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Abstract

The use of the Poincaré-symmetry appears to be

Incompatible with the presence of the gravitational f ie ld .

The consequent problem of the definition of the mass

operator Is analysed and an alternative definition based

on constant curvature tangent spaces Is proposed. In the

case where the space-time has no ki l l ing vector f ie lds ,

four Independent mass operators can be defined at each

point.



2.

The Poincaré group is a symmetry which is broken

by the gravitational field, the only part of that group

which remains exact being the homogeneous Lorentz group.

Such effect of the gravitational field on the symmetry

may have profound consequences on the theory of elementary

particles as seen from the group-theoretic point of view.

In fact, the part of the Poincaré group which is affected

by the gravitational field in precisely that which provides

the notion of mass via the second order Casimir operator

P.P . In this sense the mass associated with the Poincaré

group seems to be incompatible with general relativity and

consequently that very concept shoud be reexamined. Various

alternative definitions of the mass operator have been

proposed in different contexts [lj• It seems prevalent the

idea that the replacement of the Poincaré group should be

such that the latter group would be restaured by a combination

of the operations of group contraction and flat limit of the

space-time (flat contraction).

If one admits that the spectra of elementary

particles is a fundamental data to the foundation of a

quantum field theory on a curved background then it would

be of convenient to maximize the number of parameters of

isometries of the background. However this occurs only when

the background has constant curvature. The construction of a

theory of particles on a constant curvature space-time seems

to be feasible p ] [4j. However these space-times represent

only a very particular class of solutions of Einstein's
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equations. Since the required symmetry need to be only locally

defined, it is sufficient to construct constant curvature

tangent spaces on regular points of an arbitrary background

space-times, thus defining a constant curvature tangent

bundle.

Because of the constant curvature, these tangent
L

"speres" have the maximal groups of isometries SO(4,1) or

SO(3,2), both contractible into the Poincarê-group in the

flat limit. Assuming that these groups are the local space-

time symmetries which are gravitation compatible then the mass

operator would be defined by their second order Casimir

operators [5].

The construction of the constant curvature

tangent bundle has been described elsewhere Q>j. In short,

the space-time background S is locally, minimally and

isometrically embedded in a flat p-dimensional pseudo-

Euclidean space M(r,s) with metric signature r+s; If x

are arbitrary coordinates of a point q in S (small case

Latin indices run from 1 through 4), the embedding is

realized by a set of Cartezian Coordinates in M(r,s),

Xu(x1) (All Greek indices run from 1 to p). The k*11 - order

contact approximation to S at q is another space-time
(k)
S(q) defined by the first k terms of the Taylor expression

of XM(x ) around q. In particular, taking k = 2 the second
(2)

order contact approximation S(q) will have a metric tensor

given by



4.

(2)

where g. . Is the metric of S and y±. are functions of the

curvature of S. These functions can be expressed in terms

of the four curvature radii of S at q.

Corresponding to a principal displacement dx in S

the curvature radius p... of S along a normal direction

i»A to S in M(r,s) is given by (capital Latin indices run

from 5 to p ) :

where

bijA = nuv nte

and where n denotes the metric of H(r,s) in the Cartezian

frame. For each fixed value of m there are p-4 components

p , . leading to a curvature radius

p(m) = 9AB P0n) P U

where

gAB =

Therefore there are four possible curvature radii p, . ,

m = 1, 2, 3, 4 which are in general all independent. However
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if S admits Killing vector fields then these four radii

become dependent. These curvature radii are in fact equivalent

to the four scalar invariants of the Weyl tensor of S.

With each p. . a constant curvature tangent

space-time can be constructed with a metric given by (1)

and with Riemann tensor

(2) ! (2) (2) (2) (2)

P (m)

The corresponding squared mass operator is

M2(pm) = <_£-?L
afJ L (5)

m p(m) ae'

where K is a mass dimension constant and L are the Lie

algebra generators of SO94,1) or SO(3,2).

Therefore at each point of an arbitrary space-

time it is possible to associate four constant curvature

tangent spaces S(p ) and four mass operators M(p ) . Thesem m

four operators associate a vector field, the mass vector

field with norm

M 2 = g i j M(Pi) M(Pj) (6)

In the flat limit contraction such operator becomes

proportional to the usual Poincaré mass operators.

In particular cases where S has Killing vector
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fields the components Mfp^) become dependent. When the maximum

number of vector fields is present (in the cases of constant

curvature) then all four components are dependent and a

single mass operator results.
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