimen-
tal data are taken from [17].
Above 10.26 MeV the experimen-
tal spectrum is not given
completely. The calculated
spectrum for the lhu states
is complete up to 12 MeV. The
assignments for the 7.29 and
8.59 MeV levels in llB are
not definite but their analogs
in ^ C are known. See also
caption of Fig. 3.
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Fig. 14. Spectrum of n B e . The
experimental data are taken
from [17]. See also caption of
Fig. S.

12 +
as in C the CK state is an intruder state.

The calculated energies of the lowest ten nonnormal-parity states in

H-B agree quite well with experiment. We can make a comparison with the

results of Teeters and Kurath [4], who concentrated their calculations on

13C and 1 1B. They slightly modified the MK interaction [3] resulting in

their 'set 2'. The 'set 2' spectrum for the nonnormal-parity states in 1^B

is quite similar to our results.

In ^Be we correctly obtain the nonnormal-parity J = 1 / 2 state as the

ground state. The 5/2+ assignment to the 1.78 MeV level in ^ -̂ Be is strongly

favoured by our calculations, see Fig. 14.

A - 123 see Figs. 15 and 16. In
 12C the normal-parity states between

6 and 12 MeV are not reproduced. They are intruders and assumed to have

important 2nw components.

The lowest three nonnormal-parity states with T = 0 are well reproduced

in our description. With the JK interaction [2] these three states are

calculated about one MeV too high. The calculated 0~, h~, 2~ triplet in

*"C near E x = 15 MeV is not confirmed by experiment. The 2~ state may corres-

pond to the experimental state at 13.35 MeV but there are no experimental

candidates known for the 4~ and 0~ states below E x = 18 MeV.
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Fig. 15. Spectrum of 1 ZC. The
experimental data are taken
from [17]. See also aaption of
Fig. 3.

EXR OTiw

In 12B all thirteen levels up to E = 6 MeV are reproduced. An extra

0 ; T = 1 state is calculated at E x = 3.6 MeV. This state is not observed

in 1 2B. However, in 12C a 0~; (T=l) state is known at E„ = 18.4 MeV. If

the isospin assignment is correct its analog in 12B is expected at about

E x = 3.3 MeV. This follows since the isobaric analog of the
 12B ground state

is known at E x = 15.. MeV in
 1 2C.

For the lowest seven nonnormal-parity states in 12B the mean absolute

deviation from experiment obtained with the JK interaction is 0.29 MeV,
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r

Fig. 16. Spectrum of 1 2B. The
experimental data are taken
from [1?]. See also caption
of Fig. 3.

EXR OTiu

whereas with the presently obtained interaction it is 0.42 MeV. One should

note, however, that the JK interaction [2] is obtained by adapting the inter-

action of Millener and Kurath [3] such that a good spectrum for 12B results.

A - 133 see Fig. 17• In
 1 3C the five normal-parity states below

E x = 10 MeV are calculated somewhat too high, but the level sequence is

correct. The level sequence of the seven nonnormal-parity states below

E x = 10 MeV is also in agreement with experiment. Our results for the

normal-parity states correspond closely to the (8-16)POT results [1]. For

the nonnormal-parity states the results of Teeters and Kurath [4] are also

similar to our results.

The iowest T = 3/2 state in 13C (not shown) which is the isobaric analog

of the 13B ground state with JW = 3/2~ is calculated at E x = 15.0 MeV.

This is in very good agreement with the experimental energy of E x = 15.1

MeV. The first excited state in ^ g is predicted to be a nonnormal-parity
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Fig. 17. Spectrum of 13C. The
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from [18]. See also aaption of
Fig. 3.
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3/2 state at E x = 3.1 MeV. Experiment gives the first excited state at

E x = 3.48 MeV with = (1/2, 3/2 or 5/2)+. The 3/2+ assignment is supported

by the fact that in 13N a 3/2+; T = 3/2 state is known at E x = 18.40 MeV,

which is 3.34 MeV above the lowest 3/2~; T = 3/2 state in that nucleus.

A - 143 see Figs. 18 and 19, In
 ll*N there are several intruders (1 ,3 ,5 )

among the normal-parity states with T = 0. The six nonnormal-parity states

below E x = 9 MeV are all accounted for. Compared to the calculations of

Millener aad Kurath [3] it is remarkable that they predict the 1~; T = 0

state 0.3 MeV below the 0 ; T = 0 whereas we calculate it 1.4 MeV above

the 0 ; T = 0. The latter is the lowest negative-parity state in 1'*N. In

the most simple shell-model these two states are explained by coupling
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Fig. 18. Spectrum of lkN. The
experimental data are taken
from [18]. No T = 1 levels are
shown. See also caption of
Fig. 3.
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a [0p,/2 ® ls]/2] J = Q o r ]; T = Q pair to a ™C core.

In 14C there are several intruders with normal parity, e.g. the O_ and

0, states. The four nonnormal-parity states between E = 6 and 8 MeV are

quite well reproduced.

For ll*B (not shown) we calculate a 2 ; T = 2 ground state in agreement

with experiment, see Table 2. The first excited state in ltfB is at E =

0.74 MeV and has a tentative assignment of / = I . With the interaction

of Millener and Kurath [3] a 1~ state is expected at E x = 1.2 MeV, whereas

we calculate it at E x = 2.2 MeV.
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Fig. 19. Spectrum of lhC. The
experimental data ave taken
from [18]. See also aaption
of Fig. 3.

1Tiw EXP.

A - 15, see Fig. 20. In 15N there are only two normal-parity states in

our model space. The p. ,„ single-hole state is calculated too strongly

bound by one MeV.

In a simple model seven low-lying nonnormal-parity states are expected.

These are formed by coupling a lsj i^ o r a Q^ji nucleon to the lowest

0 ; T = I or 1 ; T = 0 state in A = 14. In the present (more complete)

calculations also seven nonnormal-parity states are calculated between

E x = 5 and 9 MeV in
 15N. They are clearly separated from other states,

see Fig. 20.

In 15N experiment also gives seven nonnormal-parity states between

E x = 5 and 9 MeV, which can all be accounted for. Above 9 MeV many normal-

as well as nonnormal-parity states are observed. Most of them must be

classified as 2hw or 3nw intruders.
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Fig. 20. Spectrum of l5N. The

experimental data are taken
from [18]. The results are
given completely up to the
highest T = 1/2 level shown.
Above this level only the
lowest two levels with T - 3/2
are given. See also caption of
Fig. 3.

All T = 3/2 states in A = 15 nuclei have nonnormal-parity in the model

space employed. The lowest two T = 3/2 states in 15N (or 15C) have

J =1/2 and J = 5/2 and are correctly reproduced.

A - 16, see Fig. 21. The calculated 16O ground state is too strongly

bound by almost two MeV. The lowest 0~, 1~, 2 and 3 states with T = 0

as well as with T = 1 can be described in the present model space. Except

for the 3 ; T = 0 state, all states are calculated somewhat too strongly

bound. The 4 ; T = 1 and 4 ; T = 0 states (not shown) are calculated at

E x = 19.5 and 20.2 MeV, respectively. With inelastic ir (ir ) scattering
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Fig. 21. Spectrum of 16O. The
experimental data are taken
from [19], The experimental
positions of positive-parity
states above 11 MeV are not
given. See also caption of
Fig. 3.
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experiments [36] three 4 states are identified at Ex = 17.8 MeV (T = 0),

19.0 MeV (T = 1) and 19.8 MeV (T = 0). Isospin mixing is seen to be important.

In order to explain three 4 states it is necessary to include 3hu excitations

in the model space.

The 1 ; T = 0 state at 9.63 MeV is the lowest nonnormal-parity state which

is not reproduced and it is assumed to be an intruder state. This also holds

for all excited normal-parity states.

69



6. Electromagnetic properties

The results obtained for the electromagnetic properties can be divided

into three categories, i.e. (i) for states of normal parity only, (ii) for

transitions between nonnormal- and normal-parity states and (iii) for states

of nonnormal parity only. The present results for transitions and moments

involving only normal-parity states are not significantly different from

those of previously performed ORu calculations in the p-shell like those of

Cohen and Kurath [I], Therefore we will only briefly discuss Ohoi results.

Interesting with respect to the present work are transitions in the second

and third category. Besides many transition strengths (El, Ml, E2, M2 and E3)

also some magnetic dipole moments of nonnormal-parity states are known

experimentally. Transitions involving states of nonnormal parity have been

calculated by e.g. Teeters and Kurath [4] on ^ B and 1 3C, by Warburton et al.

[28] on 1 3C and by Kozub et al. [29] on lkC and 14N. The interactions used

by these authors are all based on the interaction of Miliener and Kurath [3].

Since many states in the nuclei studied are unbound with respect to

particle emission the amount of information on electromagnetic properties

is rather small. Most information is available in the heavier nuclei

of the p-shell i.e. nuclei with many bound states.

The operators used are specified in Ref. 13. The long-wavelength approxi-

mation is assumed to be valid. No centre-of-mass recoil corrections are

included in the operators. For the El operator this correction is not

necessary since the wave functions do not contain spurious admixtures, see

Sect. 6.1. For the other electromagnetic transition operators the recoil

corrections are small [13] and are ignored in the present work.

In order to specify the matrix element of the transition operators we

take the customary value for the harmonic-oscillator size parameter as

b = 1.0'A1'" fm, corresponding to tiw = 41 «A"1'-* MeV. This assumption is not

consistent with the value b = 2.07 fm, which follows from the optimalization

of the spectra, see Sect. 4.1. However, it makes a comparison with other

calculations easier. The b-dependence of electromagnetic transition strengths

with multipolarity L is given by

b .

B(ML) <\, b2L-2
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It is clear that the strength of Ml transitions is independent of b.

For the evaluation of the magnetic transition operators the bare-nucleon

g-factors are used. For the evaluation of the electric transition operators

the effective proton and neutron chargesused are 1.35 e and 0.35 e, respec-

tively,

6.1. Strengths of El transitions

If one applies the long-wavelength approximation and assumes the nucleons

to be nonrelativistic point particles the El operator is given by [13]

O(EIM) = /3/4w E e(i)(rM(i)-RM) , (6.2)

where M is the projection quantum number, and e(i) is the charge of the i

nucleon. Note that the operator (6.2) is translationally invariant. However,

when this operator connects two states which both have the centre of mass

in the ground state, the term R̂ j gives no contribution and can be omitted.

The result is that one can use equally well the El operator without recoil

correction.

Rewriting (6.2) in the isospin formalism gives [13]

A
O(E1M) = /3/4ir E [Kl-Tz(i))e +Hl+Tz(i)en](rM(i)

i=l
A

= " H e -en)/3/4TT E (^(i)"^) T (i). (6.3)
i=l

The operators x (i)are Pauli isospin matrices and e and e are the proton

and neutron charge, respectively. From (6.3) one sees that the translatio-

nally invariant El operator does not contain an isoscalar part. Since we

omit the recoil term in (6.2) an isoscalar part enters into the El operator.

This operator is proportional to R. However, it provides us with an extra

check on the numerical calculations, since the matrix elements of R between

states which are completely free of spuriosity have to vanish.

Some simple rules follow since the isoscalar El operator vanishes. Firstly

one obtains that El transitions with AT = 0 should be absent in T z = 0 nuclei.

Experimentally this rule is violated in e.g. 11+N, where the yrast 0~ -> 1 +

transition has a strength of (1.8±0.4)10~3 W.u. [18]. This violation can be

explained since the experimental levels may contain some isospin impurities
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Table 5

Strengths of El transitions in A = 8 - 16 nuclei

Nucleus

8Be

9Be

" B e
n B

1 2 C

13 C

mN

15N

1 5 0

16 0

Ji'Ti

2"+2*

+2*

1/2*

5/2*

3/2";
1/2"

1/2*

5/2*

3/2*

2*;.

2~;l

i";i

1/2*

3/2"

5/2*

l~

2*

r
i";i

0";l

3/2*

1/2* i

1/2*

i~;i

^ f ; T f c)

; 0+1

; 0+1

+ 3/2*

+ 3/2"

3/2+1/2*

+ 1/2*

+ 3/2"

+ 1/2"

+ 3/2"

+ 3/2~

+ 5/2"

+ 3/2"

+ 3/2"

+ 1/2"

+ 3"

+ 2*

+ 0*

+ 1/2"

+ 1/2*

+ 3/2"

+ 0*

+ r
+ 0*;l
+ 1*

+ 1*

+ I*

+ 1/2"

i3/2+l/2~

+3/2~
+ 3/2"

+ 1*

E ^ P + E ^

(MeV)

18.91+16.63

16.92

1 . 6 8 + 0

3.05 + 0

14.39 +1.68

0.32 + 0

6.79 + 0

+2.13

+5.02

7.29 + 0

+4.45

+5.02

7.98 + 0

+2.13

16.11 +9.64

16.58 +4.44

17.23 + 0

3.09 + 0

3.68 +3.09

3.85 +3.68

6.09 +0

7.01 +6.09

5.69 +2.31

8.06 + 0

+3.95

8.79 + 0

7.30 + 0

1 1 . 6 2 + 0

+6.32

7.56 +6.18

13.09 + 0

Strengths (mW .u. )

Experiment a ' Present

52

46

220 ±

36 ±

14 +

330 ±1

2.9+

4.1±

10 +

7.6±

8 ±

22 ±

3.9+

11 ±

2.2±

12 +

24 ±

39 ±

39 ±

10.3±

90

30

2

10

0 .4

0 .6

3

1.9 b>
2 b )

6 b )

0 .6

2

0.5 b>

4 b )

8 b )

4

6

0 .5

>0.7

2.3±

1.7±

48 ±

57 +

170 ±

16 +

30.0+

6.6+
22

36 ±

1.2

0 .9

12

15

50

6

0 .6

5.0

5

calc .

} 61

17

4.2

1.9

3 . 6

3.8

1.0

6.3

11

6 . 4

9.1

0 .1

0 . 4

0 . 8

9 . 2

1.9

9 . 6

6 . 8

1.3

13

12

4 . 0

18

6.1

64

9.6

48

6 . 3

6 .7

32

a ) [16-19].

b ) [30].
c)

If T is omitted it is assumed that T = T .
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and since the long-wavelength approximation is not strictly valid. A second

rule is that calculated El transition strengths between corresponding levels

in mirror nuclei are equal. This rule is most strongly violated in the

13C-13N pair of mirror nuclei. The yrast l/2+ •> 1/2 transition strengths

in 13C and 13N are (39±4)10"3and (90+10)10~3 W.u. , respectively [18]. If

one still assumes isospin to be a good quantum number, then a sometimes

used procedure to explain the experimental results is the introduction of

an effective 'isoscalar El' operator. From the l/2+ ->• 1/2" El strengths

in 13C-13N one then finds an 'isoscalar El' strength of about 4 mW.u. [30].

Most violations of the two rules discussed are not as serious as the

examples given above. However, in the present model, where we do not take

into account charge dependence explicitly, it has not much sense to study

weak El strengths. Therefore strengths which experimentally are smaller

than 5 mW.u. are not discussed. The calculated strengths of such transitions

are often zero (e.g. AT = 0 transitions in ll*N). Fortunately there are many

El transitions known in p-shell nuclei which are stronger than 5 mW.u.

Most El transitions involving yrast nonnormal-parity states are given in

Table 5. From this taule one immediately sees that the agreement between

the calculated results and experiment is quite poor in particular for 9Be

and u B e .

We have already shown that for El transitions an accurate reproduction

is not even possible as long as isospin is assumed to be a good quantum num-

ber. Moreover, it is a well-known fact that El strengths are quite sensitive

to small admixtures in the wave functions. To illustrate this sensitivity

consider for example the 1~; T = 1 ->- 0+; T = 0 transitions in 1 G 0 . In the

present model space only 1% of the total isovector El strength comes from

the yrast 1~; T = 1 state, whereas 66% of the El strength is concentrated

in the fourth 1~; T = 1 state, which is calculated at E v = 26.4 MeV. In

total there are five 1~; T = 1 states in the lTito model space. Small changes

in the lowest 1~; T = 1 state may thus drastically change the El strength.

It is therefore encouraging that the 1~; T = 1 -> 0 +; T = 0 transition

strength in 1 60 is well reproduced. Moreover, the six transitions given in

Table 5 which are calculated to be stronger than 15 mW.u. correspond with

experimentally strong El transitions.

Warburton et al. [28] and Kozub et al. [29] calculate El strengths for

A = 13 and A = 14 which are roughly twice as large as our values. Their
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results agree, especially for 1 3C, better with experiment than the presently

calculated El strengths.

The most serious failure of the present calculations is the inability

to reproduce the two very strong El transitions in 9Be and 1]-Be. From

Table 6 it is seen that for the second l/2+ state in 9Be the calculated El

strength to the 3/2~ ground state is almost 0.2 W.u. which is very strong

and corresponds with the experimental value of (0.22±0.09)W.u. for the

lowest l/2+ state.

Table 6

Strengths of El transitions in

Strengths (mW.u.)
Ecaic(l/2T)

(MeV) l/2t - 3/2~ I/2T -> 1/2'

1 2.32 17 5

2 12.26 176 204

3 15.91 38 10

4 18.28 5 11

One may therefore conclude that the lowest two calculated 1/2 states are

interchanged. On the other hand such an interchange is very difficult to

explain since the lowest two 1/2 ; T = 1/2 states differ by 10 MeV in

excitation energy. A further analysis reveals that by far the' most important

contribution to these El strengths comes from the (Is. ,„ -+ 0p_,„) and

(Od-.j •*" OPQ/?) single-particle transitions. In the 1/2. ->• 3/2" transition

these two contributions interfere destructively. In the l/2t -> 3/2 transi-

tion the amplitudes of the single-particle transitions are about the

same, but the interference is constructive. The importance of the 0s.,„

orbit for these transitions is quite small. The interchange of the lowest

two 1/2 states in 9Be also gives a strong yrast 1/2 •*• 1/2 transition

in 9Be, see Table 6. In 11Be,which may be considered as [ 9Be ® (2n) „._ ] t

the strong 1/2 -*• 1/2 transition is then explained simultaneously.
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Teeters and Kurath do not discuss these strong El transitions. In A = 11,

however, they do calculate the yrast 1/2 ; T = 3/2 -»• 3/2 ; T = 1/2 transi-

tion to be 82 mW.u. whereas we calculate it to be 27 mW.u. The experimental

strength is about 15 mW.u. [31], but is not given in the compilations

[17, 30]. Also the T = 1/2 ->• T = 1/2 transitions i n u B are often calculated

too strong by Teeters and Kurath. With the interaction named 'set 1' they

obtain 33 mW.u. for the yrast 1/2+ •+ 3/2~ transition, whereas the experi-

mental strength is only 3 mW.u. This 'set 1' gives quite good results for

transitions in 1 3C. In the present calculations we find a small value

(4 mW.u.) for the yrast 1/2 •+• 3/2 transition in xlB which agrees with

experiment. For 11B we find that the four El transitions from the yrast

l/2+ and 3/2+ to the yrast l/2~ and 3/2 states are dominated by the very

small amount 0s. ,„ hole components in the wave functions. The contribution

from the (sd -> p) single-particle transitions to the isovector El amplitude

is, due to destructive interference, even much smaller than the contribution

from the (p -+ s) single-particle transitions. The amount of 0s ,„ hole in

the 1/2 and 3/2 wave functions is only 2 and 1%, respectively. Teeters and

Kurath also remarked that the high sensitivity of many El strengths in

A = 11 is due to a small amount of 0s. ,„ hole in the wave functions. Strengths

of El transitions in A ? 9 nuclei, which we calculate to be stronger than

5mW.u., are in general not so highly sensitive to the amount of Osj ,9

admixture, however.

6.2. Magnetic dipole moments and Ml transition strengths

6.2.1. Magnetic dipole moments

Experimentally many magnetic dipole moments are known for the normal-

parity states in p-shell nuclei. These moments are well reproduced in the

present calculations using bare—nucleon g-factors in the Ml operator, see

Table 7. There are five cases where the experimental values of the dipole

moments are known in both members of a pair of mirror nuclei. It follows

that our results describe the isoscalar part of the dipole moments consider-

ably better than the isovector part. The results Cohen and Kurath obtained

with (8-16)POT [1] are slightly better than our results, see Table 7. Since

the experimental dipole moments in A = 11 and A = 13 are closer to the

Schmidt values than the values we calculate, one may conclude that the 12C

ground state is too much fragmented in our calculations.
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Some magnetic dipole moments of nonnormal-parity states in A = 13-16

nuclei are measured as well. Also for these states the dipole moments are

Table 7

Magnetic dipole moments of normal-parity

ground states in A = 6-15 nuclei

6 Li
7 L i
d L i
8 B
9 L i
yBe

10 B

n B
U C

Exp

+0.

+ 3 .

+ 1.

+ 1.

+ 3 .

- 1 .

+ 1.

+2 .

- 0 .

a)

82

26

65

04

44

18

80

69

96

u (n.m.

Present
ca lc .

+0.88

+3.21

+ 1.39

+ 1.29

+3.19

-1.15

+ 1.82

+2.37

-0.66

)

(8-16)POT D)

1.37

-1.27

+ 1.81

+2.63

^ B

1 2 N

1 3 B

l3C

1 i]$

1 •+jg

1 5 N

1 5 0

Exp.a )

+ 1.00

+0.46

+3.18

+0.70

-0.32

+0.40

-0.28

+0.72

u(n.m.

Present
calc.

+0.63

+0.75

+3.05

+0.85

-0.47

+0.35

-0.26

+0.64

)

(8-l6)POT b )

+0.76

+0.76

+0.33

-0.26

+0.64

a' Experimental uncertainties are less than 0.005 n.m. [16-18].
b> m .

quite satisfactory reproduced when one uses bare-nucleon g-factors, see

Fig. 22. The deviation from the experimental value is less than 20% except

for the 3 state in 1 4C. In Table 8 we present the calculated magnetic

dipole moments of all nonnormal-parity states in p-shell nuclei with

T > 1 ps but which are not measured so far.

Both tha results on dipole moments of normal- as well as nonnormal-

parity states show that there seems to be no need for the introduction

of effective g-factors.
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Fig. 22. Comparison between the
absolute values of the calcu-
lated and the experimental
magnetic dipole moments of non-
normal-parity states. The J-
value for the odd-A nuclei is
5/2+. For lbO it is 3~. For ihN,
l5N and 1 60 the calculated
values are positive. Experimen-
tal data are taken from
{17-19, 35].

Table 8

Calculated values for the unmeasured magnetic

dipole moments of nonnormal—parity states with

Texp
m

> 1 ps in A = 11-16 nuclei

Nucleus

"Be
14B

15o
16N

16N

l/2+

2~

3~

l/2+

5/2+

2~

3~

0

0

5.83

0

5.24

0

0.30

u , (n.m.)
theory

-1.53

+ 1.01

+ 1.76

-1.76

+0.37

-2.03

-1.30
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6.2.2. Strengths of Ml transitions

Transition strengths between normal-parity states are not given here.

We only remark that Ml strengths in A = 6-13 nuclei are in general quite

well reproduced, whereas in A = 14 (AT = 1) and A = 15 the calculated

strengths are about a factor of two too large. From the work of Cohen and

Kurath [1] one can deduce the same conclusion. It indicates that 2hw exci-

tations may be important for the description of low lying normal-parity

states in nuclei near 1 6 0 .

Experimental values for Ml transition strengths between nonnormal-parity

states are known only in the mass region A = 14-16. These transitions are

listed in Table 9. In light nuclei some calculated strong Ml transitions

are also given. Not presented in Table 9 are the pure isoscalar Ml

transitions. In lljN and lfa0 there are five such transitions known between

nonnormal-parity states. Experimentally they are all smaller than 10~2 W.u.

[18,19], which agrees with our calculated values.

An interesting case is the Ml transition from the 2 state in 1 50 at

E =12.53 MeV to the lowest 2 state at 8.87 MeV. The former state has

mixed isosopin because of the proximity of the 2 ; T = 1 state at E =12.97

MeV. In the compilation [19] this mixing is not indicated. For the 2„; T = 0

and the 2 ; T 1 states, the calculated Ml strengths to the 2 ; T = 0 state

are 3 x 10 3 and 1.8 W.u., respectively. When we assume that the E = 12.53

and 12.97 MeV states are completely isospin mixed both Ml strengths would

be 0.9 W.u. 'and in much better agreement with experiment, see Table 9.

A further discussion about these 2 states is given in Sect. 6.4 concerning

M2 transitions. The only serious deviation that remains is the

1 ; T = 1 - > 2 ; T = O M 1 transition in 1UN, which is calculated to be 0.69

W.u., whereas the experimental strength is 0.06 ± 0.04 W.u. Kozub et al. [29]

do not give a calculated value for this strength. The presently calculated

Ml strengths in 1 4C and 14N agree somewhat better with experimental values

than those calculated by Kozub et al.

6.3. Strengths of E2 transitions

The reproduction of E2 strengths is very poor when one does not use

effective charges in the E2 operator. This is a well-known feature in shell-

model studies. Values for the effective charges are often determined empiri-

cally. The amount of experimental data on E2 transitions between nonnormal-

parity states in p-shell nuclei is very limited. In order to find proper
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Table 9

Strengths of Ml transitions between nonnormal-parity states in A = 9-16 nuclei

Nucleus

9Be
U B

12B

15N

150

16N

160

a ; [16-18
it is

J^-T -
i' i

3/2+

3/2+

r
3~

r
0~

2~

i";i

3~;1

2";l

5/2+

3/2+

7/2+

Jf' Tf

- 5 / 2 +

+ 5/2+

"»• 2~

•> 2 ~

-> 2~

-*- r
-*• r

+ 3~

-* o"

•* r

+ 3"

-»• 2 ~

+ 3~

-5/2 +

->5/2+

-5/2 +

l/2+;3/2->-l/2+

5/2+;3

5/2+

l/2+

r
2~

o~;i

2";i

3";i

]. b)

assumec

/2^5/2+

->5/2+

-3/2 +

•* o~

•* r

"* 3"
y r
•* 2~

-»• r

•* 3~

X.

4.70 -»•

7.98 •>

2.62 ->•

3.39 +

4.30 ^

6.90 -»•

7.34 "*

-*•

8.06 +

• * •

^ ~

8.91 -*

9.51 ->"

•+

7.16 •*

7.30 -•

7.57 -)"

11.62 •+

12.52 •+

6.86 ">

7.56 •*

0.40 +

12.53bU

12.80 •+

12.97b)"

13.09 +

13.26 ^

Eexp

xf

3.05

7.29

1.67

1.67

1.67

6.09

6.09

6.73

4.92

5.11

5.69

5.83

5.11

5.83

5.27

5.27

5.27

5.30

5.27

5.24

6.79

0.12

8.87

7.12

6.13

7.12

8.87

7.12

6.13

Isospin mixed 2 states,
that T = Tz.

Strengths

a)
Experiment

1.6 ±

0.05 ±

0.29 +

0.35 ±

0.06 ±

1.5 ±

0.61 ±

2.1 ±

0.76 ±

0.26 +

0.09 ±

0.17 ±

0.30 ±

0.54 ±

0.46 ±

1 .0 +

0.16 +

0.9 ±

0.65 ±

0.34 ±

0.10 +

0.62 ±

0.25 +

1.2 ±

see text.

0.2

0.02

0.12

0.09

0.04

0.4

0.16

0.6

0.21

0.11

0.04

0.10

0.08

0.08

0.07

0.3

0.02

0.1

0.06

0.03

0.02

0.07

0.07

0.2

O lf

(W.u.)

Present
calc.

1.21

1.13

1 .00

0.41

1.67

1.04

4.5X10"3

0.25

0.30

0.69

1.40 1

0.54

1.29

0.76

0.26

0.04

0.06

0.31

0.54

0.21

0.92

0.30

3 x io~3

1.13

0.11

0.02

1.79

0.46

0.76

T is omitted,

79



Table 10

Strengths of E2 transitions in A = 12-16 nuclei

Nucleus

12C

13C

13 N

1UC

l«fN

15C

15 N

16 N

1GO

2+;l

3/2"

5/2+

5/2"

3/2"

3/2~;3/2

3/2"

3/2";3/2

3~

2+

1 +

3~

2+

4~

2+;i

5/2+

3/2"

7/2+

3/2+

0~

r
2~

f;Tf

+ 0+

H- 0 +

- 1/2"

+ I/2+

- 1/2"

- 1/2"

•+ 1/2"

-> 1/2"

•y 1/2"

•* r

->0+

-+ 1 +

->- 2~

_,. ] +

- 0+;l

->• 2 ~

- 0+;l

+ l/2+

- 1/2"

+ 5/2+

+ 5/2+

->• 2 ~

-s- 3~

-»• 3~

X.
l

4.44

16.11

3.68

3.85

7.55

9.90

15.11

3.51

15.06

6.73

7.01

3.95

5.83

7.03

8.49

9.17

0.74

6.32

7.57

,8.57

0.12

7.12

8.87

Exf

-> 0

•+ 0

-> 0

-> 3.09

-> 0

-> 0

•> 0

•+ 0

•* 0

->- 6.09

-> 0

-*• 0

^ 5.11

•+ 0

-5- 2.31

^ 5.1 1

-> 2.31

•> 0

->• 0

-»• 5.27

-> 5.27

-> 0

•* 6.13

-> 6.13

Strength

Experiment

4.5

0.25

4. I

1.1

3.1

(43 +

0.51

6

0.28

1.5

1.8

1 .7

0.2

1.5

0.16

10

4.0

0.42

2.7

0.3

0.45

1.7

23

6.3

+ 0.2

+ 0.03

+ 0.9

± 0.3

± 0.2

: 8)10~3

± 0.10

± 2

± 0.11

± 0.4

± 0.3

± 0.2

±0.1 b )

± 0.3

± 0.04 b )

± 3

± 1.3

± 0.01

± 0.3

± 0 . 2 b )

± 0.32 b )

± 0.1

± 6

± 1.3

(W.u.)

Present
calc.

5.0

0.26

4.1

1 .1

3.8

57 x 10"3

0.42

2.5

0.42

1 .1

3.4

2.1

0.29

1 .6

0.14

2.7

1.4

0.57

2.7

0.19

0.19

1.0

4.5

1.1

a)

b)

c)

[30].

[18].

If T is omitted it is assumed that T = T .
z

Effective charges e = 0.35 e and e = 1.35 e are used.
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values for the effective charges we therefore also included the transitions

between normal-parity states in our study.

From Table 10 one finds that the four AT = 1 isovector E2 transitions are

well reproduced when one takes e - e = e. This bare-nucleon value for the
r p n

isovector charge 's quite often used in shell-model studies. With the iso-

scalar charge e + e = 1.7 e we find good results for the transitions

involving normal-parity states, as well as for those involving nonnormal-

parity states. These effective charges, i.e. e = 1.35 e and e = 0.35 e,

yield an optimal description of E2 strengths in sd-shell nuclei [32].

The following conclusions can be drawn from Table 10. From the total

of 24 transitions listed there are nine which are calculated to be smaller

than I W.u. For these transitions, among which four between nonnormal-parity

states, agreement with experiment is very good. The eleven transitions

with experimental strengths between 1 and 5 W.u. are also quite well repro-

duced. There are three transitions between nonnormal-parity states in this

group (i.e. in 1 3C, 14C and 1 6 N ) .

Among the remaining four strong transition strengths there are three

between nonnormal-parity states (one in *"*N and two in 1 6 0 ) . These transitions

are calculated at least a factor of three too small. For a description of

these 'collective' transitions we expect that the inclusion of 3tiw components

in the wave functions is important.

6.4. Strengths of M2 transitions

In Table 11 we present the M2 transitions listed in Refs. 17-19 with an

error of less than 50%. Transitions involving intruder states are omitted.

The presently calculated results are in general in good agreement with

experiment. However, there are some points of disagreement which will be

discussed below.

In 11B the calculated M2 strength for the decay of the second 7/2 to

the ground state is 0.80 W.u. The calculated energy of the second 7/2+ is

1.9 MeV above that of the first 7/2 state. If the experimentally given

strength is correct, an inversion of the two calculated 7/2 states will

solve the discrepancy, see Table 11.

In 160 the calculated isoscalar M2 transition from the yrast 2 ; T = 0

to the ground state is retarded, but in perfect agreement with experiment. ,
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Table 11

Strengths of M2 transitions

Nucleus

10B

i0Be

u B

i2c

13C

lltc

15N

150

160

i' i

2~

3"

4~

2~

7/2+

7/2+

2~

2~;i

5/2+

2

2~

2"

3"

3";i

5/2+

J f;T f
 c

- 3 +

•*• 3 +

+ 3+

+ 0+

->• 3 / 2 "

->• 3 / 2 "

+ 0+

+ 0+

-»• 1 / 2 "

+ 0+

-y 1 +

-> 0+;l

-> i +

+ 1 +

•*• 1/2"

5/2 +; 3/2-5-1/2"

5/2 +

2~

2"

2";i

- 1/2

-v 0 +

+ 0

->o+

E -
1,

5.

6.

6.

6.

9.

10.

11.

16.

3.

7.

5.

5.

5.

8.

5.

12.

5.

8.

12.

12.

11

13

56

26

19

60

83

58

85

34

11

,exp
X
T

•+ 0

-> 0

•*• 0

•+ 0

-»- 0

•* 0
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27

52
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87

,53

,97

->• 0

-* 0

•*• 0

-»- 0

-»- 0

•+ 0

->• 0

0

Strengths

Experiment a^

0.56 ±

0.47 ±

0.36 ±

(7.3±1

1.4 ±

(22+3)

1.4 ±

0.68 ±

1.9 +

0.55 ±

(46±8)

0.7 ±
or

3.5 ±

2.0 +

0.25

0.03

0.17

.3)10~3

0.2

lO"3

0.5

0.07

0.7

0.06

lO"3

0.2 b )

0.5

0.1

(W.u.)

Present
calc.

46 x

0.

0.

15 x

: 10~3

14

13

: 10~3

5.4*10~3

0.

0.

0.

0.

0.

80

,13

10

22

.39

3.0X10"3

1..08

9.2X10"3

1.

0.

1.

0.

46 '

0

4

.15

.81

.24

.43

< 10~3

.80

.15

a ) [17-19].

See text.
c)

If T is omitted it is assumed that T = T .
z
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The calculated M2 strength from the second 2"; T = 0 to the ground state

is seen to be large, i.e. 0.80 W.u.

This is exceptional for an isoscalar M2 transition since it is eight times

stronger than the recommended upper limit of 0.1 W.u. given by Endt [30].

Experiment provides us with two quite different values for this strength.

The measured values are 0.7 W.u. and 3.5 W.u., see Table 16.15 of Ref.19.

Both values are much larger than the recommended upper limit for isoscalar

M2 transitions. An extra complication arises since isospin mixing between

the E x = 12.53 and 12.97 MeV 2~ states is not negligible, as is already

discussed in Sect. 6.2 concerning Ml transitions. The calculated isovector

M2 strength of 4.15 W.u. from the first 2 ; T = 1 to the ground state is

also above the recommended upper limit of 3 W.u. [30] . Including isospin

mixing in our wave functions it is possible to reduce the strength of the

12.97 -> 0 MeV transition from 4.15 to 2 W.u. As a consequence the 12.53 -»• 0

MeV strength will increase to about 3 W.u., since the calculated sum of the

two strengths is constant. A closer experimental investigation of these two

transitions is desirable in order to study the importance of isospin mixing

and to check the validity of both the isoscalar and the isovector M2 recom-

mended upper limits.

In 13C we calculate the 5/2 -»- 1/2 transition strength a factor of two

too weak compared to the experimental value of 0.47 W.u.. This value is

Fig. 23. Comparison between the
calculated and experimental M2 strengths
(> 0.1 W.u.) in A = 23-25 nuclei.
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sensitive too small changes in the wave functions since it is the result of

destructive interference. The pure dc/2 "*" P1/9
 single~Part:>-cle transition

would give a strength of 1.3 W.u, One may therefore conclude that the wave

function for the lowest 5/2 or 1/2 state in 1 3C is somewhat too much frag-

mented in the present calculations. In the calculations of Teeters and

Kurath [4] and Warburton et al. [28] this M2 strength corresponds with the

experimental value. The presently calculated M2 strengths in A = 14 agree

better with experiment than the ones obtained by Kozub et al. [29].

In Table 11 also some calculated M2 transitions in the stable nuclei 10B

and 1 2C, as well as in 10Be, are given. The accuracy of the calculations

for M2 transitions in A = 13 - 15 which are not isospin-retarded is illus-

trated in Fig. 23.

6.5. Strengths of E3 transitions

In Table 12 we give the strengths of E3 transitions between yrast states.

a)

b)
[30],

[18]

Table 12

Strengths of E3 transitions

Nucleus

12C

13C

lfN

15N

150

16 0

J. -»
1

3~ ->

5 / 2 + ,

3" -i

2 " -I

3~ H

5/2+ -

7/2%

5/2+.

7/2+,

3~ H

IT

* 0 +

• 1/2"

• 0 +

• 1 +

• 1 +

• 1/2"

- 1/2"

- 1/2"

• 1/2"

> 0 +

Ex. " E x f

9.64 ^ 0

3.85 -* 0

6.73 -»- 0

5.11 -»• 0

5.83 -> 0

5.27 -> 0

7.57 -»- 0

5.24 ->• 0

7.28 •+ 0

6.13 ^ 0

Strengths

a)
Experiment

14 ± 1

10 ±5

2.4 ± 0.4

4.1 ± 1.0

4.8 ± 0.8

7.2 ± 0.8

2.5 + 0.2

4 ± 2 b )

6 ±2

13 ± 1

(W.u.)

Present
calc.

5.2

0.5

1.7

4.9

3.3

7.7

3.4

7.3

8.9

8.5
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The effective proton and neutron charge are taken the same as for the E2

operator, i.e. 1.35 e and 0.35 e, respectively. From Table 12 one sees that

the spread in the experimentally known E^ strengths is rather small. Calcu-

lated strengths deviate less than a factor of two from the experimental

values, except for the transitions in 12C and 1 3C. It is not obvious that

different effective charges should be used.

Warburton et al. [28] calculated the 5/2+ -+• 1/2 E3 transition in l aC.

With a proton charge of 1.5 e and a neutron charge of 0.5 e, they obtained

a strength of 2.15 W.u. for the E3 transitions. With their effective charges

we would obtain 0.9 W.u. All these values, however, are too small compared

to experiment. Apart from their remark that the E3 transition in 12C is

excellently reproduced, Warburton et al. do not discuss any other E3

transition. With the larger effective charges used by Warburton et al. we

calculate the E3 strength in 12C to be 7.2 W.u., which is still a factor

of almost two too small. An explanation for this failure may be that the

1 2C ground state is too much fragmented in our calculation. We will illus-

trate this by a comparison between the 3 ->• 0 transitions in 1 60 and 1 2C.

In a simple model the 3 ; T = 0 state in 160 is the (p7/2
d5/2^T=3-T=0

excitation. In the Itua model the E3 strength can be enhanced by a factor

of three since also the ( P T / ? ^ / ? ) a n d ^3/2^3/2^ particle-hole excitations

can contribute. In the present calculations the enhancement factor is 2.45.

Thus more than 80% of the total isoscalar E3 strength is present in the

yrast 3 -»• 0 transition in 1 6 0 . With a similar model assumption the 3 ;T=0

state in 1/JC is the (pii-Acin)J=3*T=O P a r ti cl e~h ol e excitation coupled to

the ground state. When one allows also the (p'1, d , ) excitation,

the strength can be enhanced with a factor of 2.5. For the present calcu-

lations the enhancement factor in 12C is only 1.40. This considerable

smaller enhancement than in the 1 50 case is seen to be due to the fragmen-

tation of the 1 2C ground state, which in our model space can of course not

occur in 1 5 0 .

Kozub et al. [29] do not use an effective charge in the E3 operator. The

result is that all their B(E3) values, especially the one in lt(C, are too

small compared to experiment. The presently calculated E3 strengths for

A = 14 agree quite well with experiment. The necessity to use effective

charges, which can be taken the same as for the E2 operator, is quite clear.
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6.6. Strengths of M4 transitions

Electron scattering experiments can provide information about M4 tran-

sitions in e.g. 1 60 and i 2C. In the present model space only the P-wo "* d5/?

single-particle transition contributes to these transitions. In the present

lTiio model space only two M4 transitions, i.e. 0 ; T = 0 -*- 4 ; T = 1 and

0+; T = 0 -»• 4 ; T = 0, can be produced for 1 6 0 . In the harmonic-oscillator

model these strengths are given by

B(M4:0+; T = 0 •+ 4~; T = 1) = 22.5 x 103 bG y2 (6.4a)

and

B(M4; 0+; T = 0 ->- 4~; T = 0) = 0.79 x 103 b6 y2 . (6.4b)

Here b is the harmonic-oscillator size parameter and n„ the nuclear magneton.

In 160 the 4~; T = 1 and the 4~; T = 0 are calculated at 19.5 and 20.2 MeV,

respectively. Experimentally three 4 states at 17.8, 19.0 and 19.8 MeV

are known. Since only two such states can be made in the Itiu model space,

the importance of 3nw components is clear.

For 12C the relations (6.4) also hold if the ground state is required

to be the (0s. .J)1* (0p_ . ) 8 configuration. In the present less naive calcu-

lations the 12C ground state does not satisfy this requirement, but is

fragmented over all five Ohio basis states. Because of this fragmentation we

obtain for the total calculated isovector and isoscalar M4 strength from

the 12C ground state 79% of the values given in (6.4). Moreover, these

strengths will be fragmented over various 4 states. As a result of both

reductions we find for the transition from the ground state to the yrast
— Crll P

4 ; T = 1 state (at E = 19.1 MeV) only 58% of the value given in (6.4a).

A quenching with almost a factor of two is thus obtained compared to the

strength in the simple model where the 4 ; T = 1 state is a (p~\ d ,„) ,

particle-hole pair coupled to a closed 12C core. This confirms the finding

of Donnelly [32] who suggests that in the simple model the calculated

0 ; T = 0 ->- 4 ; T = 1 M 4 strength has to be reduced with a factor of two

in order to obtain agreement- with experiment.

For the isoscalar M4 strengths in 12C we find a much stronger fragmen-

tation. The transitions from the ground state to the lowest two 4 ; T = 0
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states each contain only 7% of the maximum isoscalar M4 strength given by

(6.4b). These two 4 states are calculated at E = 14.7 and 18.3 MeV,

respectively. We find the strongest isoscalar M4 (40% of the maximum value)

for the third 4 ; T = 0 state calculated at E = 19.7 MeV. In the recent

calculations of Greksch et al. [33] the lowest 4~; T = 0 state is at 14.8

MeV. Because of the simplicity of their model almost all p. .„ ->• d_ ,„

isoscalar M4 strength was found in the 0 ; T = 0 -*• 4.; T = 0 transition.

Their suggestion that this strong isoscalar M4 transition should be easily

detectable in (e,e') experiments is thus not supported by our calculations

since we expect a 15 times smaller strength. Experimentally no 4 states

are known in ^2C at about E = 1 5 MeV.
x

7. Summary and conclusions

A systematic shell-model treatment of all p-shell nuclei (A = 4-16) in-

cluding both normal- and nonnormal-parity states has been performed.

In this chapter we first explain how to parametrize a general transla-

tionally invariant two-body interaction such that it can be used in a standard

shell-model program. Especially the consequences for application in a com-

plete Onw and lüu model space are discussed. With the assumption of a

harmonic-oscillator potential for the centre-of-mass motion this model space

allows the construction of states which have the centre of mass either in

the ground state or in the first excited state. As a result of the trans-

lational invariance the latter, i.e. the spurious states, do not mix with

the nonspurious states.

It is shown that any parity-conserving translationally invariant two-

body interaction for p-shell nuclei treated in the (O+l)fmj model space can

be described by at most 23 independent parameters. The parameters involved,

i.e. 22 relative matrix elements and the value of nw, are assumed to be

mass independent. They are evaluated empirically by an optimalization of 136

calculated energy levels to their experimental counterparts. Normal- as

well as nonnormal-parity states are included in this fitting procedure.

The r.m.s. deviations between the calculated and experimental energies

turns out to be 0.7 MeV.

As an illustration of the results a comparison between theory and experi-
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ment is given in Fig. 24 for the energies of nonnormal-parity yrast states.

It is seen that the experimentally observed irregular behaviour of these

yrast states is very well accounted for with-the present mass-independent

interaction.

In many previous shell-model calculations which include nonnormal-parity

states, the interaction used is composed of a combination of several realis-

tic and empirical parts in order to obtain a reasonable value for the two-

body matrix elements involved. However, without extra precautions such

interactions will violate translational invariance, and as a result spurious

and nonspurious states can be mixed.

Besides the spectra we investigated electromagnetic properties. Apart from

some El strengths these properties, which include dipole and quadrupole

moments as well as transition rates up to multipolarity four, are in general

well reproduced. For a further test of the wave functions it is desirable

to investigate also other observables like S-decay and spectroscopie ampli-

tudes for one- and many-particle transfer reactions.

20-

15

10

U 5 6 7 8 9 10 11 10 11 12 13 12 13 U U 15 16

He Li Be B C N 0

Fig. 24. Calculated excita-
tion energies of yrast non-
normal-parity states in
p-shell nuclei and their
corresponding experimental
values. The energies are
given with respect to the
experimental ground-state
energy. For^He3 see Sect. 5.
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An extension of the calculations which includes the complete 2nw model

space would be very interesting in order to be able to describe intruder

states with normal parity. These states mainly occur in the nuclei near 1 60.

In the complete 2ftu model space the largest matrix involved has a dimension

of 1897 x 1897, i.e. for the J77 = 5/2~; T = 1/2 states in A = 11. In total

there are 50 relative matrix elements involved in such a calculation. Six-

teen of these matrix elements connect Onw with 2fiu) states.

Apart from the restriction to ltio) excitations the most important limi-

tations of the present calculations are the following:

i) Coulomb effects are taken into account approximately. Only a simple

correction for the Coulomb energy is made in advance.

ii) States which are unbound with respect to particle emission are treated

the same way as bound states. No corrections are made for the presence of

the various decay channels. Especially for the light p-shell nuclei, for

which very broad unbound states exist, this might be an important correction.

iii) It is assumed that a constant value for the (effective) harmonic-oscil-

lator size parameter b can be used throughout the p-shell. This restriction

may be too severe. However, an A-dependent value for b (and thus for "hw)

will introduce an A-dependence in the relative matrix elements. The present

completely empirical approach is then no longer possible.

Resuming one can say that the translationally invariant shell-model is

very well suited for an empirical description of light nuclei. More exten-

sive calculations on these nuclei can be performed with relatively few

parameters. Several suggestions are given which may improve the presently

obtained results further.
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SAMENVATTING

In dit proefschrift worden de resultaten beschreven van schillenmodelbe-

rekeningen aan middelzware en lichte atoomkernen. De invloed van het toestaan

van één deeltje gat excitaties wordt onderzocht. Voor de middelzware kernen

in de fp-schil wordt op deze manier een sterk verbeterde beschrijving ver-

kregen. Voor de lichte p-schil kernen worden door het toestaan van één

deeltje-gat excitaties uitsluitend toestanden met niet-normale pariteit

gecreëerd. De beschrijving van de toestanden met normale pariteit verandert

niet door het uitbreiden van de modelruimte.

In het eerste hoofdstuk zijn berekeningen aan 57-59^ beschreven. Het

effect van gaten in de f_ .„-schil wordt duidelijk gemaakt. Met name voor

magnetische dipoolmomenten en dipoolovergangen geven de huidige berekeningen

een aanzienlijk betere beschrijving dan die waarbij de f_ ,„-schil volledig

gesloten blijft. Het blijkt dat thans de magnetische eigenschappen gerepro-

duceerd kunnen worden met niet gerenormeerde operatoren, terwijl in de veel

eenvoudiger berekeningen gerenormeerde operatoren onontbeerlijk waren. Voor

het beschrijven van electrische quadrupoolmomenten »*

nog wel een effectieve lading vereist, doch de waarde is veel kleiner dan

in de simpele berekeningen, waarbij een gesloten ^Ni romp wordt aangenomen.

De resultaten van een tweetal interacties, de oppervlakte delta interactie

(SDI) en een Kuo-Brown interactie (KB) zijn met elkaar en met het experiment

vergeleken. De overeenstemming met het experiment is ongeveer gelijk vooi

beide interacties.

In hoofdstuk 1 wordt verder een benaderingsmethode, geënt op tweede orde

Rayleigh-Schrödinger storingstheorie beschreven. Door het toepassen van

deze methode behoeven vele niet-diagonale matrixelementen in de Hamiltonian

niet te worden uitgerekend. Zowel wat betreft de constructie als de diagona-

lisatie van de matrices levert deze methode aanzienlijke besparingen in

computertijd op. De resultaten verkregen met deze benaderingsmethode wijken

slechts weinig af van de resultaten die op exacte manier verkregen worden.

In het tweede hoofdstuk worden berekeningen aan A = 52-55 kernen beschre-

ven. Het eenvoudige model, waarbij alleen nucleonen in de f?/n schil actief

zijn, wordt uitgebreid tot een model waarin de excitatie van één f_,„ nucleon

naar een van de overige drie fp-schil banen is toegestaan. Voor het vinden

van een geschikte interactie zijn de <f^ ,„|v|f^ ,„> twee-deeltjes matrix-
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elementen bepaald door het aanpassen van berekende excitatie-energieën aan

experimentele waarden. De overige twee-deeltjes matrixelementen, die niet

zozeer de spectra bepalen, maar wel belangrijk zijn voor het beschrijven

van vele andere observabelen, zijn uit de literatuur genomen. Behalve aan

het beschrijven van electromagnetische eigenschappen (Ml, E2) van aange-

slagen toestanden wordt speciale aandacht besteed aan eigenschappen van

langlevende toestanden (E4 sterktes en 0-verval) .

In het derde hoofdstuk worden de zeer lichte kernen in het massagebied

van A = 4 tot A = 16 behandeld. Hiervoor kan in het schillenmodel een veel

meer gedetailleerde beschrijving gegeven worden dan voor zwaardere kernen.

Zowel toestanden met normale als niet-normale pariteit kunnen beschreven

worden in een volledige lnw modelruimte. Een dergelijke modelruimte omvat

alle toestanden waarbij de kerndeeltjes in de laagst mogelijke harmonische-

oscillator hoofdschillen worden toegelaten. Bij het opvullen van de hoofd-

schillen is niet alleen het Pauli principe, maar ook de pariteit van de

uiteindelijke toestand van belang. Een probleem is dat voor de niet-normale

pariteitstoestanden het zwaartepunt van het gehele systeem zich niet in de

grondtoestand behoeft te bevinden. Deze onfysische situatie geeft aanleiding

tot de zogenaamde onechte toestanden. Het gebruik van een twee-deeltjes

interactie die translatieinvariant is, leidt er echter toe dat de onechte

toestanden niet gemengd worden met de toestanden waarvan het zwaartepunt

in de grondtoestand is. Het is aangetoond dat een berekening met een inter-

actie die i) translatieinvariant is, ii) pariteit behoudt, iii) isospin

behoudt en iv) massa-onafhankelijk is, een goede beschrijving geeft van de

p-schil kernen. De 23 parameters in een dergelijke berekening zijn empirisch

bepaald door het aanpassen van berekende bindingsenergieën aan experimentele

gegevens. Aangegeven wordt tenslotte hoe met de voorgestelde methode een

verder verbeterde beschrijving van lichte kernen kan worden verkregen.
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werkzaam bij de Utrechtse vakgroep kernfysica. Naast zijn onderzoek aldaar

assisteerde hij bij natuurkundepraktika voor studenten in de chemie en

farmacie.

Door de Stichting FOM werd hij in staat gesteld in 1979 een conferentie

te Rhodos en in 1980 een zomerschool te Dronten, beide over 'Nuclear

Structure' bij te wonen.
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Stellingen behorende bij het proefschrift

One particle-hole excitations

in p- and /p-shell nuclei

1. In het harmonische-oscillator schillenmodel legt de eis

van translatie invariantie van een twee-deeltjes inter-

actie niet alleen sterke beperkingen op aan de twee-

deeltjes matrixelementen, maar ook aan de één-deeltjes

energieën.

Hoofdstuk 3 van dit proefschrift.

2. De door Ichimura et al. getrokken conclusie, dat in het

harmonische-oscillator schillenmodel de componenten in
20
Ne golffunkties met elf deeltjes in de p-schil niet

bijdragen aan a-spectroscopische factoren voor de op-
. . . 20.. . . . 16-, 412,. - 4N .

splitsing van Ne(ir=-) in 0(s p ) en a(s ) , is niet

correct.

M. Ichimura et al.3 Nuol. Phys. A204 (1973) 225.

3. Voor het iteratief aanpassen van de parameters van een

interactie aan experimentele gegevens met behulp van

een kleinste-kwadraten methode, is het interessant te

onderzoeken wat de effekten zijn als de gewichtsfacto-

ren gerelateerd worden aan de verschillen tussen de

gegevens en de berekende waarden. %.'•



4. Door het aantal windingen van de primaire transformator ,

voor de inductie van de toroïdale plasmastroom in een s

7. Voor electrische dipoolovergangen tussen twee voorname-

lijk T=0 toestanden dient de door Endt gehanteerde uit̂ -

drukking "isospin-verboden isoscalaire El overgang"

vervangen te worden door "isospin-verboden isovectoviële

El overgang".

P.M. Endt3 Atomic Data Nucl. Data Tables 23 (1979) 3

s

"tokamak te veranderen, kunnen verschillende karakteris-

tieke tijden voor de plasmastroomformatie verkregen

worden. Het is interessant om de voltseconde-consumptie

van de transformator te bestuderen bij verschillende

stroomstijgtijden.

5. Met behulp van een in het ps-gebied gepulste zware-

ionen bundel kunnen theoretisch interessante electro-

magnetische overgangen met hoge multipolariteit vanaf

isomere toestanden, zoals het E =3458 keV niveau in

38 X

K, bestudeerd worden.
C.J. van der Poela wordt gepubliceerd.

6. Het bepalen van momenten van een schillenmodel Hamil-

toniaan met behulp van methoden uit de statistische f

spectroscopie kan van nut zijn voor het kiezen van een 1,

geschikte modelruimte en het bepalen van schalings-

factoren voor de gebruikte interactie,

S.S.M. Wong3 Nucl. Phys. A295 (1978) 275.

i."



8. Voor de beschrijving van de Ni isotopen, waarbij

één gat in de Ni romp wordt toegelaten, verdient de

oppervlakte-delta interactie de voorkeur boven de Kuo-

Brown interactie.

A.F. Aalders3 Intern rapport V(K)81-93 Rijksuniver-

siteit Utrecht (1981).

9. De argumenten van Farrington et al. om de waarde voor

de reaktiekonstante van zuurstof met het paraquast

radicaal te bepalen uit zes aanpassingen aan een zeer

complexe vervalcurve in plaats van aan 19 metingen aan

zuiver eerste orde verval, zijn onvoldoende.

J.A. Farrington et al.3 Bioohim. Biophys. Acta 314

(1973) 372.

10. Voor het bepalen van theoretische bovengrenzen van

electromagnetische momenten in een bepaalde modelruimte

dient niet alleen de nauwkeurigheid, maar ook de be-

rekenbaarheid in acht te worden genomen. Wat dit laatste

betreft zijn methoden uit de statistische spectroscopie

bijzonder geschikt.

11. Indien men de maximum snelheid voor toerf ietsers aan

banden wil leggen verdient het aanbeveling de voorrijder

te vervangen door een leegloper.

A.G.M, van Hees 7 juni 1982


