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ABSTRACT

The problem of the devia t ions of the quantum from the c l a s s i c a l laws for

t h e occupation numbers of the var ious l eve l s in a sequent ia l decay process i s

discussed in gene ra l . A f a c t o r i s a t i o n formula i s obtained for t h e matrix e l e -

ments of the complete Green function enter ing in the expression of the occupation

numbers of the l e v e l s . Through t h i s formula and using speci f ic forms of the

quantum non-decay p r o b a b i l i t y for the s ing le l e v e l s , e x p l i c i t expressions for

the occupation numbers of the l e v e l s a re obtained and compared with the c l a s s i c a l

ones.
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1. INTRODUCTION

As is veil known and extensively discussed in a previous
2)

paper (hereafter referred to as I), the quantum mechanical

non-decay probability P(t) exhibits unavoidable deviations from

the exponential form 8. . In most practical cases, however, one

is not measuring P(t), but the probability F(t) of survival of

the unstable system to the interactions with the environment which

can be phenomenologically accounted for as measurements ascertaining

whether the system is decayed or not ' . The survival probability

F(t) turns out to be exponential practically for all times . In

this description the non-exponential form of P(t) manifests itself

through the fact that the experimental lifetime l/i) turns out to

be different from the quantum mechanical one l/y ( y being the

width of the Breit-Wigner energy form factor) and depends in

principle from the mean frequency X of the interactions with the
4)environment . As discussed in I, however, this dependence of jJ

on X , as well as the differences between V and y , are very

difficult to detect. The only way of revealing the non-exponential

nature of P(t) (as well as the fact that the reduction process is

effective) is then to measure P(t) directly by properly devising

an experiment in which the system evolves undisturbed . Tile analyst,

of I shows that P(t) can exhibit relevant deviations extending up

to some lifetimes if the energy spread of the unstable state wave

packet A E is comparable to jf ; in such a case, although

difficult, one can hope to show them experimentally.

It should be obvious that the same kind of effects, i.e.

deviations of the quantum from the classical predictions about

the decay pattern} are also present in the sequential decays.

Actually, in thi^ case the phenomenon could present different

characteristics due to possible interference effects between
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competing non-exponential decay processes. It is therefore interesting

to study the quantum mechanical laws for a sequential decay and to

compare them with the corresponding classical laws. Some considerations

on this problem have been made in Hef. 5> for a simple model of

the decay. However, in that paper the main interest was in the

study of a system subjected to reduction processes, and not in the

study of the specific form of the decay laws for undisturbed

evolution.

The purpose of this paper is to reconsider this problem in

general. First of all, using general mathematical arguments, we

point out the kind of deviations of quantum from classical predictions

for the occupation numbers of the various levels, at small and large

times. Secondly, we derive a factorization formula for the matrix

elements of the complete Green function using a modification of
6)

the general procedures introduced by Goldhaber and Watson and

7 "i
by Mower . In this way we obtain a specific form of factorization,

which is particularly useful for studying the time dependence of

the occupation numbers. Finally, by making use of the specific

forms of P(t) derived in I, we get explicit expressions for the

occupation numbers in various cases, and we compare the results

obtained with the classical ones.

2. QUANTUM TORSUS CLASSICAL LAWS FOE SEQUENTIAL DECAYS

Suppose we have a system with N states which can decay from

any level into any lower lying level by emission of appropriate

decay products. Let us denote by N.(t) the fractions of systems

which are at time t in the i level. Considering,for simplicity,

the case N = 3, the classical formulae for the occupation numbers

. (*)
are given by

(*) See e.g. Hef. 5 for the classical formulae in the general

case.
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r (2.1)

where / is the transition probability per unit time from level 1

to level 2, and fr , #i are the inverse lifetimes of levels 1

and 2, respectively. Note that we have assumed for the energies

of the levels E > E2> E . From (2,l) one immediately sees that

, (2.2)

the last inequality following from the fact that Jf̂  - /~ equals

the transition probability per unit from level 1 to level 3,

which we assume to be different from zero.

b. At large times both N (t) and N2(t) decrease exponentially, while

N.(t) tends exponentially to 1,

Let us now study the quantum case. We consider a system

described by the Hamiltonian

H - V , (2.3)

where H(j,4 describes the decaying system and has a purely discrete

finite spectrum with N eigenvalues, which we order by decreasing

values of the energy:

(2.4)

The part Hj,p describes the free motion of the products emitted

in the decay and has a purely continuous spectrum, while V induces

transitions between any pair of levels of Hj.a by emission or

absorption of a proper decay product. Considering the case N •« 3,



we are interested in a physical situation in which we prepare,

at time t = 0, the system in the state ] 1 ^ and we study the way

in which the occupation numbers of levels 2 and 3 vary with time.

Let us put, for simplicity,

H (2.5)

and let us consider the eigenvalue equations

(2-6)

where •fe. , p denote a set of variables characterizing the state

of the decay fragments emitted in the transitions, and OĴ  and

COp are the energies of the freely propagating fragments.

For the occupation numbers N.(t) we have

. , -LHfc . ,i

M \<\ M> I

As is well known , one can prove.completely in general, under

the assumption that the mean energy in state 1 is finite, that

cJLfc
= O (2.8)

From (2.8) and the last of Eqs. (2.7) one has

- 5 -

( 2 . 9 )

Since N,(0) =

(2.9) implies

N (0) = 0 and N ( t ) , N ( t ) are non-negat ive ,

t.o
dfc

= O (2 .10)

t . o

which, when compared with (2.2), shows that there is an unavoidable

deviation of the quantum from the classical laws at small times.

For large times, due to the boundedness from below of the

energy spectrum, N (t) can be shown to decrease slower than

any exponential; in practice it exhibits an inverse power-like

behaviour. For physical reasons, since level 3 cannot be filled

up more rapidly than the way in which level 1 depopulates, we can

conclude that N (t) will tend for large times to 1 more slowly
o

than any exponential. This renders reasonable the fact that alao H (t) tends

to zero, for large times, slower than any exponential. This can

actually be proved by considering the explicit expression for

| l"̂  aa a super-

position of the improper eigenstates of H:

N ( t ) , a s g iven by (2 .7 )*and by e x p r e s s i n g

| £,«>«„(E) ( 2 . 1 1 )

where we have denoted by ot the eigenvalues of a complete set of

operators commuting with H. From (2,7) one then has

(2.12)

where

= J (2.13)
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»nd

(2.U)

From (2.13)* using the Paiey-Wiener theorem, one proves that

| AfcĈ ) I decreases more slowly than any exponential for large

times, so that, since cancellations cannot occur in (2.12)j one

can conclude that N (t) decreases in the same way. It follows

that all N.ft)'$ exhibit deviations from the classical law* for large

times. To get more detailed information about the specific form of

N.(t) at small times, we shall first of all derive a factorization

formula for the total Green function for the process.

3. THE FACTORIZATION FORMULA

As already stated, the starting point of the further analysis

of the sequential decay is the derivation of a factorization

formula for the matrix elements of the complete Green function.

Factorization formulae for this problem have already been derived

in Refs. 6 and T. For our purposes we need a modification of

the procedure of the above quoted papers, yielding a factorization

which leads directly to a connection between the occupation numbers

and the non-decay probability amplitudes from various levels.

With reference to Eq.8. (2.3)- (2.6) of the preceding section,

we introduce the projection operators

(3.1a)

and

(3.1b)

-7-

It being the identity operator in the Hilbert space of the decay

fragments. The above operators satisfy the following relations)

O

o (3.2)

The operator H obviously commutes with P , P and CFj.

now consider the following splittings of H and

We

(3.3a)

(3.3b)

Following Refs. 6 ana J, we now define the operators

which satisfy the relations

A

(3.4)

(3.5a)

(3.5b)

where &(*) - C2-" H ) i s the total Green function for the System.

In deriving EII. (3-Sb), use has been made of the Lippmann-Schwinger

equation for GCO corresponding to the spl i t t ing (3.3a). Using

the definitions and equations introduced above for the operators

F (*•) , one easily gets
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In an analogous way we define an operator 3j_ by

having the following properties:

(3.6)

(3 .7)

(3 .8)

a n d

(3-9)

as can easily be checked by projecting with FJ, ® K^ and 4"Fi*

and using the Lippmann-Schwinger equation for the spli t t ing (3.

Let us now make use of the shorthand notation

(3.10)

Substituting (3.9) in (3.4) for i = 1, we get

Cz). (3-n)

one can easily prove from (3.1l) that

(3.12)

(3.13)

-9-

We finally define

(3.14)

Using the Lippmann-Schwinger equation for £z - Ho - ( ^ x f ) J

corresponding to the s p l i t t i n g of (Rx defined by (3 .14) , we get

We now h»ve a l l the ingredients for deriving » fac tor iza t ion

formula for the matrix element <&,-&. | G(.x) I "O :

(3.16)

In the above chain of equa l i t i e s use has been made, in the indicated

order, of Eqa. (3 .5b) , (3 .9 ) , (3-7) and (3 .15) . Equation (3 . l6)

can then be wri t ten , using (3 .6 ) ,

where we have denoted by K(z) the operator in the brackets in

the l a s t expression of ( 3 . l 6 ) .

Some comment about Eq. (3.17) i s appropria te . As already-

s ta ted, our procedure p a r a l l e l s th*t given in Hefa. 6 »nd 7,

However, i t must be remarked tha t some modifications have been

introduced, in order to make the product of the propagrtors of the unstable

states |l> and |2> appear in the final expression (3.17).

The differences between the two approaches can eas i ly be understood
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by considering, e.g.jthe case of a many-level Lee model, as the

one discussed in Ref. 5. For such a case, Eq. (3.17) corresponds

to having factorized the two resonant contributions <2,i &Cz'aJ*.)la •*

and OlGC^I-O from a non-resonant background <2.l£|t<:Cz)l-</',

which turns out to be simply the form factor ^(co^) governing

the decay 1 —>2 (see Eq. (2.25) of Ref.5. On the contrary,

the formalism of Refs. 6 and 7 • when specified to the considered

model, does not isolate the product of the two.Green functions , a

feature which is particularly useful for the following developments.As a

final remark we point out that, with slight modifications ,the present

approach can also be used to get the factorization of other matrix elements

of the Green function.

4. THE TIME-DEPEHDENCR OF THE OCCUPATION HUMBERS

Formula (3.17) constitutes the basis for our discussion of

the time-dependence of the occupation numbers. For simplicity, we

shall discuss only the occupation number N.(t) of level 2, and we

shall assume that in the transition from 1 to 2 only one particle

is emitted, so that the set of variables indicated by 'ft in the

previous equations can be identified with the components of the

linear momentum ft plus other possible variables |i referring to

internal degrees of freedom. We can then write

\d?% (4.1)

Let us now make use of the standard integral representation for

the transition amplitude appearing in (4,1):

u . 2 )

where C is a contour surrounding in an anticlockwise manner the

-11-

spectrum of H . The matrix elements of the resolvent G(z) are,

as is well known, analytic functions of z in the complex z-plane cut

along the real axis from the threshold energy up to + 00 , Moreover,

they tend to zero for |z|-»oo . Then- iollows from (3>17) that

also the matrix element of K(z) is analytic in the cut plane.

Due to the appearance of the exponential factor in (4.2), for

t > 0 we can shift the integration path in the lower half plane,

obtaining

laae
4«

(4.3)

where the symbol (h denotes that one has to evaluate the

function on the upper rim of the cut. Expressing the matrix

element under the integral sign in (4.3) by means of Eq. (3.17)

and applying the Faltung theorem for the Fourier transform, we

easily get

<a,fe,fe| e L % > * - e ^ U p f^' A,tt-0A,(p-t?) e "^*(%,(*,»,') ,
0 J° (k.k)

where we have denoted by AiCw the non-decay probability amplitude

for state I i">

(4.5)

and by (C (%,£,(») the Fourier transform of i- <2.$fe,pt V-

-L*p
(4.6)

Formula (4.4)allovs us to express N,(t) in terms of the non-

decay probability amplitudes and of the matrix element

Up to this point the treatment is exact.

(*} For simplicity we have assumed that H has only a continuous
spectrum.

-12-
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We now introduce some approximations. Let us f i rs t of all

remark that, due to the resonant behaviour of the matrix elements

o* the resolvents «0U <£(.*-"•> |a> and <-(|GCOW> , and to the

fact that <a,ft|p|K.WH> is slowly varying with the energy in the

region where the two resonances occur, one can disregard the

z-dependence of <£,|£| fcfe)k> identifying i t with ^(§,(1) , l n

such a case

(4.7)

From (4.l) we have, taking into account that the integration over

2i contains an integration over the energy CJ& and denoting

by lGt<(»JO| the result of performing the integration of

over the remaining variables:

= ldcotl ( 4 . 8 )

<^e> being the threshold energy. We note that, e.g. in the case

of a many-level Lee model as that discussed in Ref. 5, the

matrix element <S,tiPlit«tO(i. e. the cut-off function &<?•*) governing

the transition 1 —> 2, as already remarked)is actually independent

of z. In such a case, therefore, Eq. (4.8) i s exact.

As far as the small time behaviour is concerned, we note that,

since |(JL(oJO| vanishes for large C0t and therefore increases

the convergence of the integral for large C0t , to get Ijft.

one can take the derivative under the integral sign in Eq.. (4.. 8)

and then evaluate the resulting expression for t ~ 0. Since

j d.pAt,tfc-rOA,tp)e, * vanishes for t = 0 there follows that

= o
(4 .9)

so that the approximation of disregarding the z-dependence of

-13-

not alter the general property of N2(t) of having

a vanishing derivative at the origin.

It is useful to remark that Eq.. (4.8), when treated by means

of the usual approximation consisting in considering |(R(<dO|

a constant and in extending the integral in 6J* from - 0° to

yields the result

(4 .10 )•I
where R ( t ) = lAi(*0l i s the non-»decay probability of s ta te | i ^ .

For purely exponential non-decay probabil i t ies Ii(fe) * €» j Eq.

(4.10) yields the c lass ical law (2. l ) for ^( t )^provided one

takes I Rl* - r .

Note that Eq. (4.10) gives , completely in general, J^ \ * '®-'•

This i s due to the properties of P t(t), so that having disregarded

the COfc -dependence of (RO^H.) a n Q having extended the integral

from - 00 to +00 , yields a drast ic change in the small time

behaviour of N ( t ) .

As far as the large time 'behaviour is concerned, we note thai

due to the fact that A (t) goes to zero for large t ' s slower

than any exponentialV , » behaviour of N2(t) for large times

slower than any exponential easily follows from C1.8).

In the next section we shall use Eq. (4.8) making

r e a l i s t i c choices for A.(t) to evaluate quantitatively the

quantum mechanical expression for N,(t) and to compare i t with

the classical one.

5. EXPLICIT EVALUATION OF H (t) AND COHCLUSIONS

To get the explicit form of N,(t) in the quantum case, we

(*) In practical cases it behaves like t , 1 being
the wave in which the resonance occurs.



shall now use Eq..(lt.B). We shall choose for A (t) and A (t)

the particular forms derived in I under the assumption that the

energy form factors of levels 1 and 2 are the product of two

Breit-Wigner functions of width yt and JX\_ ^Mc > fi, , L--^,^-')-

In such a case we have

Mi- i e. J (5.1)

where the usual approximation of extending the energy integral from

"• °° to + °& has been made. As discussed in I, this approximation

does not appreciably Influence A.{t) for times up to few

, provided

To use Eq. (4.8) we must also fix the function

appearing in it. As already discussed, this function plays an

important role, since it is its cut-off effect which,increasing

the convergence of the integral for large a>ft , guarantees the

vanishing of the derivative of N (t) for t = 0. We have used for

! a Breit-Wigner function of width A ;

A

(5.2)

choosing A » E-i » Ifi. . Using (5.1) and (5.2) in (4.8) we have

explicitly evaluated N (t) for various choices of tfl and /J»l,

We have checked that, when A is much larger than the resonance

energies £i, , the resulting N (t) is practically independent

of A . Obviously the Sg( t) obtained are strictly related to

the choice (5.1) for the A.(t) . However, as discussed in I,

the behaviour of A.(t), especially for times up to few -i/jfi •

is quite typical of a realistic quantum process and is mainly

determined by the spread in energy of states 1 i-̂ j 0-*''/̂ ' . So the

results obtained can be considered as giving a possible realistic

behaviour of the occupation number N (t) for a quantum sequential

-15-

decay process.

We can now make a comparison between the quantum and the

classical laws for a sequential decay. First of all, we must, recall

that in most practical cases the decaying system cannot be

considered as evolving undisturbed, but it is subjected to

repeated reduction processes ascertaining whether the system is

decayed or not (exactly as it happens in the non-sequential case),

and,if it is decayed, in which level it has been found. The proper

theoretical description of such a situation has been given in Kaf •

5 , where it has been shown that the so obtained quantum law

practically coincides with the classical one.

Here we are not interested in this case. On the contrary,

we consider a decaying system which does not interact with the

environment, so that the occupation number law Nj(t) corresponds

to measurements made on different samples at different times. The

law N,(t) derived in the present paper refers exactly to this

situation. Therefore we shall assume that one has obtained

experimental data for Nj(t), distributed in accordance with the

quantum law obtained above. When comparing these data with the

classical law (2.l), two attitudes are possible, according to

whether one has only data referring to the sequential process,

or one uses also information about the non-decay probability laws

from levels 1 and 2.

In the case in which one is dealing only with the sequential

process (without any other information), one must try to best

fit the obtained curve Nt{t) with the classical expression (2.l) to

determine the parameters Jf̂  and Tfx entering iato i.% which we shall

denote, for clarity's sake, by Jft,. and $i,» • T h e result of

taking this attitude is shown in Fig. 1 for various values of the

parameters •£,,g, ,}*•, f and/*^ of the theory. It is seen that,

exception made for quite low values of p-i/fc (is<,l) , one gets a very

accurate fit. However, it nuat be remarked that to fit the

-16-



quantum law one gets values for the lifetimes 4/$ui and

differing appreciably from the quantum parameters

and -4/jfi of the theory. This effect holds true also for large

values of >Lv./jf; ,as it is seen in the case /X^/JJ-^ » AA} p-i/fa = -M ,

y»/jF» » A (see Fig. Id), where tfXtt differs by a factor

0.85 from the corresponding quantum parameter jf̂  . In such a case

as a result of the best-fit, one would attribute a larger life-

time to level 2.

We consider now the other possibility, i.e. that one has

at his disposal also data on the non-decay probabilities from

levels 1 and 2, The situation is then as follows. One has non-

decay probability laws P^ (t) and P,(t) which, as discussed in great

detail in I, exhibit deviations from the pure exponential. However,

it muBt be remarked that for Mi/fi £" 10 the P; (t)'s given in

I are very well fitted by means of an exponential law CKpQ-JTj^t)

with 2Tl = (0.97 - 0,99) ft. . Therefore the information from

the non—sequential decay process compels one to attribute

lifetimes l̂ fj- • vhich practically coincide vith the quantum ones, to

the tvo levels considered. If one then proceeds to study the sequential

decay process, one must fit the law N4(t) by means of formula

(2.l) with the known lifetimes. The result of taking this

attitude is shown in Fig. 2 for the same values of the parameters

of Fig. 1. In such a case the positions of the maxima of the

quantum and the classical N ft) are appreciably different even

for rather large energy spreads ( JJ"*/'Si, — 8) of the two levels. The

differences in this case are much more relevant percentagewise than

those of the quantum P.(t) from an exponential.

Concluding, in this paper we have investigated in detail and

proved in general the deviations of the quantum from the classical

laws for a sequential decay. We have seen that relevant deviations

are present, and that a comparison of the non—sequential with the

-17-

sequential decay process can give r i se to serious d i f f i cu l t i es

in the identif icat ion of the parameters (such as the l i f e -

times) characterizing the process. Consideration of the sequential

decay can then become a useful tool to show experimentally

the deviations of the quantum from the c lass ical laws for decay

processes.
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FIGURE CAPTIOUS

_1 Quantum versus classical curves for N,(t) for various

values of the parameters. The parameters of the classical

curves have been obtained by a best-fit. The parameter A

(see text) is equal to 50 ̂j

Fig. 2 Quantum versus classical curves for N_(t) for various

values of the parameters. The parameters are the same

for both cases ( A = 50 y-H ) .
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