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ABSTRACT

The localization Sfiodels of ABou- Chacra et al. and Kumar et al. are

critically re-examined in the limit of vea.ii disorder. By using an improved

method of approximation, we have studied the displacement of the 'band edge

and the mobility edge as function of disorder and compared the results of

JTeou- Chacra et al, and Kumar et al. in the light of the present

approximation.
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Considerable attention has been given to the field of amorphous semi-

conductors and random systems. Particularly, the main interest has been focused

on the nature of the eigenstates and the distinction between localized states

and extended states to understand the transport properties in such systems. To

solve this fundamental question, Anderson (1958) has proposed a tight binding

model in an extremely simple way to describe the localization properties in

disordered systems.

Randomness is introduced into the system by assuming that the site ener-

gies are independent random variables having a common probability distribution

vith a width y around the mean value which measures the degree of disorder. The

sites are centred on the same regular lattice and the matrix elements V.. are

taken to be equal to a constant V for i and j nearest neighbours and zero

otherwise.

One of the universal conclusions from this model is the absence of the

electronic diffusion above a critical degree of disorder y . This phenomenon

is greatly appreciated to discuss the metal - non metal transitions. The most

of the theoretical attention (Licciardello and Economou <19T5)} has been given to

the states near the centre of the band (E = 0) where the so-called "Anderson

transition" appears. Recently, investigations in metal-oxide-semiconductors

(Pepper (19T7)) and amorphous silicon (Davies (i960)) show that the degree of

disorder is relatively small, compared to the prediction of Anderson, to localize

all the states. In such situations, Mott (196?) suggested the existence of mobi-

lity edges separating localized states in the band tails from extended states in

the interior of the band.

The purpose of this paper is to describe such systems and to study the

mobility edge as a function of disorder. The main motivations of this work are

the contrasting conclusions between the self-consistent models of Abou-Chacra

and Thouless (197U) and H. Kumar, Heinrichs and A.A. Kumar (1975) in the limit

of weak disorder.

2. MODEL OF ABOUCHACEA ET AL.

In the model of Anderson, the localizability of an eigenstate is related

to the convergence of a renormaliaed perturbation series (HPS) for the self-

energy. Since the RPS contains random quantities, the convergence is examined

in terms of probability. This study is particularly simplified in the case of a

Cayley tree due to the absence of intersecting paths- in this lattice which reduces

the number of self-avoiding walks. Consequently, the RPS is truncated to its
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leading term.

The self-energy S^E] of an electron in a localized state at the site
i is given by:

iVL,

#<• E - t \ .

where e. is the energy of the si te j which is distributed randomly with a
J

probability distribution P (e) , V.. the matrix element between the sites i
£ 1J

and j and K is the connectivity of the la t t ice , i . e . the coordination number

less one. The equation (l) is generally expected to be a good approximation of

a real la t t ice of lov coordination number and high dimensionality.

Abou-Cbacra Anderson and Thouless (1973) looked for a self-consistent

method. In their approach, the self-consistency is obtained when a probability

distribution for S-(E> used on the right hand side of (l) generate the same
J

probability distribution for S.(E). They studied the equation for the probabi-

l i ty distribution:

i*1
E -

(2)

(3)

y
where a is the operation K fold convolution.

The energy and the self energy are coniplex:

E = R + in, and S^{E) = Ê  - iAj

with

A, ,

In the region of localized states, the imaginary part A. + 0, as r\ ->• 0,

except for a set of measure zero, such as

Urn. exists (5)

The probability distribution (2) is examined 1R Ĵjg l l f i t • 4 *

n •+ 0, which characterized the mobility edce.

From this criterion and after large calculations, Abou-Chacra and

Thouless (197^) predicted, for weak disorder, a mobility edge which moves

outwards the unperturbed band edge, tangent to the axis y = 0 (Fig. l) in the

case of a Cauchy distribution for the site energies. This conclusion is in our

sense questionable. By neglecting the self-energy part in the denominator of

(k) ,Abou-ehacra et al (1971*) describe the states near the centre of the band

where the most probable value of the self energy vanishes. Consequently, the

approximation may be expected invalid in the limit of weak disorder where the

states are near the band t a i l s .

3- MODEL OF KUMAR ET AL

N. Kumar, Heinrichs and A.A. Kumar (1975J have presented a locali-

zation criterion equivalent to that of Abou (1973), but which

appears to us more physical.

The residue

(6)

evaluated at the pole E = e. + S.{E) of the diagonal element of the Green's

function

(7)

gives the probability to find the localized state 1 0 > at the s i te i .

Since the site energies are random variaW.es, the self energies and their deri-

vatives are also given by probability distributions, respectively Pa(

becomes

and P (Yi) where Y. = - ( d ^

The mobility edge is defined as the energy for which Ŷ

infinite with probability unity. The variable Y. is given by

[E -
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Kumar et al studied also the problem by a. self -consistent method for the

probability distribution of the variable Y . In their model, the mobility

edge obtained is then, Tor weak disorder:

(9)

vhich moves inwards the unperturbed band edge (2vS V) and is tangent to the axis

Y • 0 (Fig. 2) for the Cauchy distribution.

In their treatment (e.g. (7) to (10) of their paper), Kumar et al, for

T * 0, approximate the Cauchy distribution by a delta distribution. We can

make two criticisms about it: the approximation used is mathematically not

accurate enough and physically this assumption leads to the description of an

ordered system. The subject of this paper is to reexamine the model of Kumar

et al.

It. LIMIT OF ZERO DISORDER

From their criterion of localization, Kumar et al get a non linear

integral equation

<Py(u) = (10)

Here Py(u) is the Laplace transforms of the original distribution P~(Y-)

and P (x+E) the joint probabilitydistribution for the sum
z

(11)

In the limit of zero disorder, the probability distribution P (e) of the site

energies is a delta distribution and P (x+K) is from (ll):

(12)

where u is the exact value of the self energy.

Substitution of (12) in (10) gives

7

(13)

On returning to the Fourier transforms P_(t) , one can see that (13) is the

general form of the equation for stable infinitely divisible distributions

(Gnedenko and Kolmosorov (I95U); Moran (1958))- I t follows that the form

of Py(u) is (see Kumar et a l ) :

(1*)

where a , o and a are real coefficients such a > 0 ; c ^ 0 and 0 < a < 1

The form (lit) of the distribution

ptotic form for the case of weak disorder.

The form (lit) of the distribution Pj(u) may be considered as an asym-

5- CAUCHT DISTRIBUTIOH OF THE SITE ENERGIES

In the case of a Cauchy distribution of the site energies:

d* +
(15)

it follows from (1) that the real part of the self energy has also a Cauchy

distribution peaked at u of width r where

r*" KV*
E - iTf-w-

(16)

r i

From (ll), P (x + E) is a Cauchy distribution such that
z

(IT)

On substituting (lU) in (10), PY(u) may be written
•+O0

(18)
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where

In the approximation of Kumar et al.s for weak disorder, the nature of

disorder is not strongly modified where one uses a delta distribution instead

of a Cauehy distribution. We contest this approximation and the purpose of this

paper is to determine the contributions near the most probable value in the

limit of weak disorder. This may be done by considering a limited expansion of

f(x) to the first order near the most probable value u - E :

& = u - E + 0(x) (19)

where 0(x) is a small quantity which may be taken equal to v for weak disorder.

(20)

(21)

« = p - E + Y

The expansion of f(x) is given by:

fU-6) = f(i) + (x-«) f («)

Substitution of (£1) and (IT) in (18) yields after integration

For weak disorder the term 1 - 2y QTJJ + •gffv'iV is equivalent to an exponen-
t i a l form and th?is (22) "becomes

fcXft* (23)

Comparison of the coefficients of u and u in (23) gives two equations for

a and a

a =

1-4

- 1 (210

(25)

The inverse Laplace transforms of (l^) may be written in the form

PT(Y) = GY(Y -a) (26)

where CL.(Y.) is the inverse transform of the second factor in the right side

of the equation (lit). Consequently, the coefficient "a" describes an overall

shift of the distribution PY(Y) , which is shifted to infinity for

_u (27)

The solution of this equation gives the mobility edge since the derivative of

the self energy is infinite with probability unity.

One can make two remarks. Firstly, for the ordered case Y a 0 , we

get from (27)

E - (28)

Combining (£3) and (16) with y = 0 , we obtain not the mobility edge but the

band edge:

EB (29)

which is the exact band edge for the ordered Cayley tree (Eoonomou (1979))•

This result contrasts with that found by Abou-Chacra et al (l97t), Eg " (K+1)V .

We have to remember here the unphysical nature of the Cayley tree. In agreement

with Haydock (1978), there exist two types of states on the Cayley tree: one

kind with normalization of the order H and the other one with normalization

of the order K . The second type is related to the infinite dimensionality

of the lattice and included by Abou-Chacra et altWT'O in their calculations.

Secondly, to obtain the condition a > 0 , we must have K° < 1 , for small

Y , from {2k) and (25). This inequality is not satisfied for K < 1 since

0 < a < 1 . This statement shows that the mobility edge does not exist in

these cases. Namely, this model predicts the well knovn result of the one



dimensional disordered systems where all states are localized.

To solve the equation (27), one can observe, from the ordered case, that

u is near tram. y£ V and S from 2/E. V, for veak. disorder. Thus for

Y « SK. V , which is the range of validity for this model, the equation

(26) yields

r r
(30)

The physical solution is

I
(31)

After acme transformations, the equation (16) becomes

= KV (32)

By combining (32) and (31), we get

(33)

where Z = E - U and t • 0 + 7 .

6. RESULTS MD DISCUSSIONS

We have solved the equation (33) by a graph method. We obtain two

solutions for ~Z . The solution Z in f in i te gives E in f in i te which i s the

exact value for the band edge in the case of the Cauchy dis tr ibut ion (Brouers

(1971)). The second solution gives the mobility edge.

For 0 < T < 0 . 1 i ' i c v , w e have not only one solution for Z due to

the fact tha t the two functions of (33) have the same slope in t h i s range of

disorder. Thus we have taken the Kiddie value in the range AZ which i s

considered as the solution. In this region the mobility edge is tangent to the

unperturbed band edge (2i/K V).

For 0,1 & V < y < 0.2 /K V , we find one solution for Z which gives

a mobility edge moving outwards the unperturbed edge. To estimate the limit

value, namely 0.2i4c V , for this model, we must satisfy by computing the values

E and p for each value of v the equation (27).

In the limit of weak disorder, the region near the mobility edge cannot

be discuted by using the expansion approximation of Py(u) for u •* 0 , since

one approaches the localization edge the coefficients "a" becomes infinite and

a goes to unity.

We have performed the model of Kumar et al. by taking into account the

contribution to the integral (10) in the region near the most probable value and

one can see that their results are invalid in the limit of weak disorder due to

their approximation y + 0 , From the table 1, we find for 0 < y < 0.2 /K V

that the energy is 2 untill 3 tines the most probable value of the self energy.

Thus we conclude that the approximation of Abou-Ch&cra et al (197*0 neglecting

the self energy part is also invalid.

In the comparison with the model of Abou-Chacra et al (197IO, one can

observe the results found by Bishop (197*0 based on the L(E) function of loca-

lization of Economou and Cohen (1972) where the mobility edge is also tangent

to the unperturbed band edge for weak disorder (Fig. l). Abou-Chacra et al

(197^) attribute themselves this different behaviour to the geometric mean of

the energy denominators which is more significant in the L(E) function method

where the self energy is not neglected but determined by the coherent potential

approximation (CPA) . However, we must be carefull in the comparison with the

model of Abou-Chacra et al (197*0 in the sense that we have taken account only

the contribution near the most probable value for the variable x ; and one

cannot predict the contribution of the other regions by the present approximation.

7- COHCLUSIOH

Indeed, the Cauchy distribution of the site energies is not the best

choice to discuss the localization phenomenon related to its unphysical long

tails. But from its properties, an exact expression for the distribution

Pz(x + E) is found. In the present model, we have paid our attention to the

limit of weak disorder and resolved the non linear integral equation (10) in

this connection by using an improved method. We summarise below our main

results:

- the model of Kumar et al. is invalid in the limit of weak disorder;

-9- -10-



- the abi l i ty , to the present approximation, of showing the exact hand

edge for the ordered case (E » 2 V) and the disordered case (E,, infinite

nfor the Cauchy distribution). This is generally done by the CPA method

(Brouers).
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V uni t s )
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TABLE 1

0.05

0.9

0.1

0.81

0.15

0.73

2.01

0.2

0.67

2.0*4
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