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Assuming the point dipole approximation only and making use of 
the vectorial notation, signal (EMF) induced in a single-turn pick¬ 
up coil of the vibrating magnetometer are calculated for the case 
of any orientation of the coil, of vibration axis and of the mag¬ 
netic moment of the sample*r~ 
On ̂ Ehe-basis of formula"obtained, three types of measurement geom¬ 
etries have been distinguished and for these the qualitative anal¬ 
ysis is fó} 

Zakładając tylko przybliżenie punktowego dipola magnetycznego 
i posługując się zapisem wektorowym, obliczono sygnał (SEM) indu¬ 
kowany w jednozwojowej cewce detekcyjnej magnetometru wibracyjne¬ 
go w ogólnym przypadku dla dowolnej orientacji cewki, osi drgań 
1 momentu magnetycznego próbki. \ ' 
Na podstawie uzyskanego wzoru wyróżniono trzy typy geometrzy po¬ 
miarowych, dla których przeprowadzono analizę jakościową. 

используя яшъ лрлблхшеЕИЭ точечного магнитного даполья я вок-
зюриуя запись вычислен в обдзн случаз ступал (ЭДС) индуцярован-
1шй в ОДЕОЗЙГОЧНОЙ приемной кавуике зибрациокиого магяавоиэгра 
для произвольной ориентации кагушки, направления вибраций и каг-
кйгного комеага образца. 
На основании полученной формулы определены ври гипа геометрий 
для которых проведен качественный анализ. 



E R R A T U M 

The arrangement shown In fig.2b has been used by neither Nielsen 
and Zaitzev nor anybody else* Thus this arrangement and its analo-
gon in fig.6b should not be named of then* The mistake, however* 
has been made in sections 3*1*2. 3*2*1 and in the table on page 31* 



1 INTRODUCTION 

Very few of the many papers dedicated to the vibrating magneto¬ 
metry have dealt with an analysis of a signal induced in pick-up 
coils, A detailed analysis has been given by Smith UJ but only 
for a special case, very easy for calculation case. While de¬ 
scribing his measurement geometry Foner [2,3] did not provide a 
definite analysis but he stressed that it was rather complicated. 
Later papers based on the Foner geometry have not presented any 
analysis either. Only Mallinson [4], submitting a new geometry of 
a measurement system, gave a short analysis of this specific case. 
Some aspects of the Smith's geometry were discussed by Springford 
et al. [5] once again* In all these papers the analysis was car¬ 
ried out with an assumption that magnetic anisotropy was absent 
from the sample. 

The first attempt to analyse the dependence of the signal upon 
pick-up coil arrangement (with the assumption of absent the mag¬ 
netic anisotropy as before) was undertaken by Bowden [6], He dis¬ 
cussed some symmetries of geometry factors determining the signal 
symmetry and provided graphs of signal isocontours for these fac¬ 
tors* The signal analysis for any orientation of sample magnetiza¬ 
tion, pick-up coils and vibration direction was given by Bragg 
and Seehra [73. The results were tested by experimental methods 
for four selected particular cases* Because of the dependence of 
calculations on the selection of co-ordinate system the formulae 
obtained were very complicated and rather unclear, and they did 
not show any specific symmetries; therefore, a full signal analy¬ 
sis was missing absent* In the discussion of the selected meas¬ 
uring systems, the sample magnetic anisotropy was assumed to be 
not-existent, i.e. the direction of the magnetization was taken 
to be paiallel to the outer magnetic field direction. 

In this paper the induced signal has been calculated by means of 
the vectorial notation for case of any orientation of the sample 
magnetization, pick-up coils and the vibration direction. The di¬ 
rection of the outer magnetic field has not been specified. A gen¬ 
eral formula Independent of the selection of the co-ordinate sys¬ 
tem has been obtained and according to its symmetries it has been 
possible to distinguish three types of measurement geometry* 



2 CALCULATION OF THE INDUCED SIGNAL IN PICK-UP COILS 

The principle of the vibrating magnetometer is based on Faraday's 
law of electromagnetic induction. In the sample-coil system the 
magnetic flux variation is achieved by a change of the relative 
positions of the sample and the coil. At present the variant with 
a moving sample and a fixed coil is more often used, as experi¬ 
mentally and constructionally more convenient, but from the theo¬ 
retical point of view the fixed sample and the moving coil variant 
is identical too. 

For the single-turn pick-up coil the induced signal is given by 

where e is induced EMF in the coil, © is the magnetic flux, ~B is 
the sample magnetic induction vector and da is an elemental area 
of the coil. 
If the dimensions of the spherical sample placed in a uniform mag¬ 
netic field are small in comparison with the distance between the 
sample and the coil, then a point magnetic dipole approximation 
can be used. Then the B vector is given by 

] -W 
where ix is free space magnetic permeability, In is the magnetic 
moment of the sample (as magnetic point dipole) and R(t) is time-
depending distance betv/een the sample and the selected elemental 
area of the coil. _ 
For a stationary case i.e. when Ąc - Q 

j) (3) 
The surface integral in formula (3) inconvenient for calculations 
can be replaced by a line (contour) integral according to the 
Stockes* theorem. It can be seen that the 1? vector can be expressed 
by vector potential A 



"/" "IF" 
Then formula (3) takes on the following form 

where dś* is an elemental coil circumference. 
For the circular pick-up coil and for the general measurement 

geometry shown in fig* 1 

d3-(«*§) dp (6) 
where a central *p angle is measured in the counterclockwise direc¬ tion from the jL* £. and In «Ttł 

and then 
O s ? |^v»f4txtc) stoy5+ .<fU^ C o 0^ 

It follows from this that 

o — 
For a harmonic change of the sample-coil distance i.e. 

where 6 Is the amplitude and Co is the angular frequency of vi¬ 
brations 



Pig. 1 General sample-pick-up coil configuration at moment t*0, 
The sample is represented by the magnetic point dipole m" of any 
orientation. Vector RQ indicates the centre ot the single-turn 
circular coil with radius § - jg| and vector if «"fT +3" marks 
a point on the coil circumference. Normal vector IT shows the spa¬ 
tial orientation of the coil and unitary vector It is parallel to 
the vibration direction of the sample-coll system. 



K " JC&OGCOGA (11) 

and formula (9) can be rewritten as follows 

e = Lccoc$Vm«cT cooco^b (12) 

where 
2 T -• 

f- jf^ffi** + 3 ~^4^ OZ-t)} ósp (13) 
o 

is a vectorial geometry factor (VGF) characterizing the pick-up 
system configuration. The dependence of the induced signal on the 
pick-up system geometry is explicitly described by the VGF. 
Using the formula (8) we find that 

where 

The integral in formula (13") is a linear combination of integral* 
of the type of 

JVfa. 
where f(sin^>f cos^) is any rational function of siny

7 and 
These integrals (16) can be expressed by linear combinations of 
complete elliptic integrals of the first and the second kind [8] 
According to this the VGF can be rewritten in the following gen¬ 
eral form 



-2 (4a* 5p) 

where a. is a modulus of the elliptic integral such that 

and p is defined as 

(19) 

The dependence given by formyla (.17) is removable singular at the 
point p = 0 i.e. when <n.= i Ss. 

? = 3:3T„fo* , f3ft-^Ł-ll (20) 
In measurement practice we do not deal vith single-turn pick-up 

coils but with the multiturn ones. The signal induced in such 
a true coil with turn density N is sum of signals induced in sin¬ 
gle-turns of ones. 

. • G coo wfc 
*- 'T JJ ~> * ' / 

where 

G = N Jj 9 cŁ§(ól.dL"Ro) (22) 
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3 SELECTION AND QUALITATIVE ANALYSIS OF PICK-UP SYSTEMS 

The formula received (17) is not easy to interpret in the gen---

eral case, when the pick-up coils can have any orientation. It can 

be simplified by a suitable selection of the pick-up coil orienta¬ 

tion. Since the vibration axis determines a certain direction in 

space the spatial orientation of the coils can be classified by 

their orientation in relation to the vibration axis. Three different 

types of spatial orientation can be distinguished, in which the 

VGF (17) takes on a simple (reduced) form 

(i) Ii»!e a +1, parallel orientation, 

(ii) n • Tc = 0 , perpendicular orientation, 

(ili) 0<.|n-^|<1 and n x ^ » 0, radial orientation. 

3,1 Parallel orientation 

This type of coil configuration was intoduced by Smith [1] and 

Foner [2] and for first ten years of the vibrating magnetometry it 

was the only one. 

For this case 

at«lie (23) 

and 

and the VGF (17) is reduced to the form 

sr = g i * 1 
11 



where 
->*•_ 4 Q 1 

As we can see the VGF (2?) can be expressed as a sum of two compo¬ 
nents perpendicular to each other, one of which is parallel to the 
vibration axis and the other perpendicular to it . Thus the ln-
duded signal is proportional to the linear combination of the mag¬ 
netic moment components which are measured* 

9 ~ (fn- Ąj) + (m>|c) (27) 
Taking advantage of the VGF (25) symmetries we can make suitable 
arrangements of identical pick-up coils, in which a part of the in¬ 
duced signal originating from one of the magnetic moment components 
is eliminated. Then the signal is dependent on one magnetic mo¬ 

ment component only. 
The arrangement shown in fig* 2a gives a signal dependent on the 
perpendicular magnetic moment component only* 

Q , = Ą LJLCOÓ ?r>*7?x coocot = 

Similarly* the arrangement in fig* 2b is sensitive to the signal 
dependent on the parallel component ot the magnetic moment only. 

Cooco-t* 

(29) 

12 
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Fig. 2 Parallel orientation* Arrangement* for measuring mag¬ 
netic moment components (a) perpendicular, (b) parallel to the 
vibration axis* 



Pig. 3 Parallel orientation. Mull signal arrangements. 



However, each of the arrangements in fig. 3 gives a total compen¬ 
sation and thus may be useful for the control of the pick-up coil 
symmetry. 

For true multiturn coils the induced signal is given by 

?J (30) 

3.1.1 Pick-up arrangements for measuring the component of the mag¬ 
netic moment perpendicular to the vibration axis 

As seen from formula (28)the induced signal is not directly 
proportional to the component in question |(k**m")x k(, but it is 
proportional to the product 

} 

In a way this is an experimental disadvantage. Such an arrangement 
with the pick-up coil system turned round the vibration axis was 
used by Poner [2,3] and his followers [9]. As a result, they ob¬ 
tained a cosine-varying signal with a maximum proportional to 
l(£xla)x Ićl. Such a - magnetometer construction, with a revolving 
system of the pick-up coils, may not be easy to implement. The 
difficulty can be avoided by a system (fig. 4) of two identical 
arrangements (fig. 2a) perpendicular to each other. If in one of 
the arrangements the induced signal is proportional to the prod¬ 
uct (js'"gx)t then in the other it is proportional to ["&*• ( k * ^ ^ ] . 
The sum of squared signals originated by both arrangements is di¬ 
rectly proportional to |Ck*ia)* Tc| 

Such a procedure has never been described previously. It should 
not cause any difficulties and the possibility of automatic meas¬ 
urement of jCk *Tn)* 1k| component could be one its advantages. 

15 



l^g. 4 Parallel orientation. System for "directly** measuring 
the |(tcxa)xlc| component. 
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3.1.2 Pick-up arrangements for the measurement of the magnetic 
moment component parallel to the vibration axis 

The arrangement shown in fig. 2b ha3 been used only by Nielsen 
and Zaitzev [10]. Usually the simpler arrangement of Smith's is 
used (fig. 5). It is the limiting case when % = :t£ 
For this case formula (29)takes on a very simple form and the sig¬ 
nal induced in this system is given by 

= ± (33) 

3.2 Perpendicular orientation 

This type of pick-up coil orientation was given for the first 
time by Malllnson [4]. 
From 11 • Tć - O follows 

and 

and the VGF (17)' is given by 

^ 

17 



Fig. 5 Smith's system. 
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The formulae (35) and (36) show that two special cases of the coil 
configuration are interesting experimentally 
{£) (k* Ro) » n • 0, i.e# when Is, RQ, "n. vectors are co-planar -

the Mallinson geometry, 
(ii) dcxitjxn • 0» i.e. when"n vector is simultaneously perpen¬ 

dicular to both Is and ̂  vectors - the toro¬ 
idal coils. 

3.2.1 Mallinson's geometry 

Since ("k « R^) • "n* • 0 

p*.43Xt.1Lf (37) 

and hence 

6 f f f (38a) 

(38b) 

The VGF given by formula (.36) is reduced to 

J 
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- <jt (59) 

where 

Similarly as in the parallel orientation case the VGF (38) can be 

expressed as a sun of two components perpendicular to each other, 

i.e. parallel and perpendicular to the vibration axis. The induced 

sig,. . is dependent on the combination of the magnetic moment com¬ 

ponents too. 

Tailing advantage of the VGF (39) symmetries this dependence can be 

separated by an application of suitable identical coil arrangements 

in tvAich'the part of the signal induced by one of the magnetic mo¬ 

ment components is compensated. The arrangement shown in fig, 6a 

is sensitive only to the signal induced by the magnetic moment 

component perpendicular to the vibration axis. 

This very arrangement was proposed by Mallinson [4]. It can be ob¬ 
served that since 

20 
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Fig, 6 Perpendicular orientation. Arrangements for measurements of magnetic moment 
components (a) perpendicular, (b) parallel to the vibration axis. 



formula (42} is identical to JTormula (28) and Mallinson's system 

is equivalent to Foner's. Therefore, all the remarks and conclu¬ 

sions contained in section 3*1*1 refer to Mallinson's system, too* 

For the true multiturn coil the VGP is given by 

£ol (44) 

The arrangement shown in fig, 6b is analogous to the Nielsen-

Zaitzev system. Such a system has never been used before. The in¬ 

duced signal 

Wfl5.IT (45) 

is different from the signal (29) in the Nielsen-Zaltzev system. 

Similarly, the system realizing the limiting case v/hen (it-Tt̂ -

(fig. 7) has never been used before. It is an analogon of the 

Smith's system but in comparison with the latter the signal has a 

reverse phase and twice as small an amplitude. 

coocc-i 

3.2.2 Toroidal coils 

When (k*~R ) * n » 0, the VGF (36) is reduced to the very simple 
form 

where 



Fig. 7 Perpendicular orientation* Smith's system analogon. 



So when the coil is perpendicular to the vibration axis and to 1? 
vector at same time, the VGF (47) is parallel to the if vector and 
the induced signal is dependent only on the component of the mag¬ 
netic moment perpendicular to the vibration axis. 

But 3ust as in Foner's and Mallinson's systems considered previ¬ 
ously, the measurement of magnetic moment component can be real¬ 
ized with the accuracy of the product (m«"n) only. 

If the condition (k * R ) x n » 0 is to be satisfied for all turns 
of the multiturn coil, such a coil must have the toroidal form 
(fig. 8) , For such a toroidal coil the VGF is given by 

(50) 

where dś* is an elemental circumference of the torus with the ra¬ 
dius 15*11 | . Since it is always the case that 

the coil must be made of two semitoruses connected in opposition. 
For the semitorus 

so for a toroidal coil the induced signal is given by 

24 



Fig. 8 Toroidal coil. Normal vector if0 and -n"0 indicates 
on the torus circumference the point of the opposing connection 
of the semitoruaes. 



If we take another coil identical and symmetrical to the sanple 
and if it at 90° to the vibration axis (fig. 9) then the induced 
signal will equal 

(53) 

Adding both squared signals we find that 

(5**) 

Such a system with toroidal coils has not been described yet nor 
have indications of the possibility of creating such a pick-up 
systems been found in the literature. 

3.3 Radial orientation 

The radial systems have not been considered in any papers, a-
part from its limiting case - Smith's arrangement which is also 
the limiting case of the parallel orientation. Yet, only for this 
orientation the VGP is independent of elliptic integrals and has 
the simplest form (20) given by elementary functions only. 
As previously, for the single coil (except the torus) the .induced 
signal is dependent on the combinations of the perpendicular and 
parallel (to the vibration axis) components of the magnetic moment 
but the signal dependence on one of the components can be reduced 
by means of en arrangement of suitably connected identical coils. 
Thus the induced signal in the coil arrangement shown in fig. 10a 
is proportional only to the perpendicular coraponent of the eagnetic 
moment. 



Fig. 9 System of toroidal coils for "directly" measuring 
m)x k) component. 
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Fig. 10 Radial orientation. Arrangements for neasurement of the magnetic moment 
(a) perpendicular, (b) parallel to the vibration axis. 
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Fig. 11 Radial orientation. Arrangements for testing their symmetry. 
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(55) 

Similarly, the arrangement shown in fig. 1Ob is sensitive to the 
signal originating by the parallel component only. 

€?), — 1\LJX,6><&'!- ̂ 5? COOCO'fe 

] ^ £ (56) 

Since the total signal is reduced to naught, each of coil arrange¬ 
ments shown in fig. 11 permits to test their symmetry. 

Taking advantage of the method described in section 3.1.1 two 
arrangements identical and perpendicular to each other shown in 
fig, 1oa have to be used in order that the measurement of the sig¬ 
nal originated by the perpendicular component of the magnetic mo¬ 
ment may give "directly" the value of this component. 

For the two limiting cases, when additionally 1c• "5. • +R or 
k* "ff » 0 the Smith system or its analogon is obtained. 

4 CONCLUSIONS 

In this paper it has been shown that it is possible to calcu¬ 
late precisely (without any approximation) the induced signal for 
any orientation of the pick-up coils of the vibrating magnetometer. 
Three typos of system configurations have been distinguished and 
practically from an experimental point of view, they include all 
the interesting cases (tab. 1)• 
Sensitivities of the systems are not comparable on the basis of 
qualitative analysis, without numerical computations. It can only 
be said that 
(i) Smith's system is twice as sensitive as its analogon, 
(ii) Mallinson's system is identical to Foner*s from the theoret¬ 

ical point of view and only constructional considerations de¬ 
termine the selection of one of them. 

30 
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For Smith's geometry, its analogon and the toroidal coils, an ab¬ 

sence of electric or geometrical symmetry generates a disagreement 

betwefin the theoretically calculated and the measured signal but 

the latter is still dependent only on one component of the magnetic 

moment. In the other systems the absence or loss of e\*en, one of 

the symmetries brings about confusion of both components, i,e# the 

measured signal is the sum of signals induced by both components. 

Such a loss of geometrical symmetry is possible in temperature-

varying measurements because of a change of sample position in re¬ 

lation to the system centre. Therefore, the use of the one univer¬ 

sal system consisting of Smith's and toroidal arrangements can be 

proposed. 
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