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Abstract

Numerical studies of the Hasegawa-Mima equation, derived

in the context of drift waves but equivalent to the quasi-

geostrophic vortex potential equation for Rossby waves, show

the stable properties of solitary vortices which are two

dimensional, localized, steady and translating solutions of

this same equation. A solitary vortex can propagate only in

the direction (x-direction) perpendicular to the density

gradient. When this solitary vortex solution is inclined at

some angle with respect to the x-axis, its propagation direc-

tion oscillates in the x and y plane. In two dimensional

collisions, i.e. head-on collision and overtaking, solitary

vortices interact two-dimensionally and recover their initial

shapes at the end of both types of collisions.



§ 1. Introduction

A number of experimental and theoretical investigations

have been made on the soliton which is one of the possible waves

in a nonlinear medium. In one dimension the propagation of

solitons is now understood in detail . Recently the work on

solitons has extended to study their behavior in multi-dimensions.

An attempt has been made to include two-dimensional effects

in the propagation of the soliton. The localization of the

soliton's amplitude is limited to only one dimension which is its

propagation direction. Several experiments'' on ion-acoustic

waves in an unmagnetized plasma have revealed that the spherical

and cylindrical expanding and contracting nonlinear shell-like

waves behave like one-dimensional KdV solitons except that their

amplitude is a function of the radial distance. The resonant ef-

fects upon interaction between two planar solitons propagating in

fi—fl 1
different directions have also been discussed theoretically

and experimentally ' .

In a previous paper from this perspective, on the basis of

the Hasegawa-Hima (HM) equation ' described later, the forma-

tion of solitons localized in the propagation direction is ob-

served to occur from the initial wave, which is a sinusoidal wave

with long wavelength in its propagation direction combined with

the eigenfunction determined from the boundary condition in the

other direction. The number of solitons and the recurrence time

14)agree with the estimated value from the KdV equation derived

.from the HM equation. Their nonlinear deformation due to the in-

teraction among solitons is also discussed there. The two-

dimensional collision between solitons expected to be governed by

two different KdV equations is shown as well.
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In the present paper, an alternative approach to two-

dimensional solitons is taken. The amplitude of the wave is

localized in the two-dimensional space. The basic equation is the

following two-dimensional nonlinear equation (Hasegawa-t'ima

equation)12'13'

3 2 * 3

7I ( V * - • > + v — *
, 9 , 3 3 , 3 . 2 - ,-,

Equation (1) describes the nonlinear propagation of drift waves in

a low-beta plasma through the second term while E x B drift con-

vective effects are included through the third terra. Since the

drift waves are responsible for anomalous plasma diffusion across

a magnetic "ield, equation (1) is paid attention to in the field
*

of plasma physics. <p and v represent the potential and the

drift velocity due to the density gradient in the y direction,

respectively. Note that this same eq.'l) also describes the

propagation of Rossby waves in an atmospheric pressure system 1 .
*

Then d> and v represent the displacement of the surface .of the

atmosphere and the drift velocity due to the gradient in the

Coriolis force.

The two-dimensional localized steady translating solution

of eq.(l) is hereafter called a solitary vortex. It is difficult

to understand the stability of solitary vortices and their motion

analytically, so that we investigate their properties by in-

.tegrating eq.(1) numerically. Since the solitary vortex solution

is used as an initial value and is necessary to understand the

numerical results, the solitary vortex solution of eq.(l) is sum-

marized in § 2. The results of numerical solutions of eq.(l) using
*

the solitary vortex as an initial value are shown in I 3. The v
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effect due to inhomogenity of the density is investigated at

first. Two dimensional collisions, i.e. head-on collision and

overtaking, between solitary vortices ar^.also studied. A summary

of this paper is given in § 4.

§ 2. Solitary Vortices

We first assume a steady translating solution $ =

<j) ( x - Ut , y ) of eq.(l) in a frame moving with a constant

velocity U in the x direction. Using the coordinates x' = x - Ut

and y, eq.(l) is transformed into

+ Oy ) -fr < V 2 * + ( v* + U ) y )

We divide the x1 and y plane into two parts by a circle of radius

a with its center at the point x1 = y = 0. Assuming that <f>

satisfies the following relation in each region, we write

V 2 <t> =- K.
 2 ( <() + Uy ) - { v* + U ) y

( r < a ) , (3.a)

and

V 2 <t> = P 2 ( < l > + U y ) - ( V * + U ) y

( r > a ) , (3.b)

where K and p are positive constants determined later and

/ 2 5"

r = V x +y • Requiring $ to decrease as rapidly as the exponen-

tial for r •*• =° , P should satisfy the relation
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P = i / ( U + v ) / U . (4)

Osing the polar coordinates r , ft ( x' = r cos e , y =
2

r sin 8 ) and imposing <J> and v f to be continuous across the

circle r = a , we find a particular solution of eq.(3.a,b) in

each region as

U + v* J ( x r ) K2

( a — - r ( — T + 1 ) ) sin
K2 J±( K a ) P-

( r < a ) , (5.a)

and
*

U + v K ( p r )
<l> = - ~~ a —* sin 9

P K1( p a )

( r > a ) , (5.b)

The functions J and K, are the Bessel function of the first kind

and the modified Besspi function of the second kind, respectively.

The value of K is determined as the solution of the following

relation by requiring JL.<t> to be continuous across the circle

r = a

1 1 K '•{ o a )
— ( A ) , (6)

n = l ( ic a ) 2 - Y , 2 2 P a p a K , ( p a )
1 n I

where Y is a growing sequence of zeros of the function J (r)

except the zero at r =0. In this paper, we use the smallest

value of K . The functions 4 , -2—$ r —— $ and their theta
3 c 3 r'

derivatives are continuous across the circle r = a .

Figures 1 (a) and (b) represent the contour maps of equi-

potential § and equi-vorticity v <j, of the solution ( eq.(5
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a,b) ) , respectively. The contours of equi-potential and equi-

vorticity of the solution are symmetric about a line parallel to

the x axis. This symmetry line divides the potential and the vor-

ticity of the solution into positive and negative valued parts.

When the value of < is chosen as the smallest value of the solu-

tions of eq.(6), each part has one extremum point corresponding to

the first extremum value of J (r) at r=1.8. These positive and

negative potential parts rotate clockwise and counterclockwise in

the sense of the E x B drift, respectively, with the magnetic

field pointing in the positive z-direction. This solution

represents a pair of eddies rotating in opposite directions. The

amplitude of this solution decreases rapidly proportional to

P = e~ p r as r •+ °° ' . The dashed circle in Fig.l (a) indicates
v r .

the circle with radius a of eqs.(5.a,b). The potential and the

vorticity of the solution are localized within a finite region en-

closed fay the circle of radius a. Hence, this two dimensional

localized solution is called a solitary vortex.

The properties of the solitary vortex are specified by the

two parameters, a and U. The parameter a is the size of the

localization of the solitary vortex. The parameter U is the

velocity of the solitary vortex in the regions of both U >0 and
* *

U < - v for v > 0. The excluded region is that of the linear

wave of eq.(l), which propagates with a phase velocity in

- v < 0 < 0. The sign of U also determines the sign or the

potential above and below the symmetry line. For U > 0 for in-

stance, the potential will be positive below the symmetry line and

negative above.

5 3 Numerical Results
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Linear and nonlinear terms of eq.(l) are calculated by using

FFT and finite difference approximation . The periodic boun-

dary conditions are imposed at both the x and the y boundaries.

Strictly speaking, the solitary vortex of eqs.(5 a,b) is not the

solution in the periodic system. However, even in the periodic

system, the solitary vortex should behave like one in an infinite

system, if the size of the system is sufficiently large in com-

parison with that of the solitary vortex. In the calculations

described in this paper, the size of the system is more than six

times greater than the radius a of the solitary vortex. Numerical

solutions of eq.(l) using eq.(5) as an initial condition indicate

that one solitary vortex moves stably as a steady translating

solution with no change of its shape and velocity.

3.1 Oscillation of the Propagation Direction of Solitary Vortices

A solitary vortex can propagate as the steady translating
*

solution of eq.{l) only in the x-direction by the v effect in-
*

eluded in the second term of eq.(1) . This v effect also limits

the regions of the propagation of this solution. In order to in-
*

vestigate the v effect on the propagation of a solitary vortex,

the symmetry line of the solitary vortex is initially inclined at

some angle with respect to the x-axis. Needless to say, this ini-

tial value is not the steady translating solution of eq.(l).

Oscillation of the propagation direction of the solitary vor-

tex is observed. In Fig.2, contour maps of equi-potential $ are

shown for the typical time of oscillation of its propagation

direction. The parameters of the solitary vortex are U = 0.1 and

a = 1.0 for v = 0.2. The angle e o between the symr.etry line

of the solitary vortex and the x axis is 40 degrees. The solitary
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vortex moves with almost constant velocity in the x-direction, so

that each figure is plotted in the frame moving with the constant

velocity U = u cos eQ. The solitary vortex also moves in the

positive y direction, and its angle e is decreasing from the

initial angle 9 When its propagation direction becomes paral-

lel to the x-axis at some y-position t. it stops moving in the

y-direction as shown in Fig.2(b). The solitary vortex then starts

moving in the negative y-direction. Its angle 8 also becomes

negative. When it returns to its initial y-position as shown in

Fig.2(c), its angle 9 is almost equal to the negative of the

initial angle 9 Q. It continues moving in the negative

y-direction until the symmetry line of the solitary vortex again

becomes parallel to the x-axis (Fig.2(d)). After that,^ it moves

in the positive .y-direction and repeats the motion described

above.

The motion of the solitary vortex in the y direction is shown

in Fig.3(a) as a three-dimensional representation of the following

integrated values

$ { y , t )= 1/L \ x <j> 2 ( x , y , t ) dx , (7)

* Jo

plotted as a function of y and t with the same time interval

between each curve. A and B correspond to the positive

(lower) and negative (upper) potential parts shown in Fig.2,

respectively. The peak amplitudes * . of A and B versus

time are also plotted in Fig.3(b). The peak amplitude of A in-

creases and that of B decreases when the solitary vortex moves

in the positive y-direction and vice versa when it moves in the

negative y-direction. This relation between the change "of am-

plitude of the potential and the position of the solitary vortex

means that the amplitude of both the positive and negative poten-
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tial parts of the solitary vortex increase when the solitary vor-

tex is moving in the positive y-direction from the initial

y-position, while they decrease when it is moving in the negative

y-direction from the initial y-position. Although a decrease of

the oscillation amplitude is observed, the long time behavior of

this oscillation cannot be examined because of the periodic boun-

dary conditions. A small part of the solitary vortex is emitted

backward when it changes its propagation direction. This emitted

part interacts with the main body of the solitary vortex because

of the periodic boundary conditions.

The relation.between the amplitude of the potential and the

motion in the y-direction of the solitary vortex is explained by
*

using the following transformation. In order to eliminate the v

effect, the transformation variables X and i\> are introduced as

X = x + v t , (8.a)

*
iji = ,), - v y . (8.b)

The substitution of these variables into eq.(l) leads to an equa-

tion of the same form as eq.(l) without the second term included

with coefficient v . In this equation, V i|/ - \\i is conserved

along the trajectory of any point which moves with the velocity

- V i|i x e . Along this trajectory the following relation
z

2 2 *
V t|i - iji = v ^ - 0 + v y = c o n s t . ( 9 )

holds. Then, the quantity - V <)) + <j> is proportional to y upon
2

motion in the y-direction. Since the vorticity V ? depends on

the potential $ / fche peak amplitude <f> is proportional to

the motion of the solitary vortex in the y-direction. It is ob-
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served that the variation of the peak amplitude $& from its
QGCLK

initial value is proportional to the displacement 6 y from its

initial position according to the following ralaticn

5<j)peak K v* 6y/3 , (10)

for a solitary vortex with a = 1.0 and U = 0.1.

The oscillation of the propagation direction of the solitary

vortex is explained by using the fact that one part of the vorte-c

is induced to move by the velocity field of the other part of the

vortex. The upper part of the solitary vortex (negative poten-

tial) rotates counterclockwise, while its lower part (positive

potential) rotates clockwise. The amplitudes of both the positive

and negative potentials of the solitary vortex increase from the

initial amplitudes when it is moving in the positive y-direction

frr>m its initial position. The clockwise rotation velocity of the

p~=-it-ive potential (lower) part is larger than the counterclock-

wise rotation velocity of the negative potential (uppar) part.

Since the positive potential part of the solitary vortex moves its

negative one clockwise, the solitary vortex totally rotates clock-

wise. The angle e between the symmetry line and the x-axis

decreases. Once the symmetry line of the solitary vortex is

parallel to the x-axis, the amplitudes of both the positive and

negative potential parts of the solitary vortex are decreasing

when it is moving in the negative y-direction. Both the positive

and negative potential amplitudes of the solidary vortex recover

their initial values, when it returns to its initial y-position.

When the solitary vortex is moving in the negative y-direction

from its initial position, the absolute value of the amplitude of

its negative potential part is larger than that of the positive

one. The negative potential part of the solitary vortex moves its

- 9 -



positive one counterclockwise, and the solitary vortex totally

rotates counterclockwise. Consequently the propagation direction

of the solitary vortex oscillates in the two dimensions with

varying positive and negative potential amplitudes as a function

of the y-distance from its initial position.

It is expected from the above argument that the oscillation

frequency u of the propagation direction of the solitary vortex

depends on the value of v . The oscillation frequency to

measured from the time evolution of the angle between the symmetry

line of the solitary vortex and the x-axis is plotted in Fig.4 for

various value of v . When v is zero, the solitary vortex can

propagate in an arbitrary direction and the oscillation frequency

on is zero. As the value of v increases, the variation^of the

potential amplitude of the solitary vortex also increases ac-

cording to eq.(10) and the rotation velocity of the solitary vor-

tex becomes faster. The oscillation frequency o> of its propaga-

tion direction increases as well as the value of v increases.

This oscillation frequency u is observed to only weakly depend

on the initial angle 9 Q (=20*, 40*, 60°).

It is also observed but not shown here that a solitary vortex

which moves in the negative x~direction at some initial angle with

respect to the x-axis executes a cycloid motion. Taking into

acount the positive potential in the upper part and the negative

potential in the lower part divided by the symmetry line of the

solitary vortex, this motion is also explained in a similar

fashion as described above.

3.2. Collision between Solitary Vortices

Since the collision between solitary vortices is important to

know their stability, two simple interactions,i.e. head-on colli-
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sion and overtaking, between two solitary vortices usino a linear

superposition of a solution of eq.(5) for each vortex as the ini-

tial condition are studied. The solitary vortices exhibit two-

dimensional motion during their collision.

The first example is the head-on collision between two

solitary vortices S and S_ which move in opposite directions.

The contour maps of the equi-potential <J> and the equi-vorticity

V <J> at the subsequent times indicated are shown in the left

and right columns of Fig.5, respectively. S with velocity CJ =

0.3 and radius a = 0.5 moves to the right, while S with
*

U = -0.5 and a_ = 0.5 moves to the left for v =0.1. The upper

and lower potential parts of S divided by the symmetry line have

negative and positive values, while these same parts of S have

positive and negative values.

When these solitary vortices draw near each other, S

separates into two parts at the symmetry line. (Fig.5(a)) The

upper and lower parts of S move upward and downward, respec-

tively. Each separated part of S rotates around the outside of

S as shown in Fig.5 (b-d) . After the rotation of S , the

separated parts of S become one again and like the initial shape

of the solitary vortex. Thereafter, S moves to the right and S

to tl.-_ left, as independent steady translating solutions.

Figure 6 shows the y-integrated values of the potential and

vorticity obtained by the following relations

f L ?
4> { x , t ) = 1/L y <(> ( x , y , t ) dy , (11.a)

y J o

and

fL _ "
Q ( x , t ) = 1/L \ y ( VZ * ( x , y , t ) r dy , (11.b)

Y J 0



at the time indicated in each frame in order to measure the

preservation of the solitary vortex identity upon head-on colli-

sion. The solid and dashed lines represent <t> (x,t) and

n (x,t) ,respectively. The value of P. (x,t) is multiplied by

1Q in each frame for the purpose of illustration. The peak am-

plitude and the width of the y-integrated potential and vorticity

of the larger solitary vortex S return to their initial am-

plitudes after the head on collision within numerical accuracy.

The peak amplitude and the width of the y-integrated potential of

the smaller solitary vortex S completely return to its initial

amplitude, while the peak amplitude and the width of the

y-integrated vorticity of S return to their initial «»!::: within

a few percent.

The two dimensional motions of four peak positions of S and

S_ are plotted in Fig.7. The dashed and solid lines represent the

trajectories of the peaks of S 1 and S 2, respectively. In the re-

gion above the symmetry line, the negative part of S. rotates

counterclockwise, while the positive part of S rotates clockwise.

This rotation velocity is proportional to the amplitude of the

solitary vortex, since this rotation velocity is a function of the

gradient of the potential whose shape is almost the same. When

they approach each other, S is pushed upward by the velocity

field of S , while S 2 is also pushed upward by the velocity field

of S ^ The velocity field of S 2 is larger than that of S-̂  in this

case, so that S is displaced by the velocity field of S_ and is

rotated around the outside of S 2 clockwise. S2 also moves so as

to keep the distance between its peak and the peak of S, above the

symmetry line. As a consequence, the trajectory of S becomes the

large dashed half circle, while that of S becomes the small solid

circle. In the region below the symmetry line, the trajectories
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of the peaks are similar to those in the upper region except that

they rotate in the opposite direction.

The dependence of the distance of closest aDDroach r .
m m

between the peaks of S and S in the same upper or lov/er region

with respect to the parameters a^ and U of S-̂  is shown in Fig.8.

The propagation velocity U = -0.5 and the radius a2 = 0.5 of S

are fixed. The closed circles indicate the case in which the

radius a varies and the propagation velocity U =0.5 is fixed,

while the open circles indicate the case in which the propagation

velocity U varies and the radius a = 0.5 is fixed. The distance
r . increases with increasing radius a while it decreases withm m 1

increasing propagation velocity U_ . This distance r . is
1 m m

estimated as follows. It is assumed that the solitary vortices do

not change their shapes during their mutual approach. The smaller

solitary vortex approaches the larger solitary vortex as long as

the propagation velocity U of the smaller solitary vortex is

smaller than the rotation velocity imparted by the larger

solitary vortex to the peak position of the smaller one. This

distance of closest approach r . is determined by the following

relation.

1' ( rmin >' UL ' aL >| '

where che suffixes S and L indicate the smaller and larger am-

plitude solitary vortices, respectively. The quantity <t> is the

potential of the solitary vortex represented by eqs.(5,a,b). The

distance r . is the distance between the peaks of the two
m m

solitary vortices on the same side of the symmetry line. The

distance from the center of the larger solitary vortex to the peak

position of the smaller one is approximated by r =
2 2

r . + r , , and sin e = r ,/r, where r , and
mm L,peak S,peak L,peak
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re are the distances between peak and center of the largero ,peaK

and smaller solitary vortex, respectively. The distance r . is
" m m

plotted by the dashed and solid lines for the cases varying the

radius a and the propagation velocity U , respectively. In the

approximation of eq.(12), this distance does not depend on the

radius a when a, is less than 0.5, since the amplitude of S is

smaller than that of S As the radius â  increases above 0.5,

both the amplitude and the rotation velocity of S increase. The

point at which U is equal to the rotation velocity of S moves to

the outer region from the center of the larger solitary vortex (
S ) , so that the distance r . increases with the radius a,.
1 min • 1

When U is less than 0.5, the distance r . decreases with respect
1 nun

to the propagation velocity U , since S with the large propaga-

tion velocity moves to the inside of S . As the velocity U in-

creases above 0.5, the amplitude of the solitary vortex increases,

but the gradient of its potential becomes gentle as seen from

eqs.(4) and (5,a,b), so that the distance r . now only weakly
jnin

depends on the velocity U The observed distance is in

reasonable agreement with the values estimated from eq.(12), as

seen from Fig.8.

It is also observed that the smaller amplitude solitary vor-

tex is always separated into two parts by the larger one and each

of these two parts is made to rotate around the outside of the

larger vortex during the head-on collision of the two vortices.

When either a is less than 0.5 for U =0.5 or U is less than

0.5 for a =0.5, S. is separated into two parts by the velocity

field of S These separated parts rotate around the outside of
S_ clockwise above the symmetry line and counterclockwise below,

respectively as shown in Fig.5. When either a is Greater than

0.5 for 0 = 0.5 or V^ is greater than 0.5 for a1 = 0.5, S2 is
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separated into two parts. Thesa separated parts rotate around the

outside of S counterclockwise above the symmetry line and clock-

wise below, respectively. When the two solitary vortices are al-

most of the same amplitude, their mutual separation happens on a

much longer time scale.

Figure 9 shows the contour maps of the equi-potential <t>

during the overtaking bewteen solitary vortices which move in the

same direction at the subsequent times indicated. S with 0. =

0.1 and a = n.8 moves ten times faster than S_ with U- = 0.01 and

a_ = 1.6 for v = 0 . 1 . The upper(positive) and lower(negative)

potential parts of both S and S_ rotate counterclockwise and

clockwise, respectively. S catches up with S2 as shown in

Fig.9(b). Then both upper and lower parts of S and S_ merge,

respectively. The faster solitary vortex S moves, to the inside

of the slower solitary vortex S .(Fig.9(c)) S1 passes through S .

The propagation velocity of S is increased by S during its pas-

sage through S Both S 1 and S_ regain their initial shapes after

interaction and propagate to the right as shown in Fig.9(e). It

is observed that after their interaction the propagation velocity

of S becomes slower than its initial velocity, while the propaga-

tion velocity of S becomes faster than its initial velocity.

The movement of these solitary vortices during their over-

taking is also explained in a similar way as in the case of their

head-on collision. The upper parts of both S and S, divided by

their symmetry lines rotate counterclockwise, while their lower

parts rotate clockwise. When they approach each other, the upper

part and lower part of S are moved counterclockwise and clockwise

by the velocity field of the upper part and lower part of S

respectively. The faster solitary vortex passes through the in-

side of the slower solitary vortex. The velocity of the faster
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solitary vortex is then increased and that of the slower solitary

vortex is decreased during the overtaking.

§ 4. Conclusions

We summarize the results obtained in this paper. Many

properties of the propagation of solitary vortices are uncovered.

Our results indicate that the solitary vortex solution of the

Hasegawa-Mima equation has many of the properties of solitons.

The solitary vortex can be one of the intrinsic two-dimensional

solitons, since this solitary vortex is stable and preserves its

identity after collision.

One observation is that a solitary vortex whose symmetry line

is inclined ' at some angle with respect to the x-axis moves with

oscillation of its propagation direction, since the amplitude of

both positive and negative peaks of the solitary vortex change

when it is moving in the y-direction and each part divided by the

symmetry line rotates the other part with its velocity field. The

relation between the change of amplitude and the motion in the

y-direction is explained by the conservation of the quantity

V <j> - <(> +v y along the trajectory of its peak positions-

Next, the collision between solitary vortices is in-

vestigated. For the head-on collision, two solitary vortices

moving in opposite directions are given as the initial value.

During the head-on collision, the smaller amplitude solitary vor-

tex separates into two parts and each of these parts rotates

around the outside of the larger amplitude solitary vortex. After

this rotation, the two separated parts becomes one again and like

the initial solitary vortex. During the rotation of the smaller

solitary vortex around the larger solitary vortex, the distance
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between the peaks of the solitary vortex on the same side of the

symmetry line remains nearly constant. The value of this distance

increases and decreases with respect to the radius a^ and the

propagation velocity U of the solitary vortex moving in the posi-

tive x-direction for positive v , when the parameters of the other

one moving in the negative x-direction are fixed. For overtaking,

two solitary vortices move in the same direction with a different

propagation speed. The faster solitary vortex passes through the

inside of the slower solitary vortex. The faster solitary vortex

is accelerated during the interaction. The motion of the solitary

vortices during both types of collisions is explained by the fact

that one solitary vortex is displaced by the velocity field of the

other solitary vortex.
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Figure Captions

Fig. 1: Schematic sketch of a solitary vortex moving from left to

right for positive v with propagation velocity U along

the x-axis. (a) potential § . The dashed circle in-

dicates the circle of radius a of eqs.(5.a,b). (b) vor-
2

ticity v <f>

Fig. 2: The oscillation of the propagation direction of a solitary

vorteXf whose symmetry line is inclined at an angle of 40

with respect to the x-axis. Contour maps of equi-

potential <J> are displayed during one oscillation period

at the times indicated.

Fig. 3: (a) An illustration of the displacement of a solitary vor-

tex by a three dimensional representation with respect to

y and t of the quantity $ in eq.(7) with the same time

interval between each curve.

(b) Peak amplitude of $ as a function of time. The

label A ( dashed curve ) and B ( full curve ) refer to

the positive and negative potential parts of the solitary

vortex.

Fig. 4: The oscillation frequency u> of the propagation direction

of the solitary vortex as a function of v . The dashed

curve represents the best empirical fit.

Fig. 5: Contour maps of equi-potential <j> on the left and vor-
2

ticity v 0 on the right for head-on collision of two

solitary vortices labelled Ŝ ^ and S 2 at the times in-

dicated. The arrows specify the propagation direction.

Fig. 6: Time evolution of y-integrated potential 0 ( solid line

) and vorticity y q, { dashed line ) as a function of x

during head-on collision between two solitary vortices S.

and S under the conditions of Fig.5. The arrows specify
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the propagation direction.

Pig. 7: The trajectories of the peak positions of two solitary

vortices during head-on collision under the conditions of

Fig.5. The open circles represent the initial positions

of the positive (down) and negative (up) peaks of vortex

S., the solid circles the initial positions of the posi-

tive (up) and negative (down) peaks of S The arrows in-

dicate the propagation direction.

Fig. 8: The distanca of closest approach between two solitary vor-

tices during head-on collision with respect to the

parameters a1 and U 1 of S-^ The parameters of S^ are

fixed at a = 0.5 and U, = -0.5. The closed circles are

simulation points for variable 0 but a, fixed at 0.5; the

open circles the ones for variable a but U, fixed at 0.5.

The dashed line represents theory for the first case, the

solid one theory for the second.

Fig. 9: Contour maps of equi-potential <t> for overtaking between

solitary vortices labelled S1 and S 2 at the times in-

dicated. The arrows specify the propagation direction.
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