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STELLINGEN

1. De onderkoeling van het heelal gedurende «en eerste orde fase overgang

in een 'grand unified' theorie met een Coleman-Weinberg potentiaal

wordt afgebroken bij een temperatuur T~10 GeV,

P.Hut & F.R.Klinühamer; Global Space-Time Effects in First Ordev

Phase Transitions from Grand Unification, preprint april 1981

2. Zware rechtshandige neutrino's hebben weinig invloed op baryon creatie

en nucleosynthese in het vroege heelal.

F.R.Klinkhamer, G.Branoo, J.P.Derendinger, P.Hut, A.Masiero;

Heavy Right-Banded Neutrinos in the Early (Inverse,

Astron. Astrophys. 94j L19 (1981)

3. Een geschikte coördinatentransformatie maakt een klassificatie mogelijk

van overgangen tussen elliptische en hyperbolische banen in een dubbelster

door getijdenwerking volgens Darwin's zwakke wrijvings model.

P.Hut; Tidal Evolution in Close Binary Systems for High

Eccentricities, preprint, in preperation

4. Zware halo's kunnen bestaan uit lichte (0- 100 eV) of zware (10-60 GeV)

neutrino's, waarbij het laatste veel minder waarschijnlijk is.

P.Hut & K.A.Olivej An Upper Limit for the Neutrino Mass and its

Astronomical Consequences, in R.Bahian et al.(eds.): Physical

Cosmology, Les Houches XXXII (1980)

5. De theorie van asymptotische benaderingen maakt het mogelijk nauwkeurige

uitdrukkingen te geven voor de oscillerende elementen van het twee lichamen

probleem met een afnemende gravitatieconstante.

P.Hut & F.Verhulst; The Two-Body Problem with a Decreasing

Gravitational Constant, Hon. Not. R. astr. Soc. 177, S4S (1976)

6. De instelling van een verplicht vacaturepercentage valt te vergelijken

met het willekeurig verwijderen van enkele raderen uit een uurwerk,

met als bijkomstig voordeel het wegvallen van dat hinderlijke getik.

7. Een populaire voordracht kan heel goed illustreren hoe zwaartekracht

beschreven kan worden als kromming van ruimte èn tijd, aan de hand van

een eenvoudig voorbeeld.

C.W.Misner, K.Thorne, J.A.Wheeler; Gravitation (1973),bis. 32
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SAMENVATTING .

De laatste t i.en jaar hebben ecu cuionnr groei l:o zien gegeven op liet gebied

van de theoretische hoge energie fysica on astrofysica. De kennis van de. elec-

tromagnetische, zwakke en sterke wisselwerkingen is sterk toegenomen, en po-

gingen om deze drie wisselwerkingen te beschrijven als verschillende aspecten

van een en dezelfde theorie hebben reeds aanzienlijk succes geboekt. Er zijn

bovendien aanwijzingen dat eindelijk ook de zwaartekracht kan worden verenigd

met alle andere wisselwerkingen in één overkoepelende theorie, in de vorm van

een uitgebreide supergravitatietheori.e. Al deze nieuwe interessante ontwikke-

lingen vinden hun toepassing in astiofysische context en kunnen op hun beurt

daar ook getest worden. Enkele voorbeelden hiervan worden gegeven in dit

proefschrift.

Het eerste hoofdstuk hangt slechts indirect samen met hoge energie astro-

fysica. Neutronensterren en zwarte gaten kunnen het beste worden bestudeerd

wanneer ze een normale ster begeleiden in een dubbelstersysteem. Om de waar-

nemingen van dergelijke systemen, zowel in Röntgen-, ultaviolette, optische,

infrarode als radiostraling, op juiste wijze te kunnen interpreteren, is het

gewenst een algemeen beeld te vormen van de evolutie van de revolutie en de

rotatie van beide hemellichamen. We begeven ons hier op het aloude terrein

van de klassieke mechanica, en wel de hemelmechanica. Hierbij valt de nadruk

op getijdenwerking, precessie en snelle massauitstoting.

Het tweede hoofdstuk is meer direct gericht op hoge energie astrofysica.

Naast enkele kosmologische toepassingen komt de thermodynamica van zwarte

gaten, en daarbij het Hawkingeffect, aan bod alsmede de theorie van witte

dwergen, waarmee zwaartekrachtstheoriëen getest kunnen worden.

Het eerste artikel omvat een algemene analyse van evenwichtsconfiguraties

van dubbelsterren, waarbij getijdenwerking geen verdere veranderingen in het

systeem meer teweeg kan brengen. De behandeling is geheel model onafhankelijk

zodat alle conclusies algemene geldigheid bezitten. Een geschikte keuze van

een noodzakelijk en voldoend aantal onafhankelijke variabelen vereenvoudigt

de beschrijving van rotatie en revolutie, en wel met name van kleine versto-

ringen rond de evenwichtsconfiguraties: synchroon roterende sterren in een

cirkelbaan, waarvan het baanvlak samenvalt met de equatorvlakken. Stabiliteit

betekent dan het optreden van alleen strikt positieve eigenwaarden in de Hes-

siaan van de totale energie ten opzichte van de gekozen dynamische variabelen.

Op deze manier wordt voor het eerst een strikt bewijs geleverd voor een al lang
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bekend vermoeden: Evenwichtsconfiguraties zijn stabiel dan en slechts dan

als hét baanimpulsmoment meer dan het drievoudige bedraagt van de som der

spinimpulsmomenten van de afzonderlijke sterren. Eerdere behandelingen van

dit probleem betroffen altijd een beperkt aantal storingswijzen, terwijl

hier gelijktijdige afwijkingen van zowel synchronisatie, circularisatie

als evenwijdigheid van baan- en equatorvlakken wordt toegelaten.

In het tweede artikel wordt meer gedetailleerd ingegaan op het verloop

van de evolutie van baan- en rotatie- parameters van een dubbelstersysteem.

Hiertoe dient een beperking gemaakt te worden tot een specifiek model voor

getijdenwerking, en een voor de hand liggende keuze is het klassieke zwakke

wrijving model van G.H. Darwin, dat gepubliceerd werd in 1879 . Hoewel

verschillende auteurs dit model verder analyseerden, gedurende de laatste

eeuw, verscheen er tot nu toe geen volledige classificatie van alle mogelijke

oplossingen van de differentiaalvergelijkingen die dit model karakterizeren.

"In het huidige artikel wordt een afbeelding beschreven van alle mogelijke

beginvoorwaarden van een dubbelstersysteem, met uiteraard èen groot aantal

vrijheidsgraden, op een één-parameter-familie van eindsituaties van getijden-

evolutie. Deze ene parameter, a, bepaalt volledig het kwalitatieve verloop

van deze evolutie. Er blijken zes verschillende mogelijkheden op te treden.

De vijf kritische waarden van a, die de overgangen tussen deze gevallen

bepalen, worden berekend in een apendix. Voor enkele typische a-waarden zijn

telkens een stel evolutiesporen uitgezet in een figuur.

Het derde artikel beschrijft de veranderingen, ten gevolge van een super-

nova explosie, van de baanparameters van een dubbelster. Eerdere berekeningen

waren ofwel zuiver numeriek, of maakten gebruik van de zogenaamde stootbe-

nadering, onder verwaarlozing van de eindige tijdsduur van de explosie. Het

is echter mogelijk analytische benaderingen te vinden tot elke gewenste orde

van nauwkeurigheid. Dit wordt hier aangetoond, met behulp van de twee tijd-

schalen methode. Het feit dat dit mogelijk is bij een probleem waar andere

methoden, zoals bijvoorbeeld adiabatische benaderingen, volledig falen, is

op zich interessant. De meerdere tijdschalen methode van asymptotische ont-

wikkelingen verdient dan ook zeker een bredere toepassing in de astrofysica.

Het eerste hoofdstuk wordt besloten met een meer op de waarnemingen ge-

richt artikel. In het kader van een dubbelster model, bestaande uit een

zware ster en een compact object, worden de waarnemingen van SS 433 geïnter-
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preteerd. Dit spectaculaire systeem, dat zich in ons eigen tnelkwegstelsel

bevindt, zendt een sterke deeltjesstroom uit in een dubbele bundel, met

relativistische snelheden, ruwweg een kwart van do lichtsnelheid. Onder

de aanname van een gedwongen processie van de nccretieschijf worden moge-

lijke waarden aangegeven van de parameters v.nn het dubbelstersysteem. Het

compacte object is volgens het onderhavige model waarschijnlijk een neutronen-

ster, hoewel de moge.liikheid van een zwart gat niet kan worden uitgesloten.

Het tweede hoofdstuk begint met een artikel over gedachtenexperimenten

met een electrisch geladen zwart gat, dat zich in een "doos" bevindt in

evenwicht met de straling die het zelf uitzendt en opvangt. Op deze manier

kunnen de thermodynamische eigenschappen van de Hawking straling uitgebreider

onderzocht worden dan het geval was in vroegere publicaties die zich beperkten

tot electrisch neutrale zwarte gaten. Het geladen systeem kan toch nog ana-

lytisch beschreven worden, en wel door de volgende truuk: In de "thermodyna-

mische limiet", waar massa en lading beide oneindig worden, maar- dan wel in

een vaste verhouding, kan de straling volledig neutraal gehouden worden. Dit

volgt uit de afwezigheid in de natuur van geladen massaloze deeltjes. Deze

enorme vereenvoudiging maakt het mogelijk een classificatie te geven van het

gedrag van alle belangrijke thermodynamische grootheden, en vooral van hun

singulariteiten. Interessant sijn vooral de overeenkomsten met faseovergangen,

zoals het oneindig worden van de warmtecapaciteit bij een vast volume,

Clausius-Clapeyron vergelijkingen, het optreden van metastabiele toestanden

\ en izelfs het bestaan van een kritisch punt.

Het tweede artikel analyseert het verband tussen fysische en kinematische

parameters in de kosmologie, zoals dat voorspeld wordt door de algemene rela-

tiviteitstheorie. Opeenvolgende hogere orde tijdsafgeleiden van de schaal-

factor (H ,q ,...) worden hier gebruikt als kinematische parameters, om (ten

minste in theorie) vanuit de waarnemingen de volgende fysische paramaters te

bepalen: energiedichtheid en druk van materie en straling en vacuum energie-

dichtheid.Dit maal worden dus niet de gebruikelijke aannames gemaakt van een

verwaarloosbare druk en vacuum energie (d.w.z. van niet-relativistische ma-

terie en afwezigheid van een kosmologische constante). Door eenvoudigweg

het aantal vrijheidsgraden te tellen, lijkt her erop dat de algemene relativi-

teitstheorie op deze manier pas getest kan worden als men tenminste vijf
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tijdsafgeleiden van de schaalfalctor gemeten heeft. Opvallend is dan ook

dat een nadere berekening leert dat-reeds op het niveau van de eerste

drie tijdsafgeleiden een heel stuk parameterruimte uitgesloten is, als

de algemene relativiteitstheorie geldig is. Bovendien zijn de bijbehorende

mogelijke waarden van de fysische parameters in het toegelaten gebied al

erg beperkt, zoals in een figuur is toegelicht.

De volgende twee artikelen laten zien hoë de sterrenkunde nog steeds

een bijdrage kan leveren tot onze meest fundamentele kennis van de natuur:

Binnen het kader van dè standaard oerplof theorie moeten beperkingen worden

opgelegd aan de mogelijke eigenschappen van sommige elementaire deeltjes,

om niet in strijd te komen met de waarnemingen. De voornaamste conclusie

is dat alle stabiele deeltjes die wel de zwakke, maar niet de sterke en
v-

de electromagnetische wisselwerking voelen ("neutrino's") slechts een massa

m kunnen hebben'binnen de volgende twee "vensters") m ^ 100 eV of 10 GeV &

m è 60 GeV, waarbij de onzekerheden in de grenzen gegeven worden door de

overeenkomstige onzekerheden in de kosmologische waarnemingen. Het gebied

van 1G0 eV tot 10 GeV is uitgesloten voor een neutrinomassa, omdat derge-

lijke neutrinos en antineutrinos elkaar niet voldoende zouden hebben geanni-

hileerd, gedurende de eerste seconde na de oerplof. De overblijvende (anti)

neutrinos zouden spoedig niet-relativistisch geworden zijn, en daardoor -later

een zo grote energie dichtheid hebben opgeleverd, als onmiddelijk al kan

worden uitgesloten op grond van de waarnemingen. Het gebied boven 60 GeV is

uitgesloten als er een klein overschot van neutrinos over antineutrinos zou

zijn gevormd, dat later dan niet meer zou kunnen annihileren en dus auto-

matisch zou overblijven. De grootte van dit overschot kan worden berekend

binnen de context van de eenvoudigste theorieën die de zwakke, sterke en

electromagnetische wisselwerkingen gezamenlijk beschrijven.

In het laatste artikel wordt de theorie van witte dwergen vergeleken met

de waarnemingen van Sirius B, om daardoor grenzen te stellen aan het lage

energie gedrag van (super)gravitatie theorieën. Witte dwergen zijn hiertoe

ideaal geschikt, omdat de overige theoretische onzekerheden miniem zijn, en

een eenvoudig gedegenereerd electrongas al een uitstekende benadering levert.

Mogelijke afwijkingen van Newton's zwaartekrachtswet, ten gevolge van het uit-

wisselen van andere deeltjes naast gravitonen, kunnen zo ook worden begrensd

in het rijkwijdte gebied van een meter tot een kilometer; een gebied dat zowel
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in het laboratorium als in het zonnestelsel aan elke nauwkeurige meting

ontsnapt. Behoorlijke afwijkingen blijken alleen maar te kunnen optreden

op afstandsschalen van een millimeter of nog kleiner, waarvoor tot nu

toe nog geen waarnemingen beschikbaar zijn.



- vii -

SDMMAKY

', The last decade has seen an enormous expansion of the general field of

theoretical high energy physics and astrophysics. Great progress has been made

in the understanding of the electroweak and strong interactions. Attempts to-

wards a grand unification of these have met with some remarkable successes;

and there are signs that even gravity might be unified with all other inter-

actions in the form of extended supergravity. All of these new and exciting

developments can be applied to, and sometimes also tested by, astrophysics.

Examples can be found in the second chapter of this thesis, along with appli-

cations of another important development from the mid-seventies: the theory

of Hawking-radiation.

The first chapter is more indirectly related to high energy astrophysics.

It concerns the study of binary systems consisting of a normal star and a

neutronstar or a black hole. To interpret the observations from such a system;

in X-ray, UV, optical, infrared and radio wavelengths; it is helpful to have

a general idea of the evolution of the orbital and rotational parameters. Here

we enter the old field of classical mechanics, in the form of celestial

mechanics. In particular the effects of tidal interaction, precession,

and sudden mass loss are are treated.

The first paper contains a general analysis of binary star configurations

in equilibrium under tidal interaction, and is completely model independent.

First a necessary and sufficient set of dynamical parameters, describing

changes in orbit and rotation of the stars, is chosen. Stability is shown to

coincide with positivity of all eigenvalues of the Hessian of the total energy

with respect to the dynamical parameters. In this way an old suggestion is

proved rigorously for the first time: Stability occurs if and only if the orbital

angular momentum exceeds the .sum of the spin angular momenta of the stars by

more than a factor of three. Previous treatments were always limited to a

restricted set of perturbations, whereas here coplanarity, circularity and

corotation are all allowed to be perturbed simultaneously.

In the second paper a specific model for tidal interactions is chosen:

the weak friction model of G.H. Darwin, published in 1879. Although this classi-

cal model was investigated by several authors over the last century, a complete

classification of all possible types of behaviour under tidal evolution was
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never given. Here it is shown how all different initial binary configurations,

involving many decrees of freedom, can be mapped onto a one parameter family

of final configurations. This parameter,™,immediately characterizes the quali-

tative form of tidal evolution. It turns out that there are six qualitatively

different possibilities, separated by five critical «-values, the numerical

values of which are computed. For intermediate re-values a few tidal evolution

tracks are plotted to illustrate the general evolutionary behaviour.

The third article investigates the effect of a supernova explosion on the

orbital parameters of a binary star. Previous treatments were either purely

numerical, or used the impulse approximation, in which the finite duration

of the explosion was neglected. Here it is shown how to derive successive

analytical approximations to arbitrary order of precision. That this is

possible in a situation where e.g. adiabatic approximations utterly fail

is very interesting in itself; and calls for a wider use in astrophysics

of this method, the multiple time-scale method of asymptotic expansions.

The last article of the first chapter is more observationally orientated.

A normal binary model is used to interpret the observations of SS433, that

• remarkable galactic object emitting relativistic particle beams with a quarter

of light velocity. In the context of a slaved-disk model for the precession

of the beams, possible ranges for the system parameters are given. The presence

of a neutron star is considered most likely, although a heavier black hole is

not ruled out.

The second chapter starts with an article on thought experiments with a

charged black hole enclosed in a huge box and in equilibrium with its own

radiation. In this way the therraodynamic aspects of the Hawking radiation

are explored more fully than in previous treatments using only Schwarzschild

black holes. The charged system can be treated analytically by means of the

following trick: In the "thennodynamic limit", where mass and charge of the

black hole go to infinity at a constant r/itio, the radiation can still be

. taken to be neutral, due to the nonexistence of massless charged particles.

This enormous simplification makes possible a classification of the behaviour

of all important thennodynamic quantities, including their singularities.

Of special interest are the many similarities with phase transitions, such

as an infinity in the heat capacity at constant volume, Clausius-Clapeyron

equations, the existence of metastable states and even a critical point.
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The second article explores the connection between physical and kine-

matical cosmological parameters, as predicted by general relativity. Succes-

sive time derivatives of the scale factor (H , q , ...) are used as (in

principle) observable kinematical parameters to determine the physical para-

meters energy density, pressure, and vacuum energy density. Without the

usual assumption of zero pressure and zero vacuum energy, i.e. nonrelativis-

tic matter and zero cosmological constant, respectively, naive counting of

degrees of freedom suggests that general relativity can be tested only by

measuring the first five time derivatives of the scale factor. Nevertheless

a significant part of kinematical parameter space is already excluded at

the level of the third time derivative, if general relativity is valid. For

allowed kinematical values the choice of possible dynamical parameter values

is surprisingly limited, as indicated in a figure.

The next two articles show how the standard big bang model of cosmology

restricts the possible properties of some elementary particle types. The main

conclusion is that all stable massive weakly interacting particles, insensitive

to strong or electromagnetic interactions ("neutrinos"), are allowed to have

a mass only in two small windows: either m & 100 eV or 10 GeV & m & 60 GeV,

with the uncertainty in the exact limits stemming from observational uncer-

tainties.. The region 100 eV-10 GeV is excluded because in this range not enough

neutrinos and anti neutrinos would annihilate each other during the first second,

before the decoupling of the weak interactions. What escapes annihilation would

soon become nonrelativistic and dominate the energy density in the universe

to such an extent as is already excluded by observations. The region above

60 GeV is excluded if there is a small excess of neutrinos over antineutrinos

which would then automatically survive. This excess is calculable within the

context of the simplest grand unification models of the strong, weak and

electromagnetic interactions.

In the last article the theory of white dwarf structure is compared with

observations in order to put low-energy constraints on (super) gravity theories.

White dwarfs form an ideal test ground, since the physics involved (degenerate

electrons) is very well understood. Possible deviations from Newton's law of

gravity, due to an exchange of particles other than gravitons, are constrained also

in the range 1m - 1 km, where both laboratory measurements and observations

in the solar system are poor. Larger deviations are possible only at micro-

scopic distances of a millimeter or smaller.
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Stability of Tidal Equilibrium
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Sammary.it is proved rigorously that a binary system can be in
tidal equilibrium only if coplanarity, circularity and corotation
have been established. A complete analysis is given of the stability
of this equilibrium against general perturbations. Stability occurs
only if the orbital angular momentum exceeds «he sum of the
spin angular momenta of the stars by more than a factor of three.
This condition is identical to the criterium for stability against
perturbations of corotation only, as given by Counselman (1973).

Key words: binary stars - celestial mechanics - tidal evolution -
X-ray binaries

1. Introduction

In detached close binary systems, where both stars are well inside
their Roche lobes, tidal evolution is the main mechanism for
inducing secular changes in orbital parameters. The details of the
tidal evolution are highly dependent on the mechanism of energy
dissipation. A review of possible dissipation mechanisms is given
by Zahn (1977), showing the complications caused by the forced
oscillations of the stars in a variety of eigen modes.

Fortunately a few general results can be obtained, using energy
considerations only, without specifying the exact dissipation
mechanism. Thus equilibrium states can be found by minimizing
the total energy under the constraint of conservation of total
angular momentum. General considerations already suggest that
only one type of equilibrium is possible (e.g. Darwin, 1879);
characterized by coplanarity (the equatorial planes of the two
stars coincide with the orbital plane), circularity (of the orbit)
and corotation (the rotation periods of the stars are equal to the
revolution period). If these conditions are not simultaneously
fulfilled, dissipative effects cause the tidal bulges to be misaligned.
This produces a torque, resulting in an exchange between orbital
and spin angular momenta. In Sect. 2, the multiplicator method
of Lagrange is used to prove rigorously that this is the only
possible type of equilibrium, and that, if the total angular mo-
mentum L exceeds a critical value Lc, there are two such equili-
brium states, which degenerate to one if L=Lc.

Several authors have analyzed the stability of these equilibrium
states against restricted perturbations; preserving coplanarity
and circularity (Counselman, 1973), or only coplanarity (van
Hamme, 1979). In Sect. 3 an analysis is presented of stability
against general perturbations, thereby extending the analysis of
the previous authors to all orbital degrees of freedom.

Fig. 1. Dynamical variables relevant for tidal evolution

2. Equilibrium States

The dynamical state of a binary system can be specified by '2
parameters: here we choose to take the 6 classical orbital elements
together with the spin vectors of the two stars. To investigate the
exchange and dissipation of energy and the exchange of angular
momentum only the following three orbital elements are relevant:
the semimajor axis a, the eccentricity e, and the inclination i with
respect to the invariant plane, which is the angle between the
orbital angular momentum h and the total angular momentum L.
The longitude of the ascending node and the argument of peri-
astron, as well as the time of periastron passage, are of no interest
here. The reason is that rotational effects such as spin precession
and apsidal motion take place on a much shorter timescale than
tidal effects (e.g. Alexander, 1973); making it very plausible that
they can be averaged over before considering tidal evolution.

Thus there remain 9 relevant parameters, BIZ.: a, e, i and the
angular velocities of rotation O and <D. It is convenient to choose
the z-axis along L=(o,o, L) and the x-axis such that *=(* sin i,
o, h cos j) is in the (x,z) plane (Fig. 1): The dynamical evolution
of the binary system is restricted to a six-dimensional subspace
determined by the constraint of conserved total angular momen-
tum

where

M+m

(2.1)

f
(2.2)
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L a.
Solution of Eqs. (2.5a-c) yields

Q,=mt=n
(2.6)

where n is the orbital angular velocity, given by Kepler's third
law:

/!* = 1+m
(2.7)

Equation (2.6) shows that all equilibrium states are characterized
by coplanarity (i=O,=Q,=wI=o),=0), circularity (e=0) and
corotation (O,=«I=n).

The number of equilibrium states depends on the amount of
total angular momentum L. The condition for corotation follows
from Eqs. (2.1,2.7) to be

(2.8)
Fig. 2. The curve depicts the {.-values for which tidal equilibrium
is possible, given by Eq. (2.8). Arrows indicate the direction of 'f toe total angular momentum is smaller than the critical value
decreasing total energy for the restricted case of a circular r j m3 V*
coplanar orbit i " = 4 l ï ï ( 1 + ï ) T T r f (2-9)

G is the gravitational constant, and ƒ,, 72 are the moments of.
inertia of the stars with masses M and m, respectively.

To find the stationary points of the total energy E in this six-
dimensional subspace we apply the multiplicator method of
Lagrange, i.e.:

Eq. (2.8) has no solutions for positive n, and therefore no equili-
brium state exists.

For L>L„ Eq. (2.8) has two solutions which degenerate into
one at L=La (see Fig. 2). At L=L„ one has

axt

(2.;-)

(2.4)

where x,(i= 1.. .9) is any of the nine parameters a, e, i, Q, at,
and X is a constant vector (the multiplicator). Equations (2.1-4)
constitute 13 equations for the set of unknowns (a,,, e0, i,, O,,
m0) at the equilibrium configuration, the corresponding energy
£„ and the multiplicator A. [Equation (2.4) can be visualized as
demanding grad E to be perpendicular to the subspace of constant

It is convenient to introduce units such that M—It-=G=\
(the units of length, time and mass then become /,"2JI/~"2;
C-'/2M-5";?"; and M respectively).

Equations (2.1-2.3) now read

(2.5a)

(2.5b)

la 2

L=h cos i+tl.

0 =h sin i+ax+yto,=Qr+yaf.

The variationat Eq. (2.4) become

-+X,h sin i+X,h cos /=0

,*{A, sin i+i, cos i}=0

A, cos i-A, sin i=0

=0(i=jt,y,z)

(2.5c)

where A is given by Eq. (2.2) and m and y are the ratios of the masses
and moments of inertia of the two stars, respectively.

a+yü)=(l+y)n„

which implies that the orbital angular momentum constitutes
three quarters of the total angular momentum.

For a further discussion we refer the reader to the article by
Counselman (1973), where evolution towards (or away tiarn)
corotation is investigated under the restrictions of coplanarity
and circulcrity.

3. Stability

In the previous section the equilibrium states of a binary system
were found as the stationary points of the total energy under the
constraint of conserved total angular momentum. To investigate
their stability, we have to go one step further. For an equilibrium
to be stable, the total energy has to reach a local minimum. Thus
we have to compute the second order variations of the energy at
the equilibrium points.

Using conservation of total angular momentum, Q can be
eliminated by (2.1) leaving a, e, i, <u as local coordinates in the
six-dimensional subspace in which the system can evolve. The
total energy can then be expressed as

2

(3.1)

in which the same dimensionless notation is used as in Sect. 2.
The second order variation of £ is given by the Hessian, defined

al p

as , where *,(i=1 — 6 ) are local coordinates.

, „ 5 , x6=(o„ the
Hessian takes the following form at an equilibrium configuration:

Denoting xt=a, x2=e, *,=i , jc4=a>„ jr5
i k f l l
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(3.2)

where

m j

a=- tr
1+m

is the ratio of the orbital moment of inertia, and the moment of
inertia of the first star (keeping in mind that / , ^ i ) .

The total energy reaches a local minimum if all eigenvalues
of the Hessian are positive at the equilibrium configuration (as
can be illustrated by a Taylor's expansion around this point).
Fortunately, the Hessian has a simple block structure: Only the
pairs of coordinates (a,cus) and (i.cu,) are connected by off

a l p —.

diagonal elements; while e and to, are isolated. Since - r j = - > 0
32£ °

and -^-^r=y(l +y)>0, stability occurs if the following two equa-
dat,

tions have only positive eigenvalues X and X:

(!+•")"

for the (a, <JJ,) coordinates, and

( l + a ) - X y]/~a-

= 0 (3.3)

(1 +m)"2

whereas for ot<3(l+y) one negative eigenvalue occurs. In the
degenerate case a=3( l +y), the energy is not minimized, as can
be seen explicitly from the third order derivatives of the energy.
Thus stability only occurs if a > 3(1 +y). For a given L>Lcr, the
equilibrium configuration with the wider orbit (smaller n) is
stable, the other one is unstable (cf. Fig. 2). This follows directly
from Eqs. (2.8, 9) since at the critical point (L = L„\ ot=3(1 +y).
Figure 1 -illustrates this for the limited case in which coplanarity
and circularizatior. are always realized, and can be generalized to
include more dimensions.

4. Conclusion

Without making any assumptions about the specific mechanism
of tidal dissipation, still iome important general results can be
obtained:

1. Equilibrium with respect to tidal evolution is possible only
if the total angular momentum L equals or exceeds a critical
value

(3.4)

for the (i, 0}x) coordinates.
The solutions of the first eigenvalue equation are

(3-5)

Both roots are positive only for a>3( l +y). The second equation
has only positive roots:

(3.6)

Thus three cases are possible, i.e.: for a>3( l +y) all eigenvalues
of the Hessian are positive; for o = 3 (1 + y) one eigenvalue is zero;

(4.1)

For L>L„ two equilibrium states exist, involving coplanarity,
circularity and corotation. For L = L„ the two solutions degene-
rate.

2. An equilibrium is stable only if the orbital angular momen-
tum h exceeds a critical value

/z„=3(/ ,+/j)n (4.2)

where n is the angular velocity of the synchronous rotation and
revolution. Thus more than three quarters of the total angular
momentum must be in the form of orbital angular momentum.
For hfS,h„ the equilibrium is unstable. As is illustrated in Fig. 2,
for L>L„ always one stable and one unstable equilibrium exists.

The stability analysis presented here includes all dominant
rotational and orbital parameters, thereby generalizing the result
of previous authors (Counselman, 1973; v. Hamme, 1979). It is
possible to include also higher order terms in the energy Eq. (2.3),
taking into account the energy deviations caused by the tidal
bulges. This would include higher order terms in the expansion
of the potential energy, and slight variations in the moments of
inertia. However, these corrections vary only slowly in the neigh-
bourhood of the equilibrium states. Therefore they will not
invalidate the present stability analysis, unless the total angular
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momentum is exceedingly close to the critical value (2.9), where
the equilibrium is already unstable. For all other values of the
total angular momentum the present analysis is conclusive.

Acknowledgements. I would like to thank F. Verhulst, H. F.
Henrietta and E. P. J. van den Heuvel for comments on the
manuscript.
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Summary

The weak friction model for tidal interaction in a close binary system

is investigated, in which the tides assume their equilibrium shape, but

with a constant time lag (Darwin, 1879; Alexander, 1973). From this

model differential equations are derived for the tidal evolution of

several orbital and rotational parameters, using energy and angular

momentum considerations only. The behaviour of the solutions to these

equations is investigated.

First a local linear analysis is made of the approach towards a

stable equilibrium configuration. Several time scales are introduced

and compared, including a pseudo-synchronization time scale, which

describes a near synchronization of revolution and rotation around

periastron. Then a global analysis is presented for unrestricted

eccentricity. A classification is made of all different types of tidal

evolution behaviour, determined by only one parameter a, defined as

the ratio of orbital to rotational angular momentum at the equilibrium

configuration.

Increasing o above certain critical values qualitatively changes

the global pattern of tidal evolution. A few examples are instability

against circularity of the orbit, arising only for a > 10.932, and

instability against coplanarity of the orbital and equatorial planes,

setting in above a > 21.532. For several values of a the equations for

tidal evolution are integrated numerically to illustrate the global

flow pattern, as well as the details of the approach to an equilibrium

configuration or a collision of the two stars.
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1. Introduction

In a detached close binary, tidal evolution will continually

change the orbital and rotational system parameters. Ultimately

either an equilibrium state will be reached asymptotically, or the two

stars will spiral in towards each other at an increasing rate, leading to a

collision. An equilibrium state is characterized by coplanarity (the equatorial

planes of the two stars coincide with the orbital planes), circularity

(of the orbit) and oorotation (the rotation periods of the stars equal the

revolution period).

Such an equilibrium state is stable (unstable) if more (less) than three

quarters of the total angular momentum are in the form of orbital angular

momentum, as proved in a limited case by Counselman (1973) and more generally

by Hut (1980).

The existence and stability properties of equilibrium states can be

investigated by energy and angular momentum considerations alone.

Tidal dissipation decreases the total orbital and rotational energy,,

while conserving the total angular momentum, allowing only an exchange

between orbital and rotational angular momentum. However, in order to

investigate the way in which an equilibrium state is approached, a specific

model of tidal interaction must be given. Only then can we compare the. time scales

for changes in different orbital parameters such as eccentricity, semimajor

axis, inclination and rotational velocity.

In the following a simple model will be. used to derive explicit equa-

tions of tidal evolution^ for the parameters mentioned above. In this model

the stars possess tides lagging by a constant small time with respect to their
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equilibrium value, as introduced first by Darwin (1879). Because of its

mathematical simplicity many features can be computed exactly in this model.

Also for more realistic models these features will still be of at least qual-

itative relevance, just as polytropes are often illustrative for problems

in stellar structure.

In §2 an elementary derivation is given of the perturbing tidal forces

in the model under consideration. In the first two appendices these pertur-

bations are used to derive differential equations for the evolution, of

several orbital and rotational parameters of the binary system. Everywhere

physical clarity is stressed, and energy and angular momentum considerations

are used directly instead of the general perturbation techniques of celestial

mechanics.

In §3 the tidal evolution equations are analysed locally around equilib-

rium configurations. Time scales are derived for the rate of change of the

semimajor axis and the rotational velocity, approaching their equilibrium

values, as well as for the eccentricity and inclination, which go to zero

asymptotically. For the case where nearly all angular momentum is in the

orbit a new concept of pseudo-synchronization is introduced.

In §4 the global aspects of the same tidal evolution equations are ana-

lyzed. Far from equilibrium many features are important which were completely

overlooked in the local linear analysis around equilibrium. For the case of

small inclination, but arbitrary eccentricity, a complete classification

is made of all types of tidal evolution possible in the model under consid-

eration. Some details of computations are given in appendix C. Finally in

§5 a discussion and conclusions are presented.
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2. The weak friction model for tidal interaction

Tidal interaction is an important factor in changing the orbit of a close

detached binary. Each star raises tides on the surface of the other. Various

dissipation mechanisms cause these tides to deviate from an instantaneous equipo-

tential shape. This results in a misalignment of the tides with respect to the

line joining the centers of the two stars, which produces a torque component in

the gravitational attraction of the stars. Via this spin-orbit coupling angular

momentum is exchanged between the orbit and the rotation of each star. At the

same time energy is dissipated in the tides, which diminishes the total energy of

orbit and rotation. Even without a misalignment in the direction of the tides,

energy will be dissipated if the amplitude of the tides lags in time with respect

to equipotential surfaces, although no angular momentum is exchanged. In all ca-

ses the orbital parameters will change, and either asymptotically approach an

equilibrium state, or lead to an accelerated spiralling in of the two stars

(Counselman, 1973; Hut, 1981).

A detailed description of the evolution in time of the orbital elements

caused by tidal effects cannot be given in a general form. One of the major com-

plications arises from the possibility that the stars can be forced to oscillate

in a variety of eigen modes. For an excellent review, the reader is referred to

Zahn (1977).

In order to get a general qualitative picture of tidal evolution, one can

investigate a simple model in which only equilibrium tides are described, with

very small deviations in position and amplitude with respect to equipotential

surfaces. Dynamical tides, where the stars oscillate, are then neglected. Choo-

sing a mathematically simple description of the deviations from equilibrium makes

it possible to discuss tidal evolution in a quantitative way. This can be com-

pared with the use of polytropes in stellar evolution.
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The weak friction model, which we will investigate, was discussed for the

first time by Darwin (1879) and recently in detail by Alexander (1973). They

assumed a constant time lag, where the tidally deformed surface of a star always

assumes the equipotential surface it would have formed a constant time T earlier,

in the absence of dissipation. As seen by an observer corotating with the surface

of one star, the other star would raise a tidal bulge on his star misaligned by

an angle proportional to the apparent angular velocity of the other star. As seen

by a fixed observer, the tidal bulge would lag (or lead) with respect to the com-

panion star if the rotational angular frequency ft of the first star would be less

(or greater) than the orbital angular velocity n. The case ft < n is depicted in

Fig. 1. I

The motivation for this simple model of equilibrium tides stems partly from

physical arguments (Zahn, 1977), but mainly from its mathematical simplicity.

The model gives a good description of viscous dissipation (which seems however

not to be relevant for tidal evolution in binary stars), and an approximate

description of turbulent dissipation in convective envelopes (which is relevant

for light main sequence stars). But in any case where equilibrium tides are more

important than dynamical tides, we expect this model to be at least qualitatively

correct, in that the misalignment angle (<f> in Fig. 1) will be a monotonously in-

creasing function of Jl-n, the difference between rotational and orbital frequency.

In the present model this function is approximated by a linear expression.

Other discussions of the weak friction model, and applications to binary

stars and planet-satellite systems, are presented by Kopal (1978) and Mignard

(1979, 1980), respectively, which include many additional references.
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To simplify the discussion, one star (to be called the companion) is

assumed to be point-like, so that only on the other star (the primary) tides

will be raised. This gives already a realistic description of an X-ray binary

or other binaries where the companion is a compact object; a white dwarf,

neutron star of black hole. In the more general case the present analysis can

be simply applied twice, switching the role of primary and companion and adding

both effects, since only coupling between spin and orbit is important; spin-spin

coupling is completely negligible.

The differential equations gouverning the rate of change of the orbi-

tal and rotational parameters are derived in an elegant and rather sophisti-
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cated way by Alexander (1973). Here a simple derivation will be given using

energy and angular momentum considerations only, without using the whole

machinery of celestial mechanics. Only the leading order (quadrupole) devia-

tion of the surface of the primary will be treated, and therefore only leading

powers in the small quantity R/r will be considered, where R is the radius

of the primary and r the distance between the centers of both stars. In this

approximation, the tides can be replaced by point masses at the surface of

the primary with a mass V each (see fig. 1), where approximately

V = i k m (|)3. (1)

Here m is the mass of the companion and k the apsidal motion constant of the

primary (Lecar et al., 1976). The factor m/r follows from the tidal gravi-

tational force, exerted by the companion, while the apsidal motion constant

takes into account the structure of the primary, especially the central con-

densation (a higher value of which corresponds to a lower k; for realistic

stars k has a value of ~ 0.1-0.01).

Without dissipation, u would be given by (1)„ while the position

angle <f> would be <|>=0 (fig. 1); i.e. the tides would be aligned. In de present

model, dissipation introduces a constant small time lag T , such that both

amplitude and direction of the tides are slightly changed. In the follo-

wing, only terms linear in T will be retained.

The amplitude lag gives

u(t) = i k m R3 { r(t-T)}"3

where r(t—r) indicates the distance of the two stars at time t-T.

(2)



To lowest order in T

U(t) = 4 k m (|)3(1 + 3 | T) (3)

where r=dr/dt. The lag in direction results in a position angle

<j> = ($1 - 6) T (4)

where Q and .9 are the rotational and instantaneous orbital angular

velocity, respectively ( 6 is the true anomaly).

Now we can compute the perturbed gravitational force between

the two stars. As a simplification we start with the restriction that

the orbit coincides with the equatorial plane of the primary. A finite

value of the inclination will be taken into account later. From fig. 1 we have
^ Vba £ (M-2v)m vim
F = r = - G f - G { c o s <C f - s i n i< 6}

M+m T:' r z + R9- - 2rRcos<|>

Vim
+ G {cos ill1? - sin i|i'8} (5)

r2 + Rz + 2rRcos<|i

where V and' 4> are given by eqs.(3) and (4); f and 8 are unit vectors in the

r and 0 direction and Gis the gravitational constant. The angles ip and I|I'

as indicated in fig. 1, are given by

R s i n if)
s i n i|i = ' ' ' > (•>)

/ r 2 + R ? - 2rRcosij>'

R sin (f>
sin !ji'= . (7)

/r2 + R 2 + 2rRcosi(i'

Expression (5) has to be developed to 5th order in R/r to find the

leading contribution to the tidal perturbing force:

m {r + 3 ^ (R)5 k (i + 3 £ x)r - (« - 9)tê } (8)
r z M r r "
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The first term is the Newtonian attraction between two point 'masses,

while the other terms represent a perturbing acceleration, which causes a

a slow change of orbital paratneteti. We will be interested mainly in the

semimajor axis a and the eccentricity e, together with the rotational

angular velocity ft.

The rates of change of a and e can be readily obtained by stan-

dard perturbation methods'(see e.g. Brouwer and Clemence, 1961), after

which the change in ft follows from conservation of total angular mo-

mentum. However, in appendix A a simple and physically more transparent

derivation is given. First the torque resulting from the perturbing

force is calculated, and its effects on the orbital elements a and e

and on ft . Secondly, the time delay in the amplitude of the tides is

taken into account, which gives a comparable change in a and e (but not

in ft , since no angular momentum is transferred). The derivation, as pre-

sented in appendix A, is similar to that given by Lecar et al. (1976) for

the perturbing torque. However, these authors overlooked the amplitude delay

effect, and therefore obtained different results.

The resulting tidal evolution equations are

da

dt

6 | q(l + q) (J)B
T a

3/2,{f1(e2) - (1 - e2)^f 2( e2) -8}
n

de . .
— - - 2 7 ^ q (1 + q) (S)
dt T a

.{f3(e
2) - -- (1 - e2)3/2 f ^e2) £ j (,o)

18 n

dft

• {f2 (e
2) - (1 - e 2 ) 3 / 2 fs(e

2) | } (11)

dt T rg a
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f5(e
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8

Here n = G*(M +m)* a 3/2 is Che mean orbital angular velocity

and the radius of gyration r is defined as I=M(r R ) 2 , where 1 is the

moment of inertia of the primary. Furthermore q^r is the mass ratio

of the two stars and

GMT

is a typical time scale on which significant changes in the orbit

take place through tidal evolution. P is the orbital period of a test
s

particle moving in a grazing orbit over the surface of the primary; in units

of P the tidal time scale T is the inverse of the tidal lag time.

Until now we have limited ourselves to- the case of coplanarity.

Deviations from coplanarity can be expressed in terms of the inclination i,

the angle between the orbital plane and the equatorial plane of the

primary. Other orbital elements, such as the longitude of the ascending

node.and the argument of periastron, are of no interest for the present

discussion. They change rapidly due to rotational effects such as spin

precession and apsidal motion, which are effective on much shorter time

scales than tidal effects (Alexander, 1973).
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In Appendix B the rate of change of i is computed to first order

in i. There are two reasons for this restriction. First of all, X-ray

binaries will generally start off after a supernova explosion with an

appreciable eccentricity, possibly close to unity, because of the sudden

mass loss to the system. But, if the initial binary system has been

aligned (i = 0), a finite inclination can only be achieved by an asymmetry

in the supernova explosion, which is not expected to be very big. The

other reason for treating the inclination only linearly is mathematical

simplicity: to this accuracy no changes are necessary in equations (9-11),

which would otherwise involve cos i factors. In appendix B again physical

clarity and simplicity are stressed. A more rigorous derivation and more

complete results are given by Alexander (1973).

From Appendix B it follows that

£ • - 4 71 <!>' <'-2>~6 S' •
o

• {f2(e
2) - 1(1 -n) Sj. (I - e 2 ) 3 / 2 fS<e

2)}, (13)

where f2(e2) and fs(e2) are the same expressions defined before in eq.

(11), and ;

<r>2 <• -

is the ratio of the rotational and the orbital angular momentum.

The behaviour of the solutions to the four tidal evolution equations

(9 -11,13) will be analyzed in detail around equilibrium in §3, and far from

equilibrium in §4. A few observations can be made readily for the simple

case of near coplanarity(is0) and near circularity (e=0), but arbitrary
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2
deviations from corotation (ft 4 n). All power series f.(e ) are now

approximately unity. As we would expect, for 52 > n angular momentum is

transferred from spin to orbit, since eqs.(9, 11) show that Ü < 0 and

a > 0. Eq. (10) marks the onset of instability of the circularity of the

18
orbit at ft = yy n : higher rotation rates give è > 0. Finally eq.(13)

shows that instability against a growing inclination starts when the

orbital period becomes slightly more than twice the rotation period, namely

for U = 2n (1 - n) . This factor of two, for small inclination, can easily

be explained: for Ü > n, the companion continually exerts a torque on the

leading tidal bulges (fig.l), thereby diminishing the component S},( of Ü,

parallel to the orbital angular momentum h. At the same time Q.., the

component of fl perpendicular to h , also decreases. This latter effects

stems from the tidal bulges lagging in latitude, with respect to an

observer attached to the surface of the primary. But the sinusoidal

movement in latitude of the tidal bulges produces an average transverse

lag angle only half the value of the lag angle produced by a similar,

but monotonous, movement in longitude. Thus the factor of two in eq. (13)

originates from the difference in effectivity of the periodic latitudinal

and the monotonie longitudinal lag of the tidal bulges in the corotating

frame.
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3. Time scales

Tidal interaction can lead either to a spiralling in of the

two stars, followed by a collision, or to the evolution towards an

equilibrium state, characterized by coplanarity (i=0), circularity

(esO) and corotation (B=n). In the last case the parameters a,e,

ft, and i will asymptotically reach their equilibrium values, but on

different time scales. Both the absolute and relative values of

these time scales are of great observational importance. Knowledge

of these quantities can give a general impression of the tidal

evolution of observed binary systems. Moreover, in cases where only

some of the parameters mentioned are observed, knowledge of tidal

evolution time scales can give a reasonable impression of likely

values for the unobserved parameters.

In this section, we will use the weak friction model introduced

before to compare the time scales of alignment, circularization and

synchronization. To investigate the asympotic evolution towards

equilibrium, we can linearize the equations (9-11,13) around the

equilibrium state. We can describe the deviations from equilibrium

in dimensionless form by defining

a - art
2- (15)

ao

and

a - aQ

where the equilibrium values a and 0 = n can be determined implic-
o o o

itly from the total angular momentum Lwith equation (A2):
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3 9 2/3 -1/1 -I /T
I. «= ] H + h = MR r ~U + (5 ' (M + m) ' M m \i ' (\i)

according

to Kepler's third law. Denoting linearized approximations of x, e, y, i

by x, ê, y, i, the linearized equations read

||= 3 I q ( 1+q) (J)8{ 3x + 2y) , (18)

h^ oï**ï> • <20)

g O

g Q

These expressions can be simplified considerably by defining the

dimensionless quantity

)' , (22)
h

0

1Ü
0

1

q

+ q

i

V'

a
(-

R

the ratio of orbital and rotational angular momentum at the (unique) stable
-1

equilibrium configuration (i.e. a=n ). Remember that an equilibrium state

is stable if and only if a > 3 (Counselman, 1973; Hut, 1981). Introducing

1 "slow" time

t'-kq<l+q) (| ) 8 I , (23)
o

the linearized equations read
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||, = 3 (3x + 2y) , (24)

de 21 Z
dt' 2 e

,= - | a (3x + 2y ) , (26)

§ , = - § ( 1 +«)ï • (27)

The equations (24) and (26) are dependent since angular momentum

is conserved during tidal evolution. The total angular momentum L is given

by

L = I£2+ h = MR2 r 2fi+ G* M m (M4m)~ a* (1-e2) * . (28)

Using Kepler's third law

3 = n - G* (M + m) * a ""* , (29)
o o o

the previous expression reads

L = MR2r 2 Q { | + a A * (I - e2)*} , (301|

or in a linearized version

L = MR2r 2 a {1 + y + a(l + Jx)} . (31)
g o

Constancy of L thus gives

a _
y = - 2

(32)
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which immediately explains the relation between (24) and (26).

The solutions of c(|a.(2A-:i7) ;iro simpLy

-t'/t-
x (t') = x (o) c x , etc

with time scales

t- - 1 - - !
•U«-T> »y 3(a-3)

t---jf . (33)

Cï

To interprete these results, we have to distinguish between three cases:

(i) a >3, but a - 3<< 1. This corresponds to a binary system where

the equilibrium state is just marginally stable, the rotational

angular momentum being only slightly less than a quarter of the

total angular momentum. Here t- = t- » t- ~ t.. The eccentrici-

ty and inclination will tend to zero relatively quickly, but

synchronization (and adjustment of the semimajor axis) takes

much more time.

(ii) a of order 7, i.e. 4 < « < 10. The equilibrium state is further away from

instability, but the rotational angular momentum is still compa-

rable in magnitude with the orbital angular momentum. This means

that the companion star is either much lighter than the primary,

or orbits very close to its surface. In this case we

have t- = t- s t-:t., All parameters change roughly at the same

pace.
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(iii) a » 7. The orbital angular momentum is much larger than the

rotational angular momentum. This can be the case when the

companion is the most massive star, or when the separation

'between the stars is fairly large. Here t- >>t.= t- = t-.

e l x y

The inclination decreases relatively quickly, while at the

same time rotation tends to synchronise with revolution.

The eccentricity of the orbit diminishes much slower.

There is one problem in the last case: It looks as if the

rotational period quickly settles to the equilibrium orbital period to

achieve synchronization, but this is deceiving. Since the eccentricity

changes relatively slowly, the orbit will remain rather eccentric for

a long time. During each orbit the tidal interaction will then be most

important around periastron. This can be seen from the strong distance

dependence of the tidal force in equation ( 8): F - r~7 .

It is to be expected that the rotation of the primary quickly synchronizes

with the instantaneous orbital angular velocity at periast^on. This pseudo-

synchronization therefore keeps the rotational period shorter than the orbit-

al period as long as the eccentricity stays finite.

An interesting example in another context is the pseudo-synchro-

nization of Mercury, where three rotations take place during two revolutions,

but rotational and orbital angular velocity are comparable around periastron

(fig. 2). In this case, however, the rotation and revolution are locked in in

a 3:2 resonance-since Mercury, being a solid body, has a permanent asymmetry

in its shape. In a binary the stars, being gaseous bodies, have no built-in

asymmetry. Therefore tidal evolution continues until the orbit becomes circular

and real synchronization will be achieved.

This can be made more quantitative if we repeat the linear analysis

using the same variables, but taking e instead of e as the eccentricity para-

meter. This is a natural choice since e occurs only quadratic in eqs. (9), (11) and
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(13), and also in eq.(10) after writing de'/dt. lispociaUy lor case (iii),

• i -••• 7, this is also a reasonable choice, since tp is mui:li Larger than the

oLlier time scales. Instead of (24-27) we now have

d

dt1

W

-38

-14

4

0

0

0

-3a 12a -2a

0 0

ë2

(34)

w
,.„ 2,.„ 2 2

where e ate. now indicates linearization with respect to e , instead oC e.

Again these equations are not independent,.si nee the determinant of

the matrix in eq.(34) vanishes. As shown before, this follows from .angular mo-

mentum conservation, since eq.(30) now linearizes to

L = M R 2 r 2 SI {1+y+a
g o

(35)

Thus L conservation gives

y = ± (-
2

consistent with eq.(34)

The solution of eq.(34), for a^lO, is given by

-21t'
è'(t') = è" (o) e

ï (f) = ï (o)
- - (1+a) t'

a - 19

(36)

(37)

(f) ={i (o) e2(o)}e~3(a~3)t'+ è2(o)e"2It', (38)
a - 10 a - 10

f ) ={y (o) -
2(a - 10)

8 2 ( O ) } e-3(a-3)t'+

2(a - 10)

82 ( o ) e-21f (39)

For the case that the two eigenvalues of the matrix of coefficients in eq.(34)

are degenerate, i.e. for a=10, the solutions (38) and (39) have to be replaced by
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x (t') = {i (o) - 27 e2(o) t'} e" Z 1 C' , (40)

27
y (f) = (y (o) + — ae2(o) t'} e~ 2 1 t' . : (41)

Now we can read off the anticipated result: for <x>10, the first

terms in eqs.(38) and (39) decrease faster than the second terms. Thus the

binary system approaches pseudo-synchronization, governed by the second terms

in eqs.(38) and (39), independent of the initial values x (0) and y (0). As ex-

pected, pseudo-synchronization gives a higher rotational velocity than

the equilibrium state: y »0 for large t' values in eq.(39), which means n>f2Q.

To be even more quantitative, we can go back to the original

equation (11) for the rotational velocity. Pseudo-synchronization can

be defined as fi = Q if fl = o, i.e :
ps

15 2 45 4 5 6
Ü ' + 1 e + ~8* * 7 6 e (42)

or

6e2
 + | e 4

+ f e 6
 + o(.8) (43)

Again it is clear that fi-»-n (e •*• o) while fi>n (e > o).

Pseudo-synchronization is caused by the fact that tidal interaction is

strongest around periastron. This can be seen most directly by comparing fl

with n = 8 (8 =o), the orbital angular velocity at periastron, which is

given by
(I + e ) 2

n = r- n (44)
P (i _ e2)2/3

(this follows immediately from eqs. (A5) and (A8)). Instead of eq. (42) we can write
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ps 2 8 16-

n (1 + 3 e2 + | e*) (l + e)2

P H

For small eccentricity this can be expanded as

ü = , _ 2 e + i | e2 . 1 3 e3+ 4i e4 + 0 ( e5 }

n
P

while for large eccentricities

ps 33
+ _ = 0.825 (e -»• o).

n 40

For all eccentricities

, > -E* > 0.799 <48>
n

where the minimum value occurs around e = 0.308.

In fig. 3, ft (e) is plotted twice, in units of n and n .

At small eccentricity (e<< 0.2), tidal interaction is important over the

whole orbit, and Ü - n is a much better approximation than Q, = n .
ps vv ps p

For fairly large eccentricities (e > 0.2), tidal interaction is only effective

around periastron. A weighted average of the-, orbital angular velocity 5 around

periastron is always slightly smaller than 0 =n , and therefore Q, < n .
7 max. p ps - p

Turning back to the original time scales, derived in equation (33),

we now see their meaning: t- and tv are the time scales on which the eccentrici-

ty and inclination decrease exponentially. They are expressed in units of a

"slow" time t', defined in eq.(23), which correspond with a unit T of real time,

where

T

or using eq.(12)

* = { k q d + q ) } - ' ^ T (49)
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, . a a Pn

T* = (4ir kq) ! (^) 8 — P , (50)

where P is the orbital period of the equilibrium state. The time scale t-=t-
o * y

is really a pseudo-synchronization time scale t . For small values of a,
ps

or a relatively large rotational angular momentum, t is the time scale

for synchronization, since circularisation is achieved relatively quickly.

For greater values of a, or a relatively large orbital angular momentum,

t indicates how much time it takes to synchronize a binary system around

periastron in an eccentric orbit.
To summarize: the pseudo-synchronization time scale, or periastron

synchronization time scale, is

t = T*

PS 3(a -3) l ' .

the time scale for circularization is

te = •£ T* ; (52)

and the time scale for alignment is

t. = 2
i 3(tx + 1)

T* (53)

These timescales are depicted in fig. 4, as a function of «. Note that a > 3 is
required

in order to guarantee the existence of an equilibrium state of the binary. It

is easy to physically understand why t » t = t. for large values of a:

synchronization and alignment both involve the rotation of the primary in

an essential way. But circularization involves a property of the orbit only:

even after the rotation is optimally adjusted through pseudo-synchronization,

the orbit can stay rather eccentric for a long time. Only if the primary has

an appreciable moment of inertia (a < 10) rotationaladaptation takes about as

much time as orbital circularization.
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4. Tidal evolution far from equilibrium

In the previous section the asymptotic tidal evolution of a

binary towards an equilibrium state is discussed. Time scales for the

exponential relaxation of several parameters were found in a local analysis

of the differential equations (9-11,13) around equilibrium. Now we proceed

to investigate the global structure of the solutions to these equations.

To simplify the discussion, we will start with the restriction of coplanarity,

i.e. i=0. Later we will discuss small inclination, again treated linearly.

In this case we are left with the three differential

equations (9-11), of which only two are independent since the total angular

momentum L is conserved. Choosing as independent parameters the orbital elements

a and e, we have to express ft as a function of a, e en L: '

L=I« + h = MR2 r2 9. + G* (M+m)~* Mna* (I-e2)* (54)

where h is the orbital angular momentum, given by eq. (A2) and I is the moment

of inertia, given by eq.(A26).

It is very convenient to introduce again the ratio a of the

orbital and the rotational angular momentum of the binary at equilibrium:

g

where a^ is the value of the semimajor axis in the equilibrium state. Note

that a is a constant, independent of a and e, related to L and the other

constants by

L = MR2 r 2 n (1 + a), (56)

where fi is the value of ü at equilibrium. With eq. (55) and Kepler's third law
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this can be written

_JL 1 è _|
(M+m) * R2 r a * (1+a). (57)

g

For applications to a specific binary system, this equation defines a implicitly

in terms of observable parameters. Note that there are only solutions for

L > L , where" cr'

L = 4,3"' G- Ita* (M+m)~* R2 r 2. (58)
cr g

For L > L , equation (55) admits two solutions <*+, ot. with a+ > «_; a_

corresponds with the unstable equilibrium state, and a with the stable equi-

librium. For a general analysis, see Hut (1981). Here we are only interested

in a which will simply be denoted by a.

We want to substitute fl from eq.(54) into the differential equations(9,10)

for a and e . Only the ratio JJ/n occurs, and from eqs. (54), (55.) and (57),

again with Kepler's third law, the following surprisingly simple relation can

be obtained:

| = (1 + a) a 3' 2 - aa2 (1-e2)* (59)

Here a is a dimensionless quantity which expresses the semimajor axis in

equilibrium units:

a= a/aQ. (60)
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Th<> equal ions describing the evolution of a and e now read,

oq. (10-11), .-me! (r><>), and the "slow" Lime t', defined in IHJ . (13)

where

- (l+o)g3(e
2) (l-e2/a3/2} (61)

(gu(e
?) + ~ a g (e:')a2 - ~ (l+a)g (e

2) (l-e2)'a / }, (62)

, 2. , 31 -, 255 ,, 185 6 25
g (e2) = 1 + — e' + -g- e' + -pg- e^ + ^

±L e^ - ̂  e" - 21 e& + 5e9 + -2. -102 8 e 16 e 3e 16 e

(e>) = l + -Ü e
? - — e'1 - ~ e

f' - — e"; 2 8 16 16 e

e" + f ê  + I

Except for a proliferation of numerical coefficients, these two

equations are remarkebly simple. The only external parameter of this coupled

system of differential equations is u, which characterizes the stable equili-

brium state. The only dependence on M,m,R and r comes in via the definitions

of a. and t', and the pattern of the flow in (a,e)-space, determined by da/de,

is completely fixed by a choice for a .
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A few typical solutions to equations (61) and (62) are plotted in

(ft, c)-diagrams (fift. 5 — 8) for the cases n = 4, 10, 2"> and 100. In

each case the two equilibrium configurations are indicated; a stable

equilibrium at (a+,e) = (1, 0) and an unstable one at (a_, 0), where

a is the smallest of the two roots to the equation

a a2 - (1 + a) a 3 / 2 + 1 = 0 . (63)

This follows directly from equation (59), for the case of corotation.

For large a, a_ can be approximated by

a"2/3 ( 1 + | a"1/3 + 0 (a"1)). (64)

It is clear from the linear analysis in §3, that (1,0) is a stable

node, while (a_,0) is a saddlepoint. This result is general, indepent

of the model of tidal interaction (Hut, 1981). Here it follows from

equation 03) : f°r « > 3 all time scales are positive, making (1,0) an

attractor. For a < 3, t- and t-r are positive, but t- = t_ is negative

and therefore (a_,0) is a saddlepoint. This can be seen also in fig.

5-8, where the broken line indicates the separatrix. This flow line,

ending at the instable equilibrium, separates the (3,e)-plane into two

sets of initial conditions. Tidal evolution starting in the upper left

half of the plane ends at the stable equilibrium, while evolution in

the lower right leads to a collision of the two stars (a •*• 0).

The qualitative form of the flow lines near equilibrium can be un-

derstood from the linear analysis leading to equations (36-39). For

a = 4, it follows from eq. (33) that t_ - t_ » t (see also fig. 4),

and the system tends to circularity much faster than to synchroniza-

tion.
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This can be seen in fig. 5, where e-K) quickly before 3*1 .For «210 U is the largest

timescale, and the binary system tends to pseudo-synchronization before

circularization is completed. Thus the tidal evolution tracks in fig.

6-8 approach each other at finite eccentricity before reaching the end

point at equilibrium. For a < 19 the pseudo-synchronization track ap-

proaches the stable equilibrium from below (a < 1). This follows from

the negativity of the last term in the right hand sides of equations

(38,39) for large t', and can be seen in fig. 6. For a > 19 stable

equilibrium is generally approached from above (a > 1), as is clear

from equation (38) and fig. 7,8.

For higher a values, the pattern of the evolutionary tracks is

rather complicated. Unstable evolution always has decreasing a and e,

but flow lines ending at the stable equilibrium can turn around several

times if tba initial eccentricity at high a is suf f iciently high (fig. 7,8).

This phenomenon can be explained as follows.

Let us start with a system where a = 25 and the initial value of

the semimajor axis is twice the equilibrium value (a = 2) and the ec-

centricity is high, say e = 0.9. This implies a rather close

periastron passage, where most of the tidal interaction takes place.

At high e, the orbital velocity is relatively rather high at perias-

tron, and consequently the primary will be spun up: angular momentum is

transferred form orbit to rotation, and both a and e decrease. The

orbit continues to shrink far under the stable equilibrium value (a < 1),

before the rotation of the primary has caught up with the orbital motion

at periastron. Hereafter the orbit continues to circularize, which causes
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the orbital angular velocity at periastron to continue to decrease

even at a stationary semimajor axis.

Consequently the rotation of the primary is now too fast, and the

primary starts to spin down: angular momentum is transferred back

again from spin to orbit. The orbit widens, and a grows. At first e

keeps diminishing, but if the difference in rotational and orbital mo-

tion at periastron becomes too large the eccentricity increases again.

What happens is the inverse of the drag effect of the earth atmosphere

on a satellite: the fast spinning primary accelerates the companion

mainly around periastron. An example of this stage of evolution is the

earth - moon system, where the rotation of the earth is slowed down

and both the eccentricity and the semimajor axis of the lunar orbit

increase through tidal interaction.

For a given semimajor axis the orbital angular momentum decreases

with, increasing eccentricity. Thus at a = 1 and e > o the orbit still

has too little angular momentum and the primary still spins too rapid-

ly. For the second time the binary system passes the equilibrium value

a = 1, this time overshooting to an orbit which is too wide again. The

orbit stops growing around the time when pseudo-synchronization is

achieved, where rotation and orbital motion are synchronized around

periastron. Hereafter the orbit slowly settles to equilibrium, with de-

creasing a and e. The reason is that the time scale t for circulari-

zation is much larger than the time scale t for pseudo-synchroniza-

tion for a » 7 (see fig. 4), as derived in § 3. This effect can

clearly be seen in fig. 7 and 8, where neighbouring flow lines clutter

around the pseudo-synchronization track before ending at the stable

equilibrium point.
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To summarize: at low values of a tidal evolution is rather simple,

with eccentricity always decreasing. At higher a values, a >> 7, the

rotational moment of inertia is relatively small. The binary system can go

through stages of upspinning and down spinning before settling to pseudo-

synchronization. Thereafter the eccentricity monotonically decreases to

zero.

The global evolutionary behaviour discussed above can be illus-

trated more quantitatively as follows. From equation (61) we can find

all (a, e)-values for which a is stationary by setting the expression

within brackets equal to zero. In this way we can find all turning points

for the evolution of the width of the orbit, fin the same way we can

determine the stationary points of the eccentricity from equation (62).

As an example, the case a = 25 is depicted in fig. 9: there is one

curve on which da/dt' = 0, and one curve on which de/dt' = 0. They

devide the (a, e)-plane in three regions: in the outside region both

a and e decrease; in the region in between the two curves a. increases

but e still decreases; and in the innermost region both a and e in-

crease.

In fig. 9 are also indicated two parts of the curve on which the

rotational angular velocity ft is stationary, and thus pseudo-synchro-

nization is achieved. This curve is obtained from equation (11) by

putting the right hand side equal to zero, and using equation (59).

In between the two parts of 'the curve ü decreases while outside fi in-

creases. In the following analysis we will find that these two parts

meet outside the figure to make one curve similar to those for S. and

e, at least for the value a = 25. The dotted line indicates where

Ï2 = 0, to the left of which the rotation is retrograde (fl < 0).
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Finally the stationary points of the inclination i can be found

from equation (13). As is indicated in fig. 9, these points also form

one curve for « = 25. In the outer region the inclination decreases,

while it increases in the inner region. Thus the assumption of zero

inclination, made in the beginning of this section is only strictly

consistent in the major part of the (3, e)-plane, outside the statio-

nary inclination curve.

It is interesting to analyse the occurrence of the global features

described above. Here only the results will be given; some details of

the straightforward, but rather tedious analysis are given in appendix

C. The stationary curves in the (a, e)-plane for a, e, ft and i occur

as follows:

- 3 has a stationary curve for all a > 3. There is a. critical value

a - 35.447 so that for lower a values the curve looks qualitatively

like the one in fig. 9: there is an inner region, covering only a restricted

eccentricity range, where daVdt' > o; outside of this region a de-

creases. For a bigger than the critical value the inner region reaches

all the way to e = 1, but approaches e = 1 only at a - », Thus for

a > 35.447 the (S, e)-plane is divided in three regions by two curves

of stationary a.

- e has no stationary curves for small a, in which case de/dt' < o

everywhere (see fig. 5, 6). Only for a >10.932 a stationary curve

exists, with an inner region in which e increases. This curve grows

with increasing a, but always stays inside the curve where a is sta-

tionary. Thus e can only increase if a increases too. The stationary

e curve meets the line e = 1 at a * » at the same critical value
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Ü •- 35.447 as the a curve dous.

- n behaves qualitatively as a: for all a > 3 a stationary curve exists.

In the inner region the primary spins down (dJl/dt' < o), while out-

side it spins up. This single curve again splits into two curves joi-

ning e = 1 at infinity, but for a lower critical value a - 27.062.

Thus we know that the two parts of the curve for stationary Ü, drawn

in fig. 9, meet at e < 1, since a = 25 is smaller than this critical

value.

- i behaves at first qualitatively like e: no stationary curves exist

for low a values, for which the inclination decreases everywhere.

For a £ 2J.532 a single curve of stationary inclination forms, always

inside the curve of stationary eccentricity. Thus the inclination can

grow only iC at the same time also the eccentricity and the semimajor

axis grow. However, the inner region of growing inclination never

reaches e = 1: the curve of stationary inclination asymptotically

reaches e - 0.9025 for a -> *>. Thus for higher eccentricities the inclina-

tion always decreases.

• This concludes the survey of the main global features of tidal evolu-

tion according to the simple model of constant time lag in equilibrium

tides. The most surprising result is the existence of so many critical

:• values where new global features appear, which went completely un-

noticed in the linear analysis of the previous section. All five dis-

tinct possibilities are summarized in table 1.
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Frora the present discussion i t i s not yet clear how the binary system

behaves for e+1, since a-*» simultaneously. To investigate the high

eccentricity limit, the tidal evolution equations have to be transformed

to another system of more suitable coordinates, e . g . , the periastron distance

Instead of the semimajor axis. This wil l be treated in a separate

publication, where i t wil l be shown that for a>35.447 disruption of the binary

system into a hyperbolic orbit i s possible.
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5. Discussion and conclusions.

Starting with the mathematically simple assumption of constant time

lag for the equilibrium tides, perturbing tidal forces were derived. By aver-

aging the effects of these perturbing forces over one orbit equations govern-

ing tidal evolution were found. The derivation, presented in §2 and in appendices

A and B, was kept elementary while stressing the physical principles involved.

At the end of appendix A it was checked explicitly that the equations give

rise to purely dissipative processes, where dissipation is halted only at

equilibrium configurations of coplanarity, circularity and corotation. In the

subsequent sections it was assumed that one of the two stars, the companion, had

a neglegible moment of inertia.

Around the stable equilibrium configurations the tidal evolution

equations were linearized and solved in S3 for two sets of variables. Time

scales for the rate of change of the semimajor axis and eccentricity of the

orbit and the rotational velocity and inclination of the primary star were

derived and discussed. It turns out that an important classification para-

meter is the ratio a of orbital angular momentum to rotational angular momentum at

equilibrium, defined in equation (22). Before equilibrium is reached, a can be

predicted simply from the total amount of angular momentum of the binary

system, which is conserved, through equation (57).

For cases where the rotational angular momentum is appreciable at

equilibrium, i.e. 5 < a < 10, the different time scales are of roughly the same

order af magnitude (see fig. Q. Forvaluesof a close to instability, i.e. 3 < a < 5, the

time scales for inclination and eccentricity are much shorter than the other

two. But if the rotational angular momentum is relatively small at equilibrium,

i.e. a i 10, the time scale for decrease in eccentricity is far larger than

the other three, which are of comparable magnitude. As an effect of this the

binary system tends to a state of pseudo-synchronization relatively quickly,
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which is defined as synchronization of orbital and rotational motion around

periastron. The inclination too vanishes on roughly the same short time scale.

(July the eccentricity diminishes on a much longer time scale. During this time

the changes in semimajor axis and rotational velocity are driven by the

slow change in eccentricity, as can be seen clearly in the solutions

(36-39) to the linearized equations (34).

For large deviations from corotation and circularity, many inter-

esting aspects of tidal evolution were found analytically in §4, with details

in appendix C, as summarized in table 1. It turns out that again tidal

evolution behaviour can be classified according to the value of a. An impres-

sion of the general pattern of changes in semimajor axis and eccentricity can

be formed from a few numerical solutions depicted in fig. 5-8 for different

values of a..Both the local and global features which were derived analytically

can be recognized in these figures.

One of the most interesting aspects of the global behaviour for

a > 10 is the occurrence of turning points in the evolution of both the eccentric-

ity and the semimajor axis, as is clearly visible in fig. 7. In § 4 this

behaviour is discussed, and conditions for its occurrence are mentioned (a >

10.932). Another result is the uniform decrease of inclination for high

eccentricity (e > -q VvT - 0.9025), independent of the values of a and the semimajor

axis. The same holds true for any eccentricity and semimajor axis if a < 21.532.

We can conclude that there are a number of interesting relations

which can be obtained analytically from the equations for tidal evolution in the weak

friction model where the tides have a constant time lag in a corotating coordinate frame.

2
Although the: equations are rather cumbersome, including several finite powerseries in e ,

several relevant combinations of these series still show a simple monoto-

nie behaviour. This surprising result enabled us to obtain many global conclu-

sisns, including a general classification of tidal evolution with respect to a.
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The model used throughout in the present analysis is admittedly

simple, but at the same time it is sufficiently general to be applicable

to a wide class of binary stars, at least in a qualitiative way. To

obtain more realistic models for tidal evolution in close

detached binary systems, a detailed study of the relevant physical pro-

cesses of energy dissipation through tidal interaction is needed. This

will certainly give more complicated equations for the tidal evolution of

orbit and rotation, with a strong dependence on the particular typ e of

system under study. Nevertheless it is expected that the conclusions

derived in this paper will still hold at least qualitatively for a wide

range of binary systems. As long as stellar oscillations, giving rise to

dynamical tides, do not dominate the tidal evolution the time scales,

derived in § 3, and the global classification made in § 4 provide a rather

complete general picture of tidal evolution.
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Appendix A

Krom the perturbation of the gravitational force between the two

stars, caused by tidal distortion of the primary, equations will be

derived for the rate of change of a, e and Ü: the semimajor axis and

eccentricity of the orbit, and the rotational angular velocity of the

primary, respectively.

First the effect of the radial perturbation of the gravitational

force, given by ( 8) as

Fr = - 3 G p (|)5 M l + 3 j T ) (Al)

will be investigated. Since this is a central force, no angular momentum

is exchanged. Therefore both Ü and the orbital angular momentum h remain

constant, where h can be expressed in terms of a and e as

(A2)

The only effect is a dissipation of energy, decreasing the orbital energy

Eorb = " 6 I " CA3)

Thus from EQrl} both a and ê can be derived, using (A2) and (A3) together

with h = 0.

The loss of energy over one orbit is

AE - orbit F r d r = 2/1F Fr f|de C M )
o

where 8 is the mean anomaly.



-42-

Using

M <A5>

we find

AE . ƒ F]. a
 e ^'"e2) sin6d 6. (A6)

° (1+e cos 6 ) 2

The first term of Fr, eq. (Al), gives no contribution, while the second .

one gives

n

AE = - 9 G m2R5k T a e (1-e
2) I ^ 2iS_8 ,de. (A7)

° 8 cos 8 ) 2

Using

and (A2) and (A5) we find

. _ e sin 9 i = e sin 9 M+m h
1+e cos 9 1+e cos 9 Mn r

GI/2(M+m)1/2a-1/2(l-e2)-l/2eSin9. (A9)

After substitution of. (A5) and (A9) in (A7), the integration over 9 can

be carried out, and results in

AE = - 9ir G 3 / 2 (M+m)1/2m2R5kT-

."•3/2 ( 1_ e 2 )-15/2 fi2 { I + J5.2 + J5 . , + ^ 6 } . ( A 1 0)
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The energy change is negative definite, as it must be for pure dissipation.

To derive the average rate of energy loss, we have to divide this

expression by the orbital period, which by Kepler's third law is

P = 2* G-1/2(M+mr1/2a3/2, (All)

so that

E o r b ~ | G2 (M+m)

This expression can be simplified by defining a typical tidal time scale

P ,

T = _ L _ (-§_) p = >L_ (Al 3)
kv? T ; s GMT

where Pg is the period of the orbit of a test particle grazing over the

surface of the primary. This is intuitively clear: expressed in units

of a typical orbit, the time scale for significant tidal effects on the

orbit is the inverse of the lag time x.

From (A3) and (A12), using (A13) directly follows

a = - 9^ q(l + q) £)8 a(l-e 2)" 1 5 / 2
 e

2{l + ±|e2 + i|e4 + ^ G } , (A14)
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i

where q is the mass ratio m/M of the two stars.

From (A2) and h = 0 then follows

(J)8 (l-e2)~13/2 e{l + ^ + ^ ^ 6 } . (A15)

As a next step, we must investigate the effect of the component Fg of

the tidal perturbation force transverse to the radius vector, given by

(8) as

i Fe = 3 G ̂  (-)5 kT (« - ê). (Al 6)

1 r

This perturbation does exchange angular momentum via a torque N = r Fg,

exerted on the secondary by the tides raised on the primary. The rate

of change of a and e can be determined again from (A2) and (A3) after

calculating Eorb and h. Conservation of total angular momentum then gives

ft as well.

The change in orbital energy over one orbit is

2ir ; 2ir
6E = / Nd6 = 3 G m2R5kt S r~7(fi - 6) d 6 (AI7)

o o

and with (A2), (A5), (A9) and (A13) this can be written as

6E = 3 | g - R 8 a " 6 ( I - e 2 ) " 6 2 / {(1+e cos 9 ) 6 Q - ( l - e 2 ) " 3 / 2 (1+e cosG ) 8 n}d9,
o

(Al 8)
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1/2 1/2 ~3/2
where n = G (M+m) a is the mean orbital angular velocity. After the

ii integration, and' dividing by the orbital period P, wo L'Lnd the rate of

change of the orbital energy

È o r b = - 3 | G (M+m) m
2 M"1 R8 a"9 (l-e2)"15/2-

l4e
2
 + ifif.* + If.» + -iff.») - 8 U-e 2) 3' 2 (l-^ 2

 + «•- • -£*)}. (A.9)

For the orbital angular momentum, the change over one orbit is

211 HA
6 h = A . N d t = ' N — . (A20)

orbit ° ê

Again using (A2), (A5), (A8) and fA9) we get

j 2 _ R 8 a - 6 ( l - e 2 ) - 6 2 / {(1 + e cos 9)6 - ( l - e 2 ) 3 / 2
5h = -3j2_R8a-6(l-e2)-62/ {(1 + e cos 9) 6 - (l-e2)3/2 (1+e cos e) 4 ->d 6 (A21)

O

which after integration and division by P, gives

h-^1 /2W1 /2^

•{(1 + -! |e2 + ^ | e - + -j|e6) - \ ( l - e 2 ) 3 / 2 (1 + 3e2 + | e - ) } . (A22)
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As- before, (A3) can be used to convert (A19) to

a = - 6 | q ( l + q) ( | ) 8 a (1-e2) ' 5 / 2 -

^ + % 6 + f i le 8 ) - ^ ( l -e 2 ) 3 / 2 (1 + ~ e 2 + ̂ e 4 + ffe*)}. (A23)4 4 128 n 2 o i o

To derive the rate of change of e, we can use (A2):

è = i (l-e2)e~1a~1a - G~1M~2o~2(M+m)e~1a~1hh. (A24)

Substituting (A22) and (A23) results in

225.9 . 225.u . 75 6\ fi /. 2\
3/2 /n 33 2 H

The rate of change of Ü follows from (A22):

- n = | ^ (Ifl) = M R2r*2n. (A26)

Here I is the moment of inertia of the primary and rg is its radius of

gyration (r 2 = 2/5 for a homogeneous star, r 2 : 0.1-0.01 for a realistic

centrally condensed star).
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Thus

2
a'

.{(1 + -i|e2 + ̂ §e" + -jfe*) - S (i-e2)
3/2 (l + 3e2 + |e") . (A27)

To summarize, the equations governing the rate of change'a, e and

n have been determined directly from the perturbing force (8). To obtain

a, (A14) and (A23) are added in (9); and for è (Al 5) and (A24) together

form (10). n is already given in (A27), which provides (11).

• Finally it is interesting to determine the energy dissipation rate,

with the total energy given by

E = E o r b + E r o t = -G ̂  + èMR2rg
2a2. (A28)

The first term receives contributions from both the radial (A12) and the

transverse (A19) perturbations, together resulting in

(A29)

where Kepler's third law has been used.
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The second terms follows directly from (A27):

Êrot = 3 | m 2 M"1 R8 a"6 (l-e2)"6-

•{(1 + J-|e2 + A^it + _|e6) n n - fi2 (1-e2) (1 + 3e2 + ̂ ek)} . (A30)

. For Q » n, energy is transferred from spin to orbit, and for

ü « n from orbit to spin. The same is true for angular momentum, as can

be seen from (A22). However, the total energy always decreases as long as

e > o or n f n, as follows from (A29) and (A30):

Ê = - 3 | m 2M- 1R 8a- 6(l-e 2) H 5 / 2 n2 {A- 2Bx + Cx2} (A31)

where

x - S <l-e2)3/2, (A32)

+ il 2 + 255 , + J85 6 + 25 8 (A33)
i. O ID 04

( A 3 4 )

C = I + 3e2 + Je*. (A35)

The energy-loss rate (A31) is minimized, at fixed eccentricity, by x = B/C.
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The expression {A - 2 Bx + Cx2} in (A31) then becomes D/C, where

C is given above, and

D = A C - B2 = |e
2
 + 4fe" + 28e* + &jfc* * ̂ ||e10 + -$e™. (A36)

Thus only at zero eccentricity can there be zero tidal energy lo-s,

which occurs for x - 1, i.e. for £2 = n. Tidal dissipation continues

until both circularity and corotation are reached.



-50-

Appendix B

When the orbital plane does not coincide with the equatorial plane

of the primary, the inclination angle between the two planes will

change under tidal interaction. To derive the rate of change in the weak friction

model where the tides have a constant time lag T, we will derive

the torque exerted on the primary in a frame comoving with the rotation

of the primary. In this frame the tidal misalignment is the simplest:

the tides point to that position on the celestial sphere where the

secondary was situated a time T before.

Let us start with a simpler non-rotating frame S (fig.10) centered

on the primary in which the orbit lies in the (x, y)-plane, so that

the orbital angular momentum h points in the z-direction:

t = h (0, 0, 1). (Bl)

The x-axis is chosen so that the rotational angular momentum I Q lies

in the (x, z) plane:

ft = ft (sin Ï, 0, cos I). (B2)

The position of the secondary is then given by

1 - e2

r = a e cos (+-») (cos •' sin •• 0) (B3)

where ifi is the angle from the x-axis to the periastron (tf> is negative

in fig. 10), and <j> is the angle from the x-axis to the secondary.
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Now let us change to a frame S' which is also nonrotating, but where

the z'-axis lies along fi. Denoting components in S1 with square brackets,

we have

ÏÏ = h £ - sin i, 0, cos i ] , (B4)

fi = fi [ 0, 0, l], (B5)

COS •• sin •• Sin ] COS Ü'
(B6)

Finally a time dependent transformation brings us to a third frame

S", corotating with the primary, via a rotation in the (x1, y')-plane

with angular velocity fi. Using curly brackets for components in S",

we have

Ï = h { - sin ï cos fit , sin ï sin fit , cos ï}, (B7)

a = Q { 0, 0, 1}, (B8)

•* 1 — e ^
r = a -r— {cos i cos (6+i|i) cos fit + sin (8+i|i) s in Sit,

1 •* 6 COS U

- cos i cos (6+ij)) s in fit + s in (9+i|0 cos fit, s in i cos (6+iJi)}, (B9)

where 6 i s the mean anomaly, 6 = ij)-i(/.
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The torque N on the tidal bulge of the primary is the generalization

of - r F-, where Fn is the transverse force given in (A17), for finit*»-0 8

inclination: In the frame S" it has the simple form

N = 3 k t G m 2R 5r~ 6r x ~L (BIO)

where f = r - 1r.

Writing out the last factor, we have

N = 3 kxG m 2R sr~ 6 f x {- cos i cos (9+iji) sin fit + sin (9+t|i) cos fit,

- cos i cos (8+i|i) cos fit - sin (9+iji) sin fit, 0}fi

+ { - cos i sin (9+ifi) cos fit + cos (8+i|>) sin fit,

. I
cos i sin (9+i|>) sin fit + cos (8+iJi) cos fit, - sin i sin (S+ip) } 8 . (B1I)

Now we can go back to the nonrotating frame S':

N = 3 7j7 m 2M" 1R 8r" 6fx [ sin (8+ifi), - cos i cos (9+^), 0 ] fi +

+ [ - cos ï sin (8+i|i), cos (9+t|i). - sin ï sin (9+i|») ] 6 (B12)

and to the original frame S:

N = 3 | m 2M" 1R 8r~ 6f x (cos I sin (8+i|/), - cos I cos (8+ifi), - sin ï sin (9+<Ji))fi

+ ( - sin (8+*), cos (8+i|/), 0 ) 6 . (BI3)
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llsint- (BI) this is

N = ^tC^r" 6 (- sin I sin2(0+*), sin i sin (B+iji) cos (8+\(i), -cos i)Ü

+ (0, 0, 1) 6 . (B14)

As a next step, we can average over the angle i|i, the angle between

periastron and the projection of S on the orbital plane. The reason is

that both precession and apsidal motion cause a rotation of

i(i on a time scale much shorter than typical tidal time scales; see e.g.

Alexander (1973). Averaging over ij; gives the average torque

(BI5)k r ~ -1

N = 3TJ mTOl^r" 6 (- { sin i, O, -cos i) « + (0, 0, 1) 9 .

This torque changes J2, which can be written with (B2) as

• —

N = 1^ = I (sin £, 0, cos £) R + Ifi (cos I, 0, -sin £) -rp . (B16)

Equating (B15) and (B16) gives

a = Y^m2M-1R8r~6(é cos ï -fl (1 - J sin2 ï)), (B17)oT = In I m2M"lR8r~S( - 9 sin i + I sin 2Ï). (B18)

However, this result covers only the change in inclination resulting from the change

in Q. By conservation of total angular momentum, h must change as well:

giving a second contribution to the change in the inclination.
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To simplify the discussion, only terms to first order in i will be

retained. A generalization to higher orders in i is straightforward.

•> it ?•

Since h = - I Q we can parametrize h as

t = h (sin j, 0, cos j) (B19)

with j = 0 initially to reduce to (Bl).

In analogy with (B16) we have

h* = (sin j, 0, cos j) h + h (cos j, 0, -sin j) ̂ = (h 4 p 0, h). (B20)

Angular momentum conservation, h = - N, gives with (B15)

(B21)

To derive the rate of change of the inclination i, defined as the angle

between h and I ft, to first order in i, we substract (B18) and (B19) after

linearization:

£ h I k <è - O ' F ) l> • <B22)

Comparing this with the linearized version of (B17)

n = | | •Ar^r-eiê - a}, (B23)

we can use (A28) to directly obtain the average over an orbit as

dt 1 ~3 T T ^ a " 1 " " ' fl*C1+ "T6 + IJ* * ~\6? ^ "̂  ^"n^ n

(B24)
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where i = i - j is the inclination, and

» • f - 1 T 't'2 <'-e2''' S <«»

is the ratio of the rotational and the orbital angular momentum.
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Appendix C

Here a derivation will be given of the global features of tidal evo-

lution as summarized in §4. We will concentrate on the behaviour of the

inclination i, which is the most complicated. The changes in a, e and fi

can be analysed in an analogous way.

Equation (13) gives the rate of change of the inclination, restrict-

ed to the case of small inclination in which we are interested:

?Ki>6<»-«2)65l<f2(«2> - id -n) £ (1 - e2)3/2 f 5 ( e 2 ) } #

Here n is the ratio of the rotational and orbital angular momentum ( n * a"1

at equilibrium):

,*** (f)2 u-e*) -i a . <c2>

and f2 (e) and f5 (e) are given by

f2 (e2) * , + i| e2 + « e4 * ^ e6f (C3)

f 5 (e
2) = 1 + 3 e2 + I e1». (C4)

To analyse the behaviour of the inclination in the (a,e)-plane we can use

equation (59), which reads

§ = (1 + a) a 3/2 - a i* (1 - e*) l'\
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Whether the inclination increases or decreases, depends solely on the

sign of the expression between brackets in (Cl). If we keep the eccentric-

ity fixed, this expression becomes a function of only one variable a, with

two fixed parameters e and ct.

F (a;e,a) = f2 (e
2) - £ (l-n) £ (1-e

2) 3/z f5 (e
2). (C6)

Substituting (C2) and (C5) in (C6), we find

F <a;e,a) = f2 (e
2) - f5(e

2) |- & ^ (I-e2)a

L 2 a

3/2 = 3/2 _ „ „ _ Q 2 N 2 = 2 1. (C7)J'+ | (l+a)U-e2) '2 a /2 - a (1-e2)2 a 2 J'

For very small or very large a values F (a;e,a) is always positive,

which means that the inclination always decreases for very large or very

small a, independent of e and a:

F ( o;e,a) = f2 (e
2) > I ; <C8)

lim a~2 F (a;e,a) = a (l-e2)2f5 (e
2) > 0 . (C9)

a-*»

To analyse the behaviour for intermediate a, we take the derivative

«

F'foe.a) = (1-e2) f5 (e
2).

[(1+a) 9 1/ - 1/ 1
(1+ct) (1-e2) /2 a /z + 2 a (1-e2) a , (CIO)

2a 4 J
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which has only one positive root

r 9 i + « fi? i i 2

~ - — { 1 + (I-e2)' 2 } .

[_16 « g J

a = I — \ i + vi~e~; i I . (Cll)
o

Furthermore F" (a ;e,a) > 0, independent from the values of e and a. Thus

F(a;e,a) attains its only minimum for positive a at ao.

Substituting (Cll) in (C7), the minimum F (a ;e,a) can be determined. It

turns out that the two parameters e and a are surprisingly well separated,

which will make the following analysis much simpler:

min F (a;e,a) = F (aQ;e,a) =f2(e
z)-f5(e

2) k ( e 2 ) u / (C12)
o<a< •» a

where

k(ez)= - J h (eZ)+ 2 h (e2)- h (e2) , (CI3)

and

~ 1 ,1
h ( e > — { /i7 + 9 (1-e )J>. (C14)

16

Thus we can conclude that for fixed a and e the inclination will

increase for one connected range of 3 values, if and only if F(3 ;e,a) < 0,

or with (C12):

f2(e
2) (1 + a)1*

P(e) = r 5 < = Q(cO. (C15)
f5(e W e ' ) a3
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If P(e) > Q(a), then the inclination decreases for all a values. In the cri-

tical case where P(e) = Q(a), there is only one point where the inclination

is stationary; for all other a values it decreases. However, these conclusions

are valid only for o S e < 0.9025 where P(e) > 0. For higher eccentricity P(e)

changes sign, and F(a ; e,a) > 0 independent of a. Thus for all eccentricity

above a critical value e = 0.9025 the inclination always decreases, indepen-

dent of a and a.

The two functions P(e) en Q(a) are plotted in fig. U. It can be seen

that Q(a) and P(e) are both monotonously increasing, at least for e < e .At

2
e ,P(e) jumps from +°° to -<», since k(e ) in equation (C13) goes through zero.

/. if .

With (C13) and (C14) then follows *cx= f ^> = 0.9025. For a given value of

a, the maximum eccentricity e for which the inclination can be stationary

•can be determined from fig. 11 by equating P(e ) = Q(ct). The monotonous in-

crease of P(e) then guarantees the existence of two stationary points in the

(a,e)-plane for all values e < e
max

The critical a value below of which the inclination decreases every-

where is obtained when e = 0. From (CI3) and (C15) we thus obtain a quartic
max

equation for a :

(1 + a )k 1 8192
(C16)

107

which gives

a « 21.5322
cr
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Finally we will show that an increasing inclination implies an increasing

eccentricity as well. We have seen above that the area of increasing inclina-

tion is simply connected in the {a,e}-plane. The same can be derived for the

area of increasing inclination. Thus it is sufficient to prove that stationary

eccentricity (-?£ = 0) always implies decreasing inclination (-ri- < 0) . This

then implies that the area of increasing inclination is contained inside the

area of increasing eccentricity if they have at least one point in common.

It is obvious from fig. 9 that this is the case for a = 25. By continuity

this holds also for all other values of a > 3, if the curves of stationary

e and i never cross, i.e. if -rr - 0 implies -j^ > 0 strictly for all a.

deTo prove this, starting with -j- = 0, equation (10) gives

Q 18 £3^) .
(1 - e2)"372 , (C17)

n 11 M e 2 )

where

f3(e
2) = 1 + i| e2 + i| e* + -jf e6 ; (C18)

M e 2 ) = 1 + | e2 + i e4 . (C19)

Substituting (C17) in (Cl), the equation for i reads

di 11 k q2

= _ (Rje (1 _ e2)~
9/ 2 "' ' ±

dt 6 T rg2 » f3(e2)

9 f3(e
2)

•{f2(e
2) --. f5(e

2) (l - „)} . (C20)

11 Me2)
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Here we have the anticipated result: the expression between brackets is po-

sitive for all n > 0, since the function

II f2(e
2) f4(e

2)
R(e) • (C21)

9 f3(e
2) f5(e

2)

is larger than unity for any eccentricity. In fact, R(e) is a monotonously

increasing function, with

ii=R(o) «R(.)«R(l)-ff!

Thus we have proven that — = 0 implies -j— > 0. As discussed above,

this again implies

(C23)

one of the relations listed in the second half of table 1.
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Figure captions

Figure 1. Tides raised on the primary, with mass M, by the companion,

with mass m, are approximated as point masses, with mass p, to

compute the perturbing tidal force reacting back on the companion.

See text for definitions of symbols used.

Figure 2. The 2:3 resonance of orbit and rotation of Mercury. Through

a permanent asymmetry in its shape, expressed exaggerated here, Mercury

is locked in in a state of pseudo-synchronization of orbit and rotation

around perihelium.

Figure 3. The rotational angular velocity Ü for pseudo-synchronization,
ps

expressed in units of the mean motion n, and of the orbital angular velo-

city at periastron n , as a function of eccentricity e.

Figure 4. Time scales for the approach of circularization t ; of copla-

narity t.; and of pseudo-synchronization t , expressed in units of a

typical tidal time scale T , defined in equation (49).

Figure 5 - 8 . Flow lines of the solutions to the tidal evolution equa-

tions (61, 62) for different values of a. The coordinates are e, the

eccentricity, and S, the semimajor axis in units of its stable equili-

brium value. Thus a+ is unity and a_, the value of a at the unstable

equilibrium, is defined implicitly in equation (63). The broken line

is the flow line ending at the unstable equilibrium, separating the

solutions ending in collision from the solutions ending at the stable

equilibrium configuration.
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Figure 9. Regions of different types of tidal evolution for a = 25.

The broken line is the same as in fig. 7 and the dotted line seperates

the upper region, where ft < 0, from the lower region where fl > 0.

Figure 10. An illustration of the inclination evolution, as derived in

appendix 2. The orbit lies in the (x.y)-plane, while the line of inter-

section of the orbital and the equatiorial plane coincides with the y-axis.

Figure 11. The auxiliary functions P(e) and Q(«), which are useful for

investigating the behaviour of the inclination as derived in appendix C.
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I . 3

EXPLOSIVE MASS LOSS IN BINARY STARS:
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Roetersstraat 15

1018 WB Amsterdam

The Netherlands

and F. Verhuist

Mathematisch Instituut

Rijksuniversiteit Utrecht

3508 TA Utrecht

The Netherlands

Summary

Quick loss of mass, as happens in a supernova explosion, disrupts a

binary star with an initially circular orbit if more than roughly half the

total mass is ejected. This critical mass fraction is determined by the form

and duration of the process of mass loss. Asymptotic expansions by the two

time-scale method are introduced and illustrated by a simple example. The

method is then used to obtain approximate solutions to this boundary layer

type problem of jumps between Kepler orbits. For exponential mass loss the

critical mass fraction can thus be approximated analytically in a power

series of a small parameter c, characterizing the ratio of the time-scales

of the duration of the explosion and the orbital period. The first few

terms, up to E , are derived explicitly, thereby illustrating the use

of the two time-scale method in detail.
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1. Introduction

The multiple time-scale method is very useful in obtaining approximate

solutions to singular perturbation problems. Although well known in hydro-

dynamics, it has not yet been widely applied in astrophysics. The aim of

this paper is twofold: to introduce asymptotic expansions by the two

time-scale method, illustrated in §2 by a simple example, and to apply

this method, in §3, to the two body problem with quick mass loss.

A supernova explosion of one of the stars in a binary system changes

the relative orbit in several ways. First of all, the orbit widens and

changes form since the gravitational potential energy decreases in absolute

value. Secondly, the companion star can get a kick velocity upon impact of

part of the ejected material. Furthermore, a possible asymmetry in the

explosion will give a kick velocity to the remnant of the exploded star

itself. For a review of the older literature on systems with loss of mass

see Hadjidemetriou (1967).

The first, and dominant effect was investigated by Blaauw (1961),

Boersma (1961) and van den Heuvel (1968), among others. These authors

obtained analytical results in the approximation of an instantaneous explosion,

and numerical results for the more general case of a finite duration of mass

loss. The aim of this paper is to derive analytical approximations also for

the more general case. We will not consider impact on the companion star (for

a recent discussion, see Fryxell and Arnett, 1980), or deviations from

spherical symmetry (see e.g. Sutantyo, 1978). It then follows that there is

no dependency on the ejection speed: although in general matter lost from

the system continues to disturb the two stars by its tidal gravitational

field, this effect is absent for spherical ejection, since the gravitational

potential inside a homogeneous mass shell is constant. Therefore deviations

from the instantaneous approximation are caused only by the finite duration

of the process of mass loss.

To describe quick mass loss in the two body problem it is convenient to

introduce a small parameter

0 ^ 1, (I)

where t characterizes the time-scale on which mass is ejected and P_ is the

original orbital period. The first analytic treatment was given by

Verhuist (1975, 1976) to order e for a variety of functions describing

quick mass loss (the as-cal led modified Jeans-Eddington functions), using
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matched asymptotic expansions. In the following we will concentrate on the

simple case of exponential mass loss and circular initial values. We then

have to expand to higher order in e. The total mass of the two stars in

this case is given by

m(t) = m r + (1-mr)e"
t/T, (2)

normalized to unity at t = 0 by a convenient choice of unit of mass. The

mass fraction remaining after the explosion is denoted by m .

Both from the point of view of astrophysical applications and of

approximation theory an interesting special case is formed by starting

initially with a circular orbit. He define a critical remaining mass

fraction m (e) as the value of m for which the binary system is just

disrupted into a parabolic orbit. For m > m c the orbit remains elliptical

and the system is always bound, while for m < m c the system is disrupted

into a hyperbolic orbit. In the instantaneous approximation at least half

the total mass needs to be sent off in order to disrupt the binary system

(Blaauw, 1961), i.e. m (0) = 0.5. To first order in e this result carries

through (Verhuist, 1976), or

n£(e) - 0.5 + 0(e2). (3)

In §4 the higher-order effect in the perturbed orbit is calculated,
2using the two time-scale method.to order e • Also the asymptotic validity

of the expansions will be discussed there.

In §5 the analysis of the previous section is carried on to order

e for the circular case mentioned above, and the critical remaining mass

fraction m ( e ) is determined to this order. Care is given to the explicit

treatment of the interplay between second and higher order terms. Besides

offering an interesting example of higher order application of the powerful

method of two time-scale expansions, the restriction to an initially spherical

orbit is realistic, since many close binary systems are circularized at the

time of a supernova explosion.

2. On using singular perturbation techniques.

Many, if not most phenomena in astronomy and astrophysics are described

by systems of nonlinear equations. Only very few of these problems can be

solved exactly so it is not surprising that most of them are handled nowadays

by approximation techniques. For instance numerical analysis works veil if
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one wants to determine the value of certain quantities in a well understood

but complicated model, eq. in modelling stellar atmospheres. However, the

treatment of equations by numerical methods alone has disadvantages if one

wishes to obtain some general insight into the relation between quantities

or the part played by certain parameters. Serious progress towards under-

standing nonlinear processes has been made during the last decades in the

mathematical theory of asymptotic analysis. Many methods are available now

to tackle nonlinear problems and the edition by Verhuist (1979) of a

number of case studies has been an attempt to bridge the gap between

mathematics and some fields of application. We mention in this context

the theory of nonlinear waves and the study of. relaxation oscillations.

Here we shall discuss another phenomenon.

Suppose we start with a mechanical system which until a certain time,

say t = 0, is in a stationary state (equilibrium state or periodic motion).

Let's take as one of the simplest examples the motion described by the

harmonic oscillator. At time t = 0 the mechanical system is forced by a

large perturbation, i.e. a perturbation which in magnitude is comparable

with the forces acting in stationary motion; after a short interval of time

however, the magnitude of the perturbation becomes very small and remains so.

A simple example of such a forcing is described by the equation

-t/e
x + x = e

with t > 0 and e a small positive parameter. If we take for the initial

position and velocity x(0) = 1, x(0) = 0 the exact solution reads

_2
x(t) = cos t + sin t + ( ~ t / E- cos t)

1+e 1+G

How do we treat this example as a perturbation problem with respect to the

small paramater e? During a short interval of time 0 < t < E the forcing

has most of its effectiveness; we call this a boundary layer in time.

After this, for t %> e, the quantity exp.(-t/e) is very small and the

solution can be approximated by a harmonic one

x(t) = cost t + sin t - cos t
I+e 1+E

More precisely we have

x(t) - x(t)=0(E2e"1/£) for t > 1.

Note however, that the approximation x(t) does not satisfy the initial'values

which means that the error estimate is not valid for t > 0. We wish to find
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an approximate solution for t > 0 and in particular the transition phenomena

in the boundary layer. Of course we have to carry out this program without

the advance knowledge of the exact solution. This is the subject of the

theory of singular perturbations which we shall apply to the two-body -

problem with explosive loss of mass.

3. Formulation of the perturbed two-body problem.

Consider the system of two bodies, approximated as point masses, acting

upon each other by the Newtonian gravitational force field. Assume that mass

is ejected isotropically from the system at very high velocities and is lost

to the system. If most of the ejected mass is lost within a short interval

of time, how will the orbits change? In particular one of the basic questions

is: starting with a circular or elliptic orbit, will the process result, in a

bounded system or will there be escape?

The equation of motion is (see Verhuist, 1975 and other references there):

r r

where T is a positive constant time; because of the isotropy the specific

angular momentum integral

c = r2ê (5)
is conserved, although the total angular momentum decreases with the amount

carried off by the ejected matter. The distance between the two stars is r;

6 is the true anomaly of the relative orbit. In this paper we choose for the

mass function

m(t) - mr + (mo-mr)e"
t/T (6)

where m. is the initial mass, m the rest mass. We normalize

G = c = m. = 1

If one puts p = 1/r and one introduces 6 as a time-like variable instead of

t it is easy to derive that

^-§ + p •= m
d6Z

The simplicity of this equation is deceptive as m is a function of t and still

unknown as a function of 6.

We put

u = m - m

where u indicates how much mass is left over above the asymptotic rest mass m
r
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We find the system

,2
£ + p = m
2d6

„ du
6 dé

(7)

(3)

with the dimensionless quantity E determined by (1) and the. normalization of

G, c and mfl. Note that the system has to be supplied by 3 initial conditions;

for initially circular orbits we have f(0) = 0 so that

dp/d9(0) = 0; p(0) = 1.

By definition we have u(8) > 0 and

u(0) 1 - m

(7a)

(8a)

Most of the ejected mass is lost very quickly if e is a small parameter; in

that case a perturbation expansion with respect to e runs into difficulties

typical for singular perturbation problems. Putting E = 0, corresponding

with instantaneous explosion, we have from equation (8)

u(9) = 0

which cannot satisfy the initial condition.

In the next sections we shall discuss asymptotic expansions of the

solutions in the case £ small. For results in cases of other mass functions

than the exponential one and for mathematical details we refer to Verhuist

(1975). In that paper one also finds the results relating to orbits which are

initially elliptic.

A. Second-order asymptotic expansions for initially circular orbits;

asymptotic validity.

Following 0'Mailey (1971) we expand the solution of the third-order

system (7-8) using two independent variables: ordinary "time" 6 and

fast "time" v * 6/e. We put

Ea,(6) + e2a2(6) + e
3 ...

2 3
EOj(v) + E a,(v) + e ...

bo(0) + eb,(6) + e
2b2(9) + e

3

+ eB,(v) + E 2B 2(V) + e
3

(9a)

(9b)
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u = co(6) + ec,(6) + e
2c2(6) + e

3 ... +

Yo<\>) + EY,(V) + e
2Y2(v) + e

3 ... (9c)

The part containing only terms in 8 is called the outer expansion, the part

containing functions of V is called the boundary layer expansion. The

determination of the coefficients in (9a-c) takes place in two stages.

First we require the outer expansion to satisfy system (7-8).

After substituting the expansions we find

0 _ . n ,
do" ~ b0 dë~ n

dbQ db

d@ a0 + mr dT = -\ . n-1,2,...

cn(0) =0, n =0,1,2,...

The outer expansion for u cannot satisfy the initial condition (8a); for

p and dp/d6 (a and b ) we solve, applying the initial conditions (7a)

an(8) = m + (1-tn ) cos 6
° (10a)

bo(6) - - (l-mr) sin 6

For the complete expansion (9ab) to satisfy the initial conditions we have

to put

an(0) = -an(0) , bn(0) = -pn(0) , n - 1,2,...

So we find

a (9) = -a (0) cos 6 - B (0) sin 6
n (10b)

bn(9) = an(0) sin 6 - 6n(0) cos 0 , n = 1,2,...

In the second stage the boundary layer terms are obtained by substituting

the complete expansion (9abc) into equations (7-8), transforming 6 = ev

and solving the corresponding perturbation problem. The linearity of

equation (7) facilitates the computation; we find equations involving

boundary layer terms only:

da. da
L - n !L _ a

dv " U dv~ Bn~l

dB, dBn
 (11)

-^ = ° + V n 2 3
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For u we find with (9c) and equation (8)

w-' ~Yo • V o ) = u(0) V
So

YO(V) = (I-mr)e"
V

Note that we have no initial conditions for the set of equations (11). These

solutions are determined uniquely by the matching conditions

lim a (V) = 0 , lim 3 (v) = 0 , n > 1,2,... (12a)
n n

At the same time

lim Y (V) = 0 , n = 0,1,2,... (12b)
n

As YA satisf ies the in i t ia l condition for u we put

Y (0) = 0 , n = 1,2, . . . (13)
n

For a., g. we find with the matching condition (12a)

a,(v) = 0 , 6,(v) = -<l-mt)e~
v

So we have with (10b)

a,(6) = (l-mr) sin 8, bj(e) = (l-mr) cos 6

For Yi w e find the equation

-i— = "Yj.so with initial condition (13) Yi(V) S 0.

From this point on, the calculation can be repeated to find the higher

order terms. At each order we have a more complicated calculation but

running along exactly the same lines. The main complication at higher order

arises from the fact that the outer expansion terms have to be re-expanded

in boundary layer variables, putting 8 = ev. With induction it is easy to

show that

\f) = 0 , g„ (v) = 0 , n = 0,1,2

From equations (11) we find explici t ly

ot2(v) = (l-mr)e~V , 62(v) = 0
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so that
a2(8) - -(l-mr) cos 6 , l>2<8) - (l-mr) sin 6.

Thus far the asymptotic expansions have been formal, i .e . no asymptotic

validity has been indicated. O'Malley (1971) gives a theorem which states

for the truncated series (9abc):

|p(8) - p ( n ) (6) | - 0(En+1) for 0 < 8 2TT

p (8) is the series (9a) with the terms e n and higher order dropped.

Analogous results hold for dp/d6 and u.

It is remarkable that one can easily show that for the initial value

problem (7-8) the asymptotic validity can be extended for all time; cf.

Verhuist (1979). So

|p(8) - pn(8)| = 0(en+1) for 6 > 0

and analogous results for dp/do and u.

In the proof the particular form of equations (7-8) is used to obtain an

integral equation in which we separate integration over [0,2ir]and [2ir,°°) .

The second integration produces terms which are exponentially small. From

the mechanics point of view this means that after one revolution most of

the mass to be shed has gone and the binary system settles down into a

new (nearly-Keplerian) equilibrium state.

5. Fourth-order asymptotic expansions; the critical rest mass.

To find Y2(
v) ana higher order terms an additional calculational effort

is needed. At this order one has the influence of the outer expansion terms,

rewritten in the v-variable which produce nontrivial terms in the expansions.

One has for example

(a+ea+e*a+e 'aj*

so that after expansion of a , a., a.(ev)

dv~ = " Y2 ~ V ( I " V V " 2<l-*r>V + 2<1-mr) W-nJe

and with the initial condition (13)
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Y2(v) = - 0 - m r )
2 e"V (̂ v3 - v2 + 2v + 2e"V - 2)

We summarize the calculations as follows:

p = m + (1-m )cos 6 + e(l-m )sin 6 + e (1-m )(-cos 6 + e ) -

- e3(l-mr)(2-mr)sine [|(ll-9mr)cos 6 - e"V

- |( l-mr)e"2 v - (l-mr) e"V (^v3 + v2 + 4v + 4)] + e5 . . .

(14a)

i-re = -(1-m )sin 9 + e(l-m )(cos 6 - e V) + e (1-m )sin 0 +do r r r

+ e3(l-mr)[-(2-mr)cos 6 + e"
V
 r ̂ ^ j ^

- E4 -|(l-mr)(ll-9mr)sin 0 + e
5 ...

These expressions enable us to expand the critical rest mass m as a power

series in e. If Ê is the energy of the two-body system, m. and m_ are the

respective masses, the specific energy E is defined by

m +m _
E = L 1

(14b)

We find for the specific energy

Here m(t) is again the total mass of the binary system.

Transforming to p, dp/d6 and putting G = c = 1 we obtain

E = T t(§>2 + p2n-"* (15)

We find an approximation for the energy E of the system after most of the

mass ejection has taken place by putting m = m and using the approximations

(14ab); also the boundary layer terms (functions of v) are discarded. We

abbreviate lim E(t) = E and find:
00

4
4j-(!-mr)

2(8-7mr) + 0(e
6) (16)

The critical rest mass is found by requiring E ^ to be zero i.e. the resulting

orbit is parabolic. Putting E„ = 0 and inverting the power series we have
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It is clear that a positive duration of time for the process of mass loss

stabilizes the system. For instantaneous loss of mass we have disruption of

the orbit if m < -r, for non-instantaneous loss of mass this value is lower

i.e. more mass has to be shed to disrupt the system.

In figure 1 the critical mass fraction m£(e) has been plotted using

approximations with error e , e and e . As has been remarked in §4, the

expansions (16) and (17) represent valid approximations for all positive

time (6 > 0 ) .
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fig. 1.
The critical mass fraction mg(e), left in the binary system after
the explosion, for parabolic disruption from an initially
circular orbit, e is the ratio of the time-scales of mass
ejection and orbital revolution. The solid line denotes the
numerical approximation and the dashed lines indicate three
successive asymptotic approximations.
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Summary. We consider bin.ir> models in which the beams ofSS 4.13
emcigc from the center of •' supercritical accretion disk around a
compact object. Assuming the disk to be "slaved", i.e. its precession
to be induced by driven Newtonian precession of a misaligned
early-type companion star, the following constraints on the system
parameters are found:

(i) If the companion's rotation is close to synchronous, only
binary periods of the order of 1 d are possible;

lii) if the companion's rotation is 1.4 to 2 times faster than
synchronous, also orbital periods of the order of 10 d are allowed.

In both cases, if the comp.ict star is a neutron star which we
consider most likely . the uaily-typc slur should have a mass
t; It).//-, implying, in view of its M,.g-41", that it is probably a
Wolf-Rayct star. The presence of strong Balmer-line emission then
implies that it is most probably a WN 7-9 star. If the compact star
is an 8.//-., black hole, also companion masses in the range of O
stars 120.//, or more) are allowed. A discussion of the reported
13.1 -d spectroscopie and 6.5 d photometric periodicities and their
possible near I d and near 0.5 d aliases, respectively, shows that
binary periods near I d, though less likely, might not yet be com-
pletely ruled out.

Key words: X-ray binaries precession SS 433 - accretion disks
Wolf-Ravct stars - O stars

I. Introduction

In a foregoing paper (van den Heuvel et al.. 1980: hereafter referred
to as Paper I) it was argued, from the optical and IR characteristics,
distance Ig3.5kpc>. interstellar extinction M.Sö"1) and deduced
system dimensions, that the underlying optical object in SS433 is
a luminous Of- or Wolf-Rayet-like star with M, sj —4™ and a
stellar wind mass loss rate . / /„g 10"? .//-^yr. This conjecture
is further strengthened by recent radio observations (van Gor-
kom et al.. 1980) which show the distance to be even larger
than we assumed li.e. 3.7 to 4.7 kpc), new IR observations (Giles
et al_ 1979: Allen. 19791 which show that the IR emission is most
easily explained us/-/and h-f emission from a region of gas that
has a volume, temperature and electron density very similar to
those of the winds of extreme Of stars and WR stars (cf. Paper I
and Sect. 4) and new determinations of the interstellar extinction
which suggest .-I, 26"1 to 8md\lurdinetal. I9K0)implying Mv£ -4™

Send offprint requests to: E. P. J. van den Heuvel
* Also at: Astrophysical Institute. Vrije Universiteit. Brussels.
Belgium

to - 6m. It was further argued in Paper I thai SS 433 is likely to be
a later stage of evolution of a massive X-ray binan. in which the
rate of mass transfer has become supercritical, and has induced the
formation of a thick accretion disk around a neutron star com-
panion. Similar to suggestions by Katz (1980) and by Martin and
Rees (1979) the beams of SS433 arc in this model thought to be
due to the ejection of the excess transferred matter from the central
parts of the disk, in a direction perpendicular to the disk plane.
The precession of the disk and the beams is ascribed here to tidally
driven (classical) precession of the misaligned rotationally deformed
optical companion star. Since the transfer time of matter through
the disk in massive X-ray binaries is expected to be much shorter
than 164 d (cf. Bonnct-Bidaud and Van der Klis, 1979) one expects
the disk to follow the precession of the companion (a so-called
"slaved disk"). In this picture, W 50 is not a supernova remnant,
but owes its formation to the beams of SS 433 in the way suggested
by Begelman et al. (1980).

In the present paper we examine more closely the implications
of the observed precession, assuming it indeed to be due to preces-
sion of the companion driven by the tidal torque on its misaligned
rotational bulge. We assume the mass of the normal star to be in
the range between 6 and 30 • # o and consider two cases, viz.: (i) the
normal star has (nearly) synchronous rotation (though misaligned),
and (ii) the normal star rotates considerably faster than synchro-
nous. It appears that in the first case only binary periods of less than
a few days are possible. This holds regardless of whether the com-
pact star is a 1.5 Jl3 neutron star or an 8 - # o black hole.

On the other hand, if the star rotates some 40 "ó faster than
synchronous, tidally driven precession also allows binary periods
of the order of lOd. In the latter case, for a 1.5 Jlz compact star
the mass of the early-type component should be <10..#3; for
an 8. //^ compact star there is no such restriction.

In Sect. 3 we discuss the result of Sect. 2 in the light of the
recently reported 13.Id periodicity in the radial velocity variations
(Crampton et al., 1980) and the 6.5-d periodicity of the photometric
variations (Kemp et al.. 1980), and of their possible I d and 0.5 d
aliases (0.5 d photometric aliases would be expected in case of a
near l-d double-wave photometric variation and appear not to be
excluded by Kemp et al.'s observations, as discussed in Sect. 3).

2. Theoretical Restrictions on die Slaved-disk Model

2.1. lite Synchronous Ctise

Assuming tidally driven precession of the non-degenerate star and
using Eqs. (12H16) of Paper I we have

P..,h.'Pv,.*=((»«, + w, )/m,) fc, (R ,/u)5 (<« ,/(o
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«here /"„,,, and /*,,,„ are Ihi: oibilal anil processional peiiod. m,
and in, arc the musses of the compact object and the normal star,
respectively. It-, and w2 are the radius and rotational angular
velocity of the normal star, respectively and mn. n. e. and k2 are
the orhilul angular velocity, the semi-major axis and eccentricity of
the orbit, and the apsidal motion constant of the normal star,
respectively, and /. is given by

) sin 6. (2)

where iï [i/1] is the angle between the orbital [spin] angular momen-
tum vector and the total angular momentum vector of the system.
For <t>. ii< 1 (e.g.: £20 ) we can approximate /. by

where L and S are the absolute magnitudes of the orbital and spin
angular momentum vectors, respectively (spin of the normal star),
in order to estimate /., one may write

LIS=[mlm2l(mi +m2))a
2wB U~e2)' '2lk m2R2

 2w2

= (mI/(m,+m2))(l-e3)1 Ha/R2)
2{v)ui(O2)/k, (4)

where k denotes the square of the gyration radius of the normal
star.

As argued in Paper I. the very large absolute optical luminosity
of SS433 as well as Us wind mass loss rate .# > Êl()" 5 . / / t l yr"'
together with the presence of strong Men 4686 and N111. Cm 4640
lines, suggest the presence of an Of star or a Wolf-Kayct star.
Taking into account the wind mass loss during its previous evolu-
tion, we adopt a mass of -2O./7. for an Of star (cf. Underhill.
1966: Conti, 1979) and assume that its rotation rale deviates little
from synchronism, i.e. iUjSiu(l. In this case its radius R2 cannot
exceed the radius of its Roche lobe. (We assume that the misalign-
ment is relatively small ( < 2 0 ) such that, in first approximation,
its effects on the limiting radius can be neglected). RKm.hc can be
approximated by the expression (Paczynski, 1971):

Rn„ci,c/«'=0.38+0.2log(m2/m1) (5)

which for m2a:20.*G: m, = 1.5.//o yields R2/u g0.6. [Similarly,
for a typical Wolf-Rayet star mass of m1^6.ffe. (cf. Underhill,
1966: Conli. 1979) one obtains R.i/§0.5.] Since AgO.05 for stars
on or slightly beyond the upper main sequence (Motz, 1952;
Sulantyo, 1975) we then have, with w2%iu0. that L^4S (LX16S
in the case of a 6. ffc Wolf-Rayet star), hence ( t 4- S)/SarL/S*. One
therefore obtains a reasonably accurate estimate (within about
+30%) of P„Ih.'Pp,„ by approximating A by Eq. (4), which yields.
withEq.(l):

the uppei limit In lev» than a lacloi of two, as can be seen lioni
Table 1. If one would assume a polyliopic index S.<. wineh smns
still reasonable on the upper mam-sequence, one obtains k I, ,Z$.
such that the above upper limits will he reduced bj about 40 "u.
Consequently, for nearly synchronous rotation and not loo laigi-
eccentricities the orbital periods allowed for driven piecession in
an early-type binary model arc of the order of one day.

2... Nvn-sviuhrtiiuws Rmuliim

In close binaries with P> 5 d one often observes that the primaries
rotate considerably faster than synchronous. This is particular!}
the case for the unevolved components of post-mass exchange
binaries in which deviations of up to a factor of 5 are observed
(Plavec, 1970; Olson. 1968). This is presumably due to their accre-
tion of mass and angular momentum during the mass transfer stage.
Since also the non-degenerate components of the massive X-ra\
binaries were originally the secondaries which went through a stage
of mass accretion, non-synchronous rotation can also be expected
for them.

For Pg 5 d synchronisation by tidal forces in such svstems inaj
take longer than the lifetimes of the stars. Indeed, in the K.%it
period massive X-ray binary 4U0900 40 (Vela X-l) still a consider-
able orbital eccentricity of ~0.(W is observed (Rappaporl et al..
1980). which indicates that tidal forces have not yet been able to
circularize its orbit since the supernova explosion which produced
its compact star, several million years ago (cf van den Heuvel. l**T~i.
Since the timescales for tidal circularisalion. alignment of the rota-
tion axis and synchronisation, are ofthe same oider. considerable
deviations from synchronous rotation and alignment seem verv
well possible in X-ray binaries with P>5 d. Misalignment may have
been induced by the supernova that produced the neutron star.

In the case of large deviations from synchronism the Roche-
lobe concept becomes meaningless, and the star may become larger
than this lobe without causing the onset of large scale mass transfer
(cf. Taam et al., 1978). We can apply two criteria to determine the
maximum stellar radius in this case.

First of all the star should not rotate so fast that it becomes
ccntrifugally unbound. Therefore the centrifugal force at the surface
of the star should not exceed the gravitational attraction, i.e.
(u; R,gGm2/Rf. This condition yields

Ko0). (6)

For a black hole (. Hx > 1.5 J/^) the accuracy is even better. From
the calculations by Motz (1952) it appears that for stars with a
polytropic index MS2.5 (i.e. on or slightly beyond the upper main
sequence! k:k2 is always S 3. Inserting this value in Eq. (6) together
with the relevant parameters for Of or WR stars, one obtains, with
/",„„= 164*1 and m, = 1.5.//.;. the following upper limits for the
orbital periods:

/',„„ S1.15 (<u, /<y0) (1 - e21

and for a (t./fs WR star:

(7a)

P,. ,hSl.S2te. l , , , | | l . - l . ' | -^d. (7b)

These limits are not very sensitive to the mass of the compact
object. Replacing the neutron star bv a black hole of 8. / / ^ changes

2'J (m2/(m, (8a)

For w2 = 1.4 a>0 and 2<u0 (and m,<$ m2). this yields R;.g0.80 a and
50.63 a. respectively.

Secondly, the compact object which travels in a low orbit over
the surface of the normal star should not disrupt the envelope of
the latter. We can estimate the minimum height of the orbit of the
compact object by using an impulse-approximation. The momen-
tum Av transferred to a unit mass at the stellar surface, can be
estimated from

Jr=FWr0 , (8h)

where ! 0 is the orbital velocity of (he compact object in a frame
corolating with the star, F is the gravitational attraction at the
stellar surface, due to the compact star and h=a-R is the height
of the orbit above the surface. After the passage of the compact
object the surface material will fall back towards the star only if
.1r<rc,L.. the escape velocity on the surface.

We calculated the upper limits to the stellar radius set by the
centrifugal condition (8a) as well as by the impulse-condition (8b)
for «ii'fUo ranging from 1.2 to 2.0. m2 —6 to 30. ffE and m, = 1.5



- 91 -

1' I Uu ;niil I I' J van din H>-u-.cl: I'reoion ami Sjstem Paiatiieti-ii in l-aiK-typc llin.ii> Models foi SS 4'? 329

Fig. I. Upper limits io the orbital period in the non-synchronous
case, as a function of the nu^s m. of the early-type star for compact
companions of 1.5 .11,^ and 8.0.^-,, respectively. Parameters is
<•),.'cu0 (the ratio of the rotational and orbital angular velocities).
Form, =8v#Qandiu,,(u112:1.4, the parts of the curve for nijSR .H'o
arc uncertain (see text)

and X // , respectively. Il appears that for m, - l . 5 . / / o and
•o, «<„ J? 1.2. as well as for m, - S.//,., and IU./H»,,5^ 1.7. the upper
limit 'lue lo the centrifugal condition is below ihat due to the
impulse condition for any m. St6.//..., implying that the centrifugal
condition should be used in these cases. Using this limit one can.
with Eq. (6) and assuming Pft = I64d. again calculate the upper
limits to the orbital period required for producing the observed
precession. Figure 1 depicts the thus obtained upper limits for the
above mentioned sets of parameters, and k/k2 = 3. For in, =-• 8. M3

and w,.V«,,= 1.2 and 1.4, the curves for m,<40..#o and < 24,.<?.,,
respectively, arc determined by the impulse condition and have a
different shape, as depicted in Fie. I.

In fact, for m,=8.//r, and mz<\0//0. it is no longer clear
what limit should be taken. Because, when m, and m, are approxi-
mately equal, the tidal forces due to the 8 • / / 0 compact star will be
felt everywhere around the surface of the normal star and hence,
the impulse approximation becomes too crude. One would expect
in this case the upper limit to the radius to have a value somewhere

between the centrifugal limit and the Roche-lobe radius. Adopting
fur the mass range m, S' 10.//,, a maximum value of R2 hallway
between these two limits one obtains orbital periods in the range
9 to 14 d.

In Table I the upper limits resulting from the above analysis
are summarized for the cases wi = 20,//Q and 6//~ with u>,iv>a —
L4 and 2.0 (for the case wi2=6.//o , m!=8 . / / o , (o2/iy0 = 1.4. the
upper limit to R2 was taken halfway between /?R„t.he and the centrif-
ugal limit). The table shows that for non-synchronous rotation Ihe
orbital periods allowed for driven precession in an early-type binary
model extend to 16d for a black hole t . npunion and to over 9 d
for a neutron star companion. Taking into account the (1 -ei)'il1

factor and the various approximations made, the actual upper
limits may easily be 50°,; higher.

3, Comparison with the Observations

i.l. Binary Periods Allowed hy the Spectroscopie and Photometric
Observations

Cramplon et al.'s (1980) observations suggest a 13.1 d periodicity
in the radial velocities of the "stationary" hydrogen emission
lines in SS 433. If this is the true orbital period and the 164-d period
is due to tidally driven precession ("slaved disk") then, according
in Table I, regardless of whether the compact star is a neutron star
or a black hole, the only possible early-type configuration is one
in which (he companion is rotating (highly) non-synchronuusly. In
the case of a neutron star, the early-type star should be a Wolf-
Rayct star: in case of a black hole, also Of-stars are allowed.

On the other hand, the table shows that if the companion is
close to co-rotation, only binary period of the order of one day or
less can explain the ! 64-d precession [assuming the precession to be
tidally driven: the same is true for most other precession mechanisms,
cf. Kat7 (1980) and Davidson and McCray (1979)]. We would like
to point out here that orbital periods near one day have, in fact,
not been ruled out by Crampton et al.'s spectroscopie observations,
and might still be allowed by the extensive photometric observations
by Kemp et al. (1979). The argumentation is as follows. If the true
orbital period is close to one day, i.e. either 13/12 of 13/14 d (26 or
22 h. respectively), observations spaced by multiples of one day will
give the impression of a 13-d periodicity. Crampton et al. did not
favour this possibility but could not rule it out convincingly, as
Fig. 2 demonstrates. In this Figure the observations by these authors

Table I. Upper limits to the binary period for four presumably representative combinations of
possible component ma>ses. in the case of synchronous rotation of the early-type star, as well
as highly non-synchronous rotation. The upper limits are derived under the assumption that
the 164-d period precession of the beams is due to driven precession of the misaligned early-
type star

Compact object:

Early-type star:

Neutron star: m, = 1.5. It

O f star WR star

Synchronous rotation
V), — I!),,

Highls non-synchro-
nous rotation:
«>, = I.4I-J„
ui. = 2 nil,

4-4
2?9

9-3
6?6

Black hole: m,= 8 . / / 0

Ofstar

2?2

12-6
8-7

WR star
m2 = 6.//Q

3-3

16-2
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Fig. 2. The radial-velocity observations of SS 433 by Cramplon
ct al. (1980) plotted in the three best-fit periods of 13.08. 1.081. and
0.923 d

have been plotled in the three hesl-fi! periods, viz. 13ÏI,01923 and
l̂ OKl. The mean deviations in the least-squares fit for these three
periods are 25kms~'. 37kms" ' . and 27kms~' respectively, i.e.
the 1.081 period is. only slightly less significant than the 13.1-d
period, and the 0.923-d period still has a reasonable significance
las the total velocity range is - 150 km s"'). Gladyshev et al. (1979)
and Kemp et al. (1979) established a photometric period of roughly
6.5 d. i.e. about half the radial-velocity period. This situation strongly
resembles that of the massive X-ray binaries, where the photometric
vatialions show a double-wave behaviour, due to the tidal defor-
mation of the (nearly) Roche-lobe filling component.

If the true orbital period is 22 (26) h one would, for a tidally
deformed star, expect an 11 (l?)h photometric periodicity (i.e.:
a near ime halj day alias of Kemp ct al.'s 6.5-d periodicity). While
Kemp et al. were able to «trough exclude the one-day aliases of
the 6.5-d period, they could not make a clear statement"ahoui half-

day aliases. The reason is ilia! tluii photonu-ti ic data wore obtained
al Iwo observatories which aio sepaialcd in loiiiiiludo h> more
Ihan 10 h lone in Oicgon and one in Israel), i.e. rinse to Ilio llh

double wave periodicity expected in the case of a " h inhltal pouod.
For this reason especially a 22h orbital period can probably

not yel be ruled out as it would fit the evisling spectroscopie and
photometric observations. (Because of the large random varia-
tions in Ihc photometric data it is quite likely that also a 26h period
is not yet ruled out.'

One might argue thai a photometric period of 11H (13h) would
he simply delectable during a one night observing run. However,
the large intrinsic scalier in the form of rapid photometric changes
by several tenths of a magnitude, within a few hours (Kemp
ct al.. 1979) renders such a test quite dilficüll and will require obser-
vations during a sufficiently long time interval to disentangle
periodic effects from non-periodic ones. What would be most
needed are data from two observatories separated in longitude b>
about 6 h.

3.2. Constraints Thrived'Jrom the Observed Radial I 'clocity Amplitude

Since bwh.a J3*i and a 22h (26h) orbital period might fit the
observations we now examine for both cases the mass of the optical
star resulting from the radial velocity amplitude of 73kms '
"r^Hisured by Cramptóji el al (1979).

(i) /*= i'3:i"d.-"-The rcsul'mg mass function in this case isj(.tt\ —
m, sinJi/(l +mlimi)? =0.53.H. . Assuming MI, = 1.5 '/,- (ncution
star) one finds that m2 should fulfill the inequality

' P - tlOa)

Alternatively, if the compact star is a black hole with a mass m, =
8 . # B the condition becomes

ra;g23.2.//e. (10b)

(ii) P=22h (26") results inƒ(.*)=0.037 (0.044) .fte which with
m, = 1.5. If^ similarly yields the condition

'O(7.3. / /G) . (1 la)

1 Recently Dr. Kemp informed us lhal he can probably rule out
periods near 1 lh or !3h , such that binary periods ne;tr 1 day would
be excluded. Furlhei more. Mareon et al. ha\e founü evidence for
a 13-d modulation in the flux of lhe stalionaiv emission lines, thus
strengthening the likelihood of a period near 13 d

Table 2. Summary of the constraints on early-type binary models with lidally driven precession, derived from the 164-d (prccessionl
period and the 73 km s"' radial velocily amplitude. Admitted early-type stars arc indicated as WR (m^ < 10. / /o) or O f stars (in, > 10, H -)

Period:
Compact object:

Constraints from:
Tidally driven

precession

Mass function

P = l d

Neutron star
ml = \.5.ff0

Good fit with syn-
chronous rotation
WR or or

Good fit with:
WR

Black hole
mi =8.4^0

Good fit with syn-
chronous rotation

W R o r O f

No fit'

P=13d

Neutron star:
m, = 1.5.//e

Fit with (highly) non-
synchronous rotation
WR

No filb

Black hole:
m,=8. / /L 1

Fil with (highly) non-
synchronous rotation
WRorOf

Good fit with
Of

With an inclination i * 80 . m, ^ 100. tfr. A lower-mass black hole. e.g. m, --4. ffa, would fit with an Of star
Fit possible, only if radial velocity amplitude has an alternative explanation (sec text)
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Assuming the inclination In he 74 (Ahcll ami Margon. 1979),
the estimated uus-.es arc only 3 ".. helow the upper limits, except for
the case of a 13 I.d period, where the deviation ranges from 4".i
(fur a black hole) tn 7"« (for a neutron star).

3J. Constraints Set hy the Preunsion and Mass Function Combined

The constraints (10a. b) and (I la. b) set by the mass function,
together with the constraints from Table 1 and Fig. 1, set by the
prece —;ii>n. vield the following conclusions (summarized in Table 2)
Ifor the precession we consider the fit adequate-if the predicted
orbintl period is within a factor two from the observed one):

(il For a binary period of about I d both ttu precession (if
tidally driven) and the mass function can be obtained with a syn-
chronously rotating (though misaligned) early-type companion,
which, in the case that the compact star is a neuiron siar. should
be a Wolf-R.iyel -«tar (tn.f X 'I .. according to the mass function).

liil If the orbital period is 13.1 d. the precession (if tidally driven)
can only be explained of the rotation of the early-type companion
is (highly) non-synchronous; furthermore, if the compact star is a
neutron star, the mass function cannot be fitted with an early-type
star.

The latter fact does, however, not necessarily rule out a neutron
star in a 13.1 d binary, neither docs it rule out an early-type com-
panion. Because, it is not clear that the observed radial velocity
amplitude of the emission lines necessarily represents the orbital
motion of the early-type star: notably, in some X-ray binaries
(e.g. Cygnus X-l and LMC X-4) the emission-line radial velocities
represent the orbital motion of the compact star:,which has a very
large radial velocity amplitude. If the velocity amplitude of the emis-
sion lines in SS433 is associated with a disturbance in the wind of
the early-type star, generated by the orbital motion of the compact
star through this wind, or to a cloud of gas around the compact
star, the maximum value possible for the amplitude would be a few-
hundred kms~', hence, an amplitude of ~73kms~' could cer-
tainly be generated.

cvccllcully uith (IK- .W, ami the characteristics of the suiimurv
speclium'of SS-43.V Although, it would n>U I» the mass fimclion.
this would not neeess.iril) pose a problem (el'. Sect. 3..).

If the compact star is a black hole, a 13.1 d period will also
allow non-synchronmisly rotating Of companions, which als-.i fit
the observed spectrum and M,. (cf. Paper I), as well as the mass
function.

b) P- 1 d.

Here a neutron star with a 20. / /Q Of companion would require
a stellar radius g7R Q ; with a 6 / / Q Wn. star one should have
Rg5RQ . The latter radii are characteristic for early-type WR
stars which, however, do not show hydrogen emission (cf. Conti.
197lJ). So, in this case only Of companions would remain and indeed
7 R3 is just about the lower limit of the observed radii of such stars,
as derived from their effective temperatures and luminosities (cf.
Conti, 1969),

If the compact star is a black hole the conclusions are similar.

J.5. Sunuikiry of tin' 1'o.wihlr Sysli'm Cimfiyurtiihmt

Combining the results from Sects. 3.2 and 3.3 and keeping in mind
that alternative explanations for the mass function are possible,
we observe that:

a) In the case of a neutron star only two viable alternatives
remain, i.e.: (i) a 13.1 d orbit with a non-synchronously rotating
WN7-9 companion with, for u),S1.4<u0, a mass m : g l 0 . * ' o

(cf. Fig. 1). The radial velocity amplitude is in this case not due to the
orbital motion of the WN star itself but should be explained by
other causes: (ii) a — I d orbit with a synchronously rotating WR
companion. If the radial velocity amplitude is not due to orbital
motion of the early-type star, also Of stars are allowed.

b) If the companion is a black hole, the conclusions are the same
with the addition that in the I3.l-d case also Of companions (mass
range 10—3O.#v3) are allowed and the observed radial velocity
amplitude may be explained as due to the orbital motion of the
early-type star itself.

JA. Further Constraints Set hy the Stationary Spectrum ami Absolute
Luminosity

Adopting a distance S3.7kpc and an interstellar extinction
A^b" to 8™ (Giles et al.. 1979: Murdin et al., 1980) the absolute
magnitude of SS 433 is at least Mr= - 4 m to -6 m . The presence of
Hen4686 and Cm. NIII4640 in emission indicates T,>3104K,
which implies B.C.S3™, yielding ,\f4 S - 7 m to —9m. We now con-
sider how these parameters fit with the above derived possible
system configurations.

a) P= 13 1 d.

In this case, assuming the compact Mar to be a neutron star, the
companion should be a non-synchronously rotating WR star with
(for to, = 1.4OJ0 and m,~8.//.j) a radius of ~35Rg. Such radii
are similar to those of the latest types WR stars, i.e. the WN7 to
WN9 stars, which have T,~25,0O0 to 30.000 K, Mh 7™ to - 9 m

and R - 2 0 to 35 Ro (Conti. 1979: Leep, 1979). Since WN7-9 stars
are. at the same time the only WR stars that clearly show hydrogen
emission lines iConti. 1979), this WR configuration would fit
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Charged black holes and phase transitions

P . H i l t The Astronomical Institute at Utrecht, Zot.ncnburg 2, Utrecht,

The Netherlands

Received 1977 February 23; in original form 1977 January 10

Summary. The thermodynamic behaviour is discussed of a charged black hole
in a box in equilibrium with neutral thermal radiation, in the thermodynamic
limit (i.e. of a very massive black hole). The heat capacity at constant volume
of this system exhibits several types of discontinuities which resemble
phase transitions, and in an appropriate phase plane a critical point can be
distinguished. The correspondence with normal thermodynamic phase
changes is discussed, and various other thought experiments are briefly
mentioned.

1 Introduction

In a classical treatment one can assign to a black hole a finite value of the entropy which is
equal to a constant times the surface area of the event horizon (Bekenstein 1973). The
analogy with thermodynamics can be carried further to the point of formulating four laws
of black hole mechanics, corresponding to the four laws of thermodynamics (Bardeen,
Carter & Hawking 1973). But the analogy is only a formal one, since a classical black hole
cannot emit anything, and the only temperature compatible with the second law of thermo-
dynamics is therefore zero, leading to an infinite entropy (Hawking 1976). The discovery by
Hawking that black holes do emit thermal radiation resolved this paradox (Hawking 1974,
1975). In his treatment of quantum fields propagating on a fixed background, he was able
to show that the temperature of a black hole is T= K/2JT where K is the surface gravity of the
hole. As a consequence the entropy is S=VtA, where A is the area of the event horizon.
Here and throughout this paper we use units in which c = h = G = Jt = l .

To explore the thermodynamic properties of black holes, a number of thought experi-
ments can be envisaged. The simplest equilibrium system to be imagined is an uncharged
and non-rotating black hole in equilibrium with its thermal radiation. A Schwarzschild black
hole formally possesses a negative heat capacity — however as such a statement applies only
to closed systems, which a black hole is not, we should rather consider the hole and the
radiation to be confined to a box with perfectly reflecting walls to obtain a system in a
stable equilibrium state (Gibbons & Perry 1976a, b). There are certain difficulties in defining
the genera] relativistic energy and entropy density of the radiation, but these can be over-
* Present address: Institute for Theoretical Physics, University of Utrecht, Utrecht, Netherlands.
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come (Perry 1976). For a box much larger than the Schwarzschild radius of the hole the
relevant expressions tend to the well-known special relativistic ones, which we shall use in
this paper. There appear to be possible two equilibrium states; either the entire energy is
present in the form of radiation, or a black hole has condensed out, having the same
temperature as the remaining radiation. This black hole condensation resembles a first-order
phase change.

It would be interesting to extend these investigations to the full Kerr-Newman family of
black holes. For, in contrast with the Schwarzschild case, extremely highly charged or
rapidly rotating black holes have a positive heat capacity,at constant charge and angular
momentum. At intermediate states there appears an infinite discontinuity in the heat
capacity, which again reminds one of a phase transition (Davies 1977). There are, however,
a number of complications in the treatment of charged and rotating thermal radiation fields,
and in the prescription of appropriate boundary conditions to them. Therefore, in this paper
we discuss what seems to be the simplest generalization of the Schwarzschild case, namely a
charged black hole in equilibrium with neutral radiation. This can be realized by taking a
very massive black hole, since the emission rate of electrons and positrons, the lightest
charged particles, falls off exponentially with increasing mass of the black hole (Carter
1974; Gibbons 1975). In this thermodynamic limit the system already exhibits some
interesting properties different from the Schwarzschild case. The treatment of a rotating,
uncharged system is presently being undertaken by Perry & Stewart (private communica-
tion).

2 Equilibrium states

One of the fundamental aspects of black hole thermodynamics is the existence of the
explicit fundamental relation for the Ken-Newman family between its characteristic
parameters

•n f)2~l " 2

(1)

where M is the mass or energy of the hole, S the entropy, and J and Q are the angular
momentum and charge respectively. An infinitesimal change in the energy relates to changes
in the other parameters as follows

dM = TdS + SldJ + «Mg (2)

where T is the temperature of the hole, SI the angular velocity and 4> the electromagnetic
potential at the event horizon. We refer to Hawking's paper for more information and the
original references (Hawking 1976). Equation (2) has the usual thermodynamic form, and
we can therefore call S, J and Q together with M, extensive parameters, and T, SI and <f> the
corresponding intensive parameters. However, there is an important difference from the
ordinary thermodynamic situation, in that a black hole cannot be divided into smaller parts.
Therefore, it is not surprising that At is a homogeneous function of degree & in S, J and
Q1 in this case, while normally the energy is a homogeneous linear function in the extensive
parameters.

We shall further restrict our treatment to the Reissner-Nordström family of black holes
which have J = SI = 0 in equation (2) and (3) and consider a system formed by a hole in a
box with volume V in equilibrium with thermal radiation. The walk are taken to be rigid
and perfectly reflecting. As the charge of the hole is constant in the thermodynamic limit
where M-><*> we can restrict ourselves to considering only neutral radiation. For a given Q
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and V, we can find the equilibrium state of the system by maximizing the entropy

S = 2nM2[\ + V ( l -QVM2)) -*(? +*/3flVT3 (3)

while keeping Ihe total energy constant which is given by

E = M + aVT\ (4)

The 'constant' a, determining the radiation contributions, depends in general on tempera-
ture, but if we consider massless fields only it is a real constant, given by

a = — (wb (5)

where /it,. nf and ns are the number of boson fields with non-zero spin, the number of
fermion fields and the number öf scalar fields respectively. Since the energy density of the
background radiation in the universe is finite, among all elementary particles there must be
one or more having the smallest mass, say m0. If T < m 0 , the radiation will indeed contain
massless particles only, and such will be the case in the thermodynamic limit of very large
black hole mass we are considering here.

Introducing the parameters

M 1 InV\ "4

—. y = -[— ; z = 2-"2(3ir)4/s(aF)""sÖ
E 3n V E '

the (meta)stable equilibrium states can be f:">J by maximizing the function

/ v r ( x ) = JC2[1 +(1 + 2j- s' sz2x-2)"2l + 2y(l - x)3"1
(6)

with respect to x on the interval (2 l / 2 y" s z , 1). The parameter x has to be greater than this
lower limit to avoid a (nearly) naked singularity where Q> M. The global maximum of ƒ
indicates a stable equilibrium, a local maximum indicates a metastable equilibrium, whereas
a minimum gives an unstable equilibrium state. A qualitative picture of the behaviour of the
system is given in Fig. 1. When Q and V are kept constant and E is varied slowly there are
four different possibilities:

o i 2 y . .— 3
Figure 1. The values of x are shown for which fyz(x) is cxtremized, for four different values of z. Heavy
lines indicate a global maximum, thin drawn Unes a local maximum, and dashed lines a minimum. In
physical terms: fyz(x) is a measure of the entropy, and the heavy, thin and dashed lines indicate a stable,
a metastable and an unstable equilibrium, respectively.
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(1) z = 0. An uncharged black hole can be in metastable equilibrium with radiation if
y < 2 s 3~ I 5~ 5 / 4 = 1.4266, and in stable equilibrium if y < 1.0144. For pure radiation it is
always possible to exist in (meU)stable equilibrium.

(2) z < z c . For small charges the line of constant z turns over between two non-zero
values of y. Unlike the previous case a metastable equilibrium is no longer possible for an
arbitrarily small volume.

(3) z - ; = 0.2914 (see Appendix 2). At this critical value of z no metastable states are
possible any more.

(4) z > 2C. For large Q all states are stable, (z > z c implies Q > 0.5626 £).
Fig. 1 seems to indicate that as £ decreases keeping Q and V constant the system reaches

a point where x = 1, i.e. there is no radiation left but only a maximally charged black hole
(Q = M=E). This limiting situation however cannot be reached since by that time the hole
will start to emit charged particles. The point is that for supermassive black holes the rate of
emission of charged particles will drop much more rapidly with increasing mass of the hole
than the rate of emission of neutral massless particles. This can be seen by the following
heuristic argument: As the hole grows, the difference in electrostatic potential energy of the
members of a virtual pair of particles drops far lower than the rest mass of the lightest
charged particles, electrons and positrons. Therefore the superradiant discharge modes cease
effectively (Carter 1974). Thus in the thermodynamic limit where E-*•<*> and V-*<» keeping
y constant, i.e. V- Es, Fig. 1 is valid over the whole energy range where x < 1.

To obtain a clearer physical picture of the. behaviour of the system, the temperature
is plotted against the energy in Fig. 2 for the four different cases. For example, if the black,
hole has a small charge, Fig. 2(b), we can perform the following thought experiment.
Starting with a large amount of energy the hole will be very massive, having a low tempera-
ture. When the energy is decreased, the temperature will increase, the hole becomes lighter
and the radiation field more intense, until the system will jump to the other branch, the hole
losing suddenly an amount of energy to the radiation. If the total energy is varied very

Fgnie 2. The temperature is plotted against the total energy in the box for a constant volume. The lines
have the same meaning as in Fig. 1. The dotted lines indicate the jump which the system will make if the
total energy is varied very slowly.
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slowly, the jump will occur at the end of the stable part of the equilibrium turvc, initiated
by a huge fluctuation. If the total energy jü decreased faster, but still rrversibly, the |iinip
will occur near the turning point only, at the end of the me last able lopion, on the linusi'ule
of evaporation of the hole, which varies as the third power of the mass (Hawking I'>74).

There arc of course other ways of changing the system reversibly. We could have kept
Q and E constant, while varying V, or we could have carried out adiabatic changes, keeping
Q and S constant. In both cases the qualitative behaviour would be the same as in the
previous case with a critical point at the border of a region where metastable equilibria arc
possible.

3 Phase changes

The heat capacity at constant volume Cy of the system is plotted as a function of the total
energy in Fig. 3 . Before discussing the different types of behaviour of Cy(E) we shall review
briefly the simpler situation of one isolated Reissner-Nordstrom black hole only (Davies
1977). Expressions for Tand * can be obtained from equations (1) and (2), and with the
definition Cx - T(dS/bT>x we get

CQ = (MS>T)/(2n'lQ'> 8ir7"S3)

C* = (.V/4TT)

where

(7)

(8)

(9)

Further details are given in Appendix 1.

Figure 3. The heat capacity at constant volume versus the total energy, for a constant volume. The lines
have the same meaning as in I'ig. 2, but the vertical dashed lines indicate the asymptotes where
Cy-rt ~ , and the horizontal dashed lines connect the points where Cy vanishes.
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Fjgnre 4. The heat capacities at constant charge CQ and at constant potential Gj, for a Reissner-
Noidstiöm black hole.

The two specific heats are plotted in Fig. 4 as a function of the charge. While C« is
finite and negative everywhere, CQ has an infinite discontinuity at Q/M=Yiy/3 •» 0.87. At
this point its sign changes too: CQ is positive for more highly charged black holes. This
remarkable behaviour of CQ occurs because the Q, T coordinates are double valued, which is
illustrated in Fig. 5. The Q, 4> coordinates, however, form a non-degenerate coordinate
system everywhere. The physical reason for the double valued M(Q, T) is that the
temperature of a black hole tends to zero not only in the limit M-*°°, but also in the lower
limit MIQ if Q is kept constant, since in both cases the surface gravity vanishes. This two-
valuedness is also responsible for the occurrence of the metastable regions in Figs 1 and 2.

In order to interpret the discontinuity in CQ in terms of a phase transition, the
appropriate thermodynamic potential to consider would be the Helmholtz free energy
F(r, Q)=M-TS instead of the usual Gibbs free energy G(T, * ) = F - ö # , since the heat
capacities can be written as CQ = - T(B2F/BT2) and C* = - T(B2G/dT2), respectively.

Figure S. Isotherms and equipolentials for a Reissner-Nordstiöm black hole.
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In analogy to the Ehrenfest classification of phase transitions, we might call the dis-
continuity in CQ a first order phase transition, since {bF/9T)Q becomes infinite at Q/M =
Vi\/3- But this terminology does not seem to be very appropriate here, as there is no such
thing as a latent heat in this case, and most other thermodynamic functions are well behaved
(see Appendix 1).

Returning to our charged black hole in a box, the finite discontinuity of the Schwarzs-
child case, Fig. 3(a), together with the infinite discontinuity we have discussed above are
seen to be present in Fig. 3(b-f). For small charges the infinite jump lies in the metastable
part, Fig. 3(b), and therefore the behaviour of the stable state is completely analogous to
that in the uncharged case. There is a definite value of i, z 0 = 0.2784, above which both
discontinuities occur in the stable state. But z f > zo, which can be seen as follows. At the
critical point, a small change in M leaves E. V and Q all constant in first order (Fig. 1). If
dM > 0, the energy in the form of radiation decreases, and so does the temperature of the
radiation. But in equilibrium the temperature of the hole is equal to that of the radiation,
and therefore the former drops at the same rate. Thus we have at the critical point CQ < 0
and since metastable regions occur only for smaller values of z, we have z 0 < ze.

We shall now discuss the physical significance of the behaviour of Cy. In the usual
thermodynamic treatment of phase transitions the appropriate thermodynamic potential is
G(p, T), since normally the systems are kept at constant pressure and temperature. But in
the present case our system cannot be in stable equilibrium with a heat bath, due to the
occurrence of a negative Cy. Instead of the Gibbs free energy we must rather consider the
entropy S(E, V), since the system is kept at constant E and V. Indeed, generalizing the
Ehrenfest classification, we can call the finite jump in Cy a first order phase charge, since
{dldE)S(E, V) is discontinuous there.

This phaseiine separating both stable phases is drawn in Fig. 6. Note that in our case an
E, V phase plane takes the place of the usual p, T plane. Furthermore, a generalized

ƒ / / mosi energy in
/ / / black hole

O 1 2 3 Ë
Figure 6. The phase plane for an isolated box containing a charged black hole in equilibrium with neutral
radiation. The dashed region is unphysical, since the total energy must exceed the charge of the black
hole. The full line indicates the first order phase transition, the dashed lines the boundaries of the meta-
stable regions, and the dotted line indicates the infinite discontinuity in Cy. The coordinates f and P
are a measure for E and V and are defined in the text.
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Clausius-Clapeyron equation can be derived. Along the phase line S0=S„ where a subscript
0 denotes the 'hot' side of the phase line, a subscript 1 the 'cool' side (a smaller or bigger
bole respectively). Using

1 P
dS=~dE + — dV

T T

at the two sides of the phase line we obtain

A combination of these two relations gives

dE/dV = (p,/r, -polTo)l{llTo~ 1/r.)

and using p = l/aaT* we finally get

dE/dV = l/3aT0Tt(T3 + T0Tt + Tf) (10)

for the slope of the phase line. Note furthermore that the critical point is really a critical
point in the thermodynamic sense, it being the terminal point of a phaseline. The
coordinates E and V in Fig. 6 are defined in order to haye constant values at the critical
point, independent o(Q. The definitions are

(11)

V = 2"*3-6n-*aVQ's. (12)

Instead of calling the metastable states superheated or undercooled, it seems more apt here
to call them superenergized or underenergized.

Although the finite discontinuity in Cy can be classified as a first order phase transition,
the infinite discontinuity cannot be considered as a phase change at all. Here the entropy
is continuous together with all its derivatives with respect to E and V. But this infinite
discontinuity has a physical significance which in a way transcends that of a phase transition.
Although the internal characteristics of the system do not change here, the way the system
can be brought into stable equilibrium with an external environment changes. On the side
with a higher Q/E, Cy > 0, and the system can be in equilibrium with a heat bath. But at
the lower Q/E side, Cy < 0, and the system can only be in equilibrium if it is isolated
from the outside world. Thus instead of a phase transition we encounter here a transition
from a region where only a microcanonical ensemble can be used to a region where both a
canonical and a microcanonical ensemble are appropriate.

4 Conclusion

We have studied the thermodynamic behaviour of a charged black hole in a box in equi-
librium with neutral radiation. As often occurs when treating systems where gravitation is
important, there are regions where the system has a negative heat capacity, and this implies
that we cannot keep the system in stable equilibrium with a heat bath (Lynden-Bell &
Wood 1968; Lynden-Bell, D. & Lynden-Bell, R. M., private communication). Instead of
keeping T and p fixed, as usual when discussing phase changes, we have now to keep £ and
V fixed. Now, instead of minimizing the Gibbs free energy G (p. T) we have to maximize
the entropy S(E, V) to obtain the stable equilibrium state. But in other respects the
situation is entirely analogous to that of ordinary thermodynamics, in that we encounter
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first-order phase changes, a critical point in the phase plane, and Clausius-Clapeyron
equations can be derived.

But Cy is not negative everywhere. For relatively highly charged black holes, having
Q> Vi\JlM, the system has a positive heat capacity. In this region a stable equilibrium can
be attained with the system being in thermal contact with a heat bath. The equilibrium
points can then be found by minimizing the Helmholtz free energy F(V, T). But since
p=(l/3)a74 , the pressure is not an independent quantity, and the system cannot be kept in
stable equilibrium at constant p and T. At Q/M= (1/2)^3 the heat capacity has an infinite
discontinuity. Although this does not affect the internal state of the system as in the case of
a phase transition, it is physically important: It indicates a transition from a region where
only a microcanonical ensemble is appropriate to a region where a canonical ensemble too
can be used to describe the system.

Although we concentrated our attention on the behaviour of Cv(E) we could have
studied other thermodynamic quantities as well, like KS = - \IV{dV/t)p)s, the adiabatic
compressibility. Jt vanishes at the critical point, where a slight change in temperature leaves
V constant in first order in adiabatic changes. Note that Cp = T(dS/dT)p and KT = - VIV)
(dV/dp)r are not well-defined for the system under consideration, since the pressure
depends on temperature only.

Finally we can consider a large number of replicas of our system in thermal contact with
each other. If they are all in a region of positive heat capacity they can remain in metastable
equilibrium with each other. But as soon as one of them enters the region of negative
specific heat, e.g. by a fluctuation, it will grow until it has used up most of the energy
available from the other systems. The black hole of this system will then be nearly a
Schwarzschild hole, while the other holes tend to the extreme limit wheie their masses
equal their charges. The heat capacity of the combination of all these systems, looked at
as one large system, will be negative, and the ensemble would in every respect behave as just
one big Schwarzschild black hole in a box.
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Appendix 1: infinite discontinuities in CQi j

In the Reissner-Nordström family of black holes Ce-»±«>ifG-*J4V3M. But only those
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functions are affected which depend on the locally degenerated coordinates Tand Q. We can
show this by explicitly calculating them, for example

- (3*2 -

which are analogous to the coefficient of thermal expansion, the adiabatic and the
isothermal compressibility, respectively. At Q = Hy/3 Mvre have

a = 9Af/8;K5 = y/ÏM; KT = 0

As expected, only KT is affected.
Although only charged black holes were considered, with respect to the infinities in CQ

this is not much of a restriction. Similar phenomena occur in qualitatively the same fashion
in the Kerr family with respect to Cj. In the general Ken-Newman family the same picture
applies with respect to CJQ (Davies 1977), the heat capacity at constant angular
momentum and charge. It is given by

Cj,Q = (MS3T)l(SnJ2 + 2ir2e*

Now there is a whole line along which CJQ=± •», which can be parametrized by

a = J2IM* 0 «s a «; 1\fi- 3 » 0.46.

To show explicitly that here too all principle thermodynamic functions are well behaved, we
give them as a function of a along the line where the heat capacity is infinite

S = w/4 (a + l)(a + 9)M2

T= [n(a + 9)]-'M-'

/ = sfaM

4\£
fl = AT'

(a + l)(a + 9)

Q = % V 3 - a z - 6 a - i t f

, , a + 3
* = V3-a2-6a (a + l)(a + 9)

Appendix 2: some analytical relations

To compute Êc and Ve (Fig. 6), we have to put (d/dx)fyi z(x) equal to zero, as given by
equation (6), together with the second and third derivatives. We then have three equations
relatingjrc,>>c and zc. By a happy coincidence an equation for xe can be separated

831875X? -4719000* | + 10979100*2 - 13407840x£

+ 9066816*1 -3220992*,.+470016 = 0
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and solved numerically giving as the physical root xc =0.7319. Expressions for yc and zc

can be found giving

' fil-r? - 1 0 8 x . + 4 8
£ _ U . 1,4757

zc = 2-"^^ [Vs(- 5 5 4 + 108*,, - 48)] "2 - 0.2914.

The resulting values for Èc and Vc are f c =• 1.7774 and Vc => 0.5842.

In the simpler case of a Schwarzschild black hole in a box, the phase change occurs at the
point where aV~ (3n>'1)

4£"5, where y , can be calculated explicitly to be

j», = % x 1 ( l - x 1 ) 1 " '

where

JC, = 1 + ' / i s i n 2""J5-"3|(29 + y s / ï l ) " 3 + (29- 9 > / Ï Ï ) I / J l [ .

Finally it can be seen that the curves of constant Q/M are straight lines in the /•.' V plane,
as drawn in Fig. 6 for the case Q= V4r\/3Af. For if Q/M is kept cunstunl. and if Q is kept
constant by varying only E and V, then M must remain invariant. An increase in E can thus
only feed the energy in the form of radiation. But since the hole does not change, its
temperature too is constant, as must be the temperature of the radiation. So the increase of
energy in the form of radiation must be compensated for by an expansion, giving dE =
aT*dV.

Therefore the curves of constant Q/M are straight lines. In terms of Ê and V they turn
out to be represented by

V = l-tQ-4 [2 + 2(1 - 02)"2 + 02(1 - 0 T " 2 ] 4 - (È

where 0 = Q/M.
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II . 2

Cosmological tests of general relativity
GENERAL relativity theory could be tested on a cosmological
scale by measuring the Hubble constant and the deceleration
parameter, if, in addition, everything would be known about
the matter filling the universe. If, on the other hand, nothing
would be presupposed about the matter content of the
universe, general relativity could not be tested by measuring
any number of time derivatives of the scale factor. But upon
making the assumption of a universe filled with a non-inter-
acting mixture of non-relativistic matter and radiation we can
in principle test general relativity by measuring the first five
derivatives of the scale factor. In the following, some general
relations are presented using this assumption.

A reasonable model for the universe in a not too early stage
of its development is the Robertson-Walker metric

dV = -df'+i?» (/) [(dr»)/(l—kr') + (1)

describing a homogeneous isotropic universe.
From general relativity theory it follows that the scale factor

R(t) obeys the Friedmann equation

3 « K i j - ^ 1 (2)

and conservation of energy and momentum is expressed by

d
- 3pR' (3)

Here and throughout this paper we put c — i;\ stands for the
cosmological constant, while p and p denote the density and
pressure of the matter content of the universe.

To test these equations we need observations. By measuring
the luminosity distance or the angular diameter distance of
remote objects as a function of redshift z, we can in principle
determine the Hubble constant H = R/R, the deceleration
parameter q = —RR/R*, and an indefinite number of similar
dimensionless parameters constructed from higher time
derivatives1. We shall use here, following Harrison'

e =
RR*
R* (4)

(all evaluated at the present time, with signs which make them
positive for vanishing X, as will be shown). Without using
Friedmann's equation (2), however, knowledge of any number
of those parameters will not suffice to obtain the value of the
present curvature K = k/R* (ref. 3). But even equations (2) and
(3) are not sufficient without additional information about the
equation of state, as can be seen as follows: by differentiating
equation (2) AT times we obtain (N + 1) equations for (AT + 2)
unknowns: p and its first N derivatives and X.

A plausible form for the equation of state is obtained by
assuming that at present the universe contains a non-interacting
mixture of two forms of matter, non-relativistic matter with
density pm and ultra-relativistic matter with density p,. Then

P = Pn+P,

P = -J P, I (5)

For the non-relativistic matter density, particle number
conservation gives

Pm = A/A' (6)
and thus with (3)

pr = B/R' (7)

where A and B are constant.
Now, carrying out three successive time differentiations of

equation (2) leads with (2) to four equations for the newly
introduced time derivative parameters. Solving these for the
quantities K, \, pm and pr, gives

K = $ (-X+4Q+Qq+2q~2) IP (8)
X. = i i-X+6Q+Qq-6q) H* (9)

32nG
{X-2Q-Qq-2q)H*

Differentiating (2) a fourth time finally leads to a relation
between the four parameters q, Q, A" and Y which should hold
if general relativity is valid

(12)

This condition provides (in principle) a full test of the theory.
If less than five parameters measuring the time derivatives

of the scale factor are known—as certainly will be the case in
practice—still conditional relations can be derived between the
various parameters. From equations (10) and (11) it follows
that, since p n > 0 and p , > 0

C«+2 (Q+q) < X < 09+3(0+9) (13)

a condition valid if only q, Q and X are known.
If JIT is not available either we introduce a new parameter a,

still to be able to express the four quantities K, X, p„ and p :

explicitly. For a we take

P,/(Pm+P,) 0 < a (14)

and we then obtain

K = [ -1 + (3 + o)/(3 + 5a) Q - (4o)/(3 + 5a) q] H' (15)

(16)

3 [(1 + a)/(3 + 5a) Q - (2 + 4a)/(3 + 5a)q]H* (17)

Equation (16) gives us, as p > 0, the condition

Q + q > 0 (18)

If we only know H and q—a situation which is at present
striven for—it is regrettably no longer possible to write down
'even conditional equations, unless observational evidence óf a
different nature, for example, regarding the age of particular
objects in the universe, is taken into account.

Figure 1 illustrates a classification, based on equations (15)
and (16), of the structural and evolutionary properties of the
universe, as depending on the values of q and Q, but with
arbitrary \. We can distinguish between domains of positive
and negative p (the latter physically unrealistic), of * = ±1
(separated by a line k = 0), and the presence or absence of an
initial and a final singularity (only with a final singularity the
universe, at present expanding, has a finite lifetime). Depending
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Fig. I Classification of structural and evolutionary properties
of the universe in terms of Q and q with arbitrary X. The shaded
area is unphysical since p < 0 there. The symbols in the other
regions have the following meaning: if one plus or minus sign
is given, the value of the topological parameter k is +1 or — 1,
respectively. A dot to the left of the sign denotes the presence
of an initial singularity, and a dot to the right a final singularity.
If a region has only one label, the conclusions follow irrespective
of the value of a. If it bears two labels, the upper label denotes
the situation for pure non-relativistic matter (a =-- 0) and the
lower one applies to the case of pure radiation (a - 1). If
0 < a < I, as is the case in our universe, the border lines lie
always somewhere in between those given by the two extremes

a = Oanda — 1.

on the value of a, the relative amount of matter which is
present in the form of radiation, the borderlines between
regions may change. Their equations are given in the two
extreme cases a = 0 and a = 1 as

Where the stains of the universe depends on a. this is indicated
by u double label as explained in the caption. Comparable
diagrams have been published earlier by Stabcll and Refsdal4.
(As a referee commented, Fig. 3 of ref. 4, which is a 0-4 diagram,
is topologically very similar to Fig. 1 of this paper, a s o =
4nGp/3tf' ~ Q + q.)

We can further simplify equations (8)-(ll) by introducing
two transformed time-derivative parameters

Q = Q+4 1

X= X-Qq }
(20)

Then the right-hand side of equations (3MU) can be seen to
become linear expressions in the new parameters, where
equation (12) transforms into

The conditional relations (13) and (18) become very simple

2Q < X < 3Q

Ö > 0 (180

We conclude that surprisingly simple relations can be
derived, on the basis of rather general assumptions regarding
the structure and matter content of the universe, between the
'physical' parameters of the universe.p„, p , and X, together
with K, and the 'geometrical' parameters involving the first
four time derivatives of the scale factor. Between the first
five time derivatives a strict relation should hold if general
relativity applies. This relation forms, in principle, a definite
test for the theory. If less than five parameters are known, but
more than two, conditional relations can be derived.
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LIMITS ON MASSES AND NUMBER OF NEUTRAL WEAKLY INTERACTING PARTICLES
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Limits on the masses and number of neutral weakly interacting particles arc derived using cosmolopk.il arguments.
No such particles with a mass between 120 eV and 3 GeV can exist within the usual big band model. Similar, but much
more severe, restrictions follow for particles that interact only gravitationally. This seems of importance with respect to
supersymmetric theories.

Following an idea, put forward by Shvartsman [1] ,
Steigman et al. [2] presented arguments leading to an
upper limit to the number of different types of mass-
less neutrinos, which may be summarized as follows.

According to the hot big bang model all forms of
matter in the universe, even neutrinos, are initially in
thermal equilibrium. The total energy density of rela-
tivistic particles is then given at a temperature 7*by

p = Kfl74. (1)

a is the radiation density constant, appearing in the
black-body radiation law, and K is given by

(2)

The quantities wb and »i f are the totai number of inter-
nal degrees of freedom of the different types of bosons
and fermions respectively. For a photon gas K = 1, while
for a mixture of photons, electrons, electron and muon
neutrinos, together with their antiparticles, ;• = 9/2.

A second expression for the total energy density p
is given as a function of the expansion time t by solv-
ing the Einstein equations in a radiation dominated
homogeneous and isotropic universe,

= 3l32itGt2, (3)

where G is the gravitational coupling constant, G = 6.7
X 1(T45 MeV~2*. Combining (1) and (3) we get

(4)

* We use units such that fi = c = k = 1, and the temperature is
expressed in MeV.

Adding more types of neutrinos relative to the standard
big bang model increases the value of K. This would have
the following observable effect.

The neutron/proton ratio is given by the equilibrium
value n/p = exp { - ( m n - mp)/7} as long as the rate of
weak interactions, like e.g. n + e+ ^ p + ve, is high
enough. But this ratio freezes in soon after the time be-
tween successive collisions grows bigger than, say, the
expansion time. The mean free time is r = (oW)"1 as
long as the electrons are relativistic. The cross section
o ~ 1* and the number density of protons and neu-
trons N~R~*, where R is the scale factor of the ex-
panding universe. At these early times the number of
nucleons is far smaller than the number of photons,
electrons, positrons and neutrinos, so the cooling pro-
ceeds adiabatically like T~R~l. Therefore N ~ T3

and thus

T = const. X T~s. (5)

Putting t = T in (4), from (5) we get an effective
temperature Tt at which the neutron/proton ratio
freezes in, given by

f = const. X K 1 / 6 (6)

When the temperature falls off further nearly all neu-
trons are captured to form deuterium and subsequently
helium. In the standard model T{ * 1 MeV » 1 0 1 0 K and
the abundance by weight of helium produced in this way
is Y « 0.23 to 0.27, depending on the present density
of nucleons in the universe. An observational upper
limit [4] y ^ 0.29 agrees well with the standard model.

Increasing now the number of neutrino types would
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increase K and via (6), Tf. Therefore the neutron/
proton ratio would freeze in at a higher value, and
more helium would be formed. Since there is not much
room lefi between the observational upper limit to >'
and the predictions of the standard model, rather
strong restrictions can be posed on K. Steigman et al.
[2] , using numerical calculations by Wagoner (3J, Find
K ^ 9. twice the standard value K = 9/2 at temperatures
around Tf« I MeV (mu >T{> me). Assuming a drab-
let structure for heavy leptons they concluded from
(2) that the total number of heavy leptons should be
less than or equal to 5.

This argument can be extended and combined with
arguments concerning the present matter density of
the universe to apply to massive neutral weakly inter-
acting particles in general, to be called massive neu-
trinos for short. No detailed assumption about the
multiplet structure of which such neutrinos would be
part is needed in this context. Also their spin is not es-
sential, only the number of degrees of freedom is rele-
vant.

Suppose now the existence of new neutrinos with
a mass less than 1 MeV. Then these particles would be
copiously present till the temperature dropped to T
= I MeV. This is also the temperature at which the
neutron/proton ratio freezes in, more specifically the
temperature at which the universe becomes transparent
for weak processes. Therefore neutrinos having a mass
less than I MeV are as effective in the previous argu-
ment concerning the helium abundance as are mass-
less neutrinos.

Neutrinos more massive than 1 MeV disappear by
annihilation before the time if when the neutron/
prnlon ratio freezes in. Therefore no observational
consequences arise from such neutrinos.

The argument concerning the observed helium abun-
dance applies also to unstable neutrinos provided their
lifetime exceeds 1 second, which is roughly the mean
free time at T = 1 MeV. Otherwise they do not play a
significant role in the equilibrium situation.

Further restrictions on the number of stable neu-
trino types are imposed by the present lifetime of the
universe, being 101 0 years or more. Together with the
observed expansion rate of the universe this puts an
upper limit on the mean mass density of about
10" 2 ' g/cm3. Since for highly relativistic particles
the energy density varies like p ~ I4, as opposed to
nonrelativistic particles for which p~T*, the universe

is initially dominated by radiation until the temperature
drops to r = 10"' - 10" s MeV (depending on the
present mass density). Hereafter the energy density of
'lie different forms of radiation left drops below the
density of massive particles. If there '—ïuld exist a stable
kind of neutrino having a mass in the keV region, these
particles would be present copiously at the time when
the universe became transparent for weak interactions.
Now they cool by expansion and they would soon be-
come nonrelativistic. Therefore at present they would
have a mass density far greater than the upper limit
posed by the lifetime of the universe. Several authors
have used this argument to find an upper limit to the
rest mass of electron and muou neutrinos | 5 | .

For light stable neutrinos an upper limit to the mass
is computed in this way by Szalay and Marx [5]. The
result is 30 eV in the case of electron or muon neu-
trinos, assuming two degrees of freedom per particle.
Allowing a particle with only one degree of freedom
which is its own antiparticle leads thus to an upper
limit of 120 cV. At first sight this seems to imply for
.i particle with four degrees of freedom, accompanied
by an antiparticle, a mass limit of IS eV, but actually
this value is about l.S eV. The reason is that the ob-
served helium abundance is only compatible with eight
extra degrees of freedom if the universe contains a mass
density of at most 1/10 of the critical mass density [2].
These results are drawn in fig. 1 (full line).

For heavy stable neutrinos a lower limit to the mass
m can be obtained by the following argument. When
the temperature drops to 7" * m, most of the heavier
particles have vanished already. Therefore the neu-
trinos can disappear only by annihilation with their
antiparticles, and we have to estimate the temperature
Tf(ni) at which annihilation effectively stops.

Suppose for simplicity that the neutrinos are in
thermal equilibrium till the temperature drops to
Tf(m) and that they are completely free afterwards.
This temperature can again be estimated by equating
the mean free time r between reactions involving only
these heavy neutrinos and their antiparticles with the
expansion '.-'me of the universe. For massless neutrinos
it follows from (4) and (S) that

//r=[r/lMeVl; (7)

where the constant of proportionality is determined
by the temperature T * 1 MeV when the universe be-
comes transparent for weak interactions. For heavy
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Pv0 = 1.1 X 10 i4 g/cm3 = 6.2 X 10"H MeV/etn3. (12)

resulting in the inequality

TJ 50 100 eV "\ 2MeV 5

Fig. 1. Upper limits to the sum of the number of the internal
degrees of freedom of the different types of neutral weakly
interacting particles, apart from the election and muon neu-
trinos. The fuli line applies to stable particles; the dashed line
to unstable particles if their halflife is more than 1 second, m
denotes the mass of the particles, while W gives the number of
degrees of freedom for fermions. For bosons, multiply N by
a factor 7/8.

neutrinos, however, the energy density p\Jim) com-
pared to that of electron neutrinos at T- Tf is approxi-
mately

i WP i (8)

We, assume here that the heavy neutrinos have only one
degree of freedom and are their own antiparticle. There-
fore the reaction rate T ~ ' gets this extra dilution factor,
and (7) goes over into

tlr «iPVM/1 MeV] 3 exp (-m/TJm))s 1, (9)

m = 3 rf(m) {In Tt(m) - 0.23} . (10)

Now we must estimate the influence of the left-
over neutrinos on the present mass density, which
must obey

pw < 10" 2 9g/cm 3 * 5 X 10"3 MeV/cm3. (11)

According to the standard model the present tempera-
ture TM of electron neutrinos is related to that of the
photons by TM = (4/11)1 '3 Tj0 = 1.7 X 1 0 ~ 1 0 MeV,
where the observed background radiation temperature
T^ = 2.7 K = 2.3 X 1 0 ~ 1 0 MeV. The present energy
density of electron neutrinos is thus given by

The energy density of the heavy neutrinos falls off
likeP[_ ~ r 3 , since they art: already nonrelativistic at
T= T(, w h i l e p v ~ T * . From (13)it follows that at T

-rr

Comparing this with (8) and (10) gives

m> 3000 MeV (15)

for the mass of a heavy neutrino with one degree of
freedom. Similar calculations for more degrees of free-
dom are easily done and result in the full line in fig. I.

hi summary, stable massive neutral leptons cannot
exist in the mass range 120 eV - 3000 MeV. Below
60 eV at most 10 degrees of freedom are available for
fermions. For instance, only two types of neutrinos are
allowed if they have two spin states per particle and
antiparticle. Bosons have a weight factor of 8/7 with
respect to fermions. Above 3000 MeV the allowed
number rises quickly (see fig. 1).

Less stringent upper limits can be put on the num-
ber of unstable massive neutrino types. If their life-
time is more than 1 second the dashed line in fig. 1 ap-
plies, but for much shorter lifetimes no interesting
limits can be obtained.

Finally the same arguments can be applied to par-
ticles which interact only gravitationally. For them
the universe becomes transparent already at a much
earlier time, estimated by Matzner [6] to be 10" 1 6 sec.
at a temperature of 102? K « ] 0 1 0 MeV. These par-
ticles thus have a forbidden mass range of 60 eV —
101 9 MeV. The upper limit of this range is still well
below the Planck mass, being about 102 2 MeV. Of
course this limit is less reliable than the upper limit
found for weakly interacting particles since not much
is known for such early times after the big bang. But
at least it gives a strong indication that the upper limit
is very much more th.'in, say, 1 TeV. Assuming the
standard big bang model to be of relevance in the con-
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An upper limit of 60 GeV is derived on the mass of a stable heavy neutrino, using the standard big bang model. This is
in addition to the previous limits which constrain the mass of a neutrino to be less than 50 cV or greater than 10 GeV. Thu>
we predict that in the near future all existing types of stable neutrinos will be detected.

By utilizing the cosmological asymmetry of matter
over antimatter, it is now possible to set up an upper
limit on the mass of a stable neutral lepton. Previous
works have constrained the mass of such particles to
cither lie in the range 0 50 eV 111, or be greater than
10 GeV |2,3| allowing the possibility of very heavy
neutrinos. Here, arguments are given to close the upper
window, allowing neutrinos with a mass in the range
10-60 GeV but not substantially higher.

At the present time, the Universe contains matter,
but hardly any antimatter [4] , By conservation of
baryon number, the quantity rj = (HB - n§V"T *
« 10-9*1 has remained constant throughout most of
the history of the Universe | 5 ] . Here, nB and «§ are
the number densities of baryons and antibaryons,
respectively, and ny is the number density of photons.
The limits on tj ate derived from the following argu-
ment [4]. The photon number density is obtained
from the 3 K background radiation using:

ny = 3JaT3lk, . (1)

a being the black-body constant.
The baryon number density is

"B = Pblmp > (2)

* This paper originated during the Summer School on Physical
Cosmology at Les Houches ( 2 - 2 7 July. 1979).

where p B is the matter density of baryons in the Uni-
verse and mp is the proton mass. The observational
limits on pB are [4]:

1 0 - 3 ) g c m - 3 < p B < 2 X 1 0 - 2 9 g e m - 3 . (3)

Furthermore, all observations point towards wg = 0 | 4 | .
One of the outstanding problems in cosmology is to
give an explanation for the observed value T? =* 10~9 .

We will argue now that tj' = ij. where rj' = (/iB - n j)/
ny, and ns (rtj) is the number density of a conserved
lepton (antilepton) type. (We assume that the neutrino
will be the lightest member of a given multiplet. 11' this •
were not the case, the lightest charged lepton would
be as abundant as electrons in atoms.) If tj' = 0, there
are no cosmological restrictions for a mass above 10
GeV [3]. The neutrinos will have annihilated to such
an extent that their abundance at the present time
would be too small to conflict with the observations.
But if the lepton asymmetry is of the same order as
the baryon asymmetry, i.e. TJ' **"IJ, the number of neu-
trinos left over from the big bang will roughly equal
the number of baryons. Therefore, a high mass for these
neutrinos gives a high matter density in the present
Universe, which is restricted by the observations.

We offer two arguments which will lead to the de-
sired asymmetry in lepton number. First, it is possible
that the Universe started off with a non-zero value of 77
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as an initial condition. The simplest assumption would
then be that for all types of particles the relative excess
of particles over antiparticles is the same, leading to
Tj' = Tj. There are two possibilities: either 7j was already
that small in (lie beginning, or was unity (no antimatter
at all). In the second case, the large number of photons
could have been produced by the damping of initial
inhomogencities and anisotropies [6].

A stronger and more appealing argument is based
on the recent Grand Unified Theories of strong, elec-
tromagnetic and weak interactions (GUT's) (7,81. Just
as GUT's produce an asymmetry in the baryon number
(possibly of the same order as the observed asymmetry
|8,9]), they will produce a comparable lepton asymme-
try, 17' « T). Thus the desired excess may be a conse-
quence of the particle physics in the very early Universe.

In order to understand the GUT production of such
an asymmetry, it is necessary to consider interactions
that violate lepton number conservation. As an exam-
ple of a GUT model, we choose to work with the SL1
(5) model of Georgi and Glashow [ 10]. However, we
expect a similar asymmetry to arise in other grand uni-
fied models as well. In the SU(S) model the neutrino
is placed in a single multiple! together with its corre-
sponding charged lepton and a lower antiquark triplet,
thus forming a fundamental 5 representation. For
example, ve is placed in a single multiple! together
with e~ and dR, dy dB:

The mixing of members in a given multiplet is governed
by an exchange of the superheavy gauge boson triplets
X and Y.

The interactions which violate lepton number are
primarily the decays of the X and Y bosons. (X, Y and
Higgs mediated collisions seem to be of less importance
in producing the desired asymmetry.) The X boson
decays into two channels, while the Y boson decays
into three channels; three of these five violate lepton
number conservation. These five decays are represented
in fig. 1. The decays of figs, lb, c, e, each change the
lepton number by A/ = - 1 .

To determine thé magnitude of the asymmetry
produced by X and Y decays we compare A/ to AB

tc)

l'ig. 1. The decay modes for the X and Y bosons where qi and
q2 are the upper and lower quarks of the doublet (^J) belonging
to the same generation as the lepton 8 and the massive neutrino i>v

(the asymmetry in haryon number produced by X and
Y decays). It is important to note, that in order to pro-
duce a lepton asymmetry in the early Universe, three
conditions must be satisfied: (1) /-conservation violating
interactions; (2) Cand CP violation:(3) departure from
thermal equilibrium. The arguments describing the
necessity of these conditions and of their probable
simultaneous existence in almost any GUT operating
in the early Universe have been discussed in detail in
a number of papers [8,9,11] and need not to be restated
here. We will only remark that since these conditions
were satisfied in the early_Universe,_the asymmetry in
the decay rates of X and X (Y and Y) will result in an
asymmetry in the lepton production.

It should be stressed that the mass of the neutrinos
is unimportant at this point as they only receive their
mass upon the breaking of the SU(3) X SU(2) X U(l)
symmetry, in the hierarchy of the SU(5) symmetry
breaking. The same also holds true in higher GUT mod-
els. Thus the only quantities which will affect the inter-
action rates are the masses of the X and Y bosons (which
are equal) and the temperature of the Universe. In gen-
eral these rates are given by

and

for decays, (4a)

for collisions, (4b)

where a is the grand unified coupling.
We find that the asymmetry in the lepton number

compared to the asymmetry in baryon number pro-
duced by X and Y decays is roughly
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A / * M , (5)

thus producing more lcptons than antileptons. A sim-
ilar situation arises when one examines the X, Y and
Higgs mediated collisions. Thus given the uncertainty
in the ratio r> = MR/'^ we can safely state that

Although we have used SU(S) as an example, similar
results for the value of 17' should be obtained in other
GUT models as well. Thus we see tj '«ij can either be
postulated as an initial condition for the Universe, or
be calculated using the particle physics of the very
early Universe. We are now in a position to place upper
limits on the neutrino mass *'.

As shown by Gunn et al. [3], heavy neutrinos and
matter will collect together to form clusters of galaxies.
Therefore the total mass density in neutrinos cannot
exceed the upper limit p m a x on the mass density ob-
served in clusters of galaxies, p m a x = 10"3 0 g cm"3 [12].
Thus, we have

mvn « 7 < P m a x ,

mv < Pmax/i'n7 * 4 PmJvny • 0)

The factor of four is due to the fact that the three
(nearly) massless neutrinos ve, i>M and vT will be formed
in addition to the heavy neutrino; thus one heavy neu-
trino is produced for every four baryons. Using a lower
limit for TJ, TJ > 10~ 1 0 [4] we obtain from eq. (7) an
upper limit on mv:

mv < 60 GeV. (8)

Note this limit is very sensitive to the uncertainties in
the value of p r o a x .

In summary, we conclude on the basis of the stan-
dard big bang model and the universality of the matter-
antimatter asymmetry, that neutrinos are only allowed
in two small windows out of the total mass spectrum.
We have also shown that this asymmetry arises naturally
as a consequence of Grand Unified Theories. It seems
plausible that in the near future the energy available in
particle accelerators will be high enough to reach the
cosmological upper limit on neutrino masses. This

** The neutrino mass can be generated by a suitable choice of
Higgs bosons.

would mean that all types of stable neutrinos may be
detected soon. Further work including more detailed
calculations and astrophysical implications is in prog-

ress • 3
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** In the final preparation of this letter, we noticed a preprint
by Nanopoulos et al. [131, in which they find a comparable
result for A//AS.
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Extended jupergravity theories predict the existence of vector and scalar bosons, besides the gravitiw. which in the statu
limit couple to the mass. An example is the graviphoton. Hading to antigravity. If these bosons have a small mass (< i n - 4

cVl. an observable Yukawa term would be present in the (invitational potential in the newtonian limit. This can be param-
etrized by a distance dependent effective gravitational "constant" G(r). Defining O'o = G'OOcmtaml ü\- = C(103 km),
the comparison between theory and observations of the white dwarf SiriusB results in 6'c/(ï0 - 0.98 • 0.08.

The newtonian limit of gravity has only been tested
In a high accuracy at laboratory distances and in the
solar system at distances of 10-1 —10" km. Deviations
from the 1/r2-force law at intermediate distances ate
not at all excluded, since gravity experiments or obser-
vations in this range are very poor [ 1 ]. A comparison be-
tween astrophysical theory and observations imposes
indirect restrictions on possible deviations, as will be
shown for the case of the white dwarf Sirius B. But
first, as a recent motivation for considering possible
non-newtonian terms in the static limit of gravity,
supergravity theories will be mentioned briefly.

General relativity is one of the simplest classical
relativistic field theories of gravity, and is in agreement
with all astronomical observations. Attempts at quan-
tization of general relativity, in the form of a gauge
theory with spin 2 gravitons as gauge bosons under
the group of general coordinate transformations, showed
the theory not to be renormalizable when coupled to
matter fields [2]. Introduction of supersymmetry,
between fermions and bosons, leads naturally to super-
gravity as a better candidate for a renormalizable quan-
tum field theory of gravity [3].

Extended supergravity theories exhibit a unique
mixing of internal and space-time symmetries, there-
by providing a framework for unification of gravity
with weak, electromagnetic and strong interactions
[3], However, supersymmetry does not seem to be
realized at energies available in present accelerators.

It seems likely that typical supergravity effects will be
clear only at energies of the order of the Planck eneig\.
/•:,. -- ft"2r;-»/V2 = i .2 x 1019 Gcv. At much
lower cncigies the only detectable giavitational forces
are those between matter in bulk. Therefore macrosco-
pic gravity experiments might well form, at least at
present, the most direct way to test supergravity
theories.

The experimental success of general relativity shows
that gravitation can be described, at least at the three-
level, by an exchange of massless spin 2 particles, the
gravitons. In the static limit the gravitons couple to
matter with a strength proportional to the mass. If
there exist other bosons, coupling in the same way,
then they too contribute to the newionian limit of
gravity. An example is the gravipholon [4].a vector
boson present in extended supergiavity theories (at
least for A'= 2 and A'= 8). mediating an interaction
which is repulsive between two parlicles. and attrac-
tive between a particle and an antiparticle. In the static
limit the graviphoton not only couples to matter with
a strength proportional to the mass, like the graviton.
but can even lead to antigravity, a cancellation between
attractive and repulsive gravitational forces |4] .

No significant deviations from general relativity oc-
cur at long distances if such bosons are massive, adding
Yukawa terms to the static limit of gravity. For masses
m < 10 4 eV the effective range is It I me > 1 cm. thus
in principle observable in the laborator). Such contribu-
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tions can be paramctri/.cd by a distance dependent
gravitational "constant" G(r) [1 ] . For example, a gra-
vitational potential of the form

£/(/•) = -(GcAf/r)[l + aexp( -r /r 0 ) ] (1)

results in a gravitational force in the newtonian form

F(r) = G(r)Mmlr2 ,

with an effective gravitational constant

6fr) = GC[I +a( l +r/r 0 )exp(-r/r 0 ) l . (2)

For a range r0 of the order of a few meters or kilo-
meters, experimental restrictions on a are very poor.
An indirect relation between Go = G(10cm) = 6.67
X 10"8 dyn cm2 g~2, the laboratory value, and C c =
6'(103km) follows from the comparison of astrophysi-
cal theories and observations. Mikkelson and Newman
[11 argued that Gc differs from Go by not more than
%40%, using models of the earth and the sun, thus
still allowing a substantial deviation between Gc and
Go.

Improvement of the constraints. In the following,
arguments will be presented which improve these con-
straints.

The strength of gravity at distances > 103 km can
be measured indirectly by observing stars, since hydro-
static equilibrium plays an essential role in determining
their structure. However, stellar models have other
uncertainties such as chemical composition and energy
generation. In the case of the sun, the helium abundance
is not well known, which is reflected in the quoted
uncertainty of =40% in C c a* GQ [1 ] . Moreover, the
observed neutrino flux from the sun is far lower than
predicted by solar models [5] .

These uncertainties can be circumvented to a large
extent by examining degenerated stars, such as white
dwarfs. Their structure can already be described fairly
accurately by assuming the electrons to be completely
degenerated and noninteracting [6 | . Inclusion of the
effect of electrostatic interactions between the elec-
trons and ions, and a few other minor corrections, leads
to very accurate models for chemically homogeneous
white dwarfs [7,81. Thus the theoretical understanding
of white dwarfs is in much better shape than that of
normal stars, where energy generation is of crucial im-
portance to provide the pressure required for support-
ing hydrostatic equilibrium; or neutron stars, where

the equation of state for supermiclear densities is only
poorly known.

After completion of the present investigation, the
author was informed of several other attempts to use
white dwarfs to restrict G(r). Sugimoto [13] used the
observational data of Sirius B and o2 Eri B to argue
against GclG0 = 3/4, a value proposed by Fujii. Blinni-
kov [14] used the same white dwarfs to sharpen the
restrictions on G(r) to exclude more than *10%
variation. However, he took the radius of Sirius B to
be (0.0078 ±0.0002)Ro , an accuracy which seems to
be too optimistic [ 10). The difference of the present
investigation with the two previous ones lies mainly in
the use of more recent observational material, together
with a detailed motivation and a discussion of the
errors involved in the similarity relations [4]. Another
very interesting approach is made by Wegner [ 16) * ' ,
who has used his observations of the redshift of o2

Eri B to put very direct limits on GJGQ, of an accuracy
'comparable to those obtained in the present investiga-
tion.

In the following we will concentrate on one of the
best studied white dwarfs, Sirius B. There are several
reasons which make this star an ideal object. The mass
is well known from the orbital parameters of the binary
system Sirius A and B. During the last few years the
effective temperature was determined more accurately,
which substantially lowered the uncertainty in the
radius. The star is hot enough to avoid surface convec-
tion, simplifying the theoretical treatment; and massive
enough to guarantee a very thin envelope.

Theoretical models provide us with a relation between
the mass M and the radius R of a white dwarf, once the
chemical composition is known, to an accuracy of
about 0.2% [7] , as is confirmed by more recent calcu-
lations [8]. In fig. 1 R{Af) is given, in solar units, for
a pure i 2 C star (full line) and a pure 24Mg star (dashed).
The dotted line indicates the Chandrasekhar approxima-
tion (for l 2C) of a noninteracting electron gas. The
main effect of the correction for Coulomb interaction
between ions and electrons is to lower the electron
pressure by about 2% (in this mass range), resulting in
smaller M and R values for a given central density.

The most accurate observational mass determination
ofSiriusB[9]is

*' Wegner's conclusions arc based on observations of the gra-
vitational redshilt for the white dwarf o2 Eri B [ 17 ] .
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lip, I. Observed mass AT and radius Rot Sirius B, for the three
cases* = CC/GO = 0.9.1.0, I . I . In each case different scales
arc used along the axes, to keep the theoretical R(M) relations
invariant. ] 1 C and M Mg indicate the compositions or the
Hamada-Salpeter models, while Ch indicates the Chandrasekhar
model (for 12C).

r. = 1.053 ±0.028.

This high accuracy results from the fact that Sirius A
and B form a visual binary system, with a period of
SO years, which has been observed extensively over
the past century. The radius of Sirius B is estimated
[10] to be

RIRa = 0.0074 ±0 .0006 ,

as inferred from its observed luminosity and effective
temperature.

Let x be defined by x = GjG0, the relative strength
of gravity at cosmic distances, compared to laboratory
distances. We have to investigate the influence o(x
# 1, on the theory as well as the observations, before
these can be compared with each other.

The observed mass of Sirius B is derived from a
measurement of GJlf, inferred from the binary param-
eters through Kepler's law. Therefore, the true mass
M(x) of Sirius B, as derived from the observations,
is proportional to jc~l. The ratio M{x)lMe(x), however,
remains constant, since the solar mass is derived from
observations of GJif^ as well. In the followingMa{\)

= 1.989 X 1O33 g will be denoted by M,u for short, as
an jr-independent reference value. The mass to be
inferred from the observations of Sirius B is then

Alobs(.ï)= (1.053 ±O.O28)x.M/, . (3)

Observations of the radius of Sirius B (and of the
sun) arc not significantly influenc ' by the value of
JC, since the radius is determined geometrically from
the luminosity and effective temperature (or astro-
metrically in case of the sun). The only change lies in
model atmosphere calculations, where the gravitational
acceleration at the surface comes in. However, this
x dependence is completely negligible: a change in.v
of 10% changes R by less than 0.02% [10J.

To investigate the effect of or # 1 on white dwarf
models, we will first concentrate on the simpler
Chandrasekhar models. They form a one-parameter
family of solutions of a differential equation for the
degeneracy parameter z, as a function of the distance
from the center of the star, where the central degene-
racy z c is the only free parameter. A choice for zc fixes
the entire model, including M and R [6,11 ] .

Since Chandrasekhar's differential equation is
written in dimensionless quantities, a value x =£ I will
associate different values of M and R to a particular
solution for fixed zc. Fortunately, the x dependence
is very simple, and it turns out that

M(zK;x) =x-^2M(zc:l), R{zc;x) = x-^~R{zc; 1).
(4)

as can be derived from the way the dimensionless quan-
tities scale with G. Fora particular value of JC, the
M(R;x) relation can be obtained from the Chandrasek-
har M(R'. 1) relation, by the use of eq. (4). This is in-
dicated in fig. 1 for the values x = 0.9 and -t = 1.1 by
scale-transformations along the axes, in order to leave
the dotted line of solutions invariant.

The next step is to evaluate the scaling behaviour
of M(R;x) for the more accurate models of Hamada
and Salpeter [7 ] . In principle the x dependence is ex-
pected to be more complicated here, but fortunately
deviations from eq. (4) turn out to be negligible. By
far the most important correction over the
Chandrasekhar models results from Coulomb interac-
tion effects, lowering the electron pressure as a func-
tion of the density. A variation of 10% in the mass
corresponds to a variation in central density of a fac-
tor two, changing the Coulomb correction ratio for
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the pressure by about 0.05% [7,121. The correction
relative to the Chandrasekhar models will then be
changed by at most 4%. Therefore the R{M,x) relations
for ' 2C and 24Mg, as given in fig. 1, can be scaled ac-
cording to eq. (4) to an accuracy of about 0.2% in
R(M,x).

For simplicity, three cases are considered, namely
x = 0.9,1.0 and 1.1. In fig. 1 the x dependence of the
white dwarf models is absorbed into a change of scale
along the axes, to keep the model relations invariant.
The observations are plotted with respect to the appro-
priate axis scales, with the mass values corrected ac-
cording to eq. (3).

In order to use Tig. 1 to put limits on x, the chemical
composition of Sirius B must be estimated. For white
dwarfs with M > 0.75 A/,3, only 12C or heavier elements
will be present, as indicated by evolutionary arguments
[7,8]. It seems likely that in the mass range appropriate
for Sirius B 12C will be the dominating element. The
pure I 2C models, according to fig. 1, restrict x to

x = 0.98 ±0.07.

The sensitivity of this result for variations in chemical
composition is not high. Even the extreme case of pure
24Mg (see fig. 1) would lead to x = 0.96 ± 0.07. How-
ever, such a heavy composition is far less likely.

Finite temperature effects, which are neglected in
the treatment by Hamada and Salpeter [7], were in-

. vestigated by Lamb and Van Horn [8] . For the observed
luminosity of Sirius B, the correction to the radius is
an increase of about 0.1%, fully neglegible for the pre-
sent discussion. Finally, the expected radius R(M,x)
will always be slightly higher than calculated in models
of pure chemical composition, since the envelope will
have admixtures of He and H. This effect is, however,
not very important for massive white dwarfs, like
Sirius B. Combining all arguments results in

x = 0.98 ±0.08 ,

where the error is a reasonable estimate of a standard
deviation.

In conclusion, theory and observations of Sirius B
restrict the value G'c, the gravitational constant at dis-
tances 103—108 km, to agree with the laboratory value
(70 within about 10%. The improvement over previous
constraints [1 ] is due to two factors: the theory of
stellar structure is relatively uncomplicated in the case
of white dwarfs, and the accuracy of the observations

of Sirius B has been improved recently, especially re-
sulting in a more precise value for the radius [10).

These constraints on a possible distance dependence
of the gravitational constant, together with more direct
observational constraints in the solar system [1] and
the most recent direct measurements in the laboratory
[15], are summarized in fig. 2. It is clear that every
viable (super)gravity theory, in which the static limit
of gravity arises from the exchange of other bosons
besides the graviton, has to respect these constraints.
From fig. 2 it is clear that a coupling strength compar-
able to that to gravitons, |o | ^ 1, is allowed only for
a range TQ <, 2 mm (corresponding to a rest mass of
more than 10"3 eV). A relative coupling strength of
10% is just barely possible for 1 m S rn ^ 10 km.

All these limits apply to the simplest case, where
gravity is modified at short distances but in the same
ratio for different materials. Much tighter constraints
can be set on specific theories which violate the equi-
valence principle, which is tested to an accuracy of
10~*2 [18]. An interesting example is the phenome-
non of antigravity [4] , arising in N = 2 and N = 8 ex-
tended supergravity theories. Here a vector particle,
the graviphoton, couples to matter with the same
strength as the graviton, at least in the static limit.
But the interaction mediated by the graviphoton is
repulsive only between particles and particles, or anti-
particles and antiparticles, and attractive between par-
ticles and antiparticles (in analogy to the coupling of

' n — • —

to- UB
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7///
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Fig. 2. Limits on the distance dependence of the effective
gravitational constant, G(r), parameterized with r0 , the range,
and a, the relative coupling strength of an additional compo-
nent to gravity. The shaded regions are excluded at a la confi-'
dence level. The constraints arise from laboratory null measure-
ments (15), surface gravity measurements on the moon {1)
and the observations of Sirius B.
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pholonsto charged particles). Scherk [4] assumed the
graviphoion to couple to quarks and leptons, which in
normal matter are much lighter than the nueleons.
Taking the rest mass of the u and d quarks to be roughk
10 MeV he arrived at an upper limit on the range ul
andjmivity of about 2 m (implying a mass of Hie j>r;ivi-
photon of at least 10 fi eV).

Further constraints on this type of antiyravity theory
follow frum fig. 2. since the repulsion between two
pieces of matter in hulk has a relative strength

iOMeV\2

GeV"" /
3

It is clear that a range of roughly 1 —10 cm is excluded
for a = 10~3, but a slightly lower value for the quark
masses can easily lower the relative repulsion strength
to « = 10~4, which is not excluded by the laboratory'
experiments. To improve the restrictions on the range
of antigravity. either the null experiments [151 in the
laboratory have to be improved, or the equivalence
principle [18] has to be tested to even higher accuracy.

In conclusion, every viable (super)gravity theory
has to respect the constraints which arc summarized in
fig. 2. Jn addition, extra constraints can arise, e.g., from
deviations from the equivalence principle, which are
dependent on the specific theory. For the antigravity
version where the graviphoton couples to quarks and
leptons only |41, the allowed range is 10 cm <, rn <| 2
in and r0 ^ 1 cm, the intermediate range being margi-
nally excluded. There are of course many alternative
possibilities, e.g.. the graviphoton might couple only
to subconstituents of quarks and leptons. Although
this would change completely the restrictions men-
tioned above, the effective coupling strength and range
would still be subject to the restrictions summarized in
fig. 2.
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