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ABSTRACT

In thlE article we consider some topics of the statistical physlca of

liquid-crystalline phase in the solutions of stiff chain maoromoleculea. Among

these topics are: the problem of the phase diagram for the liquid-crystalline
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crys ta ls and dependence of the properties of the l iqu id-c rys ta l l ine phase on the

microstructure of the polymer chain.
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I . IJiTRODUCTIOB
1.2 Plan of consideration

1.1 Formulation of the problem

Considerable attention has been paid recently to the experimental study

of the liquid-crystalline phase in polymer solutions (see, for example,

Refa.1-6). . At the same tine, the theoretical publications in this field are

not numerous [7]-[lM. As a matter of f act ,up to now only one problem of the

theory of polymeric lyotropic liquid crystals has been considered in detail:

namely, the problem of the phase diagram for the liquid-crystalline transition

in the solution of long rigid rods (see the classical papers by Onsager [7]

and Flory [9]). However, as it will be shown below, even for this case the

calculations by Onsager and Plory do not give adequate answers to all the

questions. As to the problems of the liquid-crystalline transitions in the

systems, which are not identical with the solution of rigid rods (for example

in the solution of semiflexible macromolecules), they were studied much less.

Taking these facts into account, it can be concluded that the theoretical

considerations of the liquid-crystalline transition in polymer solutions is

rather urgent. The attempt to study soae of the problems in this field is

made in the present paper.

The aims of this paper are the following.

i) The investigation of the phase diagram for the liquid-crystalline

transition in the solution of rigid rods with the help of the method, which

uses the ideas of both the Oneager and the Flory methods.

ii) The application of the same method for the study of the liquid-

crystalline transition in the solution of the semiflexible macromolecules.

iii) The consideration of the intramolecular liquid-crystalline ordering

within the semiflexible macromolecules. Although this situation is very

interesting from the fundamental point of view and from the point of view of

some biological applications, it has not yet been considered in the literature.

The present paper is devoted mainly to the theory itself and not to the

interpretation of the experimental results for the specific systems; it is .

the theoretical aspect that it seldom considered in the literature.

In this article we generalize some of our results published earlier

in RefS.15-22.
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In Sec.II we shall analyse the orlentational ordering in the solution of

completely stiff m&cromolcules (i.e. of the macromolecules with the contour

length L, which is much smaller than the effective segment l, and which is

much greater than the characteristic width of the chain d: I » L >> d). Such

macromolcules can be represented as long thin rods (Fig.la). Although the

phase diagram for this system obtained by Flory [9] is in qualitative

agreement with the experimental data, for further generalisations we shall

need the more systematic and detailed analysis of this diagram.

In Sec.Ill we shall consider the orientational ordering in the solution

of aemiflexible macroBolecules{i.e. of the macromolecules with the effective

segment %, which is much smaller than L and much greater than d: L >> i >> d).

In general, semiflexible macroatoleculescan have different flexibility distri-

butions along the chain contour: compare, for example, the freely-jointed chain

of the long thin rods (Fig.lb) and the persistent chain, which is homogeneous

along the contour (Fig.le). In Sec.Ill we shall see what properties of the

liquid-crystalline transition do depend on the flexibility distribution along the

chain contour and what properties are universal for this pqint of view.

In Sees.II and III the results will be presented in the form of the phase

diagrams in the variables temperature T-volume fraction of polymer in the

solution & . By comparing the limiting cases L » I and L « I it will

be easy to imagine the form of the phase diagram at the intermediate values

of the parameter L/i.

With the help of the results of Sees.II and III we shall consider in

Sees.IV and V the intramolecular liquid-crystalline ordering of the segments

of one semiflexible chain.

We shall show that in the limit of a very long chain the corresponding

qualitative properties are practically independent of the details of the chain

structure, for example, of the flexibility distribution along the chain contour.

At low enough temperatures, the coil formed by the long semiflexible chain

suddenly collapses into the dense liquid-crystalline globular state, the

corresponding eonformational phase transition being of the I order. The

properties of this transition and of the appearing liquid-crystalline globule can

be studied on tile bsslsof some rather simple qualitative considerations - this

will be done in Sec.I?.

Finally, in Sec.V we shall discuss the properties of the intramolecular

liquid-crystalline ordering for relatively short chains; in this case the

ordering leads to the formation of the so-called small globules. The structure
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and the conditions of the s tabi l i ty of such globules depend essentially on

the details of the chain structure (in contrast to the case of long chains).

In Sec.V we shall consider in detai l the small globules for the following

three polymer chain models: chain composed of rods connected by flexible

spacers, persistent chain and flexible chain with the rod-like side groups.

This consideration will require a rather special formalism generalizing the

well-known formalism proposed by Lifshits [23] for the description of the

polymeric globules (see also the reviews [2k], [25]). I t is noteworthy that

the small globule for the persistent chain is apparently the convenient model

for the so-called compact form of DBA (see below).

II. COSDITIOHS OF FORMATION OF THE LIQUID-CRYSTALLINE PHASE IN THE SOLUTIONS
OF COMPLETELY STIFF MACEOMOLECULES(RIGID HODS)

In this section we shall consider the liquid-crystalline ordering in

the well-knovn systen - in the solution of cylindrical rigid rods of the

diameter d and of the length L. Since the rods represent the macromolecules,

we shall assume that the characteristic asymmetry parameter of the rod

p • L/d is much greater than unity ; p >> 1.

la this section we shall first of all try to develop the methods, which will

remain useful for the subsequent study of the orientational ordering in the solutions

of semiflexfble macromolecules. At the same time, we shall see that the

application of these methods to the rigid rod problem itself leads to some

new results.

We begin with the discussion of the limits of validity of the t»o

classical methods of consideration of the liquid-crystalline ordering in the

system of rigid rods.

2.1 Limits of validity of the methods lay Onsager [7] and Flory [9]

In his paper [7] Onsager has considered the liquid-crystalline

transition in the system of rigid rods using two main assumptions: {i) the

interaction of rods was assumed to be due to the pure steric repulsion (no

attraction); ii) the virial expansion method was used. Thus, the Onsager

results are valid only for good enough solvent (more precisely, in the

athermal limit) and at low enough polymer concentrations; at the same time,

within the region of their validity these results are asymptotically exact

at p >> 1 (see below).

In order to analyse the dependence of the liquid crystalline transition

properties on the temperature (i.e. on the solvent quality) it is necessary to

introduce the attraction of rods parallel with their steric repulsion. This has

been done by Flory in Ref.9. The classical Flory phase diagram for the solution

of rods (see Fig.2) corresponds rather well to the experimental results from

the qualitative point of view [l]. However, the Flory theory cannot give adequate

answers to all the questions connected with the orientational ordering in the

system of rigid rods. Indeed:

i) In his paper [9] Flory deals mainly with the numerical results for

large (but fixed) value of p (p • 100); at the same time, the analytical

dependence of the transition properties on the parameter p >> 1 is given only

for the athermal case (no attraction "between the rods).

ii) The Flory theory is baaed on the lattice model. It is clear that

the use of the lattice mcdel is rather artificial, especially for low polymer

concentrations; the results obtained pn the "basis of this model should be.of course,

qualitatively correct, but not exact even in the asymptotic sense (at p » l ) .

iil) The expression for the heat of mixing of polymer with the Bolvent,

AH, adopted in Ref.9 (Van-Laar form) la generally incorrect #'. In Ref.9 it

was assumed that &H is proportional to the product of the number of solvent

molecules and of the polymer volume fraction in the solution * * ) . Such an

expression for H would be valid if the polymer molecule would be cut into

•) This fact eaa be demonstrated as follows. Let us determine the value of

the well-known Flory parameter x • which corresponds to the 9 point (i.e. to

the point of invwrBioa of the second virial coefficient of the solution of rods)

in th« Flory theory of Ref.9. This, can be done by expanding the chemical

potential of the solvent in the isotropic phase (formula (l6) of Ref.9) in the

powers of the polyaer volume fraction in the solution, and by equating the

coefficient at the quadratic term of this expansion to zero; this procedure

gives yo = W independently of p. On the other hand, it is well known

[26],[27] that the value of xe decreases with the increase in p and that

X « 1 at p >> 1. The contradiction obtained shows that the expressions for

the thennodynamie functions used in Ref.9 are not always correct.

It is worthy to recall here that in the Flory lattice model.the solvent

molecule occupies one eeUL $t the lattice and the polymer molecule occupies

p successive cells.
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p independent pieces in correspondence vith the number of cells covered by

this molecule. However, as a Blatter of fact, due to the chain connectivity

the probabilities that a given cell and one adjacent to it ace covered by

the macromolecule are strongly correlated- This fact Is not taken into account

if AH is written in the Van-Iaar form and it is for this reason that the

expression for AH adopted in Ref.o. is generally incorrect. We shall see

belov that for the dilute solution of rods the main contribution to AH

appears from the configurations In which tvo rods are almost parallel and

have a great area of contact. However, the role of these configurations Is

seriously underestimated If AH Is written in the Van-Laar form.

It is clear from the above that although the conclusions of the Plory

theory are in qualitative agreement vith experiments, they cannot be

regarded as indubitable and require some verification.

In this section we shall try to analyse the analytical dependence of

the properties of the phase diagram on the asymmetry parameter p In the

limit p » 1. As it has been already noted in the introduction,, In our

method ve shall combine the ideas of both the Onsager method (conveniently

generalized to take into account the attraction of rods) and the Flory method.

The former method will be used for the dilute solutions, while the latter

will be applied at higher concentrations. Such an approach will allov us

to obtain some new (in comparison with Ref-9) information concerning the

drlentational ordering in the solution of rigid rods.

2.2 Model of the interaction of rods

We begin with the more exact definition of the model of the inter-

action of rods, which will be adopted in this paper. As In Refs.T and 9 we

shall assume that the repulsion of the cylindrical rods Is solely due to

their mutual impenetrability. To Introduce the attraction of the rods we shall

associate the negative energy to the rods, which approach each other, but do

not overlap, this energy being proportional to the area of contact of the

rods. ' In other words, if the angle between the axes of two rods, Y , Is

greater than l/p, we shall assume that the attractive energy is equal to

(Fig.3a)

*) It is natural to attribute this attactive energy only to those rods
which are in close enough contact. Thus we shall assume that this energy

is associated only to the rods whose long axes are separated by the minimal

distance between d and 2d. Vfe shall neglect the direct interaction at

the larger distances of the inter-rod separation.

a t (2.1)

where -6 Is the characteristic energy of the contact of tvo perpendicular

rods,- if the rods are almost parallel (y < l /p), we shall assume that (Fig.3b)

U at j < l/p> (2.2)

where qd Is the "length" of the contact.

The described model dependence of the attractive energy on the angle

between the rods is, of course, hot exact for any specific interaction of

monomers. However, for the case of the short-range interactions, this depend-

ence seems rather reasonable; furthermore, most of the results obtained below

are not sensitive to the detailed form of the function U(f).

2 . 3 Phase diagram for the solution of rods: Preliminary comments

The existence of the attraction of rods leads to the dependence of the

properties of the liquid-crystalline transition on temperature (more precisely

on the combination e>/T In the model described above). At high enough

temperatures {i.e. at small 6/T). the role of attraction is negligible and the

transition is solely due to the steric repulsion of rods. We shall refer to

this region of the phase diagram as the high temperature region. As

was shown in Refs.T and 9, in this region the coexistence curves in the T- ^

phase diagram fora the narrov corridor situated at $ ~ l / p (see Flg.lt). The

high temperature region will be considered in FSub6ee;£.5, beforehand, in Subsec.2.fc

we shall recall the main steps of the Onsager method In the form which is most

convenient for the further generalizations.

In the opposite case of low enough temperatures, the accounting for the

attractive interaction of rods is necessary and due to these interactions the

solution of rods usually separates into the highly ordered liquid-crystalline

phase and the very dilute Isotropic phase (Fig.!*). The low temperature

behaviour of the phase diagram will be analysed In Subsec.2.6.

Further,in Subsec.2\T' we shall determine the position of the triple point

in the phase diagram (see Fig.2)and in Subsec-ZSwe shall find the e point,I.e.

the point of inversion of the second virial coefficient for the solution of

rods.
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Finally,In Sutsec.2.9 we shall show that in some temperature range two

different aniaotropic phases for the solution of rods can coexist in equilibrium;

in Subsec.2.10' ve shall prove that the high temperature corridor of the phase

separation has practically a constant width up to the triple point. These two

results have already been obtained by Flory (Ref.9); however, we saw above

that the conclusions of Hef.9 need verification on more systematic grounds.

We now proceed directly to the detailed analysis of the phase diagram.

2.\ Main steps of the Onsager method.

Let H cylindrical rods be situated In the volume V, their concentration

teing c = S/V. The polymer volume fraction In the solution is then w=fpcd /h.

Let us introduce the orientational distribution function for the rods f(u);

cf(u)dtl Is the number of rods per unit volume, which have the orientations with-

in the small spatial angle dti around the unit vector u . It is clear that

in the isotropic state f(u) = const • r— . In the liquid-crystalline state

the function f(u) has two maxima along the anisotropy axis.

In the Onsager approximation the free energy of the solution Is vritten

in the following form:

F(T) - Fo

(2.3)

where T is the temperature (in the energetic units),P{l) Is the Irrelevant

term, which depends neither on c nor on f(vi). The second term of Eq.(3.3)

la the free energy of the relative translational motion of rods; the third

term describes the loss In entropy due to the orientational ordering, i.e. due

to the possible difference between f(u) and I/Iff. The fourth term is the

free energy of the interaction of rods in the second virial approximation.

In this latter term B(y) is the second virial coefficient of the interaction

of rods, whose long axes (specified by the unit vectors u and u1) form the

angle Y with each other.

So the fundamental approximation of the Onsager method is the second

virial approximation, thus this method is valid only at lov enough polymer

concentrations in the solution. The estimations for the second (B) and the
2 ^

thjrd (C) virial coefficients of the interaction of rods give B -v p d and

C i v p d (see [25]), thus the second virial approximation (Cc << Be) is valid

if c << l/pd , or V « 1.

In the athermal case (no attraction of rods) the second virial

coef f ic ien t can eas i l y he ca l cu la t ed [ 7 ] , [28]

(2.!*)

where the subscript r indicates that this coeff ic ient is formed solely"by

the repulsive interactions.

The following step in the Onsager method Is the determination of

the equilibrium function f(u) , which minimizes the functional (2.2).

Unfortunately, the direct minimization leads to the integral equation, which

cannot be solved In a standard way (see, however, Refs.29 and 30). So in

Ref.T the variational method was used, t he t r i a l function being chosen in the

form

/W - £ • * ) .

(2.5)

where 8 Is the- angle between the vector u and the direction of the
aniaotropy axis and a i s the varlational parameter. The iBOtropic phase
corresponds to o • 0 , with the increase in a the maxima of the t r i a l
function (2.5) along the directions B> 0 and 8 « * become more and/pronounced.

In Ref.T the t r i a l function (2.5)together with the expression (2.10

were substituted in the expression (2.3) , which was then minimised with respect

to a . I t was shown that the free energy F(a) generally has two minima

corresponding to the isotropic and the anisotropic phases. The values of P

In the minima determine the free energies of these phases. Once these free

energies are obtained, the corresponding phase transition can be analysed in

a standard way (see Ref.T for de ta i l s ) .

I t should be emphasised.that the use of the variational procedure la

Ref.T la the way to simplify the numerical calculations, so the only fundamental

physical limitation of the Onsager method is connected with the second v i r ia l

approximation, i . e . with the condition <S « 1.

*) It is easy to verify that If ** << 1 not only Be » Co , but alBO

Be is much greater than any higher order term of the virial expansion.

-9-
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2.5 Phase diagram: High temperature behaviour

It can be seen that the substitution of Eqs.(2.>0 and (2.5) in En.. (2.3),

reduces the free energy to the form in vhich the parameters p and <?• enter

only in the combination p <? . Hence it Is clear that in the high temprature

region (i.e. in the athermal limit) the liquid-crystalline transition must take

place at & •r** 1/p.

Actually, for this case both Onsager [T] and Flory [9] have found that

at & < v>) the solution is isotropict at 0 ></i it is anisotropic and

at &Q * 8 *&0 it separates into the isotropic and the anisotropic phases,

where 3Q ~ 9 O ~ l / p . So the problem amounts to the determination of the

numerical coefficients. With the help of the variational procedure described

above Onsager has found that

The results obtained by Flory (according to the recent corrected version of

hia theory [12]) are

(2.7)

Formula (2.6) as veil as formula (2.T) were obtained using some

approximations. The approximations of the Flory method are connected with the

lattice character of his model; it Is difficult to estimate the degree of

their accuracy. The approximations of the Onsager method are due to (i) the

use of the second virial approximation'and (ii) the use of the variational

procedure. It is rather easy to eliminate the latter approximation by solving

numerically with high degree or accuracy the integral equation, which appears

as a result of the exact minimization of the expression (2.2). This has teen

don« in Ref.30; the results are

8.*'A'".ur. (2.6a)

As to the second virial approximation, it is valid at tf << x, and, consequently,

Eqs.(2.6a) are asymptotically exact at p » 1.

Sunmarizing, we- can say that for the athermal case the fundamental

advantage of the Onsager method in cnapsxison with the Flory method is due to

the fact that by means of the former method it is possible to obtain the

results which are asymptotically exact at p >> 1.

2.6 Phase diagram: Low temperature behaviour

As can be seen from Fig.lt, when the isotropic and the anisotropic phases

coexist in equilibrium at low temperatures, the isotropic phase is very

dilute and the anisotropic phase is very concentrated. Thus it is natural

to write the free energy of the isotropic phase in the ideal gas fora *'

(2-8)

On the other hand, in the first approximation the free energy of the

anisotropic phase can be calculated assuming that the rods are collinearj

furthermore, due to the rather dense packing of the rods, it la possible to use

the lattice model. The entropy of mixing of the collinear rods with the

solvent in the lattice model was calculated by Flory in Ref.8. Using Flory's

result it is possible to write the free energy of the low temperature anisotropic

phase in the form

(2.9)

where x is the veil-known Flory interaction parameter. In our model x

depends on 6 and on the co-ordination number of the l a t t i ce Z (Z J. 5 for the

rods on the la t t i ce ) as follows:

(2.10)

The first two terms in the curly bracketa in Eq.. (2.9) represent the entropy

of mixing, the third term is connected with the loss of the orientional entropy

in the anisotropic phase, the fourth term is the energy of contact of the rods.

-10-
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To obtain the eq^u^tions for the phase separation curves it is

necessary, as usual, to lind the chemical potentials y = 3F/3N and the

pressures p = - — in both phases from i]qs.(2.8) and (2.9). Then one must

equate the values of V ami p in the coexisting phases - this will provide

andtwo equations for the determinat ion of two inknown volume f rac t ions

JJ in these phases . These equations can be solved by taking in to account
fc ( i ) cv(a)

that £ << 1 and 1 - t> << 1; the result (valid in the limit p >> l)
is

.)
p(e*-i) (2.11)

Formulae (2.11) determine the coexistence curves in the low temperature region-

With the increase of X (i.e. with the lowering of the temperature) the polymer

concentration in the isotropic phase tends exponentially to zero, while the

polymer concentration in the anisotropic phase approaches its maximum possible

value.

Formulae analogous to {2.11} can also tie obtained for the lattice model,

however in Ref.9 the corresponding calculation was not performed.

According to Sq.fS.ll) the value of 1 -O' at the triple point

turns out to be -^ l/in p « 1. This fact proves the validity of the lattice

model (and, consequently, of Eqs .'2-111) for the description cf the anisotropic

phase at T < T . The validity of the high temperature asymptotic formulae

at T > T will be proved in Eubsec.2.10.

2.8 Phase diaRram: The 8 temperature

Here we shall calculate the second virial coefficient for

the solution of rods interacting as described in Subsec.2.2 and ve shall find the

point of inversion of this coefficient, i.e. the 6 point. As noted above,

the Flory theory [9] gives the incorrect value for the 6 temperature.

The second virial coefficient B(y) of the interaction of rods, which

form the angle v with each other, is defined by the formula [31]

where ll(r,y) is the energy of the interaction of rods, the• centiea of which are

separated by the vector r; this energy can be determined from the formulae

(2.1) and (2.2). It is convenient to represent B ( Y ) in the form

2.7 Phase diagram: The triple point

In.-this Subsection we shall find the temperature T , at which the high

temperature asymptotic expression for t? matches with the low temperature

one. We shall see below that both asymptotic expressions remain approximately

valid up to the temperature of matching. Consequently, this temperature must

coincide (to the main order) with the triple point temperature of the phase

diagram - compare with Fig.2.

The temperature Tj can be determined by the substitution of the

high temperature value & — l/p in the low temperature formula (2.11).

Using Eq.(2.10) we obtain in the asymptotic limit p » 1

(2.12)

The numerical coefficient in Eq.(2.12) is exact in the limit p » 1; it does

not depend on the numerical coefficient in Eq.(2.6).

where B (Y) is given by equality (2.1*). The coefficient B & ( Y ) will then

describe the contribution to B ( Y ) from the integration over the regions of

space corresponding to the attraction of the rods.

It is easy to calculate B (Y) in the two limiting cases:

(i) If the rods intersect at a large angle

Y » in p/p), then according to Eq.(2.l) we have

(more exactly,

(li) If y < < l/p> i-e- i f t h e roiis a r e practically parallel, then

according to Eq.(2.2) we obtain

-12- - 1 3 -
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( '

In the intermediate range of angles — < y < —
P P

the function B(y) varies

in a natural way to provide the smooth crossover between the limiting

•behaviours (2.15) and (2.16).

The 8 temperature can tie determined fiom the equality

- 0 (2.IT)

Using Eqs.(2.4), (2.15) and (2.16) it is possible to obtain after the simple

calculation in the asymptotic limit p >> 1

9

G_

6 f> (2.13)

As for Eq.(2.12) the numerical coefficient in Eq.(2.l8) is exact in the limit

p >> 1. From the comparison of Eq.(2.12) and (2.18) we conclude (taking into

account also that Z - 2 >, 3) that the 6 temperature is situated well belov

the triple point temperature T,. At p » 1 we have {G/i)J(€/i) = ~ . > x.

Thus the 8 temperature is situated in the low temperature region of the phase

diagram, as is shown in Flg.fc. Accordingly, the polymer volume fractions in

the coexisting phases at the 6 temperature are determined by the formula (2.11).

For the isotropic phase we obtain

-i
(2.19)

The latter inequality means that at the 6 temperature the isotropic phase in co-

existence with the anisotropic one is much more dilute than at the high

temperatures (above the triple point). The value of 1 - i V a ' at the 8

point turns out to be ~1 / tn p.

With the help of the results obtained i t is possible to clarify the

reason of the invalidity of the Van-Laar approximation for the heat of mixing

of polymer with the solvent, AH (see Subsec.2.l). The phase diagram has its main

peeuliaritiea at € /T < in p/p • ) , since at € /T » In p/p ve axe in the lov
teaperatttre region (see Eq..(2.12)). But at £ /T < An p/p according to
Eq. (2.15) for the intersections at the large angles Y > > i n P/P we have

(2.20)

Hence for these angles |Ba(y)| << B^Y^i.e. the attractive part of the Inter-
action for the intersections at large angles Is negligible. On the contrary,
as i t can be seen from Eq.(2.l6), at y « 1/p the attraction can give the
dominant contribution to B(Y).

So, for the most interesting region £/T < in p/p only the attraction
of the parallel rods (which can have a large area of contact) la essential In
the dilute solution. It Is the conformations of parallel rods in contact that
give the main contribution to the heat of mixing. This is the reason for the
invalidity of the Yan-Laar approximation, which underestimates the role of
these conformations.

2.9 Phase diagram: Coexistence of two anlsotropic -phases

The conclusion that In the solution of rods the coexistence of two

different anisotropie phases is possible was obtained by Flory in Ref.9- How-

ever, it was not clear whether this conclusion has a. real physical meaning

or it Is the artefact of the lattice model. In thiB section we shall prove

the possibility of the coexistence of two different anisotropic phases more

accurately and without the use of the lattice model.

We shall apply the Onsager method (see Eq.(2.3)), taking into account

both the attractive and the repulsive parts of the virial coefficient B(y).

It is necessary to bear in mind that this method Is valid only if &*« 1,

so we shall use it only in this region.

In Sec.2.8 we have seen that the attraction is essential only between

those rods which form a small angle with each other. Since the function B (T)

enter3 in the expression (2.3) only in the integrand, It Is natural to replace

it by the step function

«)
The estimation £ /T ~ in p/p has a simple physical lnterpreatlon:

generally speaking, the type of the liquid-crystalline phase formed depends on
the relative importance of the two factors - the entropy loss from the re-

striction of the orlentatlonal degrees of freedom of the rod ~ T l a p and the
gain in energy from the parallel contact of the rods — £ p. The characteristic
points of the phase diagram must l ie in the region where these two factors
give the contributions of the same order of magnitude.
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(2.21)

0

where according to the above consideration the value of X must be of order

1/p (here accounting for the factor ~ £ n p would be the excess of the accuraey)ind

the value of £ is given by Eq.(2.l6).

Let us substitute the value of the virial coefficient determined

according to EqB.(2.U), (2.12) and (2.21) into the expression (2,3) for the

free energy and. let us perform the integration using the Onsager trial

function (2.5), The result has the form

J/<tji <*

4 J
where I_ is the second order Beasel function of the imaginary argument. The

term
first/in the curly brackets represents the translational entropy; the second

and the third terms are originated by the entropy term in Eq.(2.3); the

fourth term is the contribution of the repulsion of rods to the interaction

term - all these terms can be borrowed directly from the Onsager paper [7].

The last term in curly 'brackets is new in comparison with Ref.T; it describes

the contribution of the attraction of rods to the interaction tern. In order

to write down this term in the analytic form, the corresponding integral was

calculated in the limit a\ » 1 (where it is equal to - c5/2) and in the

^ L then theselimit ca2 « 1 where it Is equal to - - C^ • 1 +
*• 8sfl a ••

two asymptotic expressions were interpolated with the help of the Bimplest
2

rational fraction in the range a\ *vl. The approximation connected with

the extrapolation is not essential for the qualitative purposes Of this Subsection.

To determine the possible phases which can exist in the system it is

necessary to minimize the function F(a) (2,22). The isotropic phase value

ct = 0 always corresponds to the minimum of F(a). The free enersy of the

isotropic solution (phase I) is

To find other minima of the function F(a) we note that, as was shown in Ref.7i

even in the absence of the attraction between the rods the value of a is

rather large (a > 20} in the whole region of the existence of the anisotropic

phase (this fact is due to the numerical reasons and is not connected vith any

large "letter" parameter). Naturally, the attraction can only reinforce the

orientational ordering, i.e. increase the value of a . But at large a

the expression (2.22) can be simplified

The analysis of the function (2.2k) can now be performed in a rather 3imple

way. It turns out that this function has either one or two minima at a ^ 0

(depending on the values of the parameters); these minima correspond to the

anisotropic phases. This proves the existence of two different anisotropic

phases (aaybe - in the metastable form) at some values of the parameters-

We shall denote these phases as phase II and phase III (free energies

F F '
FII a n a FIIl'* t h e p h a 3 e Z11 'beia& " ° r e concentrated,!..e. corresponding to

larger a .

To prove not only the fact of the existence of two different

anisotropic phases, but also the possibility of their coexiatance in equilibrium,

let us determine, first of all, what minimum of F is more deep, i.e. what iB

the most stable homogeneous phase. The result of this procedure is

demonstrated in Fig.5, where it is shown what phase - isotropic (i), weakly

anisotropic (II) or strongly anisotropic (ill) - corresponds to the absolute

minimum of F at the given values of 5 and V . Since K is the function

of T (see Eqs.(2.21) and (2.16)), Fig.5 can also be regarded as the (T.IV)

diagram. The boundaries of the different regions in Fig.5 are determined

by the following equations:

I'M

I-Hi
(2.25)

-16-

In Fig.5 the boundary of the regions II and III is not continued to u ** 1,

since the Onsager method is valid only at c7<< l.
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At this stage it ia important to note that the curves plotted in

Fig.5 must be situated entirely inside the phase separation region of the

actual phase diagram, because outside the separation region the corresponding

homogeneous states are the equilibrium ones. This fact together with the

known high- and low-temperature forms of the phase diagram (see • Sucsecs.2-5 and

2.6) determine completely the general qualitative form of the phase diagram.

Obviously, this form turns out to be identical with that shown in Fig.2. So

it can be concluded that in spite of some shortcomings of the Flory theory

(see Sec.2.1) the prediction of this theory concerning the qualitative form

of the phase diagram is correct. In particular, the equilibrium coexistence

of two different anisotropic phases Is possible in some temperature range.

The same estimation can be obtained if we compare the last two terms in the

curly brackets of Eq.(2.2>t). Of course, the increase of the temperature above

triple point will only reinforce the inequality (2.26). Hence, it can be

concluded that at T > T, the width of the high temperature corridor does

not depend on the temperature.

In this section we have presented the analysis of some features of the

phase diagram for the solution of rigid rods with both repulsion and attraction.

Besides self-dependent interest, this analysis will be important also for the

consideration of the phase diagram for the solution of semiflexible macromolecules.

This consideration vill be the topic of the next section.

2.10 Phase diagram: Constancy of the vidth of the high temperature corridor
of the phase separation

In this Subsection we shall show that at T > T-, the width of the high

temperature corridor of the phase diagram (see Fig.2) practically does not

depend on the temperature. This conclusion has already been obtained by

Flory [9] in the framework of the l a t t i ce model, below we shall prove i t on the

basis of the more general and siisple considerations.

The independence of v and g on T must be expected In

those regions of the phase diagram, where the role of the at traction between

the rods is negligible in comparison with their mutual repulsion. Since the

high temperature corridor of the phase diagram is situated at e / ^ l / p << 1,

i . e . in the region of validity of the second v i r i a l approximation, this

statement can be reformulated as follows: the values of U and v

do not depend on the temperature if the contribution of the at traction to the

second v i r i a l coefficient, B , i s much less than the contribution of the
a

repulsion B .

As we have seen in the previous Sub sect ions£he anisotropy parameter a

in the anisotropic phase II near the high temperature corridor is of order

unity {in the sense of the independence of p, although a is numerically

large). Hence in order to estimate the relative importance of the repulsive

and attractive interactions for the phase equilibrium of the phases I and II

one can simply average B .(y) and B (v) over all possible angles y . It

turns out that even at the triple point temperature

>f»l.(2.26)

III. ORIENTATIONAL ORDERING III THE SOLUTIONS OF SEMIFLEXIBLE MACROMOLECULES

From the poin t of view of the method t h e cons ide ra t ion in t h i s sec t ion

ia analogous t o t he corresponding cons idera t ion of S e c . I I , so t he p lans of

S e e s . I I a n d l l l a re s i m i l a r . I n Suheec.3.1 we s h a l l specify t he model of the

semif lex ib le macromolecule.Subsec.3.2 w i l l be devoted t o t h e cons idera t ion of

the high temperature region of the phase diagram, for t h i s purpose we s h a l l

gene ra l i ze t he Onsager method for the case of semif lex ib le cha ins . In Subsec .3 .3

we s h a l l use the l a t t i c e approximation for the ana lys i s of t he low temperature

behaviour of the phase diagramJn.Subsec. 3-It by means of the matching of the

high and low temperature asymptotic expressions we s h a l l find the t r i n l e point
the

temperature and finally in Subsee.3.5/ general qualitative form of the phase
diagram will be analysed.

3.1 Model of a semiflexible macromolecule

As i t has already been noted in the Introduction, semiflexible macro-

molecules can have different f lexibi l i ty distributions along the chain contour

(two limiting cases are shown in Figs.lb and l c ) . Hence, before proceeding

further, we must, f i r s t of a l l , specify the model of semiflexible macromolecule

which will t e dealt with. We shall choose the model shown in Fig. lb , i . e . we

shall assume that the macromolecule consists of freely-Joiiited cylindrical rods

of length I and diameter d, the asymmetry parameter p = 1/& being much

larger than unity. As a matter of fact, the case considered in Sec.II

corresponded to the solution of the same rods, but which were not connected

in the long chains.

-19-
-16-



We shall assume that the segments interact in the seme way as dis-

connected rod3, i .e. as described in riutsec .2.2- Although ve shall consider

explicitly only freely-jointed chain, ve shall, nevertheless, always indicate

which of the results obtained depend on the flexibility distribution along the

chain contour and which results are in this sense universal.

(3-D

3.2 Phase diagram: High temperature behaviour

In the high temperature region the attaction of segments can be neglected

and so the liquid-crystalline transition is entirely due to the steric repulsion.

As in the case of rigid rods, it is most natural to analyse the phase diagram

in this region by means of the Onsager method.

Let us assume that the solution of semiflexible macromoleculos occupies

the volume V-. Let O be the polymer volume fraction in the solution. Then

the average concentration of segments i3 c = U^/upd , the total number of

segments is N - Vc, and, finally, the average concentration of macromolecules

is c£/L, where L is the contour length of one macromolecule.

The free energy of the solution of chains in the second virial

approximation differs from the free energy of the corresponding solution of

disconnected segments (2.3) only in two respects.

First of all, in the solution of disconnected rods each rod has the

freedom of the independent translational notion, while in the case under

consideration only the chain as a whole (but not each segment) can move in-

dependently. Hence the contribution of the translational entropy to the free

energy is equal to TN(t/L)Hn — — I; for long chains (L >> l) this is much

less than the corresponding contribution in the case of the solution of dis-
Q

connected rods TN in — . Practically, for long enough macromolecules the

contribution of the translational entropy to the free energy can be neglected

(see also [15]).

Second, the effective virial coefficient B* characterizing the inter-

action of segments differs from the usual virial coefficient B of the solution

of disconnected rods - the reason is connectivity of segments into long chains.

The corresponding renormalization of the virial coefficient vas studied in

detail in Refs.32 and 33. In the application to the semiflexible macromolecule

under consideration the result is (B»_B)/B -V 1/p << 1, i.e. for the long rigid

rods (p » l) the renonnal^Lzation is unessential.

From the above it follows that the free energy of the solution of semi-

flexible macromolecules in the high temperature limit can "be written in the form

where B ("r) has the form (2.1»). It should be emphasised that, as in the case

of disconnected rods, the second virial approximation (3.1) is valid only if

<-̂ << i.

It is noteworthy that the formula (3-1), as well as the other results

of this section (see below),can be applied not only for the model of freely

Jointed segments, but also for any other model of semiflexible macromolecule;

it is necessary only to replace p in all the formulae by the ratio of the

effective segment of the polymer chain to its width. Actually, the trans-

lational entropy in the general case has the form of the second term of

Eq.(3.l); the loss in entropy due to the orientational ordering is always

described by the third term of Eq.(3-1) - according to the definition of the

effective segment; finally, the repulsive steric interaction of long thin

segments Is, obviously, insensitive to the character of their flexibility,

because the Interaction takes place at the short-range scale — d and the

flexibility becomes apparent at a much larger scale I » d, so the

contribution to the free energy due to the Interaction of segments In the

general case is described in the same vay as in Eq.(3-l).

To calculate the actual value of the free energy the expression (3.1)

must be minimized with respect to all possible distribution functions f(u).

Since the function f(u) enters in the same way in the formulae (3.1) and

(2-3), the minimization procedure is performed identically in both cases.

Hence the equilibrium distribution functions f(u) for the solutions of

separate rods and long chains of rods mU3t coincide.

Thus in the athermal limit the only difference between the equilibrium

free energies of the solutions of separate rods and long chains of rods is due

to the translational entropy term. Consequently, we can immediately conclude

(analogously to Sec.Il)that the liquid-crystalline transition for the athermal

solution of semiflexible chains takes place at tf*-l/p.

To perform the minimization of the free energy (3.1) let us use the

variatlonal method with the trial function (2.5)- After the calculations, vhich

are analogous to those performed in the Onsager paper [-7], we arrive at the
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following results for the boundaries of the region of phase separation in the

asymptotic limit L » I % (3.1.)

Formulae (3.2) must be compared vith the corresponding result (2.6) for the

case of disconnected rods. It can "be concluded that the connection of rods

into long chains broadens the region of the phase separation in the athermal

(high temperature) region of the phase diagram (however, numerically this

broadening is not very pronaunced).

Similar results can be obtained using the lattice model (see the recent

Flory paper [11]).

3.3 Phase diagram: Iiow temperature tiehavlour

For the solution of semiflexible macromolecules, &s veil as for the

case of disconnected rods, when the i3otropic and the aniaotrople phases co-

exist in equilibrium at the relatively low tejzperatures, the polymer volume

fraction in the isotropic • phase is very small, while in the aniaotropic

phase it is close to the maximum possible value, the chains in the anisotropic

phase being practically parallel to one another. Thus for the description of

the anisotropic phase It is po3siole to use the lattice model. The free energy

of the anisotropic phase can be written in the form analogous to Eq.(2.9)

vith the only difference that the role of rods Is now played by the long

chains of connected rods, thus, in the first two terms of the expression (2.9)

it is necessary to perform the substitutions p •+ pt/i, N •+ Ni/L. So we

obtain the low temperature expression of the free energy of the anisotropic

phase in the form

(3.3)

As in the case of disconnected rods the free energy of the isotropic phase

can be written In the ideal gas approximation, i.e. instead of (2.8) we have

-22-

By equating the chemical potentials and the pressures of the coexisting

isotropic and anisotropic phases, it is easy to find, as UBuaX, in the limit

p » 1 the following equations for the boundaries of the low temperature

phase separation reglonl

(3.5)

For the case L - I we return to the result (2.11). Comparing Eqs.(3.5) and

(2.11) one can see that in the low tenperature region (I.e. at large x) the

connection of segments into long chains leads to the very significant

broadening of the phase separation region.

3 A Phase diagram: The triple point and the 8 point

Let us now determine the temperature T , at which the high teaperature

asymptotic expression for* 1 (3.2) matches with' the low temperature one

(3.5)- We shall show below that, as in the case of disconnected rods, this

temperature corresponds to the triplerpoint of the phase diagram.

Using the definition of

calculation •'

(2.10) we obtain after a simple

(rl-'£) _ t + zU1-
Lift

7-2 r (3.6)

In particular, for L = I we return to the formula (2.12) and in the limit of

long chains L >> I we have

(3.7)

•) The result (3.6) does not depend (in the limit p >> 1) on the exact value

of the numerical factor in the high temperature formula for </ ( $ * const/p).
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From Eq.(3.6) i t can be seen that the tr iple point temperature increases with

the increase of the ratio L/fc ( i . e . with the elongation of the chain).

As to the 8 temperature of the solution of semiflejcible macromolecules,

in the limit p >> 1 i t practically coincides with the 6 temperature of the

solution of disconnected rods with the same p - the reason is the small degree

of renorm&lization of the virial coefficients (for a moue detailed discussion

see Refs.32 and 33). Thus the result (2.18) for 6/6 also remains valid for

this ease. From the comparison of Eqs.(2.l8) and (3.6) i t c&n be concluded

that the 9 point is always (independently of L/l) situated in the low

temperature region of the phase diagram, well below the tr iple point.

3.5 General form of the phase diagram

It should be recalled that the qualitative form of the phase diagram

for the solution of disconnected rods was obtained in Sec.II with the help of

the Onsager method, which was generalized to take into account the attraction

of the rods. The same thing can be done for the solution of semiflexible macro-

molecules.

For the model of semiflexible macromolecule accepted in Subsec.3.1, the

attractive port of the second virial coefficient of the interaction of segments

Is given directly by the formulae (2.l6) and (2.21). Thus the procedure of

the determination of the most stable homogeneous phase in the solution of

freely-Jointed semiflexible macromoleculas is absolutely identical to the

corresponding procedure for the solution of disconnected rods (compare

Eqs.{2.3) and (3.1)); consequently, this procedure leads to the results (2.25)

(see also Fig.5).

The general qualitative form of the phase diagram can now be determined

from the known high temperature and low temperature behaviours and from the

fact that the curves of Fig.5 must lie entirely within the phase separation

region (compare with Sec .II).The phase diagram for the solution of semiflexible

macromoleeules obtained in this way is shown in Fig.6.

It can be seen that the equilibrium coexistence of two different

anisotropic phases is also possible for this case. As in Sec.II this fact

leads to the existence of the triple point and of the critical poirit in the phase

diagram, as well as to the sharp broadening of the phase separation region

below the triple point temperature.

The fact that the temperature of matching of the high temperature and

of the low temperature expressions for V is of the same order of magnitude

as the triple point temperature, and the fact of the constancy of the high

temperature phase separation corridor can be proved in the same vay as in

Sec.II.

The dotted line curves in Fig.6 show the phase diagram for the

corresponding Solution of disconnected rods, which was found in Sec.II. We

see that the phase separation region for the solution of semiflexible macro-

molecules Is generally more broad - this is due to the obvious fact that the

connection of rods Into long chain favours their orientlational ordering.

It can be noted that as the number of the segments in the chain increases,the

broadening of the phase separation region below the triple point becomes more

and more 3harp (see Eqs.(3.5)); when the relative temperature lowering below

the triple point Is of order ST/T «* i/L << 1, the Isotropic phase in co-

existence with the anisotropic one can be considered as practically absolutely

dilute (the polymer volume fraction in this phase Is exponentially small).

Such an additional sharpness is connected with the additional large parameter

(in comparison with the case of disconnected rods) - the number of segments

in the macromolecule.

Now let us discuss the applicability of the results obtained for other

models of semiflexible macroaolecules. It ia clear that the qualitative form

of the phase diagram 48eo not depend on the model adopted. The lew temperature

behaviour qf the phase diagram is independent of the flexibility distri-

bution along the chain contour as well, since at low temperature the two phases

in coexistence are: very dilute, nearly ideal solution and the dense phase

of practically completely stretched chains. The high temperature behaviour 'Is

also universal (see Subsec.3.2). So, some unessential dependence of the

parameters of the phase diagram on the chosen polymer chain model (with the

same p) can be expected only In the intermediate temperature range, I.e. In the

vicinity of the triple point.

3.6 Final remarks

I t can be concluded that as the chains become longer the tendency for

the solution of semiflexible macromolecules to form liquid-crystalline phase

increases (since the phase separation region broadens), this effect being more

pronounced at the low temperatures. However, the qualitative fora of the phase

diagram practically does not depend on the number of segments In the chain.

At high temperatures the phase separation region forms a narrow corridor, whose
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width does not depend on the temperature and changes only slightly (sslOK)

with the variation of the number of segments in the chain. At lov temperatures

(below the triple point) the phase separation region broadens in a rather

sharp vay, especially for long chains.

On the o-ther hand, for the temperatures slightly below the triple

point the result (3.5) for </ can be written in the form (in the limit

p » 1)

p T (It.2)

I V . ' INTRAMOLECULAR LIQUID-CRYSTALLINE PHASE

In the following sections ve shall consider the intramolecular

liquid-crystalline ordering of the segments of one macromoleeule in the very

dilute solution, i.e. the one-chain problem. Correspondingly, belov we shall

use the letter N to denote the number of segments in the macromoleeule.

In this section we shall deal with the case of a very long chain-

The particular features of the intramolecular liquid-crystalline phase for

the relatively short chains will be considered in See.V-

l i . l Phase transition coil-liquid-crystalline globule

Let us begin with the estimation of the polymer volume fraction inside

the coil formed by one long semiflexible macromoleeule. It is well known [25],

that this estimation depends essentially on the strength of the excluded volume
1/2 1

effect, i.e. on the value of the parameter Z - VM /a , where V is the

excluded volume of a monomer and a is the distance between two subsequent

along the chain monomers. To be definite let us adopt for a moment the model

shown in Flg.lb. Then, if we choose one segment as an elementary monomer,

V ~ £ a (see formula (2-M) and a—-A, I.e. Z w p N . Consequently,

the excluded volume effect is pronounced at H » p and is negligible at

N « p (see also [31*]). The size of the coil in these cases is — IN p 1" 2 or
1/2#^ *N , correspondingly; so for the polymer volume fraction inside the coil

we obtain

A/ -i/z J. ,i _ _ i (h.i)

where ve have used the value •! = 3/5 for the critical exponent (for more details

see [3U]).

From the result (U.I) one can see, first of a l l , that <Scoil <* l/p at

p ^ 1 and at any N^ 1, so at the temperatures above the triple point temperature

the polymer volume fraction within the coil is not sufficient for the formation of

the Intramolecular liquid-crystalline phase.
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apart from the logarithmic factor. We see that at large B snail temperature

lowering belov the triple point ST/T ~ In N/Nln p << 1 is sufficient to make

the polymer volume fraction in the coil (l».l) essentially larger than the

stability limit of the isotropie phase (U.2). It Is clear that in this case

the loose fluctuating coil must collapse and form the dense highly ordered

liquid-crystalline globule (since the density of the anisotropie phase at

T < T3 is close to its maximum possible value - see Sec.III).

So at T > T the long semiflexible macromoleeule is in the coil state,

while at T < T, it is in the globular state. Consequently, the temperature

T,, which Is determined ty Eq.(3-7), is the temperature of the coil-globule

transition for the long freely-Jointed macromolecule (see Fig.6). It Is clear

that this transition is the I order phase transition with the considerable

bound of the coil dimensions, it leads simultaneously to the transformation

of the coil Into the globule and to the formation of the liquid-crystalline

ordering in the globule.

It should be emphasised that these features of the transition colJ.-

llquid-cryatalline globule, as well as the expression (3-7) for the temperature

of this transition, are not sensitive to the specific polymer chain model In

the Limits p >> l and 5 » 1 - In particular, the above results remain

valid for each of the models shown in Figs.7b,c ,ct, the chain composed of

rods connected by flexible spacers (Fig.Th), the flexible chain with the rod-

like side groups (Fig.7c) and the persistent chain (Fig.Td). Such universality

can be proved by means of the following simple arguments.

The translational entropy of the system does not vary at the point of

the coil-globule transition. So this transition occurs as a result of the

competition between the gain in energy of the contact of segments in the dense

liquid-crystalline phase »v» T/KXp and the loss in the orientatlonal entropy

in this phase « NTJtnp . Taking into account the definition of x (2>10) and

the equality (3-7) for T , we obtain that at T > T the entropy loss Is

larger than the gain In energy and vice versa. In the long macromoleeule

even the slight temperature lowering below T, is enough to make the gain la

energy much larger (since N > > 1) than the Joss in entropy, i.e. to induce the

transition coil-liquid crystalline globule. It is clear that the above con-

sideration is valid for each of the models shown in Figs.Tb,c,<2.
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So for a l l the polymer chain models under consideration the temperature

of the transi t ion coil- l iquid-crystal l ine globule is determined by the formula

(3.7) and the transition i t se l f is the I order phase t ransi t ion. I t should

be emphasised that this transit ion takes place above the 8 temperature.

F = V f«('3) = Hp d3 f*(3)/ 5- . To obtain 3 Q , ti:e equilibrium value of 3~,

thi3 expressisn must be Minimized vith respect to v . As a result we obtain

for the determination of the following equation:

= 0

I*.2 Spatial structure of a large l iquid-crystall ine globule • '

According to the general definitions of the coil and the globule

the macro-molecule is in the coil s ta te if the fluctuations of the monomer

concentration vithin the macromolecule are of order of the monomer concentration

i t se l f and the correlation radius of the fluctuations of concentration is of

order of the macrosnolecular dimensions, while in the globular s ta te the

fluctuations of the concentration are small compared with the concentration

and the correlation radius is much leas than the globular dimensions.

In other words, in the coil s ta te a l l the monomers are correlated, vhile

in the globular state the. chain can be considered as consisting of a large

number of effectively independent portions. Thus, the small region inside the

large l iquid-crystall ine globule formed by the semiflexible macromolecule

can be regarded from the local point of view simply as the solution of semi-

flexible chains in the condensed l iquid-crystall ine s ta te . We have shown in

Sec-III that in this state at T < T ( i . e . in the region of existence of a

l iquid-crystall ine globule) the polymer volume fraction is always close to unity.

Thus, in the f i rs t approximation for the polymer volume fraction inside the

globule, tTn> we have ^ - =f 1. Correspondingly, the volume of the globule,

V, 1H V = Npd and the spatial distribution of the polymer volume fraction

is of the form shown in Fig.8a (compare with Ref.2lt).

To find the corrections to the result t7 = 1, i t is necessary to

f i r s t of a l l determine the function f*(B0 - the free energy per unit volume

of the l iquid-crystall ine solution of infinitely long semiflexi'ble chains.

For each of the models shown in Figs.Tb.c.d the free energy of the anisotropic

solution at T< T (and hence the function f*(cr)) can be found by means of

the method, which is completely analogous to that developed in Sec-III for the

low temperature behaviour of the solution of freely-Jointed chains (Fig. lb) .

After that the free energy of the large globule can be written in the form

As i t has already been mentioned, in this section we consider the

globules formed by very long macroraolecules (large globules). More precisely,

we shal l assume that the dimensions of the globule are much larger than any

of the dimensions characterizing the chain structure(such as it , a e t c . ) .

-28-

where p*(&) is the osmotic pressure of the solution of the long macromolecules

of a given type. For example, for the chain composed of rods connected by

flexible spacers (Fig.Tb) basing on the results of -6ecs.il and II *' w e

obtain

ofil) 4
where a is the mean square distance between the ends of a flexible spacer,

t is the length of a rod and d is its width (for the determination of y

see Eq.(2.10)).

Let us now determine the orientation of the anisotropy axis, i.e. of

the director of the intramolecular liquid crystal [26]. It is easy to

realize from the symmetry considerations that the field of the orientations

of the director is of the type shown in Fig.8b. Actually, although such a

field of orientations corresponds to the deformed state of the liquid crystal,

the deformation energy estimated according to the usual Frank formula [28]

is of order ~ B (div n) d3x -N,1T , where V is the volume of a globule.

So the deformation energy Is much less than the surface energy (->v ) and

it is this latter energy which is responsible for the formation of the

spherically symmetric globule (see Fig.8).

It should be emphasised, however, that although the director of the

mesophase has the radial orientation, the macromoleeular segments themselves

are preferentially oriented perpendicular to the globule radii. This fact

is rather obvious and is supported by the' well-known result that in the surface

layers the asymmetric macromolecules forming the liquid crystal are oriented

predominantly parallel to the surface [28].

•^ In the case a << t the function p"(9) can be determined from the results

of Sec.Ill at hit •* ». In the case a » I, as it in clear from the results

obtained in Refs.23-25, p*(3) = p $ ) - U 3-/iTpd , where p(d) - the osmotic

pressure of the solution of disconnected rods - can be determined using the

results of Sec.II.
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I*.3 Metaatable laotropic state

Since the surface energy of the globule is positive, the temperature

of the phase transition coil-liquid-crystalline globule decreases with the

decrease in the chain length. Thus when the coil is slightly supercooled

below the pbaae transition temperature T , small parts of tiie chain are not

able to form the globular structure themselves, i.e. to initiate the new

phase. In other words, the formation of the globule at slight supercooling

requires correlated motion of a large number of monomers. Of course, this

situation-.is typical-for the I order phase transitions. However, in the

polymer systems due to the connection of monomers into long chains the

corresponding relaxation times are especially large. Thus semiflexible macro-

molecules can actually exist in the metastable state without the liquid-

crystalline ordering at the temperatures well below T . In this* Subsection

we shall consider some properties of this metastable state-

Since T, > 8, at slight supercoolings below T we still remain in the

good solvent region. By further supercooling it is possible to pass to the

9 solvent region and even to the region of a very poor solvent (precipitant).

As was: shown in Eefs,33 and S^jin the absence of the liquid-crystalline

ordering it is possible to reduce the description of the conformations!

characteristics of a given macramolecule in each of these regions to the

corresponding description for the standard Gaussian model of "beads" (for

the definition of this model see the caption to Fig.7a) with some effective

parameters (for the method of calculation of these parameters 3ee Ref-33)-

Thus upon lowerinp the temperature,the semiflexible macromolecule in the meta-

stable isotropic state undergoes the same eonformatlon&l changes as the

corresponding effective chain of "beads". The theory of the conformations!

changes for the model of "beads" is now well developed (see(for example(Ref.2k)

and so it ia possible to apply the results of this theory for the isotropic

phase of a semiflexible macromolecule.

In particular, it Is well known that when the macromolecule is super-

cooled below the e temperature, the phase transition isotropic coil-isotropic

globule occurs; we emphasise that for the semiflexible macromolecule this

is the peculiar phase transition between two metastahle states. It should

be recalled that the theory of the transition Isotropic coil-isotropic globule

for the model cf "beads" is formulated in terms of the second and the third

virial coefficients of the Interaction of "beads",B and C [2M- This transition

takes place slightly below the 8 point and ltB type depends on the value of

the ratio C /a3: If C ^ / a 3 « 1 the coil globule transition is the I

order phase transition with the bound of the macromolecular dimensions, and

if C /a 3 ~-i, it is the smooth II order phase transition (see [2M and [25]).

The parameters of the effective model of "beads" for the polymer chain

models under consideration (Figa-Tb.c.d) can easily be found using the methods
of Refs.25 and 33. We shall omit here the corresponding trivial analysis and

1/2 ^present only the final results for the value of C /a which determines the
type of the transition isotropic coil-isotropic globule. For the models of

T/o -a

Figs.7b and 7d it turns out that at t » d always C /a » 1, so the coil-

globule transition is always of the I order. At the same time,for the

model of Fig.7c the type of the transition depends on the ratio I/a; at

I/a << 1 this is the I order phase transition and at I/a. >, 1 the

transition Is of the II order.

When the temperature is further lowered below the 8 point, the density

of rods In the isotropic globule increases, the instability of the metastable

phase becomes more pronounced and finally the macromolecule undergoes the

transition to the liquid-crystalline state.

It' Is noteworthy that even in the Isotropic phase (in the coil, as

well as in the globule) there exists a weak orlentiational ordering (not of

the liquid-crystalline nature) due to the Inhomogeneity of the spatial density

distribution in the macromolecule. This ordering will be considered in the

Appendix.

We see that the properties of the intramolecular liquid-crystalline

phase in the long macromolecules are rather universal, i.e. not sensitive to

the polymer chain models (compare the results of this section for the

models shown in Figs.7b,e,a). It Is due to this universality that It became

possible to establish the main properties of the large globules C M the 1 > M 1 S of

the general considerations and without referring to the special formalism.

V. SMALL GLOBULES

In this section we shall consider the intramolecular liquid-crystalline
ordering in the relatively short macromolecules,we shall see that the
properties of the globules in this case (small globules) are not universal.
As has already been noted in the Introduction, the analysis of the structure
of small globules requires the uee .of tt» -formalisa oX the self-consistent
theory of polymer globules, which was proposed by Lifshits in Ref-23.

However, i t must be recalled that the Llftshiti theory was originally
formulated [23]-[25] for the model of "beads" (see Fig.7a). In this model
each monomer is represented as a material point so, obviously, this model
cannot be used to describe the intramolecular liquid-crystalline phase. In
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order to be able to describe the orlentational ordering, it Is necessary to

generalize the Lifshitz consideration for the models in which the state of

an elementary monomer is defined not only by its spatial position., but also hy

its orientation (see for example the models of FIgs.Tb,e,d). Such a generalization

vill be-our first aim in this section-

5-1 Conformational entropy of the globule

Let us consider some polymer chain and let £• be the set of parameters,

which describe completely the state of the i link. This set can, in

principle, include not .nly the co-ordinates and orientations, but also some

other intrinsic parameters of the monomer (if necessary). Let n(t) be the

"density" of monomers in the state £ normalized by the condition

(5.1)

and let I|J(E) and (i (£) be the probability distributions for two monomers

at the ends of the chain *'. Finally, let us introduce the matrix of conditional

probabilities g(£,t') and the corresponding integral operator g [23] I

(5.2a)

where g(t,£') Is the conditional probability that the monomer is In the state

£' provided the previous one is in the state K . Since g is the probability

(5.2b)

Using the notation introduced, it is possible to formulate the following

result, which can be proved analogously to the corresponding result for the

model of "beads" (see Refs.23-25). If the macromolecule is in the globular

state, i.e. if the fluctuations of the generalized density n(£) are weak,

the macromolecular conformational entropy 13 equal to

(5-3)

where the functions

toraulae:

and are connected "by means of tne following

. T

") Of course, in many cases both ends are Identical , then ty = t|/ •
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An = (5.1*)

In Eq..(5.1*) the parameter A specifies the normalization of the functions

and i(i+ (the value of £{n} &°*s not depend on A) an(i -|
+ i3 the-operator",

which is Hermitian-conjugated to g with respect to the scalar product

(5-5)

It is noteworthy that from the physical point of view the Hermitian conjugation

means In this case simply the change of the order of monomer numeration along

the chain {for a more detailed discussion of this point see Bef.20). Thus the

chains which are not symmetric with respect to this change, are characterized

by the non-Hermitian operators g4.

5-2 Self-consistent system of equations for globules

If the globular state of a macromolecule vlth the given generalized

density distribution n(£) would.be somehow prepared In the absence of the inter-

actions between the monomers, the macrooolecular free energy would be equal to

-TS{n}. The contribution of the interactions to the macFOmoleeular free energy

(in reality It is due to the Interactions that the globule is formed) Is

also some functional of o U ) : E » E{n} = F{n) + TS(n}\

In the self-consistent field approximation the equilibrium distri-

bution n(£) oan be determined by means of th»."minimization of F{n} with the

additional condition (U.l). Performing the variational procedure and taking

into account Eqs.(5-3) and (5-U) it is easy to find the following equation

in complete analogy with the corresponding calculation In Hef.2U^

(5.6)

In Eq.(5,6)we have connected in a special vay the normalization parameter A

with the Legendre multiplier and thus, we have specified the normalization of

the function I|J (compare with [21*]). The value of iE/fln plays the role of

the self-consistent field in E(i.(5.6).
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From Eqs.(5.1*) and (5-6) the following local relation between the

equilibrium functions n,i(i and ty can ~0e obtained :

(5.7)

Eqs.(5.6) and (5.7) together vith the normalization condition (5.1)

form the self-consistent system of tvo equations and one additional condition

for the determination of two unknown functions n and * and one unknown

number A (in Eq.(5-7) i> is the function Hermitien conjugated to •$}, i.e.

for the complete description of the equilibrium spatial structure of the globule.

5-3 Examples of the specific macromolecular models

Let us nov specify the general notation of the two preceding sections

for 3ome concrete maeromolecular models.

1. Models of "beads" (see Fig.7a and. the figure caption). For this model

It is natural to choose one "bead" as an elementary monomer; then the state

of a monomer is completely defined by its co-ordinates,i.e. £ = 1. Usually

it is assumed that the connecting filaments do not have the orientations!

•saBry; in this case the kernel of the operator g depends only on the

distance between the monomers

(5.3)

The most important characteristics of the kernel g is the mean-square

distance between subsequent monomers

(5 -9)

Obviously, in the model of beads g = g and (i = i(i . This model can be used

for the consideration of those effects, which are not connected vith the

orientatibnal ordering.

2. Flexible chain with the rod-like side groups (see Fig.7c and the

figure caption). In this model i t is natural to choose one rod as an
elementary monomer; then the state of a monomer is defined by the co-ordinates

of the origin of the rod s and by the unit vector specifying the
orientation of the rod u: £ " {x,u}, d£ • d x d!5- . To be definite we 3hall

assume that for this model (as well as for the model of "beads") flexible

filaments connecting the monomers (i.e. rods) do not have the orientational

memory. In this case the kernel of the operator g is equal to the kernej.

(5.8) multiplied by the factor (hi!)~ . As before, the mean-square distance

between the origins of two subsequent along the chain rods is determined

by the formula (5.9). We shall assume that the rods can rotate freely with

respect to their origins, in this case the operator g does not act on the

variable u . For this model the operator g remains Hermitian and <i • (i+.

The formula (5.3) for the conformations! entropy has the simple

interpretation for this model. Let us write the generalized density in the .

form n{jt,u) = C(x) fj(u), where jfj(u) ^ - = 1- Then according to (5,k)j(u), jj(u) ^
we shall have +(x,u) = \|i(x) f-(u) and so

J

Thus, for this model the eonformationa! entropy can he represented as the Bum

of two independent contributions: one from the spatial packing of the origins

of the rods and the other from the orientational distribution of the rods.

3. Chain composed of rods connected by flexible spacers (see Fig.7b and

the figure caption). For this model, as well as for the previous one, It is

natural to choose one rod as an elementary monomer, I.e. £ = {x,u}. How-

ever, now the rods are Inserted between the flexible spacers, so the kernel

of the operator g must depend on the distance between the endi of the

preceding rod and the beginning of the following one, i.e.

(5.10)

In this notation the mean-square distance between the ends, of a, flexible
spacer is given by Eq.(5-9).

I t i s easy to understand that for this model g ^ g* and

(5.11)
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As i t has already been noted, the model of freely-Jointed rods (Fig. lb)

is the par t icu la r case of th i s model for which 6Q(X) = * ( x ) .

h. Persistent model (see Fig.7d and the figare caption). The continuous

persistent model can be obtained by means of some smoothing of the properties

of the suitable discrete model on the microscopic level. For this purpose

let us consider the discrete model, vhich differs from that shown in Fig.Tb only

in one respect: namely, let us artribute to the spacers some finite stiffness

with respect to the bending, i.e.. for this model

(5-12)

Expression (5-11*) gives the operator g for the persistent model.

The operator of the similar form has already been used for the analysis of the

persistent coils in Refs.35 to 37- "' In particular, in these references it

was shovn that the effective segment of the persistent chain described by the

operator (5-lM is equal to

(5-16)

It is clear that the macroscopic characteristics of the persistent chain can

depend only on the combination (5-16) of the microscopic parameters t and 6.

Operator {5.1*0 is no t Hermitian: g / g+. For the function T + it

is easy to find

vhere &• — . is the angle ..between the orientations u and u' and I is the
uu1

notation for the length of the rod in this msdel. The smoothing procedure is

possible if the states of the adjacent rods are close to each other, i.e. if

the integral operator g* with the kernel (5.12) is close to the unit operator.

But in this case the integral operator can be approximated by the differential

one. It is the use ofthe differential operator instead of the integral one

that corresponds to' the smoothing on the microscopic level, i.e. to the

consideration of the persistent model.

Expanding the function ij>(x',u') with respect to (x-x1) and (u-u1)

in the expression

(5.13)

and keeping only the main non-zero terms, we obtain

where

(5.15)

uV. is the operator of the partial derivative with respect to the co-ordinate

along the direction u, A- i9 the angular part of the Laplace operator in the

space of orientations.
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(5.17)

In the next Subsections ve shall use the formalism described above

for the analysis of the intramolecular orientiational ordering in the relatively

short macromolecules, in which case this ordering is accompanied by the

formation of the so-called small globules. As has already been noted, the

structure of small globules depends essentially on the macromolecular model

chosen (in contrast to the case of the large globules, which was considered

in Sec.IV). Thus, below we shall consider the structure of small globules

for each of the models of Figs.7b,c,d separately. The whole set of these

models describes^ rather broad area of situations, which are frequently

encountered in the real cases.

5-U Small globule for the chain composed of rods connected by flexible
spacers (Fig.Tb)"

We say that the polymer chain of this type forms a small globule if

in the equilibrium conformation due to the attraction rods the average spacial

distance between the ends of the flexible spacer is much less than a.

•) It must be noted that the expression (5-lM was obtained in Ref.36 not as

a result of the smoothing procedure, but with the help of some other more

formal consideration. The main idea of this consideration can be outlined

as follows. It is well known [2l(] that the smoothing procedure for the model

of "beads" leads to the operator of the type g =" 1 + & A- and in the same

approximation the partition function reduces to the Wiener integral [37]. In

Ref.36 it was shown that the role of the operator (5.lU) for the integration

over the space of smooth curves is the same as the role of the Laplace

operator for the usual Wiener integral.
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.ri t,he ^ .,.. .t.at i v> , :> 2 » a the small globule

has the form of the "sheaf" (Fig.9). The majority of the roda belong to this

"sheaf" and form the cylindrical core of the globule. Its length is «•»!, its

radius R << a.A relatively small fraction of rods does not belong to the core,

these form the defects of the globular structure. We shall say that these rods

form the "fringe" of the globule.

3

It is clear that the structure described can be stable only if the

attraction of rods is strong enough - in any case it must be («/T) > (4/T)
o 3

Thus the volume of the globular core ~ R 1 must be of the same order as the

aelf-volume of the macromolecule -s. Ntd , i.e. R ~-dIT . Consequently, the

condition ensuring that the glcbule formed is actually small has the form

(5.16)

The structure of the small globule shown in Fig.9 is rather simple and

can be described on the 13*318 of the simple considerations. However in order to

give the example of the solution of general equations obtained in Bubsecs.

5.1 and 5.2, ye shall analyse the properties of the small globule with the

help of the formal theory. Another reason to do this is that in this case

Eq.(5.6) has the exact solution.

The roda forming the globular core occupy the following small region

in the five-dimensional configurations! space of co-ordinates and orientations:

al l the terminal points of the rods are situated in two small volumes V « a3

separated by the distance I ; the orientations f i l l two small spatial angles

Itirui « Uir around ±uQ (see Fig.9). We shall call this region the five-

dimensional globular core. Inside the five-dimensional core the density

n(x,u) is practically constant.

Using the terminology Introduced, we can say that the rods,which are

outside the five-dimensional core, form the defects of the globular structure.

The interactions of these rods can tie neglected (compare with Ref.38} both

with each other (because the concentration of rods outside the core is small)

and with the rods of the core (because the rods of the fringe either do not

intersect the core, or Intersect it only by the small portion of their length).

So,

iE const inside the five-dimensional core
outside the five-dimensionalc°re

• (5.19)
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Talcing in to account Eg,.(5.19), i t I s poss ib le t o solve Eqs.(5.<j) ana (5 .7)

ta complete analogy with the solution obtained in Ref.38 for the model of

"beads". The main steps are the following.

Let us introduce the notation

= const inside the five-dimensional core ,

"out
(x,ii) outside the five-dimensional core

(5-20)

where we have chosen the origin of the three-dimensional %-spaee In the middle

point of the "sheaf". The value at <\i is proportional to the probability

that the last monomer of the chain i s situated inside the five-dimensional

core, while the value of ¥+ is proportional to the probability of the fact

that the last monomer is situated outside the five-dimensional core, but near

i ts boundary.

From Eqs.{5.7), (5 , l l ) and (5.20) we obtain(using the natural notation)

n. = r_ T+

Using the ammllness of the five-dimenaional globular core and the

smoothing properties of the integral operator g, we can rewrite the main

equation (5.6) in the form of the linear II order integral equation

(compare with Ref.38):

It is easy to verify that the eigenfunctions and the eigenvalues of the integral

operator g vith the kernel (5.10) are equal to, eorrwpondingly, [exp(iR(*+iu))]

and [gQjf ain Ki /Kt ] , where &Q-~ ] BQ'*' exp(iisx) d3x. As soon as the

eigenfunctions and the eigenvalues are known, it is possible to find the

resolvent operator (see, for example Ref.39) and with the help of this

operator it is easy to write down the solution of Eq.(5.22):
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(5.23)

The expression obtained for t and the corresponding result for
n (see (5.21)} describe, correspondingly, the formation of the " t a l l "out
defects and of the "loop" defects of the globular structure (see Fig.9). I t

13 possible to show that the m term of the expansion of ijj (x,u) in the

powers of I/A is proportional to the probability of the fact that the end

monomer of the " t a i l " defect involving m monomers is in the state (x,u) .

Analogously, the m term of the expansion of n is proportional to the

generalized density at the point (x,u) due to the "loop" defects involving

it monomers C compare with Bef.38}.

To complete the solution i t is s t i l l necessary to find four constants:

the volume of the five-dimensional core Vu> (the constants V and ID enter

always in this combination) A , n and n . The former two constants can be

determined from the definition (5.20) and from the normalization condition (5.1)-

The corresponding equations can be written in the form

= fi/ P(A , (5-25)

where

2 U , a ) = (j?3rj ] KI I

(5.26)

(5.27)

Finally, to determine two still unknown constants n_- and n + it 1B

necessary to find the boundary conditions for the generalized density and to

apply these conditions for the density bound between the core and the fringe.

We note that the mlcromotlons of the rods Inside the five-dimensional core

are not hindered by the flexible spacers, since the average distance between

the ends of the spacers is much less than a. Consequently, there must be a

local equilibrium with respect to two elementary acts: l) parallel moving out

of one rod from the core to the fringe; 2) expansion of the core as a whole.

Correspondingly, n and n can be determined from the conditions of the

continuity of local chemical potential and pressure at the boundary between the

core and the fringe (compare with Ref.2l(). This means that n + and n are equal

to the concentrations of the phases coexisting in equilibrium in the system

of disconnected rods. Using the notation of Sec.II we can write n « v /" pd

and n = v f(0)/ r- pd . So the values of n and n can be considered

as known functions of temperature.

Using -the obtained complete solution of the small globule

problem it is easy to write down the expression for the equilibrium globular

free energy

(5.29)

where A Is the root of the equation (5.2**).

It is easy to show that shen the temperature is lowered the small

globule is formed by means of the I order phase transition (the transition

temperature can be determined from the condition y » 0). Practically, In the

whole region of existence of the small globule the value of A turns out to

be rather large, so it Is possible to keep only a few first terms in the

expansion of the functions (5.26) to (5-28) in the powers of I/A. In this

approximation for the transition temperature T we have

tZ

(5-30)

The results can be interpreted as follows. The coil-globule transition takes

place when the number of rodB in the fringe becomeB —> tt (the dimensions of

the fringe are »-*(a H

-lU-
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obule for the flexible chain vith the rod-like side

Prom Eqs.(5-l8) and (5-30) it can be seen that in the whole region of
the existence of the small globule the polymer volume fraction in the fringe
is very small (much less than unity) and that the temperature of the coil-globule
transition increases with the increase of the chain length (the latter fact is
rather natural).

5.5

The short enough maeromolecules of this type can also fora the "sheaf-
like" small globule, Eq.(5.l8) being the criterion of the small globule.
General lines of the analysis of the globular structure are analogous to those
in the previous section. In particular, the values of n , n , \j/ and \\>
coincide with those found earlier.

However, from the very beginning i t is clear that for this model two
structures of the "sheaf" type are generally possible (Figs.10a,b); the

• structure A for vhich the flexible chain is situated near one of the ends of
the "sheaf", i.e. all the rods are oriented in the same way along the "sheaf11,
and the structure B for which the rods have no preferential direction along the
"sheaf". Obviously, the structure B is more favourable from the point of view
of the entropy, but its formation requires thepresence of at least one defect
of the globular structure (see Fig.10b), which is unfavourable from the
energetic point of view. So an additional problem arises: under what
conditions does the globule have the structure A (or B)?

Using the considerations analogous to those of the previous section it
is possible to reduce Eq.(5-17) to the linear equation for the function f . (x,u):

out
for the structure A

(5.31)

for the structure B

=A
(5.32)

the t
of

for the structure A

(5.33)

for the structure B

Or =

It Is noteworthy that in both eases the distribution of orientations outside

the core rejiains isotropic.

The obtained formulae give some idea about the equilibrium conformation

of both structures. Using these formulae it is possible to calculate

and compare the free energies of these structures. Omitting the corresponding

lengthy calculations we shall present only the main results.

The transition between both globular structures and the coil 3tate

turns out to be the I order phase transition. The relation between the

free energies of the structures A and B depends on the temperature and on the

characteristic dimensionless parameter i/a. The latter dependence is

manifested already at the temperatures which are much lower than the coil-

-globule transition temperatre, i.e. formally at A » 1. *' In this region

the following simple result can be obtained:

(5.35)

In particular, for the Gaussian function g (x), I.e. for
we find

exp ^-

J/T (5-36)

From Eqs.{5.33) and (5-31*) it is clear that the value of A increases upon

the lowering of the temperature (since the fraction of rods in the fringe decreases).
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Just as it was expected the parallel orientation (the structure A) is more

stable for large i- and small a and vice versa.

The temperature dependence of £ F is described by somewhat more complex

formulae, which we shall not consider here for the sake of 'briefness. The

result of the analysis of these formulae is illustrated in Fig.11. The main

conclusion which can he drawn from Fig.11 is physically obvious: when the

temperature is increased the structure B becomes more and more favourable; the

transition A~>B is the I order phase transition. It is noteworthy that

this transition takes place at the temperature, at which the typical number

of rods is one "loop" defect (Fig.10b) becomes of order ' i/a .

5.6 Small globule for persistent chain

In the persistent chain there are no points of easy bending; persistent

maerdmolecule prefers the conformations with the constant small curvature. So

as soon as the chain elements in the liquid-crystalline globule are oriented

mainly in the tangential direction {see Sec.IV), the small globule formed by

the persistent chain must have the tendency to form the cavity in the middle

of the globule. Thus, in this case the globule has the form of either the

torus or the spherical layer.

We shall show below that the structure of the torus type {or of the

spherical layer type) with the cavity in the middle of the globule can be

stable only for the persistent macrotaolecules, which are not very long. This

is the reason for calling this structure the small globule •

It is clear that the average curvature in the torus conformation is

smaller than in the conformation of the spherical layer {in the case of the

dense packing). Thus the equilibrium structure is actually the toroidal one

(Fig.12); it la this structure that will be considered below. The structure

of the spherical layer type is metastahle and can be analysed along the same

lines.

Since the toroidal globule can be formed only as a result of strong

enough attraction of the parts of the macromolecule {in any case it must be

(£/T) >(6/T),}, the volume of the torus is approximately equal to the self-

volume of'the macromolecule,1 i.e.

(5-3T)

where L is the contour length of the macromolecule, H and r are the torus

radii (see Fig.12). It is also clear that the volume part of the energy of

the interaction between the parts of the chain does not depend on the form of

the torus, I.e. on the radii R and r separately, and is equal to -TxL/d

(see Eq.(2.10)).

Besides the volume part of the energy, the free energy of the globule

contains two other contributions - the conformational entropy (5-3) and the

surface energy.

Performing the smoothing procedure (see Subsec.3.3) in the formula

(5-3) it is possible to find the following expression for the conformational

entropy of the globule formed by the persistent chain;

An=rfr.
(5.38)

(5.39)

The entropy given by Eqs.{5-38) and (5.39) can "be easily estimated for the

torus conformation (see Ref.l6).. The result is 5 — -lL/(Pr)1/'Zi}.

As to the surface free energy, obviously it is of order ^ F "» £ Rr/d2

So we can vrite down the expression for the total free energy of the toroidal

globule in the form

where we have taken into account the additional condition (5.3T)- Minimizing

this free energy vith respect to r, we can find the equilibrium radii of the

toroidal structure

(5.1*1)

The o bvious condition R > r means

(5.1*2)
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As vaa expected, the toroidal globule can be formed only by stiff enough chains

(large p = i/d). The inequality (5-^2) specifies the low temperature boundary

of the region of existence of the toroidal globule. The existence of the lov

temperature boundary in the natural manifestation of the fact that the existence

of the cavity In the middle of the globule is due to the chain rigidity with

respect to the tending, vhich is of the entropie nature. When the temperature

is lovered below this low temperature boundary, the globule takes its usual form

without the cavity (it must be kept in mind, however, that in reality the

persistent length i is also dependent on the temperature).

By substituting the equilibrium torus radii (5.1(1) in the formula (5.1*0)

we obtain the expression for the equilibrium value of the globular free energy,

from which it can be seen that under heating the toroidal globule transforms

into the coil state, the corresponding phase transition being of the I

order. For the temperature and the heat of the transition we obtain,

correspond ingly,

(5.1*3)

l/J.

It should be noted that the toroidal globule can be stable only if the

formation of the structural defect of the "loop" type (compare with the structures

A and B in the previous section} is improbable, (in the presence of this defect

two parts of the chain can twin round the torus cavity in the opposite directions).

Indeed, if such defects were possible, the following equalities would be valid:

+(x,u) = if (x,-u) = i|i(xj-{i) and in this case the first term of the conformations!

entropy (5.38) would turn into zero. From the physical point of view, this

fact means that due to these defects the cavity in the middle of the globule

is destroyed. The detailed analysis shows (see Ref.l6) that the formation

of the defects of this type is practically forbidden until

Lit «p (5.1*5)

So the inequality (5.1*5) is, as a matter of fact, the criterion of the small

globule for the persistent model. If this Inequality is satisfied (i.e. if

the nacromolecule is not too long;), the globular structure with the cavity in

the centre is formed, for longer chains this cavity is destroyed by the structural

defects.
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5.T Concluding remark

We see that in contrast to the ease of long maeromolecules the spatial

structure of the small globules depends essentially on the details of the chain

structure. The relative universality of the three-dimensional globular structure

of long maeromolecules and rather strong dependence of this structure on the

microscopic details for the shorter maeromolecules is apparently the general

characteristic feature of polymer globules. A more profound understanding of

thia feature wsijld probably be interesting for molecular biophysics.

VI. CONCLUSION

In conclusion, let us make some remarks concerning the correspondence

between the theoretical results obtained above and.the experimental data.

Quantitative experimental results in the field of lyotropic polymeric

liquid crystals are now available mainly for the solutions of completely stiff

maeromolecules [1,2,1*,6]. These results are in good qualitative agreement

with the conclusions of the Flory theory [9] and, thus, with the results of

Sec.II. ,To reveal the deviations from the Flory theory found in this paper,

more accurate and systematic measurements are needed.

The orientiational ordering in the solutions of semiflexible macromolecules

which was considered in SecJII is now poorly studied from the experimental

point of view. The direct measurements of the properties of the corresponding

liquid-crystalline transition are practically absent In the literature in spite

of the general interest to this problem.

Some experimental data [l»0]-[if2] show that the double-helix DSA nftcro-

moleculecules exist In the polyethyleneglycol solution in the so-called compact

form, which is very similar to the toroidal globule considered in See.V. The

electron microscopy photographs definitely show the existence of cavities in

the middle of the globules. Of course, to develop an adequate theory of the

compact form of DKA it is necessary to take into account some more refined

peculiarities of the system and, primarily, the role of polyethyleneglycol

(see recent works [U3]—[U5]). However, we emphasise that the fact of the

existence of the cavity In the middle of the globule is, apparently, the

fundamental consequence of the absence of the points of easy bending in the

polymer chain and so more refined theories must use as a starting point the

simple considerations of Subsee.5-6 of this paper.
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APPEHDIX

Intramolecular or i -enta t lonal order ing In the i ao t rop l c pha.se

The formation of the liquid-crystalline globule is alvays accompanied

by the significant orientational ordering of the segments. Nevertheless,

the orientational ordering is not always connected with the liquid-crystalline

phase, it exists also in the isotropic macromolecule (either in the coil or

in the globular state). This orientational ordering, which ie not liquid-

crystalline in its nature, is caused by the inhomogeneity of the density distri-

bution in the macrcmolecule; the effect of the inhomogeneous denisty distri-

bution is from a certain point of view analogous to the effect of the

external orientational field.

At first let us consider the orientational ordering in the isotropic

globule. Since the monomer density profile in this case has the form shown in

Fig.8a, the orientational ordering is most pronounced in the globular surface

layer, where the density gradient is maximal. However, it is natural to assume

that the corresponding non-liquid-crystalline anisotropy Is small, so that it is

possible to expand the angular dependence of the generalized density n(x,u)

in the Legendre polynomials and to keep only the term with the second polynomial

V

= C(t)
(A.I)

where r is the co-ordinate along the radius of the globule, B i s the angle

between u and x (the origin i s chosen in the centre of the globule), c(r)

is the spatial concentration of monomers anda(r ) is the parameter of the

orientational ordering defined in a usual vay [28](to be definite we shall

imply here and below that we are dealing with the model shown in Fig.TbK The

calculation based on the expansion of Eq,. (5.6) in the Legendre polynomials

leads to the following resul ts . The profile of the spatial concentration o(r)

coincides with one found in Ref.2U for the model of "beada" (aee Bi.(lt.l6) of

Ref.2lt and Pig.13a). As to the function 3 ( r ) , sl ightly below the 6 temperature

(where i t is enough to take into account only the second and the third v i r ia l

coefficients of the interaction of Bonomers, B and C) i t ie equal to

£z+az (A.2)
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For the persistent model ve oust put here a = 0 . It should be recalled that

in the centre of the globule B + 2 CcQ = 0 (compare with Eq.('>.3)). Taking

into account also the fact that I is negative below the 6 temperature, it is

easy to understand that the function s(r) has the form shown in Fig.13b.

These results show that in the surface layer of the isotropic globule

the segments are oriented mainly parallel to the surface (as in the liquid-

crystalline globule, although the corresponding order parameter is much smaller).

In both cases such a situation is due to the fact that if the chain enters

the surface layer, it must finally return back tc the globular core. Thus

it is natural that the function s(r) increases with the increase of the ratio

Now let us consider the orientational ordering in the isotropic coil

with the excluded volume (i.e. in the coil dissolved in the good solvent).

The surface anisotropy in the isotropic globule istas a matter of fact,due to

the fact that the globule is more dense than the Gaussian coil and so when the

chain enters the surface layer it has the tendency to return inside the globule.

In the swollen coil with the excluded volume it is natural to expect the

orientational ordering of the opposite sign - the segments must be oriented

mainly in the radial direction.

The degree of the orientational ordering in the swollen coil can be

estimated with the help of the Edwards equation (see Ref.2U)

(A.3)

which.plays for the coil3 the same role as Eq.(5.6) for the globules. In

Eq.(A.3) ZN(x,u) is the partition function of the N-link chain with the

beginning fixed at the origin and end monomer fixed at the point x and

oriented in the direction u. Of course, the application of- the self-consistent

theory of the Edwards type to the coils is not exact (for more details on this

point see Refs.2l| and 25), but i t can be used for the rough estimations.

The calculation based on the expansion of Eq.(A.3) in the Legendre

polynomials, which is completely analogous to the corresponding calculation for

the globular case, shows that the parameter of the orientational ordering

s ( r ) ~ NtT/r , i .e . at the typical distance r -» ( < R2 > )

s ~-»(p /N) . (A.If)

As was expected, s > 0, I.e. the segments axe oriented mainly along the radii.

We emphasise that the result (A.M Is valid only for the coil with the excluded

volume, i.e. for the case Nj»p [3U]; consequently, the orientational ordering

is weak: s << 1,
-50-
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FIGURE CAPTIONS

Fig.l a) Completely stiff raacromolecule; b) semiflexible freely-jointed

macromolecule; c) seniflexible persistent raacromoleeule.

FJR.2 T- C? phase diagram for the solution of rods obtained in Ref.9- I -

isotropic solution; II - anisotropic solution; III - phase spearation

region.

Fig.3 a) The area of contact is proportional to 1/sin y ; b) area of

contact is proportional to qd,

FiR.l* Phase diagram: coexistence curves in the high temperature and low

temperature limits.

FJR.5 Regions of the stability of homogeneous phases.

Fig-6 Phase diagram for the solution of semiflexible macroaolecules. I -

isotropic phase; II - anisotropic phase; III - phase separation

region. . Dotted line curves - phase diagram for the solution of

rigid rods with the same p (see Tig.2).

Fig.7 a) Model of "beads":polymer chain is represented as a long flexible

immaterial filament, on which interacting "beads" are strung, a -

mean square spatial distance betveen subsequent along the chain

"beads"; b) chain composed of rods connected by flexible spacers:

rods have the length I and the diameter d,p = Jt/d » 1, a is the

mean square distance between the ends of a flexible spacer;

c) flexible chain with the rod-like side groups: notations are the

same as in the previous case; d) persistent chain of width d and of

effective segment I , p = £/d >> 1.

Fig.8 a) Spatial distribution of the polymer volume fraction in the large

globule; b) field of orientations of the director of mesophase.

Fig.9 "Sheaf-like" small globule. Rods outside the "sheaf" form the

defects of the globular structure. Both the d*fectB of the "loop"

type (left) and of the "tail" type (right) are shown.
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Flfi.10 Two possible structures of the small globule for the model of Fig.7c.

Fig.11 Phase diagram for the maeromoleeule with the flexible main chain

and rod-like side groups.

Fig. IS? Toroidal small glotule for persistent macromolecule.

Fig.13 Functions c(r) and s(r) in the isotropic globule.
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