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ABSTRACT

The surface energy of ionic materials is empirically related to bulk

properties (elastic constants, electronic dielectric constant and optical band

gap) through an analysis of the cleavage force. This is evaluated at small

and large separations of the tvo crystal halves from phonon dispersion curves

and from van der Waals interactions, respectively. and these two limiting

behaviours are connected by a scaling hypothesis introduced for metals by

Kohn and Yaniv. The experimental data that are available for a few ionic

crystals seem to satisfy the suggested relation, with an empirical universal

parameter which has roughly the saise value as determined for metals.
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I. INTHODUCTIOH

Relations between surface and bulk properties of materials are useful

in surface physics and acquire deeper content whey they are seen to apply to

classes of materials with different types of cohesive forces. In this spirit

Kohn and Yaniv have recently proposed a universal model for the surface

energy of solids, that they have successfully tested against experiment for

a number of metals ranging from the alkali metals to transition metals such

as niobium and tantalum.

These authors regard the surface energy o as the work done in

reversibly cleaving the crystal along a crygtallographic plane and introduce

a universal scaling hypothesis to construct the cleavage force from its

limiting values for small and large relative displacements of the tvo

crystal halves. This approach relates the surface energy of a, metal to a

built coefficient A determined by the dispersion curves of acoustic

phonons and to the plasma frequency of the conduction electron gas, which in

a jelllum model determlnee the Lifshitz coefficient C for the van der Waals

attraction between the tvo crystal halves at large separation. The Kohn-Yaniv

relation

n(AC)1/S (1)

involves the empirical parameter a vhieh represents the integral of the

scaled cleavage force and takes essentially the same value (<* • O.U76) in the
2)various metals examined. The same approach has been used to relate the

surface tension of electron-hole drops la semiconductors to their bulk

properties.

We examine below this simple approach for ionic crystals in the

families of the alkali halides and alkaline-earth fluorides and oxides. A

rather drastically different physical model is clearly involved for these

materials as opposed to metals since (a) optic as well as acoustic phonons

enter the problem, and (b) the van der Waals interactions arise from closed

electron shells. The relation (1) is nevertheless still found to hold,

vith A essentially determined by the elastic constants and C expressed

through the coefficients for the interionic van der Waals forces, which can

be estimated from the optical absorption spectrum of the material. The

parameter <* is again approximately a constant for various ionic materials,

with a value (a » 0.35) somewhat lower than the Kohn-Yaniv value for metals.

There is some uncertainty In the absolute magnitude of C, however, and this

discrepancy may not be very significant-
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Given the difficulties of experimental determinations and of full

lattice calculations of the surface energy of ionic crystals, we feel that

the present simple scheme for the estimation of this quantity from bulk

properties should prove useful.

II. CLEAVAGE FORCE AT SMALL SEPARATIONS

We consider for definiteness the cleavage of a crystal with the HaCJt

structure along a (lOO) plane. Denoting by an index I the successive lattice

planes of this family, we apply to the planes £ = O and 1=1 weak external

forces along the [100] direction of magnitude T and -F per unit area,

respectively. The induced displacement ., of the two kinds of ions are given

in Fourier transform by

D21(£) Ul{i) I

where the Indices 1 and 2 refer to the two ionic speciest q. is a vave vector

along the [100] direction, Eag(q) are the elements of the dynamical matrix

per unit area for longitudinal phonons propagating in this direction, and

= £ [1 - exp(-iq.d)J . (3)

Here d is the distance between neighbouring planes and we have imposed

periodic boundary conditions after M planes.

The relative displacement z of the average positions of the

two kinds of ions in the two surface planes is therefore given by

s = l [exp(iaji) - l]

I dq Sin^f
in/d ^

This interplanar displacement is accompanied by an intraplanar relative

displacement 5 of the two kinds of ions , which in each surface plane is

given by

(- qd) (5)
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Eq. {h) defines the coefficient A in the expression of the cleavage force

F(z) per unit area for small relative displacements of the two crystal halves

Az (z « d) (6)

One can therefore evaluate this coefficient by using information on the matrix

D .(q) from measured dispersion curves of longitudinal phonons.

An important simplification in the present calculation arises from

the electric neutrality of the (100) planes. The Coulomb contribution to the

force constants between a plane and its successive neighbours is easily cal-

culated by the Madelung method, with the result that this contribution to the

force constant between second neighbour planes is already 1% of that for first

neighbour planes. We have therefore adopted a model for the phonon dispersion

curves which includes only the interionic force constants between first and

second neighbour ions. These force constants have been determined for

several ionic crystals of interest by fitting the well-known expressions for

the dispersion curves in this model to the measured curves for acoustic and

optic longitudinal phonons in the [100] direction, from the collection given

by Bilz and Kress . This simple fit is quite successful and has the

advantage that it introduces empirically an account of effects due to

electronic polarization of the ions.

The integrals in Eqs.(i*) and (5) can be carried out analytically in

this model and the results for fi/z and for A are reported In the first and

second columns of Table I, respectively. The table includes all the ionic

materials with the NaCj! structure for which we are aware of measurements of the

surface energy. It also includes KBr and KI as tests of the present

approximate scheme in cases where a large splitting of the two phonon branches

of interest is induced on crossing. It will be noticed that the value of

iS/z is quite small in all these cases, indicating that the intraplanar

displacement and thus the difference between ^

minor role in the initial value of the cleavage force.

and Dg2(q) play only a

The foregoing observation suggests that we should examine the relative

role of the two phonon branches in order to achieve further simplification

of this scheme. As shown in the third column of the table, we can reproduce rather

accurately our earlier values of A by Including in the calculation only

one phonon branch, with a dispersion relation given by

(0 (q.) it2 si» 2(| qd) (T)



the frequency fi being determined by fitting the measured acoustic branch
near the zone centre. This approximation yields from Eq. (li) the very simple
result

w (S)

where H is the mass per unit area in the (100) plane. The measured acoustic

•branch conforms rather closely to Eq. (7) for these materials in Table I in

which the two phonon "branches do not cross. When crossing and splitting of

the two branches occur, the value of A is largely determined by contri-

butions from the low-frequency branch near the zone centre and from the high

frequency branch near the zone boundary.

In the same approximation we have been able to include in Table I

also two ionic materials with the fluorite structure for which the surface

energy for cleavage along the (111) plane is known experimentally. The

relevant phonon branch has been taken to be the longitudinal acoustic branch

for propagation along the [111] direction .

Finally ve note that the approximate expression (8) for A can also

be evaluated directly from a knowledge of the elastic constants. By the

method of long waves it is in fact equivalent to the relation

M v2/d2 (9)

where M is the mass per unit area in the cleavage plane, v is the speed

of longitudinal sound waves for propagation perpendicular to the cleavage

plane, and d is the distance between successive planes of the cleavage

family. Eq.(9) can be rewritten as

•c/d (10)

where -e is a suitable elastic constant, given by c for the (100) plane

and by x (-e + 2e - + ) for the (ill) plane. The corresponding values
T)~9)of A, from tabulated values of the elastic constants * , are reported

in the fourth column of Table I.

III. CLEAVEAGE FORCE AT LARGE SEPARATIONS

The attractive force between the two crystal halves at large
separation a arises from van der VJaals interactions between the ions, in
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particular from the dipole-dlpole energy term - C J 1 / r
l 1 'between ions of types

i and j . Replacing discrete lattice summations over the two crystal halves
by integrations, we can write the cleavage force per unit area as

v2 Jo >0
tr2 i-T/2

(z » d) (11)

Here v is the volume per molecule in the crystal and C 1B an "Inter-
m

molecular" van der Waals coefficient given by

C - C^ + C__ + 2C+_ (12)

for KaCJl-type systems and by
+ i*c (13)

for fluorite-type systems. Eq.(ll) thus defines the coefficient C in the

expression of the cleavage force per unit area for large relative displacements

of the tvo crystal halves,

F(z) = C/z3 (z » d) (1*0

Other contributions to the force between the two crystal halves, such as that

due to a surface dipole layer, fall off more rapidly with increasing

separation.

The values of C calculated for the ionic crystals of present interest

from available values 3),10),11) o f t h e interionic coefficients C, are

collected in the fifth column of Table I. Possible uncertainties in the

absolute magnitude of these coefficients for alkali halides have been
12)discussed by Lynch The range of values reported in Table I for CaF

is based on alternative methods 11)

consistent
11)

of estimation. The value for BaF« is

with the highest of these values for CaF

In an attempt to find a simple empirical formula for C, we have

resorted to the approximate London formula

(15)
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where a are the electronic polarisabilities of the ions and E. are average

excitation energies. Taking these energies for ions in the crystal as roughly-

proportional to the optical band gap E , ve find from Eq.(ll)

s

c . 3JL
C 20

(16)

where B is an empirical parameter for the ratio E./E and a is the

1 S m
molecular polarizability. Use of the Cl&usius-Mossotti relation then yields

tz - r
+ 2 (17)

with £ the optical dielectric constant of the crystal. This relation is

tested in Fig.l by plotting the values of C in the fifth column of the
,c- - i » 2

table against the quantity E The values of e have been taken

from Refs.llt-16 and 9, ana the values of E from Hefs.17-20. The relation

(17) is seen to be approximately verified, with a. reasonable value & • 1.3

for the ratio E./E . The corresponding values of C are reported in the

sixth column of Table I.

IV. . SURFACE ENEHGY

Me interpolate between the limiting forms (6) and (lit) for the cleavage

force by assuming with Kohn and Yanlv that it has the scaled form

F(z) = F Q f(z/zQ) , (18)

where FQ and z contain all the dependence on the specific material, while

f(1) is a universal function for ionic crystals having the limiting behaviours

f(x) = x for x « 1 and f(x) = x~3 for X >> 1. Contact with Eqs.(6) and

{lk) yields

zQ = (C/A)1 / I t (19)

and

Fn = U3C)1/ '1* • (20)

The surface energy a is then given by

a = i I F(z) dz

- «(AC)1/£
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(21)

with a = r I fCi) dx .

This relation, where a should be a universal empirical parameter

for ionic crystals, is tested in Fig.2 by plotting the available experimental
U) £1) 22)

values of the surface energy of ionic crystals * " against the quantity
1/2

(AC) as determined from the fourth and sixth columns of Table I. Although

the available data are unfortunately quite scanty, the Kohn-Yaniv relation

appears to he approximately satisfied, with a value of a roughly equal to

0.35.

An important quantity in this simple description of the cleavage force
l) 2)

clearly is the scaling length z , which is believed " t o roughly represent

the separation at which F(z) passes through its maximum in changing over from

its initial linear increase into its final z decay. The values of this

length, which are reported in the last column of Table I, are seen to be a

remarkably constant fraction of the interplanar spacing d, with a possible

indication of a slight dependence on the cleavage plane in different structures.

V. COHCLUDIHG REMARKS

Eqs.(10), (17) ana (21) with a - 0.35 and B - 1.3 relate the surface

energy of ionic crystals to some buli properties which are the elastic constants,

the electronic dielectric constant, the optical bana gap and the interplanar

spacing. These bulk properties are known for many materials and these

equations should thus be useful for rough estimates of the surface energy.

The dependence of the surface energy on the cry9tallographlc plane

enters the present approach through the value of A, i.e. through the elastic

constants ana the interplanar spacing' It is easily checkea from available

values of the elastic constants that it predicts o(l00) < o(110) for

HaCl-type crystals, in accord with experiment. These simple results in

terms of elastic constants are not applicable, on the other hand, to charged

planes such as the (ill) plane in HaCi-type crystals, where the optic phonons

should be much more relevant in determining the initial value of the cleavage

force.
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Table I

Properties of cleavage force in ionic crystals

A(l019

LiF(lOO) | 0.1k

NaCi(lOO) j 0.13

KCi(lOO)

KBr(lOO)

KI(IOO)

MgO(lOO)

CaO(lOO)

CaFg(lll)

BaF2(lll) 2.52

' i
81*

Eq.(Xl)

3.81

t . 3 7 -

lt.OO

it.OO

!*.76

6.70

-

2.93*5-85

6.85

erg) j

3.96

1*.69

3.88

U.io

4.38

6.51*

6.79

U.58

1».72

z_0

a

0.25

0.25

0.2U

0.2!*

0.25

0-22

0.22

0.18

! 0.18
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3
(AC)1/2(18adyn cm"2)

Van der Waal3 coefficient C versus E
- !•
+ 2

for alkali

halides, MgO, CaF and BaFj. The straight line corresponds to

9 = 1.3 in Eq.(17).

1/2
Fig.2 Experimental surface energies versus (AC) . The straight

line has slope a = 0.35-
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