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Un modèle de turbulence à deux équations "k -f " est 
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ON THE MODELLING OF TURBULENT HEAT AND MASS TRANSFER 
FOR THE COMPUTATION OF BUOYANCY AFFECTED FLOWS 

Pierre-Louis VIOLLET 

EDF - Laboratoire National d'Hydraulique - 6 quai Watier 
78400 Chatou - France 

Abstract : The k -£ eddy viscosity turbulence model is applied 
to simple test cases of buoyant flows. Vertical as 
horizontal stable flows are nearly well represented 
by the computation, and in unstable flows the mix
ing is underpredicted. The general agreement is 
good enough for allowing application to thermal-
fluid engineering problems. 

1 - INTRODUCTION 

For the multi-dimensional practical computation of buoyancy 
affected flows, such as thermal discharges in the environment 
or thermal flows in reactor vessels, it is necessary_to use 
a turbulence modelling. This modelling must be suitable for 
mean flow and temperature prediction, but is wished to remain 
as simple as possible, and not to be too heavy to handle. 

The "k - f " eddy viscosity model has been widely used for the 
computation of isothermal flows, and it seems important to 
know how this model deals with thermal effects. The goal of 
this paper is to present simple test cases in highly buoyant 
situations, and an example of practical application to a more 
complex flow. 

2 - THE TURBULENCE MODEL 

2.1- Background 
The simplest way of turbulence modelling is the use of alge
braic expressions of the eddy viscosity and eddy diffuSivity 
coefficients Vj and Rj. This kind of modelling may suit for 
simple flows as jets or boundary layers, but is not accurate 
enough for complex recirculating flows with buoyancy effects. 
On the other hand, the writing modelling and solving of a 
transport equation for each of the unknown turbulent stresses 
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and fluxes u'̂  u': and u'i T' is still now too heavy for practi
cal applications. As a consequence, the choice of the "k - t " 
model appears as a good compromise. 

Defining k the turbulent kinetic energy per unit of mass, 
and f its dissipation rate : 

(I) 

(sunmation over i and j) (2) 

The eddy viscosity and eddy diffusivity coefficients are given, 
from dimensional analysis, by the Prandtl-Kolmogorov expres
sion : 

OTj «j « » T • C/i j - (3) 

where c., (turbulent Frandtl number) and C/i have to be pres

cribed. 

The transport equations which theoretically allow to determine 
k and ? , are written from the Navier-SCokes equation, and can 
be solved after modelling of the unknown terms. 

As shown in the state of the art review by Rodi [l] , the 
resulting model gives satisfactory results in most 'ôf isother
mal situations though moderate deficiencies appear in some cases. 

Improvements of this model (see [l] ) , in which u'i u'j and 
u'i T" are given by algebraic expressions from k and the local 
energy balances, without using J"r and K<r, have been used for the 
computation of stably stratified simple flows, subjected to 
parabolic numerical modelling (Launder [2] , Hossain and Rodi 
[3]) ; practical applications to complex recirculating flows 
of this improved model never seem to have been attempted 
because of the lack of universality in the writing of the 
algebraic expressions, and of the difficulties tied to the 
explicit numerical treatment of the turbulent stresses and 
fluxes in the Navier-Stokes and energy equations. 

2.2 - EE£sent_model 

The simplest version of the "k -f " model is used in this 
study. The turbulent Prandtl numberc~ (see eq. 3) is taken 
as a constant : it has been shown that in thermally unstable 
situation o"T should remain in the range (O.S, 1), wile its 
increasing in stable situation should become important only 
when both K T and Vj have fallen to very low values. Thus it 
can be expected that this assumption does not affee'e too much 
the flow and temperature field. 
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The modelled form of Che k equation is, as usual : 
dk dk v-i dk 

s*!" 5 *! ' k ^ 
) *T> + 6 -£ 

with : 
du. du. aU; T dx. v dx. dx. 

(4) 

<5> 

• - - ^ f l s - f l 
(energy production by mean velocity field) 

(6) 
(gravitational work) 

An important problem arises in the modelling of the £ equa
tion : among the unknown source terms which are usually either 
neglected or modelled by assuming proportionality with produc
tion P and dissipation £ (Launder [4]), is a term involving 
the fluctuating temperature field. The question is if this 
tern is to be neglected, or modelled by assuming proportiona
lity to 6 . It has been found that this term should be neglect
ed in horizontal stable flows (Launder [2]), as shown figure 
2.3 about the first of the present test cases. For universa
lity of the modelling, it is assumed in the present study that 
this term is negligible in all high Reynolds number circums
tances, the £ equation being written, as a'consequence : 

The values of the constants are, from Launder and Spalding [5]: 

c* "k °f C £ l . C £ 2 

0.09 1. 1.3 1.44 1.92 

The turbulent Prandtl number is taken equal to I, except for 
the test reported in section 5 (buoyant jet), where a value 
o~ • 0.67 has been choosen. 

2.3 - Modelling, of wall_interactipn 
The above model being valuable only in high Reynolds number 
regions of the flow, and in another way because of the cost 
and difficulty of grid refining to the thickness of the vis
cous sublayer close to a wall, a wall interaction must be 
submitted to a particular modelling. 

The first computing mesh is assumed to be inside the logarith
mic layer where local equilibrium (P-f) can be assumed, and 
buoyancy effects are small. 



Defining n and S the directions normal and tangential to the 
wall, u K the friction velocity ( " V V f )i and u 0 the tangen
tial velocity computed at the previous time step (or iteration), 
at the second mesh point assumed to be distant of 8 n to the 
wall, the following set of boundary conditions is used : 

2 3 
u* 

SÏÏ ' ^ n 
10 

ao n 
2 <8) _ V.r- 0 , 4 ^ (7.1) - - î y -

where a is the Karman constant (0.41), and u is computed from : 

u ' • u . S n 
uo " TT 0-°8 •2~v + 5) (9) 

For a free surface, normal derivatives of V.S, k, c* are set 
equal to zero. 

3 - NUMERICAL METHODS USED IH PRESENT TESTS 

The turbulence model described above can be of course associat
ed with any numerical method for two or three dimensional computa
tions. All numerical results presented in this paper are 
obtained from 2 D finite difference transient computations, 
with an algorithm using the velocity components and stream 
function as auxiliary variables (Viollet, Benque, Bis,ch [6]). 
The treatment of convective terms involves the method of 
characteristics, with allows to minimise numerical diffusion. 
The equations which are solved are, after use of the Boussinesq 
approximation : 

(10) a X j 

= 0 

a u . 
at + u. 

1 

du. 
a * . -

1 

" 'o 

d? 
ax. 

- + a 
ax. 

aT 
T t 

* u. 
J 

a i 
7 x 7 " 

1 

a 
7x7 

i 
(K + V 

aT 
dx. 

J 

du 
( " + " T 5 dxT + «i P ( T" To> <"> 

J 

(12) 

with i • I, 2, coupled with equations 3 to 7. 

A rectilinear regular grid is used (computer program SBIRE-T). 

It is to be noted that in highly stable flows, the coupling 
between the turbulence model, energy equation 12 and momentum 
equation II may become unstable. The method used in the present 
study consists in iterating inside a time step in order to 
tend to an implicit treatment of the non-linearities of the 
convection and turbulence terms. The computing time is of 
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course increased, but, as a low number of such i t e r a t i o n s 
appears ro be necessary for s t a b i l i s i n g the computation (5 or 
l e s s ) , this method is found to be much more e f f i c i e n t than 
reducing the time s t ep . 

rt///i>>iffjt/f///-?f//j/ti r ; J s s > s ; J / / ? /1 > / > ; / j >, 
F.0.9 

COWUTEO ISOTIItftKAl LINCS 
IN A SUVIC SHEAR fLOH fOR INCREASING 

(I'M, tip I» ikon) DENSITY EFFECT 

Figure:1 

A - HORIZONTAL STABLE OR USSTABLE SHEAR LAYER 

The experimental study is made in a water flume 0.4 m wide, 
in which a system of two layers of different velocities and 
temperatures is created ; the height of each layer is h • 0.1m, 
and the velocity of the cold layer is twice the velocity of 
the hot layer (sec Viol let [?]). 

The comparison with chc computation is done for four values of 
the reduced Fronde number : 

| U 2 " ull F » ' - with a vertical mesh 
>/g /3h |T, - T.| . . h 1 2 I1 seize 5 z » -rg-. 

The isothermal lines computed in the stable case (the upper 
layer is heated) arc drawn on figure 1 ; figure 2 shows, for 
the same cross-section x/h » 30, the vertical profiles of 
VHlm'ily, temperature, and turbulent kinetic energy (which 
could nut be measured), as wt.l I as the influence of a tempe
rature term in the £ equation upon a temperature profile. The 
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comparison between experiment and computation appears to be 
fairly good. It can be seen from fig. I and 2.2 that in the 
extreme case F » 0.9 the turbulent energy falls to nearly 
zero in the stratified layer, and that the mixing is complete
ly inhibited. 

Figure 3 shows the comparison between measured and computed 
velocity and temperature profiles, at x/h - 10, in the unsta
ble case (the louer layer is heated). In that case, the 
increase of the turbulent mixing due to gravity effects appears 
both from computation and experiment, but is under-estimated 
by the computation. 

-b-
T ' 1 

i M 
1-

\ \ 

i-

V w 
-L& \\\ 

< > OS 1 ' - . . lis 

V T i V< •t •« 
. Figure 3 : Unstable horizontal shear layer. Mian temperature and 

velocity profiles computed and meoiured at x / h z 10 . 

u»-

5 - VERTICAL BUOYANT JET 

Preliminary tests have shown that the rate of spreading of the 
axisymetric isotnermal jet is nearly well represented by the 
computation (the rate of spreading is over predicted by less 
than 10 Z). 

When such an upward vertical jet is heated, experimental 
results (Viollet [c]) show that the centerline velocity wc 
increases from its exit value w 0, which induces quicker mixing 
than in the isothermal case. A free surface existing in the 
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- Figure 4 : Computed and meoeured vertical velocity along the oxi$ of 
the vertical buoyant jet 
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experiments at z/D * i3 above the exit nozzle (D being the 
diameter of the nozzle), is represented in the computation, 
whose mesh sizes are Sr/D •= 0.125 and S z/D - 0.295. 

Figure A shows the centerline velocity computed and measured 
for different values of the reduced Froude number F (based 
upon the exit velocity w„, diameter D, and density difference) . 
Figure 5 shows the influence of F upon the maximum value of 
the vertical velocity, and upon the non-dimensional centerline 
temperature difference at z/d = 10. 

From these results, it seems that the buoyancy effects in the 
vertical jet are nearly well represented in the computation. 

6 - THERMAL-FLUID BEHAVIOUR OF POOL-TYPE LIQUID METAL REACTOR 
HOT PLEKUM 

In a liquid-metal fast breeder nuclear reactor, similar to the 
Super-Phenix prototype, the fluid from the core circulates in 
a pool-type free surface hot plenum, and leaves it through the 
heat exchangers windows. Experimental studies as well as three-
dimensional computations (Esposito, Taillifet, Viollet [9] ) 
have shown that three-dimensional effects have moderate influ
ence, so that a two-dimensional computation with properly 
modelled variable width along the azimutal third dimension is 
possible. The turbulent jet from the core, after being deflect
ed by the "cover" (designed as BCC on fig. 6), is known from 
experimental data and taken as boundary conditions of~che 
computation. The flow through the heat exchangers windows is 
represented using a sink term in the continuity equation. 

Figure 6 shows the steady isothermal flow for a flat-redan plenum 
for which transient scale modelling results are available. 
On figure 7 are plotted the transient non-dimensional tempera
tures at three different locations, versus time, resulting 
from a quick shut-down of the reactor (the total temperature 
decrease at point Sis I60°C). It is found, both from compu
tation and experiment, that-a stable stratification appears 
close to the free surface, and is wiped away by the flow a 
few minutes later. The velocity field and isothermal lines 
computed at t » 4 an, before the stratification being destroy
ed, are plotted fig. 8. Figure 9 shows through vertical profi
les of k, how the turbulence has been damped by thermal effects, 
especialy in the sharp gradient region. Similar computations 
in more complicated geometries (oblique redan) are presented in [6] and [9] . 
7 - CONCLUSIONS 

Simple tests on buoyancy influenced horizontal and vertical 
shear flows suggest that the two-equation "k - £ " eddy viscosi
ty turbulence model can be used for the prediction of thermal 
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Cluid interaction. The computation of highly stably stratifi
ed flows with sharp density gradients is found to be possible, 
but in unstable situations the mixing seems to be underpredict-
ed. An improvement of the model, which is wished to allow better 
predictions of the mixing increase in thermally unstaole riows, 
migh be obtained through the use of algebraic expressions for 
the Cfi constant and for the turbulent Frandtl number. 
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