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ABSTRACT

The effective medium theory for a system with randomly

distributed point conductivity and polarizability is re-formulated,

with attention to cross-terms involving the two disorder parameters.

The treatment reveals a certain inconsistency of the conventional theory

owing to the neglect of the Maxwell-Wagner effect. The resul ts are

significant for the c r i t i c a l r e s i s t i v i ty and die lec t r ic anomalies of

a binary liquid mixture at the phase-separation point.
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In the effective medium (EMJ theory of e lec t r ica l transport

the macrosoopically homogeneous and isotropic conductor having randomly

distributed point conductivity is approximated lay a uniform EM that can "•_

'best1 terminate the given disordered system, i . e . , with a minimum mis-

natch (Landauer 1952 and Kirkpatrick 1973). Thus, for the simplest case

of binary randomness with volume fractions x, and x» (= 1 - x.) having

point conductivities a, and o respectively, the EM theory seeks a

uniform medium with conductivity <f such that the averaged polarization

fluctuation ^{x., 3O = xA
n

A + x n_ = 0, where — a E n is the dipolar

polarisation induced on a spherical a-island of radius ' a ' , embedded

in the EM, by a uniform external electrostatic field of strength E .

Here a s A, B. Generalization to a discrete medium, i . e . a la t t ice vith

bond disorder, is straightforward. The essential point, however, is that

the disorder be stat ic on a relevant time scale. Recently, this has led

to an important application of the EM theory to the problem of transport

anomalies of a binary liquid mixture at i t s phase-separation c r i t i ca l

point (Shaw and Goldberg, 1976). Here, the cr i t ica l slowing down of the

thermodynamic fluctuations of the order parameter enables one to t rea t

the l a t t e r as representing a stat ic compositional (binary) disorder, iAlso,tthe point-property such as the conductivity is to be replaced by its-;'

coarse-grained average over a certain characteristic length.

For the purpose of this paper the only relevant point to note is

that both the conductivity and the dielectric constant are experimentally

found to show a cusp singularity with the same critical exponent for their

•temperature derivatives, and that the amplitudes of the singular parts

appear to be correlated (Kaja Gopal 1981). This has motivated us to

re-examine the EM theory ao as to reveal any possible cross-correlation

between the conductivity disorder and the effective dielectric constant.

Physically this is expected and is reminiscent of the Maxwell-Wagner
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effect (see Bottcher, 1973). • Our re-formulation of the B4 theory

confirms this to be the case, and detects an inconsistency of the

conventional theory.

In order to fix ideas and to appreciate the inconsistency of

the conventional EM theory, consider the case of a disordered conductor

referred to above, i.e. set the dielectric constants EU = tp = 1,

but o_, a„ > 0 and,of course, n f u,. How the EM with conductivity

o , defined by the condition of no excess polarization as discussed above,
m

is not ohmically equivalent to the given disordered medium. Should we

impose this additional condition of no excess dissipation, as we shall

do later in Eq. (2) of our reformulation, the problem becomes over-

determinate. The point is that the conventional EM theory subs\jmes that

there is no dielectric polarization induced by conductivity disorder.

It does not prove that this is the case. We explore this question by

assuming generally that the EM is characterized by an effective con-

ductivity a and an effective dielectric constant c , and then impose

the additional condition of no excess dissipation on the average. This

leads to a determinate set of equations for a and e . Me shall call
HI BL

such an IM an ohmically and die lec t r ica l ly equivalent effective medium

(ODEEM).

Our derivation of ODEEM proceeds along the l ine of Landauer (1952)

We consider an a-sphere of radius ' a ' embedded in the inf ini te ly

extended EH in the presence of a uniform external field of strength EQ.

I t i s now a standard exercise in e lectrosta t ics to determine the potential

£ (y) as a multipole expansion. We shal l simply write down a few

expressions in order to emphasize certain points.

- 3 -

We have

(la)

r<a U b )

vith the boundary conditions $ (a~) (a+), no double-layer at the

(a") - Itilx real charge density at inter-

") = a
m * ' ' a )» t n e continuity of radial current. Here

interface;

face; and "

prime denotes radial derivative.

The excess ohmic dissipation AP may be written as

AB =
r<a

where the last term on the right-hand side is the volume integration over

the entire EM, and is in fact infinite. This infinity i s , however,

subtracted by the second term on the right-hand side. The latter is

mathematically well defined as in the limit E •+ ~ , where R is the

radius of the W. The condition of no excess dissipation on the average

now reads

(3)

Similarly, the excess polarization An may be obtained as
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where p (8) is the surface charge density at the boundary y = (J. It

includes both the real charge as well as the apparent charge. The first

arises from the non-zero conductivities (u , o ^ 0 ) , while the second

is due to the discontinuity of dielectric polarization across the

interface. Explicitly, one has

The condition of no excess polarization on the average requires

r O (6)

Equations (l) through {6) form a closed system of equations and can be

solved for the ODEEM parameters e and o . We get
M m

r O
(T)

and

Oly, . . (6)

It is readily seen that even with e = L = 1 but

0 f o f o ^0,one gets e > 1, implying that ohmic disorder does

contribute to effective dielectric constant within the IM approximation,

as anticipated on general grounds.
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We shall new discuss the significance of the above results for

the critical behaviour of the conductivity c and the dielectric

constant em of a binary liquid mixture at the phase separation point.

Accordingly, we set X
A

1/2- Also, let m °0 + V °2

e am = °0^ L O £ c ( J E HI u u m

4 / L ' A ^°o * ^ f°n sn^- ^ f ^Q <c ^ fiLIld assumed t o be of the same

order. From Eqs. (J) and (8) we then get after some algetra

and

(10)

that shows the cross-term explicitly. We note in passing the absence of

terms quadratic In A and A in Eq. (10). Now we make the usual

assumption that A = K <Sc and Kff4c, where Sc is the local

concentration fluctuation and K £ and K^ are some proportionality

constants. In doing so, we are ignoring the details which, although

important otherwise, are not essential to our argument, e.g., the change

in the concentrations of the charged carriers because of the dissociation

effects and the different affinities of the carriers for the two con-

stituents of the 'binary mixture. Substituting in Eqs. (9) and (10), we

get

<k -
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and

{12}

As discussed earlier, Sc denotes here a coarse-grained average over s

certain characteristic length (Shav and Goldberg, 1976). Equations (ll)

and (12) constitute our main result. They show clearly that the ohmic

and the dielectric anomalies have the same critical exponent, and that

the amplitudes of the singular parts are directly related. Hote that

the prefactor K K can have either sign.

In conclusion, we have given a re-formulation of the EM theory

that consistently ensures ohmic as well as dielectric equivalence. It

detects a change in the effective dielectric constant due to the

conductivity disorder. The results are significant for the transport

anomalies seen in binary liquid mixtures at the phase separation critical

point.
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