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ABSTRACT. We—propose í"~ real-space renormalization group approach for the 

bond percolation problem in a square lattice with first- and second" 

neighbour bonds/. W*-6cfiat the respective probabilities as independent 

variables. Two types of cells are constructed. In one of them ««consider—" 

the lattice>as two interpenetrating sublattices, first-neighbour bonds 

playing the role of intersublattice links. This allows the calculation 

of both critical exponents v and y , without resorting to any external 

field. Values found for the critical índice? are in good agreement with 

data available in the literature. The phase diagram in parameter space 

is also obtained in each case. ,J.\ • ' 

RESDMO. Propõe-se um tratamento de gruño do renorraalizaçao no espaço real 

para o problema de percolação pe- ligações em uma rede quadrada com liga

ções entre primeiros e segundos vizinhos. As respectivas probabilidades 

são tratadas como variáveis indeoendentes. Dois tipos de células são 

construidas. Em um deles a rede e considerada como íuas subredes interpe

netrantes, ligações entre primeiros vizinhos desempenhando o papel de 

vínculos intra-subredes. Isto permite o calculo de ambos os expoentes crí

ticos v e y , sem recorrer a enrapos externos. Valores calculados para os 

índices críticos estão em bom acordo com dados disponíveis na literatura. 

0 diagrama de fases no espaço de parâmetros e também obtido em cada caso. 

* Work partially supported by FINEP and CNPq. 
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1. INTRODUCTION 

The percolation problem [l] has been extensively 

studied in recent years. In analogy with thermal phase 

transitions we can define critical exponents [2], and a number 

of techniques initially devised for thermal problems is used 

to calculate these exponents [3,4,5j. Specifically, real-space 

renormalization group has been successfully applied to this 

problem by several authors [4-83• 

In this paper we apply the real-space renormalization 

group techniques to the bond percolation problem in a square 

lattice, taking into account both nearest- and next-nearest-

neighbour bonds, with probabilities £ and g of being active, 

respectively. We treat £ and cj as independent variables (that 

is, no a priori relation between them is assumed). This will 

allow us to find the phase diagram for the system. To our 

knowledge, a phase diagram has not been found or proposed in 

any other treatment of this problem. 

Two types of cells are considered. Both display the 

symmetry and the connectivity of the original lattice, which 

is important in order tc achieve accurate results with relatively 

small cells [5,8,9]. 

In one type of cell, we make use of the fact that 

the original lattice may be decomposed into two square 

interpenetrating sublattices, each one formed by second-

neighbour bonds, coupled by the first-neighbour bonds (see 

Fig. 3.a). Thus, for a given sublattice, the first-neighbour 

bonds act like an external field and this allows the calculation 

of both exponents v and y, without resorting to any 'applied' 
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field (in the percolation problem, the 'applied' field is 

simulated by a 'ghost' site connected to every lattice site 

by 'ghost' bonds [5,8,10]). 

Up to now, the only approach treating £ and <j as 

independent variables [4] evaluates solely the correlation-

length exponent, using a decimation procedure. 

2. A SIMPLE CELL APPROXIMATION 

He recall briefly the pure first-neighbour bond 

case treated in ref.[el. One chooses a b x b cell. The cell 

has the same symmetry as the original lattice and each bond 

has a probability £ of being active. The renormalization 

transformation casts it into a primitive cell in the 

renormalized lattice, each renormalized bond now having 

probability £' of being active. Both the original and the 

renormalized cells have the property of generating the entire 

lattice by suitable primitive translations. (Fig. 1 shows the 

case bf2). 

A recursion relation is defined when some prescription 

relates the two probabilities £ and £*. In this case/ a natural 

one [5-8] is to count for p_' all paths that traverse - that is, 

'percolate' through - the original cell in a given direction, 

say, vertically. We then get, for a given b, 

£' = V E ) (1) 

Clearly the same recursion relation would be 

obtained if w<* had considered the horizontal direction. 

For b*2 the above definition leads to [5/7,8] 
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R2ÍP) = p5 + 5pMl-p) + 8£3(l-£)2 + 2£2<l-o)3 = 2£5 - SE* + 

+ 2£3 + 2p_2 

for we have two paths with two active bonds (135 and 246 in 

Pig. l.a), eight paths with three active bonds and so on. In 

what concerns the 'vertical percolation', that is, entering 

the cell through sites 1 or 2 and leaving it through 5 or 6, 

it is irrelevant whether bonds 12, 47 and 28 are active or 

not, so the counting of paths in Fig. l.a takes into account 

only the five remaining bonds. 

From the fixed point £* = KbÍ£*)r the correlation 

length exponent[5] fol lows: \> = ¡L b/fcn \j,where *i = 

- (dp1/dp) *. Also, £* represents the renormalization group 

approximation [5] to the critical concentration p for the 

given lattice. The cells of the type shown in Fig. 1 give the 

exact result p = 1/2 for any value of b. This can be seen 
c — 

from duality arguments and is demonstrated elsewhere [7,8]. 

The counting of percolating paths becomes difficult 

as b increases, so we make use of a computer program which 

generates the exact recursion relation once the cell and the 

prescription for £* arc giv--"i, w^th this program we have 

generated all the recursion relations of this paper. For the 

pure £ case [8] , the values of the exponent v for cells with 

b from 2 up to 5 approach quite rapidly the accepted value £ll] 

1.34 ± 0.02, indicating that errors decrease as b increases. 

Now, we connect also second-neighbour sites, the 

respective bonds having probability g¿ of being active, and 

construct a b x b cell such that for o»0 it reduces to the 
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one considered previously. The case b=2 is shown in Pig. 2. 

Again, we count for g' ail paths traversing the cell in the 

vertical direction, that is, such that one reaches the 

nearest-neighbour cell in the original lattice. In Pig. 2.a 

this corresponds to counting paths beginning at points 1 or 2 

and reaching points 5 or 6. For a' we count paths traversing 

the cell along the diagonal direction, that is, such that the 

next-nearest neighbour cell is reached. In Fig. 2.a this 

corresponds to count all paths beginning at point 1 and reaching 

point labelled 9. Paths passing through points outside the cell, 

such as 12749, are not counted. Again there is a vertical-

horizontal symmetry and in addition, a northwest-northeast 

symmetry in the definition of g*. With these prescriptions we 

obtain, for a given b 

E*= R^Rra) (2.a) 

where 

RjjÍE»©) - R^E) (2.c) 

the latter being defined by relation (1). We have factored 

out £ in (2.b); from our definition and from our cell this 

is always possible. 

The renormalizavion group flow in parameter space 

is shown in Fig. 2.c. We comment on the main features of this 

diagram. The interesting fixed point is B(£* * 1/2, a* - 0), 

as expected. Due to the factorized form of eq. (2.b), the 

matrix for the linearized transformation in the vicinity of 
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this fixed point is triangular <?q//-p = 3 if j = 0). Hence, 

the relevant eiqenvaiue of the transformation, > • = ^'/^^)R 

leads, in view of relation (2.c), to the same exponent as in 

the pure p case, in accordance with universality. The second 

eigenvalue, '• - = V / :2.>R»
 i s smaller than 1. 

The curve AB separates the parameter space into 

two regions: the external (internal) part comprises points 

such that we do (do not) percolate through the lattice. Curve 

AB is then a phase bcur.dary for the problem. It is interesting 

to follow the flow line along this boundary, for it shows the 

second-neighbour 'interaction' becoming irrelevant, approaching 

2* = 0 as successive renormalizations are performed. 

A line of fixed points at £>=! is also found. Its 

origin can be traced back to the fact that Qb(£#g), for 

instance in Fig. 2.a) is the probability of reaching site 

labelled 4, and this is clearly 1 when £=1/ whatever the value 

of g; hence Q. •.l,gj " 2* T t snould be pointed out, however, 

here and in the following sections, that the physically 

interesting region of the parameter space is the vicinity of 

the phase boundary AB. 

Except for the trivial fixed point p* = q* = 0, no 

additional fixed point is found. 

We would expect the phase boundary to cross the c[ 

axis at q = 1/2, for the lattice formed only by second-

neighbour bonds is also a square lattice. Our calculations give 

q = 0.442 for b=2 and q = 0.445 for b=3, approaching,although 

slowly, the value 1/2. 

The intercept of the curve AB with the line £ = 3 
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gives p = q^ = 0.275 for b=2 and p = q = 0.264 for b=3, 
c c c c 

which is to be compared with 0.252 " , found by 
- 0.007 

Magalhães et al. rJ~l , whose treatment assumes the a priori 

relation £ = g. 

3. DECOMPOSITION INTO TWO SUBLATTICES 

The cells and renormalization group transformations 

considered in Section 2 have the advantage of being a relatively 

simple and natural extension of the pure first-neighbour bond 

problem, reducing to it when g = 0 and giving reasonable 

numerical results. However, at £ = 0, the cells do nov respect 

the 'two sublattice symmetry' of the original lattice, that is, 

its decomposition into two disconnected sublattices for £ = 0 

is not preserved under the renormalization group transformation. 

This-gives rise to a not quite correct behaviour of the flow 

lines on the q axis. In other words, at £ = 0, we would expect 

to have the same behaviour along the g-axis in the vicinity of 

q as we have in the neighbourhood of p on the £-axis. From 

the point of view of the renormalization group this amounts to 

require that the intersection of curve AB with the çj-axis be a 

fixed point. In a cell of the type shown in Fig. 2.a this does 

not happen, for in this renormalization transformation, <j 

generates contributions for £* even if initially £ = 0 (for 

example, path 1*5 in Fig. 2.a). It might be argued that the 

existence or not of a fixed point at A and the behaviour of the 

flow lines near it are not (directly) physically observable, 

being only auxiliary quantities, the important thing being the 

phase boundary itself, we shall see below, however, that the 
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appearance of a fixed point at A depends on the use of the 

two sublattice symmetry and this has the effect of changing 

the curvature of the phase boundary (see Figs. 3.c and 3.d). 

Having in mind the idea of displaying explicitly 

the two sublattice symmetry, we introduce a cell of the type 

shown in Fig. 3.a which, under renormalization, becomes the 

one shown in Fig. 3.b.Two prescriptions defining renormaüized 

j>' and cj' as functions of g and 2. a r e discussed in A) and 

B) below: 

A) Refer to Fig. 3.a. For p' we count all paths starting at 

sites n\ or a2 which end at sites S3 or B2 , that is, paths in 

which there is a change of sublattice. This is consistent with 

the idea that g bonds are now thought of as intersublattice 

links. For 3' we count all paths going from sites a\ or a2 

to sites 05 or ae, but only through sites in the given sublattice 

a. Here again, the symmetry of the cell makes several definitions 

equivalent, such as starting at 04 or a3 and going to 07 or a8 

for 9/ and from ax or a3 to 6} or 83 for p_'. With these 

definitions we get 

£' * pb<E'£> = R Vfc,gJ (3.a) 

a' s *k(a) (3,b) 

Note that (3.b) involves only second-neighbour 

probabilities and the functional dependence of 3' on çj is the 

same as that obtained in (1). This comes from the fact that/ 

within a given sublattice, 3 plays the same role as £ in the 
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pure first-neighbour bond problem. Note also that there must 

be at least one factor £> in each contribution to p_'; hence 

the form of (3.a). 

The renormalization flow is shown in Fig. 3.c. 

Point A(p* = 0, 3* = 1/2) is now a fixed point; the same is 

true of B(p* = 1/2, 3* = 0). The line of fixed points has 

disappeared but there remains a fixed point at C(o = lr g = 

= 1/2), whose existence comes from the particular form of 

(3.b). 

At A the Jacobian matrix is diagonal, for both 

3g'/3E and 3p_'/3g are zero, but now >¡ = z<i'/d% and \2 -

=3B'/3R are both larger than 1. From (3.b) it follows that 

the exponent v = in b/in X1 coincides with those referred to 

in Section 2, in accordance with universality. On the other 

hand X2 is a 'magnetic' - like eigenvalue, in the sense that 

nearest-neighbour bonds are the analogous of a 'one-spin 

operator' in a thermal problem,for each sublattice. In the 

Appendix it is shown that the 'susceptibility' exponent T2] y 

is given by r = m x2/
in *i* 

We have performed calculations for b - 2,3,4 for 

Fb(0,q). 

In order to estimate the value to which our 

results should converge as b-+ », we extrapolate [6,12] in \2 

against £n b, obtaining the value 1.9 for the fractional 

dimension [l2]d{ » 2 - n • in >2/tn b_. With the scaling 

relation y - v df and the previously extrapolated value [8] 

of v, we obtain the limiting value y = 2.5, in good agreement 

with data available in the literature, namely, 2.435 (ref [6]), 
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2.375 (ref. 'jf,'» and 2.279 (from the data of ref. f8]). 

At the fixed point H there is only one relevant 

eigenvalue, namely ~?p'/-p (the Jacobian matrix is triangular 

zt B) . From thrs, we get -j = 1.042 for b = 2 and v = 1.099 

for b = 3. These values show a poorer convergence than those 

previously caic .luted for this exponent. The reason is that 

in this case our renormalization transformations and cells do 

not reduce tc caose considered in the pure £ case when £ « 0. 

The phase boundary AB, shown in Fig. 3.c, has now 

changed with respect to that in ?ig. 2.c. This can be understood 

if ve consider the situation £ = 0 and g slightly less than 1/2. 

He then expect each sublattice to develop large clusters of 

ictive bonds. Thus an infinitesimal amount of intersublattice 

jonds will connect these large clusters and an infinite cluster 

./ill be fcn.it!fi, that is, the system percolates. This means that 

;c phase boundary must be tangent to the g-axis at ?.. Clearly, 

the same argument does not apply at B: if, in a larg* cluster 

oí first-neighbour bonds, one adds some second-neighbour bonds, 

rost of then v.ill be '«./astsd', fcr they will connect sites 

already connected by £-bonds. Note however that with the 

recursion relations (2) Lhc nTrvcturc of the boundary at B has 

¿ho sane sig-1 ic that at point B in Section 2 (Fig. 2.c),implying 

.he existence of an inflection point. 

We shall see that with the recursion relations 

fined in Section 3.3), no change of curvature along the 

oundary is observed (See Fig. 3,d). 

B) We now introduce contributions from £ to the renormalized 

probability g'; for v' v/c keep the same definition leading to 

http://fcn.it
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(3.a). As at least two first-neighbour bonds are needed to 

contribute to 3' (for instance, to go from a^ or a2 to a5 

or a6 in Fig. 3.a), we can write the new recursion relations 

as 

E* * E Fb(£'a) (4,a) 

a' - E2 Gb<E'a> + v a ) u.b) 

where !(%.($) is the same as in 13.b). 

Before defining G.C£,gJ we notice that the form 

of (4) implies both the existence of a fixed point at A 

(p* * 0, q* * 1/2) and the same values of v and y obtained 

at this fixed point in Section 3.A, regardless the functional 

dependence of 6. on £ and 3. This is because A has coordinate 

2* * 0, (3q'/*p)A is still zero and Oq'/dq). has the same 

value as before. 

We now complete the definition of q/. At first 

sight/ it might seem reasonable to take all nearest-neighbour 

bonds into account. However, if this is done, the symmetry 

between sublattices a and j*. will be lost, in the sense that 

calculating a' with paths going from 04 or o2 to a5 or a$ 

gives a different result than using paths from 81 or. #% ,tp 

S5 or B6. In order to keep this symmetry/ we do not take,, 

into account £ bonds connecting sites in the cell to sites in 

a nearest-neighbour cell. This corresponds in Fig. 3.a to 

exclude bonds such as &i«6# 0?a$ and 62»$ • 

With this prescriptions, B(£* - 1/2, 3* • 0) 1* a 

fixed point and the Jacobian matrix is still triangular at B. 
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The eigenvalue x1 - 3p'/&p)B is, of course, the sane as in 

3.a, but the second eigenvalue is slightly larger than 1 and 

increases as b goes from 2 to 3 (See the flow line along the 

boundary AB of Fig. 3.d). This implies the existence of 

another fixed point on this boundary, which we call D in Fig. 

3.d. Both the fixed point C and the straight flow line AC of 

Fig. 3.c are no longer present. 

For b * 2 , D is located at (p* * 0.486, q*» 0.010); 

there is only one relevant eigenvalue at this fixed point, 

namely, M * 1.958, from which we get v * 1.031. These values 

are to be compared with (p* « 0.3894; q* « 0.1516) and v • 

* 0.861 obtained by Young and Stinchcombe [4}. Larger cells 

are needed to improve this value of v. 

4. CONCLUSIONS 

The phase boundary AB of Fig. 3.d is very similar 

to the one obteined by van Leeuwen [l3j for the Ising model 

with first- and second- neighbour interactions. There«the 

enlargement of the parameter space by the introduction of 

second-neighbour couplings shifts the original fixed point 

along the phase boundary. In the present case, however, due 

to our definition of the «normalization transformations,both 

points D and B occur. Had we taken all £ bonds into account, 

it would have been possible to get contributions to q' nade 

out of only £ bonds, and B would no longer be a fixed point* 

But then symmetry between <* and e sublattices would be broken, 

as stated above. 

As already remarked at the end of Section 3.A,these 
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is no change in curvature along the phase boundary in Fig. 

3.d. This means that now, near point B the condition for 

percolation is less restrictive. This, in turn, comes fro» 

the introduction of a £- dependence in eq. (4.b), which 

clearly makes possible the percolation with smaller values 

of c£, for a given £. On physical grounds, we expect that the 

diagram in Fig. 3.d be our best representation of what actually 

occurs in the true infinite lattice. 
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APPENDIX 

1/* 
Let u = 1/2 - q, so u = K Ĵ*- *s t n e equation 

of the critical line (or phase boundary) near the critical 

point (p,u) * (0,0), where <t> is the 'crossover' exponent. 

Clearly, as the effect of the linearized renormalization 

transformation in the neighbourhood of the critical point is 

to transform the pair (p,u) into (*2P/X]U), one has • = 

• in X 2An \ x . If the average cluster size diverges as 

S(0,u) - u~Y , then it is easily shown [14] that 

S(p,u) - (u - K ^ 1 ^ ) " * , hence S(p,0) - p"Y/*. As S(p,u) -

£ t»2<n > , where <n > is the average number of clusters of 
s s s 



14 

size s per site, we can define the quantities <n > and <n > - *~ ' ^ s o s p 

through S(0,uD) = ls
2<n > and S(p-»o, u„) = Zs2 <n > , where 

s s o s s P 

u 0 is a fixed small value. 

We are interested in studying the effect of 

introducing a small amount of £ bonds on the behaviour of the 

average cluster size: then we can take p < 1/N, where N •*• • is 

the total number of sitea. The presence of a £ bond will make 

finite clusters couple, that is, it will lower by one unit the 

number of clusters of two given sizes and will raise the number 

of clusters with greater size. If we assume that the coupled 

clusters were most probably of a size close to the average 

(This is a reasonable assumption as long as we are dealing with 

large numbers, so the spread in the probability distributions 

shrinks down as 1/VÑ), one has: 

s p < 

where S0 = S(0,u0) and A is a constant 

Then, 

S(p •+ 0,u«) • £s2<n > - B S . p , (B • constant) 
g S O O 

or 

£s(p •* G,u$) - S(0,Ufl)]/p « - B[jS(0,u¿)]2, from which one has 

<n > - 1/N = <n > - Ap S ~ S 
s o s o r o 

<n > otherwise s o 

S (p,0) - 1/p, or y/<» - 1. 



15 

REFERENCES 

Cl] V. K. S. Shante and S. Kirkpatrick, Advan. Phys. £0, 325 

(1971); J. W. Essam, In"Phase Transitions and Critical 

Phenomena",vol.2, N.Y. Ed. C. Dorab and M. S. Green, 1973. 

£2] J. W. Essam and K. M. Gwilym, J. of Phys.C: Solid State 

Phys. A, 1228 (1971). 

[3] A. B. Harris, T. C. Lubensky, W. K. Holcomb and C. Dasgupta, 

Phys. Rev. Lett. 35_, 327 (1975). 

[4] A. P. Young and R. B. Stinchcombe, J. of Phys.C: Solid 

State Phys. 8, L535 (1975). 

Kl P. J. Reynolds, W. Klein and H. E. Stanley, J. of Phys.C: 

Solid State Phys. 10, L167 (1977). 

[6j P. J. Reynolds, H. E. Stanley and W. Klein, J. of Phys.A: 

Math. Gen. 11, L199 (1978). 

[7J A. C. N. de Magalhães, C. Tsallis and G. Schwacbheim, 

preprint (1979). 

[8] P. Murilo Oliveira, S. L. A. de Queiroz, R. Riera and 

C. M. Chaves, J. of Phys.A: Math. Gen., to appear (1930). 

[9] Th. Niemeyer and J. M, J. van Leeuwen, Physica (Utrecht) 

71, 17 (1974). 

[lO] P. W. Kasteleyn and C. M. Portuin, J. Phys. Soc. Japan, 

Suppl 26' H (1969); C. M. Fortuin and P. W. Kasteleyn, 

Physica (Utrecht) 52, 536 (1972). 

[ll] A, G. Dunn, J. W. E&sam and D. S. Ritchie, J. of Phys.C: 

Solid State Phys. 8, 4219 (1975). 

[l2] P. J. Reynolds, H. E. Stanley and W. Klein, Phys. Rev. 

B21, 1223 (1980). 



16 

[13] J. M. J. van Leeuwen, Phys. Rev. Lett. 34i, 1056 (1975). 

[14] This follows from assuming the same critical behavior 

along the critical line, at least in the neighbourhood 

of the critical point. See, for example. In a different 

context, P. Heller in S.I.F. Proceedings, Course LIX, 

edited by K. Hüller and A. Rigair.onti, Bologna (1976). 



FIGURE CAPTIONS 

Figure 1 - (a) A b x b cell in a square lattice with only 

nearest-neighbour bonds; here b = 2. 

(b) A renormalized cell. 

Figure 2 - The cell in the original lattice (a) is transformed 

into the one shown in (b). Full circles denote 

sites belonging to the cell, whereas sites 

belonging to neighbouring cells are shown as empty 

circles, (c) Typical plot of the RG flow lines in 

the approximation of Section 2. The heavier line 

AB separates 'percolating' (outside) and 'non-

percolating* (inside) regions. 

Figure 3 - A cell in the original lattice (a) and its 

transformed in the renormalized lattice (b). Full 

circumferences denote sites belonging to the cell» 

whereas sites belonging to neighbouring cells are 

shown as half circumferences. First-neighbour bonds 

are dashed and second-neighbour bonds are represented 

by full lines, a and 6 refer to the sublattices. 

(c) and (d): qualitative plots of the RG flow lines 

in the approximations of Section 3.À (c) and 3.B (d). 

The heavy line AB separates 'percolating' and 'non-

percolating' regions. 
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