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ABSTRACT 
Transport of a charged particle beam through the new EN 
tandem accelerator installation at the Institute of Nuclear 
Sciences has been analysed using simplified mathematical 
models. The purpose is to identify the factors affecting 
transmission of the beam, and to arrive at a design for the 
system to inject the beam into the accelerator. 
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1. INTRODUCTION 
In order to be able to make rational decisions about the 

design and positioning of the beam handling equipment associated 
with the EN tandem accelerator currently being installed at 
INS, it is necessary to have some insight into the behaviour 
of a charged particle beam as it is transported from its point 
of origin, the ion source, to its destination, a target or 
detector. In this report beam transport theory is used to 
analyse the properties of the proposed accelerator system, 
and by consideration of particular criteria that the system 
should satisfy, recommendations are arrived at for a suitable 
design to meet those criteria. This report is not concerned 
with a description of beam transport theory as such, since 
this can be more appropriately obtained from the literature 
of the subject. However, for completeness an explanation of 
the notation used, and some basic concepts and derivations 
relevant to the work in hand are presented in the appendices. 

Throughout this work the simplest approach has been taken 
for modelling the various beam line components, and all 
calculations are first order only. Thus all lenses are treated 
as thin lenses, and accelerating tubes are treated as uniform 
field regions with simple aperture lenses. The results are 
thus valid to this degree only, and while specific values for 
dimensions, spacing and excitation voltages for the various 
optical components are given in the recommendations at the 
end, the calculations are not claimed to provide a quantita
tively accurate prediction of the beam behaviour through the 
system. Instead they are to be regarded as supplying a basis 
for design, with properties that should be a reasonable 
approximation to those of the "real" system finally constructed. 

While the primary aim of this report is to work towards 
a design for the transport system, it also has the secondary 
aim of attempting to provide some idea of the influences that 
can affect the beam during its progress towards the target. 
For an accelerator operator there are few experiences in life 
more frustrating or time-wasting than trying to locate a beam 
that mysteriously refuses to appear, or insists in going in a 



><I2 

A2 
A 

02 

Q3 

Qsi 

4 
QA2 

<I1 

A1 
A 
01 

Sputter Ion Source 

Accelerator 

4 
OA1 

1 r J — L , 4-4 
L2 L1 

A 
10 NIS 

Figure 1: Basic configuration planned for the INS tandem laboratory. N> 
Legend: 
NIS 
AO 
Al 
A2 
00, 01, 02 
10, II, 12 
U , 12 
QA1, QA2, 01...Q6 
SI, S2 
EA 

Duoplasmatron negative ion source 
Ion source inflection magnet 
Product 36 analysing magnet 
Product 52 analysing magnet 
Object slits of AO, Al, A2 
Image slits of AO, Al, A2 
Electrostatic lenses 
Magnetic quadrupole lenses 
Switching magnets 
Electrostatic analyser 



3 

different direction to that intended (" it was alright 
yesterday!")- All too often much of the problem stems from a 
complete lack of knowledge of how the system really works, and 
what the actual effects are of twiddling all those knobs so 
generously provided for our amusement. It is hoped that the 
analysis presented in this report, albeit over-simplified in 
detail, will go some way in increasing the understanding of 
what is going on. 

2. PRELIMINARY CONSIDERATIONS 
2.1 The basic tandem configuration 

The facility planned for the EN tandem accelerator includes 
a caesium sputter ion source, used as a source of negative 
heavy ions for investigations in the field of ultra-sensitive 
mass spectroscopy. Carbon, beryllium and chlorine are examples 
of elements currently intended to be accelerated. The beam 
from the source will be momentum-analysed by deflection in a 
90 analysing magnet, and then directed into the low-energy 
accelerator tube of the tandem. After charge stripping in the 
accelerator terminal, the resultant positive ion beam will be 
accelerated to the high energy exit of the accelerator, after 
which it will be deflected by either one of two 90° analysing 
magnets, one situated in the new tandem building, the other 
installed in the existing magnet room of the 3 MV accelerator. 
Both analysing magnets will be followed by three-way switching 
magnets which direct the beam to the required experiment. 
In addition, it is planned to utilise the existing duo-
plasmatron negative ion source supplied with the accelerator. 
It can supply beams of protons and deuterons, and also 
fluorine or nitrogen for hydrogen profile measurements. The 
basic configuration so described is shown schematically in 
Figure 1. 

2.2 Design criteria 
The most important requirement of a beam being transported 

through a tandem accelerator is that it should pass unimpeded 
through the stripper at the high voltage terminal. Stripping 
can be done either by passing the beam through a thin carbon 
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foil, or through a long, narrow canal containing gas at a 
suitable pressure. As far as the applications of the INS 
tandem are concerned, there are good arguments in favour of 
both systems, and it is likely that both gas and foil stripping 
will need to be available, depending on the particular 
measurement being done. Since passage through the gas 
stripper canal is the more stringent requirement, satisfying 
this requirement has been taken as a necessary condition on 
the beam transport calculations. The dimensions of the 
stripper canal have been assumed to be those stated in the 
High Voltage Engineering Corp. (HVEC) handbook of the EN, 
viz. 880 mm long and 3.2 mm radius. The special requirements 
of ultra-sensitive mass spectroscopy make it desirable to have 
a somewhat larger canal radius, so adopting the HVEC figures 
gives a safety margin based on a 'worst-case' situation. 
The margin is improved further by requiring the beam to be 
rather less than the assumed canal radius. Transmission 
through the canal is accomplished by arranging conditions so 
that the beam is focussed to a waist, i.e., a local minimum 
width, at the canal centre such that the width at the canal 
ends is less than the diameter of the canal. Since the beam 
shape is symmetrical about the waist position, satisfying 
conditions at the canal exit automatically satisfies them at 
the entrance, and vice versa. Once the beam has been 
specified at the stripper canal, the properties of the accel-
'erator tube determine the necessary beam parameters at the 
tube entrance, and it is the function of the injection optics 
to manipulate the beam from the source so that these parameters 
(divergence, width, etc.) take the appropriate values. 

The design of the injection system is subject to 
constraints apart from the requirement of satisfying the beam 
conditions for transmission through the stripper canal. 
Lenses and steerers must be electrostatic, not magnetic, in 
order to avoid mass dependent perturbations. The layout of 
the whole system must fit into the space available at the end 
and side of the accelerator room. The solutions obtained for 
matching the beam to the accelerator must be practical, 
i.e., excessively large beam diameters must be avoided, 
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optical elements must be located in physically accessible 
places, lens focal lengths and dimensions must be so related 
as to not require impractically high potentials, and these 
conditions must be satisfied over the range of terminal voltages 
supplied by the tandem. Some of the conditions are found to 
be contradictory, so some compromise is necessary. 

The actual operation of the injection optics depends 
strongly on the properties of the beam delivered by the ion 
source, and this is a cause of some uncertainty in the calcul
ations. The actual sputter ion source is still being developed 
in Auckland, and the complete assembly in which it will be 
incorporated is yet to be designed. The important parameters 
that are relevant to the present work are the beam emittance 
and energy. The energy has been set as 80 keV, but the 
emittance is still speculative. Since a value is necessary to 
enable the calculations to be performed, the approach has been 
to take a 'typical' value from the literature. The properties 
of various ion sources have been reviewed by Tykesson and 
summarised in ref. 1, from which the following table is 
extracted: 

Source Typical emittance 
(n mm.mrad.MeV^) 

Direct extraction 2 
Penning 4 
Charge exchange 2 
Sputter source 10-20 
Reflected source 4-7 
Inverted source 6 
Aarhus source 9 

For the present purposes the beam at the source assembly exit 
has been assumed to have an emittance of lOtr mm.mrad.MeV"* 
which corresponds to the lower end of the range quoted for 
sputter sources. 

Handling the beam on the high energy side of the 
accelerator presents fewer problems than the injection stage. 
The requirement of a waist at the stripper, plus the 
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'stiffening' of the beam caused by the acceleration, result in 
the high energy side being partially decoupled from the low 
energy side. The beam is required to pass through object slit 
01 of analysing magnet Al (see Figure 1), and from there is 
either deflected and focussed to image slit II or passed on to 
object slit 02, and thence to 12, S2, etc. The working 
assumption adopted when studying the beam behaviour is that 
even when magnet A2 is operating, slit 01 is still in place. 
It would certainly be convenient if 01 could be left undis
turbed while the beam is being analysed at A2, and it also 
means that the setting of quadrupole QA1 is independent of 
which target area is in use. There is, of course, no reason 
why the condition cannot be dispensed with if particular 
circumstances require it. A point that needs to be borne in 
mind is the requirement that the beam should pass through the 
restricted aperture of the switching magnets, particularly 
S2, which is situated approximately five metres from the exit 
of A2. The decoupling between the high and low energy sides 
of the accelerator is only partial, so possible configurations 
for the injection system were checked to ensure that they 
permitted transmission through the high energy beam lines to 
the exit of S2. 

3. BEAM TRANSPORT CALCULATIONS 
3.1 A little sourceiy 

Tracing the beam from the ion source through the 
accelerator encounters the difficulty mentioned above, that 
the source characteristics are at present unknown. Instead, 
what has been done is to define a beam waist at the object 
slit 00 of the inflection magnet, and follow the beam from 
this point. The beam is completely specified by its emittance, 
radius and energy at the waist and it will be a requirement 
of the actual ion source to supply a beam with the appropriate 
values of these parameters. In what follows the term "source" 
should be understood to refer to the beam waist at 00. 
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3.2 Transmission through the stripper canal 
Let the transfer matrix from the source to the centre of 

the stripper canal be written 
T. ss t 1 1 t 1 2 

*21 r22 
where the matrix elements are for the moment unspecified. 
The source is regarded as a beam waist (see previous section) 
and the beam matrix at the source has the form 

ell ° 0 1 1 e 22 
where e,, is the beam radius at the source and e- 2 is the 
maximum divergence angle. At the stripper canal the beam 
matrix is given by 

E = T E c ss s 

Jll hi *12 *22 3.1 
*21 ell x22 e22 

We require the beam to have a waist at this point and 
so (see Appendix A) 

2 2 
ell hi hi + e22 h 2 *22 " ° 3 # 2 

So the first condition to be satisfied by the elements 
of T s s is 

12 
21 

11 
!22 

2 t 11 
:22 

3.3 

The next requirement is that the waist should fit 
entirely into the stripper canal. 
Let b„ * beam radius at the canal centre c 

o » radius at the canal exit o 
r • radius of the canal 
£ • length of the canal 
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Then from 
b z = 
c 

eqn 3.1 

4- 2 
e22 

? 
^ 2 

» 5 - • ? , t^n •I" l 2 l ) 2 • e«« 22 < * « 
• 1 7 l22> 

2 

3.4 

3.5 

Combining eqns 3.2 and 3.5 gives 
K 2 « - 2 r*2 * * 2 » 2 -» * . 2 r*2 * t 2 t 2 i x R 
bO * Cll ( tll * 4" ^ P * C22 ( t12 * 4" *22 } 3 * 6 

Now, macrix T is the product of the transfer matrices of all 
the beam line components between the source and the centre of 
the stripper canal. Of these only the low energy accelerating 
tube imparts any nett axial acceleration to the beam, and it 
is shown in Appendix B that this results in the determinant 
of the accelerating tube matrix being equal to i- where 

(1 • jft1* 3.7 

q - particle charge 
E = kinetic energy at the tube entrance 
V = potential on the accelerator terminal. 

So we can write 
d c t Tss - X 

tll *22 " *21 *12 
3.8 

Equations 3.2 and 3.8 can be used to eliminate t,2
 a n o* 

t 0 1 from 3.6 and 3.4 with the result 
.2 

3.9 

'21 
hi . X bc 
l22 e i l 

h 2 - h 2

 + <-* ! n _ ! i 2 i 2 1 x in 
b

0 " b

c

 + ( i — x — ) rz 3 - 1 0 

bc 
So, given b , eqn 3.9 sets another condition on the elements 
0 f Ts: 
i.e., 
of T . Furthermore, transmission of the beam requires b < r, 



b 2 • C c v 
Jt ell e22^2 1 

• ) - = 7 < r" 3.11 

Equation 3.11 can be manipulated to give the limiting 
values between which b must lie for transmission. We find 

2 c 

that b must lie between the limits given by 
}c lim " T [1 ± A f

£ e l l e22.2 , 
1 X 2 > J 3.12 

Writing b = kr where k < 1, we can use 3.12 to set limiting 
values on k: 

1 . [1 . ( I1

 2

Z2)2]h < 2k 2 < 1 + [1 - ( U
 2

2 Z ) 2 ) h 3.13 
X r X r 

Some numerical values can be inserted at this point; for 
the EN £ s 3960 mm, r • 3.2 mm; take e., =0.5 mm, e 2 2 = 
0.022 radians, X * 7.1 which corresponds to V = 4000 keV and 
E„ - 80 keV. Then we find o 

0.066 < k < 0.998 
i.e. 0.21 < b_ < 3.2 mm 

c 
If k lies outside these limits the beam will intercept-

the walls of the stripper canal. The limits obtained seem 
quite wide, but it is not the whole story; it is necessary to 
consider the size of the beam at the entrance to the 
accelerator tube. To do this, note that from eqn 3.10, the 
beam matrix at the stripper canal centre is 

fkr 0 
ell e22 

XkT 
3.14 

Now, let A • accelerator tube transfer matrix and D • transfer 
matrix of the drift space from the tube exit to the canal 
centre. Then the beam matrix E, at the tube entrance is given 
by 

E. = (DA)" 1 E_ - A" 1"" 1 

I D *E. 
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Figure 2: Beam radius at the accelerator tube entrance as a function of the 
ratio k (see page 9). Radius at the source = 0.5 mm. 
Parameter X is defined by equation 3.7. 
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= X a22" a12 
" a21 al 

f 1 -d 
0 1 

kr 
0 ell e12 

XTF 
3.15 

Here, the factor X occurs as a result of inverting the tube 
matrix. For the EN accelerator, d = 600 mm. Carrying out 
the multiplication, 
entrance is found to be 

the beam radius bj at the accelerator 

bj = (Xkr a 2 2 )* • (!i^) 2 
( a22 d + a 1 2 ) 3.16 

For example, take e., =0.5 mm, e 2 2 ~ 0.022 radians, as 
before (these are realistic values for the system being 
considered); the matrix elements of A are known - see 
Appendix B. In Figure 2, bj calculated with these values is 
plotted as a function of k for X » 5.1, 7.1, 8.7 which, with 
E Q = 80 keV, correspond to terminal voltages V • 2000, 4000, 
6000 kV, respectively. The maximum usable aperture radius 
for the EN tube is about 15 mm, so Figure 2 shows that we 
should take k > 0.4. A good compromise would seem to be to 

1 2 r^ 
take k = JJ, so that b = -~-. Leaving this decision aside 
for the moment, eqn 3.9 can be written 

*22 ell 
5.17 

Equation 3.3 gave 
t 1L 
:21 e22 x22 

so that, after much travail, we have translated the conditions 
necessary for transmission through the stripper canal into 
conditions that must be satisfied by the transfer matrix T ss' 
3.3 Construction of the source-stripper matrix 

Components contributing to the matrix T are the 
inflection magnet, lenses and the low energy accelerating tube, 
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together with the drift spaces between the components. The 
constraints on T represented by eqns 3.3 and 3.17 are inde
pendent, so in general two free parameters need to be 
available to satisfy them, and the simplest way of doing this 
is to have two lenses of variable focal length before the 
accelerating tube. The problem of constructing the matrix 
elements can then be reduced to the problem of determining the 
appropriate focal lengths for a given configuration of 
components. 

Let the transfer matrix from the source to the first lens 
be denoted by U, comprising the drift space to the inflection 
magnet, the magnet itself, and the drift space to the first 
lens, with matrix L,. Similarly, let the transfer matrix 
from the second lens L 2 to the centre of the stripper canal 
be denoted by V, comprising the drift space to the accelerating 
tube, the tube, and the drift space to the centre of the 
canal. The source-stripper matrix is then T = V L, D L U . 

Writing out the matrices, this is 

ss v 1 1 v 1 2 
v21 v22 
i 

(1 0| [1 d| f 1 0' 
-\ 1 0 1 -I 1 

u u. 11 "12 
"21 u22 3.18 

where f,, f, are the lens focal lengths, d is the distance 
between the lenses. The u.., v.. and d are regarded as kn 
quantities for a given configuration, only f, and f, are 
undetermined. When the matrices are multiplied out it is 
found that the elements of T all have the form 

b. . c . 
+ -¥• + -¥-t . . a ij 

d. . 
2 fl*2 

where the coefficients a.. ... are functions of known 
quantities. 

kr 2 el1 2 
If we now write X( —- ) » y, and -(-±±)* y. = vu 'ir 22 

then from eqns 3.3 and 3.17 we obtain 
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all *1 [l * bll [l * Cll *1 * dll _ y 3 i g 

a22 *"l *2 + b22 f2 + C22 fl + d22 * 

a12 fl f2 * b12 f2 * C12 fl * d12 , - ? n 

a21 ±1 ±2 + b21 *2 + C21 *l + d21 = " 2 

These equations can be further manipulated to produce a 
quadratic equation for, say, f,, which has two solutions. 
Then f~ is obtained by back-substitution of the values of f,. 
As a result, we have calculated the focal lengths necessary 
to focus the beam through the stripper, as functions of the 
size and spacings of the components, and of the terminal 
potential and injection energy, through the parameter X. 
Since finding the focal lengths involves solving a quadratic 
equation, the possibility exists that the equation will have 
no real roots. Should this occur (and it can!) it means that 
the combination of the given configuration with the value of 
X being used is such that it is not possible to find real 
values of f, and f 2 that satisfy equns 3.3 and 3.17 simultan
eously, i.e., it is not possible to transmit the entire beam. 
When the quadratic can be solved, we have two pairs of solutions 
for the focal lengths f, and f 2. One pair corresponds to 
the occurrence of a beam waist, or crossover, between the 
lenses, the other to the situation in which there is no such 
waist. In general, the latter pair is preferable for adoption, 
since it involves longer focal lengths, and hence less 
powerful lenses, than in the case when an intermediate waist 
is formed. 

4. THE ELECTROSTATIC LENSES 
4.1 Positioning the lenses 

The location of the lens immediately preceding the 
accelerator (L2 in Figure 1) is the more critical of the two, 
and at the same time is the more tightly constrained. The 
distance from the entrance of the accelerator tube to the 
outside of the low energy baseplate is about 670 mm, and. since 
the physical lens must have some extension in the axial 
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direction, the closest practical distance it can be placed to 
the tube is about 800 mm. 

However, the function of this lens is to form a waist 
before the tube entrance of the appropriate size and position 
to allow the beam to pass through the stripper canal, and the 
waist position is a function of the terminal voltage (more 
precisely, of the parameter X). To avoid having to change 
the polarity of the lens supply over the accelerator voltage 
range the lens should be further back than the greatest waist 
distance to be encountered. On the other hand, drawing the 
lens back increases the width of the beam at large values of A, 
necessitating a large lens and a correspondingly large power 
supply requirement. The situation is summarised in Figure 3, 
in which is plotted the radius, as a function of distance 
from the tube entrance, of the beam that is focussed to give 
a waist of 2.3 mm radius at the stripper canal. In Figure 3 
the beam radius at the source was assumed to be 0.5 mm; 
Figure 4 is a similar plot, with the radius at the source set 
to 1 mm. 

Both figures indicate that it is undesirable to set the 
lens further than about 1000 mm from the tube entrance. 
Although this distance results in some loss of transmission 
at the lowest energies considered (approximately 2000 kV 
terminal voltage), the rapidly increasing beam width at higher 
energies places severe requirements on the lens design, 
bearing in mind the rule-of-thumb which states that the lens 
radius should be at least three times the largest beam radius 
likely to be encountered. For design purposes, therefore, 
the position of lens L2 is set at 1000 mm before the accel
erator tube, corresponding to about 330 mm before the low 
energy base plate. 

The position of the first lens, LI, and the inflection 
magnet with respect to L2 can be found by a process of trial 
and error, computing the focal lengths and beam envelopes as 
a function of position until a suitable combination is 
arrived at. In this way it is found that setting LI 1200 mm 
before L2 and the inflection magnet exit 1300 mm away from 
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LI produces the desired characteristics, leaving room to 
insert pump connections, gate valves, beam monitoring equipment, 
etc., in the line. 

With these distances fixed, the lens focal lengths can 
be calculated as functions of the terminal voltage, for a 
given injection energy. The result is shown in Figure 5, 
which applies to the situation where the beam radius at the 
source is 0.5 mm, and is 2.3 mm at the stripper canal. The 
figure shows the focal length for both lenses to be double 
valued, as explained in section 3.3 The lower arm of each 
curve corresponds to the situation of a waist between the 
lenses; these values should be avoided in actual use. 

4.2 Realisation of the lenses 
Figure 5 shows that the lenses will need to focus down 

to about 250 mm, while Figures 3 and 4 indicate that beams 
up to 20 mm radius are likely at L2. If we adopt the rule-of-
thumb for lens apertures mentioned above this means that the 
radius of L2 cannot be less than 60 mm if serious aberrations 
at high terminal voltages are to be avoided. 

If L2 is considered as a three-element einzel lens, we 
need to know what potential is needed on the central 
electrode to enable the lens to meet the requirements placed 
on it. The characteristics of such lenses have been tabulated 
by Harting and Read ' and from their figures, the potential 
required for a 60 mm einzel lens with a focal length of 
250 mm is about 64 kV, while at the other end of the range, a focal 
length of 550 mm requires about 50 kV. These are quite high 
potentials, and it is worth considering alternative solutions. 
One such is the gridded lens, which can be regarded as an 

9-111 einzel lens with the central cylinder replaced by a grid ' . 
The characteristics of this device are not as readily 
available as for the einzel lens, but a simplified analysis 
is given in Appendix C which demonstrates the first order 
properties. From the relation between focal length and grid 
potential presented in Appendix C the focal length range 
shown in Figure 5 requires potentials between 14 and 36 kV, 
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assuming a radius of 60 mm. Directing attention to the first, 
LI, it has to focus a beam with a radius of up to 10 mm (see 
below), so it is possible to use a smaller lens than L2, say 
with radius 30 mm. The focal length range to be covered is 
about the same as for L2 and an einzel is found to require 
over 50 kV, whereas a gridded lens requires just under 20 kV. 
Under the circumstances, it seems desirable to employ 
gridded lenses for both LI and L2. 

5. TRANSMISSION THROUGH THE INFLECTION MAGNET 
The inflection magnet to be used with the sputter ion 

source is a 90 double focussing magnet, radius of curvature 
465 mm, with the conjugate object and image planes for 
stigmatic focussing 930 mm from the pole entrance and exit, 
respectively. The dimensions of the poles are such that the 
maximum usable aperture for the magnet chamber will be about 
40 mm wide in the horizontal (x-z) plane and 30 mm wide in 
the vertical (y-z) plane, assuming the chamber fills the 
entire pole width in the horizontal plane. 

Stigmatic transfer of the beam calls for a reasonably 
narrow waist to be formed 930 mm before the magnet entrance, 
resulting in a similar waist 930 mm beyond the exit. The 
assumption of a normalised emittance of 10 IT mm.mrad.MeV* 
and an injection energy of 80 keV results in a local beam 
emittance of 35.4 mm.mrad before the magnet. A waist radius 
of 0.5 mm results in the beam filling a solid angle of 
approximately 16 milli-steradian, whereas the aperture presents 
a solid angle of 1.4 milli-steradian, corresponding to a 
transmission of 91 through the magnet. Because of the beam 
density being greater near the axis, the transmission will 
probably be nearer 121, but it is still severely limited by 
the magnet. Increasing the waist radius to 1 mm improves 
the transmission four-fold, although Figures 3 and 4 show how 
increasing the beam width at the inflection magnet causes a 
large increase in width at the lenses and accelerating tube. 
It would appear that the inflection magnet aperture is going 
to be a major limitation on the overall transmission of the 
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system. It is important to realise that the fundamental 
cause of the problem is not the size of the magnet chamber. 
It is possible to transmit the entire beam by adjusting for a 
wider waist before the magnet, but this simply transfers the 
problem somewhere else. The real limitation is the value of 
the normalised emittance adopted, which is justified in 
section 2.2. Should this value prove to be an over-estimate, 
i.e., the ion source produces a lower emittance beam, then the 
transmission will be correspondingly improved, in fact it 
should vary as -» where e is the emittance. However, should 
the emittance be significantly greater than the value used, 
then difficulties could be encountered. Such a situation 
could entail a radical redesign of the entire beam transport 
system, including the high energy side, and this does not 
bear contemplation unless circumstances are shown to demand 
it. 

6. HIGH ENERGY OPTICS 
Positioning the beam handling elements in the high 

energy side is straight-forward, and is effectively determined 
by the established position of the analysing magnets and the 
accelerator within the building. Referring to Figure 1, 
quadrupole QAl is situated immediately after the accelerator 
base plate. Quadrupole QA2 is mounted mid-way between slits 
01 and 02 so as to transfer the beam from the first magnet 
entrance to the second with unit magnification. Transmission 
through the switching magnets should not cause difficulty, 
provided that the source beam radius is kept reasonably small, 
as discussed in the previous section. Spacingsassumed between 
the beam line components are as follows: 

QAl to 01 4.7 metres 
QAl to QA2 10.6 " 
QA2 to 02 6.4 " 
12 to S2 3.2 " 

With flight paths of these magnitudes, a point to be 
borne in mind is the effect of the geomagnetic field. An 
order-of-magnitude estimate of the displacement resulting 
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from the field is given by the formula 

d _ * 2 

where z is the distance travelled, p is the radius of 
curvature in the earth's field and d is the resulting displace
ment of the beam. If we take the strength of the field as 
about 5 x 10" Tesla, then p will be given by 

p = 2880 ( M E ) metre 
Z 

where M is the particle mass number, E the energy in MeV and 
Z the charge state. Now take M = 1 2 , E = 1 3 MeV and Z = 4; 
over the distance from QA1 to 01 the displacement comes to 
1.2 mm, which is of the order of the expected beam radius at 
0l. From QA1 to QA2 the displacement is 6.6 mm, so that this 
effect alone makes the provision of beam steering in the high 
energy line a necessity. 

7. RECOMMENDATIONS AND CONCLUSION 
The results of the analysis and calculations presented in 

this report can be brought together in the form of a recommended 
configuration for the injection system of the EN tandem. This 
is shown diagramatically in Figure 6. The inflection magnet 
is placed with its exit plane 3500 mm from the entrance to 
the accelerator tube, i.e., 2830 mm from the low energy base
plate. The beam is to be focussed by two electrostatic 
lenses, the first situated 1300 mm from the inflection magnet 
exit, the second placed 1200 mm beyond the first. Note that 
these distances are measured from the centre of the lenses. 
The space between the lenses is sufficient to accommodate the 
low energy beam monitoring cup and TM pump flange, together 
with two pneumatic gate valves to isolate eithe- the ion 
source or accelerator vacuum systems. Figure 6 shows provision 
for vertical and horizontal steerers installed between lens 
L2 and the accelerator base plate. It is felt that such a 
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Figure 6: Recommended configuration of the low energy injection system, 
the axial scale has significance. Transverse dimensions are 
illustrative only. 

Only 
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facility is essential, particularly since the accelerator is 
fitted with inclined field tubes. Since it appears that a 
large part of beam displacement at the stripper arises from 
the accelerator tube optics , the logical place for the 
steering correction is after the injection lenses. Precise 
axial location of the beam within the injection system can 
be achieved by careful mechanical alignment together with 
steering before the inflection magnet. The steerers shown 
after L2 will need to be of compact design, since the space 
to accommodate them is limited. Nevertheless, even with 
electrodes 100 mm long calculations indicate that displace
ments at the terminal of up to 10 mm should be possible with 
voltage supplies capable of delivering ± 2 kV. 

There is a case for having a diaphragm to prevent 
particles that are at large displacements from the axis from 
entering the accelerator tube. The most suitable place for 
such a diaphragm is either right at the entrance of the tube, 
which is probably not desirable, at least in the early stages 
of running the accelerator, or as near as possible to L2. 
This is because the beam is at its widest near the lens and 
a suitably proportioned diaphragm is then most effective in 
stopping particles with large divergence angles. An adjustable 
aperture would be ideal, but it is difficult to see how this 
can be fitted in the available space. A simpler solution is 
to incorporate a fixed aperture of radius - 20 mm in the 
exit plane of L2. 

The recommended design for the electrostatic lenses is 
the gridded lens of the type fitted to the Auckland University 
accelerator ^ (see Appendix C). Lens 12 
has an aperture of 60 mm. If the length of each grounded 
cylinder is made equal to the radius, then the graph of focal 
length vs grid potential in Appendix C will underestimate the 
required voltages somewhat. The power supply for L2 should 
be capable of delivering at least +40 kV. Current load will 
be low; the gTid should not draw more than one or two micro-
amps at the most. Lens LI is required to handle beams of 
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essentially fixed radius which should not exceed 10 nun, so 
it can be of smaller aperture, say 30 mm radius. Voltage 
requirements for this lens„.are up to +25 kV. 

In the calculation of the optical properties of the 
accelerator tube, the entrance lens was described by the 

121 simple Davisson-Calbick formula . However, the design of 
the first few electrodes of the H.V.E.C. tubes tends to 
weaken the effect of this lens slightly. In this case, actual 
experience may show that improved characteristics are obtained 
if lens L2 is moved slightly back from the accelerator tube. 
About 200 mm of free space is available between L2 and the 
vacuum system gate valve should shifting the lens be contem
plated. 

It seems highly desirable to be able to monitor the 
position and size of the beam in the injection system. A 
suitable monitoring point is the waist formed by the inflection 
magnet, just before LI. Since it is anticipated that this 
waist will be quite narrow, a device such as a beam profile 
monitor of the N.E.C. type would appear appropriate here. 
There is ample room between LI and the end of the inflection 
magnet vacuum chamber to install such a unit. 

Figure 7 shows a series of beam envelopes calculated for 
the configuration just described, including the envelopes in 
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the high energy line through magnets A2 and S2. It should 
be noted that the envelopes in A2 and S2 reflect a 'worst 
case' situation. This is because the calculations were set 
to produce a waist at object slit 02 of the magnet A2. The 
transfer characteristics of the beam through the magnet cause 
the waist in the image space to be shifted closer to the 
magnet, and its width is correspondingly reduced. The 
result is that the beam divergence from the magnet is 
increased. In actual operation, one would adjust lens QA2 
to shift the image waist out to slit 12, making it wider, and 
so obtaining a narrower beam for transmission through the 
switching magnet. 
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Figure 7a: Computed beam envelope for the configuration shown in Fig. 6. Ordinate X refers to 
the horizontal plane, i.e., magnet bending plane; Y refers to the vertical plane. 
Magnet aperture 40 x 30 mm (X x Y); source radius 0.5 mm; canal waist radius 3.0 mm; 
terminal potential 2200 kV. 
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Figure 7b: Similar to 7a, except canal waist radius 2.3 mm; terminal potential 4000 JcV. 
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Figure 7c: Terminal potential 6000 kV. 
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Figure 7d: High energy beam envelope corresponding to Figure 7a. 

• • 



• * 

•10mm 

QA1 01 QA2 02 12 

Figure 7e: High energy beam envelope corresponding to Figure 7b. 
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APPENDIX A 
Basic concepts of beam transport theory 

1) Transfer matrices and ray vectors -
When studying the behaviour of a ray, or particle tra

jectory, through an optical system in the paraxial approxi
mation it is customary to specify it with respect to an axis 
of symmetry of the system, or perhaps to some particular ray 
chosen as a reference axis. At any point along the axis, 
then, a ray can be specified by its displacement from, and 
its slope with respect to, the axis. In a cylindrically 
symmetric system the ray can thus be represented by a vector 
R where 

R e (*,) r ' = dT * I n m a n y systems, e.g., 

bending magnets and quadrupoles, the motion is resolved into 
the orthogonal x-z and y-z planes, and the projection on the 
x-z plane is given by Rx = (*,) and similarly Ry = (^,). 

x y 
An optical device is represented by a matrix, called 

the transfer matrix, which relates the ray vector at the 
entrance to the device to the vector at the exit. Let Ro be the 
ray at the entrance, T the transfer matrix and R^ the vector 
at the exit. 

Then R x • TRo A.1.1 

= [ t i i *12l M t21 t 2 2 
J M 

The first order optical properties of the device are 
completely specified by the transfer matrix; if the matrix 
is known then the effect of the device on a beam can easily 
be deduced. Note that the matrix representation treats the 
device as a "black box" in that the behaviour of the beam 
within the device is not specified, but must be obtained by a 
more detailed analysis. Common examples of transfer matrices 
are: 
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i) Field-free drift space of length d 
T = f1 d1 A.1.3 

ii) Thin lens, focal length f 
A.1.4 

iii) Quadrupole singlet, length Jt, strength parameter 8 

T = 

T = 

f e!!!. I S i n e ^Sine C O S Q 1 * n t n e converging plane 

f ?>sh9 feW 
I 3 1 * * 8 Co.h6 in the diverging plane 

A.1.5 

2) Phase space -
The main concern in beam transport theory is generally 

not the behaviour of individual rays, or trajectories, but 
rather the development of the entire collection of trajec
tories comprising the beam at successive points along the axis 
of the system. 1o obtain a convenient representation of the 
beam note that at any given point along the axis the trajec
tories of all particles passing that point can be represented 
by their displacement from the axis and their inclination to 
the axis. If we define orthogonal x and y axes, each trajec
tory can be represented '•••' the four coordinates (x,xf,y,y')f 
and the beam is represented by the volume of 4-dimensional 
phase-space occupied by the points corresponding to the 
trajectories. A 2-dimensional representation of the beam is 
obtained by projecting this volume onto the x-x' or y-y' 
planes. The figures so obtained for a real beam are generally 
elliptical in shape, and for purposes of calculation they are 
conventionally treated as exactly elliptical. Changes in thr 
beam profile as it progresses through the system can then be 
interpreted as transformations of the corresponding phase 
ellipses. Figure Al shows the effect on the phase ellipse as 
a beam drifts through a field-free region; in such a region 
trajectories are straight lines and over a drift distance z the 
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beam parameters transform as x, = x Q + zx 0 

•*• = x ' Aj Ao 

This transformation results in the phase ellipse being 
sheared parallel to the x axis, with the points (-x,o) and 
C+x,o) remaining fixed. . 

Figure A.l: Phase space ellipse at two points along the axis. 
Arrows show the direction of shear. 

The beam width in the x plane is given by the maximum projec
tion on the x axis, which can be obtained from the geometrical 
properties of the ellipse. A result of Liouville's Theorem 
in statistical mechanics is that the area of the phase ellipse 
remains constant provided that the beam is not accelerated 
along the z axis, and it can be shown that the transformation 
illustrated in figure Al leaves the area constant. 

3) Beam emittance -
The quantity termed the emittance of the beam summarises 

its geometrical properties, and is given by the area of the 
phase-space figure. The emittance in the x-x' plane, c x, is 
defined as 

e x = |- fdx dx' A.2.1 

e x is expressed in units such as cm. radians or mm.mrad. 
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Figure A.2: Transmission of rays through a device with entrance 
and exit aperture radii of r, and x^, respectively. 

Figure A.3: Acceptance diagram of the device shown in Figure A.2. 
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From Liouville's Theorem, the emittance so defined is a 
constant, provided the beam is not accelerated. The reason 
for the qualification is that x and x' are not canonically 
conjugate variables. For complete invariance we should use 
the transverse momentum p instead of x'. However, x' is the 
more convenient form, being purely geometric, so we satisfy 
Liouville's Theorem by defining a normalised emittance e , 
given by 

E* 
£ X = 7T dx dx' A.2.2 

where E = kinetic energy of the particle. The quantity 
* * 

e (and the corresponding y-y' emittance e ) is now a true 
x y * 

constant of the beam. Conventional units for e are mm.mrad.MeV 
A form that frequently occurs in the literature expresses 
emittance as so many TT mm.mrad.MeV . The numerical value in 
these units is the normalised emittance as defined in A.2.2, 
while the complete expression gives the area of the phase space 
ellipse. The normalised emittance is an important parameter 
since it characterises a beam throughout the entire system 
where axial accelerations may occur. However, at any given 
point in the system we need to work with the emittance as 
defined by A.2.1, which could be called the "local emittance", 
given by 

* 
A.2.3 

e 

4) Acceptance -
Related to the emittance, which is a property of the beam, 

is the acceptance, which is a property of each device that 
the beam enters or traverses, e.g., xenses, magnets, accele
rators, lengths of tubing, etc. 
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The concept is illustrated in figure A.2, which shows a 
device that is required to transmit the beam from left to 
right. Let the aperture at the entrance have radius r, , and 
the exit radius be r 2* 
entrance and exit planes is 

The transfer matrix between the 
1 

til t12 
*21 t22 

, and typical ray 

vectors at the entrance and exit are x l and 

where *2 [£ %] [3] 
M 
*2J 

, respectively, 

For a ray to enter the device, we must have 

" rl < xl < rl 

and for it to be able to pass through the exit 

•r2 <x2 <r2 

where x2 = tll xl + t12 xl 

With x, = r,, inserting A.4.3 into A.4.2 gives 

t l l r l ' l 2 , tll rl + r2 
* x <xi < V. -"12 12 

A.4.1 

A.4.2 

A.4.3 

A.4.4 

Expressions A.4.1 and A.4.4 give the limiting values on 
x, and xi in order for the ray to enter the device and emerge 
at the exit, and are shown plotted in the x-x' plane in 
figure A.3. 
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All rays represented by points lying within the 
parallelogram will be transmitted through the device. The 
acceptance of the device is defined as the area of the para
llelogram divided by »; i.e., u dx dx» A.4.5 

From figure A.3, it is easy to see that the area is 
given by 

4 r l r 2 Area = — = — - A. 4.6 
1*12" 

By comparison with figure A.l it can be seen that for a beam 
to be transmitted without attenuation it is necessary that 
its emittance diagram lies completely within the acceptance 
diagram of the device, in both the x-x' and y-y' planes. 
Clearly this requires z <Ax and e <Ay, but while these 

x y 
conditions are necessary, they are not sufficient; the 
emittance diagram must also be suitably transformed so that it 
does not exceed the boundaries of the acceptance. This is the 
process of matching a beam to a particular device. 

Equation A.14 gives the area of the acceptance diagram 
obtained as a parallelogram. For matching to beams with 
elliptical emittance diagrams, it is customary to replace the 
acceptance parallelogram by an ellipse with area T 1 2 and 
acceptance A - V 2 6) A c c e p t a n c e i s m c asured ' ^ 

rizl 
in the same units as emittance. 

5) Matrix representation of the beam -
The formalism used in the body of this Teport for 

handling emittance ellipses is that due to Larson ) and the 
basic ideas are outlined in this section. 

An ellipsf: in the x-x' plane can be represented by the 
parametric equations 

x » e, j Sin* • e, 2 Cos* 
x» * c 2 1 Sin* + e 2 2 Cos* A.5.1 
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As <f> varies from 0 to 2TT, the point (x,x') describes an 
ellipse centred on the origin. Eliminating $ from A.5.1 gives 

e22 + e2l 2 2 ( e l l e 2 1 + e 1 2 e 2 2 ) 
2 2 11 12 2 xy + 1 X
 7

1 Z y = 1 

A.5.2 
where D = ell e22" e12 e21 

2 2 
This has the form Ax + 2mxy + ny = 1 , which describes 

an ellipse with semi-major and minor axes a, b, given by 
a = [- rl • 2 TT1 

£+n+[(*-nr+4m ] * 
b = [ *-2—rtfh 

A.5.3 

A.5.4 

The major axis is inclined to the x axis by angle ty 
2m where Tan 2i|» = 

and 
2 2 

e21 + e22 
l-n 

m = -
ell e21 + e12 e22 

D D* 
The area of the ellipse is 

n = 

2 ^2 
e l l + e 1 2 

A. 5.5 

A.5.6 

Tt 
Area = irab = TTTZJ^ I *n - m j A.5.7 

A.5.8 

Writing A.5.1 in matrix form, 

e 2 1 e 2 2 
Sin*] 
Cos<J>J = E* A.5.9 

Comparison with A.5.8 shows that in this form, the 
emittance of the beam represented by A.5.1 is just the deter
minant of the matrix E : 

e • det E • D A.5.10 
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Now the parameter $ in A.5.9 specifies a particular point 
on the emittance ellipse which is of no particular interest. 
What is of interest is the size and orientation of the figure, 
and this information is all contained in the matrix E. 
Writing the ray vector ( ,) as R, then operating on R with a 
transfer matrix T, we obtain 

R x = TR = TE$ = Ej* A.5.11 

This means that the same transfer matrix formalism that trans
forms the ray vectors in geometrical optics also transforms 
the emittance ellipse described by the matrix E. For example, 
the result of a beam drifting through a distance z is given 
by the matrix equation 

El -
fl 
0 ] fe 1 1 e 1 2' J (e21 e22 

A.5.12 

Other important results which can be derived from eqn. A.5.2 
and are stated here are; 
1) the condition for matrix E to represent a waist in the 

beam is eli e21 + e22 e12 = ^ A.5.13 
2) the %-width of the beam, which is the maximum projection 

of the emittance ellipse on the x-axis, is given by 

3) at a waist, it is possible to write E in the form 
0 1 E = ell 

0 1 1 e 22 

A.5.14 

A.5.15 

Here, e,, is the '-s-width at the waist, e~ 2 is the maximum 
divergence angle of the beam. From A.5.10 the local emittance 
is e * 611622- This illustrates that, all things being 
equal, a narrow waist means a strongly divergent beam, and 
conversely, small divergence means a large waist diameter. 



B1 

APPENDIX B 
Transfer matrix of an accelerating tube 

The assumption is that the tube imparts a uniform accel
eration along the axis only; transverse velocity components 
are not altered. The effect of the fringing field at the 
tube entrance and exit is to produce a focussing action, which 

12 is described by the formula of Davisson and Calbick ). 
Let the length of the tube = I, voltage across the tube 

= V. Define a coordinate system with the z axis along the 
tube axis; because of cylindrical symmetry the orientation of 
the orthogonal x and y axes is arbitrary. 

The equation of motion of a charged particle in the tube 
is 7 

• * - r - ¥ B - 1 

dt' l 

where m,q = particle mass, charge. 
Write jr • v , then the transformation from t to z is 
, d dz d d given by ^ = ^ ^ = v z ĵ -

S o v x " v z oT " v z x ' B ' 2 

Eqn B.l can now be solved to give 
2 2 A 2qV z V = v + T • -sr z o m a 

where v, = v„ at the tube entrance, o z 
v x 

Also, x* * ~ from B.2 

B.3 

vz 
x' 

Cl-F * T>* 
B.4 

o 
vx 2 where x' « -̂ - and E„ = *simr is the kinetic energy at o v o o 

the tube entrance. Integration of B.4 gives 
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2E 
x = x + 

o q\ 
°- x« it [{!+¥• ' * ) * -1] zA B.5 

Equation B.5 gives the trajectory of the particle in the tube, 
At z - fc, put x = x., x' = xj, then B.4 and B.5 can be written 
in the matrix form 

ri 2 * i 

A 
w 

E o 
s 

B.6 

The effect of the entrance and exit lenses must now be 
considered. The focal length, f , of the entrance lens 

12 obtained from the Davisson-Calbiclf ) formula is 
4E * 

fo = o 4Jt B.7 

At the exit, the particle energy has increased to E +qv 
so the focal length f^ is 

4* 
f * = q^ (E +qV) o 

4AX2 

B.8 

The sign is negative, since the action of the fringing field 
at the exit is to defocus the beam. 

Including the lenses, the complete transfer matrix of 
the accelerating tube is given by 

X+T 1 1 
1 n 

0\ 
1 1 

X 

1 
1 T7 1 

3-A 11 
x+r 

3(1-A)(A2-1) 3 X _ 1 

B.9 

8X I IV 
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Elkind ) shows that a more accurate treatment of the entrance 
lens is obtained by introducing a factor that weakens the lens 
slightly. This way, equation B.7 is replaced by 

x _ 4nl *o " 7Z~ B.10 

where n Z 1 

Carrying the calculation through modifies the form of the 
transfer matrix to 

T = 
n • 2 n - A 

1) 

2* 
A?T 
3A-1 

2 * ' 
tt< 

2n 
• 2 n - 3 A ) U 2 - 1) 

2* 
A?T 
3A-1 

2 * ' 8n\ za 

2* 
A?T 
3A-1 

2 * ' 

B.ll 

An important feature of equation B.9 is that the determinant 
of the transfer matrix is detT = T-. This is a consequence of 
Liouville's Theorem as indicated in Appendix A, and reflects 
the fact that the particles are undergoing axial acceleration, 
while their trajectories are described in terms of x and x', 
which are not canonically conjugate variables. 

The same considerations apply to the high energy accele
ration tube of a tandem accelerator. If the beam is injected 
with kinetic energy E , and the terminal voltage is V volts, 
then the energy at the terminal will be E„ + q. V, where q„ is 

*" 0 U U 
the charge of the particle at injection. In the terminal the 
charge is changed by stripping to q^. From eqn B.6 we can 
write A u * (l+SHl)\ Then a similar quantity, A,, can be 
defined for the fiigh energy tube: 

B.12 

where 

(1 

E 
0 * v 

»2 E o B.13 
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Substitution in B.12 results in 

B.14 Xd -
f 1 + ̂ l ^ 

q. X- **u u 

So acceleration through the high energy tube can be described 
in terms of the injection energy, and the charge state after 
stripping. Note that q, and q can be regarded as unsigned 
quantities since, from the point of view of the accelerating 
fields q , q, and V have the same relative sign going up and 
down. The transfer matrix for the high energy tube can be 
obtained from B.9 by substituting X, for X (assuming I is the 
same in both cases). From the beam's point of view the 
terminal constitutes a drift space of length S (for the EN, 
S = 1200 mm), so if the transfer matrices for the low energy 
tube, terminal and high energy tube are written as T , S, T,, 
respectively, the transfer matrix T. for the entire accele
rator is just 

T A = T d S T u B.15 

with determinant detT- = v. v B.16 

Effect of acceleration on beam emittance -
Let B = the beam matrix at the entrance to the accele-o 

rator, as described in Appendix A. Then the beam at the 
accelerator exit is described by the matrix B., given by 

B. « T. B^ B.17 
A A o 

The beam emittance at the accelerator entrance is given by 
detB , and so the emittance at the exit will be o 

detB 
detB. » . , ° B.18 A Vd 

i.e., the beam emittance is substantially reduced by accele
ration. On the other hand, eqn B.14 shows that the different 
charge constituents of the outcoming beam will have slightly 
different omittances. 
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Appendix C 
The gridded electrostatic lens -
The lens consists of two coaxial cylinders separated by a small 
gap in which is mounted a grid, held at a high potential with 
respect to the cylinders (Figure C.l). 
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Figure C.l: The gridded electrostatic lens. 

To obtain a simplified analysis of the properties of such a 
lens, treat the grid as a continuous conducting membrane 
transparent to the beam, and regard the gap between the cylinders 
as negligibly small so that the grid is effectively at the 
inner ends of the cylinders, but insulated from them. Let the 
grid be at potential V, and the cylinders at ground potential. 
Mirror symmetry about the grid means that the field distribution 
needs to be obtained for only one cylinder. Define a cylindrical 
coordinate system (p,<|>,z) where z is measured along the 
cylinder axis away from the grid. The system is cylindrically 
symmetric, and space charge effects are ignored, so the 
potential distribution V(p,<J>,z) is given by Laplaces's equation 
in the form 

'2*-U w 3z 
C.l 

Separating the variables, write 
V - R(p)ZCz) 
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Substitution in C.l leads to the solution 
V = ( A i e

n Z + A 2 e" n z)(A 3J o(np) + A 4N 0(np)) C.2 

wheTe the A's and n are constants. Boundary conditions to be 
satisfied by C.2 are: 

V = 0 a t p = r l ) r = cylinder radius 
V finite at p= 0 2) 
V = Vj at z = 0 3) 
V -*0 as z -+ oo 4) 

Condition 2) requires A- = 0 
Condition 1) requires A-J (nr) = 0 

T , .* A . . 2.405 5.520 i.e. J 0 ( n r ) " °» giving n = '^ • , -^—, 

Condition 4) requires A, = 0 

Writing A-A- = A, we now have 
V = A e ~ n z J (n p) o C.3 

With the potential in this form condition 3) cannot be satisfied 
for all p, so it is necessary to use a series solution over all 
values of n = n- where n. satisfies J (n.r) = 0. Hence the 

1 1 O 1 
solution can be written 

V = zA.e'oi ? JAa^ C.4 
i 

where the a- satisfy J^(a-) • 0 
1 0 1 

P ̂  Condition 3) now requires V, • I A. J (a.^J 

Note that at p = 0 this means V, = £A. 

It is more convenient to replace the A. by normalised constants 
a., where Za. = 1. In this form 

V = V x I a A e' air J 0(a.^ C' 5 
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The field components are given by e = - ̂ -, e = -r— 
v i z 

S o ez ' ~T **i*ie~alr V * ^ C'6 

In C.7, use is made of the property of Bessel functions that 

^ J o ( x ) = - J ^ x ) . 

In principle, it is possible to evaluate the expansion 
coefficients a. in C.5 explicitly, using the Fourier theorem 
of Bessel functions, with the result 

2 
'i"]T ui J 

ai " a. J, (.a-J" 

In practise the series obtained this way converges slowly, and 
for computation it is faster, and quite satisfactory, to 
truncate the series at about 10 terms and evaluate a set of 
effective coefficients. 

Particle trajectories -
Equations of motion of a charged particle in the lens are 

dt 7 m z dt 7 m p 

where q, m are the charge and mass, respectively. 
The change from t to z is made by the transformation 

d ! ftV2d2

 + y

 d v z d 

dt 2 z I? ^ ar- ar 

w h e r e v z " ar 
So the equation of axial motion gives 

Z v 2-v 2 - & z zo m e d C.8 
z z zo 
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The radial equation becomes 

dz z mv z z d z 

z 
In the paraxial approximation, -£ is small everywhere, and 
so v, - v, v„„ ~ v where v is the velocity at some reference z ' zo o o ' 
distance z . If z 0 is chosen sufficiently large that e - 0 
we can write y m v^ = qV and, from C.8 

isd-v • 
Z q o 

o ^ o 
z 
2 „ E*d* 
zo - V 0-V(z) 

Substitution in C.9 gives the equation of the trajectory as 
dp 

.2 , cz af - '" 
B * i • -r-^rm " ° c- 1 0 

dz o 
Substitution for e and e gives the trajectory in the 
gridded lens: 

Ea i 0 ie-°ir [J («.£) fe " Jl<°ifr] 
d 2 p

 +
 Vl • 1 = 0 C.ll 

d Z r V A - V, Ea,e'°iF J r t(o 4£) 
o 1 . I o v lr 

Writing R - £, z - £, V - yi 

-«-Z d R T 

d 2 R v la.ô e " ^ [ J ^ R ) 37 Jl(oAR)] _ 
d Z 1 - V Za.e"01!2 Jo(a.R) 

C.12 

i.e., the trajectories can be described in terms of the 
normalised potential and coordinates normalised to the lens 
radius. Figure C.2 is a plot of the normalised focal length 
against the normalised potential, obtained from trajectories 
calculated with equation C.12. The focal lengths were 



cs 

obtained from the r e l a t i o n ^ = i- + - where u and v a re the 
d i s t ances from the lens cen t r e vhere the (pa rax i a l ) 
t r a j e c t o r i e s c ross the a x i s . 

Figure C.2: Cridded lens focal length as a function of grid 
potential; normalised to electrode radius and beam source 
potential, respectively. Applicable when cylinder 
length > 2r. 
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