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Effective use of Monte Carlo methods for simulating

photon transport with special reference to slab

penetration problems

INTRODUCTION

The analysis of Monte Carlo methods here has been made

in connection with a particular problem concerning the

transport of low energy photons (30-1U0 keV) through

layers of water with thicknesses between 5 and 20 cm.

While not claiming to be a complete exposition of avail-

able Monte Carlo techniques, the methodological analyses

are not restricted to this particular problem. The re-

port describes in a general manner a number of methods

which can be used in order to obtain results of greater

precision in a fixed computing time.

Monte Carlo methods have been used for many years in

reactor technology, particularly for solving problems

associated with neutron transport, but also for studying

photon transport through radiation shields. In connec-

tion with these particular problems, mathematically and

statistically advanced methods have been worked out.

The book by Spanier and Gelbard (1969) is a good illust-

ration of this.

In the present case, a more physical approach to Monte

Carlo methods for solving photon transport problems is

made (along the lines employed by Fano, Spencer and

Berger (1959)) with the aim of encouraging even radia-

tion physicists to use more sophisticated Monte Carlo

methods. Today, radiation physicists perform Monte Carlo

calculations with considerable physical significance

but often with unnecessarily straightforward methods.



As Monte Carlo calculations can be predicted to be of

increasing importance in tackling problems in radia-

tion physics, e.g., in X-ray diagnostics, it is worth-

while to study the Monte Carlo approach for its own

sake.

I. Basic considerations underlying the application of

Monte Carlo methods to photon transport problems

A. Presentation of a particular problem and conceivable

solutions

The particular illustrative problem in this work is

shown schematically in Fig 1.

hvo = 30, 60, 90, 140 keV

d = 5,1O,15,2OC»

I

Fig 1: A plane-parallel layer of water is irradiated

with a pencil beam of photons. Each photon under-

goes a random series of interaction processes in

the water layer. The paths (random walks) of two

photons are shown. Only the initial interactions

(1) and (1 ) need to be in the plane of the

paper.



Due to the statistical nature of the interaction pro-

cesses, measurements of the numbers of photons pene-

trating the layer will give statistically varying re-

sults. In some instances, the statistical fluctuations

are of great importance and are therefore also a matter

of interest, for example, in connection with an ana-

lysis of the quantum noise in a film-screen detector

system.

Mostly, however, quantities related to the expected num-

ber of photons penetrating the water layer are of pri-

mary interest. As soon as expectation values are concer-

ned, one can talk about a radiation field governed by

non-stochastic field equations. The transport of photons

in a non-stochastic field is described by the Boltzmann

transport equation.

In the present case, the task is to investigate the non-

stochastic field of scattered photons at the rear of

the water layer. Different field quantities such as the

fluence, the plane fluence, energy fluence and plane

energy fluence should be calculated as a function of the

distance from the pencil beam.

The solution of the problem thus means a solution of the

Boltzmann transport equation. This is, however, capable

of exact solution only in special cases and the boundary

layer character of the problem is such that approximate

solutions must be found.

The contribution to the field quantities from photons

which are scattered only once can easily be obtained.

From this, using iterative methods, it is possible to

derive successively the contributions from photons

scattered two, three and more times. Such calculations,

however, increase rapidly in complexity. Since a large

part of the field of scattered photons at the rear of
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the water layer arises from multiply scattered photons,

the use of the Monte Carlo method in solving the pro-

blem is very suitable.

The use of Monte Carlo methods in solving the problem

can be looked upon in two different ways. From a mathe-

matical point of view, it involves the solution of an

integral by using statistical methods. From a physical

point of view,it means simulating a number of random

photon walks, on the basis of which the field quanti-

ties are then estimated. In both cases the solution

is statistical by nature. In this report, the problem

is tackled with a purely physical approach.

The use of Monte Carlo methods as a general mathematical

tool for solving integrals means that a stochastic model

has to be set up. The solution is obtained with the help

of random sampling from constructed probability distri-

butions. When the use of a transport equation is invol-

ved, the physics of the process offers the most conve-

nient method of obtaining such a stochastic model. The

mathematical and physical approaches are therefore al-

most identical.

The simplest (straightforward) Monte Carlo approach is

to imitate directly a physical experiment and to esti-

mate the field quantities in the same way as is done

from an experiment. In this case, it is easy to realize

that the results are accurate, i.e. unbiased, provided

that accurate cross sections have been used in the

calculations. As soon as the Monte Carlo approach de-

viates from this simple scheme, the accuracy of the re-

sults is not as apparent. Along with the presentation

of different Monte Carlo estimators for the field quan-

tities, reference will be made to the transport equa-

tion, especially in its integral form, to demonstrate

the accuracy of the results obtained with the different

procedures. Reference to the transport equation is also



necessary in order to permit a deeper analysis of the

variances of the different estimators.

B. Definitions of different field quantities

Photons emitted from a radiation source are called pri-

mary photons. When primary photons interact with matter

secondary photons can be generated. Secondary photons

can also be generated when electrons set into motion

by the photons are decelerated. Both the primary photons

and all the secondary photons contribute to the photon

radiation field.

Fluence: The fluence, *(r), of photons at a point r

in space is the expected number of photons which enter

an infinitesimal sphere per unit cross sectional area

at r:

(?) -^1 (1)

Fluence rate: The increment of the fluence per unit time

is called the fluence rate or the flux density:

The connection between the fluence rate and the fluence

is given by:

(r) = / <fr(r)dt (3)



when the fluence is measured during the time interval

between t, and t2*

In the following, the photon radiation source is supposed

to be turned on for a finite time cnly and the fluence to

be integrated over this time.

A complete description of the photon radiation field (ex-

cluding the polarization state of the photon) is obtained if at

each point r in space the distribution of the fluence with respect

to photon energy and the direction of flight is given. The fluence

differential in photon energy and direction of flight is written

3(hvT3fl

and has the following interpretation:

d ( n v ) d i i = t h e expected number of photons which
have entered an infinitesimal sphere

with i ts centre at r per unit cross sectional area with

energies in an energy interval d(hv) around hv and having

their directions of flight falling into a solid angle

element dft around the unit direction vector ft.

The connection between the fluence *(r) and the differen

t ia l fluence defined above is given by:

•(r) = / d(hv) J
0 SI-

dfl
ä(hv

,5;
)3fl

where hvQ is the maximum energy of the photons emitted

from the radiation source.

Energy fluence: The energy fluence, *(r), of photons at

a point r is defined by:



n yo

Plane fluence: The plane fluence, * i^r^ °f photons at

a point r is the expected net number of photons traver-

sing an infinitesimal area per unit area. The plane fluence

is given by:

*~ 0 n = Uir

where a is a unit direction vector perpendicular to the

area mentioned above.

Plane energy fluence: The plane energy fluence, ¥ -,(r),

is defined by:

v?>. r°
(7)

Description of the photon radiation source: In the gene-

ral case the photon radiation source is distributed

in space. It is then described by a source distribution

function. The source distribution function differen-

tial with respect to the photon energy and the direc-

tion of flight of the emitted photons is written

and has the following interpretation:

d(hv)dfi = the expected number of photons emitted
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per unit volume at a point r with energies in the energy

interval d(hv) around hv and having their directions of

flight into a solid angle element dJJ around the unit

dirtction vector ft.

In the example above, the source can be considered to

be concentrated to a single point lying in the upper

plane of the water layer. Furthermore, this point source

emits monoenergetic photons in one direction only. Such

a source is called point-collimated. A monoenergetic

point-collimated source can be written mathematically

with the aid of Dirac 5-functions as follows:

= n0 6 (H)> 6 ( M 0 ) «<hv-hvo> (8)

where

n0 = the number of photons emitted by the source,

rQ = the position vector of the source,

n_ = the direction of flight of the emitted photons and

hvQ = the energy of the emitted photons.

Roughly speaking, the definition of the 6-function is

such that it takes on the value zero at all values of

the argument except zero. However, integrating the

5-function over any interval including the value zero

of the argument yields the value one. Thus, integrating

the source distribution function in equation 1 over

all values of the position vector r, the direction of

flight u and the photon energy hv yields:



6(r-rQ) 5(3-1^) 5(hv-hvQ)dVdfid(hv) =

(9)

It follows that the 6-functions 6(r-rn), 6(5$-$-) and
-1 -1

6(hv-hvQ) have dimensions (volume) , (solid angle)
and (energy)" respectively.

C. The ccncept of a random walk and its mathematical

description

A primary photon emitted from the source in Fig 1 will

either interact in the water layer or else pass through

it without interacting. If the photon interacts in the

water layer, the interaction takes place via photoelec-

tric absorption or coherent or incoherent scattering.

The only secondary photons which will significantly con-

tribute to the radiation field at the rear of the water

layer are scattered photons produced in coherent or in-

coherent scattering processes. Fluorescent photons pro-

duced after either photoelectric absorption or incoherent

scattering and bremsstrahlung photons coming from the de-

celeration of secondary electrons in the water can be

neglected. Both fluorescent and bremsstrahlung photons

have very low probabilities of generation. Moreover,

fluorescent photons have very low energies, less than

0.6 keV.

As a result of these approximations, the transport of

photons through the water layer can be regarded as being

mediated exclusively through non-multiplying interaction

processes. In this case, each primary photon creates a

track of secondary photons which is without side tracks.

Such a track is here referred to as a random walk carried

t through by the primary photon.
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The subsequent analysis basically rests upon the assump-

tion that the photon transport is due to non-multiplying

interaction processes. Extension to cases where multi-

plying photon interaction processes may also occur, for

example, photoelectric absorptions followed by the

emission of more than one characteristic roentgen ray or

pair production followed by the emission of two annihila-

tion quanta, is not straightforward but should not on the

other hand be too complicated.

Mathematical description of a random walk

A random walk consists of a series of discrete and ran-

domly-occurring events in which the photon changes its

direction of flight and eventually loses some of its

energy. Between any two events, the photon moves in a

straight line without losing energy. The series is inter-

rupted either if the photon is completely absorbed in

an event (loses all its energy) or if it passes through

one of the boundary surfaces of the medium (in this case,

the water layer). A photon which passes through one of

the boundary surfaces is supposed to be totally absorbed,

i.e. cannot be scattered back into the medium.

The random walk is completely described if the photon's

position, its energy and direction of flight immediately

prior to each event are given. As the photon moves in

straight lines without loting energy between any two

events, its energy and direction of flight immediately

after an event are the same as its energy and direction

of flight just before the next event. The change of the

direction of flight and the loss of energy at each event

are thus contained in such a description.

The photon's position rn, its energy hv and its direc-

tion of flight & n just before the n:th event are summa-

rized in the state vector a - (r ,hv ,H ).
n n n n
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A random walk (or photon history) can now be described

by a sequence of srate-vectors

If the series of events is interrupted due to the escape

of the photon through one of the boundary surfaces, the

state vector aN contains information about the position

r , the energy hvN and the direction of flight nN at the

moment the photon leaves the water layer.

D. Transition probabilities, collision densities and

relations between collision densities and field

quantities

1. Transition probabilities in an infinite homogeneous

medium and contruction of transition probability den-

sities from physical interaction cross sections

The transition from a state a to a subsequent state ct ..

is governed by a transition probability density x(a_ + 1l<5 )•

This transition probability density does not depend on

the previous states of the random walk nor does it depend

on the value of the number n.

The transition probability density function has the fol-

lowing interpretation:

X(ot +1|a )da +1 = the probability that a photon of energy

hvn and direction of flight j$ which interacts for the

n:th time at a point r will interact for the (n+1):th

time at a point lying in the volume element dV . with

centre at ? n + 1, its energy then falling into the inter-

val d(hvn+1) about hvn+1 and its direction of flight

into the solid angle element dft 1 about 5
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From this definition, it follows naturally to write the

differential da 1 in the form:

dan+1 = dvn+1 d ( l w n + 1
} d°n+1

(10)

so that the function X(° .-,la ) will have dimensions
-1 -1 n 1 n -1(volume) (energy) and (solid angle)

Construction of the transition probability density

from physical interaction cross sections

A physical simulation of the transition from a to ..
results in an expression for the transition probability

density function with dimensions other than those given

above. This transition probability density function is

denoted by Xf(an+1|a )• Its relation to the function

X(a .. |o ) must be determined.

x'(a + J a ) is built up as follows:

X'(an+1|a ) = [the probability that the interaction at

point ? is a scattering process] times [the probability

per unit solid angle that the scattering takes place in

the direction from &_to ^n+i] times [the probability per

energy interval that a photon which is scattered through

an angle (»n» "n+-|) ̂
a s energy hv_+1] times I the probabi-

lity per unit length that a photon of energy hv 1 tra-
_̂  v n*» n _

verses a distance p = |rn+1-r | before it interacts!.

Using mathematical symbols for differential and integra-

ted differential cross sections .giv.es :
I <La[(f

a(hv

; sec

VI-
y(hvn) "IV

n

I3!ed •il

hvn

hv (11)
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Here a denotes the integrated scattering (coherent plus

incoherent) cross section per electron, o and y denote

the probabilities per unit length for scattering and

interaction respectively.

It is possible here to extend the concept of a scattering

event to include events in which photoelectric absorption

is followed by the emission of one characteristic roentgen

ray. For a medium other than water, it may be that the

contribution to the photon radiation field from characte-

ristic K-photons cannot be neglected. The change of the

transition probability density in eq 11 needed to include

this extension of the concept of a scattering event is

straightforward. If, however, the contributions to the

photon radiation field from both characteristic K-photons

and characteristic L-photons are considerable, the case

with multiplying interaction processes must be considered.

In many instances, the energy of the scattered photon is

uniquely determined by the scattering angle (̂ n, $ n + 1 ) .

The doubly-differential scattering cross section in eq 11

is then not strictly speaking doubly-differential.

However, in a formal sense it can be written as doubly-

differential by introducing a Dirac 6-function for either

the scattering angle 1) or the energy hv 1. In-

troducing a 6-function for the energy variable gives:

d e p K '
an

(hv)

6 l h v
n+ i ( 1 2 )

where g is that function of the scattering angle

(fi which determines the energy of the scattered

photon. Since the 6-function has dimension (energy)-1



the differential cross section in eq 12 has dimension
— 1 —1

(solid angle) and (energy) . Integrating the diffe-

rential cross section in eq 12 over a finite energy

interval yields:

r •* ?̂  J

So

dn (13)

for all intervals including the point hv . = g(ft ,

but yields the value zero for all intervals not including

it.

Scattering can occur both coherently and incoherently, so that:

» hvn+il

(14)

In coherent scattering, the energy of the scattered photon is

identical with that of the interacting photon, hv , i.e.,

(15)

Incoherent scattering from atonic electrons is usually taken to be

a Cotnpton process, i.e., one which takes place between an incident
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photon and a free electron at rest. In this case, the Klein-Nishina

cross section is valid as is a simple relation between the energy

of the scattered photon and the angle of scatter, which can be

derived from the conservation of energy and momentum.

Incoherent scattering processes are to a good approximation Compton

processes as long as the energies transferred to the electrons in

the collisions are large compared with the binding energies of elec-

trons in atomic shells. When this is not the case, corrections to

the Klein-Nishina formula which depend on atomic number are needed.

Furthermore, photons scattered through a given angle have a distri-

bution of energies. In the general case, an incoherent scattering

cross section differential in both scattering angle and energy is

required.

If, however, the Compton scattering approximation is valid, then:

3«3(hv)

" gKN,hv ( V W

where OVK is the Klein-Nishina cross section per electron and:
S K»

(17)

2
Here mQC is the energy equivalent of the electron rest mass.
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Just as in certain cases the energy of a scattered

photon is unambiguously determined by the scattering

angle (" , " .<,)» so the direction of flight ** < of

a photon which interacts at point r ,, after having

scattered at r is uniquely determined by the position

vector r ... (r is taken to be fixed):n+i n

This is so since photons move in straight lines between

successive interaction points. The variables r ... and

n 1 in x'(ct +1|ot ) are thus not independent of each

other. If r 1 is considered to be the independent vari-

able and a Dirac 6-function is introduced for the depen-

dent variable U * , a transition probability density

X"(a J a ) which is formally a function of independent

variables r - and n .. can be written:

lrn+1 " rn"

(19)

In the usual manner, \"(.a J o ) can be integrated over

the direction of flight Ö n + 1 yielding:

( 2 0 )

when integrated over an interval of directions containing

the direction (?n+1 - ?n) / |rn+1 - ?n|.
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From eq 11 it can be deduced that the transition proba-

bility density x'(<* +1|c* ) has dimensions (solid angle)

(energy)" and (length)"1. It can be interpreted in the

following way:

X'(an+1|an)dnn+1dp d(hvn+1) = the probability that a

photon with direction

and energy hv which interacts for the n:th time at

point r will interact for the (n+1):th time in a volume
n
 -K

element dV +. with centre at r .. and with energy in an

interval d(hv ..) around hv +.. where the volume element

dV is related to the product dJ2 +1 dp as shown in

Fig 2.

n +, = Pz du n +. dj

n+1 n' n+ •

dp

n + i

Fig 2: The connection between the volume element dV .
the solid angle element dft 1 and the path length

element dp.
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It follows that the function -2X'(»..i|<* ) has dimen-
— 1 -.1 P

sions (volume) (energy) and that

>rn+1 "
 r J

(21)

—1 -1 -1
has dimensions (volume) (solid angle) (energy)

and is the transition probability density function we

wanted to derive.

Survival coordinates

If X(<* +i'a
n) ^

s integrated over all possible states
a
n + 1» it is found that

- /X'(Sn+1|Sn) dfin+1 d(hvn+1) dp =

o(hvn)

n + 1|S n) dfin+1 d(hvn+1

(22)

From a statistical point of view, this must be consi-

dered rather unsatisfactory, since integrating a probabi-

lity density function over all possible values of the

stochastic variable should yield a value of 1. The reason

for the difference is that the state vectors O_+H do

not describe all the possible outcomes of an interaction

at the point r but only those such that an (n+1):th

interaction subsequently takes place. After an absorption

event at r , however, there will be no following inter-

action.
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By ascribing a survival coordinate, w, to the state

vector all the possible consequences of an interaction

at the point r can be described. Let 6 ... be a state
r n n+1

vector with the four coordinates:

hvn+1>
 2n+1• Wn +1

} ( 2 3 )

where

w - = 1 if the n:th interaction is a scattering

process,

w ... = 0 if the n:th interaction is an absoro-
n+i

tion process,

w1 = 1 by definition.

With this definition of the survival coordinate, it

follows that the state vectors o_+1 form a subgroup of

the state vectors t * and can be written:

' h vn +1'

Thus, in the case w = w 1 = 1, we have

X(an+1|an) so that from eq (22):

o(hv)
^ (25)

For w n = 1, wn+1 = 0,

n+1ISn
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If w = 0, one can no longer talk about a transition

probability from iLto t A 1 so that x(# A.,l$ ) is not
n n+T n+• ndefined for w = 0.

n

Thus by adding a survival coordinate to the state

vector we obtain that:

1

n+1 (27)

with the integration in eq 27 including a summation

over both values of the survival coordinate w i4.
n+l

In the following, we prefer to work with state vectors

of form a since in the generation of collision densities

we are directly concerned with the functions x(a ., I o )
. . n+i n

and not with the functions X ( P + 1 I P )•

2. Collision densities

Collision densities in an infinite homogeneous medium

Here, an infinite homogeneous medium is considered and

a function F(an> a n - 1, ..., o^, ..., o1) is defined such
n - 1,

that:

F(«n' «n-1' da. da.

= the probability that a photon emitted from the source

will experience an n:th interaction described by a state

vector falling in the interval doL centred on a after
n n

a series of interactions described by state vectors in
the intervals da,, about a

and about a

. da. about a.,
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Here, da. = dV. d(hv-) dJ2-, where dV. is a volume ele-

ment centred at point r., d(hv.) is an energy interval

about hv. and dft. is an element of solid angle centred

at H..

Integration of the function F(o , a
n_i » •••> <*•;» •••> «. )

over the state vectors a., , , <* - yields:

..../ F(o ,an_1,..., a^,..., o

do1 (28)

where

F (a) da = the probability that a photon emitted from

the source will experience its n:th interaction in a vo-

lume element dV centred at r, with its direction of flight

falling in an element of soliH angle dft. about ti and with

its energy in an interval d(hv) about hv.

The collision density F(a) is defined as follows:

F(a) = Z F (a) (29)
n = 1 n

where

F(a)da - the probability that a photon emitted from the

source will interact in a volume element dV about r,

with its direction of flight falling in an element of

solid angle dö about 5 and with its energy in the energy

interval d(hv) about hv.

Now, using the transition probability density function

X(a .̂.la ) defined above a relation between the functions
n + i n •*•

F ^(a) and F n(
Q) c a n b e derived:
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l«n) Fn(°n> d V n * 1 (30)

Since the transition probability density X(

is independent of the order n of scattering in the

scattering sequence, we can write the variables in

eq 30 thus:

* a'

so that finally:

F n + 1(o) = /X(o|o
f) Fn(o) d S ' , n > 1 (31)

Through repeated use of eq 30, the following relation

can be derived:

J /x("n'"n-1) X("n-i'°n-2) XCOJICL,) F •,(<*-,) dan_1 .

da., n > 2 (32)

a result which can also be derived from eq 28 by sub-

stituting:

n'an-1'"'*' ai»**#'» a i ' ~

= xc«nl«n-1>
 x<Oj.|ai-i> X(o2|a1) F^a^

(33)
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Furthermore, by summing over n in eq (31) we get:

00 OO

I Fn+1 ( ° } = E

00

= JX(a|a')[ E F (a')] da' = /X(a|o') F(a') da'
n=1 n *

(34)

Here, we invoke the physics as a guarantee that the

mathematical operations in eq 34 are allowed. The main

condition to be fulfilled is that the probability of a

photon being scattered n times before it is absorbed de-

creases sufficiently rapidly with increasing n.

The addition of F..(a) to both sides of eq 34 yields an

integral equation for the density of collisions:

F(a) = TAa) + Jx(a|a') F(a) da (35)

Eq 35 represents the integral form of the Boltzmann

transport equation.

Collision densities in a finite homogeneous medium

In this section, we regard a finite body of a homogeneous

medium (in our case the water layer) surrounded by a to-

tally absorbing medium. The photon source is supposed to

be distributed within or at the boundary of this body.

In an infinite medium, a random walk is always ultimately

interrupted by an absorption event. In a finite medium,



however, the random walk can be interrupted by the

escape of the photon through one of the boundary sur-

faces. The partial collision densities F (a) inside

the finite medium therefore converge more rapidly to-

wards zero with increasing n than do the corresponding

collision densities in an infinite medium of the same atonic

composition. The conditions for the validity of eq 34

are thus more readily fulfilled for a finite body.

The reduction of the partial collision densities F (a)

inside the finite body is easily demonstrated using eq

28. As soon as the state vector a., i < n, of an inter-

action sequence in the infinite medium has its position

vector r. at a point outside the finite body, the inter-

action sequence for the latter case is definitely broken

and gives no contribution to Fn(a). The number of interac-

tion sequences which contribute to F (a) in a finite body

is reduced giving rise to reduced collision densities.

A random walk [a1 ,...., oNj which is interrupted by the

escaDe of the photon through one of the boundary sur-

faces of a finite medium has a probability density given

by:

F(oN, , a.,) =

drN X

w outside finite body

where X(aN|aj._/.) is valid for an infinite homogeneous

medium and the integration is over all points rN situa-

ted outside the finite medium.

With a finite body, a primary photon from the source has

a probability of passing through the body without inter-

acting.
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This probability is given by:

JF^) do1

r1 outside finite body

where F.. (a.. ) is valid for an infinite homogeneous medium

and the integration is over all state vectors a1 with

their position vectors r1 at points outside the finite

body.

3. Relations between collision densities and field

quantities

The collision density F(ct) is directly connected to the

doubly-differential photon fluence through the relation

Fit) . M(hV) » t l E ^ ?> (37,

when the fluence is normalized to a source which emits

one photon.

Then, for the partial collision density F (a), we have

. ».»v.

where * is the fluence of photons which have been

scattered (n-1) times and for the density of first coll:

sions, F

{39

where * is the fluence of primary photons.
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For a monoenergetic, point-collimated source at r_ emit-

ting photons with energy hv. and direction of flight wQ,

the density of first collisions is:

|r-rj r-? +
= u(hv)e u 6(|g.y •" V

(40)

As shown above, a simple relation connects the collision

density F(a) at the space point r with the differential

fluence at the same point.

Another very useful relation connects a given field

quantity t(r) at point r with the collision densities

at all other points:

x(r) = jT(o) F(a) da (41)

where T(a) is a weight function which depends on the

field quantity T.

The weight function T(o) in some special cases

We now return to our particular problem, Fig 1, of esti-

mating field quantities at points at the rear of a finite

homogeneous water layer. As the water layer is supposed

to be surrounded by a totally-absorbing medium, only the

collision densities inside this layer contribute to the

field quantities on the boundary surfaces.
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Parameters needed to calculate the values of T(cO are

demonstrated in Fig 3.

a(r, .7, r.v)

Ctl

r~r

Fig 3: Some parameters needed for calculating the weight

function T (a) in eq U1 when the field quantity

T at a point ?„ on the boundary surface of a plane

layer containing a homogeneous medium is required.

From Fig 3 we have

rT = the point at the rear of the (water) layer for

which T is to be estimated from the collision den-

sities F(a) inside the layer,

?L = the unit vector in the direction of flight of the
0

incident photon,

ftp = the unit vector in the direction rT - r,

dA = dfl|rT-r|
2 = surface element centred at ? T perpendi-

cular to ft» and subtending a solid angle dfl as seen

from point r.



Depending on the particular field quantity being inves-

tigated, T(a) is given by one of the following expres-

sions .

(s)
T_ = _the_fluencea_^ _i_2f_scattered_ghotons:

T(a) =

a2oJrä,3T),hv']

(42)

T(ot) is the probability per unit cross sectional area

that a photon with energy hv and direction of flight H

interacting at the point r will after the interaction

pass through a sphere centred at r_ without interme-

diate interactions. (The attenuation coefficients a and

JJ refer to the medium contained in the plane layer) .

T_f_the_doubl^-differential_fluence_of_scattered_2hotons

T(o) =

-u(hv»)|:

.
rT" r | L 3̂ 3 (hv) J J

(43)

3*(hv,j5;rT)
where — is the required doubly-differen-

3(hv)3JJ
tial fluence of scattered photons
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T = the plane fluence * -,S of scattered photons:

T(a) =

, 30> T ( 5 ) f l u e n c e

where T(a)t. « T(a) in eq 42 and T is the planerluence
fluence with regard to a surface perpendicular to ft»

T_^the_doublY;differential_glane^fluence_-of_scattered

ghotons

T(o) =

(45)

where T ( 3 ) d i f f e r e n t i a l f l u e n c e - T(S) in eq U3 and

J , 3'; rT)
E 3 ( h v ) 3 Q is the required doubly-

differential plane fluence
with regard to a surface perpendicular to nQ.

The weight function T(o) when T is the energy fluence

or plane energy fluence is obtained by multiplying the

integrands in eq 42 and 44 with the energy hv'. When

T is the doubly-differential energy fluence or plane

energy fluence, the weight function is obtained by

multiplying T(5) in eq 43 and 45 by hv'.
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In the calculation of the weight function T(a) above,

it has not been necessary to make any special use of

the assumption that rL is a point at the boundary sur-

face. In fact, the calculation of T(a) in eq 11 also

holds when T is the field quantity at an arbitrary

point r T inside the layer.

If the totally-absorbing medium which surrounds the

water layer is vacuum, slight modifications to get the

weight function T(a) are needed when x is the field

quantity at an arbitrary point outside the water layer.

E. The random selection of a value for a stochastic

variable

The name "Monte Carlo" has its origin in the use of

random numbers, this being the basic principle in all

problems in which Monte Carlo techniques are used.

Although the determination of suitable methods of ge-

nerating random numbers is the most basic problem in

the use of Monte Carlo methods, we will not discuss

it here, but will simply assume that we have access

to a suitable method with which we can randomly draw

numbers p in the interval (0,1) in such a way that

they are evenly distributed across the interval. The

numbers p are called random numbers. The method with

which they are drawn yields a frequency function g(p)

= 1 for these numbers.

Programmes to generate random numbers are available

for most computers. As an alternative, tables of ran-

dom numbers can be used.

To be able to generate random walks for photons, it is

necessary to select randomly discrete values from the

ranges of possible values of a number of stochastic
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physical parameters such as, for instance, the scatte-

ring angle in a scattering event. Although picked at

random, the selection must not be arbitrary. The se-

lection procedure is necessarily determined by the

frequency function of the stochastic variable in

question.

In the following is described how such selection proce-

dures or sampling methods can be constructed with the

aid of random numbers. In using random numbers, the ba-

sic problem of randomness is brought back to the gene-

ration of these numbers. It will be shown here how ran-

dom numbers with a rectangular frequency function can

be used to construct sampling methods for a stochastic

variable with an arbitrary frequency function.

1. Discrete stochastic variables

The outcome of a selection made to determine the type

of interaction process is a discrete stochastic variable.

With probabilities p1 = T/U, P2 =
 aC0H/v a n d p3 = °INCOH/u'

the interaction is a photoelectric absorption, a coherent

or an incoherent scattering. A procedure for selecting

the outcome of an interaction process must (in order to

simulate the underlying physics) have the property of

yielding a certain process, i, with a probability equal

to pi.

As a mere general case, suppose that a discrete stochastic

variable can take on n different values (n different events

may occur) with probabilities p15....,pn. A straightforward

procedure to sample from this stochastic variable is the

following:

The interval (0,i] is divided into n parts with lengths

equal to p1,....,p : 0<x<p^, p1<x<p1 + p2,.... and p1 + ...

... + Pn-i
<x<Pi + •••• + p • A random number p is drawn

and the value i (the event i) is chosen if p + .... + p.
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The above selection procedure yields the value i (event i)

with a probability given by:

p1 + + pi

/ g(p) dp = pi U 6 )

as desired.

2. Continuous stochastic variables

The angle through which a photon is scattered in a scat-

tering event and the free paths of photons between in-

teractions are continuous stochastic variables.

To be able to simulate the basic physics, a procedure

to select randomly a discrete value from the range of

a continuous stochastic variable must yield a probabi-

lity of drawing a value in the interval (x, x+dx) which

is equal to f(x)dx, where f(x) is the frequency function

of the stochastic variable.

Two standard methods, the distribution function method

and the rejection methoi, for sampling from a one-dimen-

sional continuous stochastic variable are described.

The distribution function method

The distribution function, F(x), for a stochastic variable

with frequency function f(x) is given by:

x
F(x) = / f(x') dx1 (47)

— OS

F(x) is assumed to increase monotonically from 0 to 1

while x increases from -°° to •<*>.
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A sampling method can now be defined as follows:

1) A random number p is drawn.

2) Put

p = F(x) (48)

and determine the corresponding value of x, which can

be written formally as:

x = F_.,(p) (49)

Here, F_1 is the inverse function of F.

With this selection procedure, the probability of

selecting a value in the interval (x, x+dx) is, as

desired, given by

g(p) dp = dp = f(x)dx (50)

since, from eq ̂ 8,

& = ̂ " < * > <51>

This is illustrated in Fig 4.

For example, it can be seen from Fig 4 how the interval

dp of the range of random numbers increases with increa-

sing values of f(x). When f(x) is large for some x, the

corresponding interval dp is also large and so is the

probability of drawing a value in the interval (x, x+dx).



dF(x) = dp [

F(x) = p

= f(x) dx

x x*dx

Fig 4: The probability of drawing a value in the inter-

val (x, x+dx) is given in the distribution func-

tion method by g(p) dp = dp = dF(x) = f(x)dx.

The rejection method

A disadvantage of the distribution function method is

that the calculation of the inverse function F ,(p),

eq 49, can in some cases be very tedious. For instance,

this method is not very suitable for the selection of

a scattering angle from the Klein-Nishina distribution

while, on the other hand, the choice of the free path

between successive interactions is well adapted to its

use.

The rejection method requires that the stochastic vari-

able can only take on values within a limited interval.

Its use is demonstrated in Fig 5.
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Pia a

Fig 5: Selection of a value for the stochastic variable

X, with the frequency function f(x), using the

rejection method.

The stochastic variable, X, is assumed to take on values,

x, in the interval 0 < x < a only. In addition, the maxi-

mum value of the frequency function f(x) in this inter-

val is assumed to be equal to L.

A sampling method is defined as follows:

1) Two random numbers p1 and p» are drawn,

2) Put

(52)

and determine if

P2L (53)

If this is the case, x1 is taken as the value for X,

If not, i.e.

P2 L (54)

then x.. is rejected as the value for X and the proce-

dure starts again from (1).
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With this selection procedure, the probability of

drawing a value in the interval (x.., x. + dx^) is

given by:

f ( x 1 ) / L dx- f(Xi) ( 5 5 )
r 1 1 ( 5 5 )

Here, dp., is the probability that the random number p1

takes on a value in the interval (p.. , p.. + dp..) and

f(x.,)/L

0 2

is the probability that the random number p? takes

on a value p2 < f(x..)/L.

In this case, there is a certain probability that the

selection procedure according to the steps (1) and

(2) does not yield an acceptable value for X. This

probability, known as the probability of rejection,

is given by:

1 1 1 -,
/ dp, / dp, = J(1- 1 * J- - <• - 1 ( 5 6 )

f(x

The probability of getting an acceptable value for X is

thus equal to 1/aL. From eq 55 it can then be deduced

that the conditional probability that a value for X in

the interval (x, x+dx) is obtained, provided that the

value is accepted, equals the desired result f(x)dx.
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Modification of the rejection method

If the probability of rejection is large, the method

will be very time-consuming. A more rap5«i selection

procedure can then be constructed by combining the

rejection method with the distribution-function

method.

For this purpose, an auxiliary frequency function g(x)

suitable for the distribution function method is de-

fined over the same interval 0 < x < a a s f ( x ) .

The sampling method is as follows:

1) Two random numbers p1 and p« aro? drawn.

2) Determine

x<, = G-1 (p.,) (57)

where G(x) is the distribution function corresponding

to the frequency function g(x).

3) Determine if

P2L' < Mx.,) (58)

where

f ( x 1 )

h(x1> * iT3TT

and Lf is the maximum value of h(x) in the interval

0 < x < a.

If this is the case, the value x.. for X is accepted.

Otherwise, the value x^ for X is rejected and a new

attempt starting from (1) is made.
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With this selection procedure, the probability of dra-

wing a value in the interval (x>, x1+dx1) is given by:

h ( x 1 ) / L ? h(
dp.j J dp2 = g(x^) dx.. —r-T— = rr f(x^) dx^

0

(60)

The probability of rejection is:

o d p 1 hudp/2L'= s° 8 ( X i ) r
MxJ

1 _ 1 , ( j 1 _ 1 (61)

0

If the auxiliary frequency function g(x) does not differ

greatly from f(x), L1 is a number close to one and the

probability of rejection will be small.

For particular cases, e.g. the Klein-Nishina frequency

function of the scattering angle, a number of more specia-

lized approaches can be found in the literature. A

good compilation of references is given by Carter and

Cashwell (1975).
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II. The generation of random walks and their use in

estimating field quantities

A. Analogue simulation

Analogue simulation means that random walks are gene-

rated according to the laws of physics, i.e., physically

determined probability and frequency functions are used

in selecting values for stochastic physical parameters.

In contrast, fictitious probability and frequency func-

tions can be used in selecting these values. Then non-

analogue random walks are generated. The important use

of nonanalogue random walks is treated in section B.

1. On the generation of random walks

A random walk is generated as follows:

(1) The position, energy and direction of flight of a

photon from the source at its first interaction are se-

lected from the frequency function F.tcO. With a mono-

energetic point collimated source, only a selection of

the position is needed. The energy and direction of

flight at the first interaction are not in this case

stochastic parameters. In addition, the selection of

position for the first interaction is identical to se-

lecting a value p1 from the free path frequency func-

tion f(p):

f(p) = u(hv) e"
M ( h v ) p (62)

This selection is best made using the distribution func-

tion method. The solution of eq 49 (with x = p1) then

becomes:

In (1-p) (63)



The free path frequency function in eq 62 is valid

for an infinite homogeneous medium. For a finite me-

dium a test is made to see if the selected value p1

results in position coordinates r,. = (x,. , y.., z..),

where:

= r. (64)

outside the medium. This corresponds to the photon

leaving the medium without interacting and the random

walk is terminated. Otherwise, the random walk is con-

tinued with its first state vector o1 given by:

= (r

(65)

The fact that a photon can pass through a finite medium

without interacting can alternatively De considered in

the following way. It is first decided if the photon

will interact in the medium or else just pass through

it. With probability:

p. = / u(hv) e-
y ( h v )P dp

1 0
(66)

the photon interacts in the medium and with probability

(1-p.) it escapes. The decision is made using the method

described above for sampling from a discrete stochastic

variable. P is the maximum free path inside the medium.

If it is decided that the photon interacts in the me-

dium, the free path p1 before the interaction is selec-

ted from a truncated normalized free path frequency

function:

1 - e
(67)



The relation between the random number p and the free

path p. is then:

(2) Once the point of interaction has been selected,

the type of interaction process is determined. For

photons of energies < 1 MeV, the possibilities are pho-

toelectric absorption, coherent and incoherent scatte-

ring.

If photoelectric absorption is indicated, the random

walk is terminated (provided the emission of K-fluore-

scence photons can be neglected).

(3) If the result of (2) is that scattering takes place,

the next step is to select the direction of motion $ +1

and the energy hv . of the scattered photon.

The direction of motion ft .. is determined by the scatte-
n+1 J

ring angle 0 = polar angle in the coordinate system in

which the direction of motion of the interacting photon

is taken to be 1he z-axis, and the azimuthal angle, 4 ,

in the same coordinate system.

If the interacting photon is unpolarized the scattering

angle, 8_, is selected from a frequency function:s

(69)

and the azimuthal angle, A , is selected from a rec-
5

tangular frequency function in the interval [o,2ir]:

f( •> = 27, 0 < 4 < 2ir (70)
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The next step is to determine the energy hv_+1 of the

scattered photon from the frequency function:

32a(9 ,hv) da(6
S

3fi9(hv)
h vn
-1

where f(hv|9 )d(hv) is the conditional probability that

a photon scattered through the

in the interval d(hv) around hv.

a photon scattered through the polar angle 0 has energy

Selection of the energy of the scattered photon is un-

necessary when there is a one-to-one relationship between

the energy of the scattered photon and the angle through

which scattering takes place.

If a distinction between coherent and incoherent scatte-

ring has been made in (2), the choices of scattering

angle 9 and energy hv .. of the scattered photon are

made from frequency functions f(9) and f(hv|9 ) in which

the total scattering cross section a is replaced by the

cross section, Op 0 H or G-TMCOH' °^ *^
e scattering pro-

cess in question.

The choices of the direction of motion and the energy

of the scattered photon ca.1 also be made in the opposite

order. The appropriate frequency functions are then

given by:

< 7 2 )

(Va(0,hv *)
f ( 6 ' h v n + 1 ) = änRhvl 27r s i n 9

(73)

and f ( 0 ) as a b o v e .



CO A value of the free path p + 1 before the next in-

teraction is made from the free path frequency function

f(p), eq 62, with hv equal to the energy, hv 1, of the

scattered photon. Knowing the direction of motion, ̂ n + 1

of the scattered photon and the free path, Pn+-i > before

the next interaction the position, r *, of this can be

determined:

A test is made to see if the position, r ., so deter-

mined is within the finite medium. If not, the random

walk is terminated. Otherwise the random walk continues

with a 1 = (r + 1, hv + 1, S + 1) and the selection proce-

dures start again from (2).

Relations between the coordinates in the system of the

interacting photon and those of a fixed coordinate system

The position vectors r and r „ have coordinates (x , y , z )
n n+i n Jn n

and ^xn+-t> yn+i»
 Zn+"P *n a c o o rdi- n a t e system defined by the ortho-

gonal unit direction vectors e , e ,e which are fixed in space.

The direction of motionu +1 is described in this coordinate system

by its polar angle 8 +1 and azimuthal angle <j> ... The relation bet-

ween the coordinates for rn+1 and r is then given by:

( 7 5 )

( 7 6 )

( 7 7 )

xn +1

zn +1

8 xn + P

= z + p

n*1 S i n 9n +1

n*1 S i n 9n +1

n*1 C O s 9n +1



The direction of motion fi .. was selected by picking a polar angle 6

and an azimuthal angle <j> in a coordinate system in which the di-

rection of motion of the interacting photon, tt , lies along the

z-axis. Now, a relation between the angles 6

is to be derived.

> $n+-\
 an<* 8 > 4>

The derivation is based on the fact that the direction of motion u

is described by a polar angle 6 and azimuthal angle * in the coordi-

nate system e , e , e . The unit direction vector un then has rec-

tangular coordinates (sin8 cos* , sin8 sin<|> , cos8 ) as can be

seen from fig 6.

CO30 ,

y
' sin8 cos*
/ n y n

sin9 sin*

Fig 6: The direction u is described by the polar angle 6 and

the azimuthal angle * . The unit direction vector u

has rectangular coordinates (sin9 cos* , sin8 sin* , cos8 ),

In the coordinate system in which u defines the z-axis the ortho-

gonal base vectors are called e ', e ' and e '. The unit direction

x y z
vector n . has coordinates (sine cos* , sine sin* , cose ) in

n* i s s s s s
this system. Now the coordinates for the unit vectors ? x') ? v'i ? 7 '



in the coordinate system e , e , e

these are known, the values of 9 ,. and
n+i

ved from the relation:

are to be determined. If

can then be deri-n+i

cos<|is e •

= sin9
n+1

(78)

The coordinates for e ' in system e , e , e are the same as those
* * -*• "

for ft since fi = e '. The choice of the direction of the base vec-

tor e ' in the plane normal to u is arbitrary. It is chosen to
X • * n *

lie along the projection of e in the plane normal to Q , fig 7.
t n

sinö
n

cose
intersection with^the
plane defined by e and e

inter-ection with the plane
normal to ti

Fig 7: The plane defined bye and * . e ' is chosen to lie along
•* Z n x ^

the projection of e in the plane normal to " n •
 e

7 •

The direction of e is then fixed, e lies in the plane e
x~e

perpendicular to the projection of » in this plane, fig 8.



projection of e

• e

projection of K

Fig 8: The base vector e ' in the plane defined by e and e .

From figs 6 - 8, it follows that the coordinates of the base
-»• .

vectors ft , <

are given by:

vectors ft ', e ' and e ' in the coordinate system e , e , e
x y z x y

e ' = (- cos6 cos* , - cos6 sin*, sin*n)

e ' = (sin*n, - cos*n, 0) (79)

e_T = (sinG cose , sin6 sin*,,, cos8 )
*• n n n n n

By substituting e ', e ' and e ' expressed in terms of e , e and
x y z x y

e in eq 78 one finds:

= - sin6g cos0n cos*n

cose cos<J>n (80)

sin9 sin<|) . = - sin8 cos* cos6 sine - sin9 sin<() cos4

+ cose, sine,, sin* (81)
s ii n

cos9r,J-1 = sin9 cos* sine + cos9 cos9 (82)
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The value of the polar angle 6 n + 1 is easily determined from

eq 82. The azimuthal angle <J>+.« can be found using either

eq 80 or eq 81. However, from these equations, simpler expres-

sions can be found. These are:

sine sin* ( 8 3 )v - £ i

^ s " COs9n °°sen+1 (84)
cos(*n+1 " *n) = i i

2. The use of random walks in estimating field quanti-

ties

There are many different ways of estimating the values

of field quantities from simulated random walks. The

only requirement imposed on a stochastic estimate is

that it is unbiased.

Here, attention will again be directed towards the slab

penetration problem discussed above. Field quantities

of scattered photons at points on the slab surfaces

are to be determined.

In what follows, three different estimators are descri-

bed. They are distinguished from one another by the

amount of analytical calculation they contain. They

will here be called the direct simulation estimator,

the last event estimator and the collision density

estimator.

The direct simulation estiamtor

This estimator does not use any analytical calculations

The field quantities are estimated in a straightforward

manner similar to the estimation made from a physical

experiment. The mean value f of the field quantity T

over a finite area, the "target area" A_, is the para-



meter that can be estimated in this way. The target

area corresponds to the detector in a physical experi-

ment.

The estimator is constructed as follows: a random walk

[a . ,o ? , . . . . , a N ] is generated and a particular parameter

(TA™)* is allocated a numerical value according to:

i s such t h a t the photon passes

through the t a r g e t a rea A^ and

(TA™) = o for a l l o the r random walks .

t(ctM) i s a funct ion (defined below) of the d i r e c t i o n

of motion £}„ and the energy hVj, conta ined in the s t a t e

vector oL.

(TAT) is an estimate of the parameter (TA™) normalized

to a source which emits one photon. It is a stochastic

variable: if the experiment of generating a random

walk and allocating a numerical value to (TAT) as

described above is repeated, there is a large probabi-

l i ty of getting a different value.

The symbol (T/U) can have three different meanings which may be

confusing. This i s , however, accepted practice and one gradually

learns to distinguish among them. They are:

1) ("CA-,) is a function of the random walk

2) (TA™) is a number, viz. , the value of function 1) as found in

the experiment under consideration

3) (TA_) is a stochastic variable. The number referred to in 2)

can be considered to be the result of an observation of this

variable.



The function t(aN) = t(hv.,, *w) depends on the particu-

lar field quantity T which has to be estimated.

1. T = fluence:

.,+ . 1 (85)
t(aM) = —

N S2where * n is a direction vector perpendicular to the

target area A~.

2. T = the differential fluence:

t(oM) = 5—-z fiCft1- SM) 5(hv'-hvM)
N | S 8 N N

(86)

when 3!t^h>~A is the desired differential
a Chv; dil

fluence.

3. T = the plane fluence:

t(0N) = 1 (87)

4. T = the differential plane fluence:

= 6 (S'-3N) 5(hv'-hvN) (88)

3 * .
when —a?hv^3fl ^s ^^e desired differential

plane fluence.

For estimating energy fluences and plane energy fluences,

t(aN) is taken from eqs 85 - 88 by multiplying with the

energy hvN-
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Eqs 86 and 88 do not really give numerical values of

tCoO. This corresponds to the fact that derivatives

cannot be estimated directly. It is only possible to

make estimates of differential fluences and differen-

tial plane fluences integrated over finite intervals

of photon energy and direction of motion. Eqs 8 5 and

87 are then used for t (a,,) with the proviso that

t (a.,) is put equal to zero for all values of hv,, and

Sj. which lie outside the intervals of these variables

considered.

It will now be shown that (TA-) is an unbiased esti-

mate. To start with, an expression for the parameter

(xA™) is given:

h v

(TAT) = /dA
1 A

o
t<hv,fl)

(89)

with t(hv,H) one of the functions of energy and direc-

tion defined in eqs 8 5 - 8 8 and $ ^ the plane fluence

of scattered photons normalized to a source which emits

one photon.

Normalizing to a source which emits one photon, then:

J dA
Am

d(hv)dfi = the probability that

the photon after one

or more scattering pro-

cesses will emerge through the target area A~ with energy

in the interval d(hv) around hv and direction of motion

in the solid angle element dft around ft.
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The expectation value, E (TA-) , of the stochastic
. * .variable (TA™) is thus given by:

hv
o

O fi,
t(hv

n

(s)

/ dA^^i- d(hvN)dflN

(90)

By altering the order of integration in eq 90 and sub-

stituting hv for hvN and $ for &, the expression on

the right hand side of eq 89 is reproduced, i.e.:

E[(TAT)*] = (91)

(TAT) is thus an unbiased estimate of the parameter

TA™ normalized to a source which emits one photon.

For the field quantities T discussed above the particular value

of the number N of the last state vector in a random walk has

no significance in estimating the value of T. This fact makes

i t possible to substitute w for &, and hv for hv.,. If, on the

other hand, one i s interested in the value of T for photons

scattered a certain number, a, of times, then tCouJ = 0 for al l

values of N such that (N-1) i a.

Starting from the expression for the expectation value

[ •1

(TAT,) J , of the stochastic
variable (TA™) is immediately given by:

v[(TAT)*] =
n V n 2 (s) /• * •*

S> " TATj 3(hv)3RdA

(TAT)
2

hv,

dA
n = 27r

(92)
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Finally, another expression for the variance can also

be given:

N=2

(93)

The integrations in the first sum on the right hand

side of eq 9 3 are to be made over all interaction
-*• - * • • * •

sequences a^ ,...., a»,,., <*», such that the transition

aN_1 •*• aN results in photons emerging from the slab.

In this case, t(a ) = o for all sequences other than

those which result in emergence through the target area

AT. The integrations in the second sum are made over

all sequences a.,...., aN with all their1 position vec-
-*• •+ -> -•

tors r.,....,rN within the slab . F(a ,....,a ) T(hvN)/y(hvN)

is the probability density that a photon from the source

will follow the sequence of interactions described by

,....,
*• -*•

M and end with photoabsorption at rN.

] i h b b i l i h
[1-/F1 (ot)da] is the probability that a source photon will

emerge from the slab without any interaction.

Values of the variance are as difficult to determine

analytically as values of the expectation value itself.

Furthermore, this expectation value must be known be-

fore the variance can be calculated using one of the

eqs 92 and 93.

Even values of the variance have thus to be estimated

from experimental data. An estimate of the variance

can be established only if more than one random walk

is generated. In cases when H random walks are generated,
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an unbiased estimate of the variance, V[(TA T) ] , is

given by the following expression s2:

s2 =

H H
1 r •• (n) 1

L t la,. ; —T? L
H"1 h=i * "h " h=i

with a». the vector describing the final state of ran-

dom walk number h. Here, t(aij ) is replaced by

zero if the random walk does not end with a

traversal of the target area or if the source photon

escapes the slab without interacting.

In cases when H random walks are generated, another

estimate (TA_) of the parameter xAT, normalized tc

a source emitting one photon, can be made:

( T A T ) * * = 1 E t(a,JT
h)) (95)

1 H h=1 Nh

As in eq 94, t(aN ) in eq 95 is replaced by zero if the

random walk does not end with a traversal of the target

area or if the source photon escapes the slab without

interacting.

(xA-,) is also an unbiased estimate of TA_ normalized to

a source which emits one photon. The variance, V[(TA T ] ,

is, however, smaller than that of the estimate

(xA™) based on one random walk only:

V[(TAT)**] = -J V[(TAT)*] (96)

The formal expressions, eqs 92 and 93, for the variance

are, in spite of the fact that they are not suitable for
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calculations of variances, useful in finding methods

to reduce variances. Different methods of reducing

variances will be discussed later. First, however,

two other estimators are described.

The last event estimator

Immediately prior to its last interaction in the slab,

the state of a photon describing a random walk [a.,. ..

••» aM-i ' afi\ -̂s gi v e n by either the vector <*,,_- or

by aN, depending on whether the random walk is termina-

ted by the escape of the photon from the slab or by

photoelectric absorption at a point r», within the slab.

The last event estimator is constructed as follows:

a random walk [a..,...., a., ,., a.,] is generated and a

parameter x is allocated a numerical value according

to:

when the random walk is terminated by

photoelectric absorption in the slab,

T(ttN-i> when the random walk is terminated by

escape of the photon from the slab and

T* = O when the source photon escapes the

slab without interacting.

The function T depends on the particular field quantity

T for which an estimate is to be made. It is a function

of the position, the energy and the direction of motion

immediately prior to the last interaction. It is, how-

ever, independent of the particular value of N and is

identical to the function T(a) defined in eqs 42 - 45.
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The function q is also independent of the particular

value of N. q = q(a) is the probability that a photon

involved in an interaction characterized by state vec-

tor a has its final interaction in the slab.

T is an unbiased estimate of the field quantity T

normalized to a source which emits one photon. This

will now be shown.

Normalizing to a source which emits one photon, it can

be stated that the slab collision density F(a)da times

q(a) equals the probability that a photon from the

source will interact (possibly after one or more scat-

tering processes) in the slab described by a state vec-

tor in the interval da about a such that this interac-

tion is its final one within the slab. The expectation

value, E(T ), of the stochastic variable T can then

be written:

E(T") = / ̂ r F(a)q(a)da =/T(a)F(o)da = T
q(o)

(97)

The integration in eq 97 is over all state vectors a

with position coordinates within the slab. The second

equality follows from eq M . Thus T is an unbiased

estimate of T normalized to a source which emits one

photon.

The variance, V ( T * ) , of the stochastic variable T* can

be written:

V(T

q(a) J

= /
q(a)

F(u) da - T 2

do] =

(98)
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with the last equality coming from the fact that

jF(a) q(a) da + [i-jF^a") da] =

= the probability that a photon from the source is

absorbed photoelectrically in the slab or escapes

from the slab (possibly after one or more scattering

processes) and hence equals one.

An estimate T of T with lower variance can be ob-

tained by generating H random walks and calculate

the arithmetic mean of the H values for the stochastic

variable T found. The variance, V(T ), of the esti-

mate T is then given by:

V(T**) = ̂  V(T*) (99)

By generating H random walks, an unbiased estimate s2

of the variance V(T ) can be made with s2 given by an

expression equivalent to that in eq 94.

The absorption estimator

The probability q is the sum of the probability that

the photon is scattered and then escapes the slab

without further interactions and the probability that

it is absorbed photoelectrically. The probability of

scattering followed by escape from the slab may be

difficult to calculate. The last event estimator can

be modified to take account of the probability of

photoelectric absorption only. The estimate T of T

is then:

with photoelectric absorp-

tion in the slab and

T* = 0 for all other random walks,
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The proof that this modified estimate is also unbiased

follows from eq 97 with q(a) = r(hv)/u(hv).

The variance of the modified estimate is, however,

different:

+ T2/F(o) e(a) da + do] =

(100)

Here, e(a) is the probability that a photon which in-

teracts as described by the state vector a is scattered

and leaves the slab without further interactions.

A comparison between eqs 98 and 100 shows that the

variance of the modified estimate is the greater one

since T(hv)/y(hv) < q(o). The modified estimator yields

a value of zero for the estimate more often. In compen-

sation, the values different from zero must be compara-

tively larger. This contributes to a larger spread in

the values obtained with the modified estimator.

A particular difficulty associated with the last event

estimator is that the function T(a) •*• <*> as |rm - r| -*• 0,

eqs 42 - 45. Since T(a) is contained in the variance in

quadratic form, eqs 98 and 100, this may result in an

infinite value for the variance V(x ). A method to avoid

an infinite variance is instead to make an estimate of

the mean value, T, of the field quantity averaged over

a finite area A™. The estimate is then given by:

when the random walk ends

with photoelectric absorption,
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when the random walks ends

" N-1 with the escape of the photon

from the slab and

T = 0 when the source photon escapes

the slab without interacting.

— mThe estimate T is a stochastic variable with a limited

range of possible values, the upper limit being set

by the size of the area A_.

The difficulty with the unlimited range of values of

the stochastic variable T vanishes if the slab is

surrounded by vacuum and field quantities x for points

at a certain distance from the slab are required.

Certain modifications of the function T(a) have then

to be made. The estimation of T can otherwise proceed

in the same way.

The collision density estimator

This estimator makes use of the information from all

the state vectors in a random walk. It is constructed

as follows: a random walk [o1,...., a^] is generated

and a parameter T is allocated a numerical value

according to:

N
T* = Z T(a ) when the random walk ends

i=1 with absorption in the slab,

* N~1

T -I T(a-) when the random walk ends
i = 1

with escape of the photon
from the slab,

T = 0 when the source photon escapes

the slab without interacting.
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The function T depends on the field quantity which is

to be estimated. As with the last event estimator, it

is identical to one of the functions T(a) in eqs 12 - 45

In particular, the value of the function is indepen-

dent of the value i of the state vector a..

T is an unbiased estimate of the field quantity T

normalized to a source which emits one photon. This

will now be shown.

The stochastic variable T can be regarded as a sum of

stochastic variables x.:

T* = I T* (101)
i = 1 L

where

T. = T(a.) for i < N and random walks

ending with photoelectric ab-

sorption in the slab,

T. = T(a.) fcr i < N-1 and random walks

ending with the escape of the

photon from the slab,

T. = 0 for i > N, for i=N and random

walks ending with the photon

escaping and in cases such that

the source photon passes through

the slab without interacting.

The expectation value of a sum over a number of sto-

chastic variables is equal to the sum of the expecta-

tion values of the variables separately. Thus,

00

E(T») = Z E(T?) (102)
1
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The expectation value of the stochastic variable
» . . ,

T is given by:

E(T*) = i) da\ (103)

where the integration is over all state vectors a.

with their position coordinates within the slab.

The partial collision density F.(a) is defined in eq

28.

Substituting a for a. in eq 103 results in:

E(T*) Fi(a) da (104)

and:

E(T*)

= /T(a)

CO

E jT(a) F£(a) da =

da" = T (105)

The last equality in eq 105 follows from eq 41.

Thus, provided that the order of the summation and the

integration steps can be interchanged in eq 105, it has

been shown that T is an unbiased estimate of T normali

zed to a source which emits one photon.

The variance V(T*) of the estimate T* is obtained from:

V(T*) =

= 2
I K O ^ - T ] F(aN,...,a1)d(hvN)dnNdan_1 ...da, +

M
F C SN

T(hV )
•da .....da. +

da] (10 6)
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In the first sum on the right hand side of this equa-

tion, the integrations are over all interaction sequen-

ces which end with the escape of the photon from the

slab. In the second sum, the integrations are over all

interaction sequences which end with photoelectric ab-

sorption in the slab.

The variance V(T ) can also be written formally as:

V(T*) = V(LTJ) = ZV(TJ) + 21 Cdf, T?) (107)
i i<D J

where C(T., T .) is the covariance of T- and T.. If the stochastic

variables are independent of one another, then C ( T - , T .) = 0 for

i i j. This will not be the case here. The value taken by the state

vector a* depen.-ts on the value taken by a.*.

A it

Even in this case an estimate T of T with lower vari-

ance than V(T ) can be obtained by generating H random

walks and forming the average of the corresponding H

observations of T*. V(T**) is given by eq 99.

As in the case with the last event estimator, there is

a need even here to limit the range of possible values

of the stochastic variable T . This can be carried out

as described earlier by considering a finite area and

making an estimate of T averaged over this area or by

estimating T for points at a certain distance from

the slab.

3. Comparison between estimates - efficiency and preci-

sion of an estimate

For any comparison between different estimates to be

meaningful the same parameter should be estimated in

each case. Using the direct simulation estimator only

the average value T of the field quantity T over a

finite area can be estimated. The last event estimator
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and the collision density estimator can be extended

to estimate such averages. The need to limit the va-

lues taken by the stochastic variable T of the last

event and the collision density estimators for points

at the slab surfaces naturally leads to a situation

where averages x are estimated. In cases for which

the field quantity T as a function of position is of

interest, the area over which the averaging is carried

out should be chosen such that x varies only little

over this area.

From the direct simulation estimator, an estimate x =

= (xA~) /A™ of x averaged over A™ is obtained with the

variance V(x*) = V[(xA,p) ]/Â ,. This variance is expli-

citely dependent on the size of the target area A~.

Even the variances of the estimates obtained with the

last event estimator and the collision density esti-

mator are dependent on the size of the area A™ in those

cases in which such an area has been introduced.

The efficiency of an estimate

The efficiency of an estimate is usually defined as the

inverse of the product of its variance and the compu-

ting time required to generate a value for it (make an

observation of it). Defined in this manner, an estimate

does not get more efficient just because it is based

on more random walks. Thus, the estimate x is as effi-

cient as the estimate x equal to the average of H ob-

servations of T*. The variance V(x**) is H times lower

than the variance V(x ) but generating H values for x

requires H times the computing time.

While the variance is a defined function, the efficiency

will vary depending on the standard of the computer and

the competence shown in data handling.
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The precision of an estimate

In all Monte Carlo work it is a matter of central inte-

rest to establish the precision with which an estimate

of a given parameter is made. The variance is of inte-

rest in judging this precision.

The most rigorous manner of stating the precision of

an estimate is to indicate a confidence interval. This

can be carried out when both the variance V(T ) and

the type of frequency function for T are known. For

example, if T has a Gaussian frequency function the

desired value T (= the expectation value) is with 9 5%

probability contained within an interval of ± 2/V(T )

about the experimentally obtained (estimated) value

for T . If, however, T has a different frequency func-

tion the same relation will not hold. A knowledge of

the variance only is not sufficient to determine the

precision.

Furthermore, the variance is initially not known. It

can, however, easily be estimated from experimental

data as has already been referred to above. The fol-

lowing expression s2 always yields an unbiased esti-

,-*mate of the variance V(T ) independent of the frequency

function for T

.2 _
II H

E

h =

(108)

Here, H is the total number of random walks generated

in the experiment and T, is the value for T

from the h:th random walk.

-* obtained

L .

Though s2 is in all cases an unbiased estimate of V(T ),

the precision of this estimate will in turn depend on
— w — m

the type of frequency function for T . If T has a

Gaussian frequency function, s2 is the best estimate of
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. -•,V(T") and a knowledge about H and s2 allows the construc-

tion of confidence intervals by means of the Students

t-distribution. With a frequency function for T which

is very unsymmetrical, it is, however, to be expected

that s2 will provide an estimate of V(T ) with a much

poorer precision and there is no general method of con-

structing confidence intervals.

Returning to the concept of the efficiency of an esti-

mate, this is intended to be a measure of the computing

time needed to get an estimate with a certain precision.

As has been pointed out above, it is not quite correct

to judge the precision from the variance only. Judging

it from the estimated variance s2 is still more compli-

cated. On the other hand, it is difficult to find a bet-

ter quantity to use which is still practical. It should,

however, be kept in mind that the estimated variance s2

only serves as a very crude measure of the precision.

Comparison between estimators

The last event estimator makes use of the analytically

calculated probability per unit area that the photon

after its last interaction emerges from th3 slab through

a certain point. This probability is contained in the

function T(a). The collision density estimator extends

this use to include the sum of the escape probabilities

after each interaction. The estimates obtained with the

last event estimator and the collision density estimator

therefore take on values equal to zero with a frequency

much less than the corresponding estimate obtained with

the direct simulation estimator. In the latter case,

only the random traversals of the target area Am give

nonzero values for the estimate.

A general rule is that any increase in the degree of ana-

lytical content in estimates tends to decrease the value
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of the variance. This seems intuitively correct. How-

ever, to show this formally by comparing expressions

9 2 and 9 3 for the variance with the corresponding

expressions 98 and 106 appears to be impossible. With

the direct simulation estimator, the estimate takes a

value of zero more frequently while with the other two

estimators the ranges of thos^ values which differ

from zero are often larger, for instance in estimating

plane fluences. In estimating fluences, however, even

the direct simulation estimator yields estimates with

an infinite range of possible values due to the factor

cos (fto,$N) in the denominator of t(aN), eq 85. To avoid

infinite variances in this case, a cut off value for the

angle (SQ> & M ) is usually introduced.

Even if it is true that the last event and the collision

density estimators produce estimates with lower varian-

ces than the direct simulation estimator, the former

need not be the more efficient ones. The analytical

calculations contained in the estimates of the last

event and collision density estimators require a compu-

ting time which can be used to generate a greater number

of random walks if the direct simulation estimator is

used. As the variance of an estimate varies inversely

with the number of random walks used for the estimate,

it may well be that, from the point of view of the pre-

cision attainable, it is more profitable to use a given

computing time to generate as many random walks as pos-

sible using the direct simulation estimator rather than

to generate fewer random walks and use the last event

or the collision density estimators.

The collision density estimator requires the calculation

of more values of T(a) than the last event estimator

which only uses one such value. On the other hand, a

value of q(a) must be calculated with the last event

estimator but not with the collision density estimator.

When q(a) includes both the probability of photoelectric
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absorption as well as the probability of scattering

followed by escape from the slab, the calculation of

q(ot) can be expected to require considerable computing

time.

The last event estimator can, as has been described

above, be modified to take account of the probability

t/y for photoelectric absorption only. The analytical

effort in making the estimate is then strongly reduced.

The variance, however, increases compared to the variance

of the unmodified estimate using q(ot). This increase is

greater the more T/U deviates from q(a). In cases when

the probability of photoelectric absorption is large

compared to the probability of scattering followed by

escape, the modified last event estimator can, however,

be expected to be more efficient than the unmodified one.

The question as to which estimator is the most efficient

cannot be answered in a general manner. The estimators

must be experimentally tested for their efficiences from

case to case. Generally, the direct simulation estimator

is favoured if symmetries in the geometry of the problem

can be used to get large target areas, as in the parti-

cular slab penetration problem discussed here. The other

estimators can be expected to be less dependent on such

geometrical symmetries.

B. Nonanalogue simulation

In the above, three different estimators have been

described, the most efficient of which can be selected

for use in any particular situation. The efficiency of

any particular estimator can further be increased by

using fictitious probability and frequency functions

in selecting values for stochastic physical parameters.

The increase in efficiency is due either to a reduction

of the computing time needed to obtain an estimate or
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to a reduction in the variance of the estimate.

The optimal choice of fictitious probability and fre-

quency functions is dependent on both the irradiation

geometry and the estimator used. This will be illust-

rated in the section on importance functions. In selec-

ting the most efficient Monte Carlo scheme for solving

a given problem, on has thus to weigh different esti-

mators toghether with different fictitious frequency

functions, which is usually a matter of great complexity,

Before proceeding to describe the use of random walks,

generated with the aid of fictitious probability and

frequency functions, a particular topic relevant to

the pencil beam slab penetration problem shall be dis-

cussed.

Methods of obtaining a desired precision in estimates

at different points

In the pencil beam slab penetration problem presented

above, different field quantities were to be determined

as a function of the position on the rear of the slab.

This means that Monte Carlo estimates of the field

quantities have to be made for many different points

on the rear of the slab.

It is here possible to use one and the same random

walk for making estimates at different points.

This has two advantages compared to generating a new

random walk for each estimate. Computing time is redu-

ced and the estimates at different points are corre-

lated, i.e., the integral of the field quantity over

the rear of the slab is determined with greater pre-

cision than is the case when different random walks

are used for the estimates at different points.
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The precision desired in the estimate at any given

point can be attained by basing it on a sufficiently

large number of random walks. A disadvantage arises

if widely different numbers of random walks are needed

to obtain the desired precision for estimates at dif-

ferent points. The correlation between the estimates

then disappears.

This disadvantage can be treated by nonanalogue simula-

tion. By using random walks generated with nonanalogue

simulation, the variance of an estimate at a certain

point can be reduced. This often implies that estimates

at other points, using the same estimator and random

walks, get an increased variance. The optimal choice of

fictitious probability and frequency functions depends

not only on the estimator but also on the point at which the

field quantity is to be determined. One can thus try to

optimize the estimate for each point separately. Then,

however, different random walks have to be used for the

estimates at different points and the advantages of

using one and the same random walk for making all the

estimates are again lost.

The fact that a given set of fictitious probability and

frequency functions reduces the variance of the estimate

at one point but increases it at another can, in this

context, be used positively. One may be able to find a

set of functions such that the required precision is

attained at all points when the estimates at these points

are all based on the same set of random walks.

This can be illustrated by discussing estimates of the

plane fluence with the direct simulation estimator. The

probability per unit area that a photon from the source

will after scattering emerge through a point at the

rear of the slab decreases rapidly with the distance

from the axis of symmetry (the pencil beam). If p is the

probability that a photon emerges through a particular
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target area A™, the expected number of photons which

traverses this area is Np when N photons are emitted

from the source. The variance in the number of photons

passing the area is in this case Mp(1-p) and the rela-

tive standard deviation is given by [Np(1-p)]l'2 /tip =

= /i-p//Np. The precision (expressed as the relative

standard deviation) in the estimate of the plane fluence

thus decreases rapidly with increasing distance from

the pencil beam (decreasing value of p) when the esti-

mate at each point is based on the same number, N, of

random walks. Since target areas in the form of annular

rings (with cylindrical symmetry) can be selected in

this case, p does not decrease so rapidly with the dis-

tance from the pencil beam as does the probability per

unit area. Sufficiently far away, however, the estima-

tes must be based on a larger number of random walks to

attain the same precision.

By introducing fictitious probability and frequency

functions, the probability that a random walk ends with

the photon passing through an annular ring far away

from the pencil beam can be increased while, at the same

time, the probability that it ends with the photon pas-

sing through an annular ring near the pencil beam is

reduced. As a net result, the precision in the estima-

tes at different points will be equalized.

1. On the generation of random walks with nonanalogue

simulation

Here, a random walk will be generated by the same se-

quence of selection procedures (1) - (H) as was used

in the generation of random walks with analogue simu-

lation. The difference is that, in choosing values for

the stochastic variables involved, fictitious probabi-

lity and frequency functions may be used. The choice

of the photon's position, energy and direction of
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motion immediately prior to its first interaction can

be made from a fictitious probability density function

F..(a). In addition, a fictitious probability, s, that

the interaction is a scattering can be introduced as

well as fictitious frequency functions f(8), f(<|>),

f(hv|8) and f(p) for the scattering angle, the energy

of the scattered photon and the free path before the

next interaction.

The fact that fictitious probability and frequency func-

tions are used in generating random walks is taken into

consideration by assigning a weight, W., to the state

vector a. describing the photons's position, energy and

direction of motion immediately prior to the i:th inter-

action.

2. The weight, W., associated with the state vector a• _

The weight, W., to be associated with the state vector

a. is defined by the following recursion formula:

f. = w .
(109)

(110)

where X(a.|a._1, W. ,.) is a ficitious transition pro-

bability density defined by the fictitious probability

and frequency functions used in the generation of the

random walks. Substituting these into eq 109 gives:
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w - u
i " i-1

-/o

hv..
i =

= W.
[f(es)f(»s)f(hviles)]hv-

i

I i - 1

(111)

where f (p) ,f (9) ,f (<f>) and f(hv|9) are the frequency func-
A y% /\

tions defined in the eqs 62 and 6 9 - 7 1 , f (p) ,f (6) ,f (*)

and f(hv|e) are the corresponding fictitious frequency
At /\ A

functions, s =c/u and s = a/u are often referred to as

the true and the fictitious survival probabilities.

If a distinction between coherent and incoherent scat-

tering has been made in generating the random walks

the following relation is useful in calculating the

weight W.:

)f(hv,|6

. qINCOH f , f l . - ( . 1 f

Ö rINCOK v o s ; r INCOH V<PS;IINCOH

COH
COH f C 0 H ( h v i l e s )
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where fjMQOH an<^ ĈOH a r e ^ e ^ r e ( l u e n c y functions

obtained by subst i tut ing oTlt^,rttI and onnt, for a in

the eqs 69 - 71.
TMPQU

As incoherent and coherent scattering through a par-

ticular scattering angle (6 ,4> ) can never result in
5 S

the same energy hv. of the scattered photon, one of

the terms on the right hand side of eq 112 must always

be equal to zero.

The fictitious transition probability density

X(ot.|a. ,W .) has here been described as depending on

the weight W._. associated with the state vector a _̂-i •

This does not mean that it is necessarily dependent on

this weight but only that it could be. There exists a

great variety of possible ways to choose the fictitious

probability and frequency functions. In particular, they

may depend on other parameters than those relevant in

physics. This has been indicated in eq 111. The ficti-
A

tious survival probability s may, for instance, not only

depend on the photon's energy but also on its position,

its direction of motion and its weight.

Although there exists a great range of possibilities

in choosing the fictitious probability and frequency

functions, there are also requirements which have to

be imposed on these functions. These will be discussed

later.

The recursion formula for the weight W-, eqs 109 and

110, shows that the weight associated with the state

vector a. depends on all the previous state vectors of

the random walk:

W i = (113)
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By expanding the recursion formula, the following

expression for the weight W- is obtained:

W. = W(a ...... ,a-j) =

1 (a,

(114)

Eq 111 shows that the weight W- is equal to the ratio

of the true probability density that a photon will

interact through a particular sequence of events and

the fictitious probability density that it will inter-

act through the same sequence.

Comments on fictitious collision densities

A photon emitted from the source and interacting accor-

ding to the laws dictated by the fictitious probability

and frequency functions has a probability density to

pass through an interaction sequence a ,.. ., ot which

is given by the function F(a ,... ,a. ).

Integrating over the state vectors ex..,. . .. ,a _* yields

the fictitious partial collision density F (<$):

£ / - ^ r r^. /•+ •*• •*• t *•+ *•*F (a; = J...JF (a ,a _*,...,ta*) da _1.....da1

(115)

The fictitious collision density F(a) is then given by:

* + °° - -.
F(a) = I F^(o) (116)



These partial and total collision densities are valid

for a particular state vector a independent of the

weight associated with it.

In case the fictitious probability and frequency func-

tions are weight dependent, the integral equation for

the partial collision density corresponding to that in

eq 30 for the true partial collision density must be

written:

n' n w ln d Wn

(117)

Here, F (a ,W ) is obtained by integrating F(a ,a .,..

...,a.) not over all interaction sequences a.,....,a _.

as in eq 115 but only over those sequences such that

the weight W has to be associated with the state vector

a . Eq 117 is integrated over all state vectors a as

well as over all possible weights W associated with a

particular state vector a .

3. Estimating field quantities from random walks gene-

rated with nonanalogue simulation

Here, it will be shown how the direct simulation esti-

mator, the last event estimator and the collision den-

sity estimator are modified in using random walks gene-

rated with nonanalogue simulation.

The direct simulation estimator

A random walk [a1,....,aN] is generated and an estimate

VTA™) of the parameter TA™, normalized to a source which

emits one photon, is made as follows:
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(TA T) = WNt(aN) if the random walk ends with the

photon passing through the target

area and

(TA T) = 0 for all other random walks

Here, t(aN) is the same function of the energy hv,. and

the direction of motion & N as defined in eqs 85 - 88.

The expectation value, E [ ( T A T ) ] , of the stochastic

variable (TA T) is given by:

E[(TÄ T)*] =

OO y\.

= E /•••/«„ t(oL) F(aN,aN_1, -.. ,a ) d(hv ) dfl. da.. ... .da..

(118)

The integrations in eq 118 are over all possible inter-

action sequences which end with the photon passing

through the target area. Possible interaction sequences

are those for which the probability density function

F(aN,.. . ,<*..) is nonzero. If the function F(aw,. .. ,a-)

is equal to zero, this implies that the interaction

sequence cL ,...,aN is not possible for a photon inter-

acting according to the laws dictated by the fictitious

probability and frequency functions. Random walks des-

cribed by [a.j,...,aN] will then never be generated and

weights WM for such sequences are not defined.

Substituting the expression for the weight Wj, according

to eq 114 into eq 118 gives:

E[(TÅ T)*] =

E = 2 /.../t(oN) FCaj,,...,^) d(hvN)
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Eq 119 is merely a transcription of eq 118. As in eq

118, the integrals in eq 119 are defined for and get

contributions from only those interaction sequen-

ces which end with the photon escaping through the tar
~ •+• -*•

get area and for which F(aN,... »a..) is nonzero.

An expression for the parameter TAT was given in eq

89. By using the fact that:

= [z I..
N=2

FCcL.cL.,,
N N i

(120)

where the integrations on the right hand side of eq 12G

are over all physically possible interaction sequences

which end with the photon passing through the target

area with energy = hv and direction of motion HM=

the following expression for TA_ is obtained:
N"

Z J...Jt(aN) F(aN,oN_1,...,o1)d(hvN)dQNdaN_1...da1

(121)

As in eq 120, the integrations in eq 121 are over all

physically possible interaction sequences which end with

the photon passing through the target area. An interac-

tion sequence a1,...,aN is physically possible as soon

as the probability density function F(ot . . ,a ) is

nonzero.



Requirements imposed on the fictitious probability

and frequency functions

The expressions in the eqs 119 and 121 are identical,

i.e. (TAm) is an unbiased estimate of TArp, provided

that for any interaction sequence a.,....,a,, which

ends with the photon passing through the target area

F(aN,.. .. ,ot1) is nonzero as soon as both t(oJ and
_ ,->• •+

F(otN,....jcu ) are nonzero.

In estimating fluences and plane f luences, t (a.,) is

nonzero for all values of hvN and ft.,, while in esti-

mating differential fluences and differential plane

fluences integrated over finite intervals of energy

and direction of motion, the function t (a,,) takes on

a value of zero for all energies hv*, and directions

of motion S,, which do not belong to the intervals con-

sidered.

In estimating fluences or plane fluences, the above re-

quirement on the function F(a.,,... ,ot,) means that the

fictitious probability and frequency functions must be

chosen such that:

(1) the fictitious transition probability density

^ lan'^n^ ^s n o n z e r o a s soon as the true transition

probability density x(^ +il°'n̂  ^s n o n z e r o an<3 t n e posi-

tion vector ? n + 1 indicates a point within the slab.

(2) X(an+1'an»W ) is nonzero as soon as X(ot +.|a ) is

nonzero and the transition results in the photon passing

through the target area.

On the other hand, in case the transition is such that

the photon escapes from the slab without passing through

the target area, X(an+1|a ,Wn) may be chosen equal to

zero although X(a A | a ) is nonzero. Thus in generating

random walks, the photons may be prevented from escaping
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from the slab except through the target area (or the

target areas, in cases when one and the same random

walk is used for estimates at different points). For

instance, if a photon after an interaction at point r n

is given a direction of motion É2 +1 which does not point

in the direction of the target area, the decision as to

wether it will escape from the slab can be dropped and

the position r .. of the next interaction be selected

directly from a truncated normalized pathlength fre-

quency function, such as given in eq 67.

Furthermore, photons from the source can be prevented

from passing through the slab without interacting. The

fictitious probability density function F..(a) can be

chosen such that:

da = 1 (122)

when the integration is over all state vectors a such that

the positions r are contained in the slab. However, F.Ca)

must be nonzero as soon as F.(a) is nonzero for points

within the slab.

In estimating differential fluences and differential

plane fluences integrated over finite intervals of

energy and direction of motion, X (a ...la ,W ) may in addi-OJ n+i' n n J

tion be chosen to be equal to zero as soon as the energy

hv ,. is less than the lower limit of the energy inter-

val considered. For instance, in generating random walks,

the photons can be prevented from being incoherently

scattered such that the loss in energy results in energies

of the scattered photon below the actual limit. Further-

more, it a photon interacts at r and is given a new di-

rection of motion $ n + 1 which points towards the target

area but is not within the interval of direction of no-

tion actually considered, it can be prevented from escaping,



It has thus been shown that some physically possible

transitions may be neglected in generating the ran-

dom walks. It may, on the other hand, be questioned

if it is possible to allow transitions which are not

physically possible. Such transitions can be allowed

but are of no interest since state vectors generated

with the aid of transition probability densities

which do not correspond to physical transitions will

have weights which are identically zero, eqs 109 and 110

Comparison of the variances in estimates obtained with

nonanalogue and analogue simulation

Though the expectation values of the estimates are the

same, their variances will depend on wether analogue

or nonanalogue simulation has been used.

(TA™) J , of the estimate (TA^) using

nonanalogue simulation is in a straightforward manner

given by:

= Z J...J[WN t(oN) -
N=2N=2

d(hvN)

00

I /.../ F(oN,...,a1)[i-s(aN,WN)] . ..da., +

(123)

The integrations in the first sum are over all interac-

tion sequences which end with the photon escaping from

the slab and t(a»r) is put equal to zero if the photon

does not escape through tne target area. The integrations

in the second sum are over all interaction sequences

which are completely contained in the slab.
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Eq 123 can be simplified to:

V[(TA T)*] =

= E

E
N=2

W N [t(aN)J

d(hvN)

d(hvN) •da. -

(124)

where the integrations in eq 124 are over all inter-

action sequences which end with the photon escaping

through the target area. Eq 124 follows from the follo-

wing general relation valid for each stochastic variable £

V(C) = (125)

The expression for the variance of the corresponding

estimate using analogue simulation, eq 93, can simi-

larly be simplified to:

V (T

.. .da,, -
00

E /.../ [t(aN)] F(aN,...,a.,) d(hvN) dfiN da

(126)

where the integrations are over all interaction sequen-

ces which end with the photon passing through the tar-

get area.



As can be seen by comparing eq 124 with eq 126, the

variance of the estimate using nonanalogue simulation

differs from that of the corresponding estimate using

analogue simulation.

By a clever choice of fictitious probability and fre-

quency functions, the variance in eq 124 can be made

considerably smaller than that in eq 126. In principle,

the variance in eq 124 can be reduced to zero. This

point will be treated later in the section on importance

functions.

However, a poor selection of fictitious probability and

frequency functions can easily lead to estimates with

variances much larger than in the corresponding esti-

mate based on analogue simulation.

Some simple variance reducing steps

From a practical point of view, the efficiency of an esti-

mate is of greater interest than its variance. It may

well be that it is worthwhile to use an estimate with

increased variance if thereby the computing time is

greatly reduced. If, for instance, it is difficult to

sample from a given physical frequency function, it may

be profitable to introduce a fictitious frequency func-

tion which does not depart very much from the physical

one but from which it is easy to sample.

As has been pointed out earlier, however, the efficiency

is not as well defined a concept as the variance. Vari-

ance reduction methods can be and have in fact for a

long time been the subject of systematic studies. The

use of fictitious probability and frequency functions

with the aim of reducing the variance of an estimate

is usually called importance sampling. The importance

fu\ction, which will be treated in a following section,
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is a very useful tool in the systematic analysis of

importance sampling. In the following only some simple

variance reducing steps will be pointed out.

It has already been anticipated that the variance of

an estimate according to the direct simulation esti-

mator can be reduced to zero. From eq 123 can be seen

that, for the variance to be zero, necessary conditions

are that scattered photons are not allowed to escape

except through the target area, that photons are not

absorbed in the slab (sN = 1 ) and tha.t photons from

the source are not allowed to escape without interac-

ting at least once (JF^(o) da = 1).

In other words, all random walks such that the estimate

takes a value of zero must be prevented.

Now, three steps making use of the necessary conditions

for zero variance can be indicated which obviously re-

sult in a variance reduction. They contribute to increase

the frequency of all random walks which end with the

photon escaping through the target area. This in turn

means that the weights W., in eq 124 all get smaller than

one such that the variance in eq 124 will be less than

the variance in eq 126.

Firstly, the fictitious survival probability s is put

equal to one. This means that all interactions are con-

sidered to be scattering processer. The quotient s/s,

one of the factors ir the formula for the weight, eq

111, is then always smaller than one.

Secondly, each time a scattered photon's direction of

motion does not point through the target area the pho-

ton is not allowed to escape. The position of the next

interaction is chosen from a truncated, normalized free

path frequency function as that of eq 67. The ficitious

free path frequency function f(p) is thus defined as
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f(p) = f(p) in eq 67 for p < P and f(p) equal to zero

for p > P. The quotient f(p)/f(p) for use in the for-

mula for the weight, eq 111, will be smaller than one

with the factor (1-e~pP).

Thirdly, the free path for a photon from the source is

as well selected from a truncated, normalized free path

frequency function as that of eq 67, i.e. a photon from

the source is not allowed to escape without interacting

in the slab. Then the weight W. equal to the quotient

F,. (oO/F.. (a) will be a number smaller than one. For the

pencil beam slab penetration problem ViL will be equal

to 1-e"11 where d is the thickness of the slab.

The step of putting the fictitious survival probability

equal to one is always variance reducing. The choice of

a truncated, normalized free path frequency function is,

however, more critical. If it is not chosen as above a

general statement of variance reduction cannot be made.

If for some values of p the quotient f(p)/f(p) may get

equal to a number greater than one the weights Ww may

also get greater than one for some random walks. With

the choice of truncated, normalized free path frequency

functions according to eq 67 one is assured that the

quotient f(p)/f(p) is always less than one independent

of the value of p.

For the variance to be zero all random walks must end

with the photon passing through the target area and

for each random walk the estimate must take a value

equal to TA_. If, for instance, the plane fluence is

the field quantity to be estimated, tCâ ) is equal to

one for all <$.,. The weights W.. should then take on a

value equal to TA™ for all random walks. With the va-

riance reducing steps described above all random walks

end with a traversal of the target area but the esti-

mate will hardly be equal to TA T for each random v/alk.

Though obviously variance reducing and fulfilling the

necessary conditions for zero variance the steps are



not sufficient to reach this ideal situation. Moreover,

the ideal fictitious probability and frequency functions

will depend on the particular field quantity to bv esti-

mated.

Comments on the weight W^ associated with a photon esca-

ping from a finite medium

The weight W., associated with the state vector a.T of aN N
photon escaping from a finite medium can be described in

two different ways. These will be discussed here.

The definition of the weight given in eq 114 indicates

that the weight Wj, associated with an escaping photon

is strictly given by:

WN

= W 'N-1
N-1 -

9P.3(hv) e-u(hvN)P

1 N-1' N NJ_/a Jf(p)dp

(127)

Here P is the distance from the point Yr.. of the last

Interaction to the boundary of the medium in the direc-

tion u of the escaping photon and the fictitious free

path frequency function f(p) is defined for an infinite

homogeneous medium.

The fictitious free path frequency function f(p) must

not be explicitely defined for p > P. In generating a

random walk a decision can first be made whether the

photon escapes or not. With probability
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J f(p)dp
P

it escapes. If the decision is that the photon does

not escape, the position of the next interaction is

selected from a truncated, on the interval [o, P]

normalized free path frequency function.

Another way to take account of the escape probability

is first to select a value of the free path before the

next interaction from a free path frequency function

f(p) valid for an infinite homogeneous medium and then

to test if this ends in a point outside the finite me-

dium. If this is the case, the random walk is inter-

rupted. Now, one could think of associating a weight

Wj, with the escaping photon according to:

'i
-/o

3£23(hvT -/o

(123)

where r., is the position of that interaction which

would hsv<? occurred if the finite medium was replaced

by an infinite homogeneous medium.

With functions F(a..,. .. ,a. ) and F(a ,. . . ,a. ) defined

for an infinite homogeneous medium, the weight W,r can

alternatively be written:

W
(129)

N

When weights w!. (rather than W.,) are associated with

the state vectors «„ of escaping photons the expecti-



tion value of the estimate is given by

E[(TA T)*] =

86

= E J...JWN t(aN) F(oN da.

(130)

where F(a.,,... ,a.) is defined for an infinite homoge-

neous medium and the integrations are over all inter-

action sequences such that rM describes a point outside

the finite medium and the transition from state ex., ,.

to state a., in the infinite medium involves a traver-

sal of the target area.

Substituting the expression for W,, in eq 129 gives:

E[(TA T)*] =

00

= E /...Jt(ow) F(aM,...,a1) daM....da1

(131)

where F(a^,,...,a1) is valid for an infinite homogeneous

medium and the integrations are performed as in eq 130.

Eq 131 can be rewritten in the following form:

t mm * M»

(TA )*] =

J...Jt(aN)[ /F(aN,...,a1)dVN] d(hvN)
outside finite medium

. ao,

(132)
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The expression for the expectation value in eq 132

is identical to that in eq 1" •.

It has thus been shown

the estimate will not f
"• the expectation value of

changed when using weights

WN
rather than we.Pits Wr according to eq 127. The

variance will, h.--ver, deoend on the particular weights

used. An incr'• F of the variance can be expected as a

result of • -'ag weights W M rather than weights WM.

This will -iow be shown.

The weights W,. are weighted means of the weights Ww

according to the relation:
N

F(aN,...,a1)dVN

L,...,3.,)dVv
(13 3)

where F(a,,,. . . ,a1 ) is defined for an infinite homoge-

neous medium and the integrations are over all posi-

tions r., outside the finite medium.

i

Using weights W,. , the variance will be given by:

V [ ( T A T ) * ] =

.2
= E /. . .J[t(aN)W., ] F(a,t, .. . ,a1

N = 2
,. . . .da.

(134)

where F(a,,, . . . ,a* ) is defined for an infinite homogeneous

medium and the integrations are over all interaction se-

quences such that the transition from state a,,, to

state a»j in the infinite medium involves a traversal of

the target area.

The following expression if then valid for the difference

between the variances using weight::. •//,, and weights W..:
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WN "

oo t 2 5 ^

Z f...frt(aM)]
2{f (W.T - W M )F(aM,...,oL)dVM}d(hvTlT
r.T outside the finite medium

(135)

with the integrations performed as in eq 134.

However, using the relation in eq 133 it can be shown

that:

/(W,J - W N )
2 F(oN,...,a1)dVN > 0 (136)

The relation in eq 136 indicates that the difference

between the variances in eq 135 is always greater than

or equal to zero.

The last event estimator

A random walk [a..,...,a.,] is generated and an estimate

T of the field quantity T, normalized to a source which

emits one photon, is made according to:

"• WN T ( SN }

T = — in cases when the random walk
q aM' N ends with absorption within

the slab,
WN-1T(«N-1}

"* = -x~ —• m cases when the random walk

N-1' N-1 ends with the photon escaping

from the slab and

T = 0 m cases when the source photon

escapes from the slab without

interacting.
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Here, T is the same function as was used in the corres-

ponding estimate using analogue simulation and q(a.,W^)

is the fictitious probability that a photon which inter-

acts described by state vector a. associated with weight

W. has its last interaction within the slab.

The expectation value, E(T ), is found from:

E(x*) =

= E
N=1

w T(cL )

(137)

where (1-s) is the fictitious probability that an inter-

acting photcn is absorbed and e is the fictitious proba-

bility that the photon is scattered but escapes from

the slab after the scattering.

The integrations in eq 137 are over all interaction

sequences a..,...,ot., and a. ,. . . ,a,. 1 which lie as a whole

within the slab. Then F(cL,. . . ,cL ) [i-s(aN,WN] is the fic-

titious probability density that a photon goes through a

random walk [a1,...,aN] which ends with absorption at r^,

while F(af,_1,... ,a*) e(a.,_.. »Wf,_1) is the fictitious pro-

bability density that a photon goes through a random

walk [a. ,.. . ,oij.] which ends with escape from the slab

after the interaction at r N 1 .

The second sum on the right hand side of eq 137 can be

rewritten:

T f f N~n " '
N=2 qta.j.^W^^)



rT(ouT>
N *'* 4 ) e(o. W )

N=1

(138)

By substituting eq 138 in eq 137 and using the relation:

one finds:

E(T

s(aN,WN)] + e(oN,WN) (139)

£ /•••/ T-5 F(oN,...,o1) q(a..,WN) daN da
N = 1 q(aN,WN)

 N 1 N N N

00

E

(140)

The integrations in eq 140 are over all interaction sequen-

ces a.,....O|, lying as a whole within the slab. It should

be noted, however, that if q(aN»WN) is equal to zero, the

corresponding interaction sequence gives a zero contribu-

tion to the integrals due to the fact that if q(aN,WN) is

equal to zero, no random walks will be generated such that

a photon described by state vector cL associated with

weight W M has its last interaction in the slab. Furthermore

interaction sequences with F(a«t...,a1) equal to zero do

not contribute to the integrals. No such interaction se-

quences will ever be generated and weights W., for these

sequences are not defined. In consequence, the integrations

in eq 140 are limited to those interaction sequences such

that both F(aN,...,a1) and q(<*N,WN) are nonzero.
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Finally, substituting the weight W,, as given by eq 114

into eq 140 gives:

E(T') =

j .,^) doN do= I J...jT(oN) FCoj,,...,^) doN do1

N = 1

QL) doL / ... jF(oL,... ,a1) da^^.

E /T(a) FM(o) do = |T(o) [z FN(o)do]
N=1 N=1

= jT(o) F(a) da = T (141)

As in eq 140, the integrations in eq 141 are limited tc

those interaction sequences a1,...,aN such that both

F(Oj.,... ,a1) and q(oL,WN) are nonzero and the interac

tion sequence as a whole lies within the slab.

Requirements imposed on the fictitious probability x 1

frequency functions

The estimate T of the field quantity T is unbiased, i.e.

the last equality in eq 141 is valid, provided that ^oth

FCa^,...,^) and q(aN,WN) are nonzero when both F(a^ • • >c

and T(oN) are nonzero and the interaction sequence lies

as a whole within the slab.

In estimating fluences and plan** fluences, T(aN) is

always nonzero independent of the state vector a... In

estimating differential fluences and differential plane

f.luences integrated over finite intervals of energy and

direction of motion, T(aN) is, however, equal to zero

for some state vectors a...



Thus, in estimating fluences and plane fluences, all

physically possible transitions a. -*• a-+1 which do

not involve an escape from the slab must for all va-

lues of the weight W. also be possible for photons

interacting according to the laws dictated by the

fictitious probability and frequency functions. However,

in contrast to the case with the direct simulation esti-

mator, it is permitted to prevent all transitions which

end with the photon escaping from the slab. On the other

hand, a photon which interacts as described by state

vector a. and which is prevented from escaping (e(ot • ,W.) = 0),

cannot as well be prevented from being absorbed

(s(a.,W-) = 1), since the probability q = 1 - s + e

that the photon has its last interaction in the slab

must, independent of the weight W., be nonzero when T(a.)

is nonzero.

A physically possible transition ot̂  •*• a-+<t implies

that the survival probability s(hv-) is nonzero. The

fictitious survival probability s(a.,W-) must then also

be nonzero to make the corresponding transition in the

fictitious world possible. If s(a.,W.) is equal to zero,

all interactions are absorptions and the photon has no

further interactions.

If, however, differential fluences and differential

plane fluences integrated over finite intervals of

energy and direction of motion are to be estimated,

s(a^,W^) may be put equal to zero as soon as the energy

hv- is less than the lower limit of the energy interval

considered. The value of T(a-) in the estimate is then

zero and will remain so for all the following state

vectors of a random walk.

In estimating differential fluences and differential plane

fluences T(a-) may take values equal to zero although

the energy hv^ is above the lower energy limit conside-

red. This will be the case when the direction defined



93

by r T - r. (rT being the point at which the field

quantity is to be estimated) does not fall within

the considered interval of the directions of motion.

Then the probability q(a.,W.) that the photon hai. its

last interaction in the slab can be put equal to zero.

Of course, if one and the same random walk forms the

basis for estimates at different points r™, this step

cannot be used if T(o.) is nonzero for one or more of

the points.

The absorption estimator

Using the absorption estimator, the estimate T is ob-

tained as follows:

WN T ( ON )

— — m cases when the random walk
1 -s(a W )

N' N ends with absorption within
the slab and

T = 0 for all other random walks

The expectation value of this estimate is given by

eq 140 with [i-s(oN,WN)] substituted for q(aN,WN).

The estimate is unbiased, provided that F(aN,...,a1)

and [i-sCctj.jW.,)] are both nonzero as soon as both

F(a»t».. • »a^) and T(a.,) are nonzero.

The requirements imposed on the fictitious probability

and frequency functions are, with one exception, the

same as those described above. The requirement that

q(aH,WM) is nonzero is replaced by the requirement

that L1"s(aN»WN)J is nonzero.
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Comparison of the variances in estimates obtained with

nonanalogue and analogue simulation

The variance, V(T ), of an unbiased estimate T using

the last event estimator is given by:

V(T

WNT(aL) 2 . ̂
rrr] F(ON

T2 [i-/F1(a)da] =

ao

(142)

The variance, V(T ), of the corresponding estimate T

using analogue simulation is given in eq 98 but can,

for comparison, be rewritten in the form:

V(T*:

= r f...f L ^ FC^,...,^) d3N....dS1 - T
2

(143)

The integrations in the eqs 142 and 143 are made over

all interaction sequences a,,...,a,, which lie as a

whole within the slab.

Using the absorption estimator, the corresponding varian-

ces are given by the last expression in eq 142 and by

eq 143 with [i-s(aN,WN)] substituted for q(<*N,WN) and

[i-s(hv.,)J substituted for q (a.,). Since all random walks

which end with the photon escaping from the slab give

estimates equal to zero the expression next to the last
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one in eq 142 is not valid even if [i-s] is substituted

for q.

Using nonanalogue simulation, the variance in the esti-

mate, eq 142, can as in the case with the diract simu-

lation estimator be reduced to zero. A zero variance

can also be obtained using the absorption estimator.

Comments on variance reduction

From eq 142, it can be seen that a necessary condition

for the variance to be zero is th^t no source photons

are allowed to pass through the slab without interac-

ting in it. Using the absorption estimator, an additional

requirement for zero variance is that no photons are

allowed to escape from the slab. All random walks such

that the estimate takes a value of zero must obviously

be avoided.

In the pencil beam slab penetration problem, an obvious

variance reducing step is to choose the point for the

first interaction from a truncated normalized free path

frequency function such as that in eq 67. If nothing

else is changed, the weights W^ are all equal to C\-e~v )

and the variance in eq 142 is smaller than the variance

in eq 143.

Using the absorption estimator, the variance is further

reduced if all free path frequency functions are trun-

cated and normalized according to eq 67.

Using the last event estimator and preventing the photons

from escaping as above does not only mean that the weights

W^ all get smaller than one but also that the probability

that a photon has its last interaction in the slab de-

creases. With q(c*N,W,,) less than qCo^), it may well be

that the quotient W., /q(«,.,W..) in eq 142 takes a value
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larger than the quotient 1/q(otN) in eq 1"+3, even

although Wj, is a number less than one. In this case,

no general statement on variance reduction can be

made.

Another way of getting values smaller than one for all

the weights WM would be to increase the survival pro-

bability, i.e., to put s > s. This step does not,

however, usually lead to a reduction of variance. The

fictitious absorption probability [1~s(aM,WN)] to be

used with the absorption estimator, is in this case

smaller than the true absorption probability [i-s(hv,,)],

counteracting the effect of reducing the weights to num-

bers smaller than one. The fictitious probability

q(aj,,Wj.) that a photon has its last interaction in the

slab, to be used with the last event estimator, may be

both smaller and larger than the corresponding true

probability q(o^).

The values T(a.,)/q(oL) taken by the estimate using the

last event estimator and analogue simulation will vary

considerably. In particular, if the interaction point

? N is close to the point ? T for which the estimate is

made, T (a»,) is large.

In order to get zero variance, the estimate must take

on a value equal to T for each random walk. Using non-

analogue simulation, the estimate is given by

W T(aN)/q(ctN,WN). To ensure that the value of this para-

meter is a constant, the quotient Wj./q(aN,WN) should,

roughly speaking, be small when T(aN> is large and large

when T(aN) is small.

This goal cannot only b- reached by changing the values

of the survival and escape probabilities, the only steps

that have so far been discussed. The rhapes of the fre-

quency functions for the scattering angle and the free

path before the next interaction can also be varied. If



97

the latter steps are taken, the fictitious probability

density F(aN,...»a.) can also acquire values conside-

rably larger than that of the true probability density

F(aN,...,a1) for some interaction sequences, while at

the same time the converse is true for other sequences.

The weights can in this way be influenced independent

of the values assumed for the survival and escape pro-
Ä -*•

babilities. A proper balancing of the quotient W-j/qCa^.W.,)

against T(ctN) is to be found by the combined use of all

the different ways of varying the weights W,, (including

changes of the survival and escape probabilities).

Using analogue simulation, interaction sequences a-,..,a,T

which result in large values of the parameter

[T(aN>] /q(ou,) give a large contribution to the variance

in the estimate, eq 14 3. An attempt to decrease the vari-

ance by using nonanalogue simulation (importance sampling)

will primarily be an attempt to get small values for the

corresponding weights Ŵ , by increasing the probability

density for these interaction sequences. This must be

done in such a way that the weights associated with the

state vectors of other interaction sequences are not

allowed to increase too much. Otherwise, the result may

even be an increased variance. Importance sampling, i.e.,

a proper balancing of the weights together with the sur-

vival and escape probabilities, is a sensitive matter. A

thorough knowledge ot the behaviour of radiation in matter

is extremely valuable to enable favourable results to be

obtained.

Comment on a aimple scheme for nonanalogue simulation

using the last event and the absorption estimators

Using analogue simulation, the variance in the estimate

of the absorption estimator is larger than the corres-

ponding variance of the last event estimator. However,

the last event estimator requires the Calculation of the
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probability q that a photon has its last interaction

in the slab. This calculation may be so time consu-

ming that the last event estimator need not necessa-

rily be more efficient than the absorption estimator.

Using nonanalogue simulation, it is possible to pre-

vent the photons from escaping both when the last

event estimator is used and when the absorption estima-

tor is used. If this is the only change that is made,

the estimates of the last even"1: estimator and the ab-

sorption estimator are in fact identical. Provided

that the photons are prevented from escaping in a

straightforward mariner using truncated normalized free

path frequency functions as given by eq 67, this sten

is variance reducing so far as the absorption estima-

tor is concerned, but the same is not necessarily true

for the last event estimator, as was discussed above.

As the calculation of the escape probability is dropped

using the last event estimator and the variance is lo-

wered by using the absorption estimator, it may well

be that this estimate is more efficient than the esti-

mates of both the last event estimator and the absorp-

tion estimator when analogue simulation is used.

The collision density estimator

A random walk is generated and an estimate T of the

field quantity T normalized to a source which emits

one photon is made according to:

00

T = I W.T(a.) ' in cases when the random walk
i = 1 x

ends with absorption within
the slab,

T = I W.T(a-) ' in cases when the random walk
i = 1

ends with the photon escaping
from the slab and



T = 0 in cases when the source photon

escapes without interacting in

the slab.

-y -*

Tla.) is the same function of a- as is used in the

corresponding estimate using analogue simulation.

Here, the expectation value, E(T ), is given by:

00

E(T') = E E^*) =

oo A

= E /.../ W.T(a.) F(a., ,a1 ) da\....da1 =

E /.../ T(a.) F(a-,...,o1) do. da1
i=1 i i i i i

OO 00

= E / T ( a ) F . ( o . ) d o . = / T ( o ) [Z F . ( a > ] d a =
i = 1 l i i i i = 1 i

= / T(a) F(a) da = T

The integrations in eq 144 are over all interaction

sequences a..,...,a. which lie as a whole within the

slab and are such that F(a. ,... ,ct..) is nonzero. The

last equality is valid, i.e. the estimate is unbiased,

provided that Y(.a. ,.. . ,a«) is nonzero as soon as both

T(a.) and F(a.,... ,a..) are nonzero. The requirements

imposed on the fictitious probability and frequency

functions are the same as with the last event estima-

tor, except that the probability q that the photon has

its last interaction may be equal to zero although both

T(a.) and F(o.,...»cL ) are nonzero.
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The variance, V(T ), in the estimate "t is given by:

V(T

00 N""1

= Z /.../ [z W J K O J ) - rf F(o^,...,o1

00 N
E /.../[! WjTCaj) - T ] 2 FCOJ,, ... ,a1) [1-8(5,^)] dSj,.. .do,

 +

N=1 i=1

(145)

The integrations in the first sum on the right hand side

of eq 145 are over all interaction sequences which end

with photons escaping from the slab while the inte-

grations in the second sum are over all interaction se-

quences which lie as a whole within the slab.

The expression for the variance, eq 145 can be reworked

to give (cf eq 125):

V(T

N 2 /»
Z /.../[I W.T(o.)] FCcL,,...,^) q(oL,WM) doL....da1 - T

2

N=1 i=1N=1

(146)

The integrations in eq 146 are over all interaction

sequences which lie as a whole within the slab and q

is the fictitious probability that the photon has its

last interaction within the slab.

In a similar manner, the expression for the corresponding

variance using analogue simulation, eq 106, can for com-

parison be reworked to give:



V(O =

= E
N=1

1G1

T(a,-)]2

1 "
^....Ä, - x«

From eq '"*5, it can be seen that if source photons are

not alloved to traverse the slab without interacting

and if interacting photons are neither allowed to be

absorbed nor to escape from the slab after the inter-

action, the variance will be zero. However, if photons

are neither allowed to be absorbed nor to escape, no

random walk will ever be terminated. This makes the

method unreasonable. The probability q that a photon

has its last interaction in the slab must be nonserc

for at least some state vectors a , so as to make pcs-

sible the termination of random walks. It is then, row-

ever, no longer possible to show that the variance :n

the eqs 14 5 and 1̂ 6 can be reduced to zero. This dis-

tinguishes the collision density estimator from the

direct simulation estimator and the last event estina-

tor. With the latter two estimators it can be shown

that the variance in the estimate can, using nonana cgue

simulation, be reduced to zero.

Comments on variance reduction

As with the last event estimator, in this case importance

sampling primarily means that interaction sequences

a1,... »cij, giving large contributions [ET(a.)} to the

variance using analogue simulation, eq 1*»7, should be

examined in more detail»F(o«,...,o1) larger than FCa»,..,a1),

so that the weights W. of these sequences become small.

This must, however, be done in such a way that the weights

of other interaction sequences are not allowed to increase

too much, since this may again result in an increased

variance.

Large values for the estimate, £T(a.), can originate both

frorr, long randorr. walks and' from short ones which include

state vectors^ a- giving lar?,e values for ~(o!.).
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4. Examples of fictitious probability and frequency functions

a. Fictitious survival probab•< lities

Analytical averaging of survival

Putting the fictitious survival probability s equal to unity

means that all interactions are taken to be scattering pro-

cesses. If no other alterations in the scheme for generating

random walks with analogue simulation are made, the weight

Wi = sis2'"'*si-1 a s s o c i a t e d with state vector a^

is equal to the expected number of photons surviving the in-

teraction sequence a.. ,... ,ct. .. per photon which begins it.

Putting the fictitious survival probability equal to unity

is known as analytical averaging of survival. It means that

a random variable, the survival of an interaction, is repla-

ced by its expectation value (analytical average). The choice

of the type of interaction (absorption or scattering ) is

not considered when generating random walks.

It has been shown above that analytical averaging of survi-

val reduces the variance when the direct simulation estima-

tor is used. This agrees with the rule which states that the

introduction of analytical calculations into an estimate

tends to reduce the variance.

Using the last event estimator, it could not be shown

that analytical averaging of survival is variance reducing.

Analytical calculations are already contained in this esti-

mator in such a way that the effect of analytical averaging

of survival is not unambigously variance reducing.

Using the collision density estimator it can, however, as

with the direct simulation estimator, be shown that analyti-

cal averaging of survival is variance reducing. The analytical

calculations already contained in the collision density esti-

mator are, unlike those of the last event estimator, such that

analytical averaging of survival tends to reduce the variance.
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This is due to the fact that each value ZWiT(ai) taken

by the estimate using the collision density estimator

together with analytical averaging of survival, con-

tains a weighted average of the values £T(a.) taken

by the estimate for a number of random walks which,

using analogue simulation, end with absorption at

r^jTj».... or rN (r,,*). Using the last event estimator

together with analytical averaging of survival, the

values taken by the estimate do not contain such ave-

rages .

The variance reducing effect of the analytical avera-

ging of survival can when used together with the colli-

sion density estimator also be understood more intuiti-

vely, in the following way. Long random walks usually

give large contributions to the variance using analogue

simulation, eq 147, since ET(a.) tends to be large when

N is big. Importance sampling then means that the gene-

ration of long random walks should be favoured. The

analytical averaging of survival just gives rise to the

generation of an increasing number of long random walks.

Furthermore, all weights take values less than one. The

problem of random walks associated with excessively large

weights will thus not arise.

Proof that the analytical averaging of survival reduces

the variance in the estimate obtained with the colli-

sion density estimator

The variance, V(x*), in the estimate x* using analogue

simulation is given by:

V(T*> =

oo N

= I /•••/[£ T ^ ) ] 2 F(aN,...,a1)q(aN)daN....da1 - x
2 =

= E {/..JfE TtaOfF^,...,!)
N=1 i=1 x N n

+ J..J[E T(ai)]
2F(aN,...,a1)(1-s(hvN))daN da1} - x

2 T ( ) eCLjdL.. ..da. •
1

2

. (148)
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The integrations in eq 118 are over all interaction

sequences which lie as a whole within the slab.

F(aN,...,a.) e(a«) is here the average number of pho-

tons per source photon which escape from the slab

after a sequence of interactions a.,...»o^ within

the slab. F(oL,... ,a,|) e(aN) is the corresponding

number of photons which escape when absorption in the

slab is inhibited (s=1).

The following relations are valid:

e(oN) = e(ctN)/s(hvN) (149)

(150)
IN • " I « " ' I W

where

WN = s(hv1) s(hv2) s(hvN_1) (151)

From this point onwards, the following abbreviations

will be used:

s(hv1) = s1

s(hvo) = s2

(152)

s(hvN) = sN

For a number F(a«,...,a^) e(a^) of photons escaping from

the slab, a number:

,...,a1> e(aN) - FC

(153)
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has been absorbed at r^rjj-*-- or r^. Of these, the

fraction:

1~WNSN
is absorbed at r.

S 1 ( 1 " S 2 ) is absorbed at
1~WNSN

S1S2 sj-i ( 1~ sj ) is absorbed at
1"WNSN

S1S2 SN-1(1"SN} is absorbed at r.,
1Ws

The probability density that a source photon will inter

act via a sequence a.,...,a* and be absorbed at r. can

now be written:

1 2 ^ 1 ^

(154)

The integrations in sq 154 are over all sequences a^^,

which lie as a whole within the slab.

The variance V(T ) in the estimate using analogue simula

tion can, by combining eqs 148 and 154, now be written:
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N=1

N + 2

i=1 O i
,a )e(aN)dcL....da

I N N i

N=1
H

[E T(a_.)] - x2 =

{E W.[T(a.)]2 + 2£EW.T(a.)T(a.)}
i=1 1 x ii 3 x D

i=1,...,N-1;j=2,...,N

(155)

The expression for the variance using analogue simulation,

eq 155, can now be compared with that using nonanalogue si-

mulation, eq 1t6, putting q(a ,WM) = e(a ). Since all

weights are smaller than unity except W1 which is equal to

one, it follows that:

N -> 2 N 2

[E WiT(ai)] = Z Wi
2[T(ai)] + 2EEWiW.T(ai)T(a.) <

N
41 w. + 2EEW.T(ai)T(a.)

(156)
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equality holding only for N=1. Thus the variance in the

estimate is reduced by using analytical averaging of

survival.

Furthermore, the following relation holds:

. . . NN
[Z_ W/T(a.)] =

~ - [(1-s^TCa^ + s^i-s^ [TCa^ + T(a2)] +

N
+ ....+ s1s2....sN_1(1-sN) £ Tia^)]

(157)

Equation 157 shows that the value EW^T(a.) taken by

the estimate using analytical averaging of survival con-

tains a weighted average of the values taken by the esti-

mate for a number of random walks which, using analogue

simulation, end with absorption at r.,..., or r...

Russian roulette

To play Russian roulette about survival means, as the

name implies, that the fictitious survival probability

s is chosen to be very small. The random walk is then

with high probability terminated.

Russian roulette is used to increase the efficiency

without spoiling the unbiased nature of an estimate. It

can be looked upon as a way of carrying out the inverse

of importance sampling.

Russian roulette is often combined with analytical ave-

raging of survival. The scheme for choosing the ficti-

tious survival probability is then as follows:
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^ for W. < G(ct. )
- -* b i i
s(a.,W.) = (158)

1 •"• 1 for W. > G(a.)

Here, b is a constant (e.g. b = 20) and G is some

function of the state vector o..

Using analytical averaging of survival means that the

weights W. of a random walk decreases with increasing

values of i. If the weights have decreased to very

small values, it may be very uneconomical to continue

with the random walk. Using the direct simulation esti-

mator, the resulting estimate will probably also take

on a very small value and using the collision density

estimator, its value will in many cases not change very

much if the random walk continues. By introducing Russian

roulette, the random walk will with high probability

be terminated. In fact, this step increases the variance

of estimates compared to continuing with analytical ave-

raging of survival. On the other hand, the overall effi-

ciency may well be increased due to a possible reduction

in computing time.

A photon which interacts described by state vector a.

and which survives Russian roulette continues with a

weight W.+^, which is a factor of b times larger than

that for s = 1. With its weight, the surviving photon re-

presents all those photons whose random walks have been

terminated by Russian roulette. In this way, the unbia-

sed nature of the estimate is preserved. If, instead

of assigning photons a very low probability of survi-

ving, they had been forced to terminate their random

walks by putting s equal to zero, the estimate would

no longer have been unbiased. The principle that tran-

sitions which are both physically possible and signi-

ficant in making the estimate must also be possible

in the fictitious world would have been violated.
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b. Exponential transformation of the free path frequency

function

The idea of using the so called "exponential transfor-

mation" was suggested by Kahn in 1950 and has been suc-

cessfully applied, e.g., by M Leimdörfer.

The Monte carlo method of calculating photon transport

has particularly been used in studying radiation shiel-

ding problems. Photons incident on a thick radiation

shield have a very small probability of penetrating it.

The direct simulation estimator using analogue simula-

tion will obviously be very inefficient in such cases.

The basic idea underlying the use of the exponential

transformation as a method of increasing efficiencies

is described here.

Consider an infinite, plane medium, the primary radia-

tion being incident from one side of the plane. It ir-

radiates the medium homogeneously in such a way that

the photon fluence in the plane is a function of the

depth z only. The integro-differential transport equa-

tion becomes onedimensional and takes the form:

»JdOiv'j

*/_•> 92S(hv,fi;z) (159)
6(z) a(hv^fl?

Here 3 ° ^ ^ j j v ^ > ) d(hv)dfi = the probability per
unit length that a photcn of energy

hv and direction of motion j? will be scattered so
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that its energy lies in an interval d(hv) around hv and

its direction of motion in a solid angle element dfl

about $ and 32S(hv,$;z) ,wv.,\jn = the number of— / ' U A — d(hv)dn
a

primary photons emitted per unit

volume with energy in an interval d(hv) around hv and

direction of motion in a solid angle element dil around

S. 6(z) accounts for the fact that the primary photons

can be considered as originating in a source on the sur-

face of the plane medium.

By making the substitution (the exponential transforma-

tion):

3(hv)3fl 3(hv )3«
-cz (160)

where c may be a function of hv and J? and substituting

this in eq 162, the transformed transport equation

becomes:

} 3(hv)3P.

.g') 32»*(hv;,g';z)

. .. » 32S(hv,?S;2) cz (161)
+ 6{z) 3(hv)3ft e

Since 6(z) in the source term in eq 161 is equal to

zero for all z i 0 and e c z = 1 for z = 0, the source

term can be written:

.,„» 32S(hv,fi;z) cz ., . 32S(hv,fi;z) (162)
6 ( z ) 8<hv)a^ e " 6 ( z ) 3(hv^n
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Substituting eq 162 in eq 161 and comparing the resul-

ting equation with eq 159, one finds that eq 161 de-

scribes a fluence * which is attained by replacing

y with the transformed attenuation coefficient u,

where:

U = y - c u ' e = \i - c cos9 (163)

The cross section for scattering contained in the trans-

formed transport process (eq 161) is, however, identical

to that of the physical one (eq 159).

The probability that a source photon, whose transport is

described by the transformed transport equation, penetra-

tes a shield of thickness d exceeds the corresponding true

probability by a factor:

•pi

(164)

The last equality in eq 164 holds if c is a constant

independent of the energy and the direction of motion.

Now, instead of estimating * (or related quantities),

* can be estimated with Monte Carlo methods and *

can then be determined using the relation in eq 160.

The variance in the estimate of •* is, using the direct

simulation estimator and analogue simulation of the

transport process for * , smaller than the variance in

the corresponding Monte Carlo estimate of * because

of the increased probability (c>0) (eq 164) that a source

photon penetrates the shield.
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As the variance decreases with increasing transmission

probability, it may seem as if the value of c should be

chosen as large as possible. This is, however, not true.

If, for instance, c is taken to be larger than u, it

happens that y takes negative values for some angles

ö, eq 163. This complicates the interpretation of the

transport process. Leimdörfer has described different

ways of dealing with negative values of the attenuation

coefficient.

Even if c is chosen to be smaller than y, so that u

does not become negative, there remains a complication

in the interpretation of the photon transport process.

For sufficiently large values of c, the total attenua-

tion coefficient y becomes smaller than the total scat-

tering coefficient a. This can be interpreted as mea-

ning that, on the average, o/y particles are created in

every scattering process.

The treatment of Monte Carlo methods used so far has

been based on the supposition that no new particles

are created in interactions. The inclusion of multiply-

ing interactions requires some revision of the forma-

lism. However, consider that analytical averaging of

survival is used in estimating • and that a weight

W. associated with the state vector o^ can be written:

o(hv. .)
»i = W..,, X'l -' W1=1 (165)

When W. is larger than unity, the photon interacting

described by a^ represents more than one photon, the

additional photons having been created during the

interaction sequence a.,,...,a...
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When the value of c increases towards y, there is an

increasing probability of generating random walks

which are associated with very large weights. This

will adversely affect the variance so that an opti-

mal value for c exists which is less than u. The op-

timal value depends on the thickness of the slab, the

source photon energy and the angle of incidence.

The exponential transformation thus leads to certain

problems arising from the fact that scattering pro-

cesses are transformed into creation processes. Nega-

tive values for the attenuation coefficient u also

correspond to the creation of particles in the trans-

port process.

However, the exponential transformation does not only

transform scattering processes into creation processes.

It also affects the free path of particles between

interactions. In the transformed problem, the free path

frequency function is given by:

f(p) = ye~wp (166)

From eq 163, it can be seen that y depends on the direc-

tion of motion ft. Photons moving in the forward direc-

tion (0 < cos6 <1) acquire an increased penetrating power,

M < U, while the opposite is true, p > y, for photons mo-

ving backwards (cos9 < 0). These properties of y contri-

bute to the increased transmission probability for the

particles of the transformed problem.

Advantage can be taken of these properties of the trans-

formed attenuation coefficient without completing the

exponential transformation as regards the

creation of particles. In estimating * (or related quan-

tities), the relation in eq 166 can be used as a fictitious
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free path frequency function and this step alone can

be expected to be variance reducing for some suitable

values for c.

Leimdorfer has also worked succesfully with truncated

normalized free path frequency functions according to:

Ge"up
f(p) = JiZ , p 4 p (167)

with P equal to the longest distance the photon may

travel without escaping from the slab.

Here, even negative values for p can be used without

difficulty since f(p) in eq 167 remains positive for

all values of p.

The use of the free path frequency function in eq 167

presupposes that photons can be prevented from esca-

ping from the slab. This is always possible using the

last event and the collision density estimators but

is not using the direct simulation estimator. In the

latter case, however, when photons cannot be prevented

from escaping, a similar free path frequency function

can be used:

f<p) = ?i M „ . P < P (168)

where p- is the probability of interaction in moving a

distance P. The photon thus escapes with a probability

(1-p.). In generating a random walk, the choice can

first be made as to whether or not the photon interacts

in the slab. If it does not escape, the point of inter-

action is chosen from a free path frequency function

like that in eq 167. The quotient f(p)/f(p) wixh f(p)
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from eq 168 is calculated for use as a factor contained

in the weight.

c. Fictitious frequency functions for scattering angle

The use of fictitious frequency functions for scattering

angles has only been rarely and mostly not successfully

exploited for importance sampling.

However, fictitious frequency functions for scattering

angles can be used to increase the efficiencies of

estimates. The choice of a scattering angle from the

Klein-Nishina formula is a time consuming process.

Many ways of improving the selection procedure have

been reported in the literature. Another way of tackling

the problem of getting more efficient estimates is to

introduce a fictitious frequency function for the scatte-

ring angle, which is such that values can more easily

be selected. If the computational time is thereby re-

duced considerably, this can even compensate for a pos-

sible increase in the variance.

In cases when the scattering is rather isotropic, the

following fictitious frequency function for the scatte-

ring angle may be successfully exploited:

f(9) = 4°££2 2nsine/S = £ 2*sin9 =

(169)

A value 9 for the scattering angle is then easilys

selected using the distribution function method

yielding:

cos9s = 1 - 2p (170)
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where p is the value of the random number.

If the fictitious frequency function for scattering

angle differs too greatly from the true one, there

is a risk of introducing large weights and so consi-

derably increasing the variance. For low photon ener-

gies, it should be advantageous to use eq 169 in place

of the Klein-Nishina frequency function. It will, how-

ever, be a poor ohoice when taken as a fictitious fre-

quency function for the scattering angle in coherent

scattering processes. A successfully working fictitious

frequency function for the scattering angle in coherent

scattering processes has been derived by L Kusoffsky

1975 a.

d. Modification of the collision density estimator

Using the collision density estimator, the calculation

of £T(a.) is relatively time consuming. If the position

r. is far away from the point r™ at which the estimate

is made the contribution T(a-) is small because of the

factor 1/|rT-ri| (eqs 42 - 45).

To limit the computing time needed to calculate ET(a.)

and hence to increase the efficiency of the estimate,

it is, when r\ is far away from rT possible to play

Russian roulette to decide whether or not contribution

T(a.) is to be inclueded in the sum. When chance decides

that it should be, T(a.) has first to be multiplied by

a factor 1/v(a^) and then summed. Here, v(a^) is the pro-

bability that the contribution T(a.) should be included

in the sum. The factor 1/v(a.) is thus larger than unity

and compensates for the number of times T(ot.) is not in-

cluded. This ensures that the estimate remains unbiased.
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Proof that the modified estimate is unbiased

The modified estimate T can be understood as a sum

of stochastic variables T., where

* _ i in cases when i < N, the random
1 v(a.) walk ends within the slab and

Russian roulette decides that the

contribution T(o•)

eluded in the sum,

contribution T(o•) is to be in-

in cases when i < N-1, the random

walk ends with escape from the

slab and Russian roulette decides

that the contribution T(a-) is to

be included in the sum and

T . = 0 in all other cases.

The expectation value of T. is then given by:

T (°i ) -> , -
v(a.) 1 x

T(ai) Fi(ai) dai (171)

since F.(a.) v(o^) da. is the probability that a source

photon will interact for the i:th time described by a

state vector in the interval do- around a- and that the

contribution T(a^) will be included in the sum.

From eq 171, it follows that E(T*) is equal to T, i.e.,

that the estimate is unbiased.



118

III. Variance reduction

A. Importance sampling using importance functions

1. The concept of importance functions

Importance sampling can be analyzed with the aid of so

called "importance functions". An importance function

provides a measure of the "importance" of an interaction

of a photon described by state vector a. By means of

such functions, it is possible to manipulate the proba-

bility of interaction so that the interactions occur

preferentially in "important" regions of a-space. The

aim is to reduce the variance and thus, as hinted ear-

lier, to concentrate the sampling to those regions of

a-space which give large contributions to the variance

in the estimate using analogue simulation. These regions

are in this context the important ones.

To develop the idea of importance functions more expli-

citely, it is convenient to start from the integral

equation, eq 35, for the collision density F(a). Multi-

plying both sides of this equation by the same function

I(a) gives:

FCa) 1(3) = F^a) Ha) + / I*5l_ X(o|o') F(a') I(o') do'
1 1(3 )

(172)

Equation 172 can be interpreted as describing a ficti-

tious collision density, F(a), generated by fictitious

transition probability densities X(a|af), where:

F(a) = F(a) 1(3)

^(3) = F^a) 1(3) (173)

X<3|3'> S I $ > x(3|3')
I(a )
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It follows that Hot) must be defined such that for an

infinite medium:

I(o ) y(hv )

(174)

or equivalently:

I(a') = R(o') + / H a ) X(a|o') da (175)

where R(a ) is a non negative function and:

(176)

is the fictitious absorption probability for a photon

which interacts described by state vector a .

If random walks are generated using the fictitious tran

sition probability densities defined above, the weight

W- associated with state vector a. takes the value:

W. = — J — (177)
1

Equation 177 is derived by combining equations 114 and

173. As can be seen from eq 177, the weight W. is in-

dependent of the interaction sequence prior to a., i.e.,

is independent of the state vectors oL ,...,a._..

The best importance function is that function Hot)

which gives rise to the lowest value of the variance.

It depends on the estimator used. Using the collision

density estimator the manner of selecting the best im-

portance function is difficult to analyze. Using the

direct simulation estimator or the last event estimator,

the value function V(<$) is an ideal importance function
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resulting in a zero variance for the estimate.

2. The value function

Consider an unbiased estimate, T , of T based on a single

random walk and define a stochastic variable E,(a) in the

following way: given a photon which interacts described

by state vector ot, let C(ot) be the contribution to the

estimate which this photon produces by its interaction at a and

in subsequent interactions. The stochastic variable £(a)

depends on the estimator used. It has the expectation value V(a):

V(a) = E[?(a)] (178)

Here, V(a) is the value function. It is determined by

an integral equation of the same type as that determi-

ning the collision density F(a).

The value function using the direct simulation estimator

A photon with an interaction described by state vector a

gives an immediate contribution to the estimate (TAT)

which is equal to zero. In cases when it after this in-

teraction escapes from the slab through the target area

described by state vector ot , it contributes an amount

t(a ) to the estimate. A photon which escapes through

the target area described by state vector o can be ima-

gined to interact again at a point r outside the slab,

this hypothetical interaction giving the contribution

t(a ) to the estimate. As no further interactions outside

the slab contribute to the estimate (the photons are con-

sidered not to be able to reenter the slab), £(a )= t(a )

is not a stochastic variable, i.e. £(ot ) = t(a ) = V(a ).

For photons escaping from the slab but not through the

target area £(a ) = 0 = V(a ).
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The value function V(a) for points r inside the slab

is determined by the following integral equation:

V(3) = [i-s(a)] • 0 + Jt(o') X(o'|o> da' +
a'eA1

+ /f0 • X(o'|o ) da' + /t[0+V(o')] X(a'|o) do'

= ft(o') X(o'|a) da' + J V(S') X(a'|a) do
aleA1 ^'eA3

(179)

Here, a eA. means that the integration is over all a

such that the transition a -»-a involves a traversal of

the target area, a eAj means that the integration is

over all a such that the transition a" •* a1 involves an

escape through other points of the slab boundary, and
-»•t -*•' • * • »

a eA3 means that the integration is over all a with r

inside the slab.

The value function using the last event estimator

Using the last event estimator, photons which escape from

the slab after an interaction are ol no relevance for the

estimate. This means that, for such photons, escaping

from the slab described by state vector a the stochastic

variable £(a ) and the value function V(a ) are not defi-

ned. This is unlike the case with the direct simulation

estimator, for which V(<5') is defined and takes the value

t(a') or zero depending on the part of the boundary through

which the photon escapes.

The value function V(o) is determined by the following

integral equation:
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= q(a) I%2. + f[O + V(a"')] X(a'|a) da'
3

% [
q(o) a'eA

= T(o) + J V(a') X(a'|a) do' (180)

Using the absorption estimator, the expressions in eq

180 are valid, provided that [i-s(a)] is substituted

for q(a).

The value function using the collision density estimator

As with the last event estimator, the value function is

not defined for photons escaping from the slab after an

interaction. The value function V(a) for points r inside

the slab is determined by the following integral equation:

V(o) = q(o) T(o) + J[T(o) + V(o')] X(o'|o) do' =

= q(o) T(o) + T(o) f,X(a'|a) da'+ JV(a') X(a'|o) da'
a eA- 3'eA»

(181)

However, since:

fX(a'|a) do* = 1-q(o) (182)

S'eA3

it follows that:

V(a) =

= T(a) + JV(a') X(o'|o> do' (183)

The integral equations 180 and 183 are identical.
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The last event estimator and the collision density

estimator can also be used to estimate the parameter

xA™. The value functions are then given by eqs 180

and 183 with / T(a) dA substituted for T(a). However,

A T

J T(a) dA = Jt(a') X(a'|a) da' (184)

A * f £ A1

so that in this case all the integral equations for

the value function are identical. This is a reasonable

result. The contribution to the field quantity T from

a particular interaction in the slab and its successors

is independent of any estimator. While the stochastic

variable £(a) depends on the estimator, its expectation

value does not, so long as the estimate is unbiased.

The relation between the field quantity T and the value

function

From the definition of V(o), it follows that, alterna-

tively to the expression in eq 41, T can be written:

T = /F^a) V(a) dZ (185)

The integration in eq 185 is over all o such that r

lies inside the slab.

The integral equations for the collision density and

for the value function are usually called adjoint to

each other. The field quantity x car be evaluated by

solving one of them and using either eq 41 or eq 185
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Proof of the expression for T using the value function

The proof of eq 185 can be demonstrated as follows.

The expression for V(a), eqs 180 and 183, is substituted

in the integral on the right hand side of eq 185:

jF^a) V(a) =

= /F1(a)[T(a) + Jv(a') X(a'|a) da'] da =

= jF^a) T(a) da + /F1 (a) [/V(a
l) X(a'|a) da'] da

(186)

If the order of integration is reversed in the double

integral, one finds:

jF^a) [JV(a') X(a'|a)da'] da =

= JV(a') [jF^a) X(a'|o)do] da' =

= JV(a') F2(3') da' (187)

If the expression for V(a), eqs 180 and 183, is sub-

stituted in eq 187, etc., then one finally derives:

V(a) da =

') d ' + /F(") T(") d"T(a) da + /F2(o') T(a') da' + /F3(o") T(o") da" +

00

E /Fn(o) T(a) da = jF(a) T(a) da = T

(188)
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3. The value function as importance function

Using the direct simulation estimator and the last

event estimator, the value function is an ideal impor-

tance function, which leads to a value of zero for

the variance. Using the collision density estimator, it

is neither possible to prove that the value function is

the best importance function nor that it is possible to

find an importance function which gives a value of zero

for the variance. However, if the value function is used

as an importance function, i.e., if:

(189)

it can be shown that V(T ) < T using the collision den-

sity estimator (Coveyou et coll 1967).

The direct simulation estimator

Using the importance function:

( 1 9 0)

the variance, V[(xA_)*], takes a value of zero. The weight

Wĵj assigned to state vector a,, of a random walk in which

the transition »„ < -»• a» involves traversal of the tar-

get area is then given by:

?AT

V(.N)
(191)

If this is substituted for the weight WN in eq 124, it

is found that the variance of the estimate becomes zero.



126

It was pointed out earlier that, using the direct simu-

lation estimator, a necessary condition for zero variance

is that photons are not allowed to escape from the slab

except through the target area. It can easily be demon-

strated that, using the value function as importance

function, this condition really is fulfilled. The value

function V(a) takes a value of zero when a describes a

photon which escapes from the slab through other parts

of the boundary than the target area. Then I(o) takes a

value of zero, eq 190, as does finally the fictitious

transition probability density X(o|a ), eq 173 . In the

same way it can be shown that the second necessary condi-

tion for zero variance, viz., the condition that photons

are not allowed to be absorbed, is fulfilled.

The last event estimator

Selecting the importance function according to eq 189 ,

the weight W^ associated with state vector oL(?N within

the slab) takes the value:

w . 1 = T (192)
N I(SN) V(SN)

Substituting this in eq 145 gives:

V(T*) • x2= I /.../ „, A
T_ lT(oL)]2 FCcL,...,^) doL.-da-

N=1 V(3N)q(3N,WN) N -N 1 -N 1

(193)

where the integrations in eq 193 are taken over all in-

teraction sequences which lie as a whole within the slab.



127

Now, from eq 180 it follows that:

= T(g) + r

V(o) S'eA., V(a)

) + /X<«
f I«)d5f (194)

) o'V(a) o'eA3

and hence that:

} (195)
q ( oN» WN ) = q ( a N ) =

V(aN)

where q(a»,) is the fictitious probability that a photon

which interacts described by o N has its last interaction

in the slab.

Substituting q(aN,W,,) from eq 195 in eq 193 then

gives V(T*) = 0.

Using the absorption estimator, eq 193 is valid provi-

ded that 1-s(oL,WN) is substituted for q(oN,WN). In

this case, the condition for getting a variance equal

to zero is obviously that:

ri-A("*" )i n-"('*' )i - T (196)

S °N> N " "S % - V ( J N )

Then, however, from eq 194 it follows that:

|X(a'|o) da' = s(a) (197)

i.e., in order to get a zero variance using the absorption

estimator photons are not allowed to escape from the slab.



Comparison between the absorption and the last event

estimators under conditions of zero variance

To get a variance equal to zero the optimal fictitious

transition probability densities X(ct |a) are identical

using the last event and the absorption estimators.

However, when selecting appropriate fictitious frequency

functions for scattering angle and free path before the

next interaction, there is greater freedom using the

last event estimator than when the absorption estimator

is used. In the latter case, there exists the additional

requirement that photons are not allowed to escape from

the slab. Combining

(
s (a) = 1 - T(a)/V(a) with Jf(p= |r'-r| ) dr' = 1a ea.e.

where P(H ) is the distance from point r to the boundary

of the slab in the direction fl , means that the fictitious

frequency function for the scattering angle and the energy

of the scattered photon is uniquely determined from:

v)3" 1-T(o)/V(a) 0

(198)

Using the last event estimator, however, the photons are

allowed to escape from the slab. This means that the sur-

vival probability can be chosen as s(a) = 1 - T(o)/V(a) + e(a)

with the escape probability e(a) being a number larger than

zero. In turn, this means that there is a freedom in choo-

sing the frequency function for the scattering angle and

the energy of the scattered photon. Depending on this choice

the free path frequency function is given by:
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[1-T<5./V(S)«(S>] ['''^k'"''
1 /SJ

Here, the only requirement on the frequency function for

the scattering angle and the energy of the scattered pho-

ton is that for all a :

J$)
/f(p =|r'-r|) dr'< 1 (200)

For intance, if the frequency function for the scattering

angle takes on too low a value for some direction ft , this

requirement, eq 200, may be violated.

From eq 199 can be seen that the shape of the free path

frequency function is uniquely determined by the r*-depen-

dence of the transition probability density function

X(a |a). The choices of the value for e(o) and the frequency

function for the scattering angle only determine a normali-

zation of the free path frequency functions as to allow

the scattered photons to escape from the slab with certain

probabilities. .'. given net probability of escape, e(ct),

after an interaction described by a can be obtained by com-

bining different frequency functions for the scattering

angle with different probabilities of escape for the pho-

tons scattered in different directions (w,n ). If, in par-

ticular, the frequency function for the scattering angle

is chosen to be identical to that, eq 198, valid for getting

zero variance using the absorption estimator, then each

scattered photon has a probability of escaping which is in-

dependent of the particular direction ($,5') of scatter and

is given by the quotient «ta)/[s (a) • e(a)] .

Using the direct simulation and the last event estimators

it is thus possible, in principle, to find fictitious transition

probability densities such that the variance in the estimate
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is zero. However, this requires a knowledge of the value

function V(a) and to determine this is as difficult as

solving the initial problem. It is thus unreasonable to

consider determining the value function exactly: however,

even an approximate knowledge of it may be very useful.

This can be derived by finding an approximate solution of

the integral equation for the value function, e.g. using

Monte Carlo methods, or by intelligent quessing. In the

latter case, physical insight should be of considerable

use, which is one thing that favours the specialist in

radiation physics in dealing with this topic.

4. Derivation of the exponential transformation of the

free path frequency function using an approximate value

function as importance function

Consider once again a plane radiation shield of thickness

d which is being irradiated homogeneously. The photon

fluence is a function of the depth, z, only. The plane

fluence at the rear of the shield, i.e., for z = d, is

to be determined using the direct simulation estimator.

The function t(a') in eq 179 is then given by t(a') = 1.

The photon fluence can roughly be anticipated to decrease

exponentially with the depth, z, in the shield, with an

unknown "attenuation coefficient", c. If, in eq 179 , the

contribution to the value function V(a) from the second

integral in the last line is neglected, the following

approximate value function V(a) is obtained:

V(a) = V(z) = e"
c ( d" z ) (201)

If this approximate value function is used as an impor-

tance function, the fictitious transition probability den-

sities will be given by:
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a-c(d-*nt1>

Substituting in eq 202 the relation between z and

given in eq 77 gives:

(202)

The altering of the true transition probability density

to give the fictitious one can be looked upon as a change

of the free path frequency function. Normalizing this

such that:

Jf(p) dp = 1 (204)
0

gives:

f(p) = (U-CCOS8) e-^-ccose)p ( 2 0 5 )

This free path frequency function is identical to that

which was derived from the exponential transformation of

the transport equation.

B. Splitting methods

1. Splitting of primary photons

With the estimators described above unbiased estimates

are obtained from a single random walk. Usually, how-

ever, a number, H, of random walks is used to find esti

mates with smaller variances. Using, for instance, the
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collision density estimator, the estimate can be written:

H h
T** = J I I Wh Ka1?) (206)

H x x

H
E
h = i

Nh
I

This equation can now be rewritten so that:

N, , ,h
h Wi +h
I TF T(O.) (207)

u N, , ,h
H h Wi

h=1 i=1 "

The factor 1/H can be considered to be included in the

weights W.. A primary photon is thus considered to be

split into H parts, each one of which, h, is given an

initial weight WQ = 1/H. An estimate based on a single

random walk is then no longer unbiased: this is obtained

first when the estimate is based on H random walks.

The splitting of the primary photon into H parts can be

made in an arbitrary manner. The parts need not neces-

sarily be equal, with Wn = 1/H, as assumed above. In

addition, for each part, h, transition probability den-

sities can be defined which depend on h.

Now, H random walks are to be generated, one for each

part, h, using the transition probability densities

which hold for each individual part. An estimate, x

of the field quantity T is evaluated from:

H h
T*** = I E Wh T(oh) (208)

1 x

with the weights defined by:

H
= E

h = 1

Nh
E
i -

h h i i

? = w£ *—i ir- (209)1 ° hS
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F (a.,...,a.) may be zero although F(a. ,... ,ct..) is non-

zero. This means that no interaction sequences a..,...,a.

will be generated in cases when the fictitious probabi-

lity and frequency functions are used for generating ran-

dom walks. Weights W- are then not defined.

The conditions for which this estimate is unbiased will

now be investigated.

The stochastic variable T can be treated as a sum of
Ah*stochastic variables T which are themselves in turn

sums of stochastic variables x.*:

I Th» = I I x1?* (210)
h=1 h=1 i=1 x

h»where the T. are analogue to the stochastic variables

x^ defined above, page 59.

The expectation value, E [ T * * * ] , can then be written as:

E [?""] = I Z E[xhl1] = Z Z Eli1?*]
h=1 i=1 x i=1 h=1 1

(211)

where:

wj T(Si)

(212)

The integration in eq 212 is over all interaction se-

quences which lie as a whole within the slab and are such

that F (a^,...,a1) is nonzero.
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The estimate is unbiased provided that:

u

I W1? Fh(o.,. ...a.) = F(a.,...,oL) (213)
h = 1 1

for all interaction sequences a..,... ,a. such that both

F(ct-,... ,a1) and T(a-) are nonzero, since then:

H H
I E[^*] = E /.../ Wh T(a.) Fh(a".,...,S..) da.....da,
h=1 x h=1

= /.../ T(a.) Z Wh Fh(a.,...,a1) da. da, =
1 l h = 1 x x ' J x

/ Kcu) Fi(ai)dai (2U)

Substituting eq 214 in eq 211 gives:

= Z /T(a) Fi(a)do = /T(a) F(a)da = T (215)

i.e., T is an unbiased estimate of T.

Eq 213 implies that F (a. »...»a^ can, for some parts,

h, but not for all of them at once, be zero even if

F(a.,...,a.) is nonzero. One particular case will now be

examined in more detail, viz., the case in which for every

a for which F^a) is nonzero, F^o) is nonzero for only

one of the h.
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Systematic sampling

For every state vector a such that F..(a) is nonzero the

values F.(a) are all assumed equal to zero except for

one part, h. In addition, for all parts, h, and all

weights W. the fictitious transition probability den-

sity is assumed to be nonzero as soon as the correspon-

ding true transition probability density is nonzero and

transitions to points within the slab are concerned.

Then:

TT TT

E E p * ] = E J . . . / W h T (a . ) F h ( a . , . . . »cL )da da . :
h = 1 x h=1 1 x 1 1

H
= E / . . . J w i ? T ( a - ) F ( a . , . . . , < L ) d a d a ,

h=1 0 1 1 i i i

(216)

Here, every integral in the sum is defined and gets contri-

butions only from those interaction sequences a . , . . . ,a .

for which the F. ta^ are different from zero. It follows

from this and from the assumptions above that the estimate

is unbiased, provided:

Q = 1 •. . (217)

for all parts h.

In the particular case of a pencil beam, systematic samp-

ling implies the following (see Fig 9):
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Fig 9: The slab is divided into H layers each of thick-

ness Ad. The first interaction of each part, h.

of the splitted primary photon takes place in

one of the layers Ad and only one part interacts

in any particular layer.

For each part h of the primary photon F..(a) is different

from zero only for points r, with their z-coordinates in

the h:th layer Ad of the slab. If, in addition, the pho-

ton is prevented from escaping from the slab without in-

teracting, then:

jFh(3)da = 1

reAd

~h •+
For instance, F.(a) can be selected:

(218)

1

h, , 1
1 ( z ) = Äd

(219)

With F.(o) as given by eq 219 , one finds for the weight

= p(hv0) Ad (220)

where z. denotes the z-coordinate for the position of

the first interaction process for part h.
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The method of splitting primary photons has been illus-

trated here using the collision density estimator. The

conclusions are, however, generally true independent of

the type of estimator used. Systematic sampling is, how-

ever, of particular interest in connection with the colli-

sion density estimator for the following reason.

If the division of the slab into H layers is made suffi-

ciently fine the quantity:

H H

E T J * = I w!j T(o!f) (221)
h=1 n h=1 ' ^

is approximately equal to the field quantity x for pho-

tons which have been scattered once, i.e., with systema-

tic sampling and the collision density estimator, an

apDroximate analytical calculation of the contribution

to T from photons scattered once is automatically obtained

If systematic sampling is used in conjunction with the

other estimators discussed here, the contribution to T

from photons scattered once is obtained stochastically

and not analytically.

Of course, with slight modifications, it is possible to

use all estimators for estimating the field quantity of

multiply scattered photons only and then in all cases to

add the analytically calculated contribution from photons

which have been scattered once.

Does systematic sampling reduce the variance? When the

primary photon is split into H parts, H random walks
A 0 jgy

are needed before an unbiased estimate T is obtained.

It should therefore be reasonable to compare the variance

in estimate T with that in an estimate T , which is

the averaged value of H estimates T using unsplit primary

photons, since T IS also based on H random walks. In

addition, it should be reasonable that, in such a compa-

rison, the transition probability densities used in gene-
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rating random walks should be the same in all cases. In

systematic sampling, it is possible to consider using

different fictitious transition probability densities

for the h different parts of the primary photon. But,

what form shall be assumed for the frequency function

for the free path prior to the first interaction in

evaluating x ? The variance in the estimate x is cer-

tainly dependent on this free path frequency function.

Even if all transition probability densities and the

frequency function for the free path prior to the first

interaction are taken to be the analogue ones, it is

difficult to prove anything or to make any statement

which is generally valid.

However, when systematic sampling is used in conjunction

with the collision density estimator, an approximately

analytical determination of the contribution to T from

photons scattered once is obtained and this suggests

that the variance in the estimate will be reduced, par-

ticularly at points for which the relative contribution

from such photons is large.

With the aim of decreasing the variance, systematic samp-

ling can be extended in the following manner. If it is

known that the largest contribution to the variance in

the estimate T comes from photons with their first in-

teractions in a particular layer, sampling can be concen-

trated to these photons, e.g., by generating more random

walks for them. An unbiased estimate, x , can then

be formed from:

N,

T " M = Z [J E Tn ] (222)
h=1 Nh n=1 n J

where N, is the number of photons with their first inter-

action in layer h. Provided that N, is chosen to be lar-

gest for those layers, h, which give the largest contri-

butions to the variance in T***, the estimate T**** is,
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as regards the variance, more favourable than a straight-

forward arithmetic mean of estimates T • This is an

example of a so called stratified sampling scheme.

It is worth pointing out a particular advantage of using

systematic sampling in connection with estimating the field

quantity T behind slabs of different thicknesses. Some

parts of random walks generated with a thick slab can be

used when making estimates for thinner slabs: as soon as

a random walk generates a state vector with its position

coordinate outside the thinner slab, it is finished as far

as the latter is concerned. The state vectors of a random

walk generated with a thick slab can, however, up to this

point also be used in estimating T at the rear of the thin-

ner slab. On the other hand, a disadvantage of the method

is that the fictitious transition probability densities

cannot be chosen in relation to the thickness of the slab,

i.e., they cannot be optimized for each and every single

thickness.

Comments on estimating the variance in estimates using

systematic sampling

Ah«The stochastic variables T are independent of one another,

but have different expectation values as well as different

variances depending on the particular layer h. The H values

obtained for the different stochastic variables T cannot

be looked upon as samples for the same stochastic variable.

An expression equivalent to that in eq 108 for estimating

V[T ] from the H random walks generated cannot be used.

An unbiased estimate, s2, of V[T ] can, however, be

obtained if the experiment of generating H random walks

is repeated M times and:
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. M H . . M H
.2 = _L z [z h m 1Th,m _ 2 z Z x^'ml

m=1 "h=1 M m=1 h=1

(223)

where T ' m is the value taken by the stochastic variable

T at the m:th experiment.

2. Splitting of photons along random walks

A photon described by state vector a associated with

weight W can just prior to or after an interaction be

split into H pieces, each assigned a weight W such that

H .
W = E Wn (224)
n h = 1 "

Usually, the choice W = W /H is made. For every part h,

a continuation of the random walk, denoted by a + 1, a .,,

••»aN is generated. The weights assigned to these state

vectors are given by:

1 » .

An unbiased estimate of T is obtained by summing contri-

butions from the random walks of the individual parts,

e.g., when using the direct simulation estimator:

( T Å T ) * = Z wjj t (eft ) (226)
T h=1 Nh Nh

where t(aN ) is replaced by zero unless the target area

is traversed by the escaping photon.
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Using the last event estimator,

- wh W>,' (227)

and, using the collison density estimator,

n H h », .**
T = E W.T(o.) + E I WVT(aY) (228)

i=1 1 x h=1 i=n+1 1 x

where aM describes the last interaction in the slab
Nh

by photon part h.

Proof that these estimates are unbiased is left to the

reader.

Further splittings along the random walks can be made

and unbiased estimates obtained by summing over the to-

tal number of random walks created.

When using this splitting method, it is not usual to work

with fictitious transition probability densities but in-

stead to generate random walks by analogue simulation.

Used in combination with Russian roulette of survival

the method is in fact an alternative to importance samp-

ling using fictitious transition probability densities.

The importance function then provides the tool to deter-

mine both when photons should be split up and the number

of parts into which they should be decomposed. If a pho-

ton goes from a state a to a more important state, a + 1,

a splitting of the photon in the ratio I(a +.)/I(a ) is

made. In case this quotient is not an integer, the photon

is with probability qr split into q+1 pieces and with pro-

bability 1-q! split into q pieces where q is the integral

part of the quotient K a J / K u ) and q' is its fractional
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part. The photon is then on the average split into

q'(q+1) + (1-q') q - q + q' = I(an+1)/I(on) pieces.

If, on the other hand, the transition is to a less im-

portant state, a + 1 > the random walk is terminated at

r ,. with probability 1-I(a +1 )/I(a ).

As pointed out above, the important regions in a-space

are those giving the largest contributions to the variance

in the estimate using analogue simulation. Using splitting

as described above the variance is reduced by increasing

the sampling in important regions of a-space and decrea-

sing it in less important regions just as in importance

sampling using fictitious transition probability densi-

ties. When the photon splitting method is used, more effort

has to be spent in generating random walks than is needed

using fictitious transition probability densities. On the

other hand, no effort has to be spent in determining appro-

priate fictitious transtition probability densities so

that random walks are more rapidly generated.

C. Correlated sampling

When investigating the effect of using different sets of

interaction cross sections on the results of Monte Carlo

calculations, the use of correlated sampling is often to

be recommended, particularly when the differences in the

cross sections are small. The procedure is as follows.

A random walk [a1,.. ,<*„] is generated using a particular

frequency function F^S) and a particular set of transi-

tion probability densities X(a'|a). From this random walk

two estimates T.. and T« are made. For instance, using the

collision density estimator, the estimates are given by:
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T* = E W: T(a.) (229)
1 x *

= Z w] T(a-) (230)

where

W1 - 1 i'"''a1 (231)

and

i "

Here, F.. (a.,... ,a1) and F^oL,... ,a1) are the probability

densities for interacting via the sequence a1,...,a. accor-

ding to two different sets of interaction cross sections.

F(ou,...,a1) is the corresponding probability density de-

fined by F..(a) and X(o |a) used in generating the random

walk. The value of T(o.) is calculated appropriate to the

set 1 or 2 of interaction cross sections considered, cf.,

eqs H2 - 45.

When the transport process is defined by set 1 of cross

sections the field quantity T takes the value T. while

it takes the value T« when the transport process is de-

fined by set 2 of cross sections. Now, T 1 and T« in eqs

229 and 230 are unbiased estimates of T and T2 pro-

vided that F(o.,...,o^) is nonzero as soon as T(o-) is

nonzero together with both F.. (a.,... ,a1) and f-Co.,...,«.,)

and the interaction sequence is within the slab.

In generating random walks, F^o) and X(o'|3) may be chosen

to correspond to one of the sets 1 and 2 of cross sections
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considered in the investigation. However, the set chosen

for this must permit all transitions possible with the

other set of cross sections. For instance, assume that

a comparison is to be made between using an interaction

model in which atomic electrons are free and at rest at

the moment of interaction and a more realistic one taking

account of the binding energies of such electrons. With

bound electrons, photons may be scattered without losing

energy which is obviously not possible for photons scat-

tered against free electrons. In generating random walks

there must exist a nonzero probability that photons are

scattered without energy loss. F.Ca) and ^(a |ot) must in

this case be chosen to correspond to the set of the cross

sections found from the model considering bound electrons.

A comparison of the results from two different calcula-

tions can be presented as either the difference or the

quotient between the values obtained.

If the difference between the stochastic variables x.

and x2 is investigated, then:

Ep'-tJ] = Eft] -E[?2"] = T, - T2 (233)

",;«> (23.)

with CCT^,!-) the covariance of T. and x».

If, on the other hand, the quotient between the two sto-

chastic variables T,. and T ? is regarded, then:

(235)
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v
X1

TTp'*
2

(236)

The relations in eqs 235 and 2 36 follow from Gauss's

approximation formula. They are thus approximations and

as such must be used with some caution. In particular,

it must be realized that T^/T^ IS only approximately an

unbiased estimate of the ratio x./x^. For the approxima-

tion to be reasonable, it is necessary that at least xo

does not take value close to zero. In using, e.g. the

direct simulation estimator, it is not at all uncommon

for T2 to take the value zero. However, by forming esti-

mates T. and T 2 based on a number of random walks rather

than on just one, this difficulty can be avoided.

The covariance of two stochastic variables x.. and x« can

take positive, negative and zero values. Ir x. and x»

are independent stochastic variables, the covariance is

zero. In particular, if estimates x1 and x« are based on

different independent random walks, x. and x? are indepen-

dent of each other.

In this case, two advantages are attained when the cova-

riance is positive. The variance is reduced in comparison

to its value when C(x1,x2) is equal to zero, c.f. eq 234

In addition, computing time is saved by using one and the

same random walk for evalueating both x1 and x».

The covariance of x1 and x2 is given by the expression:

C(x*,x*) = E[(?*-T 1)(T;-T 2)] =

N 1 N

= E /•../[! W. T(a. )-!,,] [E W.T(O.)-T,]
N=1 isi x ^ ' i=i x x l

(237)
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In eq 237 , the covariance is the one valid using the

collision density estimator. This does not in any way

limit tha generality of what follows. A positive corre-

lation, i.e. a positive covariance, is obtained when

T 1 and !„ tend for every random walk to deviate in the

same direction from their expectation values x.. and t?.

In particular, if F* (aM,... ,<*,.) does not differ greatly

from F 2(OM,...,o 1) then W. »
 Wi»Ti w T2 a n d t h e c o v a"

riance can be expected to be positive and close to

V[T 1] » V[T 2] such that the variance in eq 234 will be

very close to zero. In this case it should be worthwhile

to use correlated sampling.

In the expressions for the variances in the difference

and the quotient between x* and i-, V[T, ] and ^[T^] are

the variances of T and T2 with respect to that particu-

lar set of transition probability densities which is used

in generating the random walks on which both x. and x,, are

based. For noncorrelated estimates t. and x~, i.e., when

the estimates are based on different random walks, there

is the possibility of generating these using different

transition probability densities. The values for V[x,.] and

T J are then not identical to those in eq 233 and it

need in fact not be the case that the variance in the dif-

ference or the quotient between T. and T 2 will be less if

correlated sampling is used, even if the covariance is po-

sitive. However, if the difference in the sets of cross

sections used is small, then the difference in the opti-

mal variance reducing fictitious transition probability

densities will also be small and the positive correlation

so strong that the use of correlated sampling must be pre-

ferred.

Details of correlated sampling when used together with

the direct simulation estimator

As has already been pointed out the frequency function
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F..(a) and the transition probability densities X(a ja)

used in generating random walks may be chosen identical

to those defined by one of the sets of interaction cross

sections being investigated.

When estimates (T.A™) and (T^A-T.) are made using the

direct simulation estimator, it can be shown that if ran-

dom walks are generated using F1(a) and X̂ Ccx |a) and if
- - - * -~ *

T 2A T>x 1A T > 0 then the covariance of (T.jA.p) and (T 2A T>

is always positive. Even if T2Arp < f^A™, positive values

for the covariance can be obtained. It is only necessary

that the difference between the expectation values is suf-

ficiently small.

To prove the above statements, the following relation for

the covariance of two stocha;

a convenient starting point:

the covariance of two stochastic variables x1 and T» forms

*T;] - E[T*] E[T*] (238)

Using the direct simulation estimator, the expectation

value of the product between (T,.AT) and ( T ? A T ) is

given by:

N wJfr'V] 2 ^(SJJ,...,^) d(hvN)

do1 (239)

The integrations in eq 2 39 are made over all interaction

sequences a..,...,a., which end with traversal of the tar-

get area A™. Note that the values taken by the weight

function t(a) are not dependent on the values on Any

cross sections, contrary to the values taken by the
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weight function T(a) used with the last event and the

collision density estimators.

Furthermore, if F(cu,,. . . ,a.. ) is put equal to F.. (ct̂ ,. .
then:

W N

W ( 2 U 0 )

and the covariance is given by:

Z N)] F2(oN,...,a1)d(hvN)dflNdoN_1...da1-

(241 )

It follows immediately that the covariance is positive

when T2AT » T1AT > 0.

If, on the other hand 0 < T2AT < T^A™, then there exists

a positive number e such that:

1

In addition, there exists another positive number e such
that:

(243)
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From eq 241 , it now follows that the covariance is

positive if e < e, i.e., if the difference between the

expectation values T^A™ and T-A-T, is sufficiently small,

If, however, e > c, then the covariance becomes nega-

tive and correlated sampling can in this case not be

recommended, cf, eq 2 3 k .

D. Linear combinations of estimators

An unbiased estimate T of T can be obtained as a linear

combination of unbiased estimates T :

T* = I k T* (244)
x=1 x x

Provided that E [ T ] is equal to T for all x and the sum

of all k is equal to one, T IS an unbiased estimate

Of T.

Now, T may simply be equal to the average of X esti-

mates of T based on X different random walks using one

and the same estimator. Then k = 1/X and T is identi-
"»» x

cal to the estimates T discussed above with X = H. In

this case the lowest value for the variance in T is ob

tained with k = 1/X = 1/H.

A linear combination of unbiased estimates T can also

be obtained by generating one random walk and making

X estimates of T using different estimators. For simp-

licity, consider X = 2. Then:

T* = CT* + (1-c)t* c < 1 (245)

A y

and the variance, V(T ), is given by:

V(T') = C 2V(T*) + (1-C) 2V(T*) + 2c(1-c) C(T*,T*)

(24o)
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Now, especially if the covariance of x1 and T 7 is nega-

tive the variance in T may be considerably less than

both V(T.) and V ( T 2 ) when the estimates T,. and !„ are

based on one single random walk.

The variance V(T ) depends on the covariance of T. and

but also on the value for c. The minimum value of

V(x ) is obtained when:

c =
(247)

V(T*) - 2C(T*,T*)

Linear combinations of estimates using different esti-

mators can thus be exploited as a variance reducing

method (Spanier and Gelbard, Halperin).

It has been shown that, using importance sampling with

the aid of importance functions, it is possible to re-

duce the variance in estimates to zero. This ideal situa-

tion is, however, not practically achievable so that the

method of using linear combinations of different estima-

tors sketched here may well be worthwhile using.

As an example, consider that t. and T~ are obtained using

the last event and the collision density estimators re-

spectively. Then the covariance of T, and !„ is given by:

N=1

WMT(aM)

[A
q(aN,WN)

N
W.TC3.) -

1 (a)da]T'

(243)
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Roughly speaking, a negative value for the covariance

is obtained if WNT(oL)/q(aN,WN) tends to take large

values when EW^T(a.) takes small values and vice versa,

such that the integrands in the sum of eq 248 predo-

minantly take on negative values.

E. Antithetic variates

Pairs of strongly negatively correlated stochastic varia-

bles form the base for the variance reducing method of

antithetic variates.

Consider the following example: in the pencil beam slab

penetration problem, the position at the first interaction

is chosen from a free path frequency function f(p). Assume

that this is normalized in the interval [0,d] i.e., that

no source photons escape without interacting in the slab.

Now, the position at the first interaction is selected

by selecting a random number p. Then (1-p) determines

another position for the first interaction. Starting from

these two positions for the first interaction, two random

walks are generated independently and estimates T, and T ?

of T, using the same estimator, are made based on these

two random walks. Then:

T* = il—Lll (249)

2

is an unbiased estimate of T provided that both T^ and T«

are unbiased estimates of T.

Since V(T,.) = V ( T 2 ) , the variance V(T ) is given by:
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If C(T..,T0) is negative, then the variance V ( T ) is

less than the variance in an estimate based on two non-

correlated random walks. In the latter case the variance

is equal to V(T*)/2.

In this example, it cannot be proved but only anticipated

that the stochastic variables T.. and x? are negatively cor-

related. Other pairs of presumably negatively correlated

stochastic variables may be found depending on the parti-

cular problem to be solved.

Here, only a simple application of the method of antithe-

tic variates has been discussed. The general development

of this method was first made by Hammersley and Morton

1956.

III. Results of some methodological investigations con-

cerning the simulation of photon transport through a

water slab.

In a test study of importance sampling, seven different

programmes for calculating the plane fluence at diffe-

rent points on the rear of a water slab irradiated with

a perpendicularly incident pencil beam of primary pho-

tons have been evaluated.

One of the programmes used the collision density esti-

mator, while in the others the direct simulation estima-

tor was employed.

The water slab has been assumed to be 15 cm thick and the

incident photons to have an energy distribution correspon-

ding to a 70 kV bremsstrahlung spectrum. A 70 kV energy

spectrum has been chosen to permit comparison with the re-

sults of Monte Carlo calculations carried out by REISS

and STEINLE. In addition, it has been assumed that all

scattering processes are Comptcn processes with free elec-
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Klein-Nishina cross sections. The effect of taking

into account the binding energies of the atomic elec-

trons has been investigated separately using correla-

ted sampling, cf., L Kusoffsky 1975 b.

In estimating with the collision density estimator

fictitious probability and frequency functions have been

used throughout. These have been selected as follows:

1. The free path prior to the first interaction has been

selected from a rectangular frequency function:

f(p) = y£ cm"1 (251)

This free path frequency function is such that the pro-

bability of a primary photon passing through the water

without interacting is zero.

2. Analytical averaging of survival has been used in con-

junction with Russian roulette, in the form given in

eq 158 .

3. The angle of scattering has been taken to be distribu-

ted isotropically, i.e,, the frequency function for

the scattering angle has been taken to be of the form

given in eq 169 . The energies of scattered photons

are given by the Compton relation, eq 17 .

4. The free path between interactions has been selected

using a free path frequency function as given in eq

163 with:

y = y[i - 0.3 cos(ft,no)] (252)

In estimating with the direct simulation estimator, ana-

logue simulation has been used throughout as has nonana-
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logue simulation according to the scheme described above.

In addition, different combinations of some of these fic-

titious probability and frequency functions and analogue

ones have been used.

Using the direct simulation estimator, the rear surface

of the slab was divided into a number of target areas as

follows: a circle of radius 1 cm, its centre coinciding

with the exit point of the primary pencil beam, was se-

lected and the area was then, up to a distance m cm from

the centre, divided into annular rings of width 1 cm. All

points lying more than 1H cm from the centre were consi-

dered to comprise a single target area.

To limit the range of possible values of the estimates

using the collision density estimator, finite target areas

were again used. This was carried out by placing a circle

1 cm in diameter symmetrically around the exit point of

the primary beam. At distances corresponding to even va-

lues of centimetres (up to 14 cm) from the centre defined

by the exit point, eight circular target areas each of

area 1 cm were placed symmetrically in a ring about the

centre. For each random walk an estimate of the plane

fluence was made for each of these target areas and the

average of the eight values was finally used as an esti-

mate of the plane fluence at the distance of the ring

from the centre. This procedure is such that the cylind-

rical symmetry inherent in the problem has also been uti-

lized in estimating with the collision density estimator.

Using the collision density estimator, the final estimate

was based on 3000 random walks while, using any one of

the direct simulation estimators, the corresponding num-

ber of random walks was 100 000. The computing time

for making an estimate was then about the same in each of

the seven programmes.

In each program using the collision density estimator, the
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plane fluence, T, was, as described above, estimated for

points at 15, and using the direct simulation estimators

at 14, different distances equidistant 1 cm from the centre.

As a measure of the precision of a program, the average

of the relative standard deviations (as determined from

experimental data) in the estimates at the different dis-

tances from the centre was used. In none of the cases did

these relative standard deviations differ with more than

a factor of two - with a tendency for them to increase

with increasing distance from the centre.

No significant difference in precision among the various

programmes could be demonstrated. The relative standard

deviation varied between 7% and 9% and the computing cost

between 50 and 80 units.

Since only 3 000 random walks were generated using the

collision density estimator against the 100 000 using any

one of the direct simulation estimators, it is apparent

that the precision per random walk is larger using the

collision density estimator. That the overall efficiency

is no better is due to the fact that more time is needed

to calculate a value for EW.T(ct.) than to calculate a va-

lue for WNt(cL) using the direct simulation estimators.

These comparisons seems to point to the conclusion that

it is not really worthwhile to use the more complicated

procedures involved in the collision density estimator.

However, it must not be forgotten that, in this special

geometry, a direct simulation estimator is favoured be-

cause of two factors:

1. The cylindrical symmetry of the problem is such that

target areas in the form of annular rings can be used.

The increase in the size of the target area with increa-

sing distance from the centre then compensates for the

corresponding decrease in the plane fluence. The rela-
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tive standard deviation in estimates at different distan-

ces from the centre thus remains relatively constant,

even rather far out. The relative standard deviation in

estimates using the collision density estimator does

not depend on the effect of a target area which increa-

ses with increasing distance from the centre. In the

absence of cylindrical symmetry, the collision density

estimator would probably be preferable.

2. The number of target areas does not greatly influence

the computing time (cost) in programmes based on the

direct simulation estimator, whereas in programmes using

the collision density estimator, the computing time in-

creases about linearly with the number of target areas.

This is the case since calculating £W.T(ot.) for a tar-

get area takes about as much time as generating a ran-

dom walk. If, for instance, only the value of the plane

fluence at one particular distance from the centre is

of interest, the computing time would be reduced to

about 1/15 using the collision density estimator, but

would not be much altered using the direct simulation

estimator.

An advantage of the direct simulation estimator is that,

at very little extra cost, the total number of photons

transmitted through the slab can be estimated. When this

number is required, it is not easy to determine it using

the collision density estimator. On the other hand, a

programme using the collision density estimator can easily

be supplemented with a programme in which the direct si-

mulation estimator is utilized to estimate the total num-

ber of photons passing outside the central circle inside

which the plane fluence is estimated using the collision

density estimator. The same set of random walks can be

used with the direct simulation estimator to estimate the

number of these photons as is used to estimate the plane

fluence at points inside the circle with the collision

density estimator.
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Using the collision density estimator, photons can be pre-

vented from escaping from the slab, whereas, using the

direct simulation estimator, this is possible only for

photons which escape through other points than those of

the target area. An analytically modified direct simula-

tion estimator can then be used to supplement a programme

making use of the collision density estimator and in which

photons are prevented from escaping from the slab. This

estimator is described in the Appendix.

A programme has also been developed to test the use of sys-

tematic sampling in conjunction with the collision density

estimator. The water slab was divided into 3 000 layers.

Each estimate of the plane fluence was thus based on 3 000

random walks to make comparisons with the corresponding

estimates described above using the collision density esti-

mator reasonable. The same fictitious probability and fre-

quency functions have been used in both programmes.

The use of systematic sampling resulted in improved pre-

cision in the estimate of the plane fluence averaged over

the central target area, consisting of the circle 1 cm in

diameter centered at the exit point of the primary photons.

There, the relative contribution to the plane fluence from

photons scattered once is largest and this contribution is

calculated analytically using systematic sampling in con-

junction with the collision density estimator. On the other

hand, at points rather far away from the center the experi-

mentally determined relative standard deviation in the es-

timate was occasionally considerably larger using systema-

tic sampling. This could be traced to the occurrence in

the experimental data of few very large values for the

plane fluence. When the collision density estimator is

used, the value taken by the estimate can be very large,

for instance, when the position coordinate of a state vec-

tor (collision point) in a random walk is close to the

target area. The frequency function for the estimate T

is in fact very skew so that s^ is a bad measure of the
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variance. If the number of random walks on which the es-

timate s^ of the variance is based is small the probabi-

lity that a high value for T is obtained is also small

and s tends to underestimate the variance. Now, the es-

timate s of the variance in an estimate using systema-

tic sampling has to be based on a number, m, of repeti-

tions of the program, cf., eq 22 3 . Here, m was chosen

to be ten so that, in all, ten times 3 000 random walks

were generated. Thus, there was more chance of getting

a collision point close to any particular target area

than in the case in which the 3 000 random walks on which

the estimate of the plane fluence was based were also

used for estimating the variance.

Leaving the above differences out of account, the program

using systematic sampling was found to have the same effi-

ciency as the one without systematic sampling. The reason

for this may be found in the particular fictitious frequency

function for the free path before the first interaction,

eq 251 , which was used in the latter case. With this free

path frequency function the points at which the first in-

teractions occur will be fairly evenly distributed across

the slab. In systematic sampling an even distribution of

these points across the slab is made deterministically.

It must be emphasized that the investigations described

here only have the character of pilot ones. No systema-

tic investigations to optimize the fictitious probabi-

lity and frequency functions have been made. There is

also certainly much which can be done to reduce compu-

ting time and hence running costs. However, despite this,

the investigations reported here should be able to pro-

vide some indication of the possibilities and limitations

of the different methods.

As is usually the case, the work with the particular pro-

ject referred to here, was first started on a more or

j less intuitive basis, the more thorough analysis of avail-
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able methods being made later. The last event estimator

was noticed only towards the end and has thus not been

investigated in practical calculations. This estimator

is of interest since there is the possibility of finding

a zero value af the variance in the estimate, which is

not the case using the collision density estimator. On

the whole, the last event estimator should share some

of the advantages (and even the disadvantages) of the

collision density estimator not to be found using the

direct simulation estimator. Furthermore, it should be

worthwhile to try alternative variance reducing methods

such as linear combinations of estimators and antithetic

variates.
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APPENDIX

An analytically modified direct simulation estimator

A random walk [a.. , . . . ,<*w] is generated and an estimate

(TA T) of the parameter fA™ is made according to:

( T A T ) * = Z
1 i

in cases when the random

walk ends with absorption
-*•

at r̂j and

(TAT)
1

= I r(o.) in cases when the random

walk ends with the photon

escaping from the slab

Here,

r(ai> = t ( a i+1 (253)

i f points through the target area. Then ) is

the distance from r. to the target area in the direction

ft.+1 . If J5. +1 does not point through the target area

r(a.) is equal to zero. The weight function t(a) is iden-

tical to that used in conjunction with the direct simu-

lation estimator.

The proof that this estimator yields an unbiased estimate

of the parameter TA™ is left to the reader. The fundamen-

tal relation on which this proof rests is that given in

eq 184 .
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