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ABSTRACT 
Three problems of a reactor-calculational model are discussed with the 

help of symmetry considerations. 
a) A ooarse mesh method applicable to any geometry is derived. It is 

shown that the coarse mesh solution can be constructed iron z. few standard 
boundary value problems. 

b) A second stage homogenization method is given based on the Bloch 
theorem. This ensures the continuity of the current and the flux at the 
boundary. 

c) The validity of the micro-macro separation is shown for heterogeneous 
lattices. A formula for the neutron density is derived for cell homogeniza
tion. 

АННОТАЦИЯ 

В работе описаны три проблемы реакторной физики с помощью соображенnil 
о симметрии. 

а) Задан грубосеточныя метод, используемый при любой геометрии. Показа
но, что реиение грубосеточного метода возможно конструировать из решений не
скольких задач с фиксированными граничными условиями. 

б) Представлен метод гомогенизации кассеты с помощью теоремы Блоха. Ме
тод обеспечивает непрерывность тока и потока на границе. 

в) Распространяется справедливость разделения потока на микро- и макро
поток, на гетерогенную решетку. Выражение потока можно применить при гомоге
низации. 

KIVONAT 

A dolgozat a reaktor számítási modell három problémáját tárgyalja szim
metria megfontolások segítségével. 

a) Egy bármely geometriában alkalmazható coarse mesh módszert ismertet. 
Megmutatja, hogy a coarse mesh módszer megoldása felépíthető néhány rögzí
tett határérték feladat megoldásából. 

b) Egy kazetta homogenizáIásara szolgáló módszert ad meg a Bloch tétel 
segítségével. A módszer biztosítja az áram és a fluxus folytonosságát a ka
zetta határán. 

c) Megmutatja, hogy a makro-mikro függvényekre bontás érvényes hetero
gén rácsok esetében is. A neutronsürüségre egy formulát ad meg, ami a ho-
mogenizálásnál használható. 
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II. 

NOTATION 

G number of energy groups 
*(r) = (#| (r) ,. .. , V. (r) ) space-dependent f lux within a node 
D. diffusion constant in a node in the i-th 

energy group 
£ , scattering i.Toss-ufL'tioii from energy 

group g' to energy group g 
X fission yield in energy group g 
к cc eigenvalue or effective mull ipiication 
err 

factor 
n, number of the node':; faces 
F. surface of the i-th node face 
V (or V ) volume of the node (or of the cell) 
Ф node-averaged flux in energy group g 
I. average incoming current at the i-th 

node face in energy group g 
J. average outgoing current at the i — 11• 

node-face in energy group g 
A cross-section matrix associated with 

diffusion equation 
eigenvector of matrix A 
eigenvalue of matrix Л 

2 eigenfunction of V 
removal cr.oas-r.ection, (one group r.t:;»•; 
diffusion (or transport) equation 

V = ( t i l r • • • ' l i G > 

*? 
f i (£) 
r, 
ni-; (or TK) 

http://cr.oas-r.ecti


even 

III 

neutron production cross-section, (on« yroup 
case) 
space-dependent flux, (one group case) 

coefficient of cosine in ll), one group soli-.tion 

coefficient »f sine in ll), one group solution 

half-width of the ll) node 

outcurrent at node boundary determined from 
IHIIJ solution 

incurrent at node boundary determined from '»dd 
solution 

as above from the even solution 

••fi-f) i-th irreducible representation of incoming 
current 

surface of square node's face 
., Фп) average flux vector belonging to unit represen-G' 

tation 
response matrix of i-th irreducible representa
tion 

\i-£ k-th irreducible representation of e 

outward normal to 1-th node-face 
least number of coefficients for representing 
node's symmetries in full 

number of symmetry transformations of node 

number of classes of symmetries 

elementary translation in a lattice 

periodic part of solution Lo DK, cell function 
Taylor-coefficients of U vs. |>, microfunc-
tions 

coefficients Jn Taylor expansion of k,rr(P,) 
macroflux 



IV. 

W(£) weicht function in macroflux 
Q angular variable in TK 
Б energy variable 
r={x.,x.,xj space variable 
5(г,Е'-*-Е,0'-»-0) cross-section of energy or angle changing 

processes 
2. lattice vector connecting fuel pins 
Ugtr^EjQ) periodic part of solution to ТЕ, cell function 
3 reciprocal lattice vector 
u.(r,E,Q) Taylor coefficient of u vs. В 
Ko' K2i coefficients in Taylor expansion of к ,f(]J) 
H operator constructed from cross sections of TU 
u (r,E,Q) importance corresponding to u 
W„(r> macroflux 
V V (r)u. is a compact notation meaning 

U2i 

E. space and energy dependent cross-section of \y\»j i 

E. cell averaged cross section 
D. cell averaged diffusion constant 
u. extension of u. to heterogeneous lattice 

" Э V Nabla operator '•:•. ) •*— 
i d X i 

2 "i 
Д 2 V Laplace operator m-i \ — ^ 

i Ъх' 

P symmetry transformation 
P matrix of symmetry transformation P 



V. 

/"• KroneckeI symbol 

;>V IxKindary of region V 

Л* adjoint, to mat rix Л 

II* complex ronjiKjato of function U 



1. INTRODUCTION 

One of the most challenging problems of reactor physics is 
Ihe question of a reactor "code" or "model". This means nearly a 
dozen well selected programs that can successfully be used for 
answering the questions that emerge during the planning and 
operation of power plants . These programs are based on well 
selected approximations and experience. Even though stringent 
economic and safety standards force the model towards more 
precise, more sophisticated calculations, the complexity of the 
problem and the need to compromise with expenditure, means that 
every model still contains approximations, some of these being 
quite rough ones. For this reason tho codes are continually 
being developed. 

This work deals with three tipical problems of PWRs and 
LWRs. It is common in our analyses that symmetry considera-

2-4 tions are applied to each case. The first problem is the 
global reactor analysis that uses nowadays two competitive 
methods: the finite element and the coarse-mesh method. Both 
methods endeavour to find the solution of the diffusion equation 
(DE) in a large homogenized region called node. Nodes are con-

7 nected by the continuity of fluxes and currents . The finite 
element method is derived by using a variational principle, thuy 
it stands on a firm basis but at present the coarse-mesh method 
seems more efficient. Here wc derive an analytical coarse-mesh 
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solution applicable to any geoaetry. The solution is constructed 
fro* the eigenvectors of the matrix associated with the DE. It is 
shown that the solution of the ОБ in a given node can be derived 
from the solution of a few boundary value problems. As a by
product, it is shown that the use of a boundary condition with 
one parameter per face cannot lead to an accurate solution. 

Traditionally the problems of determining the homogeneous 
cross sections of the node are separated from the global reactor 
analysis and most methods neglect this question. Since this homo
genization is usually the second one within the model, it is 
called second stage homogenization. One of the goals of this step 
is to replace the node, made up from homogeneous cells, by a 
single homogeneous material. The applied methods vary from the 

^12 simple flux weighting to the sophisticated iterative procedure 
Instead of making use of the conservation of certain reaction 
rates, here it is shown that the flux in a large core, consist
ing of several nodes, is given by a global flux with the local 
fluxes accounting for the internal structure of the node. The 
global flux satisfies a DE with nodewise constant parameters 
determined from the local functions and the space-dependent cross 
sections of the node. 

13-19 The third problem concerns the homogenization of a cell 
First an unperturbed lattice is investigated ard it is shown that 
the formula for the neutron density, assumed by Benoist , can be 
derived from the symmetry properties of the lattice. Ttw macro-
flux proves to be independent of the energy and the angle vari
able, thus it satisfies a one group DE. It is shown that the 
first three mlcrofluxes (u ,u,,u2) are to be derived by solving 
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one eigenproblem and one boundary value problem. The obtained 
homogenization scheme is the same as obtained by the asymptotic 
analysis of Larsen . It is very instructive to compare Benoist's 
theory with the one presented here. Benoist's work relies on 
four hypotheses. The first one assumes that the source can be 
factorized into a macroflux and a microflux. In reality, the 
source obtained from our Eq. (4.20) is a series, the first term 
being of the desired form. The second hypothesis is the image 
pile concept : it is assumed that the core can be extended to 
infinity by its periodic repetition. The third and fourth 
hypotheses claim that the macroflux varies slowly compared with 
the microflux. In fact, considering, for example, г large square 
shaped core composed of a large number of cells, ic can be seen 
from our Eq.(4.21) that the macroflux does vary slowly. 

It will be shown that "micro"-"macro" separation is possible 
in heterogeneous lattices as well. The flux is expressed by a formula 
analogous to Eq.(4.20) in which the gradient of the macroflux, 
see Eq.(4.20), is substituted by special boundary conditions 
shown in Fig. I. As a consequence, the solution of the transport 
equation (ТЕ) can always be expressed by the solution of the ТЕ 
with prefixed boundary conditions. 

Our paper deals with symmetric reactors only. This means 
that the shape of the node and the cell is similar and the core 
itself has the same symmetries as the cell. Furthermore the 
material distribution in a cell is assumed not to break this 
symmetry. These assumptions tend to be irrelevant since they are 
true for most power reactors . The reactor consists Í nodes that 
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may be for example a PWR assembly or a WWER macrocell. In both 
cases node consists of several cells. 

The main purpose of the paper is to present a method flex
ible with respect to geometry. The reason for presenting problems 
in rectangular geometry is twofold: 

a) both the boundary conditions associated with the so 
called irreducible representations (see Appendix), both 
the irreducible representations themselves have clear 
meaning here 

b) the difference between different geometries appears only 
in the so called character table, (see Appendix), that 
we can get ready made. 

The applied methods have been available for some 40 years and 
they are summarized briefly in the Appendix 

2. GEOMETRY-INDEPENDENT NODAL METHOD 

Nodal methods serve in modern reactor codes as the basis for 
evaluating both static and transient power distributions in large 
LWRs and PWRs. Nodal methods have proved effective in multidimen-

6 7 
sional reactor calculations for a long time ' . Excellent dis
cussions of the various approaches possible for formulating the 
nodal balance equations are available, see, e.g. Ref.21. The main 
point is as follows: Let us consider the G group DE: 

-<D>V2W(r) + <E>*(r) - WW(r) (2.1) 

where <D> is a diagonal matrix with D. entries, 
<£> a diagonal matrix with Z . entries 

rem, l 
W the following matrix 
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" 9 9 « = v**+ & V E f 9 ' ( 2 ' 2 ) 

g - 1,... ,G 
g = I,... ,G 

Integrating DE (2.1) over the node a relation is obtained between 
volume averaged flux Ф and averaged surface partial currents 
(1А and J i , i=l, ,nf; g=l,...,G): 

nf F. 
I 17 <Í4-I|) + E* = w * ( 2 - 3 ) 

i=l v x x 

where 

*g = H V £ ) d £ {2'4) 

V - volume of the node 

4g - F; M l V £ ) + 2 D 9 W * l d £ ( 2 ' 5 ) 

i 

F. is the surface of the i-th face of the node 

n. the outward normal to face i 

i f i 3 S n 
Jig = F7 J i fV^D^ldr < 2 ' 6 > 

i 
Í — 1 » . . . ,Пхг 

g=lf.../G 
n, -number of surfaces of the node. 

The fundamental nodal equation (2.3) is not complete unless 
further relationships specifying the averaged surface partial 
currents are found. For this purpose several methods are in 
use, e.g. an analytic solution involves the required additional 
relationship. The soluclon may proceed by rearranging Eq.(2.1) as 
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Э2¥ <r) G 

-°g - ^ 2 - + V W * » = Jml
 wgg'V(^ + 

Э2» (r) 32W (r> 
+ D — a _ — + D — a _ — 

9 3y2 9 3z 2 

and approximating the RHS by a low ranking polynomial of x. The 
analytic solution can easily be given as the sum of the general 
solution to the homogeneous equation and a particular solution 
of the non-homogeneous equation (2.7). 22 Below an analytic solution is derived that removes the 
only assumption of the above presented method and is applicable 
to any geometry. Moreover, unlike most analytic nodal methods, 
which are bound to two group problems, it can be applied to few 
group problems where G*6. This limit is purely practical since 
the code becomes rather slow when more than 6 energy groups are 
considered. First the eigen value problem associated with Eq.(2.1) 
is Bolved: 

<D"1> A t ± = ^J'li 1*1,...,G (2.8) 
where 

99 99 9 99 
The space-dependent eigenfunctions £.*Ш=Ф*(£)Ь, are eigenfunc-
tions of the Laplacian as well: 

the general solution of which is 

fi<£> - I Ч<6) в *• dj= (2.11) 
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When matrix A has G different eigenvalues, as is always the case, 

the analytic solution can be expressed as a linear combination of 

functions .f^tr): 

G 

?<£> = I ciLi <£) (2.12) 
i=l í X 

or 
G f Ai£ £ 

I<£) = I JLi<£>'e d£» (2.13) 
Í = l IÍ-I , 

where the constants c. have been included in t.(£). The function 

V(r) satisfies Eq.(2.7) at each point though it is too compli

cated to be used in an algorithm. 

In the simplest ID, one group case the node has two sym

metries: the inversion (x-*—x transformation), and the unit trans

formation (x-»-x) . Eigenfunctions of these transformations are the 

even and the odd functions and the general solution to the dif

fusion equation is their linear combination: 

V(x) = с «cos ox + с *sin ax (2.14) 
e о 

where 
a = (T-±- - £)/D 

eff 

The integral balance reads 
vE* 

(J +J ) -,(IT+I ) + ЕФ = r—— Ф, (2.15) 
i r x r x e f f 

and this expression contains only the even part, as the inversion 
changes index r to 1 and vice versa. From the odd part of the 
solution (sin ax) the following response relation can be obtained: 

.odd 1 - 2Da cot aa , - ,, i 
3 * 1 + 2Da cot aa ' ( 2 Л 6 ) 
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while the even part results in 
..even 1 + 2Da tan aa .even ,., ,-,. 
J - T =TP:—т * 1 i (/.17) 

1 - 2Da tan aa 
and clearly J o d d --= ^i~JJ/2

 a n d J e V e n - (J^K^)/.,. The .integral 
balance in terms of the even- and odd functions is 

J e v e n - I e v e n + F^ e V e n - ^ _ Ф е У е П . (2.1.8) 
keff 

Now we are able to express both the outgoing currents and the 
average flux with the help of incoming currents. Thus the solu
tion of the diffusion equation is decomposed into eigenfunetions 
of the symmetries of the node, (i.e. into cos cxx and sin ax), 
moreover only one component appears in the integral balance (it 
is the even component). 

2 4 The generalization to 2D and 3D is not straightforward ' . 
There are coordinate transform.-1ions that leave the Dfc; and the 
node invariant. They play the role of inversion in the above 
trivial example and they are called symmetry transformations (see 
Appendix). Any function can be decomposed into eigenfunetions of 
these syn«metry transformations, which are called irreducible 
representations. In coarse-mesh methods that couple the neigh-
bouring nodes by partial currents both the averaged flux and i he-
outgoing currents are to be expressed by the incoming currents;. 
In this case Eq.(2.1) is considered as a boundary value problem 
with given incoming currents as the boundary condition. It is 
shown in the Appendix that the decomposition of the incoming 
currents entails a decomposition of the solution. Let us cons id«, ч 
a 2D square node. In this case the incoming currents are de
composed into irreducible representations as follows: 
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í x l 1 - 1 о + 1 

Ixr 
íyi 

> - 1 

1 
+ I 2 

+ 1 

О 
+ 1з 

о 
- 1 

+ - 4 
+ 1 

- 1 

V 1 о +1 - 1 

(2.19) 

Here l denotes left and r denotes right and 

h 
I-ч = 

h 
±4 

(I , + I + I . + I )/4 

—xl —xr —yl —yr 

(I-xr - ixl>/ 2 

(V - iyl> / 2 

(I . + I - I . - I )/4 
—xl —xr —yl yr ' 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

The irreducible representations of the incoming current, 

shown in Fig. 1, have a physical meaning. We may consider the 

boundary condition as "input" and the "response" of the cell is 

the corresponding solution. The first component imitates a 

homogeneous environment where the incoming currents at the four 

faces are equal. The second component represents a streaming in 

the x direction, the third component in the у direction. The 

fourth component represents a "cross-flow" between neutrons 

entering from the x direction and neutrons leaving in the у 

direction. The second and third components may be thought of 

as giving the response of the node to a neutron flow. We proceed 

in decomposing each quantity in Eq.(2.3) into irreducible com

ponents. As the net number of entering neutrons differs from zero 

for the first component only, we have 

| 13-fT.)) + <£>!(1) = w| ( 1 ) (2.24) 
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where the outgoing currents have been decomposed as well as the 
incoming currents (that is, I-*J in Eqs. (2.19)-(2.23)). The other 
components do not contribute to the average flux thus they do not 
figure in the integral balance (2.24). Response matrix relations 
can be derived for the other components too, playing now the role 
of the odd solution in the above example: 

J_L = R ± • 1 ±. (2.25) 

The response matrix has GxG elements, n is given in the 
Appendix. Using Eq.(2.25) the outgoing currents can be eliminated 
from Eq.(2.24) and each quantity is expressed by the incoming 
currents. As only the first irreducible representation contrib
utes to the average flux Ф, the nodal equations have been derived. 
Before passing on to the determination of the response matrix 
elements, we summarize the result. We consider the diffusion 
equation as a boundary value problem, the incoming currents being 
given at the node-faces. The symmetry properties of the node de
termine an incoming current pattern set, see Appendix. Such a set 
is shown in Fig. 1 for a square node. The incoming currents at 
the node faces are expressed as a linear combination of the above 
mentioned incoming current patterns, see Eq.(2.19). The corre
sponding solutions to the diffusion equation now are linearly in
dependent and orthogonal, see Appendix, thus they satisfy the in
tegral balance equation separately. The sum of the incoming cur-
rente differs from zero only in one pattern, thus solely this 
pattern contributes to the average flux. The incoming current 
patterns are called irreducible representations of the incoming 
current, the corresponding solution to the diffusion equation is 
called the irreducible representation of the flux. The incoming 
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and outgoing currents of a given irreducible representation are 
related by a response matrix equation, the elements of which are 
determined be.».ow. 

The response matrix can be obtained from the symmetry com
ponents of the analytic solution (2.13) by decomposing the in
tegrand into irreducible components. The integrand is a linear 

X i ^ expression of exponentials e x , thus it is enough to determine 
the decomposition for one exponential only. If we use formula 
(A4) (see Appendix) we obtain a linear expression of exponential X J=.r 
functions e * J where the vectors £. are the transforms of £ 
under the symmetry transformations of the node 

X <§£ П с /n 
e г = [ с. • s ! K ' ( r , g) (2.26) 

k=l K x 

and 
/ W » h \ £ r 

s i (£'£> = I o ) k i e i J (2.27) 
j = l 

22 The coefficients w. . can be determined from the symmetry 
properties of the node summarized in a so called character table 
(see Appendix) making use of formula (A4). When the above de
composition is substituted into Eq.(2.13), the range of integra
tion is reduced since the range О £ arg £ £ 2n/h will cover the 
entire range with respect to the definition of £.: 

G n c 2u/h 
V(r) = I I S. ( k ) (r,£)t. (£)d£ (2.28) 

i=l k=l > x l 

о 



- 12 -

Thus the k-th irreducible representation of the flux is 

G 2 n / h 

I ( k )(r) = [ [ S.(k)(r,§)t.(E)'5i (2.29) 
i=l i x x 

о 
where the functions t.(£) are still undetermined. The ratio of 
the components of t.(£) is fixed (cf. Eq.(2.8)). The irreducible 
representation of the incoming current determined from Eq.(2.29) 
and (2.5) is 

9 2 Y h f 1 f i f ik) 3s{ k )<£,I>l I 
I k * = J i I Yi 1 *[ si ( £ ' i , + 2 D g - Ц p i j W ^ ( 2 - 3 0 ) 

° P2 
The index 1 should be chosen so that the 1-th element of the k-th 
vector in Eq.(2.19) is not zero. The irreducible components of 
the outgoing currents are obtained from the counterparts of 
Eq.(2.30) thus the response matrix elements can be calculated. 

We can choose arbitrary functions for t. (£). Two choices of 

t. (£) are worth considering: 

a )
 ÍÍUR)

 = i i * 6 ^ " ! 1 ) * T h i s yields an effective algorithm 

since the response matrix takes a rather simple form. In this 

case some care is needed since the values £, influence the solu

tion strongly; for example, arg £. = 0 excludes cross-leakage. 

b) t,(£) = t.. This choice offers higher accuracy in ex

change for a greater amount of computational work. In this case 

the functions t.(£), which are linear combinations of the irre-
23 ducible representations, are represented by Walsh functions 

Figure 2 shows the irreducible components of t._(§,) • Although 

there are five irreducible representations in the case of a 

square node, decomposition (2.15) contains only four components. 

The number of components is limited by the number of faces and Ъ\ 
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the use of one face averaged incoming current only. The total 
number of irreducible representations is h in a regular repre
sentation (see Appendix). To have each irreducible component 
appear in the decomposition, at least 

n 

% - X h < 2- 3 i> 
linearly independent components, must be considered. In a re
gular representation the two-dimensional representations appear 
twice, hence the number of parameters is greater than n and a 
full representation would require h parameters. Whenever there 
are non-commuting symmetry transformations 

n, < n < h (2.32) 
f m 

A regular node with n~ faces has both rotational and reflectional 
symmetries. Since the rotations do not commute with reflections 
(e.g. the transformation c2*a transforms the point Б into d, 
whereas the transformation a -c_ brings E into d-, see Table 1), 

У £. i 

inequality (2.32) always holds for regular nodes. In other words, 
from, the viewpoint of symmetries the use of n~ parameters is an 
inferior approximation; the use of one face averaged incoming 
current frustrates the full representation of the symmetries of 
the node, thus the incoming current structure, which is invariant 
under rotations and changes sign under reflection does not occure 
in Fig. 1, although such a structure is allowed in class Г., see 
Table 3. Since n is close to n f, one or two additional quan
tities should cause a considerable change in the accuracy. The 
results of calculations with simple improvements in the boundary 24 condition (e.g. using a step function) confirm the above state-
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ments. The coarse-mesh method presented above shows some 
25 similarity with the method worked out by Bona1umi et al. and 

26 
by Melice . As a matter of fact both the PWS (plane wave super
position) and the NSB (nodewise separable buckling) approxima
tions are included in the theory presented. The former corre
sponds to 

in Eq. (2.31); the latter to 

A quite important characteristic of the method is that the 
irreducible representations can be considered separately, thus 
the solution of the set of Eqs. (2.30) means finding G unknowns 
for each irreducible representation separately. Both of our 
approximations (a and b) give an analytic expression for the 
cross leakage without referring to neighbouring nodes. Since 
every response matrix R. in Eq. (2.25) is determined from an 
analytic solution, the obtained results correspond to ana
lytical response matrix method. 

The above-exposed considerations have been realized in ex-
00 01 2ft 

perimental programs both for rectangular ' and hexagonal 
geometries. The programs together with the test results are 
currently being prepared for publication. 
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3. CONSISTENT SECOND STAGE HOMOGEN IZATION 

Traditionally the determination of the nodal parameter:; is 
separated from the solution of the nodal equations, never the b?sr; 
it. is part and parcel of the applied model. Some author:; dis
regard the problem by saying that i ny "suitable" homogenizat.ion 
will do, but tht! differences obtained with different homogeniza-
tion schemes for benchmark problems do not confirm this opinion. 
In this section a method for determining the nodal parameters is 
given. The presented method is consistent with the solution of 
the nodal equations in the previous section and with the homo-
genization scheme to be given in the Section 4. 

The node is considered to consist of already homogenized 
cells. We begin by determining a formula for the flux in a large 
periodic core consisting of nodes havin«, a mosaic-like structure. 
It is shown that the flux is composed of an over-all flux, chang
ing slowly within the node which we call global flux in contrast 
with the inner-node functions which we call local fluxes. An 
explicit expression for the global flux is given. The global flux 
turns out to be the solution of a DE with constant coefficients 
over a node, thus it gives the key to the homogenization. Our 
analysis is based on the symmetries of the core. The equation to 
be solved is 

-<D(r)>V2V(r) + A(r)V(r) = О (3.1) 

with the notation given in Section 2. To find the solution 
(W(r)) the infinite core is considered first. The core is ex
tended to infinity so that the coefficients in Eq. (3.1) are 
periodic in space: 



- 16 -

E (£* nl*l + n2"52 ) = E<£) (3.2) 

Here a. and a 2 are the elementary translations joining the 
centres of neighbouring nodes (see Appendix), n. and n_ arc in
tegers, £ is any material cross section. It is known from the 
Bloch theorem (see Appendix), that Eo. (3.1) has a particular 
solution of Bloch-form: 

-P = e %l-} ( 3- 3 ) 

If we substitute Eq. (3.3) into (3.1), U (r) turns out to be the 
-2 -

solution of the equation 
-<D(r)>V2U (r) + A(r)U (r) = -p 2U (r)<D(r)> + 

(3.4) 
+ 2ip<D(r)>VU (r) t - -2 -

We remark here that the mosaic structure of the node and the 
continuity of the flux and the current on the boundary of the 
cells allows one to neglect the derivatives of D (r). 

Equation (3.4) is an eigenvalue problem. There are in
finitely many values к to which non-trivial solutions U (r) 
belong. As is well known, a critical neutron distribution belongs 
to the largest к value. The boundary condition is that U (x) must 
be periodic in space in the sense of Eq.(3.2). From now on only 
U (r), belonging to the largest eigenvalue, is considered. In 
general, Ц(г) is a complex function with the property 

U»(r) = U ír) (3.5) 
-JE - — 2 -

in particular, M 0(£) is a real and periodic function with a 

physical meaning: it is the solution to (3.1) for an Infinite 

core. 
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Let us investigate the symmetries of K«j.(3.4). Applying a 

symmetry transformation P to Eq.(3.4) we have 

-<D(r')"V2U (r') • A(r')U (r') == -p2<D(r)>U (r') • 

• 2ip/D<r')>V'U Cr'), 
(3.6) 

-1 
where r/=P r. Changing r to r' and r> to p/ in Eq.(3.4) we have 

-<D(r')>V2U , (r') » A(r')U ,U») '-•- -P,2-D(r)>U ,(r') » -2 - - -g ^ - -E -

• 2ip' l>(r') :-VIl ,(r') ( 3 * 7 ) 

Comparing Eq.(3.6) with :3.7) it can be seen that U *(r) is a 
-jj -

solution, to Eq.(3.4) as well. Wo have arrived at a special 

ion property of the function U (r). To proceed: given a funct 

'J (r) , new solutions a^e formed from it by applying the symmetry 

transformations of the core to the parameter JJ. On the other hand 

we can see that the solutions of Eq.(3.4) may differ in the para-

meter £, and the general solution belonging to the largest 

eigenvalue is their linear combination. Since in critical state 

|J>|«1, eigenprob lern (3.4) can be simplified considerably by 

taking into account the dependence on JJ of U (£) a s a Taylor 

series: 

Ü D(£) = !L<£> * l yi4<£>-iP 4

 + 

1=1 

• !_ Ü2} (£ ," pj *'•' 
3 
I 

(3.8) 

Let us put the series (3.8) into Eq.(3.4) and express the criti-

cality parameter as a Taylor series: 
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3 9 k(£) = A + I L p + ... (3.9) 
о i = 1 гз. i 

or 
3 7 A(r) = A Q(r) + I A 2 i(r)p£ + ... 

Comparing the coefficients of the first three powers of £ we get 

-<D(r)>V2U (r) + A (r)-U (r) = 0 (3.10) 
— —о — о — —о — 

-<D(r)>72ü,.(г) + A (rJ-U,.(г) = 2<D(r)>V.U (r) (3.11) 
— —li — о — —li — — i—о — 

-<D(r)>72ü_. (r) + A (r)U_.(r) -= 2<D(r)>V.U14 + — —21 — O — —21 — — i—11 

+ A 2 i(r)-U o(r)-<D>U o 

(3.12) 

3 where V. = -5—; r = (x.,x,,x,). Equation (З.Ю) is an eigenvalue 

problem and U (r) is an even function, thus 

0 = 0 , (3.13) Эп 
where n is the outward normal to the node and r lies on the 
boundary of the node. The components of U. (r_) are odd functions; 
adding to this that they are periodic, we get 

-li (- ) = ° (3.14) 

on the boundary of the node. The boundary condition for U-. can 
be obtained in a similar way 

-$£• (r) = 0 (3.15) 

Equation (3.10) is again an eigenvalue problem. The eigenvalue \ 

is the infinite multiplication factor for the infinite core and 
the solution U (r) is the infinite core flux. It comes from 



- 19 -

Eq.(3.5) that U (r) is a real function, and since it belongs to —о — 
the largest eigenvalue it is non-negative as well. Equation (3.11) 
is a heterogeneous equation with a given source and with a homo
geneous boundary condition. Yet a further eigenproblem is (3.12), 
A._. being the new eigenvalue. In the mr erical solution of Eqs. 
(3.10)-(3.12) the following relationship may be useful: 

U X i(r) = xi-U0(r) + W^r) (3.16) 

x? 3U 
22i(£> = T V£> + xiMli(£) + *2i JT ( З Л 7 ) 

о 
where W. is an odd particular solution of Eq.(3.10). The inter
pretation of expression 3U /DA. can be found in Ref.29. Let us 
return to the flux. It turns out to be a linear combination of 
the particular solution (3.3). Substituting t;q.(3.8) into (3.3) 
and forming the linear combination in question we have: 

*(r) = I (v4_(r))-U. (r) (3.18) 
i=l u * 

where the global flux Ф_ is 

Vi> W(p_)e d£. (3.19) 

о 

т. is the set of vectors £ belonging to the largest eigenvalue. 
The first member of expression (3.18) is the well known product 
of the local and the global flux. The second member expresses 
the correction for streaming effects. As to the local fluxes, 
eigenproblern (3.4) has an outstanding importance because the 
functions U.(r) are constructed from the solutions of it, see 
Eq3.(3.16)-(3.17). The global flux » G is determined through a 
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weight function W(p_) by Eq.(3.19). The range of integration Ж 
is the set of parameters r> belonging to the largest value of k. 
Due to the symmetries of the functions U.(p) this set contains 
an infinite number of vectors p. The function Ф-(г) obtainable 
from Eq.(3.19) is called the asymptotic flux and it is built up 
from infinite core fluxes. The finiteness of the core leads to 
the following extension of Eq.(3.19): 

*G(£> = J J W(£,3)e U' £" a )-d£ dg. (3.20) 
о —" 

Since the range of integration involves the set Ш , Eq.(3.20) 
contains the asymptotic flux and a term called transient flux. 
Comparing Eq.(3.20) with Eq.(3.19) it can be seen that the 
transient flux involves exponentially decaying functions only. 

The global flux satisfies a diffusion equation - as can be 
seen from Eq.(3.19). The physical properties of the node de
termine the value of k, thus the parameters of the equation for 
the global flux may not be arbitrary. The values Л. and ^2±f 

obtained from inner node calculations, should therefore be 
preserved. Let U (r) denote the solution of the adjoint equa
tion to Eq.(3.l0), then 

A

0(l>-Uo(£>Uo
(£ , d£ = ° (3.21) 

V 
n 

V - volume of the node, n 

and 

J (<D(r)>ü*(r)V iü 1 1 + A 2 i(r)ü o(r)ü^(r)]dr = О (3.22) 
V n 

fixes X and * 2i* Using a bar to denote homogenized quantities 
the homogen!zation scheme is written as follows: 
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E = f E ( r ) ü U + ( r ) d r / f U U* ( r ) d r ( 3 . 2 3 ) 
ag J ag — og og - - ' j og og - -

V V 
n n 

VS. = f v E , ( D U U* ( r ) d r / f VU+ ( r ) d r ( 3 . 2 4 ) 
f g J f g — og og — — J og og — — V V n n 

V - í D g i ^ ) ü o g V i ü l i g ( £ ) d l / j ü og U og ( í ) d £ < 3 - 2 5 ) 

V V n n 

The cross-section-like parameters are hoiaogenized by the flux and 

its adjoint (the importance), but the diffusion coefficient is 

homogenized with the help of the functions U,., which character

ize the node in the presence of a gradient in the macroflux. It 

is noteworthy that the above-derived homogenization recipe uses 

altogether two functions, viz. U (r) and U,(r). Moreover the 

determination of these two local functions needs the solution of 

only one eigenproblem, viz. Eq.(3.4). 

It is not surprising that absorption and fission are hom

ogenized by the infinite core flux since both quantities reflect 

internal properties of the node. Leakage, however, depends on 

connection with other nodes, and this is expressed by the weight

ing of the diffusion coefficient. 

Nodal methods seek for the global flux and Eq.(3.18) shows 

how a given reaction rate should be determined from the nodal 

flux and the local fluxes. 

The presented model ensures the continuity of the flux and 
о the current at node interfaces in contrast to Koebke's method . 

A modified version of Koebke's idea introduces "discontinuity 
factors" and arrives at an iterative scheme. The essential 
feature of this iteration scheme is that is takes into account 
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the interaction of the global flux with the local flux. Since the 
functions U.(x) and U~(r) express how a node responds to a 
cross-flow, the above-mentioned interaction is included in Eq. 
(3.18). 

12 
A recent formulation of Koebke's method ensures the con

tinuity even of the local flux at node interfaces. 

4. CELL HOMOGENIZATION 

Second stage homogenizetion is based upon the premise that 
each cell can be substituted by an equivalent homogeneous ma
terial characterized by diffusion parameters. At present the 
expression "equivalent" is rather obscure, moreover it is not 
obvious that the diffusion parameters can be found for any ma
terial, for it is well known that some material properties ab ovo 
exclude the use of diffusion parameters. 

To dissipate the obscurity, two model problems are con
sidered. We begin by considering a large core consisting of a 
single type of fuel element. This case is known as an unperturbed 
lattice problem because the core consists of uniform elementary 
cells. The anticipated neutron density combines the withincell 
density with some global or macro density as it did in the 
previous section. As subsequent calculations carry over this 
global or macro part only, it is to be connected with the homo
genized cells. The second model problem is a heterogeneous lat
tice which may be calculated in an iterative way, the cells being 
connected by the continuity of the neutron density. A part of the 
results, obtained for the unperturbed lattice problem, is ex
pected to be valid. 
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It is emphasized here that, unlike in many other 
works 1 3 , 1 6' 1 7' 1 9, the point in determining the diffusion 
parameters is not to reproduce the reaction rates (absorption, 
fission, leakage, etc.) obtained in a transport cell calcula
tion, but to find an equation fulfilled by the macroflux. 

The core is constructed from a single type of elementary 
cell in the case of the unperturbed lattice problem. The neutron 
density is obtained from the ТЕ 

ŰVW(r,E,Q)+E(r,E)W(r,E,Q) -
(4.1) 

= |dE'dQ'S(r,E'+E,Q'->Q)44r ,E' ,Q') , 

where S (r,E'+E,Q'-*Q) comprises every process changing the energy 
or the direction of the neutron. It involves such cross sections 
as scattering E(r,E'>-E) or fission vE f (r ,E') -X (E) (X(E) is the 
fission spectrum). Usually the latter term includes a parameter 
к to make the core critical: vE- is replaced by vEf/k. Our goal 
is to build up the neutron density from infinite core solutions. 
To this end the core is extended to infinity by making use of 
the periodicity of the cross sections: 

E(r+1,E,0) = E(r,E,U) (4.2) 

where 1 is an arbitrary lattice vector (see Appendix) 
E any cross section in the ТЕ. 
It is emphasized that the above presented extension is valid 

20 for any core whereas the image pile concept , which repeats the 
core as a whole, is applicable only to cores having a shape with 
which space can be fully convered. 

The Bloch theorem (sec Appendix) guarantees a particular 
solution in the form 



- 24 -

* B<£» E»£> = е*~ ив{*'Е»Ю> ( 4- 3 ) 

where u_(r,E,Q) is periodic in space. For convenience the ТЕ is в —• — 

rewritten as 
[QV + H(k)] V(r,E,Q) = 0, (4.4) 

where H(k) includes every cross section. 
Substituting Eq.(4.3) into Eq.(4.1) we get 

[QV + H(k)]u (r,E,Q) = iBQ u (r,E,Q). (4.5) 
— • Ü — — — ö — — 

The auxiliary parameter В may be any real vector both in Eq.(4.3) 
and in Eq.(4.5). Equation (4.5) is a cell problem with the bound
ary condition that u n is a periodic function (see Appendix). 
There is an infinite number of values к to which a nontrivial 
solution belongs: thus functions u_(r,E,Q) ought to be labelled 

и — — — 
with parameter к as well. To avoid complexity only the largest 
value of к is considered. As the solution of Eq.(4.1) is con
structed from those particular solutions 4f„ that belong to the 

D 

largest eigenvalue, the set of vectors В is sought for which 
k(B)=const in Eq.(4.5). Let TR denote this set. The structure 
of this set is investigated below. 

Let us carry out simultaneously the following substitutions 
in Eq. (4.5): 0->Q' ~ p" 1^; r->r' - Р - 1г and B+B' = PB. Both the LHS 
and the RHS are unchanged. This necessarily entails 

k(B') = k(B). (4.6) 
The first result shows that the set M has the same symmetry as 
does the core. Among the symmetries the translational symmetry 
has a particular role: it leaves the derivation and 0 unchanged. 
A translation by a lattice vector in variable r corresponds to a 
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translation by a reciprocal lattice vector (see Appendix) in 
variable B. Thus we arrive at 

k(B + 3) = k(B) (4.7) 

where 3 is a reciprocal lattice vector. Moreover the determina
tion of uD(r,E,Q) can be reduced by the definition 

"B+g^E'O) = e ± a £ uB(r,E,0) ( 4* 8 ) 

to the determination of u„ with small B, hence the dependence on 
is — 

В can be taken into account by a Taylor expansion: 
u (r,E,Q) = u (r,E,Q) + u.(r,E,Q)-iB + 

о ~~~ ~ о — — — i. — — — 
3 (4.9) 

+ I u9.(r,E,0)(iB.)2+ ... 
j=l *3 J 

The critical value of к (i.e. the eigenvalue) is assumed to be 
expanded into a Taylor series, the terms up to second order 
giving a good approximation 

3 0 k(B) = к + I K,.-B^ + ... (4.10> 

It is mentioned that this expansion may not contain terms like 
В .В,, i7*j because of Eq.(4.6). 

Putting Eqs.(4.9) and (4.10) into Eg.(4.5) and comparing the 
coefficients of the different powers of В we obtain the following 
set of equations: 

[OV + H(»co)]uo(r,E,0) - 0 (4.11) 

COV + H(ico)]uu(r,E,0) = 0^(1,2,0) (4.12) 

[07 + H(tc )]u,4 (r,E,0) » a.u.At,E,Q) + 
л ° " " " 1 U " ~ (4.13) 

+ H(K2i)u (r,E,0) 
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In cell problems a generally used approximation is to substitute 
the cell by a cylindrical one. In this particular case the fol
lowing boundary conditions can be derived (Q is replaced by u) 

uo ( r-c' E' u ) = uo ( r-c' E'~ u ) (4.14) 

ulr ~ ui (Ic' E' u ) = ~ ui (£ c' E'" u ) (4.15) 

u 2 r = u2(rc,E,u) = u2(rc,E,-u) (4.16) 

and r, denotes the boundary of the cell. Equations (4.11) and 
(4.14) form a cell eigenproblem. Eigenvalue к is the infinite 
lattice multiplication factor; the corresponding eigenfunction 
u (r,E,0) gives the neutron density in the infinite lattice. In 
Eq.(4.12) the source is given, provided that Eq.(4.11) has been 
solved. The boundary condition (4.15) fixes an asymmetric neutron 
density at the boundary of the cell. Egenvalue problem (4.13) 
and (4.16) fixes к_. and u,.. Let u_(r,E,0) denote the solution 
of the adjoint equation to Eq.(4.11). Equation (4.13) can be 
solved only if 

l 0i uli (-' E'- , uo ( r-' E'jO ) + 
4nV 

c (4.17) 
• u£(r,E,0)'H(tc2i)uo(r,E,0) JdrdEdO = 0 

which fixes <2\- T n e following relationship can be established 
among the microfluxes-30: 

и п(г,Е,0) « •c±'U0ír,B,fl) - V±(r,EfO) (4.18) 
Kl U2i(r,E,0) * - -y UQ(r,E,Q) + К ^ Ц * 

(4.19) 
3u 

+ <2i W lL'E'S) о 
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where V. is such a solution of Eq.M.ll) that V. (r ,E,Q) = i l —с -
= x.u (r ,E,Q). When solving Eqs.(4.11)-(4.13) the particular 
solutions to the ТЕ are at hand and the solution of Eq.(4.4) can 
be written as 

W(r,E,Q) = I Ух(¥м(г))-и (r,E,Q), (4.20) 

where the macroflux VM(r) is 
и — 

¥
M
(*> = f "(BJe 1— dB (4.21) 

R о 

The weight function W(B) is to be determined from the boundary 
condition fixed on the boundary of the core. As to the micro-
functions u.(r,E,Q) the first three of them have been determined 
explicitly and a similar procedure gives the other terms as well. 
The neutron density, Eq.(4.20) (the so called asymptotic term for 
it) is derived from infinite lattice neutron distributions. When 
the core has the same symmetry as a cell and the boundary condi
tion (e.g. the incoming current along the boundary of the core) 
is also symmetric, the asymptotic term is adequate for charac
terizing the neutron density in the lattice. If either the core 
or the boundary condition breaks the symmetry, or the boundary 
condition contains such an energy dependence that conflicts with 
the energy dependence of the microfluxes, the asymptotic term is 
no longer sufficient for representing the neutron distribution 
because too many В values are missing from the set R . In this 
case a new term called the transient appears in addition to the 
asymptotic one. Since the transient term decreases rapidly with 
distance from the reactor boundary it can be neglected almost 
everywhere. 
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The expression obtained (4.20) for the neutron density is 

according to the expectation. Moreover the macroflux turns out 

to be independent of the variables E and Q thus it satisfies a 

one group diffusion equation. Since the diffusion codes determine 

the macroflux only, homogenization connects the microfluxes 

u.(r,E,Q) and material distribution to the coefficients of the 

earlier-mentioned equation. The eigenvalue can be determined from 

the diffusion calculations as well. The coefficients in Eq.(4.l0) 

can be determined both from cell calculations and from the dif

fusion calculation, suggesting the following homogenization 

scheme: 

*a = < I . u o ' í , / ( u o ' u I ) ( 4- 2 2 ) 

VE £ = (vEfuo,u^)/(uo,u*) (4.23) 

5 i * ( Qi Uli' Uo ) / ( uo' Uo> < 4 - 2 4 ) 

and 

( u o ' u o ) = J Í] u o ( - ' E ' ^ ) и
0
( г - ' Е ' Ф d I d E d 2 -

4nV с 

Since к and tc-. fix only the ratios of the above parameters the 
homogenized parameters are determined up to a constant multiplier 

Study of the first model problem yielded an expression for 
the flux in unperturbed lattices. A macro and several microfunc
tions occur in this expression. The microfunctions are the solu
tions of some cell problems but with the help of Eqs.(4.18) and 
(4.19) they can be deduced from the solutions of Eqs.(4.11) and 
(4.14). The macrofunction satisfies a one group diffusion equa
tion with cell averaged coefficients which can be determined from 
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the microfunctions and the cross sections. This latter circum
stance dissipates the obscurity concerning the hontogenization. 

Let us turn now to the heterogeneous lattice problem. Here 
the main question is whether Eq.(4.20) is valid or the "raacro"-
-"micro" separation is not possible. Let us examine a hetero
geneous lattice made up of square shaped cells. The side length 
of the cell is supposed as being small enough to use one face 
averaged incoming current per face as the boundary condition. 
Thus the ТЕ is to be solved in the n-th cell 

[QV + Hn(k)l 4»n(r,E,Q) = О (4.25) 

with given average incoming currents on the four faces of the 
cell. In Eq.(4.25), к is an estimated value of the eigenvalue 
taken from the previous iteration. According to the last para
graph of the Appendix the solution is 

¥

n <£' E 'H> = *оП)(Е,"оп(^'Е'5} + 

+ ^^"bcn^'H* + 

+ I i ? ) ( E , a i y , n ( £ ' E ' < > > + 

+ I^ n ) (E)Q 2 n (r ,E ,0 ) 

(4.26) 

where 
1^ П ) (Е) = ( l £ j } (E)*I^ ) (E)+I^J ) (E)+I^ ) (E))/4 (4.27) 

i j ^ (E) = ( I ^ } (E) - 1™ (E))/2 (4.28) 

I l J ) ( E ) = ^yV {E) " IyI } <*>) /2 (4.29) 

I^ n ) (E) = ( l x ; , ( E ) + I J J j ) ( E ) - l ^ ) ( E ) - l ^ ) ( E ) ) / 4 (4.30) 
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and the microfunctions arc the solutions of Eq.(4.25) with the 
boundary conditions given in rf-j. I. 

It can be seen that G (r,K,Q) is a generalization of 
on — — 

u (r,E,Q) to heterogeneous lattices and the same is true of the» 
other microfunctions. Since decomposition (4.26) is based on the 
symmetry properties of the cell it is independent of the geo
metry of the cell. The use of a more detailed boundary condition 
leads to new terms appearing in Eq.(4.26) but the main con
clusion is not touched. The second model problem has led us to 
the conclusion that "micro"-"macro" separation is possible even 
in heterogeneous lattices. The first term in (4.26) is the re
sponse of the cell placed into homogeneous surroundings. The 
second and third terms account for cross flow in the x and у 
directions respectively, while the third term describes in-
streaming in the x direction and outstreaming in the у direc
tion. Taking it into consideration that in methods based on 
approximations like Eq.(4.2f>), it has been shown that the in
coming currents can be obtained from a finite difference schem*-
using one point per cell, we may conclude that a considerable 
part of the results for unperturbed lattices is valid for het
erogeneous lattices as well. 

The method introduced enables us to extend the results to 
hexagonal and triangular geometry as well. Our expression for 
the flux, viz. Eq.(4.26) shows that it is possible to separate 
the boundary condition from the cell problems so that the in
teraction between micro and macroflux is taken into account. Our 13-19 results are in accordance with previous works . our method 
relies on the analysis of the ТЕ and the symmetry of the cell 
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and the core. The expression obtained for the flux is an exten-
32 sion of the formula obtained by Benoist and of that derived by 

Larsen by asymptotic analysis. It is noteworthy that the 
assumptions based on physical insight led to excellent approxima
tion4: some 20 years ago! Symmetry considerations helped in de
ducing an assumption of Benoist . It is remarkable that though 
the Bloch theorem has been known for some 40 years, nobody chought 
of applying it to reactor physical probl« 

The homogenization scheme obtained is the same »s the one 
obtained by asymptotic analysis. Several authors ' ' ' in
stead of seeking the parameters of the DE., the solution of which 
is the macroflux, several authors endeavour to find coefficients 
that reproduce reaction rates, although it has never been proved 
that the homogenized lattice would preserve any of these reaction 
rates. This explains the difference in the homogenization scheme 
compared with several other methods 1 3 , 1 4' 1 6' 1 7' 1 9. 

As emphasized In the introduction our only goal has been to 
provide a flexible method with respect to geometry. It is strongly 
hoped that a consistent reactor code will soon be set up using 
the above idea. 

5. APPENDIX, ELEMENTARY PROPERTIES OF SYMMETRIES 

Some basic terms and results of the theory of symmetries are 
given in this section. Interested readers can find excellent 

2—4 textbooks giving exhausting treatment of the topic . Symmetry 
consideravions were first applied to problems of reactor physics 
some 15 years ago in Ref.34,35. 
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Let us consider a linear equation in the concise form as 
follows: 

04»(r) = 0 (Л1) 

A syiranetry transformation with respect to the given operator О is 
a linear coordinate transformation such that the form of the 
operator О is the same in the old and the new coordinate system. 
This coordinate transformation changes the independent variables 
that are r and 0 in the case of the ТЕ, and r in the case of the 
DE. 

2 Example: It is easy to see that the operations QV and \i_ are 
invariant with respect to the following transformations: 

a) translation r' = r+a 0' = 0 
b) rotation r' = R r 0' = RQ det R=l 
c) inversion r' = -r Q' = -Q 

d) reflection r' - Rr П' - Rß det R=-l 
Thus the space dependence of the cross sections determines 

whether the above transformations are symmetries of the ТЕ, or 
of the DE. Throughout this paper the material distribution is 
assumed to be such tnat when a given transformation maps the 
core, cell or node into itself, this transformation is a sym
metry. In other words: the symmetries are determined by the 
geometry, and the material distribution does not break the sym
metry. Symmetries of regular regions have been studied thoroughly. 
To understand the main idea, soirs more terms are necessary. 
A coordinate transformation changes a function. Let P be a 
coordinate transformation, in which case 

Pf(r) = f(P _ 1r) (Л2) 
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must be an identity in r. (P denotes the matrix of the trans
formation P.) The set of all symmetry transformations of operator 
0 forms a group G and 0 commutes with all these transformations. 
Let the product of two transformations mean their consecutive 
application and let the unit element be the "no-change". Each 
transformation has an inverse. 

Symmetry transformations (or symmetries) are subdivided into 
classes. A class T is determined by the relation 

xTx"1 = T (A3) 

which is a recipe for determining the elements of a given class. 
As an example, the group of the ТЕ and of the DE over a square 
(group C. ) am1 over a hexagon (group C, ) are given in Tables 1 
and 2, respectively. 

Let W be an arbitrary function. Api lying the symmetry trans-
formation of the operator О to V we get, in general, h different 
functions (h is the number of symmetries of operator 0) which are 
transformed into each other by the symmetries of 0. Hence a 
matrix can be assigned to each symmetry. The set of these ma
trices is called a representation of the group. The representa
tion with matrices of order h is called regular representation. 
If there is a transformation of the functions such that some of 
its elements are transformed among each other by all the elements 
of the group G, the representation is called reducible, otherwise 
irreducible. 

All necessary information about the symmetries can be found 
in the so called character tables. A character table has the 
following properties: 
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a) It is a square table, i.e. the number of irreducible 

representations equals the number of classes (=n ). 

b) The first column contains the dimension (1.) of each re

presentation. 

c) The sum of the squares of the first column is h. 

d) The first row contains the numeral 1 only. This repre

sentation is called unit representation. 

e) Rows are orthogonal with the inclusion of the number of 

elements in the class as a weighting factor. 

f) Columns are orthogonal. 

g) There are 1. equivalent representations of the i-th 

irreducible representation in a regular representation. 

h) A function transformed according to a one dimensional 

irreducible representation is simultaneously an eigenfunction 

of every symmetry. Character table of groups C. and C g are 

given in Tables 3 and 4 respectively. Any function can be de

composed into irreducible components. The projector P. projects 

the component transforming according to the i-th irreducible 

representation: 

P, = -РГ I (X ( i ) (P)]»-P (A4) 
1 h P6G 

Here X (P) denotes the character table. The summation runs over 

the elements of group G. 

Any infinite 20 core shows translational symmetry: there 

exist two linearly independent vectors a, and a, with which any 

lattice vector, that points from one fuel element to an other 

one, can be written as 

1 - n,'a- + n-a- (A5) 
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where n. and n_ are integers. In an infinite core any reaction 

rate or cross section is a periodic function. Let f denote a 

reaction rate, then 

f{r+l) = f(r) (A6> 

for any lattice vector 1. and for any r. The Fourier transform of 

f is 

f(£> = l V e Í a £ ( A 7 ) 

a a 

where the summation runs over all admissible vectors g. Taking 

into consideration the periodicity (A6) we have 

g/a^ = 2nl. i=l,2 

With the help of integers 1. and 1- the admissible vectors <j are 

3 = V-l + 1

2'±2 
where 

-i*-k = 2 n 6ik ( A 8 ) 

and the vectors <j are called reciprocal lattice vectors. 

Bloch theorem; If 0 is invariant with respect to translations 

then Eq.(Al) always has a particular solution of the form 

VB(r) = e 1 ^ uB(r) (A9) 

where u_(r) is periodic: u„(r) * u„(r+l) 

Let us consider the following boundary value problem: 

6v(r) = 0 rev 

A " ~ (A10) 

BV(r) • f(r) reav 
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where В is a linear operator such that if P is a symmetry of О 
then it is a symmetry of В as well. Function f is decomposed into 
irreducible components as 

n c 
f(r) = I c. f. (r) (All) 

i=l x x 

The solution of problem (A10) can be constructed from the solu
tion of the problems with symmetric boundary conditions 

О Ч±1г) = О rev 
В ^(r) = f t(r) r€3v i=l,...,nt 

(A12) 

in the following way: 
n c 

?(r) = I c. V.(г) (А13) 
i=l x x 

This statement is an immediate consequence of the linearity of 
operators Ó and B. 

ACKNOWLEDGEMENT 

Part of this research was carried out at EIR WUrenlingen, 
Switzerland, during an IAEA stipend. 



- 37 -

REFERENCES 

1. Reactor Theory and Power Reactors, IAEA-SMR-44, ICTP 
Trieste, (1978) 

2. L. Landau, E. Lifsitz: Theoretical Physics, vol. 3 Quantum 
Mechanics, Chapter 12, Pergamon Press, London, (1959) 

3. L. Landau, E. Lifsitz: ibid, vol. 5 Statistical Physics, 
Chapter 13. 

4. L.M. Falicov: Group Theory and its Physical Applications, 
Univ. Chicago Press, Chicago, (1966) 

5. D.M. Davierwalla et al.: In Transport Theory and Advanced 
Reactor Calculations, Chapter 5, IAEA Proceedings, Vienna, 
(1979) 

6. M.R. Wagner: Current Trends in Multidimensional Static Reactor 
Calculations, CONF 750413 _1 1, Charlestown, South Carolina, 
(1975) 

7. H. Finnemann et al.: Atomkernenergie, 22 (1977) 123 
8. A.Y. Cheng et al.: A Method for Determining Equivalent 

Homogenized Parameters, in Proc. of "Advances in Mathematical 
Methods for the Solution of Nuclear Engineering Problems", 2 

3, Munich (1981) 
9. K. Koebke: A New Approach to Homogenization and Group 

Condensation, in Proc. of Specialists' Meeting on Homogeniza
tion Methods in Reactor Physics, Lugano (1978) 

10. A.F. Henry et al.: A Spatial homogenization of diffusion 
theory parameter», ibid, p. 275 

11. K. Smith et al.: Determination of Homogenized Diffusion Theory 
Darameters for Coarse Mesh Nodal Analysis, ANS Topical 
Meeting, Sun Valley, Idaho, p. 294 (1980) 



- 38 -

12. К. Koebke: Advances in Homogenization and Dehomogenization, 
in Proc. of Advances in Mathematical Methods for the Solu
tion of Nuclear Engineering Problems, 2 59, Munich (1981) 

13. P. Benoist: Theorie du coefficient de diffusion des neutrons 
dans une reseau comportant des cavités. Report CEA-R-2278, 
Centre d'Etudes Nucleaires, Saclay (1964) 

14. E.M. Gelbard: Nucl. Sei. Eng., 54 (1974) 327 
15. E.W. Larsenr ibid, 60 (1976) 357 
16. V. Deniz: A new consistent definition of the homogenized 

diffusion coefficient of a lattice, Report BARC-989, Bhabha 
Atomic Research Centre, Trombay (1978) 

17. R.P. Hughes: Nucl. Sei., Eng., 67 (1978) 85 
18. E.W. Larsen, R.P. Hughes: ibid, 21 (1980) 274 
19. R.A. Bonalumi: ibid, 77, (1981) 219 
20. A.M. Weinberg, H.C. Schweinler: Phys. Rev., T± (1948) 851 
21. A.F. Henry: Reactor Theory and Power Reactors, in Ref 1. 
22. M. Makai: Symmetries and the Coarse Mesh Method, Report 

EIR-414, Eidg. Institut für Reaktorforschung, WUrenlingen 
(1980) 

23. T.J. Seed, R.W. Albrecht: Nucl. Sei. Eng.. 60 (1976) 337 
24. R.A. Scober: A Nodal Method for Solving Transient Few Group 

Neutron Diffusion Equation, Report ANL 78-51, Argonne 
Laboratory (1978) 

25. R.A. Bonalumi et al.: MUSIC A Mesh Unrestricted Simulation 
Code, CONF-780401, p. 169, Gatlinburg (1978) 

26. M. Melice: A Nodal Modal Coarse Mesh Method for Solving the 
Few Group Diffusion Equation, Report NEACRP-L-228, 
Electrobel, Brussels (1978) 



- 39 -

27. J. Arkuszewski, M. Nakai: Analytic Coarse Mesh Approxima
tions for Solving Diffusion Equations in Hexagonal and 
Square Geometries, in Proc. of Advances in Mathematical 
Methods for the Solution of Nuclear Engineering Problems, 2 

75, Munich (1981) 
28. M. Makai, J. Arkuszewski; Trans. Am. Nucl. Soc, _38 (1981) 

347 
29. J. Callaway: Energy Band Theory, Academic Press, New York 

(1964) 
30. M. Makai: Calculation of Large Symmetric Cores, Report 

KFKI-1981-61, Központi Fizikai Kutató Intézet, Budapest (1981) 
31. N.I. Laletin, E.V. Elshin: Derivation of Finite Difference 

Equation for Heterogeneous Reactor, Report ИАЭ-3280/5, 
Kurchatov Institute, Moskow, 1980, in Russian 

32. Benoist derived the first two members of Eq.(4.20). His 
hypotheses concerning the behaviour of the macroflue and 
the form of the source become of consequence in our deriva
tion . 

33. It is assumption No.l in Ref. 13. 
34. K.M. Case, P.F. Zweifel: Linear Transport Theory, Addison-

Wesley, Reading, Mass. (1967) 
35. M. Goldsmith: Nucl. Sei. Eng., 17 (1963) 111 



- 40 -

1 1 

-1 

1 
• 

-1 

class Гс class П-

Fig. 1 

Irreducible components of the boundary condition 
for a square node 
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Representation П 

О К Л í r / l ЗТГЛ VC Э Л / * Э1Г/2 7ТГ/4 ÍTt 

• 1 J 

-Í •-

arg! 

> , 

У. 

Symmetry components of t(^) for a square node 
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Table 

Elements of the group С 4v 

Б -
ax -
ay -
d, -

b -
cl -
C-, -

identity 
rotation by rt about the x axis 
rotation by n about the у axis 
rotation by rt about the x = у axis 
rotation by TI about the x=-y axis 
rotation by TI about the z axis 
rotation by 3TI/? about the z axis 
rotation by TI/2 about the z axis 
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Table 2 

Elements of the group С 6v 

identity operation 
rotation by n/_ 
rotation by 2п/, 
rotation by 
rotation by -2n/3 

rotation by - n/3 

reflection through m. plane 

- E 

Г: D 

.-1 
,-1 

4 m, 

m. 

m. 
reflection through ml plane 

2 m. 

m 
m2 ml 

ml m: 



Table 3 

Character table of the group С 

Repr./Class С 2 C a 2 c d C b 2 C c 

Г1 1 1 1 1 1 

Г2 1 -1 -1 1 1 

Г3 1 1 -1 1 -1 

Г4 1 -1 1 1 -1 

Г5 2 0 0 -2 0 
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Table 4 

Character table of the group C f t v 

Repr./Class C l C 2 K 3 X 4 * 5 *4 
Г 1 1 1 1 1 

Г 2 1 1 -1 -1 

Г 3 1 -1 -1 1 -1 

Г 4 1 -1 -1 -1 1 

Г 5 2 2 -1 -1 0 о 

Г 6 2 -2 -1 О о 



Kiadja a Központi Fizikai Kutató Intézet 
Felelős kiadó: Gyimesi Zoltán 
Szakmai lektor: Pázsit Imre 
Nyelvi lektor: Harvey Shenker 
Gépelte: Végvári Istvánné 
Példányszám: 295 Törzsszám: 82-141 
Készült a KFKI sokszorositó üzemében 
Felelős vezető: Nagy Károly 
Budapest, 1982. március hó 


