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ABSTRACT 

Practical Q.C.D. is an effective field theory in th.it unexcited 

heavy quarks are decoupled from the theory. To predict effects dependent 

on the heavy quarks one needs the R.G. invariants of the effective Q.C.D. 

in which they are retained. The R.G. invariants f£ of the effective n 

flavour Q.C.D. are calculated from the observed A 2. 
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I. 

In Q.C.D. the number of quark flavours in the theory is not yet 

known. We can determine only the number of flavours which can occur in 

final states at a given energy. According to the decoupling theorem 

(Appelquist and Carazzone 1975) one can describe experiments at a certain 

energy using an "effective Q.C.D." in which only those flavours excited 

in the theory (the light quarks) appear explicitly. The decoupled heavy 

quarks appear in the effective theory only through renormalisation constants. 

Thus the analysis of low energy experiments by de Groot et al (1979 a, b, c) 

and Caneschi (1981) which determined the renormalisation group invariant 

A 2 should be interpreted as determining A^, the renormalisation group 

invariant in the effective Q.C.D. of 4 quarks. 

For a number of applications, including the prediction of inclusive 

production of heavy flavours and the calculation of the effects of penguin 

diagrams in non leptonic weak interactions it is necessary to know A 2, the 

R.G. invariant in the effective Q.C.D. of n quarks, where n ^ 4. In this 

letter we report such a calculation for n = 3, 5, 6, 7 and 8. 

Bace (1978) stressed that the calculation of A 2 from the data must 

be made at the two loop level for consistency. Moreover he pointed out that 

the value of A 2 becomes renormalisation scheme dependent at this level. 

De Groot et al (1979 a, b, c) obtained the value 

A 2 « 0.16 GeV2 (1) 

using a one loop analysis. Caneschi (1981) reanalysed the data including 

two loop corrections and obtained (in the minimal subtraction scheme) 

A 2 = 0.023 GeV 2 (2) 

which is significantly smaller than the earlier value. The smaller A£ 

is welcome to those who wish to perform asymptotic expansions at Q 2 not 

greatly above the "onset of scaling." 



2. 

In this letter g (Q) will be parameterised to second order and we 
adopt the. A* of eqn.(2), although some results using the larger A* are 
quoted as a comparison. 

In the second order, and in higher orders, the running coupling 
constant in effective Q.C.D. with n flavours, g (Q), is determined as the 
solution of a transcendental equation. It has been traditional to approxi
mate the solution of the second order equation by iteration. We use this 
procedure in this letter, but we also demonstrate that the interactive 
solution converges to the relevant solution of the equation, and quantitatively 
discuss the error involved in stopping at a given iteration. 

The definition of g (Q) in higher order 

The effective running coupling constant in Q.C.D. with n flavours, 
g (Q), is defined in the usual way by 

in fgn (Q) dx 
6n(x) (3) 

Q determines the energy scale, A is the R.G. invariant and 8 is the 
' n n 

renormalisation group 8 function of the effective n flavour Q.C.D. 
Substituting the expansion of 8 , 

8n(x) = -bjn) x 3 + b j n ) x 5 • b™ x 7 • (4) 

in (3) and using the recent work of Tarasov and Vladimirov (1980) we find 

g'CQ) 
R £n n 

( * 
T in n SJCQ) • U n g n(Q) + .... (5) 

with 

O 16TT2 l 1 1 3 n ) (6a) 
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and 

- b (n) 1 102 - 38n/3 
» 

» 
.(") 

16ir2 11 - 2n/3 

Jn) 
bo 

(6b) 

l 
(16TT 2) (11 - 2n/3)' 

10619 25993 n 
18 

553 n 2 325 n 3 \ 
" ~6~ + 81 J 

The algebraic values of R , T and U assume that the colour gauge group 

is SU(3). 

In practice we use (5) by retaining only the 1st two terms on the 

R.H.S., and solving the resulting transcendental equation for g 2(Q) by 

iteration. Then we return to discuss the convergence of the iterative 

method, the error involved in stopping the iteration at a given order and 

the significance of the higher order term in U . This will justify our 

calculations post facto. 

(6c) 

Determination of A 2 from A 2. Ovrut and Schnitzer (1980 a-c, 1981a-c) have 

extensively discussed the decoupling therem in QCD. We have shown how to 

adapt their method to QCD with broken flavour symmetry (Miller and McKellar, 

1981), which is the model necessary for determining A 2, the RG invariant 

in effective QCD for n flavours, from A£ as determined by Caneschi and 

de Groot et al. A more detailed discussion of the basic theory is provided 

in that paper, in which calculations are made at the one loop level. 

In that paper and this we work in a general covariant gauge, 

employing dimensional regularisation and the minimal subtraction scheme. 

We will demonstrate that it is sufficient to use one loop effective para

meter relations to establish the relationship between A 2 and A 2 although 

it is necessary to analyse experimental data using two loop calculations. 
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The parameters of the effective QCD of n flavours are g , the 

effective coupling constant, o the effective gauge parameter, and m 

for i < n, the mass parameter for each of the flavours. The renormal-

isation group determines the running values of the parameters, in a way 

similar to that used to define the running coupling constant. 

We need the running mass parameter m (Q) which can be defined 
n 

by 

(i)f01 . tfD _, fr™ "T0! dx (7) 
n l v ; n 

•- CQ) = A„ exp j - - - ^ 
n 

where the "K are R.G. invariant parameters which must be determined 

experimentally and y is the anomolous mass dimension defined by 

^"<«„> • - f t r - 5 - • ( 8 ) 

m n 

which is independent of the flavour (i). Expanding to the same order as 

was g (Q) 2 (i.e. retaining up to and including the x terms in the 

Laurent expansion of the integrand about x = 0) we find 

m ( i )(Q) ~ 7C ( i ) 

n v x' n 

r \ - 4 
2 R Jin n 

1 16TT 2R (9) 

J 

It can be shown that at the one loop level the running mass para

meters of effective QCD for n flavours and k flavours which are derived 

from the same complete theory are related by 

• ^ ( Q ) = »j[X)(Q) for i S inf (n,k). (10) 

(Miller and McKellar 1981), so that we may drop the subscript and parameter-

isel m ( l )(Q) as 
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• ( i )(Q) - x ™ In 21 
4 

16TT2R, 

(11) 

where k is arbitrary and X^ is a constant. Note that i may exceed k, 
fi) ~(i) 

in which case X^ is not the R.G. invariant fC . In practice we choose 
. fi) 

k=4 since we assume A£ is known. XJ- may then be determined using the 
Georgi-Politzer (1976) identification 

2m( iXJ>) = Q ^ (12) 
where 0, is the cm energy at which the i th flavour is produced. 

m(l)(Q^)will be called "the quark mass". 

For our calculations we consider effective QCD up to eight flavours 

whose quark masses we assign as in Table 1. These assignments are based on 

a number of estimates of heavy quark masses (Buras 1981, Fritzsch 1979, 

Glashow 1980, Komatsu 1980, Pakvasa, Sugawara and Tuan 1980). Infrared 

fixed point arguments have also been used to estimate masses (Hill 1980, 

1981, Pendleton and Ross 1981), but we do not use these because they are so 

contrary to general expectations. These mass estimates, equations (11) 

and (12), and Caneschi's value of A£ enable the evaluation of X^ which 

are also shown in Table 1 for i = 4, 5, 8. 

These running mass parameters are required to obtain the running 

coupling constants for the effective theory of n flavours. At the one loop 

level g n(Q) is related to g 4(Q) by (Miller and McKellar 1981) 

L(Q) • L(Q) 
iJ(Q) 
16ir' 

| I in 
i=5 

f Jitt),™! {* (Q) / 
7.092 Q 

(13a) 

for n > 4, and 
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i,(Q) 
g*(Q) 

a ({ft t 
1 „ 
3 in 

{- ( 4 )(Q)} 
7.092 Q 2 

i,(Q) g „ W • 
16TT 2 

1 „ 
3 in 

{- ( 4 )(Q)} 
7.092 Q 2 

(13b) 

for n = 3 

To evaluate g (Q) from eqn.(13) we must choose Q=(Lso that the cubic term n ™ 
in g^(Q n) gives a small contribution, for then we expect the higher loop 

terms to be smaller and (13) to be a good approximation. The values of 

Q 2 are large enough to permit calculation of g^Qn) using its second 

order parameterisation and the known A 2. 

The g (0 ) we obtain in this way can then be used as an initial 

condition on the renormalisztion group equations of the effective theory 

of n flavours, permitting the determination of g (Q) for other sufficiently 

large Q. In other words since the A 2 are integration constants of the R.G. 

equations and are determined by the initial conditions, we can obtain A 2 

when we know both Q 2 and g (Q 2). 

The values of A 2 obtained in this way are tabulated in Table 2. 

The results obtained from Caneschi's A 2 are compared with those obtained 

from the A 2 of de Groot et al. 

We emphasise that the device of selecting Q 2 permits us to truncate 

eqns. (13) at the one loop level, although we use a second order parameter* 

isp^ion of the running coupling constant, subsequently solved using iter

ation as described in detail below. We note that one of the basic motivations 

in using the higher order terms in (5) was to make explicit the scheme 

dependence of the calculation. This scheme dependence is already apparent 

in g^ terms in equations (13) - a further indication that it is not 

necessary to carry (13) beyond the one loop order. 
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It should be noted that we have observed the conditions we report 

for the validity of the iterative solution in the calculations leading to 

the values of Table 2. Moreover we have verified that the value of A 2 is 
n 

insensitive to the precise value of Q 2, provided only that the one loop 
terns in eqn. (13) are small. 

2 
The Iterative Method for Solution of Eon. 5. I f we set x = g (Q) we 

see that eqn. (5) has the form 

00 

x = a + b In x + £ C, x" k (14) 

k=l 

with the obvious identification of a, b and c. with terms in eqn. (5). 

Asymptotically expanding to second order we omit the power series in (14) 

and obtain the transcendental equation for x, 

X = f(x) = a + b In x . (15) 

It is traditional in the literature to be satisfy d with the second 

iteration 

x = x- = a + b £.n a (16) 

as an approximate solution to (IS). 

If we assume that n £ 8, which seems to cover the cases of current 
interest (Hill 1980), then from (14) and (5) 0 < b < 1. It then follows 
from a simple graphical analysis of (15), illustrated in fig. 1, that 
equation (15) has no solution if a < a = b(l - £n b), it has one solu
tion if a = a and it has two solutions of a > a . In the latter case 

o o 
a lies between the solutions which we call x, and x such that x, < a < x , 

L u L u 
For Caneschi's A2, one finds that for Q 2 > 1 GeV 2 we always have 

two solutions to (15). x u is the physically interesting solution since it 
-1/2 is asymptotically free (gu(Q) = x y is small and decreases as Q increases), 

and is insensitive to the inclusion of the power series J c, x in the 

transcendental equation. By contrast x. corresponds to a large coupling 

constant, and does not represent an asymptotically free solution. Moreover 
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the small x region, near x , is qualitatively altered by the retention of 

the power series. 

It is fortunate that x is the physically interesting solution 

because one can readily sho-- that the iterative solution to (15), defined 

as the limit of the sequence {x^} where x^ = f (x n), exists and is equal 

to x (when x exists) as long as the first approximation x 1 exceeds x, . 

For x, < x. the iterative method does not converge, and x. cannot be obtained 

by iteration. The standard approach is to select x 1 = a. As this always 

exceeds x. the standard iterative procedure always converges to x when it 

exists. 

In the literature it is rcre to proceed beyond the second iteration 

of the standard method given in equation (16). Since (15) is itself approxi

mate there is no point in solving (15) with excessive accuracy. To deter

mine the appropriate precision we first observe that for 3 < n £ 8 and 

Q 2 > 2 GeV 2 including the term c 1 x" alters g 2(Q) by at most 4% (for 

Caneschi's A 2 ) . In Table (3) we tabulate the minimum Q 2 values Q 2. such 

that for Q 2 > Q 2. x 2 differs from x^ by at most 4%. We also note that 

Xg = a + b £n x is a good approximation to x for all Q 2 > 2 GeV2 in that 

it differs from x by less than the three loop contributions. In our cal

culations we l̂ ave used x a to approximate x only when it is justified in 

terms of Table 3. 

We conclude this letter by reiterating the main points. The R.G. 

invariants A 2 in an effective theory of n flavours can be obtained from n 
the observed values of A 2, and then used as input for subsequent calcula

tions. It suffices to know the relations between coupling constants and 

masses in different effective theories of the same complete theory at the 

one loop level, despite the need to parameterise running coupling constants 

to second order. The conditions under which low order iterations are 

adequate approximations to the transcendental equations for the running 

coupling constants are discussed and used to control the calculations. 
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TABLES 

i= i ( i ) ^ r e s ) ( G e V i x j i ) 2 (GeV2) 
4 

| 
i 1 
I 

4 1.6 0.862 1 
1 
I 5 4.7 9.95 i 

6 35.0 807 
7 75.0 4150 ! 
8 230.0 45100 i 

TABLE 1: Heavy quark aass estimates and associated X^ of eqn.(ll). 
based upon Caneschi's A* («.s.) as input. 

n= 
Caneschi's A 2 

4 
A 2 (GeV2) 

de Groot's A 2 

A 2 (GeV2) 

3 0.026 0.153 
4 0.023 0.160 
5 0.017 0.141 
6 0.0080 0.087 
7 0.0028 0.041 
8 0.00057 0.012 

TABLE 2: A 2 calculated using both Caneschi's A 2 («.s.) and 
de Groot's A 2 as input, the latter for comparison. 

n= 
Caneschi's A 2 

4 
<ft i B(») (GeV 2) 

de Groot's A 2 

4 
Qi i n(n) (GeV2) 

3 6.0 36 
4 4.5 33 
S 2.5 22 
6 2 22 
7 2 22 
8 2 22 

TABLE 3: For Q 2 > Q 2^ n(n) the second iteration is a fcood approxi
mation' (see text) and third order contributions are smaller 
than 4%. 



r; - "i 
FIGURE CAPTIONS. 

FIGURE 1 The nature of the solutions to x > < • b Ln x for 0 < b < I. 
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