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Abstract. Using the first-order density matrix of an infinite-

barrier model of a metal surface, the exchange energy density can

be evaluated exactly as a function of distance z from the barrier^

This result is compared with the local approximation - 3 £(&/•$ fit)

where £ is the electron density in the modeli The local approximation

is demonstrated to be quantitatively accurate at all %\ The

Integrated surface exchange energy is given to within 356 by the

local theory.

li Introduction

One of the important applications of modern density functional

theory has been to calculate self-consistently the electron
ri 21

density profile through planar surfaces of simple metals ' .

While these calculations are generally believed to be highly

accurate representations of the density profile within the

semi-infinite jelliura model, they employed local density approx-

imations for the exchange and correlation energy, based on

uniform bulk electron ga3 theory!

Questions might be raised as to the validity of neglecting

gradient corrections to the exchange and correlation energy,

when, as in the Lang-Kohn calculations, the gradient corrections

were automatically summed up to all orders in the kinetic energy

density by using direct one-electron calculations!

The purpose of the present paper is to answer this question

in the framework of:

(i) An infinite barrier model of the metal surface, first

introduced by Bardeen*-

and

(ii) A one-electron treatment in which only exchange, but not

correlation ia treated!

The merit of assumptions (i) and (ii) is then that, as demonstrated

below, the exchange energy density can be calculated exactly as
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a function of distance 2 from the infinite barrieri The local

density approximation is compared with this exact result and

follows the exact exchange energy density remarkably closely^

2» Energy evaluation from pair correlation function

The basic approach adopted below is to calculate the energy

from the pair correlation function between electrons. To illustrate

the approach, let ua consider the uniform electron gas first of

all, that is in the absence of a surfaced The pair correlation

function F(r,r') is then related to the mean electron density

?# by the well known Fermi hole expression^ •*

r(»r-rO = TC*)

k. being the Fermi wave number, related to ? by k_ = (3it"f ) J .

Here j.(x) is the first-order spherical Bessel function

(sin x - x cos x)/x . Evidently, because of translational

invariance, r(r,r') is simply a function of Ir - r'j in eqn (l)!

Prom the pair function, the mean potential energy per

electron can be evaluated simply by calculating the electrostatic

potential due to the Fermi hole at tTrs position of an electron

at the origin. When we insert (1) into this expression the

-3-

exchange energy per electron is

the factor of 1/2 appearing to avoid counting electron-electron

interactions twice over. In the present uniform gas case, the

Hartree electrostatic energy is exactly cancelled by the neutral-

ising positive background!

' Equations (1) and (2) lead to the familiar result

A.

rwFw
UK (3)

the integral in eqn (3) being given in ref.[5].

2il Infinite barrier pair function and energy density

We now turn to the infinite barrier model of a metal surface

[3, 6]i The electron density profile f(z) as a function of

distance z from the infinite barrier is given by

for 2 > 0

otherwise= o

The background density is

(4)

(5)

where | is fixed by the condition of electrical neutrality,

namely )lz [j(z) + ?b(
z)} - 0, which yields 1= 3"a/8kfl

In this same model, the pair function can also be ealeul-
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ated™ as

, t ,ii (6)

where f̂ is thereby defined. This expression is such that in the

square bracket the first term alone would give back the uniform

electron gas result (l)I The distance (r - r'\ appearing there

Is, in the second term in the square bracket, replaced by what

is the distance between r1 and the image of the point r in the

planar metal surface!

If we denote ?(z) + ? bU) * ? t(
zK t h e total charge density,

then the electrostatic energy density is evidently

Using ^ t given by eqns (4) and (5), this can be evaluated as set

out in Appendix i.'. The result has the form

where I is a known function given explicitly in eqn (A1^5). This

Hartree energy density is plotted as a function of 2k.z in

Figure 1. Obviously, this function has a discontinuity because of

the sharp cut-off in the background charge density at z = \ ,

The contribution of this terra to the surface energy

is given by

We turn next to the calculation of the exchange energy

density^ In terms of >f in eqn (6), which is in faot the first-

order density matrix, the exchange energy density is given by

Vw . ~ (10)

This somewhat formidable looking expression can be handled by

exploiting the fact that f is formed from the bulk density matrix

plus an image ternu This fact motivates the coordinate system

discussed in Appendix 2 which permits its evaluation in closed

form. Analogous to eqn (8), we can write

where J is given explicitly in eqn (A2'.8), This is the main result

of the paper. It is plotted in the full curve of Figure 2, while

the dashed curve shows the local density approximation

V^* -^gfliwP. (x2)

where ?(z) is given by eqn (4)i

It can be seen that there is truly remarkable agreement

between the exact result (11) and the local value (12) for all zl

This is the more striking because there iff a very marked density
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gradient near the surface! As shown in. ref ^7l this density

gradient is sufficiently large to make the corresponding local

density approximation <C M W J a poor approximation to the exact

kinetic energy density.

The exchange contribution to the surface energy CT is given by

(13)

The corresponding value obtained by replacing V (&)

in eqn (13) is

VV

Comparison of eqn (13) for the exchange surface energy and the

Hartree energy (9) showe the latter to be a relatively small

correction!

in the presence of the large density gradient at the metal

surface, that it ia clear that one can have complete confidence

in the use of this local density form in the self-consistent

surface calculations! The need for corrections arising from

density inhomogeneities is seen to be a minor matter for the

exchange energy in the surface of a simple metal!

There is one other point that is of interest! Various

groups^ *** have drawn attention to the fact that, in a full

Hartree-Fock theory, the gradient expansion of the exchange

energy density, based on the local form (12) as zeroth order,

does not exist! In the present infinite barrier model, non-

analytic behaviour is not found in the exact exchange energy

density! Nevertheless, eqn (12), which is not itself analytic,

represents the form (11) to excellent numerical precision!

3. Conclusion

The exact evaluation of the exchange energy of the inhomo-

geneous electron density profile of the infinite barrier model

ot a metal surface given by eqn (11) has enabled a precise test

of the usefulness of the local exchange energy density given

by eqn (12)! The agreement between (ll) and (12) ia so striking,

Acknowledgments! Two of us (MPT and NHM) were helped by partial

financial support from the Consiglio Nazionale delle Ricerche,

Italy, on a collaboration embracing the study of surfaces and

interfaces!
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Appendix 1. Evaluation of Hartree energy density

In this Appendix, the evaluation of the eltctro static energy

(7)» leading to the basic equation (8) is summarized. The func-

tion I(2kfz) is given by

It is convenient to introduce the total charge Q(z) per unit area

within range z from the barrier,

where

Integration of eqn (Alii) over z1 by parts, with the requirement

Q(oo) = 0 by electrical neutrality, and integration over s lead to

Use of eqn (A1^2) yields through, a straightforward but lengthy

calculation the final result,

Appendix 2^ Calculation of exchange energy density

One requires to calculate the exchange energy density given

by eqn (10) with the first-order density matrix defined by eqn

(6). The function J(2kfz) is given by

We introduce a transformation to new integration variables

2 2] l [2 2] \R [a2 + {z - a')
2] and Hf + (z + \ with a

Jacobian given by RRV(23z), whereby the domain of integration

changes as shown in Figure 3« Therefore,

where

2z - R

•R

for R< z

for R > z

It is now a lengthy but straightforward calculation to carry out

the integrations in eqn (A2^2). The integration over R' is effected

by using the results

and

( A 2; 5 )
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Host of the subsequent steps involve straightforward integrations

by parts, with the exception of terms coming from the cross pro-

duct in the square bracket in eqn (A2.2), which lead to integrals

of the type

*rt \f j^^) *j£? , (A2; 6)
with jo(x) the zeroth-order spherical Bessel function sin x /xi

These integrals can be handled by the following schematic

procedure:

The two remaining integrals can be evaluated by straightforward

integration by parts.

The final result can be written in the form

•there C is Euler's constant and ci(x) is the cosine integral.

The function f(x) admits a small-x expansion in increasing

powers of x, and the exchange energy density V (z) can be
ex

expanded in even powers of z for z-»0, starting with a term of

order z I The form of eqn (11) thus ensures that V (z), when

measured in units of the exchange energy density for the homo-

geneous electron gas, admits a small-k expansion into even
2-

powers of k_, starting with a term of order k_.

with x = 2k-zi Here we have defined

f(aO . = C + ln(2x) -
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-12-



Seferencea Catitiona for f igures

l l Lang, N!D! and Kohn, V%,, Physl Rev. Bl, 4555 (1970).

2» Lang, N^D!, in Solid State Physics 2j3, 225 (Edsl Seitz, P . ,

Turnbu.ll, Di and Ehrenreich, Hi: Academic Press, New York

$',. Bardeen, J i , Phys! Hev. £2, 653 (1936).

4* March, N.H., Young, W.H. and Sarapanthar, S., 'The Many-tody

Problem in Quantum mechanics', Cambridge University Press (1967)1

5i Gradshteyn, I . s l and Eylhik, I.M., Tables of Integrals, Series

and Products, 4 t h Edition, Academic Press, Hew York (1965).

6. Stratton, H., Phi l . Mag. 44, 1236 (1953).

7. Moore, I.D. and March, N.Hit Ann. Physl (NY) 21 , 136 (1976)1

8i Beattie, k.VL., Stoddart, S'.O. and March, flUH., Proc. Roy. Soc.

A326. 97 (1971)'.

9. SjClander, A,, Niklasson, G. and Singwi, K.3., Physi Revl

Bl l . 113 (1975).

10. Geldart, H.3.V., Sasolt, III and Almbladh, CO. , Solid State

ComiDun, 16_, 243 (1975); Geldart, D.Jiwl and Rasolt, M., Physi

Hev. El i , 1477 (1976)1

Figure 1. Hartree energy density (in units of e ̂k^/12-n ) va

2k-a for infinite barrier model of metal surface! The

discontinuity at the background charge cut-off should

be noted,

. Figure 2. Exchange energy density (in units of 3e ̂ k jAu ) vs

2k_z for infinite barrier model of metal surface!

Pull line: exact, result of eqn {11)'. Broken lines

local density approximation of eon (12).

Figure 3. Illustrating coordinate transformation required to

evaluate exchange energy densityl

-13- -1U-



Fig. I

-15-

-1.0 -

FiR.2

-16-



CURRENT ICTP PREPRINTS AND IHTERNAL REPORTS

(O.I)

0

L

R

/

_
/A

X

IC/BO/2

IC/60/3

IC/8QA

IC/eo/15

IC/60/21

IC/80/22

zf_ o IC/80/29

IC/80/32

IC/80/33
INT.REP."

IC/8O/3B

IC/80/39

A.P. BUKHV0ST0V and L.N. LIFATOV: Instanton-anti-instanton interaction in
the 0(3} non-linear o-model and an exactly soluble fennion theory,

RIA2UDDIN; K •+ 2n decays in non-relativiatic quark-gluon model.

G. SENATORE and M.P. TOSI: Theory of the surface dipole layer and of
surface tension in liquids of charged par t ic les .

S. RAI CHOUDHURY: QCD effects in a model of non-leptonic hyperon decays.

HAKEK K. PAK: Electric charge e.s the source of CP violation.

T. HATTERMAM1I and J . FBZYSTAWA: Locking-in and incommensurability of
the structural transit ion in BaMnFj,.

E.W. MIELKE: On pseudoparticle solutions in Yang's theory of gravity.

ABDUS 5ALAM and VICTOR KLIAS: Induced Higga couplings and spontaneous
syimaetry breaking.

A. AMUSA: Point-triton analysis of exchange free direct tvo-nucleon transfer
reaction cross-sections.

WITHDRAWS

ABDUS SALAM: The nature of the "ultimate" explanation in physics
(Herbert Spencer Lecture - 12 November 1979).

Fig.3 IC/80A3 V. de A1FAE0, S. FUBISI and G. FUSLAN: Classical solutions and extended
supergravity.

IC/BO/^T J.C PATI: Unity behind diversity in Hature.

IC/80A8 J. LUKIERSKI: Super symmetric a models and composite Yang-Mills theory.

IC/80/U9 W. KSOLIKOWSKI: Are lepton and quark families quantized dynamical systems?

tC/8o/5O W. HEPPERT: The role of interaction in neutrino statistics.

IC/60/52 D. KUSKO and M.J. MORAVCSIK; On the prohlem of the deuteron shearing
corrections - I: The conventional approach,

IC/8O/5U E.W. MIELKE: The eight-fold vay to colour geoiietrodynomics.

• Internal Reports: Limited distribution.

THESE PREPRINTS ARE AVAILABLE FROM THE PUBLICATIONS OFFICE, ICTP, P.O. BOX 586,



IC/80/55

IC/8O/56

IC/80/57

IC/80/62

IC/80/67

IC/80/68

IC/80/69
IHT.KEP.*

IC/80/T0

IC/80/Ti
IST.HEF.*

IC/60/T2

IC/80/73

IC/80/TU
HIT.REP.•

IC/80/75

IC/8O/T6
IHT.REP.*

IC/80/77

IC/60/78
IKT.tlEP.*

IC/80/79

IC/8O/8O

IC/80/81
IKT.REP.*

IC/80/82
HIT.REP.*

A.R. HASSAH: Phonon-assisted transitions in crossed electric and magnetic
fields.

A.R. HASSAH: Two-photon indirect transitions in crossed electric and
magnetic fields.

S. NAHISOK: Techniques of dimensional renormalization and application to
the two-point functions of QCD and QED.

H.S. CRAIGIE: Quantum ehromodynamics - A theory of the nuclear force.

WITHDRAWN

A. AYEHSU: Dynamic dislocations in high quartz.

T. FERSI: Time dispersion relations and small-time behaviour in the decay
of an unstable system.

M.F. KOTKATA, A.A. EL-ELA, E.A. KAHMOUD and M.K. EL-MOUSLY: Electrical
•Jransport and structural properties of Se-Te semiconductors.

A.Yu. GROSBERG and A.R. KHOKHLOV: Some problems of the statistical theory of
polymeric lyotropic liquid crystals.

J'.C. PATI and ABDUS SALAM: • Quarfc-lepton unification and proton decay.

ASHOK DAS: Are massic68 supersymmetric gauge theories really massless?

0. HAIELLA: Chiral rotations and the fermion-boson equivalence in the
Schvlnger model.

J. SPAEEK and K.A. CKAO: Kinetic exchange interaction in a doubly degenerate
narrow band and its applications to ?e, Co S 2 and Co- Ni 5p.

L.K. SKAYO: The generalized pressures on oscillating cantilever pipes
conveying inviacid fluid.

B. GAVA, R. JEKGO and C. OMERO: Finite temperature approach to confinement.

A. AYENSU: The dependence of mechanical, electrical, thermal and acoustic
properties of tropical hardwood on moisture content.

J.S. HKOMA: Effect of impurities on the two-dimensional electron gas
polarizability.

A.M. JAYANNAWAB and N. KUMAR: Orbital diaaagnetism of a charged Brownlan
particle undergoing birth-death process.

L.K, SHAYO: On the solution of the Laplace equation in the presence of a
semi-infinite ioundary - The case of an oscillating cantilever plate in
uniform incompressible flov.

E.H. HIS5IM0V: Higher quantum conserved current in a new completely
integrable model.

IC/8O/86
INT .REP.*

IC/80/37
INT.REP.*

ic/ao/88

IHT.REP.*

IC/80/89

IC/80/90
INT.REP.*

IC/80/91
IHT.REP.*

IC/80/92
IHT.REP.*

IC/80M
IHT.REP.*

IC/80/95
INT.REP.*

IC/8O/96

IC/80/97

IC/8O/9B
IHT.REP.*

IC/80/99
IST.REP.*

IC/60/10Q
INT.REP.*

IC.80/101
INT.REP.*

IC/80/102
IHT.REP.*

IC/80/103
INT»R2P.*

IC/80/10lt

IC/8O/1O5

IC/80/106

IHT.REP.*

Pu FUCHO: Density of states, Poisson'a formula of summation and Walfiaz's

formula.

A.K. BANDYOPADHYAY, S.K. CHATTERJEE, S.V. SUBRAMANYAM and B.R. BULKA:
Electrical resistivity 3tudy of some organic charge transfer complexes under
pressure.

In-Gyu KOH and Yongduk KIM: Global quantity for dyons vlth various charge
distributions.

K.G. AiCDENIZ, M. GOODMAN and R. PERCACCI: Monopoles and twisted sigma models. '

A.R. HASSAS and F. Abu-ALALLA: Exciton-polarizatlons by two-photon absorption,
in semiconductors.

A.R. HASSAK: Phonon-polaritons by two-photon absorption in solids.

L. LOKGA and J. KONIOR: Bcact results for sone 2D-Islng models with
periodically distributed Impurities.

ABDUS SALAM and J. STRATHDEE: On Witten's charge formula.

n 1

ABDUS SALAM and J. STRATHEEE: Dynamical mass generation In (UT(l) * U,(l)) . -

K
U.S. CRAIGIE, F. BALDRACCHIHI, V. ROBERTO and M. SOCOLOVSKY: Study of
factorization in QCD with' polarized beams and A production at large p_.

K.K. SINGH: Renormalization group and the ideal Bose gas.

NARESH DADHICH: The Penrose process of energy extraction in electrodynamics.

<J. MUKHOPADHYAY and S. L05DQVIST: Dynamical polarizafcility of atoms.

A. QADIR and A.A. MUFTI: Do neutron stars disprove multiplicative creation
in Dirac's large number hypothesis?

V.V. M0L0TK0V and I.T. T0D0R0V: Gauge dependence of world lines and invarian -,
of the S-matrix in relatlvlstie classical mechanics. ^

Kh.I. PUSHKAROV: Solitary excitations in one-dimensional ferromagnetB at
I/O.

Kh.I. PUSKHAROV and D.I . PUSHKAROV: Sol i tary c lusters in one-dimensional
ferromagnet.

V.V. HOLOTKOV: Equivalence between representations of confonnal superalgebrc
from different subgroups. Invariant subspaces.

MENDEL SACHS: On proton mass doublet from general r e l a t i v i t y .

L.C. FAPALOUCAS: Uncertainty re lat ions and send-groups in B-algebraa.

IC/8O/e5 Tao RUIEAO and Pu FUCHO: A proof of the absence of nodulated phase transition
and' spin density wave phase transition in one- and two-dimensional systems.



IC/80/109 ?• FURLAN and R. RACZKA: On higher dynamical symmetries in models of
IKT..REP.* re la t iv i s t i c f ield theories.

IC/80/111
OT.REF.*

IC/80/112

IC/60/113
HIT.REP.•

A. BREZINI and C. OLIVIER: Localization on weakly disordered Cayley tree.

S.K. OH: The Bjorken-Paschos relation in the unified gauge theory.

A.A. FADLALLA: On a boundary value proDlem in a strongly pseudo-convex
domain.

IC/80/117 P. FAZEKAS: Laser induced switching phenomena in amorphous GeSe,,: A

phase transition model.

IC/8O/II8 P. BUDIHI: On splnor geometry: A genesis of extended supersymmetry.

IC/80/119 G. CAMPAGBOLI and E. TOSATTI: AsF^-interealated graphite: Self-consistent
band structure, optical properties and structural energy.

IC/BO/120 Soe Yin and E. TOSATTI: Core level shifts in group IV semiconductors and
•emimetals.

IC/80/121 D.K. CHATUHVEDI, G. SEHATORE and H.P. TOSI: Structure of liquid alkali.
IK.REP.* aetals as electron-ion plaama.

IC/60/126 tbt Seventh Trieste Conference on Particle Physics, 30 June - 1* July 1980
HT.REP.* (Contributions) - Part I .

IC/8O/12T The Seventh Trieste Conference on Particle Physics, 30 June - h July I960
IHT.REP.* (Contributions)- Part I I .

IC/80/12B PAB1D A. KHWAJA: Temperature dependence of the short-range order parameter
and the concentration dependence of the order-disorder temperature for Ni-Pt
and Bi-Fe systems in the improved s tat i s t i ca l pseudopotential approximation.

IC/80/130 A. QADIR: Dirac'a large number hypothesis and the red shifts of distant
1ST. REP. • galaxies.

IC/8O/I3I S. ROBASZKIEWTCZ, R. MICHAS and K.A. CHAO: Ground-state phase diagram of

HT.KEP." extended attractive Hubhard model.

IC/80/133 K.K. SINGH: Landau theory and Glnzburg criterion for interacting bosons.

IC/8O/13l» R.P. HAZOUKE: Reconstruction of the molecular distribution functions from the
IDT.REP.* s i t e - s i t e distribution functions in classical molecular fluids at equilibrium.
IC/80/135 R.P. HAZOUME: A theory of the nematic liquid crystals.
UIT.REP.*

IC/80/136 K.O. AKDEHIZ and M. HORTACSU: Functional determinant for the Thirring model
1ST.REP.* with ins tan ton ,y •




