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I - INTRODUCTION 
Although over the last few years, removal of superimposed activity 

sections in transverse section reconstruction has led to qualitatively 

improved contrast and lesion localisation, (1,2,3,4) there remains a 

great need for precise quantitation from Single Photon Emission Compu

terized Tomography (SPEC!) studies, in order to provide means to in vivo 

metabolism and physiological information. Among the most important limit

ations of absolute quantitative data extraction, the attenuation of gamma 

rays throughout the tissues introduces a critical difference between 

SPECT and TCT (Transmission Computerized Tomography), in that the pro

blems to be solved are not mathematically identical. Generally speaking, 

the convolution techniques and Fourier filtered backprojection techniques 

(5,6), generally applied in TCT, do not take >*£'account attenuation 

effects and other limitations associated with the detection process. 

Indeed, the assumption that the count rate in each projection resolution 

element represents the linear superposition or integral of all emission 

elements through the object is not valid in SPECT, since a large part 

of the emitted photons are scattered and absorbed in the tissue and 

therefore not detected. In addition, this assumption is not consistent 

with the actual projection data obtained by measurement, since the solid 

angle between each element of the emitting object and the detector 

— particularly for large field of view scintillation cameras equipped 

with conventional parallel hole collimators — varies significantly with 

the angle of projection. The modulation transfer function of the detect

ing system should be included as a priori information to reduce this 

source of error. 

A number of authors have investigated the problem of attenuation 

correction, either proposing an approximation that reduces the attenuat

ion effect artefact on the image for an object of simple geometric 



distribution, such as a uniform disk or ellipse (7,8), or proposing 

a compensation when using a geometric arithmetic or exponential combi

nation of opposite (180* apart) projections (9,12). Other investigators 

have presented correction methods based on least squares or more gene

rally error minimization using an iterative process (10,11,12,13) which 

provide the potential for introducing a pjriori information on the dis

tribution of noise and attenuation, and thus are able to correct almost 

exactly the measured data. A complete review of the rationale and imple

mentation of these different attenuation cocpensation methods using 

either Fourier space (or convolution) or iterative techniques is given 

by T.F. BUDDJG2R et al. (14). An alternative to the second approach is 

proposed here. The problem is considered in the context of its analytical 

formulation and exact 'tomographic operators' are defined which include 

the physical properties of gamma-emission tomographic systems. The method 

proposed belongs to the class of analytical techniques. Although the 

solution to the 'Tomographic Operators' is an iterative one, this method 

differs from other iterative techniques in that the mathematics of the 

procedure is well understood and solutions can be derived for the tomo-

graphic-operators in their most general form with the potential of hand

ling three important factors : the actual physical response of the ob

ject-detector system, the reduction of noise and the convergence spsed. 

II - PROBLEM FORMULATION 

II. 1 - THEORY 

The problem of general 3D reconstruction from multiple projections 

can be reduced\the reconstruction of successive 2D planes-transverse 

to the long axis of the object. 



3. 

Figure 1 
Let 2/ be the 2D domain where the attenuation distribution is y(r,$) and 

the true 2D radionuclide emission distribution is f(r,$) or f(x,y) in 

the reconstruction coordinate system. 

To every point source M of the oD-domain, a Tomographic operator can 

be associated, being : 

S(r) 

S(r") 

0 . t t . f ( D . or 

in cosh ]i (r - r') 

(1) 

(2) 

where S(r) is the measured data, obtained by successive projections at 

different angles of view 6, f(r) is the radioactive concentration at M, 

and p(r) the attenuation linear coefficient at M for all distances 

between M and the object contour. 

Given a set of S(r), how can the f(r) distribution be deduced ? The 

integral operator, as defined by equation (2) is, in mathematical terns, 

the so-called 'ill-posed' problem of Hadamar for Fredholm integrals of 

the first kind (15). This means that even if there is a solution which 



say be unique to this problem, slight variations 66 in the set S of 

measurements (noise or distprticos) will correspond in large variations 

in the solution f. It is, therefore, necessary to filter or regularize 

the procedure to attempt an exact solution. 

It has been demonstrated (16) that, using a simple transform in the 

integral formulation, the tomographic operator 0 can be shown to be 

symmetrical, linear, and to have positive ;igenvalues. Thus, always 

exists an iterative solution : 

f»*1 - f» • X (S(r) - O f ^ ) (3) 
(r) (r) (r) 

where X is a relaxation factor found in the range of the minimum 

and the maximum eigenvalues of 0. 

The generalization for integral operators of the relaxation methods 

which solve linear algebraic equations of the type is : 

MX » Y where M is a matrice and, (4) 

X and x are vectors. 

Here, the iterative solution in itself constitutes a relaxation method 

(17). The noise components which correspond to the small (around zero) 

eigenvalues (the projection f. of f (r) on the eigenvectors V.)» can be 

eliminated by an adapted choice of X , because 

f n * X (n+1) Si (5) 

when the number of iterations n is small. 



A specific filtering operator may also be proposed in such a way 

that the problem to be solved can be expressed as : 

F$ - FO t (6) 

where F is a symmetrical operator with the same eigenvalues as 0 and 

is a function of the number cf angles of view and of the detector sys

tem characteristics. . 

Thus the value of A conditions the convergence speed of the process 

and, associated with a small number of iterations, it leads to noise 

filtering. This method is termed Regularizing Iterative Method (RIM). 

II.2 - DISCRETE SOLUTION 

In a first step, the value of X can be taken as a constant in the •</ 

domain, but it may be used in matrix form. Also, the attenuation can be 

considered as a constant distribution in the same domain ]i. 

Consider a set of projections 
- Z v à 

p (£,6) - I f. e j>i J (7) 

measured at m angles where 6 • — , and sampled as n elementary cells 

of size A . 

To any pixel M of the matrix (digitized domain SJ) can be associated 

the sua function : 

S(M) - Z p(l,9) e * (8) 
i.j 

where s f i is the distance from M to the attenuation domain contour at 

angle G. 
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A f i r s t order reconstruction image can be obtained from the zero 

dis tr ibut ion using the reprojection i t e r a t i v e process which can be 

written : 

f n + 1 - f n • X \H p(i,9) e** " 9 A8 
I rays 
through M 

-•£ .*-e E f" .""•e » 
rays all ray though 
through M pixels f 

or : 

.1 w T - _ + V 8 e R, - £' - X J 2 ^ e & P(*.e) J" (9) 
'rays 
through M 

and, in general, for the backprojection 

/ rays L pixels J 
' through M in ray 

On the inverse, a new set or projections can be calculated from this 
n+1 c C ô 

estimation of f using the projection operator in the same way -than 
the backprojection. 

The term betwocn the} brackets is the error signal which is redistri

buted in the next iteration and filtered by the relaxation factor X, 

which in turn is calculated as a function of the number of pixels, of 

angular steps and sax. eigenvalue of the backprojection operator. This 

value has been shown to be specific to the amount of attenuation that 

has to be corrected. 
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Interpolation 

Since the actual physical sampling is relatively coarse for most 

Single Photon Tomographic imaging systems, striking artefacts can occur 

in the backprojection/projection_procedure if no interpolation is used. 

Linear, spline or polynomial interpolation have been proposed by differ

rent authors (18,19,20,21,23).Considerations as computer time and 

available space in the memory were strong arguments for us to choose 

a simple interpolation scheme, as illustrated in figure 2 . 

In ! ! n+1 n+2 
1—«—• ) — ; - * — — ' • 1 data projectior 

' n* ; n'+l n'+2 -J ^ — | > 1 • 1 calculated 
projection 

F 
• ** .-•»-* F. - 1 - F 2 

1 F 2 
F 2 - |n'-n| 

Figure 2 - Interpolation to reduce sampling artefacts. 

In the channel number n', F. is the fraction corresponding to the chan

nel n of the data projection sampling, and F- the fraction corresponding 

to the channel n+1. Numerical errors, particularly due to rounding from 

real to integer numbers for the last image (matrix) storage and display, 

are, however, not negligible (= 2 Z for 10 iterations). Rapid convergence 
an 

using M adapted relaxation factor provides the added advantage of re
ducing this noise amplification in addition to that of the reduced pro
cessing computer time. 

Ill - MATERIAL 
Mathematically simulated and real physical phantom studies were per-

r.flCT 
formed using a rotating gamma camera based 9FET system. A detailed des
cription and physical characterization of such a system was previously 
reported (22). It consists essentially of a large field of view (GEAOOT) 



scintillation camera mounted on a rotatable gantry and interfaced to 

an INF0RMATEK-SIKIS3 minicomputer with 128K bytes of memory» a 10 M byte 

disc and a display system with image memory. Conventionally, 64 pro

jection views are obtained at successive angular sampling through a 

single 360* revolution around the object, resulting in a true 3 dimen

sional set of collected data. 

Although the (RIM) method described here is a general analytical ap-

proach to the attenuation problem in SPCT, and, thus require no special 

assumptions concerning the performance of the system used, it is impor

tant to specify some parameters : 

A conventional'low energy parallel hole collimator and a centered 20 Z 

spectrometric window were used. First order correction for non-uniformity 

of the detector was performed. 

It is important to point out that no processing (weighting, smoothing, 

filtering) was applied to the raw projection data, neither to normali

sation or background substraction. 

IV - RESULTS 

IV.1 - SIMULATION STUDIES 

Simple mathematical phantoms were simulated as a test either of the 

analytical form of the attenuation problem solution and/or of the nume

rical errors due essentially to sampling, interpolation and rounding. 

The latter are minimized when the discrete form for the image is intro

duced as late *§ the formatting for display. 

A 20 cm diameter cylinder of uniform activity (* 100 events per pixel) 

representing an image with a simulated total number of events on the 
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order of 80,000 was used to test the convergence speed and the sensiti

vity of the RIM algorithm to variations in the size of the volume to be 

reconstructed and in the linear attenuation coefficient. In • first 

step, the medium vas assumed of constant attenuation, analogous to soft 

tissue for gamma photons of 140 keV. Poisson statistics and a Gaussian 

point spread function of 13 mm were eventually used, together with an 
1 - e " 1 1 1 

attenuation factor of the form ——=• , to compute the projection 

data, where y • 0.10 to 0.17 cm , and I is the distance between each 

pixel and a given contour of the attenuation domain. 

In these conditions, the speed of the convergence was studied, as 

shown on figure (3,4)for a radius of the actual projection data (at 64 

successive angles) equal to the radius of the supposed attenuation do

main (• 10 cm), and a linear attenuatioa coefficient of 0.15, for the 

range of the attenuated tomographic operator eigenvalues — = — to Xmax 

for'the relaxation factor. 

Rather than a leastsquare or any arbitrary error parameter, the ac

tual total number of events compared to that which should be measured 

in the image was used as a quantitative convergence criterion. 

For the same reason of ease in interpretation and intercomparison 

with other methods, the contrast value, defined as " " T - was used 
max+min 

as a criterion for the attenuation effect correction of a uniformly 

emitting cylindrical object. An automatic method was used to calculate 

the max, min, and contrast values on images obtained for each iteration, 

using a fitting of a mean profile through the image. 

Figura 3 shows the contrast during the first ten iterations when 

using varying X relaxation factors. The minimum attainable contrast was 
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shown to be equal to * 4 Z when noise and numerical errors due to 

sampling and interpolation are taken into account. 

The correction for the attenuation effect would be quasi-perfect (of 

the order of 0.2 Z for the contrast at converging solution) for a pure 

analytical simulation excluding noise and assuming y - 0.15 cm and 

R • 10 cm. 

Figure 4 illustrates the speed of the convergence for the total number 

of events calculated in the reconstructed image for all iterations. The 

larger the relaxation factor (= Xmax « max.eigenvalue) the faster is the 

convergence for iterative solution (second to third iteration), but also 

larger are the risks of oscillatory solution and numerical error due to 

sampling artefacts (as shown by the increasing contrast in figure 3 for 

larger X). Moreover, the error at the edge of the activity is less of 2 Z 

when compared to the actual simulated value. 

In order to test the sensitivity of the RIM algorithm to errors in' 

the size and shape of the attenuation domain given for reconstruction 

(to be described elsewhere) and/or the value of the y(x,y) distribution, 

projection data were computed with varying y , and constant R , or by 

varying R and keeping y constant. Figures 5 and 6 plot the total 

number of retreived events and the contrast for the 20 cm diameter phan

tom for various values of y for the simulated data and the reconstruct

ion algorithm in the range of 0.15 cm ± 15 Z. It can be noted that the 

RIM algorithm, although being sensitive to these small variations in y 

in terms of speed of convergence, will lead to the same solution (image 

reconstructed) for a given X factor within this range of y. In other 

words the true total number of events is obtained at the fifth iteration. 

At the same time, the contrast was, as expected, smallest for y "0.13 cm 
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(les* than 2 Z) indicating that the quantitative accuracy of the re

construction procedure was easier to obtain vhen the effect to be cor

rected was smaller. 

Figures 7 and 8 plot the total number of events and the contrast for 

the same phantom, i.e. where projection data are simulated for R • 10 cm 

and y * 0.IS cm , and maximum errors in the size of the reconstruction 

(attenuated) domain of ± 20 Z. These results show that the method will 

always find a solution into the proposed reconstruction domain, tending 

to fill uniformly this area with the corresponding total number of 

events for the true mean activity per pixel. On the other hand, the 

contrast at the centre on the second to fifth iteration was maintained 

in the range of 4 to 7 Z, the effect being that the shape of the cylin-
> 

drical reconstructed object was truncat-d (R < R ) or enlarged (R_> R )• 

The same tests were developed for a cylindrical simulated phantom of 

30 cm in diameter and showed analogous results, except that the minimum 

contrast (or error at the centre of the uniform reconstructed object) 

was on the order of 10 Z for y«0.13 cm to 25 Z for p»0.15 cm , unless 

an adapted weighting function was applied during the iterative process, 

so that the convergence was accelerated. 

Detailed results concerning large elliptical objects and distributed 

attenuation coefficients will be presented in a future communication. 

IV.2 - PHYSIÇAL_STUDI^S 

Physical phantoms representing a variety of geometrical situations 

were studied for the test of the RIM performances : line sources in an 

attenuating medium, cold spots in homogeneous backgrounds, 'pie' (6 

compartments) phantom of increasing activity, and a life-size liver 

phantom. 
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A cylindrical lucite phantom (20 cm in diameter, 6 cm thickness) 

containing 5 line sources of ic embedded at 4 cm of distance from 

each other (22) was imaged. A total of 200 000 events per physical slice 

(18 mm in thickness) were obtained with 64 successive angular projections. 

Figure 9 shows the profiles obtained through the reconstructed image of 

the 5 sources for the first, fifth and tenth iteration. The overall shape 

of these profiles indicates a noticeable improvement, in the attenuation 

effect for the internal sources, while the resolution of system for the 

RIM algorithm ranged from 23 to 18 cm (FWHM), which was the best, given 

physical conditions of the study. The signal-to-noise ratio and the 

contrast were improved when compared to that obtained with a filtered 

back projection technique with geometric combination of opposing views. 

Figure 10 plots the individual contrast at the iteration (measured for 

each of the 5 line profiles) when varying the relaxation factor. As 

expected, the contrast was still about half (80 Z) at the centre than 

at the edge(140 Z) of the lucite cylindre, possibly because of scattering 

and limited counting statistics which increase the noise background at 

the centre. 

Another physical phantom was studied, consisting of a 6 compartment 

'pie' cylinder of 20 cm in diameter by 6 cm thickness, filled with in

creasing (0,1,2,3,4 and 5 pCi/ml) quantities of ^Tc. Figures 11a, lib 

and lie show the images obtained fox such a phantom using conventional 

anterior projection, filtered back projection (FBP) tomographic recons

truction and the (5 iteration) RIM, which illustrates the improving 

attenuation correction between the two techniques. 

Figure 12 illustrates the convergence speed for varying value for X, 

calculated using tfi semi-automatic edge detection algorithm prior to 

the iterative process. Although the total number of events present in 
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the reconstructed image was very close to the actual number from the 

second iteration, five iterations are necessary to reach a 'good* con

trast for the image as demonstrated for the 5 attenuated line source 

phantom, in which activity concentrations can be measured and compared 

to those measured for the conventional and FBP reconstructed image, as 

depicted in figure 13. Using small regions of interest centered on each 

of the six compartments, the linearity of the tomographic system vas 

demonstrated and the ability to retreive the actual activity concentra

tions in a non uniform distribution was shown to be improved by the re

gularizing iterative method, which at the same time, corrected for the 

attenuation effect and increased the signal to noise ratio. 

•> 

V - DISCUSSION AND CONCLUSION 

In this paper, the problem of SPECT reconstruction was posed in its 

integral. form . .. The Regularizing Iterative Method (RIM) des

cribed provided an analytically accurate solution to problems related 

to a wide variety of simulated and physical activity distributions when 

the attenuation effect was taken in account. The speed of the convergence 

and the noise filtering properties of the method are well understood and 

criteria are chosen to establish the value of the relaxation factor 

which is constant at the first step. In the next step, the value of X 

may be used in matrix form to provide a rapidly converging solution for 

larger attenuated object (larger diameter circle or ellipse axis of the 

order of 30x25 cm, or larger value of the attenuation coefficient y). 

To improve the method, other operators can be proposed using a multi

plicative weighting function (such ascoshp(r)), in the integral formu

lation (2), which are linear, symmetrical operators with positive eigen

value» for which the iterative solution and the adapted X relaxation 
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factor will be a regularizing, noise filtering, fact converging one. 

The transfer function of the physical tomographic system including 

the particular collimation used and the solid angle effect may also be 

introduced. It has been demonstrated that the problem can be mathematic

ally solved and that an iterative solution can be provided. The import

ance of this aspect is being examined. 

Another improvement of the method, currently being tested, is the use 

of non-uniform coefficients for object attenuation. Prior to the emission 

study, a transmission study may be performed using an external cylindrical 

source of ^Tc or Co attached to the rotating camera head and of the 

same size as the field of view of the camera (at a 50 cm distance to the 
• 

collimator face). The attenuation coefficient can be determined using 

same rapid iterative technique, and introduced as the actual u(r') coef

ficient value in the operator. This may be superior in terms of quanti

tative accuracy to most of the methods proposed (14) but it implies some 

limitations : first, the necessity for two separate studies increasing 

the total time for the study and the radiation dose to the patient with 

the risk of patient motion in between ; secondly, the poor statistics 

obtained with 3 to 10 mCi external source in a single 'transmission' 

slice will introduce an additional noise factor which degrades the over

all accuracy of the procedure. Further investigation is needed to 

reduce noise artefacts, and computer requirements (time and memory space) 

for the reconstruction of whole-body size transverse-images using mea

sured attenuation distribution and the RIM algorithm. 

The RIM algorithm was designed to provide accurate reconstruction of 

a general volumic activity distribution from projection data where the 

physical limitations are taken into account. The results obtained on 
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phantoms and on (preliminary) vholt body clir.ical data showed a satis

factory correction for the attenuation effect, with resolution, signal 

to noise ratio and contrast improved when compared to convolution type 

reconstruction techniques. The processing time is currently on the order 

of 15-75 seconds per plane and iteration. More accurate measurement in 

realistic situations of regional concentration may be obtained if the 

scattered photon fraction is minimised and the transfer function of the 

camera based SPECT system is introduced in the operator concerned. 

It is expected that, in the near future, quantitative improvement 

can be demonstrated in clinical data such as liver studies. 
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FIGURES CAPTION 

FIGURE 1 : Schematic of the 2 D reconstruction problem from successive 
projections. 

FIGURE 2 : Schematic of the interpolation scheme. 

FIGURE 3 : Contrast as a function of iterations and X values for a simulated 
uniform disk, attenuated with y -. 0.15 cm . 

FIGURE 4 : Total number of events for same phantom as above. 

FIGURE 5 : Total number of events as a function of iterations and X values 
for a simulated uniform disk, attenuated and reconstructed with 
various y. 

FIGURE 6 : Contrast for the same phantom as above. 

FIGURE 7 : Total number of events as a function of iterations for a simulated 
disk 10 cm in diameter, and a reconstruction contour of various 
size. 

FIGURE 8 : Contrast for the same phantom as above. 

FIGURE 9 : Profiles through the reconstructed inage of the 5 sources phantom 
obtained for the first, fifth and tenth iteration. 

FIGURE 10 : Individual contrast at iteration 10 for a five line sources 
phantom. 

FIGURE 11 : 'Pie-shaped' phantom imaged : a) conventionally (anterior view), 
b) reconstructed by filtered back projection with geometric mean, 
c) reconstructed by a regularizing iterative method. 

FIGURE 12 : Total number of events for the 'pie shaped' phantom image as a 
function of iterations and Xvalue. 
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SINGLE PHOTON EMISSION COMPUTED TOMOGRAPH? USING A REGULARIZING 

ITERATIVE METHOD FOR ATTENUATION COMPACTION 

F . SOUSSALINE, A . CAO, G. LECOQ 

A B S T R A C T 

An analytically exact solution to the attenuated tomographic opera
tor is proposed. Such a technique called Regularizing Iterative Method (RIM) 
belongs to the iterative class of procedures where a priori knowledge can be in
troduced on the evaluation of the size and shape of the activity domain to be 
reconstructed, and on the exact attenuation distribution. The relaxation factor 
used is so named because it leads to fast convergence and provides noise filtering 
for a small number of iterations. 

The effectiveness of such a method was tested in the single Photon 
Emission computed Tomography (SPECT) reconstruction problem, with the goal of 
precise correction for attenuation before quantitative study. Its implementation 
involves the use of a rotating scintillation camera based SPECT detector connected t 

a mini computer system. 
Mathematical simulations of cylindrical uniformly attenuated phantoms 

indicate that in the range of a priori calculated relaxation factor a fast con
verging solution can always be found with a (contrast) accuracy of the order of 
0.2 to 4 Z given that numerical errors and noise are or not, taken into account. 

The sensitivity of the (RIM) algorithm to errors in the size of the 
reconstiucted object and in the value of the attenuation coefficient u was studied, 
using the same simulation data. ExtrenCvariations of ± 15 X in these parameters 
will lead to errors of the order of t 20 X in the quantitative results. 

Physical phantoms representing a variety of geometrical situations 
were also studied : line sources in attenuating medium, cold lesions of various 



size in uniform background, "pie-shaped" cylinder. In a l l cases, a satisfactory 
correction for attenuation was obtained in the final image with an improvement 
in the contrast and signal-to-noise ratio when compared to that obtained with 
a conventional f i l tered back projection technique. 

The effect of variable attenuation coeff ic ient , and of larger object 
in size (whole body SPCT) is currently under investigation. 
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