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I- Introduction 

The dynamical evolution of a finite, isolated, many body system 
is currently given as a unitary time development of a state vector 
or, more generally, of some state representative such as a density 
matrix. In a variety of different contexts, however, far simpler 
descriptions in terms of one body (mean field) unitary time deve
lopments have met considerable success. They include the familiar 
TDHF as well as mean field approximations derived by functional 
integral methods. In the case of TDHF, in particular, one works 
with simplified (determinantal) state representatives and believes 
that their possible shortcomings be adjusted to the simplified 
dynamics in such a way as to produce sensible results for some few 
body observables, at least. 

In general one body observables are fully determined by the 
knowledge of the one body density associated with the state repre
sentative of the many body system. In this sense, it is governed 
by an open subdynamics of the overall unitary dynamics which will 
be, in general, non unitary itself . This circunstance has led 
to many attempts to go "beyond" the TDHF approximation. The purpose 
of this work is to clarify the nature of the one body subdynamics 
of a many flermion system, exposing clearly the origin and nature 
of non unitary effects and also making connections to the familiar 
ideas of TDHF. We show that in general the exact time evolution 
of the one body density matrix has unitary aspects (which can be 
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put in the form of a Hartree-Fock type one body hamiltonian) plus 
corrections due to non unitary effects ("collision terms).Both 
types of corrections (the unitary and the non unitary) arise from 
two different sources : corrections due to correlations dynamical
ly produced in the many body system and corrections arising from 
the time development of correlations present in the initial state 
of the many body system. A formal derivation for the exact one 
body density time evolution is given in section III and discussed 
in section IV. In section II, we give a general discussion on the 
importance of non unitary effects on the time evolution of one 
body observables and illustrate the main points with the conside
ration of an exactly soluble example. 

II- Importance of non-unitary contributions to • j• : An example 

Consider the expectation value of one body observables in a 
time dependent context. (These are the standard objects for which 
TUHK has been extensively used as an approximation in the context 
of nuclear physics). They are fully determined by the one body 
density matrix of the observed system. (Vlhich we choose for conve
nience to represent in terms of natural one body orbitals) 

where F describes the state of the system. The usual TDHF appro-
ximation is based on .; rieterminantal ansatz for P at all times. 
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This implies a non-linear, one body (mean field) evolution of 
single particle states with constant unit occupation. This gives : 

d* ^ 

It should be stressed that the determinantal ansatz of the 
TDHF approach involves a twofold aggression to the true descrip
tion of the time-evolving system. First, it implies in general 
the replacement of the true (in general correlated) initial state 
by an uncorrelated approximation ; second, it replaces the com-. 
plete dynamical evolution by a unitary (mean field) one body appro
ximation. The importance of this twofold approximation has been 
recently stressed by Alhassid and Koonin .As mentioned in the 
introduction, the successes of TDHF can be seen as resulting from 
a happy destructive interference between these two simplifications, 
which is in fact nothing but a reestatement of the commonly held 
view that the TDHF state should rather be used as a device to eva
luate few body observables. 

Let us leave aside, for the moment, the question of the speci
fication of the initial state and consider more closely the pro
perties of the exact time development of the one body density. 
On general grounds , one must have corrections not only to the 
unitary one body time displacement generator htn>, but also non 
unitary effects which manifest themselves as time dependent occu
pation numbers p« in n-m one body density. Thus eq.(II-2) should 
be replaced by 



,4tr 3 r* A '» (H-3) 

Note thatthere is no restriction in the one body character of h, 
but that in general h need not be of the Hartree-Fock form. Con
servation of probability gives, moreover. 

H = o '"-" 
A 

Qils shows that the importance of the last term in Bq. (II-3) will be related 
to the dispersion in X̂ of the natural orbital expectation values <9lAl^> 
Whenever, these expectation values are strongly clustered around a cannon value 

the Hartree-Fock form, eq.(II-2) displays a correct structure, 
as non-unitary contributions to a? become small. This shows 
that an improvement of the TDHF description of the time evolution 
of one body densities should involve, In particular, non-unitary 
corrections (usually known as "collision terms"). There have 

(2) been recently several versions proposed for such corrections 
based on diverse approximations. In section III bellow, such 
non-unitary effects are formally isolated in an exact way. Before 
that, however, we exhibit the action of non-unitary effects in 
the context of a soluble model. It is worth stressing again that 
this example should be understood In the sense that the correlation 
free initial conditions to be used completely describe the initial 
state. The effect of initial state correlations will of course, 
be crucial jn cieneral. and will be dealt, with in sections III and 

! 



5 

A simple, closed example of non-unitary effects on the expec
tation value of a one body operator is the time dependence of 
<Jz} (the "inversion") in the Lipkin model. 

H* J* - i-yx(o;+ 3!) cii-5> 

In the simplest case of two particles, the exact, time dependent 
one body density associated with the unperturbed ( ft » 0) ground 
state as initial condition is given by 

I * 

A f 4 ) = C«>M X t <**^ *• ̂  * 
(II-6) 

where ^ w ; ( ceo Z % ) ~ 
This gives 

< J*>ft)= " E c « * W + Ai*l4X<« i^t ] (11_7, 

The fact that p (t), eg.(ZI-6), is diagonal at all times implies 
time independent natural orbitals. All the time dependence appea
ring in eg.(II-7) comes thus from non-unitary effects (namely, 
the time dependence of the diagonal elements - the occupations 
p. - of eg.(II-6)). 
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The unperturbed ground state , on the other hand, i s a static 

solution of the Hartree-Fock approximation,stable for %^ ^ / 4 . 

This means of course that the 1DHF version of 4 jj*) time independent 

^ ^ H F " * " 1 ( I I _ 8 ) 

The exact time dependence of the "inversion" eq.(II-7) together 

with its Hartree-Fock counter part is shown in Fig.l for some 

values of the coupling A~ . In this exarç?le, therefore, the difference between 

/J z) (t) and (J*zim^) c o m e s r r o m the time dependence of the 

occupations p and can become quite large for values of the cou-

pling above tg 2'X's «3. Moreover these two objects are qualita

tively different in terms of their time dependence. Note that the 

natural orbital expectation values are in this case ±1/2. As 

mentioned before this is an essential ingredient for the impor

tance of non-unitary contribution to -r£ <fJg/- I» fact, it is easy 

to verify that 

<N> ~- 1 = < W > M P (ii-9) 

where N is the number operator for the Lipkin model, which has 

degenerate natural orbital expectation values, ̂ >| NI/O. 

Due to the well known "parity" symmetry of the Lipkin model, 

the exact one body density associated with the time evolution of 

the unperturbed ground state of the N particle Lipkin model 

remains diagonal at all times. Large discrepancies' between \ J

Z ) 
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and ̂ J
z ; H F will thus occur also in the N-particle case for suf

ficiently strong interaction term in H. 

It is also interesting to consider a case where the initial 
condition is not a static solution of the Hartree-Fock approxima
tion. We thus consider Initially a determinant which, in parti
cular, is "deformed" in the sense that it is not an eigenstate 
of the exact constant of motion 3r : 

lt(oi>= < + C I > (11-10) 

where the rotated single particle C (p = 1,2; 0"= 1,2) 
defined as : 

r *•% • LOI t /j 

C*0 at* /}vn<s£. 

1 r M H* 
J L OL* J 

are 

( I i - l i ) 

The values of ̂ j„) (t) for the exact time evolution and as obtained 
in the TDHF approximation are plotted in Fig.2, for the given 
values of <x _. and "̂f . In both cases one gets periodic results, 

lr ST 
I A) 

but the periods are unrelated. Moreover, the numerical TDHF 
solution is not harmonic which the exact values of (p^) (t) 
are given by the simple closed expression ^j,) (t) = .2551 + .6228 
on ?.AJC + .02704 -a*"» 2 ujtT . I n t n i s c a s e b o t n t h e e x a c t 

occupation probabilities and the natural state orbitals are time 
dependent. A formal study of such time dependences, including 
the consideration of initial correlations, is given in the follo
wing section. 
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III- Formal closed equations for the exact evolution of the 
one body density : 

We will here consider the question of the time evolution of the 
one body matrix 

(III-l) 

given the exact development of the many body state vector 

(III-2) 

we look for closed equations which separate explicitely unitary 
and non-unitary effects in the time evolution of £&(t)• As shown 
in Ref.(1) the unique separation of these two types of time evo
lutions is easily achieved by using the natural orbital represen
tation for f> (t) 

Note that this is a time dependent representation« i.e.. 

The real occupation probabilities p are of course also time 
dependent in general. The (hermitian) one body generator of the 
unitary time evolution is defined by 

> C > - L -Pv, C> J (III-4) 



or equivalently, using the natural orbital representation for 
h(t) 

* ctH/ ^-r* ^*r * uii-5) 

Taking the time derivative of Eq.(III-3) , usinq (III-2) and 
(III-5) one easily gets 

y ( R - r , U KTWltH.eWHf»» (III-6a) 

^ = L<^^)\[H,4c,]!tHl, \ ^ (iu-eb) 

which Identify unitary and non-unitary time displacements. Mote that, since 
we work in the natural orbital representation. 'Xhe diagonal elements h are 
left undefined by Eq. (III-6a). Ibis point Is discussed In more detail in 
Appendix A. 

These are not, however, closed equations, as they involve the many body 
state vector (t> . Actually, this enters only through the expectation 
value of a two body operator. (Assuming that H has a two body character) so that 
what is really needed for Bqs(III-6) in addition to the one body density is the 
two body density correlation function (cumulant) 

£•»« = t C r - <f„&>-f,»fl.f> aii-7) 

where p < 2 ) is the full two body density associated with \*f (t)^ . 
(2) As is well known, an attempt to get an equation for P will 

being in the three body density |0 etc Using Eq.(III-7) 
Eqs(III-6) can be put- into the form 



10 

"^vVj, >(•/" ' (III-8a) 

HP 
The Hartree-Fock hamiltonian h . y is given by 

i M F - t . - » - T" to # (III-9) 
^ i * 

% 

and ̂ uf-a- are antisymmetrized two body matrix elements in the 
basis of natural orbitals. "Collision term" effects are to be 
associated with Eq.(III-8b), of course. They are related in an 
essential way to irreducible two body correlations as shown by 
the vanishing of p. together with the two density correlation 
function (III-7). 

We now proceed to formally close Eqs(III-6) for the time evo
lution of the one body density. The first crucial step for this 
is to obtain a decomposition of the many body density F-r'O^l 

F - ir0 * F (iii-io) 

where F« is such that 
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and all density correlation functions vanish, i.e., F Q contains 

no irreducible two or many particle correlations*. This implies 

that F Q is of the form (4) (in terms of natural orbitals) 

f. = ÏÏ L U - f>U>cA

+ - Y ^ C ^ ( I I I _ 1 2 ) 

where the p are the occupation probabilities of the natural 

orbitals. An alternative form for F. is 

* a — * ~ 

TrCÏÏe-^^O -v\xt\c.A \ (111-13) 

„ —1 

with p = (l-e *) . This form for the uncorrelated part F Q of 

the many body density carries all antisymmetrization properties. 

In particular, it gives rise, in En.(Xll-I9a) below , to a non 

determinantal Hartree-Fock type contribution to the generator of 

unitary time displacements which includes exchange effects. This 

is achieved at the expense of having a nonvanishing fluctuation 
The development given below parallels a formalism recently given 

(2) by Aylk* '. In that reference, however, tlw form adopted for the 

uncorrelated part of the many body density (Eg.(II-4) there) and 

the related operator Cl(t) (Eq.(II-7)) do not seem adequate to us. 

In fact, uncorrelated, non determinantal many body densities are 

necessarily of the form (111-12) below. In particular , they 

have a nonvanishing fluctuation of particle number (5). Due to 

this fact, they are best written in Fock space. The complete 

absence of correlations for a many body density of the form written 

in Ref(2) holds only for pure determinantal states. On the other 

hand, the time dependence of the operator Cj(t) must be only taken 

into account in the derivation of Eqs.(Il-lO) and (II-ll) of 

Bef.(2). 
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in particle number '. A compensating property of course results 
for F', since F has a definite number of particles. 

The second crucial step is to express the correlation part F* 
of F in terms of F Q which is, as seen, fully determined by the one 
body density. This can be formally accomplished by the construction 
of an operator Q in Liouville space such that 

1 

F'= Ui F (111-14) 

Q can be time dependent, but it must be determined solely in terms 
of the information contained in the uncorrelated part F Q of the 
many body density. Technical details of the construction of Q 
are given in Appendix B. With such an operator the Liouville 
equation for the full density F 

, ' F= [ H F ] = L F (111-15) 

gives 

where Eqs(III-lO) has been used on the r.h.s. of Eqs(111-15). 

Introducing now the Green's function 

G<t,tf)=T*. P^«-jW* ,>'-) (111-17) 



13 1 
we get 

f'«) - Git.o) rco) - c jdt'G c*. f ) CÛ. ci*) L F. c f ) ( I I I_ 1 8 ) 

o 

which is as close as we can get to our aim. Note that an initlal 

correlation term involving F"(0) still remains. Eq.(111-18) ex

presses the correlation part of the full density at time t in 

terms of a time integral over the past of the uncorrelated densi

ty F. plus initial correlation terms. This shows that the complete 

elimination of correlations can only be achieved when the initial 

state is such that F'(0) = 0. This was the case, in particular, 

for the example discussed in the preceeding section. 

Using this result, Eqs(III-6) can be written as 

^tvttttl^c^F.Vi^(ew.tVcaSA,6a1t')*^LF.tt')) 
(IIl-l9a) 

, $tf 6 G.tDtfK*') LF,«')) fi«-»w 

This closes Egs(III-6) except for initial correlation terms, 

which must the be supplied together with the one body initial 

conditions in order to determine the full time evolution of the 
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one body density. Actually Eg.(111-18) contains far more informa
tion than needed in Eqs(HI-6). In fact, only the two density cor
relation function of F'(t) enters in Eqs(III-l9) as discussed in 
connection with Eqs(III-8) above. The fact that the full correla
tion part is needed to obtain the exact time evolution of this 
object prevents one from dealing just with the minimally required 
final information at all times . The second term on the r.h.s. 
of Eq.(III-19c) simply reproduces the H-F hamiltonian. The first 
and last terms of the same equation represent respectively initial 
state and dynamical unitary correlation terms which correct the 
mean field. 

In order to bring out the crucial effects of initial state 
correlations for the reduced one body dynamics we may consider the 
particular case of the density associated with a (fully correlated) 
stationary state of B as initial state. In this case we must have 

•* J. -. Urn 

ip = 0 and c^ = C^c^ , i.e., constant occupation probabilities 
and diagonal one body unitary displacement generator h.^i . This 
is achieved, in general, as a result of the cancelation of non 
diagonal elements in the second term in the r.h.s. of Eg.(Ill-I9a) 
(The "Hartree-Fock-like" time displacement generator) with compen
sating non-diagonal terms arising from the first term, i.e., due 
to the two-density correlation function of the stationary initial 
state. At t = 0 the last term in this equation obviously vanishes. 

*This fact parallels, in the present treatment, the well known 
hierarchy of coupled equations for correlation functions of 
increasing order which appears when one avoids i>•>•> consideration 
of memory effects. 
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IV- Discussion : 

There are two types of question to be considered in connection 

with the possible use of Eqs(111-19). On the one side one must deal 

with the problem of a treatable implementation of the formal objects 

such as G(t»t') and Q(t') which appear in these equations. Cn the 

other side, one must face the problem of initial state correlations. 

Due to the interplay of the later with the dynamics, these two 

questions must be dealt with consistently. We will not attempt here 

to carry this program further, and limit ourselves to a brief dis

cussion of other approaches which have been put forth to deal with 

these questions. 

It should be noted from the very start that this approach relies 

on an adequate description of the state of the system. The values 

of (one body) observables appear as deduced quantities. The 

"contraction of the description" involved in Eqs(III-19) consists 

in retaining the minimum essential information required to fully 

deal with the special class of one body observables. This approach 

is to be contrasted with other methods which attempt to calculate 

directly the values a few relevant observables, without an explicit 

consideration of the quantum state of the system in general. Func

tional integration methods associated with stationary phase appro

ximations have been wildely used in this sense .An alter

native variational approach within this framework has recently been 

put forth by Balian and Vënêroni '. Here, one "contracts" the 

description through the device of restricting the variational spaces 
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allowed for state representatives and observables treated in a 
complementary fashion. One obtains in this way dynamical equations 
which are In general specific to the chosen observables, so that 
no general validity can be attributed to the state description. 
While such concentration on the values of a few required observa
bles may be of pragmatic value in that it allows for a greater 
technical simplification, it gives nevertheless limited insight on 
the general dynamical behavior of the system. As a result of this 
the accuracy of the obtained results is difficult to assess. 

Even though Eqs(III-19) are not directly amenable to calculation, 
they reveal the nature of the minimum dynamical ingredients which 
are required for a full description of the one body aspects of a 
many body system. They include in general full information on 
the initial state correlations and the full history of the uncor
rected part of the density. This later information essentially 
suffices to determine correlation aspects arising dynamically 
which are not directly tied to the initial state correlations. 
In the soluble example given in section II, we considered cases 
which involved no initial correlations (determinantal initial 
states). It should be stressed that, according to our point of 
view, these initial states are taken to be faithful representati
ves of the state of the system rather than approximations to it. 
The non-unitary one body effects obtained from the exact solution 
can thus in principle be obtained also from the time development 
for t)0 of the uncorrelated part of the full density alone, 
in this case, as shown in Eq.(III-19b). If one uses instead the 
approach of Ref(8), restricting oneself to general uncorrelated 



r » ~i 
densities (which in the case of the example can fully describe 
the initial state) and to one body operators, one gets a fully 
unitary time development. All dynamical correlation effects are 
thus missed. As shown in Eq.(II-3) they are generally present. 
Their quantitative importance depends on the particular observa
ble under consideration. In the particular case of the example, 
v/e found important quantitative effects for/J z\ . 
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Appendix A 

We discuss in this appendix some apparent ambiguities in the 
determination of the one-body unitary time displacement operator 
in terms of Eq.(Ill-6a). These ambiguities stem from two facts 
a) Only ^ î'"' terms are allowed in Eq. (III-6a), so that dia

gonal elements h-^ are left undefined ; and b) a bother some 
zero factor appears in the l.h.s. of this equation in the case of 
equal one-body occupation probabilities in different natural or-
bitals, i.e., y = *f>, with > j< A *. 

Concerning point (a), it suffices to not that the equation 
which gives the time development of the one-body density in the 
representation of its natural orbitals ! ^ (note that this is a 
time-dependent representation). 

reads 

f= Z, U>ft<*l (A-D 

; Ç^n^i (A-2) 

Both unitary and non-unitary effects appear in this equation/ 
and the structure of • '••: unitary term (first on the r.h.ts.) shows 
directly that diagonal matrix elements h .,. make a vanishing 

.» A 
contribution. 
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In order to deal with point b) it is convenient to look at 

Eq.(III-6a) rewritten in the form (III-8a) : 

tt„-Olft-fc)'»tf (A-3) 

where the anti-hermitean matrix & » * is given in terms of the 

two-body potential v and of the two-density correlation function 

0 as 

AAV = t £*P ̂  ***•& T r r y * " ""Wï *~>r>">' (A-4) 

The freedom associated with occupation degeneracy now allows for 

the selection of natural orbitals which diagonalize the matrix 

(including diagonal terms 1) in the subspace of natural orbitals 

with degenerate occupation. This guarantees the consistency of 

Eg.(A-3) (note that } + A there) but still leaves h^y 

undefined. It is also easy to show, however, that the time deve

lopment (A-2) of the one-body density becomes Independent of hi,» 

when the orbitals i> and x have equal occupation. In fact, 

writing out explicitely the terms of (A-2) which involve ha,o 

and hj.. (the prime in the first sum below indicates the ommis-r 

sion of such terms ) 

<A* AX' 

(A-5) 
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we see immmediately that/ when Y» = (̂  , these terms cancel out 
exactly. 

It should be stressed that the occupations of the degenerate 
orbitale still change as prescribed by p and p . These are, 
up to factor of in the eigenvalues of the matrix ^>>v within 
the degenerate subspace. It is only the unitary put of the time 
evolution which becomes irrelevant there. This is in fact an • 
obvious consequence of trie invariance of the one-body density 
under one-body unariry transformations m?rformed /ithin sub-
spaces with degenerar % ••inupafon. 

• 
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Appendix B 

We describe here the construction of Q operator the appearing 
in Eq.(11-14). it should be emphasized frcm the start that Q 
is time dependent'.and is not (and, in fact need not be) a projec
tion operator. In order to allow for the closure of Eqs(lll-6) 
it must fulfill condition (111-14) and be fully determined by 
the uncorrelated part Fg of the full density P. 

Consider first the sequence Of operators (cf. Eqs(III-12) and 
(III-3) indexed by the integer N 

•* c + . c u T r C c + , c , - ) l " 

- t^-ou^a-r^s-^ * fvcV^lTr • (B_1) 

If we let P„ act on F we clearly get a truncated version of 
Eq(in-12) where the product is restricted to N terms. We may 
therefore write 

f0= W P„P2 f>*= (B"2) 

where P is hennitean , time-dependent and is such that PF_ = PF, 
so that it acts like a projection operator when acting on F. 
Note however that for any other Liouville vector the idempotent 
property of F does not hold (note that P N is defined by Eq.(B-l) 
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where the c-number p and the second quantized operators C „ , 
CJJ. are def: 
at time (t ) 
Cu are defined in terms of the one body density associated with F, 

Using Eq.(A-2) we can now write 

F ' ^ U - P ) F 

which does not lead directly to (111-14) in view of the time 
dependence of P. In fact 

(B-3) 

F l ^ C i - f > ^ ' ( D F (B-4) 

The last term of Eq.(B-4) can be evaluated in a straightforward 
way as JLOyw P F. We get, using Eqs(III-S) and (III-6a) 
to handle time derivatives of the C*., , Cu , 

* L L/> U^ ^ r (B-5) 
Since, moreover, LF = IF, we can cake Eq.(B-5) as defining and 
operator P such that 

Prr ? F (B-6) 

Note that the ingredients which enter in the construction of P 
appear already in P, Hrr. (B-2) . 
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Taking this result now back into Eg.(B-4) we are finally left 

with 

F*» (1- f-n?= CÛF 

which completes the construction of Q. 

(B-7) 
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figure Captions 

Fig.l The expectation value of^J,^ as a function of time. 
The dashed line is the exact calculation for the unperturbed 
ground state (X= 0) as initial condition. The full line is 
the TDHF solution (which is stationary in this case) for the 
same initial condition for various values of the coupling, as 
indicated in the figure.-

Fig.2 The expectation value of{jg)as a function of time for 
a different initial condition (shown in the figure). The dashed 
line represents the exact result and the full 1ine the TDHF 
result. 
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