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ABSTRACT

The exact radial solution inside the muflin-tin sphere is replaced by

its Taylor expansion with respect to the energy, truncated after the

quadratic term. Making use of it the energy independent augmented plane

waves are formed which lead to the secular equations linear in energy.

The method resembles tho currently used linearized APW method but

yields higher accuracy. The analysis of solution inside one muffin-tin

sphere shows that the eigenvalue error is proportional to (E-E ) 6 as

compared with for LAPW. The error of eigenfunctions is

( E ~ E
O ) ({E~E

O) (or LAPW).These conclusions are confirmed by direct

numerical calculation of band structure of Cu and Al.
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[. INTRODUCTION

Recent progress of the electron band structure calculations based

on tho muffin-tin model of the one-electron crystal potential is closely

related to the development of linear methods introduced into the band

theory in . The basic idea of these methods is to replace the exact

energy dependent radial solutions of the Schrb'dinger equation inside

each muffin-tin sphere, by tho approximate ones. They are composed

from the radial solutions at fixed energies and their energy derivatives

a
calculated at the same energies in such/way, that they join smoothly the

solutions in the interstitial space. This approach leads to formation of

the set of energy independent basis functions from which the energy in-

dependent trial function is built. Consequently, the variational principle

for Schr6"dinger equation yields the secular equations linear In energy.

Prom them the eigenvalues and eigenfunctions can be calculated simul-

taneously by the diagonalization procedure and the computational effi-

ciency is about two order of magnitude better when compared with con-

ventional methods. It depends on the interstitial solution used, if the

linearized augmented plane wave method (LAPW) or the linear combina-

tion of the muffin-tin orbitals (LMTO) - the linearized form of KKR

method is obtained.

The price we pay for the increasing efficiency is the reduced accu-

racy connected with approximate radial wave functions used instead of

the exact ones. We can say that the above methods are linear also in

that sense that they replace each exact radial solution by its Taylor ex-

pansion, linear with respect to the energy parameter around one appro-

priately fixed energy, and this linear approximation is used throughout

the whole conduction band. The same is done for the coordinate deri-

vatives of the radial solutions.
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It is, of course, possible to calculate the exact energy dependence

ol the radial solutions and their derivatives and compare with approxi-

mate ones. Examples, obtained for the aluminium and copper muffin—tin

potentials (both functions and derivatives taken at the muffin-tin radii),

are shown in Pigs, 1 and 2. The marked deviations from the linear en-

ergy dependence observed for both A2 and Cu suggest that the current

linearized methods can be further improved if we include the second

order terms of Taylor expansion in the approximate radial solutions. This

quadratic version is investigated in this contribution.

For the reason of length we limit ourselves only to the quadratic

version of APW; MTO will not be discussed here as well as the rela—

tivistic corrections and treatment of deviations of the crystal potential

from the muffin-tin shape. The extension of our formalism is quite obvi —

1 2ous and can be done analogously as [or the usual LAPW and LMTO ' .

As for the organization of this contribution and the notation used, we

shall follow closely the paper in describing the LAPVV; this makes it

possible immediately compare the linear APW and its quadratic version.

First we shall describe the most important features of the approximate

solutions inside the muffin—tin spheres, then formation of augmented plane

waves and secular equations will be described. The following section

will be devoted to the analyzis of errors due to approximate radial solu-

tions and, finally, the application of method to the band structure calcula-

tions of Al and Cu will be presented.

II, THE RADIAL WAVE FUNCTION INSIDE THE MUFP"IN-TIN SPHERE

The exact radial wave function /•W/f. for an energy parameter E is

obtained as a solution of the SchrKdinger equation

A/, MA - B M/. •= 0 , ( i )

H dk
( 2 )

Approximate solutions ^ji, can be obtained from the Taylor series in

the neighbourhood of the fixed energy E. Here we limit ourselves to the

second order in the expansion parameter 0̂ :

-h ( 3 )

denotes —-\ ). The coefficients of the Taylor expansion are solu-

*• t
tions of the inhomogeneous equations

( 4 )

( 5 )' *" c *4 —

JL ,0 /C

which a r e ob ta ined from equat ion ( l ) by the s t ra ight forward differen-

tiation.

T h e w a v e function / M ^ , is determined from ( l ) to within the norma l i -

zation c o n s t a n t and it is a l so the h o m o g e n e o u s solut ion of a qua t i ons ( 4 )

and ( 5 ) . T h e p r o p e r normalizat ion of /M, , A*A and /W^, is in t roduced

making u s e of the relat ion

w h e r e X , , =
1

, R denotes the radius of the muffin—tin sphere ands

K

It is useful to require MS£, to be normalized inside the muffin-tin sphere

in such way that

^ A. ( 8 )

T h e n , subs t i tu t ing the T a y l o r e x p a n s i o n of /W^{£ + 0 ) into ( 6 ) , the rela—
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tions are derived which are very helpful when normalizing the function

/JW, and its derivatives. The first derivative /A^ is orthogonal to the functio

equation (3),

( 9 )[0/ (E)) = 0 ,

the second derivative satisfies the condition

/ M/, /AJ. \ -f- / Ms, AM S = 0 .

Moreover, the functions M/& , M^x, and ^^f, and their derivatives

with respect to A/ are related at the muffin—tin radius R by equations

(13)

Combining equations (12) and. (13) we? obtain the expression

(14)

which will be of particular use in the following formalism.

HI. FORMING THE AUGEMENTED PLANE WAVE

The augmented plane waves 4^* are the plane waves in the inter-

stitial region,

^ 7 * 7?
where K v^~ " +" ^^L/ r ^ 1S * n e reduced wave vector arid t?/tv is the

cociprocal lattice vector* pu i s the volume of the unit cell. Inside the

muffin-tin spheres they are the linear combination of the spherical solu—

tions, the radial part of which is givon by the approximate functions A^j,

Lfm.

The fixed energy parameters E^ can have different values for diffe-

rent angular momenta. The parameter A/^ is to be determined from the

joining conditions across the muffin—tin boundary requiring that each an-

gular momentum term be continuous. The parameter U) is determined

from the condition that the angular momentum terms matches continuously

with continuous derivatives. The latter requirement leads to the quad-

ratic equation for (J

K { + fa- U^fO, (i?)

where AkfAj denotes the spherical Bessel function Ai (k^ R ] . [ts dis—

criminat is manifestly positive and making use of ( 14) Lt can be written

in the form

Introducing s = sign (M^ 4^ —

termined by expressions

the parameters 00 and A/ are de—

when s is to select the prcper root of equation (18). The coefficients

^yf/n i /v</it/ and C^ .̂ are introduced to bring our notation closer to

2
the notation used in the paper In *", where the linear Taylor expansion

for the radial solution /UUt is used. Let us note, that if we assume

M/,-* 0 in equation {17), then D —> (Ms^ j/^ H~ MJ,^ \ and consequently, we



can write

in accord with equations (lOb) and (lOc) of

(22)

(23)

(24)

which can be converted to the explicit Hermitian expression using a

Bessel function summation and suitable manipulation with coefficients <X

kf,^, and &tM/ . We obtain

IV. SECULAR EQUATIONS

We now use the set of basis functions (p/n/ introduced in the preced-

ing paragraph to form a trial solution

- (25)

Then the variation principle for the Schrodinger equation leads to the

secular equations linear in energy,

( 2 6 )

which can be solved by standard matrix methods, The overlap matrix

elements S^^-^CJjJCfJ^ are given by expressions

(27)

(28);L =

here K~i^/y^~ *̂ /Hvl and the Legendre polynomials t^, are obtained by

umrnation of spherical harmonics. The direct application of tho Hamilto —

iari H to the trial function 'U' leads to tho matrix elements of the

H | in the torm

3 1

The matrix elements corresponding to the linear augmented plane wave

method (Koelling and Arbman , equations (13) and (l6))can be ob-

tained from our expressions (27,28) and ( 3O, 31) again by taking the

limit M/^ "* 0, i.e. making use of relations (22-24).

V. ACCURACY

Similarly as in ' one can estimate the error which is made by

using the second order Taylor expansion instead of the exact radial solu-

tion inside the muffin-tin sphere- Also the difference between the second

order expansion and the linear approximation will be investigated here.

First, let us have a look at tho difference between the exact logarith-

mic derivatives L/~ M.^ [Bjrt6 ]j,.U/L (Ei-tT) and the approximate ones. If

we denote L. the logarithmic derivatives calculated using ,UJL and

(equation (3)) and L^ those obtained in the linear approximation we

can write, making use of equation (6),

(32)

LE* &
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a n d

/ - / i.
1 A R*

The same order of error is reached in both approximations for small <f

because of validity of equation (9) . These estimates of course comple-

tely fail for 6 close to roots of equations JW^ +M^<T= 0 and AO^ + ^**i<'

•h M^ d/Zt =* 0 , i.e. near the poles of approximate logarithmic

derivatives.

We can also look for errors introduced into the inverse function

E= EfL^ ) by approximate wave function. Here we should have in

mind that logarithmic derivatives are ever decreasing cot—like functions

and that therefore only one branch can be inverted. Starting from

equations

AA/JL (EA+ <T) M//, AA/, {EJL* d~) Ais* ~ > ( 3 * )

and

) which ensure that <-<J and <\) are chosen in such a way

that L̂=a Lj£ and L« L, respectively, we arrive, using once more equation

(6), at expressions

(36)

a n d

(37)

Again, errors introduced by both approximations is of the same order.

Let us note here that equation (34) is quadratic with respect to para-

meter C*J and, similarly as in (17), the root corresponding to the proper

branch of function E(L^ ) must be chosen.

It remains the most important task - to determine differences between

the approximate wave functions satisfying equations (34,35) and the

exact solution ^4,{E^ ifj and, finally, differences between the exact

energy Ê  + d~ and its variationaJ estimates given by

a n d

p _

= • =

(38)

(39)

These differences were already found for the Taylor expansion trun-

2
cated after the linear term in and read

(4O)

(41)

The second order expansion given by (3) with uj determined from (34)

yields in both cases higher accuracy. One obtains for the deviation o'f

the wave function from Mfa (E^ + cT) equation

and the variational estimate of energy (38) leads, after somewhat lenthy

calculation, to the expression

E = Ex +-<f + 0 (<T(J . (43)

The expressions (4O-43) confirm the anticipated result that inclu-

sion of a higher order term of Taylor expansion into the approximate ra-

dial solution yield better approximation of both wave function and eigen-

energy, at least if we consider only the interior of a muffin—tin sphere

and the region of energies close to fixed E_£ . The next step in compa-

rison of both methods, which can lead to more reliable conclusions, is

their application to realistic band structure calculation.
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VI. APPLICATION TO ALUMINIUM AND COPPER

Two metals were chosen to test the method described above, the

aluminium and the copper. The aluminium has the nearly free electron

band structure and it is expected that the whole conduction band will be

described with high accuracy using only one fixed energy E for all X? .

The band structure calculation of Cu will be a more difficult task be-

cause of the narrow d-resonance in the conduction band. For this

2
reason the copper was previously a subject of an extensive study

devoted to LAPW method. Similarly as in that paper we use in our cal-

culation the Chodorow potential as published in " . Also the Burdick's

criteria for selection of maximum angular momentum number £. (1/ = 4)

and of the reciprocal lattice vectors [JLL2c-\ _; iiQ were accepted ( a is

the lattice parameter). The same criteria for selection of Jb and k • ;

were applied also for the case of Al, but here we used the older muffin-

4
tin potential published by the author

It is our aim to compare results of our method with those obtained by

the original APW {which represent the exact solution) and LAPW, The

first step is the calculation of exact and approximate radial solutions and

their derivatives with respect to A/ . The examples of the energy depen-

dence of their amplitudes at R> •» R are presented in Figs.l and 2. Fig. 1

shows both the functions and derivatives for / = Q and E — O.2 Ryd

in the case of Al. Note that the exact function and its quadratic approxi-

mation coincide throughout the whole energy band. For the aluminium, we

obtain the largest deviations between the exact and approximate functions

in the case /-= 0 ; they decrease substantially with increasing 1/ and at

lf= if practically disappear. This is not true for the copper "where the

oC —wave function and its derivative are most difficult to approximate. It is

seen from Fig.2 that, when choosing E = O.6 Ryd, both the linear and

- 1 1 -

quadratic approximations deviate from oxact curves, but still the quadratic

approximation proves itself to be the better one.

It is obvious that the accuracy of approximation of radial functions

and their derivatives depends on the choice of E and therefore also

the eigenvalues calculated by the LAPW and quadratic APW. Since the

quadratic approximation is moro accurate we expect that the quadratic

version of APW will be less sensitive to the choice of E , This is con—
o

firmed by direct numerical calculation performed in a number of high

symmetry points for both metals. The results are presented in tables I

and II. The columns most to the left represent the result of full APW

calculation; the minor deviations from the eigenvalues previously pub—
3 4lished in ' are mainly due to the conversion of the original potentials

to the logarithmic mesh. In the case of aluminium two different values of

E were chosen and even four of them in the case of copper. Almost the

same computational programme was used for both quadratic and linear

APW - only three lines are to be deleted to obtain the linear version

from the quadratic one. For this reason also the computational times are

practically equal for both methods. As seen from tables I and II the

quadratic LAPW yields results which are in general closer to the exact

eigenvalues. Note also that the LAPW completely fails for the highest E

in the case of Cu.

VII. CONCLUSIONS

The principal assertion of this paper is that the developed quadratic

version of APW method yields the eigenvalues and eigenfunctions with

higher accuracy than the standard LAPW, preserving all its advantages

and computational efficiency. The better description of radial solution in-

side the muffin—tin sphere is expected to Improve mainly the calculated
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matrix elements involving the eigenfunctions, also the charge density ne-

cessary for selfconsistent calculation will be better described.
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FIGURE CAPTION

Pig. 1. The exact and approximate energy dependence of the radial

solution and its derivative at r=.R in aluminium.

Pig. 2, The exact and approximate energy dependence of the radial

solution and its derivative at r=R in copper.
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E-, = J

" 2

W l

APW

[\ -190.4

416.3

489.1

283.6

301.7

569-2

621.2

674.4

Table I .

ALUMINIUM

200

QAPW LAPW

-190.4

416.3

489.1

283.7

301.7

569.3

621.3

674.6

-190-3

416.3

489-2

283-6

301.7

569-2

621.3

675-0

8 0 0

QAPW

-189.8

416.3

489.2

283-9

301.8

569-5

621.5

674.6

LAPW

-181 .1

416-4

489-2

284-0

302.4

569-2

621.3

674.5

E l = E o

r 2 5

P l 2
X l

X3

'h
X5
X4
x l

L l

L 3
L 3

L 2

L l

W2

W3
; ' v l

w l

VI-,

[mRyd]

APW

-103.2

297 .7

356.4

162.3

196.7

397.2

411.2

704.2

1090.7

163-7

295-8

400.5

509.6

844.8

215.0

266 .6

353-3

410.9

1043-7

0
/

QAPW

-103-2

299-6

361.1

162 .9

196.8

398.4

411.6

704-1

1131-8

164.8

299.3

401.5

509-5

863-3

215-3

2 6 7 - 2

354.6

411-7

1066.5

\

LAPW

-103.2

303-1

368.6

162 .9

196.8

403.2

416.6

704.2

1152.4

164.1

302.8

407.0

509.6

878.1

216.0

268.6

359.0

417.4

1078.8

Table I I .

COOPEE

300
/ \

QAPW

-103.2

299-2

360.0

163-4

197.1

397-9

411.3

704-2

1125-1

165-4

2 98.6

401.0

509.6

859-4

215.6

267-3

354.3

411-3

1063 .8

LAPW

-103-2

299.2

360.0

162.9

196.7

397-8

411.4

704.2

1113.3

164-1

298.6

401.1

509.5

852.7

215-4

267 .1

354-5

411.4

1056.6

600
/ \

QAPtf

-103.2

299-6

360.3

169.4

197.0

397-7

411-4

704.3

1091.6

181.1

299.3

401.1

509-6

847-7

215 -4

267-5

354.5

411.3

1059.0

LAPW

- 1 0 2 . 8

308.0

366.6

172.9

203-7

398.8

411.9

704.2

1095-6

173-6

308.0

402 .1

509.6

845.5

223.O

272.6

357-0

412.1

1046.6

900
/ \

QAPW LAPW

-103-3

307-6

367.8

202.8

399.2

412.4

427-7

704-3

1092-3

210.8

307.9

402.9

509.6

849.8

273-3

296.8

359.9

412 .6

1053-8
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