
INSTITUTE FOR NUCLEAR STUDY
UNIVERSITY OF TOKYO
Tanashi, Tokyo 188
Japan

INS-Rep.-395

Dec. 1980

Energy-Momentum Tensor in Quantum Field Theory

Kazuo Fujikawa



INS-Rep.-395

n^r* n 9 fl Q
renormalization group B-function and other parameters. In

contrast, the trace of the conventional energy-momentum

Energy-Momentum Tensor in Quantum Field Theory tensor generally diverges even at the vanishing momentum

transfer depending on the regularization scheme, and it is

Kazuo Fujikawa subtract!vely renormalized. We also explain how the apparently
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Abstract

The definition of the energy-momentum tensor as a source

current coupled to the background gravitational field receives

an important modification in quantum theory. In the path integral

approach, the r.anifest covariance of the integral measure under

general coordinate transformations dictates that field variables

with weight 1/2 should be used as independent integration variables.

An improved energy-momentum tensor is then generated by the

variational derivative, and it gives rise to well-defined

gravitational conformal (Heyl) anomalies. In the flat space-time

limit, all the Ward-Takahashi identities associated with space-time

transformations including the global dilatation become free from

anomalies, reflecting the general covariance of the integral

measure; the trace of this energy-momentum tensor is thus finite

at the zero momentum transfer. The Jacobian for the local

conformal transformation however becomes non-trivial, and it

gives rise to an anomaly for the conformal identity. All the

familiar anomalies are thus reduced to either chiral or conformal

anomalies. The consistency of the dilatation and conformal

identities at the vanishing momentum transfer determines the

trace anomaly of this energy-momentum tensor in terms of the
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I. Introduction

The Ward-Takahashi (WT) identities are formulated by means

of the variational derivative in the path integral formalism

without referring to the equal-time commutator nor equations of

motion. All the known anomalies are then identified as the non-

trivial Jacobian factors in the path integral measure. ' The

integral measure is generally defined by using a complete set

of basis vectors ' ; we thus effectively introduce the notion

of "representation" into the path integral, and it is formally

shown that the measure is independent of the basis vectors

chosen. The appearance of the anomaly, however, signals the

failure of this naive unitary transformation among different

sets of basis vectors (or different representations in the

operator formalism), as the Jacobian factor is strongly dependent

on the basis vectors chosen.' For example, the choice of the

plane wave basis corresponds to the interaction picture, and

all the Jacobian factors become physically trivial in this basis.

As the correct choice of basis vectors for non-linear systems

is not known in general, the explicit evaluation of the Jacobian

factor is not possible except for several simple cases.

It is, however, important to recognize that all the known

anomalies ' have been identified as the Jacobian factors. In

the path integral method, therefore, we can anticipate all the

possible anomalies in WT identities by keeping, track of Jacobian

factors. Moreover, those WT identities such as the original

vector WT identity in electrodynamics, which do not contain any

Jacobian factor, are expected to be free from the anomalyi

Those WT identities hold irrespective of the choice of basis

vectors (or the representation) and, in particular, they hold

in the interaction picture perturbation theory without losing

any information contained in the Jacobian.

In the present paper we first define the path integral

measure which is invariant under the general coordinate transforma-

tion by using the weight 1/2 field variables. ' We then

show that the energy-momentum tensor, which is defined as

a source current for the background gravitational field by

the variational derivative, exhibits satisfactory high-energy

behavior in the flat space-time limit. In particular, the

"dilatation identity" is free from the anomaly essentially due

to the general covariance of the path integral measure, and

the trace of this energy-momentum tensor becomes finite at the

vanishing momentum transfer for any renormalizable theory.

However, one cannot simultaneously remove the Jacobian factor

corresponding to the conformal (Weyl) anomaly. All the

familiar anomalies are thus reduced to either chiral or

conformal anomalies, which share the interesting algebraic

characterization. ' It may be worth noting that both of chiral

and conformal symmetries are strongly dependent on the space-time

dimensionality, while the general covariance is not.

The consistency of the dilatation and conformal identities

in the flat space-time limit determines the conformal anomaly

at the vanishing momentum transfer by means of the renormalization

group equation. The conformal anomaly thus determined is

consistent with the direct estimate of the Jacobian factor.2)

This indicates the self-consistency of the path integral formalism.
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II. Space-Time Properties of the Path Integral Measure

In the path integral formalism, it is rather easy to incorporate

the manifest covariance under space-time transformations. We

first recall that the path integral measure for the fermion field

is defined in the flat space-time as

du. s TT > £fa)

which differs from

(2.1)

(2.2)

(2.4)

The choice of (2.3) is dictated by the manifest covariance under

the general coordinate transformation as can be understood as

follows:

He first expand l/W and f <*> in terms of a complete

set of spinor basis vectors (in Euclidean space R )

n. * w •* *"
(2.5)

by a Jacobian factor associated with the Yo -matrix. Although

(2.2) is more closely related to the canonical quantization scheme

which suggests111 oLu ~ IT STta.)£l-fw , we prefer (2.1)

with^

on the basis of the manifest Lorentz covariance. Note that

has rather complicated transformation properties under the Lorentz

transformation. The difference between (2.1) and (2.2) is a

trivial Jacobian factor in a finite theory, but (2.1) is better

suited for maintaining the manifest Lorentz covariance in the

field theory with an infinite number of degrees of freedom. In

fact the chiral anomaly, for example, can be derived in a natural

manner ' on the basis of (2.1).

In the curved space-time, (2.1) is now replaced by2'3'

(2.3)

(2.6)

and the coefficients fla and t^ are the elements of the

Grassmann algebra. ' Then

glu = TT

TT olan (2.7)

by noting that the translation invariant integral over the elements

of the Grassmann algebra is equivalent to the left-derivative.

The Jacobian factor in (2.7) may be regarded as consisting of

matrices whose rows and columns are specified by X and 1 ,

with the field variables with weight 1/2
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respectively. The Jacobian is then evaluated as

(2.8)

The measure (2.7) thus becomes (up to a trivial normalization

factor)

cLu. - ~ff d(k* o/fek (2.9)

The general coordinate and internal S0(3,i-) (or S0&) in

Euclidean theory) transformation properties are carried by 9»p>

in (2.5), and the coefficients (LA and bn. are scalars under

these transformations.

This argument shows that we should use the fields with

weight 1/2 in (2.4) to define the manifestly covariant path integral

measure. This argument of the manifest covariance is quite general

and it applies to other fields such as the scalar field,2' ' as

the weight factor lf% essentially arises from the covariance of

the volume element .Jjf p/*-< . It is formally shown that the path

integral measure is independent of the choice of basis vectors in

(2.5), and a change of basis vectors corresponds to a change of

the representation in the operator formalism; we can thus specify

the path integral more precisely by means of the expansion (2.5).

The important implication of the choice of (2.4) as integra-

tion variables is that the energy-momentum tensor defined as a

source current for the background gravitational field becomes in

quantum theory '

Jl %,(*> • -£«« j^j- SV-C «?. •¥)

which differs from the classical energy-momentum tensor

^ V

(2.10)

(2.11)

ru>

Here

and

, "V1,'V.) = Si-H.'Y, V ) is a classical Euclidean action

; the vierbein field -ifai-l^^a > s %*1x>

We note that the quantized energy-momentum tensor

transforms as a well-defined second rank tensor.

^ (-x)

III. Gravitational Conformal Anomalies

The gravitational conformal anomaly associated with a quantized

scalar field has been discussed elsewhere.' We here illustrate

the path integral method for two simple examples.

Ill-a, Fermion Field

We consider the free fermion field inside the background

gravitational field (without torsion)

(3.1)

where14)
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i -ii IC (
(3.2)

The metric for the local torentz frame is Gab = (1, -1, -1, -1)

which becomes Gab - (-1, -1, -1, -1) after a suitable Wick rotation

in the local Lorentz frame, e.g., JLf -»• i 4+ , -JL -? -i£.

(thus^-r-/^ ) ana 1°-?-<•?* with its'* Tf'f'f*?*-

The action (3.1) satisfies the local conformal (Weyl) symmetry

property

(3.3)

in terms of the variables (2.4), or equivalently

by remembering the definition of T[p in (2.10).

We next derive the local identity associated with the change

of integration variables

Under this transformation, the measure (2.9) is transformed as

/« -* oU *rf> I $<tu>Ai0Olindl ] (3.6)

with

AiK) s T. %a?%a) (3.7)

if one remembers that the coefficients, Q,^ in (2,5) are transformed

as

(3.8)

(3.9)

1 2)
under (3.5); the Jacobian in (3.6) corresponds to ' '

for infinitesimal c(U) •

The variational derivative (the change of integration

varibles does not change the integral itself)

Sola;
(3.10)

with

(3.5) gives rise to (by discarding source terms)
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Prom (3.4) and (3.12), we obtain the WT identity

(3.16)

lA (3.13)

It is formally shown that the path integral measure is

independent of the choice of basis vectors (2.5). But this naive

unitary transformation among different sets of basis vectors fails

in WT identities with the anomaly, as the anomaly factor (3.7)

strongly depends on the basis vectors chosen. From our experience

in the case of the topological chiral anomaly, ' w e evaluate

f{±[X) by means of the basis vectors for 0 •& 2""RK in

(3.1) (the "Heisenberg representation")12*

We sum the series in (3.7) starting from small eigen-values

|AJ £ M as

(3.15)

There are various ways ' ' to evaluate (3.15); we here quote the

result which appears in the intermediate stage of the "S-regulari-

zation,15)

The second term in (3.16) depends on how to sum the series in (3.7),

and it is customarily eliminated by a suitable regularization scheme

such as the ô -regularization. We thus obtain the conformal

8 9)identity for the connected components '

(3.17)

Ill-b, Electromagnetic Field

We consider the Euclidean action

with

ft

(3.18)

(3.19)

We obtain various energy-momentum tensors depending on the choice

of independent variables in the action (3.18):

(3.20)
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jfc &

(3.21)

(3 .22)

where $U , Af) = $U . K)

AtW =•&/«>A,, CO , A^U)

, a n d

(3 .23)

We note that fttv is symmetric, whereas TL,/ and TL^ are not.

We do not symmetrize TLp and ~Tl.p , as the anti-symmetric part

of "J j and "C^ generates the "spin-rotation". Wa shall come

back to this point later.

The tensor $ ̂  is manifestly gauge invariant and satisfies

the relation

(3.24)

which is a result of the invariance of the action (3.18) under the

conformal (Weyl) transformation

The tensor j ̂  (3.21) corresponds to the canonical energy-

momentum tensor, as J\ & > -? 6 o t W ) under (3.25) and

the conformal weight of A&VO coincides ;ith the naive canonical

dimension: The choice of the variable n^U) is also consistent

with the description of the spin degrees of freedom with respect

to the internal £0(3,0 (or jSOtfJ in R 4 ) symmetry. The

tensor 1\,^ (3.22) is dictated by thepmanifest covariance of the

path integral measure, and is transformed as

(3.26)

under (3.25). Although "T,,, and Tut/ are not manifestly gauge

invariant, it is not a drawback in quantum theory where the

gauge symmetry is replaced by the BRS symmetry. '

To quantize the theory, we choose the Feynman gauge

(3.27)

where t>, acting on A,W is the full covariant derivative

(3.28)

A?

with Lfoj an appropriate generator of (jkC^'R) and

a generator for the Lorentz vector representation

(3.29)
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The scalar fermions Cu) and Cvc) are the Faddeev-Popov ghosts.

The action (3.27) satisfies the local conformal symmetry relation

, e-"c)

i,", £ , f , C)
(3.30)

S 7T

(3.34)

where

where

(3.31)

and g K J = J£ fw) / ?Bj — J< Cat • The relation

(3.30) gives rise to an identity after quantization (by discarding

the source terms)

(3.32)

The right-hand side of (3.32) is converted into the anomaly by the

variational derivative (3.10) associated with the change of integra-

tion variables

r ... t _./ -oho 7

(3.33)

do -> c«;

We note that the covariant integral measure is defined by

(3.35)

cm = £ /?* Sna)

with Cn ^he ordinary number, and d^ and /3r^ the elements of the

Grassmann algebra. We thus obtain the conformal identity

(3.36)

with the Jacobian factors (see eqs. (3.8) and (3.9))

AZU> S

(3.37)

The sign difference in the right-hand side of (3.36) arises from

the fermionic nature of pel) .

In the explicit evaluation of anomaly factors (3.36), the

basis vectors Vh are chosen to be the eigen-vectors
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with X>M tne full covariant derivative (3.28). Similarly, we use

for the scalar basis. Following the standard

procedure (3.15)^(3.16), we obtain [see Brown and Cassidy ]]

(3-39)

(3.40)

and finally the conformal identity for connected components

renormalization properties of ~Ti.l! (*•) and other tensor

quantities. The strategy we employ is to use suitable tensor

quantities so that the resulting WT identities do not contain

the (basically unknown) Jacobian factors. We illustrate this

for the spinor electrodynamics.

IV-a, Spinor Electrodynamics

We start with the Euclidean action defined by the Feynman-type

gauge in the background gravitational field

with

(3-"

IV. Energy-Momentum Tensor and Associated Identities in

Renormalizable Theories

The treatment of conformal anomalies in the preceding section

crucially depends on the eigen-value equations (3.14) and (3.38).

For renormalizable theories in the flat space-time limit, one

deals with non-linear systems for which the "correct" choice of

basis vectors is not known in general. As a result, the explicit

evaluation of the Jacobian factor is not possible except for

several simple cases. Nevertheless we here show that the path

integral method is powerful enough to prove several fundamental

(4.2)

See also eqs. (3.2) and (3.27). As we are eventually interested

in the flat space-time limit in this section, wa ignore the

Faddeev-Popov ghosts in (4.1)* Various energy-momentum tensors,

corresponding to (3.20)^(3.22), are defined from the action (4.1)

by131

(4.3)
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where C-

fa

'"" = £ ' " *

(4 4)

*V 14.5)

1 and § stands collectively for

weight 1/2 fields (see eqs. (2.4) and (3.23))

C-6)

The tensor "H.^ (4.5) gives the quantized source current for the

background gravitational field in the covariant path integral

formalism. The explicit form of T ^ in the flat space-time

limit is given in Appendix A.

The general covariance of the action (4.1) gives rise to

an identity (in the flat space-time limit)

(dx. y *«> f „« = J*

corresponding to the general coordinate transformation

We r.ext derive two local identities associated with the change

of integration variables

and

$p) ^ (/ ffj;
(4.11)

by means of the variational derivative (the change of integration

variables does not change the integral itself)

«- , = O (4.12)

We thus obtain, respectively.

by considering the variations

(4.8)

+•£ SU-Xt)<Cf(
IO --?(',> -•- ?(V>} t)> = °

(4.14)

ana
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4.15)

with [cf., egs. (3.7)M3.9) ]

Here [ ]. corresponds to the covariant T*-product in the

operator formalism. The Jacobian factor (anomaly) is defined by

(4.16)

(4.17)

A - E l / T 1/ (4-18)

in terms of the complete sets of basis vectors introduced to define

the path integral (see eqs. (2.5) and (3.35)). The minus sign in

front of At^) in (4.16) arises from the fact that (LK and lK

in (2.5) are the elements of the Grassmann algebra.

Combininq (4.7) with (4.14) and (4.15), we obtain the local

WT identity

(4.19)

= r

We emphasize that the possible anomaly terms completely dropped

out of this final result, reflecting the general covariance of

the path integral measure. This cancellation of the anomaly for

t].,/ is therefore quite general anc. it takes place for any theory

such as the gauge theory. The left-hand side of (4.19) is thus

finite up to the ordinary wave-function renormalization factors

(for any regularization scheme) in renprmalizable theories.

In contrast, the tensor (4.4) in the flat space-time

limit satisfies an identity with the anomaly (4.16)

i.

<4-20'

and the finiteness of the left-hand side cannot be proved from

this identity.

We next derive identities associated with the invariance

of (4.1) under local Lorentz transformations

S** J §(X) (4.21)

(4.22)

with the appropriate generators of JiOO.O (or

in K4 ) for the Lorentz spinor "/•«) and the Lorentz vectors

and -tfll) • We have the symmetry relation
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s s UL = o
(4.23)

This relation when combined with the variational derivative

associated with the change of variables (4.21) gives rise to the

local WT identity

(S*V< if

m* I

with

Ufa

(4.24)

(4.25)

The Jacobian'(anomaly) for the non-Abelian synunetry (4.21) identi-

cally vanishes; $)f and £f give rise to Jacobian factors with

opposite signs, and the Jacobian for SAf. vanishes due to the

anti-symmetry property of iS (3.29). In the flat space-time

limit T,t is identified with T,,, , and (4.24) together with

(3.29) shows that the anti-symmetric part of T^, is a finite

operator for renormalizable theories. By decomposing

symmetric and anti-symmetric parts by f^v =

(4.19) and using (4.24) for the anti-symmetric part, we obtain

is a finite

ng T,,, into

7 (4.26)

IV-b, Global Space-Time Symmetries

By integrating (4.19), we obtain

if

(4.27)

which is a statement of global translation invariance. By

multiplying X to (4.26) in an anti-symmetric manner and

integrating over X , we have

tl

^ < 4- 2 8'

which is a statement of the global Lorentz invariance in the flat

space-time limit. We can derive the same set of identities (4.27)

and (4.28) starting from T*^ in (4.20), as the second terms in

(4.19) and (4.20) do not contribute to these identities; in other

words, the Poincare invariance alone cannot exclude the anomaly

in (4.20).

Multiplying (4.19) by X and integrating over X , we

(4.29)

We call this the global "dilatation identity" associated with X ->

g?X in the following. The dilatation identity expressed in terms
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of Tu^ is thus free from the anomaly, whereas "T,,. in (4.4)

gives rise to an identity with an anomaly due to the second term

in (4.20). Eq. (4.29) shows that the trace \ilX~Z.'ua)c is a

finite operator in renormalizable theories.

IV-C, Conformal Anomaly

We next derive the "conformal identity" associated with the

local conformal (Weyl) transformation

c« **«> fM
t. -A. (t)

e Ata>

(4.30)

The action (4.1) under (4.30) gives rise to the relation (in the

flat space-time limit)

L <*« > yit> = U da) \

with (see eq. (3.31))

J'l" » (4.32)

Eq. (4.31) combined with locdl identities similar to (4.14) gives

rise to the local "conformal identity"

(4.33)

Z Sd

where the anomaly factors are defined in (4.17) and (4.18).

Although we cannot evaluate A^d) explicitly ( AiQCJ

corresponds to the familiar trace anomaly as will be explained

in the next section), we can determine the combination Aifl - A^i

at the zero momentum transfer limit by the consistency of (4.29)

and (4.33):

(4.34)

or in terms of the renormalized Green's function
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fixes the right-hand side of (4.35) as

(4.35)

where A^ and //A stand for the numbers of fermions and photons

appearing in the Green's function, respectively; A^ * <+£ " //

with AJ an even integer. Eq. (4.35) shows that the connected

component J ̂  \ AiU) - A2U> -* "»'f'T«> \c
operator.

We next recall the dimensional structure of Q>Ui, --,J

i s a finite

Qf(x.,-,VJ-

(4.40)

This relation operationally determines the conformal anomaly

Ai(*l " ^ H J at the vanishing momentum transfer. By combining

(4.40) with (4.29) or (4.33), we obtain (in Euclidean metric)

(4.41)

(4.36)

which suggests

i >̂ Hf '*i * ' * (4.37)

wherey and m stand for the renormalization point and the renor-

malized fermion mass, respectively. The dimensional identity

(4.37) combined with a particular form of the renormalization

19)group equation

(4.38)

(4.39)

where the conformal weights in (4.30), -1/2 and -1 for V and 4 ^

respectively, explicitly appear.

From our derivation, it is clear that the identity (4.41)

is quite general and we can derive a corresponding identity for

any renormalizable theory including the gauge theory. It is

gratifying that the quantized source current T,^ for the back-

ground gravitational field has satisfactory high energy behavior.

IV-d, Connection with the Conventional perturbation Theory

In the flat space-time limit, the ordinary field variables

and the weight 1/2 variables (4.6) become indistinguishable in

the path integral measure. We can thus convert (4.19) and (4.33)

into WT identities for 0*"> (4.3) by remembering the definitions

(4.3)->.(4.5) and the identities similar to (4.14). We thus obtain
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(4.42)

-S

(4.43)

where

&,,

with a new (symmetric tensor) anomaly

(4.44)

(4.45)

in terms of the basis vectors (3.35). We also have an identity

corresponding to (4.24). In this rearrangement,201 it is important

to notice that all the possible anomalies are local objects. In

(4.42) and (4.43), $ is regarded to stand for («f , "? , A^. )

instead of (4.6), and we specified the index of the representative

4,, in (4.42).

From (4.42), we have the dilatation identity

(4.46)

Where the factor /^ (and also 2N in (4.29)) arises to compensate

for the difference between the conformal'weight and the naive

canonical dimension of independent field variables appearing in

the definition of the energy-momentum tensors in (4.3)M4.5).

The consistency between (4.46) and (4.43) gives rise to the same

condition (4.34) as before, and we finally obtain

and 0where the conformal weight factors of *V and

respectively, instead of the naive canonical dimensions appear.

This is the result of the conventional perturbation theory

written in the Euclidean metric starting from (a suitably

symmetrized version of ) 6*,i

Although the above procedure appears to be somewhat

unorthodox, we emphasize that this iis in fact the procedure

taken in the conventional perturbation theory. To understand

this point, we note that WT identities such as (4.19) are derived

from the symmetry property of the theory. Once WT identities

are fixed, all the perturbative calculations are now performed
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by imposing these identities. Note that there is no "anomalous

WT identity as such in the present formulation. The WT identity

(4.42) is trivially true in the tree level where (§)»„ is

reduced to

(§)»„
as the anomaly factors vanish to this order,

mmaterial whether one started with B^j or

in perturbation theory, once one adopted the identity (4.42)

Therefore it is immaterial whether one started with B^j or

(§Li; in perturbation theory once one adopted the

as a guiding principle at each stage of the perturbation theory;

one always ends up with the tensor quantity which satisfies (4.42)

namely ®yi> (4.44) in our approach. When one imposes (4.42),

the trace of ®uj at the vanishing momentum transfer is uniquely

determined by the renormalization group (or Callan-Symanzik)

equation by means of the dilatation identity (4.46). The

consistency of this result with the conformal identity (4.43)

then uniquely fixes the anomaly factor appearing in (4.43) at

the vanishing momentum transfer.

It is significant that the path integral method provides a

proof of the existence of ©*>; which satisfies (4.42) consistently.

In the path integral, it is also possible to evaluate some of

the Jacobian factors such as AlW in (4.43) directly,2' as

will be explained in the next section. The agreement of this

estimate with (4.47) indicates that the path integral method is

self-consistent. The advantage of "T,^ over &p*i is that

one can explicitly evaluate T,,, by (4.5). See Appendix A.

Prom the renormalization theory point of view, the quantity

JVx Tji'Oe *n <4-29' *s finite and not renormalized, whereas

Jd< P A H J , is subtractively renormalized as is understood from

the relation (4.44) and the fact that Jrf*] -ZA&) +^?a>\± 0 .

We shall explain this point in the next section.

V. Renormalization Properties of Chiral and Trace Anomalies

The chiral anomaly is derived in the path integral by

considering the variation

(5.1)

with other variables fixed in the action (4.1) in the flat space-

time limit. The result is, for example.

l

(5.2)

where the gauge invariant currents are

(5.3)

jstx) s

and the anomaly factor

(5.4)
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The corresponding identities can be derived by considering
(5.9)

"f«J e a

with other variables fixed. We then obtain, for example.

(5.5)

(5.6)

where

and

Aw«) » £

(5.7)

(5.8)

which coincides with ^tBJ in (4.17).

A careful evaluation1'21 of (5.4) and (5.8) gives, respectively.

See also Appendix B. Identifying $»> as the trace22' of

&.,

(5.10)

(5.11)

leqs. (5.2) and (5.6) correspond to the well-known chiral and

"trace" identities, respectively-

As is well-known, (5.2) is exact although (5.2) as it stands

corresponds to co — ao for' the non-vanishing momentum transfer

[the Adler-Bardeen theorem ' ] . Incidentally this theorem

provides a partial support for the path integral manipulation.

The derivations of (5.2) and (5.6) and the evaluations of (5.9)

and (5.10) are completely on an equal footing. We therefore

expect that (the connected component of) (5.6) is also exact,

although it again becomes 00=°°. [In the lowest non-trivial

order, this can be confirmed by following the procedure in Ref.

(23)].

There is, however, an important difference between (5.2) and

(5.6). The left-hand side of (5.2) vanishes (to be precise,

vanishes more rapidly than each individual term in the right-hand

side) at the zero momentum transfer limit in the presence of the

explicit chiral breaking mass term. This observation when combined

with the identity
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(5.12)

of (4.33) from the regulator mass term [The current (4.32) is also

modified]. Thus the anomaly factor { fy±a) - A&U) \
 i n (4.33)

is effectively replaced by (we use eq. (5.10))

written for the isovector current gives rise to the well-known

formula for 11° -* // via the PCAC relation.23'24'

In contrast, the left-hand side of (5.6) does not vanish

even at the vanishing momentum transfer, and one cannot extract

useful information from the relation among divergent operators.

Fortunately, the identity (4.33) at the vanishing momentum transfer

provides a finite WT identity which includes /!„«) (= Ai.U) ),

and it illustrates the validity of (5.10). As we cannot evaluate

/ta*1' in (4.33) directly, we have to rely on a suitable regulari-

zation scheme to learn the role of Az (X)

e."

V-a, Pauli-Villars Reqularization

We introduce a negative metric vector field

regulate the photon propagator: we add

B*(

to the Lagrangian (4.1) and replace AM by A* + &*• inside the

interaction term. Based on the experience in perturbation theory,

we assume that the interaction picture (i.e. the use of plane-

wave basis) is well-defined for gauge fields AM and Q/^ after

this regularization. We thus neglect the anomaly /IZ(X) in

(4.33) as the Jacobian becomes physically trivial in the plane-wave

basis, but we obtain an extra contribution in the right-hand side

(5.14)

21)As has been analyzed in detail by Adler, Collins and Duncan,

(5.14) defines a subtracted (finite) operator and it gives rise

to /̂ te)'3e an<^ other factors in (4.40) in the zero momentum

transfer limit. We thus see that the Adler-Bardeen type theorem

for (5.2) and (5.6) and the appearance of the renormalized

(subtracted) anomaly in (4.41)are consistent with each other.

We note that mass terms (including the regulator mass) do not

appear in ~Tu^ (4.5); this partly accounts for the good high

energy behavior of ~Z^f regardless of the regularization scheme.

(See also Appendix A ) .

This exercise also shows that Az^^ *n I4-40' cannot be

neglected and, in fact, it is a "hard" operator, as A i ^ c is

a divergent operator and the fermion mass term is known to be

finite ' in (4.40). The subtraction term in (4.44) gives rise to

-2A«) (5.15)

in the trace ® {.*)<, ; this combination (5.15) gives a divergent

operator. We thus conclude that the trace ]it- > ll\ is

divergent and it is subtractivelv renormalized21' to give rise

to the finite [it ®Ax). in (4.47).
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28)

V-b, Dimensional Regularization

In the dimensional regularization,'0' all the Jacobian factors

are expected to be discarded: A partial justification of this

is given in Appendix B. The identity (4.19) holds as before, as

it is independent of dimensionality. The dilatation identity (4.29)

is thus valid with 2N replaced by rtN/2. The conformal symmetry

(4.31) is, however, spoiled by the dimensional continuation just

as the chiral symmetry, and we pick up an extra term

(5.16)

in the right-hand side of (4.31). Note that the conformal weights

in (4.30) are independent of the space-time dimensionality n.

This extra term (5.16) replaces the anomaly factor Ai(*> ~ Ajfx)

in (4.33), as the Jacobian is absent in this regularization.

[The current (4.32) is also slightly modified]. It is known29'

that (5.16) together with the mass term in (4.33) give rise to

the correct anomalous factors in (4.41) as is expected from the

consistency with (4.29). The path integral manipulation is thus

self-consistent.

There is one peculiar aspect with the dimensional regulariza-

tion, however. As the Jacobian factor is absent, $,» in (4.3)

satisfies the same set of identities (4.42) and (4.43) as (&,»

with the conformal anomaly factor in (4.43) replaced by (5.16).

In other words, the dilatation anomalies in (4.44) are

automatically subtracted away by the assumption of the smooth

dimensional continuation, whereas the conformal anomaly is

not. This is presumably related to the fact that the general

covariance, which includes dilatation, has a natural dimensional

continuation but the conformal (and also chiral) symmetry is

generally spoiled by the continuation. ' We here note that

the Poincare invariance alone cannot remove the possible anomalies

in, e.g., (4.20) as was explained in Subsection IV-b.

VI. Conclusion

We illustrated the advantage of the formal treatment of the

path integral with a specification of the "representation" by

means of basis vectors. The anomalous behavior of WT identities

is always anticipated by the non-vanishing Jacobian factors in

the integral measure. In this sense, there is no "anomalous"

WT identity in the present formulation, although the explicit

evaluation of the Jacobian is not always possible; this may

restore our confidence in WT identities as a guiding principle

for perturbative calculations.

The definition of the energy-momentum tensor as a source

current for the background gravitational field receives an

important modification in the quantized theory because of the

choice of the general covariant path integral measure. An

improved energy-momentum tensor is thus obtained, and it exhibits

satisfactory high energy behavior. By using this energy momentum

tensor, we were able to identify the trace anomaly as the conformal

anomaly. All the familiar anomalies are thus reduced to either

chiral or conformal anomalies, which share the interesting

algebraic characterization 2)
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Appendix A

The explicit form of

is given by

z[ e,f

(4.5) in the flat space-time limit

with

Appendix B

The Jacobian factor X) (= /4wW-> ) in (4.17) is

evaluated in Euclidean space by using the eigen-vectors (the

"Heisenberg representation"] '

with $ s jfCfy. +ie,fy,) . We sum the series in (4.17) starting

from small eigenvalues ( |At| £ M ) in n-dimension as

(B.2)

where we transformed the basis vectors to plane waves for the

well-defined operator exp[ -(J^t) 1> a n d t h e trace runs over Dirac

matrices. By expanding the exponential factor in (B.2) in powers

in V M < we obtain

- (!'*'
(B.3)
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where the higher order terms in '/M are neglected. Evaluating

(B.3) at sufficiently small n, we may conclude that Atvl) = 0

(by discarding the disconnected constant term) in the dimensional

regularization. The chiral Jacobian factor (5.4) also vanishes

in this scheme. The same conclusion holds even if exp(-(/i/£i) )

is replaced by any smooth function ' ' f f **/M*) in (B.2)

with fo> = 1 and i {.•"•) - {'(<•*•) « 0.

If one sets n«4 in (B.3), one recovers the familiar result

(5.10). The Jacobian factors generally have the non-analytic

dependence on the dimensionality such as in + .
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