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Abstract. The lecture notes display briefly some of the facets

which eventually will be part of a theory for the fission process.

They cover some important aspects of our present understanding in

a qualitative fashion and complement the existing review articles

rather than replacing them. The notes include sections on (I) The

Bohr-Wheeler Fission of a Drop, (II) The Strutinsky-Swiatecki

Quantum Droplet, (III) The Question of Inertias of a Fluid in Mo-

tion, (IV) Some Selected Aspects of the Distributions of Mass and

Kinetic Energy, and (V) Possible Relations Between the Phenomeno-

lo lical Models and Self-Consistent Field Approximations.

I. Introduction

Fission is the process in which a heavy nucleus splits into two

fragments of nearly equal masses, either spontaneously or as a

result of a reaction. It was discovered by Hahn and Strassmann

(Ref. 144) in 1939, and in analogy to the division of a biologi-

cal cell the term "fission" was coined by Meitner and Frlsch

(Ref. 254) soon after. These authors also gave the first quali-

tative interpretation of Hahn and Strassmann's observations, and

in particular mentioned the possibility of a large energy release

in this type of reaction. The foundations for understanding the

mechanisms were laid by N. Bohr and J.A. Wheeler, and many of the

concepts we use up to the present day can be found in their work

(Ref. 50).

The general picture of this process is as follows: When a

nucleon, say a neutron, impinges on a heavy nucleus like uranium,

it is absorbed. The nucleus gains some energy as a result of

this reaction, and goes through a series of complicated intermed-

iate states about which we have little information. One refers to

this entity of states as the compound nucleus (Ref. 51, 248), an

idealized concept introduced by N. Bohr (Ref. 52). After some

time long as compared to all other characteristic times, say after
— 1 8

10 seconds, the nucleus eventually fissions. The deexcitation

by fission is accompanied by or is in competition with other reac-

tions such as the emission of beta or gamma radiation or the emis-

sion of particles, mostly neutrons.

The emission of two to three neutrons on ths average per fis-

sion event is particularly important. They maintain the chain

reaction, and allow for the burning of the nuclear fuel. The

economic, sociological, and environmental implications of this

reaction are known, and cause the practical interest in this pro-

cess. On the other hand,

"The fission process has occupied a unique place in the de-
velopment of nuclear physics, but should be recognised as part
of a wider range of phenomena involving large-scale nuclear
deformations and collective flow that are now becoming acces-
sible in the study of reactions produced by accelerated heavy
ions." (Ref. 47).

It might seem surprising that even four decades after the dis-

covery of the process a complete and consistent description of

the fission process does not exist. Almost uniquely in nuclear

physics, one is faced with the full complexity of the many-body

problem, which in turn makes fission an ideal testing ground for

the various methods and descriptions. The models developed in the

past to stress the various aspects such as collective and single

particle motion, fluid dynamics, and single particle motion often

contradict each other. All of them find some support in different

classes of experiments, but for the further progress it seems a J«



necessity and a challenge to disentangle their mutual relations

and possible overlap.

Any presentation of the theory of fission - the present one

included - must suffer from these facts, and cannot give more

than an unsatisfactory enumeration of the models. Also the lit-

terature reflects the situation. Only two monographs deal with

nuclear fission (Ref. 1, 2). The books of Hyde (Ref. 169) deal

with many aspects of fission. The booklet of Wilets - despite

being outdated slightly by some of the newer developments - is

still worth reading, because of its succinct account of the es-

sential ideas. A rather complete account of the various develop-

ments can be found in the proceedings of the IAEA symposia on the

physics and chemistry of fission (Ref. 3, 5, 8). The proceedings

of the Nobel symposium on superheavy nuclei (Ref. 6) contain many

numerical results. The bulk of information can also be found in

more recent review articles (P.ef. 55, 59, 85, 302, 319).

The aim of the lectures is to complement the existing litera-

ture by presenting the essential concepts with a minimum of for-

mal definitions and to accompany them with critical comments.

This should facilitate the orientation of the scholar and pave

the way for future improvement, but it cannot replace a careful

study of the relevant literature.

In supporting this study, special care was taken in the List

of References. Quite unusually it contains the title of the con-

tribution, which should facilitate the orientation. Despite 432

citations, the list is not complete. Virtually all references to

experimental work are omitted; some of these can be found in

Weigmann's lecture (Ref. 418). Only published work was included.

Contributions to Letter Journals, which were followed by exten-

sive articles on the same subject, have been omitted. Questions

of priority therefore cannot be decided by this list! Although I

strived for completeness in the aspects of fission, I have to

apologize for having missed possible important contributions.

The present lecture notes are arranged in five sections, which

contain less material in more condensed form than did the oral

42 presentation. The rather extensive reproduction of Bohr and

Wheeler's fundamental concepts (Section II) seemed a necessary

prerogative for the description of subsequent developments. The

modification of the potential energy is treated in Section III.

The questions related to the collective inertia (Section IV) are

tightly interwoven with the problematics of nuclear collective

motion. Attempts to understand some aspects of the multidiffer-

ential fission cross sections are presented in Section V. For an

eventual reaction theory of the fission process, one seemingly

needs ideas which go beyond the usual concepts. The phenomenolog-

ical aspects are collected in Sections II to V. One can relate

some of them to the less phenomenological self-consistent field

methods. The need for an almost stenographic shortness of these

notes becomes particularly obvious in the last section. Most of

the formal apparatus had to be omitted and the comparison with ex-

periment is less extensive than would correspond to good tradition

and the taste of the author.

II. The Bohr-Wheeler Fission of a Drop

The concepts which allow for a qualitative understanding of the

fission process have been developed by Bohr and Wheeler (Ref. 50).

Even today, they are basic ingredients of our understanding, and,

therefore, their salient features will be. briefly displayed.

1. Saturation and the Nuclear Binding Energy

The volume occupied by the nuoleons in a nucleus is roughly pro-

portional to their number. This empirical fact is called satura-

tion: The density in the central region is roughly independent

of the nucleon number A. Since the volume is finite, the density

must drop to zero relatively fast in a surface region. Empirically,

the thickness of the surface layer does not depend on A either.

Figure 1 shows a typical nuclear density in a commonly accepted

parameterization.

Saturation leads to a characteristic behavior of the binding

energy of a nucleus B (understood as the absolute difference be-

tween the physical mass and the sum of masses of the constituents).



The (nuclear part of the) binding energy per particle must tend

to a constant in the limit of large particle number. Corrections

for finite systems can come only for particles in the surface lay-

er. Their number relative to the total is proportional to A ,

and since this is a small quantity, it can be used as ordering pa-

rameter in a series (Ref. 287).

In practice, one restricts oneself mostly to the first two

terms, called the volume and surface energy, E,, =
= ,2/3 respectively. Adding the electrostatic Coulomb energy

one writes for the seriesEc(o) = C 3Z
2/A 1 / 3

"B = Ec(o)

and determines the coefficients (av, ag, and c^) by a fit to the

nuclear masses. Saturation leads thus to a kind of WeizsScker's

semiempirical mass formula (Ref. 420) . One particular mass fit

is shown in Figure 2. It may serve as an example for the general

properties:

(i) Semiempirical mass formulas are smooth functions of neutron

and proton numbers and describe binding energies very well

p.? the mean;

(ii) Deviations from the mean are not statistical, but are regu-

lar structures peaked at the so-called magic numbers.

The nuclear binding energy is one of the central and long-

standing themes in nuclear physics (Ref. 33, 34, 39, 40). The

above arguments, based on the existence of a nuclear surface (Ref.

222, 360, 367, 385, 387, 388, 422) or a "thin skin" (Ref. 286,

287, 288) can and have been modified in various versions of liq-

uid drop (Ref. 39, 403) or droplet models (Ref. 229, 247, 286-

290). Often they are related to the many-body problem by the

Thomas-Fermi (Ref. 38, 41, 57, 90, 91, 138, 139, 147, 162, 191)

or other semiclassical approximations to the self-consistent

field approximation (see Section VI). Some of the properties of

mass formulas are related directly to properties of the nucleonic

interaction. For example, because of charge symmetry, one ex-

pects the coefficients a y and ag to depend weakly and in second

order on proton (Z) and neutron (N) number, i.e., a i = cl<1 + KiI )

with I = (N - Z)/(N + Z) (Ref. 40, 291).

2. The Static Stability Against Fission

The binding energy per particle shows a pronounced maximum for

mass numbers A around A - 60 (see Figure 2). For lighter masses

a division of the nucleus would be endothermic, but heavier nuclei

are potentially unstable against division. What prevents the fis-

sion of these nuclides?

It is remarkable that this question was raised only after fis-

sion was detected. Bohr and Wheeler answer this question by

means of a deformation energy and argue in the following way: The

transition from one dropletlike structure of the fissioning nu-

cleus to the two of the fission fragments does not occur abruptly,

but the density proceeds continuously through a sequence of shapes.

This is possible by a deformation of the surface layer, while the

central density remains essentially unchanged because of satura-

tion. The deformations change the binding energy of the systems.

Its deformation-dependent part, called deformation energy, has at

least one maximum in between the two limiting deformations which

correspond to the shape of the fissioning nucleus and to the fis-

sion fragments. This conclusion is based on a rather general con-

sideration: Because of the constant central density, the parti-

cles in the interior cannot contribute much to the nuclear part

of the deformation energy, in contrast to the particles in the

changing surface layer. For increasing deformation, their number

and thus the surface energy increases at first and tends to a con-

stant when the density has reached the shape of the fission frag-

ments. The third major contribution to the binding energy, the

electrostatic energy, however, decreases continuously for the cor-

responding deformations, and reaches its asymptotic value only at

very large distances. The maximum in the deformation energy,

called the fission barrier or the fission threshold, provides the

observed stability and plays a crucial role in the theory.

Bohr and Wheeler concretize these general concepts by replacing

the nucleus by a droplet with a sharp boundary endorsed with a 43



surface tension and a homogeneously distributed charge. This liq-

uid drop model has about similar properties as required by the

general concepts, but has the advantage of being sufficiently

simple. The deformation energy, for example, can be written down

in the parameterization

(a) = E (o)(B_(o) - 1) + E (0)(B_(a) - 1) (1)

where E (o) and Ec(o) refer to the surface and Coulomb energy of

a sphere, respectively. All deformation dependence - symbolized

by the argument a - is contained in the coefficients B(a) which

take the value 1 for a sphere of radius R and do not depend on Z

or N. They can be calculated once the contour of the surface is

well defined, for example by assuming axial symmetry and expand-

ing the radius vector of the surface in terms of Legendre poly-

nomials

N 1
J a.P (cos 8)

.1=2 x x
R<8,4>) = R la

and terminating the sum at the appropriate order N.

Figure 3 shows one of the early calculations of liquid drop

"deformation energy landscapes" as an example (Ref. 114). The

figure shows clearly the appearance of the fission barrier as a

saddle point in such a landscape. Its position and its height

(in units of Eg(o)) depend on z and A only through the dimension-

less fissility parameter x. This parameter, defined as

Ec(o) Z 2

x' critical
(2)

is convenient, because the liquid drop barrier disappears for

x = 1, the corresponding threshold shape being a sphere. The ab-

solute height of the fission barrier depends sensitively on the

coefficients of the mass formula, and for a particular case is

given in Figure 4. As the figure shows, the fission barrier

rarely exceeds 60 MeV, and for a typical heavy nucleus has the

44 value 5-10 MeV.

The fission threshold energy is small as compared to other

characteristic energies such as the volume energy (-3500 MeV),

the surface energy (-650 MeV), or the Coulomb energy (-1000 MeV)

in a heavy nucleus (A - 220), and is a result of a delicate can-

cellation. This cancellation is the reason for the enormous dif-

ficulties in calculating quantitatively the fission barriers by

methods different from the liquid drop or similar approaches.

The determination of the deformation energy in the liquid drop

model is not at all a simple technical problem. A particular dif-

ficulty is an economically and physically reasonable parameteriza-

tion of the nuclear surface. The expansion in terms of Legendre

polynomials is convenient only for smaller deviations from a

sphere, and breaks down for the description of separated shapes.

An accurate description of fission threshold shapes had to in-

clude polynomials up to order 18 (Ref. 73, 74). In the literature

many different attempts to parameterize the surface and many dif-

ferent liquid drop energy surfaces can be found, for example Ref.

148, 190, 227, 229, 304, 306-308, 408. A parameter-free descrip-

tion of the surface can be given (Ref. 402), at the cost of solv-

ing an integrot?ifferential equation.

3. The Dynamic Stability Against Division

The existence of a nonzero fission barrier ensures classically

that the nucleus is stable against shape deformations. However,

quantum-mechanically, there is a finite probability of the nucleus

tunnelling through this barrier.

The transmission of a quantum-mechanical particle with mass m

through a barrier of potential energy W(x) is given by transmis-

sion coefficient T = |exp(-S/H)l and governed by the action in-

tegral

x-
S = f dx/2m(E - W(x) j"

in between the two classical turning points x. and x,, provided

S >> tf. The transmission coefficient multiplied with a character-



istic frequency ("number of assaults") gives an estimate for the

probability per unit time of the particle to tunnel through the

barrier.

By analogy Bohr and Wheeler estimate the probability per unit

time for subthreshold fission as

•f
T •

(3)

The fission width r_ was taken as the product of the transmission

coefficient multiplied with a characteristic energy ftaf, i.e..

2 it
exp(-2S/K) (4)

The number of assaults per unit time was identified with a char-

acteristic vibrational frequency u, - 1 MeV/X and the "fission

action integral" as

- 1
dx.

2(w(a) - E) I mi(-gji (5)

i.e., as the sum of action integrals of the individual nucleons

with mass m. in between the two turning points a and a, of the

deformation energy W(o). The integral is estimated in the follow-

ing way: The contributions of all the nucleons are set equal by

the argument that they move in a collective fashion. The integral

itself is approximated by the maximum of the integrand which is

set equal to the threshold energy B- times the thickness of the

barrier (a^ - a^), the latter set equal by order of magnitude to

the nuclear radius RQ. For a fissioning nucleus (A - 240) and a

threshold energy of B f - 6 MeV, the action integral takes the es-

tlirated value S - (2 • m • A • B f)
1^ 2R Q - 50 >S. Tile probability for

spontaneous fission by tunnelling through the barrier or its in-

verse, the half-life for spontaneous fission T, = 1/1^ - 10 years

is thus even longer than the half-life for a-decay, provided that

the fission threshold does not become too small. This mechanism

accounts for the large stability of most heavy nuclei against

spontaneous fission.

4. Induced Fission as a Monomolecular Reaction

In the case of fission induced by a reaction such as the absorp-

tion of a neutron, one has to consider the decay by fission in

competition with the other modes of decay such as neutron or gam-

ma emission. In the compound model of Bohr the probability for

the decay is independent of the probability for the formation.

To determine the probability of fission from the compound state,

Bohr and Wheeler treat the process as a monomolecular reaction

and apply the transition state theory.

Consider a microcanonica1 ensemble of nuclei all havina exci-

tation energies between E and E + dE, the number of nuclei in the

ensemble being exactly equal to the number o(E)dE of levels in

this energy interval. If r^ is the fission width, the number of

nuclei which undergo fission per unit time in this ensemble will

be p(E)dEr,/H. This number should also be equal to the number of

nuclei in the transition state which pass outward over the fis-

sion barrier per unit time. In a unit distance measured in the

direction of fission, there will be (dp/h)o*(E - Bf - K)dE quantum

states of the ensemble for which the momentum and kinetic energy

in the fission degree of freedom have values in the intervals dp

and dK = vdp, respectively.

p** is the density of states of the transition state nucleus

arising from all nonfission degrees of freedom. Assuming one nu-

cleus in each state, the number of fissioning nuclei per unit time

is dE/v(dp/H) • o*(E-B f-K) = dEN*/H where M* is the number of

transition states available to the nuclei's with the given excita-

tion energy. Comparing this with the original expression for the

number of fissioning nuclei in the ensemble, one gets

2no(E) (6)

where d is the level spacing of the compound nucleus. One can de-

rive a similar expression for the probability o£ decay of the com-

pound nucleus by neutron emission by considering the same micro-

canonical ensemble. The transition state in this case will be a 45



spherical shell of unit thickness just outside the nuclear surface

and the density p** of the transition state is given by the den-

sity of levels of the residual nucleus. The number of quantum

states in the microcanonical ensemble which lie in the transition

region and for which the neutron momentum lies in the range p and

p+ dp and in the solid angle dn is given by (4nR p dp • d«/H ) •

p**(E-B -K)dE, where B is the neutron binding energy. Multi-

plying this by the normal velocity v cos 6 = (dK/dp) cos 6 and in-

tegrating, one obtains for the number of nuclei decaying per unit

time dE(4irR22i7iti/H3)/p** (E - B n - K)KdK.

Identifying this with the number p(E)dErn/)ii of compound nuclei

decaying by neutron emission per unit time, we obtain for the

neutron width

d
(8a)

- K)KdI<

2/3
rn4V?Ki (7)

The summation is taken ov3r all available states of the residual

nucleus, K. denoting the corresponding kinetic energy E-B - E.

which will be left for the neutron. For heavy compound nuclei

with excitation energies of the order of a few MeV, fission and

neutron emission represent the two predominant modes of decay and

all other decay modes have few relative probabilities. Thus,

once the fission and neutron widths are known, it is easy to cal-

culate the respective branching ratios. However, for a calcula-

tion of the absolute fission yield, or the fission cross section,

one should also know the formation probability of the compound

nucleus. In the case of neutron-induced fission, the probability

of absorption of the neutron by the nucleus to form a compound

nucleus is proportional to the inverse probability r./M °* a

neutron emission process which leaves the residual nucleus in its

ground state. The resulting expression for the fission cross sec-

tion at low neutron energies is

where * is the wavelength of the neutron divided by 2n. For high

energies of the neutron when * becomes smaller than the radius R

of the nucleus

(8b)

On the basis of the fimple picture described above, Bohr and

Wheeler draw the following conclusion: If the height of the fis-

sion barrier is comparable to or greater than the excitation en-

ergy of the compound nucleus resulting frcm the neutron capture,

on« can expect very low fission cross section. As the energy of

the neutron is increased, one expects a steep rise, which, however,

is governed by the competition between fission and neutron emis-

sion. Once the excitation energy of the compound nucleus exceeds

the fission barrier height, the fission cross section becomes in-

dependent oj| the compound nucleus energy. It exhibits a plateau

structure, since the probability for neutron emission and for fis-

sion varies with energy in nearly the same way except that the en-

tire fission curve is shifted relative to the neutron curve, ac-

cording to the relative values of the fission barrier and the neu-

tron binding energy. This behavior is illustrated in Figure 5.

One should,however,bear in mind that the derivation given above

for the fission width is valid only when the number of fission

channels is sufficiently large, as in the case of overlapping res-

onances, when the compound nucleus excitation energy exceeds the

fission barrier height only marginally or falls below it, spe-

cific quantum-mechanical tunnelling effects will become important

and the mathematical expressions for the reaction rate essentially

go over to a quantum-mechanical penetration formula. This is the

belief, at least.

In conclusion we should stress a point which implicitly al-

ready resides in the above concept: The fact that we experimen-

tally observe fission at all is primarily not a question of the

excitation energy nor one of the existence of a fission barrier;



it is solely a consequence ot" *che large number of states allowing

for fission, is only a question of level density. To make this

point clear let us construct an artificial system with only one

state at a sufficiently high energy, which allows for fission,

but many others, say N, at the same energy which have no fission

width at all. Let us suppose that the reaction occupies this one,

single state. The randomization property of the compound concept

will distribute the strength of this one state over all the other

N states after a very short time with equal probability; the fis-

sion state will be emptied, down to the value 1/(N+ 1). The num-

ber of states, however, can be large, say 10', 10 or so. and

instead of observing a fission probability "1" we get sionr?th: i>cj

of the order of 10~ , which is zero for all practical purpc

Therefore, any analysis of the fission cross section '.

to a point where level densities become important. We shs. , -

back to this very important question but very briefly in b=ction

III.

5. Some Critical Comments

The concept of deformation energy combined with the compound model

can account for the order of magnitude of the energy release, the

question of stability of most of the nuclei against fission, and

last but not least for the characteristic plateau behavior of

cross sections for nucleon-induced fission, which is closely re-

lated to the existence of a fission threshold.

The picture, however, is deficient in many respects, as was

brought out by later experiments which were not available at the

time of the proposal by Bohr and Wheeler.

One of the earliest deficiencies noted was the syst' atics of

fission threshold energies obtained by an analysis of experimental

fission cross sections. For nuclei in the actinide region, the

experimental fission barrier heights are almost constant as a

function of the mass number, whereas the liquid drop model predicts

a rather sharp decrease of the fission barrier with increasing

value of the fissility parameter. The experimental fission bar-

rier heights were consistent with a value of (Z / A ) c - ^ t - 60, while

the general trend of the barriers over a broader region of nuclei

and fits to nuclear ground state masses leads to a value of

(Z2/A)crifc= 45-48. Since the fission barrier heights are deter-

mined as the energy difference between two stationary shapes,

namely the ground state and the transition state shapes, this dis-

crepancy does not depend on the still poorly understood dynamical

features of the fission process. Thus the above discrepancy must

be taken as an indication that something essential is missing in

the liquid drop model.

Another experimental feature bringing ouc the inadequacy of

the simple liquid drop model was the observed systematics of the

ground state spontaneous fission half-lives of heavy nuclei. In

the picture of the Bohr-Whee.n.er liquid drop model, all measured

spontaneous fission half-lives plotted logarithmically against

the parameter (Z /A) should fall on a universal line. While such

a systeiaatics was indeed followed by the available experimental

data over orders of magnitude changes in the lifetimes, systematic

discrepancies remained.

Other experimental observables like the angular distributions

of fission fragments, or the distribution of the fragment's ki-

netic energy or its mass, or last but not least the existence of

fission isomers in a wide range of heavy nuclei, intermediate

structure resonances in subbarrier neutron-induced fission and-

gross structure resonances in (n,f) and (d,pf) studios add to the

list of inadequacies of Bohr and Wheeler's description. The

quantitative formulation of shell effects (see below) only partly

removes the difficulties.

The concepts so far developed car\r\ot replace a proper reaction

theory of fission and constitute only a crude idealization. It

is hard to believe that all physical observables are determined

completely by the bottleneck, the fission threshold, especially

since it is virtually impossible to give a clear definition of

this quantity in terms of experimental observables. A



The work of Bohr and Wheeler provides an extremely useful frame

for the discussion of many experimental facets. But its contact

with the many-body problem is almost impossible to visualize.

Even on the level of phenomenology, severe problems remain un-

solved. For example, the deformations are treated as the canoni-

cal coordinates in a classical theory. But Bohr and Wheeler do

not define their equations of motion, nor do they specify, at

least operationally, how one should associate an inertia to them.

Last but not least it is an open question how many true collec-

tive variables exist and how a "fission variable" could be se-

lected among them. These questions become insurmountable diffi-

culties, once one wishes to go beyond the simple order of magni-

tude estimates (see Section IV), and the theory of fission suffers

from all these open problems up to the present day.

Later we shall see how through all those years after Bohr and

Wheeler the main effort was expended on the problem of how their

fundamental concepts could be substantiated by sound operational

procedures which do not obviously contradict the facts estab-

lished in the other fields of nuclear experience.

III. The Strutinsky-Swiatecki Quantum Droplet

As obvious fron Figure 2, saturation cannot account completely

for the nuclear binding energies. The regular deviations from a

semiempirical mass formula - being peaked at the so-called magic

numbers - are a strong argument in favor of a nuclear shell model.

They were brought up rather early, but taken seriously only after

the invention of an abnormally strong spin-orbit interaction (Ref.

124, 152). Shells in nuclei - as well as in atoms - give a con-

tribution to the binding energy. Consequently, the deformation

energy should depend on shell structure (Ref. 153, 184, 234, 278,

279, 300); it should contain a "shell correction energy" <5u"(<i),

(9)60(a)

up to and beyond che "liquid drop contribution" W L D(n).

tion was how it could be done.

The ques-

The development went mostly along two similar lines. The one

advocated by Myers and Swiatecki (Ref. 291) was the formulation

of the empirical fact that the bunching of single particle states

in spherical nuclei leads to an increased binding energy. It was

assumed that this bunching effect was less strong in deformed nu-

clei, that shell effects fade out. A suitable parameterization

of these bunching effects and its subsequent adaption to the

empirical masses did improve the quality of the mass formula and

remove the long-standing discrepancy between liquid drop param-

eters for masses and those for the barriers. Moreover, these

authors were led to the conclusion that the increased energy in

magic nuclei could lead to stable nucleides, even if the "liq-

uid drop" threshold energies were substantially smaller than the

neutron binding energy. The result of their work was shown in

Figure 3. The so-generated speculation on the possible existence

of superheavy elements (Ref. 6) has never stopped since, but has

calmed down in recent years because of the lack of experimental

evidence.

The other line was due to the argument of Strutinsky (Ref. 397,

400, 401) that "shells" should be interpreted not as degeneracies

of single particle states but as large-scale nonuniformities in

the spectral distribution of states. As seen in an actual calcu-

lation given in Figure 6, such shells appear in spherical and in

deformed potentials. In fact, because of the fingerprintlike

patterns which appear as a function of deformation (Ref. 300) the

density of states around the last occupied state orbit is an os-

cillatory function of deformation. Correspondingly, the shell

correction energy should be an undulatory function. Albeit simi-

lar in spirit to considerations of Myers and Swiatecki, the shell

correction approach of Strutlnsky leads to a number of qualita-

tively (Ref. 45, 46, 364, 365, 308, 399) different conclusions, which

are indicated in figure 7. Instead of having one minimum and one

maximum as in Bohr and Wheeler's oi in Myers and Swiatecki's ap-

proach, the deformation energy in the shell correction approach

may have several of then.. Their number depends on the relative



strength of liquid drop and shell contributions. The minima of

the deformation energy must be interpreted as local ground states

of the nuclear matter; the fact that one may have several opens

up the possibilxty for shape isomers (Ref. 325, 257, 411) ; ground

state spontaneous fission is supplemented by isomeric spontaneous

fission. Instead of one fission barrier, one may have two (or

more) - the "double-humped" fission barrier. Last but not least.-

the shell correction approach gives deformed ground state shapes

as due to shell effects.

The above qualitative considerations are complemented by a

quantitative procedure, the shell correction method. Its princi-

pal aspects are the following: Consider the distribution of

single particle states in the energy scale, g(e) = r«(e- £ v). One

may regard this as a function which fluctuates around some aver-

age g(e). Remembering the above definition of shells, only the

fluctuations around the average Sg(t) = g(e) - q(£) can be of rele-

vance for the "shell effects." Only they can give a contribution

to a shell correction energy

SUU) = Je dt'Sgle1)?1 . (10)

One may view this expression as the difference of two large num-

bers, the sum of single particle energies U and the sum "on the

average," i.e.,

5U = U - U O and u (11)

The occupation number n of each state is either zero or one in

an independent particle model, and reflects the exclusion princi-

ple. The particular prescription of how to take the average g or

5 can be found in the original work (Ref. 400, 401, 64). Its

mechanism becomes particularly clear in the notation of average

occupation numbers fiy, in terms of which the average energy can

be written as U=En^e v (Ref. 63, 64). The shell correction en-

ergy depends then only on Sn =n -n . This function, visualized

as a function of the energy and displayed in Figure 8, is mostly

zero except in a region of width y around the Fermi energy. The

bulk of the shell correction energy comes from single particle

states very close to the Fermi energy, or, in other words, from

an energy region for which "single particle excitations" are

physically meaningful and reproduced by phenomonological shell

models (Ref. 300, 349, 432, 32). In this sense, the shell correc-

tion energies are rather model-independent. Their value depends

less on the position of individual states than on the "gross

shell structure" (Ref. 64, 432).

Strutinsky's shell correction method is by no means canonical.

A number of alternative methods for extracting shell effects from

independent particle models (Ref. 31, 42, 78, 137, 172, 175, 215,

270, 281, 334, 335, 379-384) have been proposed. In fact, the

philosophy of the method is closely related to the question of

the distribution of single particle energies in a three-dimensional

potential well (Ref. 14-17, 353, 362, 391-393), which can be ap-

proached by semiclassical methods (Ref. 171-174). Such approaches

are very helpful for the understanding of shell structures and the

origin of shell structures in general (Ref. 393).

The shell correction method has provoked a number of serious

criticisms (Ref. 24-27, 43, 154, 206, 223, 242, 313, 326, 333,

346, 347, 410). Part of the criticism concerns the question of

whether single particle energies can be the carriers of shell en-

ergies at all. This will be treated in greater detail in Section

VI. Some of the criticism concerns the method of taking averages,

which indeed is not a trivial problem. Strutinsky's original

method is developed for an unlimited spectrum, i.e., one whose

range is limited neither from beJow nor from above. He averages

the spectrum over a finite energy interval y, which by an order

of magnitude is equal to the mean intershell distance and ful-

fills the two major requirements of a sensible averaging proce-

dure: (i) The average is independent of the averaging int il v;

(ii) The average of the average is again the average. Hov._v r,

the condition of unlimited spectra is not met in reality. T!

spectrum is limited either from below (e.g., harmonic oscillator),

or from below and above (e.g., Woods-Saxon or similar potentials). 49
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This defect has been considered, but so far not been applied on a

larger scale (Ref. 192-194, 394). The identification of the

smooth average with the liquid drop energy generates the follow-

ing problem. In any drop or droplet model/ the nuclear density

is parameterized; in the shell model one parameterizes the defor-

mation of the potential. No theorem exists to relate the two de-

formations neatly, except the somewhat vague belief that the den-

sity follows the potential "on the average." In practice, one

identifies the deformation of an equipotential line with an equi-

density line of the droplet (Ref. 64, 395).

Finally, the shell correction approach is cooked down to the

simple "Strutinsky recipe"; (i) Define a single particle Hamil-

tonian which (in addition to a kinetic energy and a spin-orbit

interaction) contains an average potential. (ii) The average po-

tential can be deformed, its deformation being described by one

or several formal parameters a.. (iii) One calculates the "shell

correction energy SU" as a function of the deformations a., and

(iv) adds them to a suitably defined average or liquid drop en-

ergy WTr,(a.). The so-generated deformation energy W(a) =WTt-,(a) +

5U(a) plays the role of a potential energy in a "collective model"

(see below).

The conceptual and methodological simplicity of the shell cor-

rection approach has initiated a large number of calculations

(Ref. 19, 20, 23, 99, 101, 119, 125, 146, 158, 167, 187, 188,

221, 225, 226, 263, 265, 266, 267, 274, 275, 298, 321, 331, 352,

369, and further references below). As a by-product, effective

computer algorithms and single particle models have been developed,

by use of which the single particle problem can be treated even

for very large and exotic deformations (Ref. 77, 126, 159, 189,

253, 321, 345). Unfortunately, in the present context a detailed

and complete account of the various contributions a nnot be given.

The major development took place in the years 1967-1973 and came

to a certain saturation in the year of the third IAEA symposium

on the physics and chemistry of fission (Ref. 5).

The various approaches differ, for example, in the particular

way the radial dependence of the average potential is chosen.

The models cover the modified harmonic oscillator of the familiar

Nilsson model, e.g., Ref. 298, 331, and 352; two-center oscil-

lators, e.g., Ref. 10, 11, 159, 185, and 368, either joined

smoothly by inverted parabolas or not; or finite size potentials

of Woods-Saxon shape (Ref. 187, 188, 321) or of the similar

"folded Yukawa" type (Ref. 53, 167, 265). Contrary to common

belief, the latter two approaches cover two-center potentials

as well. The various models and approaches differ as well in the

way the deformation is formally introduced. Some of them param-

eterize equipotential lines by expansion in terms of spherical

harmonics, up to and including order 6; some of them parameterize

the geometry of these surfaces according to "generalized spher-

oids," "fission threshold shapes," "spheroids connected by hyper-

boloids of revolution," or similar approaches. A classification

of deformation other than by the formal parameters is difficult

if not impossible, because one has no guiding principle other

than imagining what could be important. In some of the calcula-

tions, one has replaced the formal parameterization of equipoten-

tial lines with the spatial moments of the density (Ref. 80, 230,

260, 261). This does not remove all of the problem, but it at

least allows for direct comparison of different models, including

self-consistent field calculations. In order to avoid an all too

obvious dependence on the particular parameterization, a serious

shell correction calculation should work with three or four inde-

pendent and qualitatively different formal deformation parameters.

They should be related to the most important aspects of deforma-

tion, i.e., (i) elongation, (ii) constriction in the middle,

(iii) left-right asymmetry of an axially symmetric density, and

(iv) axial asymmetry. All of them are important in certain re-

gions of deformations.

Qualitatively, the various calculations based on different

models agree in one respect: they give a deformation energy like

the one presented in Figure 7. All of them thus have at least

four stationary points in the energy landscape. Two of them are

stable against deformation (Ej. and E ^ ) and can be identified



with local ground states; two of them are unstable in the "fis-

sion mode" and can be identified with "fission barriers" (E- and

Eg). Taken with a grain of salt they can be compared with experi-

mental data.

The comparison is restricted below to a few characteristic as-

pects and results. A broader discussion in view of empirical

data is reserved to the lectures of H. Weigmann(Ref. 418) in this

school.

The binding energy or rather the difference between empirical

masses and a semiempirical mass formula, is given in Figure 9.

The small discrepancies detectable in Figure 2 are drastically en-

larged in the top part of Figure 9. These large "shell effects"

are qualitatively reproduced by a shell correction calculation as

given in the middle part, but some significant deviations (lower

part of the figure) remain which albeit being small (1-2 MeV on

the average) expose some regular and smooth structure. This is

in some conflict with the philosophy of the shell correction ap-

proach according to which all smooth dependence should be con-

tained in the "liquid drop background." Whether these deviations

are due to the shell correction method, or due to the phenomeno-

logical average potential, or due to a nonoptimal semiempirical

mass formula is unclear. To this level of accuracy it is equally

unclear whether or not one should add some mystical zero-point

energy, i.e., whether the formal deformation parameters o^ are

quantum-mechanical coordinates; but this is another story.

In the ground state deformations (Ref. 83, 140, 263, 297, 329),

the underlying liquid drop energy is almost irrelevant. They are

almost entirely a shell effect. As seen in Figure 10 the agree-

ment with experiment is satisfactory though not complete in all

of the cases. But one should remember the uncertainty of how to

relate "deformation parameters" to the experimental B(E2) values.

Quadrupole moments have been measured directly by reorlentation

measurements and agree with the calculated quadrupole uoments

within the limits of error so far.

The energy of the second minimum is about 1-3 MeV above the

ground state, depending somewhat on the nuclear charge. This is

displayed in Figure 11, and compared with experimental numbers

extracted from excitation functions for isomeric fission. In

view of the above-quoted theoretical uncertainty, the agreement

for elements heavier than uranium is satisfactory, but for thor-

ium the discrepancy is obvious. Whether or not this discrepancy

can be removed by the existence of a third, but shallow minimum

in the potential energy (Ref. 44) or whether other causes are pos-

sible is still under debate (Ref. 12, 8).

The deformation at the second minimum is about twice as large

as for the ground state. Values for various heavy nucleides are

tabulated in the literature (Ref. 61, 321). A first but indirect

experimental evidence of its size was found by Specht and collab-

orators, identifying members of a rotational band with an abnor-

mally small rotational constant (Ref. 366). Direct evidence was

brought by the experiment of Metag, Habs, and others, as a result

of which they could measure the quadrupole moment of the isomer-

ically fissioning state of Pu to be Q= 36 barn (Ref. 141, 256).

This largest quadrupole moment ever measured demonstrates without

any need of calculations the large deformations .involved with iso-

meric fission and gives strong evidence for the interpretation of

the fission isomers as shape isomers as advocated by Strutinsky.

The calculations of the quadrupole moment (Ref. 61), preceding

the experiment in time, agree with these findings.

The energies of the two fission barriers (Ref. 187, 258, 264,

265, 273, 298, 302, 322) have been calculated and tabulated by

many authors. In Figure 11 the results of Nix and MSller (Ref.

265) are plotted. The Z /A dependence of the underlying liquid

drop energy js completely masked by the shell corrections. In

fact the calculated fission barriers are almost independent of Z

and A (in certain regions of the periodic tablet, very much in

line with the old experimental findings (see also the discussion

above). A detailed comparison with the experiment is difficult

(Ref. 419), because the extraction of fission barriers from the

excitation function for fission relies strongly on Bohr and

Wheeler's model of a transition state, a concept which is not dra-

matically changed by the existence of two or more fission barriers.51



Combining experimental results on intermediate structure and model

calculations of level densities with the fission cross sections

in a suitable manner, one may extract "experimental fission bar-

riers" with sufficient accuracy -co permit a meaningful comparison

with calculations. As a rule, calculation and experiment agree

much better for the outer barrier than for the inner barrier. For

some of the calculations this has the following reason. The liq-

uid drop deformation energy is extremely sensitive to the ratio

of the surface to Coulomb energy at spherical shape, much more so

than the binding energies. As it turned out, it is possible to

enforce agreement between experiment and calculation by adjustment

of this ratio at the barrier, without changing the binding energy.

Because the inner barrier with its smaller deformations depends

much less on the liquid drop energy, its discrepancy with experi-

ments must be related to shell structure. It is unclear whether

the obviously wrong trend with (N- Z) has the same cause as the

discrepancy noted for the ground state shell corrections, whether

the relation between calculation and experiment is obscured by the

appearance of a i hird minimum (Ref. 44), whether dynamic barriers

(Ref. 320) would be more relevant than the static one for these

particular nucleides, or whether so far unknown reasons are re-

sponsible.

The deformation at the fission barriers is usually not tabu-

lated, but resides in the unpublished material, or in drawings of

deformation energy surfaces for selected nucleides (Ref. 267, 268,

321). Perhaps due to Kill and Wheeler's (Ref. 153) statements it

came as a surprise (Ref. 268) that shell effects cause the outer

barrier to appear at left-right asymmetric shapes. In fact their

inclusion is crucial for a quantitative agreement with experi-

ments. The asymmetry of shape at the outer barrier has been

brought immediately in connection with the empirically asymmetric

distribution of fission fragment masses. Its peak-to-peak ratio

correlates with the shape asymmetry at the barrier almost quanti-

tatively, as shown in Figure 12. The mass distribution being de-

cided at the (outer) barrier is in certain conflict with the str-

n tistical interpretation of Fong to be discussed below (Section v ) .

On the other hand, the shape asymmetry is maintained between the

barrier and scission in practically all of the calculations. This

is particularly obvious in Figure 13, taken from the work of

Mosel (Ref. 285). The inclusion of axial asymmetry leaves the

outer barrier unchanged but improves the agreement between exper-

iment and calculation for the inner barrier to some extent. The

effect is however considerably weaker than for axial left-right

asymmetry; also it does not persist for larger deformations (Ref.

125, 187, 265).

In a rotating nucleus the fission barriers can be substantially

lowered (Ref. 72). Sufficiently fast rotations can also change

the shell structure appreciably with additional impact on the fis-

sion barriers. The shell correction approach can be adapted to

rotations (Ref. 94, 95, 100, 284, 389), but we must decline to go

into the details.

The shell correction approach was particularly useful for cal-

culating the deformation energy of the hypothetical superheavy

nuclei (Ref. 30, 54, 69, 102, 166, 186, 211, 212, 246, 255, 262,

276, 281, 301-303, 305, 348, 357, 407), which are supposed to be

stable against fission almost exclusively due to shell structure.

The above-reported calculations deal with the lowest possible

energy of a deforming nucleus. But a fissioning compound nucleus

(Ref. 170, 351) can be regarded as a hot, intrinsically excited

system. At sufficiently high intrinsic excitation, shell effects

disappear gradually with temperature (Ref. 128, 178, 270), which

is of particular importance for the second barrier, where the

asymmetry is entirely a shell effect.

Shell structure modifies the Bohr-Wheeler pictuie primarily in

one respect: the liquid drop deformation energy is replaced by a

more complicated function. But shell structure also influences

the other ingredient needed for the analysis of fission cross sec-

tion: the density of states in an excited nucleus (Ref. 168).

The evaluation of the number of states per unit energy interval

as a function of the energy is a problem of its own with a vast

field of activity (Ref. 88, 127-129, 168, 174, 180, 181, 205, 332,

409, 424), which we may only touch en in passing. In the inde-



pendent particle model, it can be obtained by enumeration, but

the combinatorial problem becomes increasingly prohibitive for

the higher excitations, and approximation methods must be used.

In part of the work, evaluation of the density of states by a re-

normalization method S" milar to the shell correction approach was

suggested (Ref. 128).

IV. Fission Dynamics I: Spontaneous Fission and the Question
of Collective Inertia

In Bohr and Wheeler's approach to fission, the density of nucleons

- more precisely their one-body density - is characterized by a

number, the fission coordinate a. It is a function of time. They

associate a potential energy with this coordinate and identify it

with the deformation energy. For treating induced fission in the

transition state model only one point of this function, the fis-

sion threshold, is really needed. It is irrelevant at what time

the system passes over the saddle, and in this sense their ap-

proach is static. The modification of the deformation energy by

the shell correction approach does not change the concept: the

highest of the fission barriers is tc be identified with the

threshold.

Bohr and Wheeler use the same picture for spontaneous fission,

which is interpreted as barrier penetration. But this cannot be

done without certain statements on the dynamics. The following

steps seem compulsory. (i) Associate with the fission coordinate

not only a potential W(a) but also a kinetic energy K= (1/2)B(a)a ;

the classical equations of motion conserve the energy

H = ^B W(a) (12)

(ii) Rewrite this function in terms of the canonically conjugate

momentum n= 3K/3a and replace a and n by operators, subject to

the appropriate commutation relations. Finally, (iii) apply the

WKB approximation. Because a describes the collective motion of

all the nucleons, one refers to a as the collective velocity, to

B(o) as the collective inertia, and to H as the collective Hamil-

tonian.

The collective model of nuclei (Ref. 47-49, 51), i.e., the re-

duccion of the nuclear many-body problem to a collective Hamil-

tonian of low dimension N,

N
• W ( B J (13)

continues to be a central problem in nuclear theory. Many dif-

ferent versions of collective models (Ref. 350) can be found

in the literature (Ref. 29, 36, 37, 149, 176, 228, 280, 318,

342, 350, 374, 375), and many different ways of calculating the

tensor of effective mass B±. (Ref. 151, 164, 177, 201, 259, 327,

328, 361, 371, 390, 412, 421) or moments of inertia for rotations

(Ref. 358, 405, 406). The generator coordinate method (Ref. 18,

104, 105, 121, 135, 343, 431) and the cranking model (Ref. 182,

183, 195, 196, 204, 243, 244, 299, 315, 324) for cold and excited

nuclei (Ref. 271, 272, 386) have been applied in various versions,

not to speak about other approaches related to self-consistent

fields (Section VI). But whether the reduction to Eq. (13) is

possible at all and, in particular, whether the formal deformation

parameters 8. are the true canonical variables subject to quanti-

zation and how (Ref. 156, 157, 309), cannot be rigorously answered

and will not be pursued for the moment. Instead we suppose the

existence of a collective Hamiltonian ad hoc and ask ourselves how

we can cope with the multidimensionality in penetration calcula-

tions (Ref. 68, 75, 155, 210, 283, 320, 338, 344), and In partic-

ular how (i) Bohr and Wheeler's fission degree of freedom n'

could possibly be related to the set of formal deformations B.,

and (ii) how the "collective inertia tensor" B.. is obtained in

the cranking model.

In the good old times of Bohr and Wheeler, both questions did

not need to be answered explicitly, because for the description

of the one fission decay constant it is possible to absorb the

fission coordinate and its inertia into the numerical values of

the fission barrier and its "thickness." In the presence of two

(or more) fission barriers, one has,however, (at least) three de-

cay constants in one and the same nucleus: (i) the "traditional" 53
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decay constant for ground state spontaneous fission, (ii) the de-

cay constant for isomeric fission, and (iii) the decay constant

from the second into the first well. If one wants to maintain

the concept of penetration even for this case, ons has to make

sure that the three penetration integrals are evaluated consis-

tently.

The fission trajectory. Suppose a space of sufficiently many

formal deformation parameters {(..,... /B,,}. One may create a whole

manifold of "fission coordinates" by various trajectories

(14)

embedded in the multidimensional space of the { 6.).

end points,

integral

For fixed

each of these trajectories has an associated action

o, I dB.

S = 1^ da [2|E - W| £ Bij -^
d8.

1
1/2

(15)

being the transcription of Eq. (5) for one particular trajectory,

and consequently has its own decay constant in WKB approximation.

In order to remove this ambiguity, one may search for the partic-

ular trajectory which minimizes S and around which

6 S = 0 (16)

holds with respect to variations in the trajectory. This proce-

dure should not be confused with the least action principle of

classical mechanics, nor with stationary phases in semiclassical

approximations to path integrals; it merely serves as an opera-

tional prescription for a.

The cranking model has been the most popular for the calcula-

tions of collective inertias B. . (Ref. 182). In the following we

shall follow the procedure of Wllets (Ref. 2). Assume first the

nucleons moving in a time-independent average potential V(x,B),

whose deformation and orientation in space is fixed by the formal

parameters {6,} = B. This is the same assumption as made above

for the calculation of deformation energy. The many-body state

for this problem, [» (8)>, is a solution of the deformation-

dependent Hamiltonian H(B)

H(B) = I p?/2m L.

i.e..

= H(B) |

(17)

(18)

H is a one-body operator, and the eigenvalue E is the sum of

single particle energies of the occupied orbits. One of the E

is the lowest, say Ev , and can be identified with the potential

energy W(B) = EUo(B|. Suppose now that someone sets this potential

in motion, i.e., induces a given time dependence 6{t) = (B.(t)}.

The state of the system then develops according to the Schr6dinger

equation

iH-^|*(t)> = R(B(t)) |v(t)> , (19)

with an explicitly time-dependent Hamiltonian H(s(t)). One may

write the amplitude |*(t)> in terms of the above |« (B(t))>,

taken as the eigenstates of a parametrically time-dependent Hamil-

tonlan H(B)=H(B(t)), i.e..

EM{B(t'))df (20)

Specifying the initial condition as C (t ) = &VVo> the problem is
v" o

completely determined. It is solved as soon as the coefficients

C (t) are known functions of the time. They are solutions of the

first order and linear differential equation

N

- Eu,(f))df} (21)

being obtained by substitution of Eqs. (20) and (18) into (19).

Because of the explicit time dependence of the Hamiltonian, the

energy E= <f(t)|H[B(t))IY(t)> is not a constant of motion, and



takes the form

E = I |Cvi(t)|
2E(i(B(t)) .

Using conservation of norm.

|f(t) |C I2 = 1 ,

it can be split into the above defined potential energy W and a

rest K, i.e..

E = w(B(t)) + K , K = (t)) . (22)

The energetic response to the cranking resides in K, and depends

only on the size of the B(t). Being strictly zero for ^ = 0 , it

is quadratic

K = \ I B .(e(t)}6, (t)S.(t)
^ ij 3 J

(23)

in lowest order of approximation, i.e., has the structure of a

kinetic energy.

The last step only is an approximation. It is obtained from

Eq. (21) by setting at t - t Q all coefficients C^ zero, except

CM - 1, and treating the time dependence of all terms small except

at the upper limit of the phase integral. Under this assumption,

Eq. (22) can be solved

C (t) a I KB I
S. v

(24)

and upon insertion into the expression for K, Eq. (23), leads to

an explicit expression for B.., i.e.,

E - E

B (B) = E - E
u u

(25)

A similar consideration can be performed for quasiparticles. It

amounts to replacing the Slater determinants by I «v,o> by BCS

states in order to account for parts of the residual interactions.

This modification does not affect the approximation scheme in

general, but makes the final expressions somewhat less transpar-

ent. They can be found in the literature.

In the above derivation, certain terms have been dropped by an

argument of smallness. But it remains unclear as compared to what

they are small. Sometimes referred to as "adiabasy condition,"

it is therefore very difficult to judge and discuss its validity

(Ref. 350). However, these questions are not specific to the

theory of fission, but to the collective model in general, and

will not be pursued in detail.

The moments of inertia (Ref. 61, 95, 361, 363) against rota-

tions are obtained by taking the formal parameter S(t) as the ro-

tation angle of the $(t) of the average potential, i.e.,

K= (1/2)oJ . Figure 14 displays such a moment of inertia as a

function of deformation. It is an additional assumption to iden-

tify this number with the moment of inertia e appearing in the

energies of rotational spectra E T - (H /2O)I(I+ 1). If one does
240

so for the ground state band in Pu as well as for Specht's

band (Ref. 366) associated with the isomer state, and inserts

them at the respective theoretical equilibrium deformations, one

obtains an almost perfect agreement between theory and experiment,

as seen in the figure. This agreement is disquieting in view of

what was said above, but it seems a general feature that cranking

model moments of inertia agree with experiment in wide regions of

the periodic table.

The mass parameters (Ref. 21, 322, 361) against changes of

shape are obtained by identification of the 8. with the respec-

tive formal deformation parameters. With lack of knowledge of

normal modes of vibrations, one has to deal in general with a

mass tensor, B... In practice, this tensor is far from being di-

agonal, its components being complicated functions of the deforma-

tions. They show strong dependence on shell structure, an example

being given in Figure 15 for a particular case. As compared to 55



some average they are relatively small at the deformations corres-

ponding to local minima in the deformation energy, indicated by

arrows in the figure, and relatively large in the barrier regions.

Depending on the deformation they are larger by a factor of 4-10

than the inertias obtained from a fluid dynamical picture with ir-

rotational flow. Contrary to the moments of inertia, mass param-

eters for changes in shape cannot be compared to experiments with-

out explicit use of the curvatures in the deformation energy, and

without additional assumptions on the nature of collective motion.

But it seems as if the cranking model mass parameters are too

small by at least a factor of 2 to account for the characteristic

vibrational frequencies in nuclei (Ref. 89).

If one applies the cranking model mass parameters to the prob-

lem of ground state spontaneous fission in the way outlined above,

it turns out that the calculated lifetimes are much too large.

These lifetimes can be shortened by an ad-hoc reduction of the

calculated inertias by roughly a factor of 2, i.e., by a correc-

tion in the opposite direction than for the spectra. This appar-

ent inconsistency has not yet been resolved.

In some of the calculations (Ref. 233) the reduction of the

penetration integral was achieved by treating the fissility pa-

rameter as a free parameter subject to reach agreement between

calculated and measured decay constants for spontaneous fission.

This procedure merely changes the thickness of the barriers, but

leaves the minimal action trajectories as well as the dynamic

fission barriers almost unchanged. The so obtained results are

displayed in Figures 16 and 17. The agreement for ground state

spontaneous fission, of course, is a consequence of the procedure,

but the agreement for isomeric fission (Ref. 257) by order of mag-

nitude is unsolicited. The decay constant for the decay from the

second into the fi^st well has about the right order of magnitude

(Ref. 320).

In other calculations (Ref. 338-340) the problem of too large

cranking model mass parameters is solved by an overall reduction

factor. This leads to an agreement with the experimental half-

56 lives to within a factor of 20, although the deviation is some-

times appreciably larger. The most recent calculations with the

cranking model report an agreement within a factor of 50 (Ref.

21). Quite significant discrepancies occur in the systematics of

fission half-lives.

In conclusion, it is not clear whether the reported discrepan-

cies between calculation and experiment are due to the particular

model of cranking or due to some deeper problematics related to

the collective nodel in general. Although the problem of spon-

taneous fission seems to be solved qualitatively, the disagree-

ment remains worrisome.

V. Fission Dynamics II: Selected Aspects on Mass and Kinetic
Energy Distributions

240

If a slow neutron is absorbed by a heavy nucleus, say Pu, in-

ducing it to fission, one does not observe fission fragments with

a particular mass and a particular relative kinetic energy, but a

whole distribution. As an example, one of the earliest doubly

differential cross sections measured is presented in Figure 18.

This cross section is peaked at the most probable mass and at the

most probable kinetic energy of the fission fragments, i.e., at

100 (140) amu and 180 MeV, respectively. The distributions in

fragment masses and their energies are not independent statisti-

cally, and, therefore, the reduction to the one-dimensional mass-

distribution kinetic energy distributions destroys part of the

information. Often, these distributions are characterized by

their moments, for example their centroid and their variances.

The distributions are functions of the projectile energy, but

mass and kinetic energy behave differently. The peaks at the

most probable masses are washed out comparatively fast and grow

into broac1 distributions, quite opposed to the mean kinetic energy

and its varianc-3 which vary much less. A collection of more re-

cent experimental material can be found in the IAEA proceedings.

The mass distribution of the fission fragments is asymmetric.

The most probable fission event occurs for unequal masses. This

is in conflict with the liquid drop picture of fission, and has

challenged a respectable number of models, e.g. Ref. 113, 149,



185, 213, 370. Shell structure at the fission thresholds was de-

nied in the beginning (Ref. 153), but reconsidered later (Ref.

184, 234), but only with the advent of the shell correction ap-

proach was it possible to isolate its impact: the shape at the

outer barrier is left-right asymmetric (Ref. 268) in the actinide

region (see also Section III).

This interpretation is supported by three kinds of model con-

siderations: (i) The asymmetry is maintained between saddle and

scission (see for example Figure 13); (ii) The trajectory calcula-

tions reported in Section IV prefer the asymmetric shapes even be-

yond the saddle, the shape asymmetry is relevant also dynamically;

(iii) Shell effects fade out with increasing excitation energy;

one expects, therefore, a trend toward the more symmetric droplet

fission in accordance with the data. But these arguments account

only for the peak values of the distributions; the mechanism for

their broadness is largely unclear. Attempts to interpret them

as quantal zero-point fluctuations in the mass-asymmetry collec-

tive coordinate agree with the data on spontaneous fission at and

around the peaks, but fail at the valleys of the distribution

(Ref. 241, 251, 252). It is unclear how this mechanism can be ex-

trapolated to high excitation energies. At a first glance, this

interpretation is in conflict with the former, the statistical in-

terpretation of Fong (Ref. 92, 97, 98, 110-113). For the former

the shell effects at the barrier, i.e., at strongly overlapping

densities, are decisive, while Fong works with the phase space

available for the separated fragments. The formation of the frag-

mentary shells at the barriers and their maintenance between sad-

dle and scission could be an element of connection eventually;

see also Ref. 149, 150, 158, 423.

The kinetic energy distribution has been the goal of much theo-

retical effort, but its origin is even less clear than the distri-

bution of masses. Of particular interest was the question of why

the mean value of the kinetic energy is so appreciably lower than

the Q value of the reaction. This indicates that some of the a-

vailable energy goes into degrees of freedom other than the rela-

tive kinetic energy of the fragments. The other degrees of free-

dom can be of collective nature, like rotations of vibrations of

the fragments, or of single particle nature resulting in an

intrinsic excitation, or most likely both of them. The problem is

once more, how these qualitatively different types of excitation

can be separated.

The most straightforward model is of geometrical nature and

based on the peculiarities of the liquid drop energy surface. As

pointed out by Strutinsky et al. (Ref. 402), this surface has an

additional barrier between the simply connected and the separated

shapes. This barrier disappears at characteristic elongations,

at a mean center distance of the fragments of p* = 1.16 R . This

mimber holds for almost all of the nuclei. Behind this "exit de-

formation" (Ref. 64) strong forces arise which tend to disrupt

the density. If one assumes the prescission kinetic energy to be

small such that all kinetic energy results from the Coulombic re-

pulsion beyond this point, one obtains a fair agreement with the

experimental data.

This simple result allows for two different conclusions. Ei-

ther virtually all of the energy available at the exit deformation

converts into collective modes perpendicular to relative kinetic

energy motion, or dissipation into intrinsic degrees of freedom

is so strong that the fragments remain essentially at rest until

they are fully separated. An answer to this question can be found

by model calculations (Ref. 70, 79, 82, 145, 203, 219, 224, 310,

355).

Nix and co-workers have performed a number of calculations

(Ref. 81, 356, 357) in which dissipation was treated in terms of

Rayleigh's dissipation function

1 dE
F = 2 dt lti (26)

With the Lagrangian L = K - W , the difference of collective kinetic

and potential energy, the equations of motion for the collective

variables B^tt) are given by

d , !L, 3L . _ 3F _ ( 2 7 )
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The collective inertias were obtained from an irrotational flow

model, and the viscosity tensor n.• was evaluated for two models:

(i) for two-body viscosity and (ii) for the wall-and-window for-

mula (Ref. 217, 218, 336, 337, 354). The results for the first

are shown in Figure 19, but with suitable adjusted parameters the

latter agrees equally and almost indiscernably well with the mean

kinetic energies. Obviously they are not very sensitive to the

mechanism of dissipation. Whether the energy is dissipated by

two-body collisions or by collision of particles with a moving

wall seems irrelevant.

The mechanism of single particle excitation (Ref. 376-378) as

the source of dissipation has been studied by solving the cranking

model equations numerically, at finite collective velocities. The

respective equations are given in Section IV, and by means of

them, the elementary modes of quasiparticle-quasihole excitations

can be treated properly. To some extent this model of "dynamic

excitation" is the quantal analog to the "wall-and-window formula"

- the particles gain additional momentum by collisions with the

moving walls of the potential - and agrees with it in the main

conclusion: Most of the energy available at the scission configu-

ration is absorbed into intrinsic excitation. A further common

feature is the necessity to preselect a "fission trajectory." No

element in these models permits judgment of the "best" of all pos-

sible ones. The model of dynamic excitation, however, is hampered

by additional difficulties: On top of the very complicated numer-

ics, it converges very slowly - if at all - with the number of

particle-hole channels included in the calculations, lu. addi-

tional approaches we refer to the literature (Ref. 120, 231, 232,

314, 372).

Based on these model calculations one concludes with little

doubt that the collective motion in the fission mode is slowed

down by the coupling to single particle degrees of freedom. Al-

beit thir. coupling is not understood in detail, it acts as if

frictional terms are present in the equations of motion, tract-

58 able for example by Rayleigh's dissipation function. Obviously.

the mean kinetic energies of fission fragments are not sensitive

to further details.

The models so far discussed deal with the most probable kinetic

energy, the peak of the distribution. The distribution itself has

been generated in the past by solving the equations of motion for

the collective coordinates g.(t) for different initial velocities

at the barrier and weighting the resulting kinetic energies ac-

cording to an initial thermal velocity distribution. This proce-

dure executed for a nonviscous irrotational flow could be extended

eventually for viscous motion according to Eq. (27) and includes

all possible effects due to "amplifying modes" {Ref. 269). The

so obtained distributions have variances, which are too small by

a factor of 2 as compared to experiment. One may speculate that

the variances for viscous motion rather are smaller than larger,

thus increasing the discrepancy with experiment. The inclusion

of friction seems necessary to enforce agreement with experiment

for the mean kinetic energy.

But if one agrees on friction, one must conclude on diffusion

in the sense that the sharp and well-defined trajectories associ-

ated with a particular initial condition should spread into bun-

dles and be replaced by distributions. This follows from the

"fluctuation-dissipation theorem." Such a mechanism becomes tract-

able replacing the equations of motion (Eq. (27)) by transport e-

quations for the distributions. The recent and very simple model

calculations seem to indicate a substantial change in the distri-

bution of kinetic energies. The variances are increased due to

thermal fluctuations in addition to and opposed to the "collec-

tive variances" mentioned. Eventually, they could improve com-

parison between theory and experiment (P.ef. 131, 132).

Transport equations of this kind are conceptually very close

to an old and almost forgotten idea of Kramers (Ref. 220) that

fission might be interpreted as a diffusion phenomenon, and tract-

able similar to a chemical reaction. The relevance of transport

phenomena in heavy ion collisions (Ref. 136, 417) - which in many

ways are similar to or complementary to fission - make such an



interpretation more likely than in all the years before. In a

first attempt (Ref. 130) - slightly different from Kramers' ap-

proach - the diffusion over a barrier was tackled in a one-dimen-

sional model, a kind of energy representation. In thermal equi-

librium, one has a small but finite probability for the occupation

of states being energetically over the fission barrier. These may

leak out. The friction term works in toward reoccupation of these

states. The delicate balance between the feeding and decay of the

states above the barrier is not discussed in detail in this short

account, but one should stress the point that the Bohr-Wheeler

cross section for fission is obtained in the limit of large fric-

tion. At finite values of the friction constant the fission cross

section deviates from the Bohr-Wheeler formula toward a better

agreement with the experiment. Eventually this will allow for an

alternative determination of the friction constant.

Perhaps the even more important aspect of transport phenomena

is the possibility of overcoming the quasistatic picture of Bohr

and Wheeler's transition scate and replacing it by dynamic devel-

opments. It seems unlikely that only one point in the deformation

energy landscape should determine all the aspects of the fission

process, in particular the "distributions," i.e., the mu.ltidiffer-

ential cross sections, which after all are the only quantities of

interest, as they can be measured.

VI. Selected Relations to the Meny-Body Problem by Self-
Consistent Field Approximations

In one way or the other the phenomenological methods can be jus-

tified only if they turn out as approximative solutions to the

nuclear many-body problem. For this one may admit a nonrelativis-

tic approach, as the binding energies are sufficiently small. On

top of the operator for the kinetic energy such a Hamiltonian

should contain at least the pairwise interactions V(i,j) of any

two particles labelled i and j, respectively, i.e.,

£ - 2 1 A A

H = I pT72m + 4 1 I V ( i , j ) . (28)
i=1 l 2 i=1 j=1

The interactions do not appear in the above phenomenological

models. One may conclude from this that they reside implicitly

in the model parameterizations. The establishment of such rela-

tions is a difficult and widely unsolved problem. In view of a

multitude of partially conflicting models, such relations are a

necessity up to and beyond the intellectual satisfaction.

Some aspects of the models can be made plausible, at least.

For example, the shell correction approach of Section III can be

understood as an approximation to constraint, self-consistent

field equations, and in particular, one can learn in which sense

single particle energies can be the carrier of a shell correction

energy. This is demonstrated further below.

First, we recall a few elements of the nuclear many-body prob-

lem in a very condensed form. This seems necessary in view of

the more formal arguments to be presented below. We shall deal

first with the time-dependent problem, and only later with the

stationary one, but this is more a question of personal prefer-

ence.

In the self-consistent field approximation, one substitutes

the problem of finding a solution to the many-body state |f(t)>.

= H|Y(t)

or of constructing the many-body density N(t) by

TF(¥t N(t| = TF ( H N " NH' 5 {H'N) '

vrtiere

N(t) =

(29)

(30)

(31)

by the much simpler problem of finding a solution to the single

particle state I*.(t)>, i.e., to

or to the one-body density D( t ) ,

4z o(t) = (h( t ) ,p ( t ) } ,

(32)

(33) 5)



T
which in its diagonal form is defined by

o(t) ni]*i(t)><*i(t) (34)

The (one-body) Hamiltonian h is the sum of kinetic and potential

energy

h(t) = p2/2m + 4 (t) , (35)

of any one particle (i), as usual, but the potential is obtained

from the pair interaction V(i,j) by an average over all particles,

i.e.,

) . (36)

One speaks of a "self-consistent" generation of the potential 4.

The first attempt to derive a one-body equation like (34) was

made by Dirac (Ref. 86, 87); see also Ref. 404. By the nature of

his arguments (maintenance of proper normalization and antisym-

metry) , Dirac was compelled to an idempotent density matrix, i.e.,

a2 = p , (37)

or in other words, to occupation numbers n; = 0 or n.. = 1 (see Eq.
fc 1 1

(34)). This in turn is identical with the statement (Ref. 404)

that the many-body state |*(t)> is the antisymmetrized product of

single particle states |*i(t)> (Slater determinant)• For a

Slater determinant, the energy can be expressed in closed form by

the one-body density (matrix), i.e.,

E = <f (t) |H| 4>(t) > = trpp2/2m f 1 tr,tr2p (1) V(1,2) p (2) . (38)

Provided that p(t) is a solution to Eq. (34), E is a constant of

motion (E-0). The requirement of a stationary density (matrix)

p, i.e., P = 0, gives an eigenvalue equation for the single parti-

cle state,

h|*1> = eil*i> i (39)

SO the so-called Hartree-Fock equation.

This way one is confronted with the statement of a Slater de-

terminant being an eigenstate to the (many-body) Hamiltonian H.

Its failure is obvious immediately, and one has fought about it

by methods which essentially replace true pair interaction by ef-

fective interactions (Ref. 7, 67, 76, 93, 277, 293, 295, 296) of

various natures but still maintaining the concept of a Slater de-

terminant. The relevant arguments were given for the stationary

(Ref. 294, 295), but not - and this should be stressed - for the

time-dependent version of the one-body equation. A careful analy-

sis of the time-dependent problem has recently led to a one-body

equation with a collision term (Ref. 249), but in which the col-

lision term and the effective interaction are not independent of

each other. The variational approach (Ref. 22) reverts the hier-

archy of the argument. One assumes for all times a Slater deter-

minant to begin with, and searches for the "best set" of single

particle states by variation of the action integral I

I(tlft2) = Jt
2 dt-Y(t) !H - iji ^ ! (40)

with respect to ' i|>. > . The first variation gives back Eq. (33);

the second variation has been investigated recently (Ref. 235-

237). The variational approach does not provide additional in-

sight; one simply assumes what has to be proven (the relevance of

the Slater determinant), but it is a powerful tool for treating

further approximations.

The one-body equation (33) is often called the "time-dependent

Hartree-Fock equation" (TDHF), although historically it rather is

another Dirac equation. Nowadays numerical solutions are avail-

able (Ref. 103). Thanks to admirable efforts one has been able to

cope with the utter (numerical) complexity of such equations for

different effective interactions (Ref. 6, 7, 9, 103, 105, 165, 198-

200, 207, 214, 216, 239, 240). Among various other aspects, one

may have learned from such calculations how the (one-body) density

can change in time, generating a coherent motion of all particle

states. Thus, one may regard Eq. (33) as a kind of master equa-



tlon for collective or for fluidlike motion. In the detail, the

relations to standard fluid dynamics, or to the standard collec-

tive model (Ref. 47) are not clear. The various attempts to work

out fluid dynamical models (Ref. 35, 118, 133, 134, 160, 161, 202,

316, 317, 425-429) or the "adiabatic time-dependent Hartrse-Fock"

(ATDHF) approximations (Ref. 22, 115, 116, 323, 416) all suffer

by ad-hoc assumptions, which are very difficult to judge a priori.

A posteriori one has the difficulty that they mostly lead to an

irrotational flow pattern, which cannot be brought into consis-

tency with the experimental evidence from the low-energy spectra

of "collective" nature. Similarly, the Thomas-Fermi approximation

(Ref. 38, 41, 57, 90, 91, 138, 139, 147, 162, 191) and thus all

kinds of drop or droplet models must be understood as a particular

approximation to some mean field equation, although this relation

is not stated often in the literature.

The stationary version of the one-body equation (39) combina-

tion with the definition of the energy, Eq. (38), can account for

the single particle spectra and the binding energy of nuclei (Ref.

330). It is progress that simple effective interactions could

have been found which account almost quantitatively for these two

aspects over wide regions of the periodic table (Ref. 208, 209, 245,

329, 330, 413-415). In view of the complexity of the calculations,

it is still worthwhile to develop approximation methods, and the

shell correction approach has turned out to be a very quantitative

one. The arguments for the latter will be given briefly (Ref. 64).

A self-consistent density operator n, i.e., one which is a so-

lution to Eq. (39), certainly contains shell effects. Suppose

that the shell part So is sufficiently small as compared to thu

complementary smooth part p, i.e.,

p = p + Sp , 5o << p . (41)

The total energy, Eq. (38) , being a functional E[P] of the den-

sity p, can be split according to the powers of <5p,

E[P] = E[p] + tr6p tr1tr2«p(1)V(1,2)6P(2) (42)

The smooth part of this energy E [ P ] can be understood as the

quantum mechanical definition of the bulk or the liquid drop part

of the energy W i D,

E[p"] = W,
LD

(43)

Terms linear in ip can be understood as the shell correction en-

ergy SU - 5}E ,

j i n e (44)

provided that the e are not the self-consistent eigenvalues, but

eigenvalues to a smoother, quasiphenomenological potential 5,

tr pV

The last term is quadratic in the small Sp,

62E = ~ tr1tr2«p(1)V(1,2)«p(2) - O ( 6 P 2 ) ,

(45)

(46)

and be dropped by an argument of smallness. what remains is the

energy theorem of Section III:

E = E[p] + 6.jE + 62E - W L D + 6U . (47)

Properly said, these arguments hold for the self-consistent ground

state. In order to obtain a deformation energy, one must move the

density out of its equilibrium configuration. This can be a-

chieved by external, constraining potentials U(x), i.e., by

searching solutions to

(h + U) | (48)

and calculating the energy according to Eq. (38) or (47) as func-

tions of the parameters appearing in U, or by equivalent spatial

moments of the density like the quadrupole moment.

A more precise but lengthier argument can be found in the lit-

erature (Ref. 56, 58, 62, 66, 395, 396). The resulting equations

were checked numerically by extensive comparison with the avail-

able fully self-consistent field calculations (Kef. 106-109).



Figure 20, as an example, shows the quality of the agreement. In

this figure, the self-consistent deformation energy E,._, calcu-

lated for an effective interaction of the Skyrme type (Ref. 359),

is plotted versus the quadrupole moment Q_ and compared to an-

other calculation (E+6E) in which the term corresponding to 62E

was omitted.

The above considerations and the extensive numerical calcula-

tions make the shell correction appear as a rather accurate ap-

proximation to constraint self-consistent field equations. This

statement is helpful not only with respect to its economical im-

pact. It provides the insight that the notion oc a liquid drop

energy does not imply literally the identification of a nucleus

with a water droplet. It rather stands for a very simple, over-

all substitution of the parameters of the interaction by another

and equivalent set, the liquid drop parameters. Indeed, the var-

ious versions of effective interactions have their "own liquid

drop" parameters (Ref. 71). Attempts to take the short cut, and

to express the liquid drop parameters directly as closed-form ex-

pressions of the coupling constants have been made but have not

been very successful (hef. 13).

We return once more to the constraint self-consistent field

equation (48). It can be viewed as the solution to a varlational

problem (Ref. 26, 28, 123, 163, 330), i.e., finding those single

particle states which minimize the energy, Eq. (38), subject to

the condition of fixed particle number N = tr v and some fixed

spatial moments Q. = tr p Q.(x). one solves this variational prob-

lem with constraints by the method of Lagrange multipliers (^

and c). This allows a free variation, i.e.,

6E - eSN - X.6Q. = 0 (49)

62

with respect to the single particle states and leads straightfor-

wardly to Eq. (48) with the external field Ufx) as

:) . (50)U(x) = V*

The energy, calculated with Eq. (38), can be expressed as a func-

tion of the Q i #

E = WfO^) . (51)

Taking partial derivatives with respect to any particular Q. and

comparing with Eq. (49) identifies the Lagrange multipliers as

the generalized forces

8W
90,

(52)

The unconstrained equation (39) gives tt'e equilibrium, since all

forces disappear (^ = 0).

Straightforwardly, the so obtained potential energy w has been

identified with the phenomenological potential energy, as defined

for example by the shell correction approach. The quoted numeri-

cal agreement between the two supports such an identification.

But there are some problems. It implies the identification of the

0. with the phenomenological deformation parameters 6.. They are

functions of the time, subject to obeying the well-known classical

equations of motion. Thus with Q. *••* B.,

j + W(0) = const. (53)

If this were true, one should be able to derive them from the

only available dynamic equation, the time-dependent mean-field

equation (33). So far, this was not possible without further ad-

hoc assumptions like the conditions of "slow motion" or "small

amplitude motion," concepts which are defined only vaguely (Ref.

22, 23, 65, 115-117, 122, 143). Moreover, the simplest of these

approaches yields mass parameters for irrotational flow charac-

teristics (Ref. 316, 317). Those, however, are in conflict with

the spectral aspects of collective motion.

It might well be possible that the theories both of collective

motion and of fission rest on an inadequate surmise, the existence

of a "collective Hamiltonian" which must be "quantized" subse-

quently. The recently developed mean field approximations for



spontaneous fission (Ref. 235-237) might turn out as a workable

alternative, if the necessary numerics can be mastered to also

treat sufficiently heavy nuclei.

But the familiar mean-field approximations rely on the funda-

mental assumption that the many-body state of the system is a

Slater determinant for all times. This might be justified at low

excitations, but certainly not for the fission of highly excited

nuclei (Ref. 60), or for the later stages of the fission process.

Indeed a careful reduction of the many-body equation to an equa-

tion closed in the one-body density does not lead directly to a

mean-field equation like Eq. (33), but to one which includes "col-

lision terms" (Ref. 249, 311, 430). Eventually, equations of such

structure might be useful to derive simplified diffusion models

for the theory of induced fission.

As a conclusion one should state that a self-consistent de-

scription of the fission process is still in its infancy. Many

problems are not understood. The difficulties we meet are closely

related to our inability to formulate collective motion in quantal

many-body systems in general.

VII. Concluding Remarks

A more or less complete presentation of our ideas on the mechan-

ism of the fission process and a careful discussion of the rather

different concepts developed in the past would provide sufficient

material for a monograph of several volumes. On these few pages

not more can be given than a bird's-eye view of the problem.

Most of the topics had to be omitted, in particular those of in-

terest for the experimenter, the many different partial cross sec-

tions. We mention in particular the angular distribution of fis-

sion products (Ref. 341), which is a wide field of activity and

has provided much insight into the mechanism. We mention also the

distribution of fission neutrons, which are so important for main-

taining the chain reaction. Last but not least we have omitted

such interesting topics as for example muon- or pion-induced fis-

sion (Ref. 250, 282), Coulomb fission (Ref. 238, 312), or any

discussion of odd-even fission (Ref. 84, 373).

They were omitted because these lectures have another aim.

Starting from the concept of Bohr and Wheeler, in Section II, I

have tried to show that much of the later development is just to

put "flesh on the bones." The shell correction method of Sec-

tion III, for example, modifies Bohr and Wheeler's concept only

marginally by substituting the liquid drop energy surface by some

more complicated function. Spontaneous fission, as treated in

Section IV, was considered as a barrier penetration problem al-

ready by Bohr and Wheeler, only that the modern penetration cal-

culations are infinitely more complicated (numerically). The aim

was rather to show how one gets into difficulties if one tries to

calculate the only relevant objects, the cross sections for mass,

energy, angles, and so on, based on these simple concepts alone.

Almost every class of experiments needs its own phenomenological

concepts with arbitrarily adjusted parameters (see Section V!.

If one tries to relate the phenomenological concepts to the many-

body problem, one admittedly is able to establish some relations,

as for example the relation between the shell correction energy

and constrained field calculations (Section VI), but the dynami-

cal aspects get more confusing, the more one goes into depth.

So the aim of the lecture is to encourage the students to have

new ideas on the problem; not much is really solved and clear in

the wide field of nuclear dynamics, and fission provides an ideal

testing ground for checking new developments.
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The density distribution of a heavy nucleus

[fm-3]
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-R1/2
- R 0 -
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p ( r ) =
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Ro - r0A1/3 ~ 1-20 A1/3 [ fm], t = 2.40 fm

Figure 1. A typical nuclear density distribution. Note the dif-

ference of the "half-density radius R .." and the "ra-

dius of the equivalent sphere R ."
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Figure 2. Binding energy per nucleon as a function of A, taken

from the book of Bohr and Mottelson. The experimental

binding energies were taken from the compilation by J.H.E. Mattauch,

W. Thiele, and H.A. Wapstra, Nucl.Phys. £7 (1965) 1. The thin,

smooth curve represents the semiempirical mass formula, with the

constants given by A.E.S. Green and N.A. Engler, Phys.P.ev. 21

(1953) 40.

Figure 3. The deformation energy of a homogeneously charged drop

with sharp boundary. The figure is taken from the

work of S. Prankel and N. Metropolis, Phys.Rev. 21 (1947) 914.

It shows the deformation energy in units of the surface energy of

the drop at the value of the fissility parameter x= 0.74. Note

the appearance of the characteristic saddle point at a 2=0.80 and

a^ = 0.24; for the definition of the a. see text.



Figure 4. The fission barrier versus mass number. The figure

was taken from W.D. Myers and W.J. Swiatecki, Nucl.

Phys. 81_ (1966) 1, and shows the fission threshold energies as

obtained from their liquid drop fit to the binding energies and

fission barriers. The dotted curve includes their way of treat-

ing the shell corrections; see also Section III.

Figure 5. The threshold behavior of nucleon-induced fission

cross section, r /d and r_/d are the ratios of the
^^^—^———— n r

neutron emission and fission probabilities (taken per unit of

time and multiplied by H) to the average level spacing in the

compound nucleus at the given excitation. These ratios will vary

with energy in nearly the same way for all heavy nuclei, except

that the entire fission curve must be shifted to the left or

right according as the critical fission energy E, is less than or

greater thau the neutron binding En- The cross section for fis-

sion produced by fast neutrons depends on the ratio of the values

in the two curves, and is given on the left for E f - E n = (-j) Mev

and on the right for E f - E n = 1^ Mev, corresponding closely to

the cases of 0 2 3 9 and T h " 3 , respectively. (Figure and caption

was taken from N. Bohr and J.A. Wheeler, Phys.Rev. 56 (1939) 426.)
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Figure 6. Single particle states in an axially deformed poten-

tial, taken from H.C. Pauli, Phys.Lett. C7 (1973) 36.

The figure shows the single particle states for the neutrons in

Pu in an axially symmetric average potential plotted as a

function of c, the longer axis in units of the equivalent radius

of a sphere. c= 1.0 corresponds to spherical symmetry. Odd par-

ity states are dotted, the number inserted correspond to twice

the K value, the projection of angular momentum on the axis of

symmetry. Note the regions of abnormally small density of states,

marked by the circles, which include the corresponding neutron

number.
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Figure 7. The modification of the drop's deformation energy by

shell corrections for a light and a heavy nucleus,

schematic.
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a deformed Woods-Saxon potential are indicated by the vertical

lines, their length being equal to values of 6n^. The Fermi en-

ergy ). and the averaging interval y are indicated in the figure.
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Figure 10. Ground state deformations in the rare earth region.

The figure was taken from the work of U. G6tz et al.

Nuol.Phys. A192 (1972) 1.
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Figure 11. The energies of the first barrier, the second minimum.

and the second barrier relative to the ground state.

The figure was taken from the work of P. Holler and J.E. Nix,

Rochester 1973, p. 103.
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Figure 12. The asymmetry in the mass distribution of fission

fragments, The figure, taken from the work of M.

Brack, et al., Rev.Mod.Phys. £4 (1972) 320, correlates the calcu-

lated mass asymmetry x at the second barrier with the experimen-

tal peak-to-peak ratio MH/ML of tha mass distribution.

Figure 13. The deformation energy of V versus mass asymmetry

and neck radius of the density droplet. The figure,

taken from the work of M.G. Mustafa, U. Mosel, and H.W. Schmitt,

Phys.Kev. C2 (1973) 1519, demonstrates the maintenance of frag-

mentary shells between the second saddle at D = 5 fm and the scis-

sion point at D = 0 fm.
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Figure 14. The moment of inertia versus deformation. The moment

of inertia figure is prepared based on the material of

M. Brack et al., Kucl.Phys. A234 (1974) 185, and shows the moment

of inertia as calculated from the cranking model for Pu (thick

line). The rigid body value is indicated by the thin line. The

deformation c refers to the longer axis of the droplet in units

of the spherical radius. Experimental values refer to the work

of Specht et al., Phys.Lett. 4TB (1972) 43.

Figure 15. One component (B ) of the mass tensor versus defor-

The cranking model mass parameter B is

88

mation.

plotted vsrsus deformation c in order to display its shell struc-

ture. The equilibrium deformations are indicated by the arrows

and occur at comparatively low single particle level densities.

The material for this figure has been taken from the work of

Ledergerber, Nucl.Phys. A207 (1973) 1, and Pauli, Z.Physik A295

(1980) 315.
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Figure 16. Lifetimes for spontaneous fission. The lifetimes (in

years) for the spontaneous fission from the ground

state are indicated by the dots and plotted versus Z /A. They

are compared to the calculated values, indicated by the crosses.

The figures was taken from the work of Pauli and Ledergerber,

Rochester 1973, p. 463.
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work of Pauli and Ledergerber, Rochester 1973, p. 463.

87



300

1

MO no 190 «40 «o mo tro

Figure 18. The double differential cross section for the fission
jig

of Pu induced by thermal neutrons is given as a

contour plot (in relative units) versus the total kinetic energy

of the fission fragments and their mass. The figure was taken

from the work of J.H. Neiler, F.J. Walter, and H.W. Schmitt, Phys.

Rev. 149 (1966) 894.

2000

Figure 19. Comparison of the most probable fission-fragment ki-

netic energies with results calculated for different

values of the viscosity coefficient v (in TerapoiseJ. The figure

was taken from the work of K.T.R. Davies, A.J. Sierk, and J.R.

Nix, Phys.Rev. C1_3 (1976) 2385.
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Figure 20. The deformation energy for Yb plotted versus the

quadrupole moment. The thin line denotes the fully

self-consistent energy, as calculated for the SIII force. The

dashed curve refers to the approximative calculation as described

in the text. The figure was taken from the work of M. Brack and

Ph. Quentin, Phys.Lett. 5£B (1975) 421.


