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ABSTRACT

Huan Tu-nan et a l [ l ] have proposed an equal-time equation for composite

p a r t i c l e s which i s derived from Bethe-Salpeter (B-S) equation. I t s advantage i s

tha t the kernel of t h i s equation i s a completely de f in i t e s ingle rearrangement

of the B-S i r reducib le kernel without any a r t i f i c i a l assumptions. In t h i s paper

we s h a l l give a fur ther discussion of the proper t ies of t h i s equation. We

discuss the behaviour of t h i s equation as the mass of one of the tvo p a r t i c l e s

approaches the l im i t Mg •* •> In the ladder approximation of s ing le photon

exchange. We show tha t up to order 0 (a ) t h i s equation i s consis tent v i t h

the Dirac equation. I f the crossed two photon exchange diagrams are taken in to

account the difference between them i s of order 0 (a ) .
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I. INTRODUCTION

In 1951, Bethe and Salpeter [2] introduced a wave function for a two
body system and derived a differential-integral equation for this wave function
which is known as Bethe-Salpeter (B-S) equation of the composite system. The
equation however, gives r ise to some well-known diff icul t ies . For example, i t
has unphysical solutions-ghost s ta tes . Further, in the ladder approximation
the B-S equation does not approximate the usual Dirac or Klein-Gordon equation
as the mass of one of the two particles M̂  •* =>. Several authors have pointed
out that th is behaviour is related to the exist=-Dce of an vinphysical degree of
freedom, the relative time X,. = X,- - X_ . In order to overcome these d i f f i -
cul t ies , many approaches investigate re la t iv ia t ic three-dimensional equations of
composite particles without relat ive time. Several authors, such as Longunov
and Tavkhelidze [3 ] , Blankenbecler and Sugar [U], Gross [5 ] . Todorov [6] and
others considered that only the on-shell scattering amplitude has the physical
meaning. They therefore defined various three-dimensional propagators by which
performing the rearrangement of the series of B-S irreducible diagrams and to
get three-dimensional equations satisfied by the scattering amplitude, the on-
shell value of which should not be changed. The advantage of these equations is
that when a Suitable three-dimensional propagator i s selected, they will easily
be solved. However, the choice of the propagator remains a r t i f i c i a l .

Some other authors, such as Krolikovski and Rzevuski [7] obtain a
three-dimensional equation without relative time which i s derived from the B-S
equation. However, i t s kernel i s a complicated double series of B-S irreducible
kernels. Ruan Tu-nan et a l [1] proposed another approach to derive equal-time
wave function equation from the B-S equation. At the same time they also give
a scattering amplitude equation. Their main technic i s to u t i l i se time dis-
placement for the free two time wave function and add some particular Green's
function instead of simply taking equal time. The advantage of this procedure
is that the kernel of th i s equation i s a completely definite single rearrange-
ment of the B-S irreducible kernel without any a r t i f i c i a l assumptions.

Considering the single photon exchange in the zeroth order approximation
the interaction of this equation includes two parts . One of them is just the
B-S kernel in the instantaneous approximation and besides th i s , there is an
additional part caused by the transverse field which gives the spin-dependent
interaction.

In this paper we shall follow the approach of Suan Tu-nan et al and
discuss the properties of the i r equation further. ¥e discuss the limiting
behaviour of th i s equation in the ladder approximation of single photon exchange
as the mass M? •+ ». We show that up to order 0 (a ) th is equation i s
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consistent with the Dirac equation and if the crossed two photon exchange

diagrams are taken into account the difference between them i s of order 0 (a ) .

At the same time we get that the correction for the energy eigenvalue i s of

order 0 (o n ) , n is integer. The correction of 0 (o ) given by Wick and

Culkosky has disappeared.

AD alternative equal time approach was introduced by H. Suura [8] who

used a gauge-invariant amplitude instead of B-S amplitude as follows:

(1.1)

He pointed out that the amplitude x(l>2) is nonvanishing only in the equal-

time plane in a theory of absolute quark confinement. Considering a system of

a quark and anti-quark connected by a l inear e lectr ic flux he derived the

following quark-confinement equation from the gauge invariant theory:

(1.2)

where V(r) i s generated by a Brillouin-Wigner aeries.

For a small coupling constant g as in QED, the above gauge invariant

amplitude will approximate the B-S amplitude

(1.3)

This means that in the limit g + 0, our equation can be compared with

H. Suura'3 equation. In our notation, H. Suura's equation i s

and we see that the form of this equation i s identical to our3. Up to order
p

0(g ), when considering only single-photon exchange, we see that the interaction

kernels are also the same and give exactly the Coulomb interaction. We are

interested to compare these two potentials In higher orders. This wil l be

discussed elsewhere.
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II. RELATIVICTIC EQUAL-TIME WAVE FUNCTION EQUATION OF THE PAETICLE-
AHTIPARTICLE SYSTEM

We w i l l give an extended discussion of the equal-time equation vhich

has been given liy Huan Tu-nan et a l . We v i l l f i r s t give a br ief derivation of

t h i s equation.

The B-S wave function of the p a r t i c l e - a n t i p a r t i c l e system i s

(2.1)

and ve sha l l define the equal-time B-S wave function of the composite system

in the centre of the mass frame as follows

(2.2)

We can derive the equal-time wave function equation from the B-S equation.

The B-S wave function satisfies the B-S equation, i . e . ,

For simplicity, we shall abbreviate it as follows

(2.1.)

where ve have introduced the notations

(2.5)

(2.6)

is the

(2,1)

Note that the operator for the particle, 1, operates on the wave function from

the left and the operator for the antiparticle, 2, operates on the wave function

from the right.

Here Ify-^Vg.z-.i. ) is the su» of the irreducible ser ies ,

free two-body wave function satisfying

- i t -

is the free four-point Green's function satisfying

(2.8)

the lower Index aL meana differention with, reapect to x , . I t la easy to

see that

(2.9)

After i tsrat ing equation (2.3), we get

where i B t h e s c a t t e r l n S amplitude satisfying

We shall abbreviate (2.11) as

(2.12)

Mote that ve can use the suitable time replacement to the free tvo time vave

function to make the time eQuol, i.e.,

(2.13)

where

We multiply equation (2.10) by

(2.Ht) to get

(2.11.)

use equations (2.13) and
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\ < It (2.15)

Mote that {GQT U2} {^.^ . t . j fg .y , t ' } is an equal-time wave operator.

Introducing the operator

[ Z 1 6 )

and defining QQ which sat isf ies the following equation

we then have

18)

where

(1)

and (2) satisfies the folloving boundary condition

) = o (a.19)

The following fi^ s a t i s f i e s equation (2.17) and the 'boundary condition (2 .19) :

Defining

(2.21)

one has

(2.22)

where U , Û  are given Tiy (2.21), (2.1^) and known expl ici t ly .

Obviously T(lJ•, ,32> t">y2>Ji» t ') i s t*1* equal-time scattering amplitude.

I t has a well-defined relation with, the B-S scattering amplitude. But i t must

he emphasized that we get the equal-time scattering amplitude using the suitable

time replacement to the free two time wave function and adding some particular

Green's function instead of simply taking equal time.

Then the equal-time wave function is given as follows

5.23)

(•2.21*)

n
We can define an equal-time irreducible kernel v using T:

(2.25)

In order to find the relation between v and the B-S kernel, we define

and let the amplitude T propagate according to Go:

i.e. -y-i'

(2.26)

(2.27)
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Then n A A
T-U,TU*

(2.28)

This means that the equal-time scattering amplitude T propagates according to

the equal-time Green's function $a . And the relation between T and T i s

the same as the relation between V and I . Also l ' is the irreducible

kernel of the equal time wave function equation.

Now, we have

(2.29)

which means v = I .
From the equation

(2.30)
" » d

we obtain

(2.31)

Obviously there i s a well-defined relation between I1 and 1, and I1 is a
single rearrangement of I, There is no a r t i f i c i a l i t y .

The differential integral equation of the equal-time wave function is

(2.32)

where I ' is the irreducible Kernel of the equal-time wave function equation.
"ilien we write i t in the mamentum space, the equal-time wave function is

given toy

(2.33)

in vhich m is the mass of the composite particle.

ftif)=

III. THE LIMITIHG BEHAV10UB OF THE EQUAL-TIME WAVE FURCTION EQUATIOH
FOB Mg • -

When we consider single photon exchange only, the irreducible kernel of

the B-S equation is

(3.1)

If we take the zeroth order approximation only, ve have the following equal-time

irreducible kernel

( 3 - 2 )

where t^V^X are given Uy (2.21), (2.1U) and (3.1).

When we substitute I ' into (2.33), we obtain the equal-time wave

function equation in momentum space as follows

(3.3)

Taking the Coulomb gauge, we have

C3.it)

in which the f i r s t term is the Coulomb potential and the second term i s t t e

transverse f ield.

Integrating over dpo and dp£ , we obtain the following equal-tia»

equation:



(u-H,

vhere (3.6)

(3.7)

(3.8)

The f i r s t integral on the righthand side of (3.5) contains Just the B-S kernel
in the instantaneous approximation, i . e . , i f we considered the f i rs t term only,
the equation would be Just the Salpeter equation [9]. In addition there is
another part originating from the transverse field in the zeroth order equal-
time potential vhich gives a spin-dependent interaction. I t is seen that this
potential depends also on the energy of the system Po,

In the following we shall discuss the limiting behaviour of the equal-
time wave function equation as the mass of the antiparticle tL, + ~.

The lefthand aide of the equation (3.5) is

Considering that

this term must te finite as M_ •* •, so one requires that f (p}A (-p) + 0.

-10-

This means that only the negative energy levels of the antiparticle has physical

meaning as M- •+ ~. So when M£ •* - the lefthand side of the equation is

Multiplying this expression by A~(-p) from the right, one obtains

(3.9)

where

How we consider the Coulomb potential and transverse field separately aa Mg + •

i) the first term of the righthand side of equation (3.5) is

(3.10)

and multiplying A-p(-p) from the right, we have

(3.11)

i i ) there are four terms in the second integral on the righthand side of the

equation (3-5).

When M2 •* », the f i rs t term and the second term go to zero, since

(1 +^>) ey.U +a'l4) = 0 and (1 -?\) B*( l -Ti\) » 0. The third and fourth

term also go to sero after multiplying by A~{-p) from the r ight . This means

that after multiplying A~(-p) from the right the transverse field goes to

zero as M •* «. I t also means that if we would not consider the rearranged

kernel, the limiting behaviour of the equal-time wave function equation as

M ->. « would be the same as that of the B-S equation under the instantaneous

approximation.

Sote that

which, means that when M ->•=•, we must tai.e into account the contribution from

the rearranged kernel iCGo-Go1)!1. In the appendix, we show that
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X(Go-Go' )I ' + 0 as M -»••». So the l imit ing behaviour of the equal-time wave

function equation as M_ •+ <• is as foilovs

(3.IS)

in which

(3.13)

We shall omit the lower index 1 for convenience. In the nonrelativistic

approximation, we must subtract the rest energy, so we put

and we obtain the equation for x •* follows

(3.U0

(3.15)

With (**' a n d * = P-P"> ve have

(3.16)

Now we shall expand (3.16) and (3.17) in powers of Jfc . Up to f i rs t order in

It • we obtain

(3.18)

-JP-

This means tb.at in the first approximation the equation approaches the
Schrodinger equation vith. Coulomb potential.

Up to second order in Jfc, we get the following. From (3.17)> ve hare

13.19)

We substitute (3.19) into (3-17), and obtain

Multiplying (3.20) by ( l~ rE*) °»d keeping terra up to order )fc*, we obtain

When ve write i t in coordinate apace, ve have

i . e . ,

where

(3.23)

'_ -$i -°L~?t- +i_ rtV'Jj+iJ-'v)-*^ (5*v)l (3.24)

The normalization condition for the wave function which is exact up to order

(3.25)
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