
• - • /

IC/81/73

IBTERHAL REPORT
(limited Distribution) 1. IHTRODUCTIOH

• International Atomic Energy Agency

and

United Stations Educational Scientific and Cultural Organization

IBTERNATIONAL CENTRE FOB THEORETICAL PHTSICS

PADE APPROXIMANTS A M THE CALCULATION

OF SPECTRAL FUNCTIONS OF SOLIDS*

Fernando F. Grinstein** +

International Centre for Theoretical Physics, Trieste, Italy

ABSTRACT

The computational approach of Chlsholm, Gens and Pusterla for

evaluating Feynman matrix elements in the physical region, Is proposed

for the calculation of spectral functions of solids. The method is based

on the moment expansion of the functions, vith a convenient choice of

reference point, and its resummation vith Pads* approxLmants. The

technique is tested in the calculation of the electron density of states

for a one-dimensional system. In this case, the convergence of the method

may be formally proved, while a numerical study shovs its practical

significance.
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The evaluation of Feynmsn matrix elements in the physical region,

where the branch cuts of the functions are usually placed, involves

considering a singular integrand in the range of integration of the Feynman

parameters. To overcome this difficulty, Chisholm et al (1976) have given

a method. Basically, it consists in generating an expansion in the neigh-

bourhood of a conveniently chosen reference point, such that the integral

expressions for its terms are well defined quantities, and resumming the

resulting series with Pade'approximants (PA's)». In this way, the branch

cuts are displaced from the real axis and the calculations can be perfermed

directly on the physical region. The technique has then been extended by

Short (1979) by using multivalued (Shafer, 1971*) and other generalisations

(Chisholin, 1978) of the PA.

An analogous problem appears when calculating spectral properties

of solids. The associated problem is that of the evaluation of Green's

functions or "spectral functions", and a common feature in their computation

is integration over the Brillouin zone (Gilat, 1972). In particular, the

integrands are singular over certain branch cuts, namely, on the energy

bands, and a limiting process is involved to approach them.

In this paper, ve test the relevancy of the computational

procedure above in this type of calculation, when the PA's to the moment

expansion of the Breen's function are considered- In Section 2 we formulate

the problem, from the mathematical point of view, for a simple case, typical

of one-dimensional density of states calculations, vhile the PA Ansata is

discussed in Section 3- In Section k, we consider the problem of a system

of non-mutually interacting electrons, in a linear chain of attractive

Delta function potentials, in a tight binding approximation. In this case,

ve'are able to calculate the electron density of states and test the PA

• See Baiter (1975) for a survey.



approach. The formal convergence can be proved in this example, for an

infinite sequence of PA's, and a numerical study skovs the practical

significance of the method. Finally, we present the conclusions in

Section 5-

2. CALCULATION OF CERTA1H IHTEGRALS WITH BHAMCH CUTS

Let us consider a function G( <} given by an integral of the

form

For a given real continuous function v(k), G(w) will be, In general,

analytic in the complex u plane cut along the real segment

{ui • v(k), ke[O, *]}. In this paper, we shall fce particularly interested

in the calculation of

,-«, &(»+;*•) (2)

when u> l ies on that cut. This type of calculation i s the relevant one

involved in the determination of the electron density of states based on

tbe Green's function method, as we shall see in a particular example

discussed In Section h.

In order to fix our discussion to a specific problem, we shall

make hypotheses with regard to the function v(k). Suppose that v(k)

i s monotonous and such that 0 > v(ir) > v(0) . By defining the new

variables x = v(k) - vCo) and s « [u - v(O)l , we now consider the

• This is actually a non-essential assumption intended only for

simplifying purposes.
-3-

function f(.z) = G[v(o) + a 1 ] given by

/ -
(3a)

(3b)

where R - [v(») - v(0)]~ > 0, and I(I{X) * 1 / v'(k). The calculation of

the limit (2) will now involve, in terms of f(z), the calculation, for

S, - ) , of

Let us nov consider x and i in the lover half I plane, and

suppose that v(k) is such that +{x) satisfies the following:

i) *(~) 1 B continuous in the opea interval (E, «) and can he analytically

continued for Im u > 0;

li) |*(^) / In- s)| + 0 , when |u[ + » ,

and (5)

! + (i-) (u - R)| + 0 , when u + R,

for u such that arg(R - ZQ) J, argCu - R) > 0. Then, hy using Theorem 2
of Appendix 1, i t follows that for al l z in the lower half plane we can

also write

* f
(6)

where S Q = {u / u • (R - z^ly + I Q, ^ " , I» » o < 0} defines the

position of the new branch cut, now displaced from the real axis into the

upper half plane, except at the branch point. Hovever, both Eqs. (3b) and

(6) define the same function in the lover half plane, for any I in that



domain. Moreover, the integral in (.6) defines a function analytic In

the z plane cut along SQ and, in particular, continuous on (B, « ) ,

and hence, by using that expression for z > B

An alternative technique of practical interest for this type of

calculation is that proposed by Chisholm et al (1976) for the evaluation

of Feynman integrals in the physical region, based on the same idea of

"rotating" the branch cut. It i s , however, of greater interest, since in

typical density of states calculations, based on expressions such as ( l ) ,

ant analytic form may not be available for v{k), e .g . , i t i s the result

of numerical calculations, or the integral involved is thaee dimensional.

We try to motivate the use of the method in the following.

3. SUMMATION OF THE MOMENT EXPANSION OF f(z) WITH PADE APFROXIMANTS

Starting from expression (36) fe* f(z), we have, as mentioned

before, a function that is analytic, in particular, in the lower half plane.

Hence, f(z) may be expanded in a Taylor series in the neighbourhood of

any z in that domain, I.e.,

- Z. (8)

This series is in general divergent in the segment (H, • • ) , and thus, it

has no practical value vhen attempting to approximate f(z) with its partial

sums. Nevertheless, we can assune that the relevant information for the

problem is contained in the terms of the series, and use a technique such

as that of Pi'« to summate the divergent series.

-5-

The FA [H/M] to fix}., based on series (8), is defined as a

Quotient of polynomials

*. f*-

satisfying

(9)

From the doubly infinite array of FA's to f(z) many sequences of

approximations may be selected. Of particular interest, is the stair-step

sequence [m + r - l/rl,'.[m + r / r ] , . . . (fixed m > 0, r » 1 , 2 , . . . ) , which
can be recurrently generated by the » algorithm (Gragg, 1972) and

identified with the sequence of convergents of a continued fraction of type

S (Wynn, 1968). A theorem by Van Vleek (see Appendix 2) suggests that this

sequence of approxlmants reconstructs, by means of i ts poles and zeroes,

the branch cut of f(z) along So, the so-called "shadow" of the branch

point from the origin z . This connection between expanding f(z) in the

neighbourhood of a conveniently chosen z in the lower half plane, and

"rotating" the branch out to the upper half plane by Bummating the series

with PA's, has not been proved in general. When present, as in the examples

we discusB Hslow, i t allows for the definition of an Anaatz for the approx-

imate calculation of the limit (7), by considering the PA's directly in

the"phynical" segment (R, - ) , which now belongs to their region of con-

vergence to f(z) .

As a first example of the use of the method, let us consider the

logarithmic function log (1 - z) , which can he expressed by means of an

integral of the type (l)

**- (10)

- 6 -



Here, tre identify iH^) * -* and R = 1» and the Integral defines an

analytic function in the z-plane out along the segment ( l , <»). Moreover,

the conditions of Eqs. (5) are satisfied, and hence ve may define, for al l

z in the lower half plane,

do.f do
(11)

SQ = (u/u (1 - zQ)y + 7.Q; 1 J < • } , for s o in the lover

half plane. This expression now fixes the branch cut of log (1 - a) along

Starting now from (10) and using Theorem 1 of Appendix 1, and for

such a z , we may expand log (1 - z) in powers of (z - a )

2-*o

>1 = (
(12)

Considering now this expansion as a power series in the variable

£ = ( s - i t o / ( l - z ) , and using veil-known results on the Gauss continuedo o

fraction (Wall, 19U8, p.3^2) ve may conclude that the stair-step sequence

of PA's to this series converges uniformly in every compact region of the

£-plane cut along (1, <•), i . e . , of the z-plane cut along S . The

efficiency of the method when calculating the limit (7) was shown numerically

for this ease (Chisholm et al , 1976).

As a second example of the technique, we now consider a formal one,

which will be of interest for the density of states calculation discussed

in the next Section. We return to f(z) as defined by Eq. (3a) and assume

that the hypothesis made with regard to 4

the lover half plane, and define z' and v such that

a =• z' + ao
and

to t*tain

-7-

holds. Let *, z be in

TT
-r(i^r)^

(13)

Ve now concentrate our attention on T{a') given by*

Tfm') = 7T~ - ifW+ (11*)

with a = 0 , b = l / ( H - i ) , and vhere

(15)

i s , i n general, a complex weight function, ^r construction, T(z') i s

analytic at a1 = 0 , and i t can thus be expanded in powers of z'

with

2L <WK ,
>t =

j

Baaed on this aeries, we may define PA's to T(z')- In particular, i f

•$(v) satisfies the hypothesis of Hirttall's Theorem (see Appendix 2 ) , the

• For each fixed 2 ve may regard the PA as a transformation procedure

for the sequence of partial Bums of the series. From thia point of view

the rate of convergence of the resulting sequence is independent of the

original one (sequence of partial sums of the expansion for f or for T),

and they only differ in the factor (i r + ZQ)/T (Shanks, 1955).

-8-



iarportant result is taat sequence [n - 1/n], an infinite subsequence of

the stair—step one, converges uniformly when n •+• « In any compact

region of the z'-plane cut along the segment z' = 1/v with

" 2 L *~ *«

i . e . , along SQ in the z-plane. Clearly, then, the open real Interval

(R, » ) , relevant favour calculation, belongs now to the domain of

convergence of that sequence of spproximants.

1*. CALCULATIOH 0 ? THE OHE-ELECTROff DEBSITI OF STATES FOR A SYSTEM

DESCRIBED BY A LIHEAH CHAJB OF DELTA POTESTIALS, IX A TIGHT

BIHDIBG APPROXIMATION.

Let us consider a system of S (H •* ») non-mutually interacting

electrons in the potential

, * A/

where g > 0, p Is the mass of the electron, and the x. fix the

positions of the available sites in the linear chain with characteristic

constant |x 1 + 1 - *^| • a (i • 1 , 2 , . . . , $ - l ) . The haniltoaian for each

electron is

.1 j 1

and ve shall vork on a tight binding model*^assuming for the one-electron

states the wave function corresponding to the bound state of the potential

* Ve f o l l o w t h e formalism o f Matsubara and Tcyozava ( 1 9 6 1 ) .

-9-

tl8)

centred in the proper site, i.e.,

(19)

The energy involved in the transfer of an electron from site n_ to m

i s :

(so)

where 1 = - h2g /flu i s the bound state energy for the potential (18).

Assuming nov that ga > > 2, we may neglect in (20) the terms that

involve three centres, i . e . , those < m|v{x - i j j jn > with I ^ m, 1 jl n

and m t n, and asBtne that < m|n > 1 S t to obtain, in our approximation

(21)

The Hamiltonian for our system of electrons v i l l then be

H * L. Vij<*z*j (£2)

where a± and a^ are the operators of creation on site i, and

annihilation on sl^s J, respectively. We may also define the Green

function

-10-



-(+)
(e) = <o\a^ j

123)

where e + 0 , ana | 0 > is now the vacuum state of the Fock space,

and

r ^V-1 .. /•-<•->

The one-electron density of states i s given by

m

where SI • Na and we sum over a l l the si tes of the chain.

The Green function G* (E) satisfies (ID = E + ie)

. . - f t . Z >£. . $ ] .

[2k)

(25)

(26)

This equation can be solved by using standard Fourier transform techniques.

Taking the limit It -*•<», we obtain for the diagonal elements, relevant for

the calculation of D(E),
2T

&•• = fa

with v(k) given by

Jik.

(27)

(28)

By now replacing (21) into (28), we can sunmate the series by using the

Euler-McLaurin foxmula (see Appendix 3). The result is

-11 -

ckUa/z)- -'} (29)

which replaced in (U.12) yields, after some algebra,

rf£o J fu-^ifK- (30)

"1where X = tgb(gaA), R = sh(ga/2)/2 > X, and z = 2 |E Q 1(E - v(0) + ie)

The integral in Eq. (30) can be calculated by means of usual

integration techniques in the complex plane, of the type used in Appendix

We thus obtain

(31)

Taking account of Eqs. (2U), (25) and (31) ve can now obtain the density

of states

i

2Tr«.ie0i
(32)

for z > B > X, i.e., on the energy 'band 0 > v U ) > E > v(0), and aero

otherwise. We note the square root divergence for i - R and s » »,

that is, at the band edges, typical for one dimensional systems.

By inspection of Eq. (30) it can be readily seen that (cf. Eq. (3b))

(33)

-12-



has a simple pole at u » A and a. square root singularity at u ™ R.

A branch of (u - R) ' can be defined in such a vsy tn&t (u - R)1 ' =

i(B - u) when u ,.< R. with this choice #(^) satisfies hypothesis

i ) and i i ) of Section 2, and hence the definition of G,. on the lover

half z-plane can be kept unchanged vhile rotating the branch cut (H, •>)

to the upper half plane.

Furthermore, as shown belov, the conditions of Nuttall's Theorem

(sae Appendix 2) are met, and thus a statement can be made regarding the

convergence of at least an infinite subsequence of the stair-step

sequence of PA's to G L ' on (R, «) , vhen the reference point z^ of

i t s power series expansion i s chosen in the lower half z-plane.

In order to see this , consider, with to. z < 0, (cf. Eqs. (13)-

(15))

(3k)

By direct substitution of (33) into (3U) i t can be readily seen that

(vith a = 0 and b • 1/(R - sQ))

To see that hypothesis i ) of Nuttall's Theorem is satisfied, i t is

sufficient to note that neither the numerator nor the denominator of

h{6) in Eq. (35) vanish when 6 varies in the interval -it .5 8 ̂  ir.

In particular, i t also follows that positive finite B and M,

independent of 8, exist such that

|h(8 + S) h(9)| > B2

and

-13-

jh(e + a) - aCe)| < M jsf ,

so that ve may write

j E h C e ) ] - 1 - thCe+s )FX\ <u \i\ B" 2 ,

from which hypothesis i i ) of the Theorem can be readily seen to be

satisfied.

A numerical study of the method has been done for this example.

We have considered the case ga • U. <K* was expanded in powers of

(z - z^}, for Bi iQ M . »» shown in Appendix h. Based on this expansion,

we have recurrently generated the stair-step sequence of FA's by ming

the n algorithm, up to the order involving the first ten terms of the

series, for various values of zQ an the lover half z plane, and for

energy values on the band.

' The choice of the parameter 2 i s , except for the fact that i t

l ies within the lover half z plane, arbitrary. Since the final results

should be independent of Its value, this gives a consistency check on the

calculations. However, although not yet formally understood, the rate of

convergence of the sequence of approximants does depend on that choice,

and criteria must be found to select the optimal value for a given problem.

Some general hints* were given on that direction by Chisholm et al (19T6),

which are generally verified by our numerical study.

On Figs 1 and 2 ve display sine of our results for 2|EQ |D(X) -

2|EOI Im Ĝ ** . f o r zQ - B - iH and iQ » 2E - IE, respectively. Hote

* These considerations hold, in principle, for functions with only two

branch points. When more than one pair of them are present, the choice of

z is more critical and clearly dependent on how the PA'a simulate the

branch cut*. See Nuttall and Singh (1977) and Short (1979).

- l k -



that z = R corresponds to the 138114 edge at E = v(n] , while the other

edge Cat E = v(0)) corresponds to s = ». We only shov the curves

associated to an even number of terms of the moment expansion (correspon-

ing to [n - 1/n] PA's) although similar behaviours were obtained for the

other members of the stair-step sequence.

ly inspection of the figures, i t can be Been that the approximations

turn out to he optimal in the centre of the hand, I . e . , &B far as possible

from the branch points, while breaking down close to the l a t t e r (at the

hand edges), as expected because of the aational nature of the PA's.

Moreover, when displacing Re zQ from R to 2 R ve get a t e t t e r

global approximation, following the comnon eense rule that i t will be

more accurate as the simulated cut (where the poles and zeroes of the

approximants are distributed) ia more distant from the interval of

interest on the real axis.

For each fixed value of E, however, the beet approximation ts

obtained by choosing zQ = z(E) - iE, that i s , by determining for each

E the corresponding required terms of the expansion, and then reaummatlng

with PA'a. Typical results are shewn in Table 1, for- these choices of

z . I t is seen that the accuracy of the approximants is comparable to

that noted before, close to the edge at E = v(n), while increasing

appreciably when moving towards the other one. Note, in particular, that

close to the la t ter we are getting 6 correct digits for the density of

states with the PA, using only the f i rs t four terms of the series.

Something nay also be said with regard to the effect of varying

|lm z [. In practice, i t was found that as i t is reduced, starting from

]l» z I > > R, the rate of convergence of the approximations was increased

unti l I I I i- H. From there on, reducing further i t s magnitude (the

terms of the series then tend to be real) only determines a tendency of

the approximations to break down, as can be expected.

-15-

Most of these features may be visualized in a useful way by

noting that from the point of view of the E-plane, the simulated cut

lies on the arc of the circle through E(s ) , v(0) and v(it), that Joins

the branch points but does not pass through the reference point E(z )

(see Fig. 3).

As a final remark, let us note that a similar discussion applies

with regard to the results corresponding to the evaluation of ReG:. .

5. CONCUUSIOHS

We have shown the relevancy of the approach in the case of

density of states calculations based on integral expressions of the type

typically arising when the Green's function formalism i s used. I t is

expected that th is work v i l l motivate further study and applications of

the method. In particular, i t i s important noting that only sufficient

conditions have been given which guarantee i t s applicability. I t can be

expected to be jmich wider since, most probably, i t i s mainly related to

the analytic properties of o\, as function of energy.

The use of generalized PA's (Shafer, 197^), together with the

choice of a convenient reference point for the basic moment expansion,

should also be considered. I t may improve the accuracy of the technique

in an appreciable way, particularly so, close to the branch points. This

has been verified recently in the case of Feynman integrals (Short, 1979)-

The application of the method in the computation of other spectral

properties of solids, involving similar integral expressions, may also

prove to be of value. This possibility deserves further study.

-16-
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APPEHPIX 1

Theorem 1: Let f(z) be defined tiy

- J TT7- (A.l)

with r a simple piecewise differentiable curve, and defined on r

and such that |f(fc)| < " for all z e fl, where ft f\ T = 0 . Then

i) f(z) is analytic in fis

ii) ft*) « i J (A.2)

Proof: i t follows as a straightforward extension of that of Lemma 3

of Ahlfors (1953)-

Theorem 2: Let f(z) be such that

i) • |- f(x)dr < » , H > 0 ,

ii) f(x) is continuous in (R, «) ,

ill) f{z) is analytic for In j > 0 ,

IT) iim |(z - B) f(z)| •= 0

and

iia |zf(z)| . 0 ,

when arg(K - z^) %. arg(« - R) ^ 0 , with Im a < 0.

Then

where - {z/z - (H - i Q ) y + z Q , l « y < « J .

-IB-
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Proof. Let us consider the following integral

I =

where y is the contour indicated on Fig. k, Sy recalling the Cauchy-

Goursat Theorem, as presented by Watson (i960), one has 1 = 0 .

Moreover as r •+ 0 and R'-•••> the integrals over C and CDt tend

to aero*, and thus (A. 3) followB.

APPEHDIX 2

Van Yleck's Theorem (Wall, 19**8, p. 209).

Consider the S-fraction**

where

llm a

Thin,

a) i f b = 0 (a + 0 ) , the S-fraction converges to a meromorphie

function of a. The convergence i s uniform over every closed bounded

region containing none of the poles of this function.

b) i f b 4 0, the S-fraction converges in the domain exterior to the

rectilinear cut running from -l/Ub to » in the direction of the

rector from 0 to -lAb» to a function having at most polar singularities

in this domain. The convergence is uniform on every closed bounded

region exterior to the cut which contains no poles of the function.

* Except for slight non-essential modifications, the proof i s as that
of Lemmas I and II of Cartan (I963).

• • We follow the notation of Wynn (1968).

-19-

By noting the relation between the sequence of convergents of the

S-fraction and the stair-step sequence of PA'3 to a given function

(wjnm (1968), the Theorem states that i f the latter has a branch point

at s = i^, the sequence converges to a mermorphie function in the z-

plane cut along the "shadow" of the branch point from the origin. By

this we mean that the region of non-convergence of the approximants is

along the cut running from z. to " in the direction of the vector

from 0 to z^.

Buttall's Theorem*

Consider the function T(z) defined hy

with a, b, and possibly complex, and such that by defining

the following statements hold, for -» .< a ,< ir ,

i ) A and B independent of 6 exist such that

A > lh(B)| > B > 0 ;

i i ) positive L and X exist , independent of 6, such that

- I - ^

Then, the PA [n - 1/n] to f (z ) , based on i ts expansion in powers of

z, converges uniformly to f ( i ) when n •+ «, in any closed bounded

region of the s-plane cut along the arc * « 1/v, with

v - \ t(b-a) t + a + b] , (-1 ,< t < 1) .

* We give i t here as i t appears in the work of Common and Stacey (1978);

i t i s , however, included in a more general Theorem by Huttall and Singh

(1977).
-20-



AFPEHDIX 3

Summation of the series (It.13).

By replacing (21) into (28) we must summate

L (A.

which we do, using the Euler-McLaurin formula (Abramovitz and Stegun, 1965),

which for our case reduces to

( J . 5 )

where the {B2 } are the Bernoulli nranbera, and

•tin) =

Performing the calculations ve obtain:

{A.6)

(A.7)

- 2 1 -

A, - a ( ̂  t . ) }

(A.8)

where A± = ga/2 ± lice., and we have used the equality

Replacing now (A.7) and (A.8) into (A.5) , we obtain (29) .

APPEHDDC k

Expansion of 0 ; , In powers of (z - z )f ii f o -

Let us consider

ZTT

00

(A.9)

According to i ts definition, t»̂ . is analytic in the z-plaue cut

along (R, •>), and thus, i t can be expanded in a Taylor series in the

neighbourhood of any point out of that segment. Let us consider z

such that I i ! o f 0 as reference point, and determine the coefficients

V. in the series

oo

x=o
(A. 10)

-22-



vhlcb are given by

and

where for n > 0

w-x-f

and = 0 i f n < 0.

for n > 0. These integrals may be evaluated in a standard way tiy

considering the integration along the contour r indicated on Fig. 5.

and using the residue theorem.

We thus obtain the following results:

k- - R

and

(A.ll)

for n > 0, where

1/2and we choose, as before, the branch of (u - R) for which

(u - B ) 1 ' 2 = i(R - u ) 1 ' 2 for u < E. Explicit calculation of the

residue above shows that

f ̂  F

-23-
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FIGURE CAPTIONS

Fig. 1: 2|E ID(E) as function of E/Eo, as approximated by the

[n - l /n] PA, using 2n terms of the moment expansion with

z = R - iR as reference point. Solid line: exact; dotted

line: h terms; dashed line: 6 terms; dash-dotted line: 10

terms.

Fig.2: Captions as in Fig. 1 - Reference point of the moment

expansion z = £R - iR.

Fig. 3: The branch cut in the E-plane, as simulated by PA, when the

expansion point is ZQ.

Fig. U: Integration contour used for the proof of (A.3).

Fig. 5: Integration contour used in the evaluation of the coefficients

of series (A.10).
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TABLE 1

E/Eo

0.552

0.573

0.595

0.616

0.681

0.TU6

0.876

I.005

1.135

1.26U

1.391*

1.U80

1.5*5

1.610

k

6.58

6.61

6.57

6.U6

5-90

5.251*

U.25I*

3.695

3.1*38

3.U15

3.70036

1*.27705

5.35698

IO.U296

6

10.51*

10.33

9.62

8.77

6.61*

5.38

H.177

3.655

3.I12169

3-1*0832

3.70010

1*. 27711

5-35698

. 10.U296

' 8

lit. 29

12.36

10.31*

8.82

6.337

5.223

l*.l655

3.65691

3.1*2196

3.U0833

3.70010

1*. 27711

5.35698

IO.U296

10

16.71

12.6U

10.03

8.U6

6.229

5-213

1*. 16809

3-65708

3.!*2196

3.U0833

3-70010

1*. 27711

5.35698

IO.U296

EXACT

15.9062

11-55OU

9.1*9895

8.2i(6l7

6.23725

5.S1991

1*. 16811

3.65706

3-U2196

3.>»0833

3.70010

1*. 27711

5.35698

10.1*296

Table 1: 2|E O|D(E) as a function of E/EQ, as approximated by the

tn - l/n] PA, using 2n terms of the moment expansion vith

reference point %o * z(E) - IE, for n = 2, 3, U and 5-

Bote that the band edges are located at v(0)/E 1-1.63

o
and v(u)/Eo 1. 0.53.
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