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ABSTRACT

The theory of tvo-nucleon transfer reactions is considered. Nuclear

reactions are considered with triton or ^ e particles which are used as projectiles

in stripping reactions and as detected particles in pick-up reactions. In

each channel we have a four-particle problem, three of them are nucleons and

the fourth is a heavy particle. These transfer reactions are studied on the

basis of the generaled R-matrix method. Different channel functions of the sub-

clusters in the triton and He particles are included. Model form factors are

obtained and are used in tvo-nucleon transfer reactions. Differential cross-

sections of different tvo-nucleon transfer reactions are calculated and are

found in good agreement vlth the experimental data. The correct normalization

and Bpectroscopie factors are obtained.
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Nuclear reactions with two-nucleon transfer have been shown as a powerful

tool in nuclear spectroe:opy in extracting the static properties of nuclei.

The theory of two nucleon stripping and pick-up reactions has been widely

considered using the distorted wave Born approximation with nucleon-nucleon

interactions which include both attraction and repulsion. The triton wave

function as a mixture of a doublet S state vith a small portion of a quartet
2)

D state has been used by Lin in her calculations of tvo-nucleon stripping

reactions, while Chant and Mangelson used harmonic oscillator expressions

for the potentials and the wave functions. The strong repulsive short-range
1) h)

forces of the nucleon-nucleon potentials have been found by Osmati to

be very important in extracting the spectroscopic factors of direct nuclear

reactions.

The two-nucleon transfer reactions have been studied by Charlton

assuming a simplified spatially symmetric form for the triton wave function.

This means that the tvo-nucleon transfer reactions occur vith the tvo-step

sequential transfer mechanism ' • . With this description, the components of

the aixed symmetry present in the physical triton are omitted because of

using this simplified symmetric form. Including these mixed symmetry com-

ponents Nagarajan et al. obtained selection rules giving unnatural parity

transitions and describing the two-nucleon transfer reactions as a direct one-

step reaction. Bevelacqua introduced a model rooted in a shell model basis

and utilizing the channel functions in a way to simulate a larger Hilbert

space and to permit an evaluation of cluster fragmentation. The shape and

magnitude of the form factor can be obtained with this fragmentation by using

this model. This model has been applied for the bound states as well as

for the scattering states for systems with mass numbers 2,3 and U. It was

found that the asymptotic normalization of the cluster vave functions with

the possible subclustera formed affects the magnitudes of the form factors.

With this model, selection could be done of either the one-step or the two-

step processes dominant in the reaction mechanism of the unnatural parity

transitions.

In the present work, ve are Interested In studying the two-nucleon

transfer reactions with triton or % e projectiles for stripping reactions

and nucleon projectiles for pick-up reactions. Thus, we are dealing in

either the Initial channel or the final channel vith a four-particle system.

Three of these particles are nucleons and the fourth particle is a heavy
ft \

nucleus. We follow the approach of Bevelacqua in calculating the form
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factors for the bound states of the different subclusteis possibly formed. The

generalized ft matrix developed by Lane and Robson is used in formulating

the present form factor models. The nucleon-nueleon potential used is the Baker

et al. 1 0' interaction. This interaction introduces a three-nucleon binding

energy which lies in the range suggested by Tang and Herndon . This

interaction form of Baker et al. does not contain either of the short-range

repulsive forces, the spin-orbit interaction and also the tensor forces. Recent

calculations
13) of three-nucleon binding energy using realistic potentials.

which contain all these interactions,give values for the binding energy which

are not far from that obtained by using the Baker et al. interaction.

Thus, in the present work, we use the Baker et al. form for the nucleon-

nucleon interactions.

8)
The form factor models of Bevelacqua are extended in the present work

for studying the two-nucleon transfer reactions. At present we consider ' the

two-nucleon stripping (t,p) and the two-nucleon pick-up (p,t) reactions. The

target nuclei are 3 1 P , 9 6Zr, U Sn, l l 8Sn, £ 0 6Fb and S 1 0Pb. The model is

applied for simultaneous calculations of the structure and the (t,p) as well

as (p,t) reactions. Differential cross-sections are obtained and the cal-

culated angular distributions are compared with the experimental measurements.

In Sec .II, the formulation of the form factor models is introduced.

Numerical calculations and results are given in Sec.III.' Sec.IV Is devoted

to discussion and conclusions.

the dynamical equations, due to the dynamical model of the R-matrix method

with application to the four-particle system, are written as

9)

'»>•*-•>«' vj = 0 (1)

In Eq.(l), H stands for the Hamiltonian describing the system of interest,

while y, and b, represent the reduced widths and the logarithmic

derivatives associated with the expansion states \\y . These expansion states

are used in such a way that they represent the nuclear wave function Inside

the region of interaction r 4 a for all channels. Also, the b quantities
c c c

which appear in Eq.(l) are given in terms of the radial wave function u (r )

in the physical channels by
IT du ^

K = [̂  ̂  - (2)(r du \

— —1
u dr 1
c c'

These quantities give the relation between the interaction region and the

different two-body break-up channels. The expansion amplitudes A, are

determined by the solution of Eq.{l).

Then the model Is defined by choosing the form of the Hamiltonian and

the set of expansion states and the cluster wave functions. Thus the nuclear

Hamiltonian can be given by

H

I I . THE FORM FACTOR MODELS

In formulating the form factors for the four-particle system, we follow
8)here the work developed by Bevelacqua . Also, ve use the same notations

introduced by him in studying the scattering problem of the three-nucleon system.

This will be extended In the present study for the structure and scattering

problems of four-particle systems. We are interested in studying the two-

nucleon transfer (t,p) and (p,t) nuclear reactions. This means that we have

a four-particle system of, three nucleons and a heavy mass nucleus. In this

model the structure and reaction aspects are treated simultaneously and

analysed on an equal footing. All the possible channels due to the formation

of subclusters with all possible two- and three-body break-up channels are

included explicitly in the present study. The formulation is based on the
Q )

framework of the generalized F matrix of Lane and Rotson . In this model,

where k stands for the Internal co-ordinates defining the system, and i

and J are the nucleon co-ordinates. Corrections are needed to avoid

contributions from parts of the oscillator elgenfunctlons which extend beyond

the Interaction region in dealing with the matrix elements of the Coulomb

Interaction and the kinetic energy. . But similar corrections to the

nuclear interaction matrix elements are considered negligible and can be

ignored.

UBing the standard techniques, the many-body matrix elements of the

Hamiltonian can be given In terms of standard one--or tiro-body matrix

elements evaluated over all space. Then the corrections required for the

Coulomb interaction and kinetic energy are added. Thus, the generalized
a) ih)

R-matrix method is applied giving a standard form
by utilizing the different ^transformations 15)

for the R matrix

For the scattering and
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transfer reactions, Information can be obtained from the standard formulas

of the R matrix via the S matrix. The transfer nuclear reactions can be

generally written as

A + T R + C (It)

T. (DWBA)
0

or divided into-two terms such as

(3)

(9)

where A is the projectile, T Is the target, R is the residual nucleus and

C is the ejected particle. In the present case, for two nucleon stripping

reactions, the projectile A is a triton projectile and C is a proton.

For tvo nucleon pick-up reactions, A is a proton and C is a triton particle.

These reactions have teen considered by using the distorted wave Born

approximation calculations . In these finite-range distorted wave

Born approximation calculations, only one form factor is calculated. In the

present model, several form factors appear due to the different suhclusters

formed. According to the different subclusters formed, for the (t,p) or

(p,t) transfer reactions, thirteen different form factors appealed. These

form factors are very important and must he calculated to give^helpful under-

standing for the reaction processes as well as for the cross-section and

normalization. To calculate these form factors, the radial vave function

could be represented as

If both terms in Eq. (9) are calculated using the DWBA formalism, so equation

(9) i s equivalent and ident ica l t o Eq.(8) . This i s equivalent to the DWBA

calculat ions performed e a r l i e r by Osman and Kunz ,

Another a l t e rna t ive •vay t o evaluate the T matrix represented by Eq.{9),

i s t ha t to calculate the f i r s t part of the right-hand side , T^ , using the R-
9) «• • •*»

matrix methodology •* , while Tfe could be calculated easily using the DWBA

formalism. This R-matrix procedure iE of present interest to us in this work.

Thus, the TQ (R^matrix) term v i l l be calculated using the R-matrix formalism

and talcing into account all the form factors arising from the different

vertices of the four-particle system. The calculations, of course, are

sensitive to the choice of the value of b. Even though this sensitivity is present

the value of b could be chosen to be the channel radius a . With this
c

choice of b »

u I T ) (5)

the en t i re £ matrix ia represented aa

T ° (R matrix) + T* (DWBA) (10)

where (c| are channel surface functions and t|i is given in terms of a set of

expansion functions |X^ as

(6)

In Eq.(5), a and b are the limits of integration of the radial integrals.

As long as the form factors are known, then the T matrix with distorted wave

Born approximation can be represented as

d r f (7)

where t ; (r .) and I|I (r») are the wave functions in the initial and final

channels, respectively. F is the font factor and can be calculated either
a ,£\

by using the usual DWBA model or by utilizing both the DWBA and R-matrix
a)

techniques . For this, the entire T matrix in the DWBA formalism can

be written as

III. NUMERICAL CALCULATIONS AMD RESULTS

In the present work, a model is introduced in calculating the two-

nucleon transfer reactions. With this model, the T matrix is calculated by

utilising the generalized R-matrix formalism. The different form factors due

to the formation of the different subclusters are calculated. This model ia

applied to the (t,p) stripping and (p,t) pick-up reactions. In each reaction

process, thirteen different vertices appeared. The Baker et al . inter-

action is used in the present calculations. Also, correct calculations of

the different vertices are performed following the R-matrix approach ^' . l1 1) .

The first part of the right-hand side of Eq.(lO) is ealcul*t«d explicitly.

The second part of the right-hand side of Eq.(lO) is calculated using the

ordinary distorted wave Born approximation procedure l ' » 1 " ' .

The present formalism is applied for the two-nucleon transfer reactions
31P(t,p)33P. 96Zr(t,p)98Zr, l l 6Sn(t,p) l l 8Sn, l l 8Sn(t,p)120

Sn, 206Fb(t.p)208Pb

and Fb(p,t) Pb. The incident energies for the triton projectiles are

12.1 Mev for the case of P target nucleus, and 20.0 MeV for the rest of
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the reactions. The energy of the proton projectile is 20.0 HeV. The reactions

lead to residual nuclei in different excited states. The differential cross-

sections of these reactions are calculated using Eq..(lO). ifhe optical potentials

used in the numerical calculations of the DWBA term of Eq.(lO) are given in

detail in Ref.l. The final differential cr«ss-sectlons are the sum of the

numerical calculations of the R matrix via the S—matrix calculations, and the

DWBA calculations as indicated by Eq..(lO). The calculated differential cross-
lit)-20)

sections ajne compared with the experimental measurements . The comparison

between the present theoretically calculated and experimentally measured angular

diBtributions are shown in Figs.1-6. From the comparison between the theoretically

calculated and experimental data of the angular distributions, the normalization

and spectroscopic factors are obtained. The extracted normalization and

spectroscopic factors for these reactions are listed in Table I.

Thus, we can conclude that the present model reproduces both the

shape as well as the magnitude of the differential cross-sections of the two-

nucleon transfer reactions.
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IV. DISCUSSION AND CONCLUSIONS

The theory of tvo-nucleon transfer reactions has been considered in

the present work. These reactions processes had been considered as a two-

step process ' . Also, it is considered as a direct one-step process .

In toth descriptions, the calculations need a very large normalization of

about 6. In the present model, these reactions are described by using the

R-matrix approach as well as the usual DWBA procedure. This model takes into

account all the vertices vhich arise due to the formation of the different

subclusters in the four-particle system. The form factors of all these

vertices are calculated correctly and this introduces a better understanding

of the reaction mechanism. Also, the binding energy of the three-nucleon system

is evaluated correctly. From Figs.1-6, we see that the model calculations give

the shape of the angular distributions of the two-nueleon transfer reactions.

Meanwhile, from Table I, using the calculations of the present model we extract the

correct normalization. These improvements of the results are obtained by using

the present model which includes all the various channels with different

vertices due to subclusters formed. Also, mixed symmetry components are in-

cluded in the form factors of the present model in order to fully evaluate the

unnatural parity transitions. Meanwhile, as long as the present model gives

the simultaneous solutions of the structure and reaction problems, so it

considers the possibility and includes the two-, three- and four-body break-up

channels which are very important in the cross-section calculations. With this

inclusion, the results of the present model are in qualitative and quantitative

agreements with the experimental measurements.
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Table I

Extracted normalization and spectroscopic factors

Reaction

^ S n l t . p ) 1 ^

Incident
energy
. (MeV)

12.1

20,0

20.0

20.0

20.0

20.0

'Excitation
energy

(MeV)

It. 218

1.807

1.21*0

1.170

2.6ll*

Normalisation
and

spectroacopic factors

1.213

1.126

1.S89

1.26!*

1.002

1.087
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FIGURE CAPTIONS

F i g . l The d i f f e r e n t i a l c ross-sec t ions of the react ion 3 1 P ( t , p ) 3 3 F at
1OJ

Fig. 2

Fig-?

triton incident energy E = 12.1 MeV, leaving the residual nucleus

3 3P in excited state E
exc

present model calculations

!+.2l8 MeV. The solid curve is our
The points are the experimental data and

are taken from Ref.17.

The differential cross-sections of the reaction 2r{t,p) Zr at

t r i ton Incident energy E.
98

Zr in excited state E

present model calculations,

and are taken from Ref.lS.

= 20.0 MeV, leaving the residual nucleus

= 1.807 MeV. The solid curve i s our

The points are the experimental data

The differential cross-sections of the reaction Sn{t,p) Sn

at triton incident energy E » 20.0 MeV, leaving the residual
-1 -1 n t

nucleus Sn in excited s tate Egx = 1.2liO MeV. The solid curve

Is our present model calculations. The points are the experimental

data and are taken from Eef.19.

The differential cross-sections of the reaction Sn(t,p) Sn

at t r i ton Incident energy E = 20.0 MeV, leaving the residual nucleus
120 •

Sn in excited s tate Ee x o = 1.170 MeV. The solid curve i s our

present model calculations. The points are the experimental data

and are taken from Kef.19-

Fb(t,p) Pb at triton

20.0 MeV, leaving the residual nucleus Pb in

E = 2.6lh MeV. The solid curve is our presentexc

The angular distributions of the reaction

incident energy

excited s ta te

model calculations. The points are the experimental data and are

taken from Ref.20.

Fig.6 The angular distributions of the reaction Pb(p,t) Fb at proton

Incident energy E =20.0 MeV, leaving the residual nucleus Pb

In excited state E = 2.6lU MeV. The solid curve is our present
exc

model calculations. Thft points are the experimental data and are

taken from Bef.20.

e 10T

T3

3 1 3 3 .

p(t.Prp
Et = 12.1 MeV

= 4.218 MeV

I
20 40 60

9c.rn.tdeg)

80 100

- 1 1 -

Fig1
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