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ABSTRACT. Ve-diseus» the bond percolation problem/in an anisotropic 

square lattice using the position space renormalization group. We show 

that, due to symmetry, this treatment reproduces known exact results 

for this proolem. The phase diagram and the flow lines in parameter -.^ 

space are also shown. Q«* Results are in agreement with universality/ 'J-'-'S '" 

RESUMO. Discute-se o problema de percolação por ligações em uma rede 

quadrada anísotrópica, usando o grupo de renormalização no espaço real. 

Mostra-se que, devido ã simetria, este tratamento reproduz resultados 

exatos conhecidos para este problema . São também mostrados o diagrama 

de fases e as linhas de fluxo no espaço dos parâmetros. Os resultados 

obtidos estão de acordo com a universalidade. 

*Work supported by Brazilian agencies FINEP and CNPq. 
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§1. Introduction 

We apply a formulation of the position space renormaliza-

1) 2) tion group ' to the anisotropic bond percolation problem in a 

square lattice. In this problem, a vertical bond has probability £ 

of being active and an horizontal bond has probability r of being 

active, where in general g j- r. A similar formalism has been 

applied to the isotropic problem both with and without a magnetic 

3) field . The details of the method can be found in reference 3) 

(see also fig.l) and here we show that it gives known exact 

4) results for the anisotropic problem. 

§2. The Phase Diagram and the exponent v 

Let us first consider a bxb cell (see fig.l) and ask for 

the probability of "getting across" it in the vertical direction 

(p') and in the horizontal direction (r*). For a cell with b~2 

these are given by 

p' = 2p"r - 4p3r - p* + 2p2r + 2p2 (2.1a) 

r' = 2r"p - 4r3p - t* + 2r2p + 2r2 (2.1b) 

In general, for a given b, we will find 

p' = f(p,r) (2.2a) 

r' = g(p,r) (2.2b) 

We now show that several exact results follow from 

equations (2.2) by using symmetry arguments, without actually 

working out explicitly the recursion relation. As the arguments 

will not depend on the size of the cell, it is clear that they 

must give the exact results. 
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First we note that, due to the symmetry of the cell, one 

has for any b 

r' = g(p,r) = f(r,p) (2.2c) 

that is, the recursion relations are symmetric under the exchange 

r*->-p and r,«-*p*. From this it follows that if r=p then r'=p*. But 

it has been shown that p*=l/2 is the non-trivial fixed point of 

the isotropic problem, for any value of b. So a fixed point of 

(2.2) is the isotropic fixed point p*=r*=l/2. It is easily seen 

that eqs.(2.2) also admit the following fixed points, for any value 

of b: (p*=0,r*=0),(p*=l,r*=l),(p*=0,r*=l) and (p*=l,r*=0). The last 

two describe the linear chain limit and the first two are the tri

vial (stable) fixed points, for which the "correlation length" 

From duality arguments it is also clear that eqs.(2.2) 

further admit the symmetry r«--»-l-p, p+-*l-r and then r'-̂ -̂ l-p*; 

p'-^l-r' . That is, 

1-r» = f(l-r,l-p) 

1-p' = f(l-p,l-r) 

The (linearized) phase diagram in the (p,r) parameter 

space is given by 

• C;L(pc-p*) + c2(rc-r*) = 0 (2.3) 

where (c,,c-) is the eigenvector corresponding to the largest 

eigenvalue X of the 2x2 matrix whose elements are a,,=3pV3p, 

a.2=3p'/3r» a21
=!<*r'/3pr a22=&r*/3r, where the derivatives are 

evaluated at the fixed point (p*,r*). The boundary (2.3) separates 
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two regions of the parameter space: the inner region comprises all 

points (p,r) such that we do not percolate through the lattice and 

conversely for the external region. Now, for the non-trivial iso

tropic fixed point p*=r*=l/2, and taking into account the symmetry 

relation (2.2c), it is clear that a.-.-a and a. 2=3-, , from which 

it follows that c,=c2 and 

p +r = 1 (2.4) 
*c c 

Relation (2.4) is the well known exact result of Sykes 

4) and Essam 

The exponent v is given by 

In b 
v = In A 

with X = a.. + a12. But again, from symmetry considerations, 

all + a12 = ^11' w^ e r e A n = <3p'/dp is the corresponding eigenvalue 

in the isotropic case. Thus v is the same in both cases, in accor

dance with the universality requirements. In reference 2 we find 

v = 1.428, 1.380, 1.363 and 1.341 for b = 2,3,4,» (extrapolation) 

respectively. There are four other fixed points of the recursion 

relations (2) and their locations do depend on the value of b. For 

b=2, they are given by p*=0 and r*=(-l+/5)/2 = 0.618 and its symme

tries with respect to the lines p=r and p+r=l. We can find their 

positions for a general value of b and show that, as b->«, they 

approach the fixed points of the linear chain. For r=0 and a bxb 

cell, (2.2a) has the form 

h b 

p« = 1 - U-p ) (2.5) 

This can be found by using the procedures introduced by Tsallis 5) 
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for reducing a given diagram into series and parallel combinations. 

Now, from (2.5) one finds that in the limit b+°°, p*=l is the fixed 

point of this relation. Analogous result holds for the three other 

fixed points. 

§3. Discussion 

In Fig.2 we show the renormalization group flow in the 

parameter space. The trajectories are symmetric with respect to the 

lines p=r and p+r=l. The physically interesting situation is 

governed by the isotropic fixed point p*=r*=l/2. 

This fixed point is found to be unstable in all directions 

(at least, for finite values of b), as shown by the directions of 

the arrows in Fig. 2 a ) , b) and c). However, an argument to be 

described below gives plausibility to the idea that this is still 

the case for b-*-°°. 

For the moment, let us notice that, for finite b, the 

parameter space is divided into four regions with respect 

to the behaviour of the points located on them under the renorma

lization group transformations. Thus, points belonging to regions 

I, II, III and IV in Fig.2 a), b) and c) are carried onto the fixed 

points (0,0), (1,1), (0,1) and (1,0) respectively, under successive 

RG transformations. Also, points located on the borderlines conver

ge to the fixed points mentioned at the end of §2. Furthermore, it 

can be seen, both from the diagrams and from eq. 2.5, that the 

effect of increasing the cell size is to shrink regions III and IV, 

making both borderlines coalesce onto the line p+r=l, which is the 

exact boundary and the result obtained by the RG linearization pro

cedure, as noted above. 
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Points on the borderlines converge to the fixed points 

at the edges. Increasing b makes these fixed points approach the 

corners at (1,0) and (0,1). These facts and the ever faster con

vergence of points on the line p+r=l to the mentioned corners with 

increasing b, give support to the hypothesis that the behaviour of 

the flow lines for b-*» will look like the one schematized in Fig. 

2.d); in particular, we state that the point (1/2, 1/2) wi "H ritill 

be unstable in all directions as b-*-<». 

As a second remark, we notice that our analysis contrasts 

with the results and conclusions of Ikeda . He looks for a trans

formation which preserves the degree of anisotropy e=r/p. This 

corresponds, in our Fig.2, to constrain the flow to a straight line 

passing through the origin with slope e; but, for general values 

of e, the renormalization group flow does not preserve £. Besides, 

the only fixed point, for general z, is the origin itself. 

So it does not seem justifiable to keep e=constant during 

the renormalization group iterations. This fact might explain why 

the results in reference 6 seem to violate universality (for e=0.1, 

the exponent v is found to be 0.8, instead of the accepted value 

v=1.34 for the isotropic case): within the approximations made in 

reference 6, the flow is probably governed by the fixed point of 

the linear chain, which has v=1.0. 
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FIGURE CAPTIONS 

Figure 1 - a) An example of a bxb cell on a square lattice (here 

b=2). Vertical bonds have probability p of being 

active and horizontal bonds have probability r of 

being active. 

b) A cell of the transformed lattice has bonds with 

renormalized probabilities p' and r', as shown. Vie 

compute for p1 all paths in a) such that we succeed 

in traversing the cell in the vertical direction, 

and similarly for r'. 



Figure 2 - Some trajectories in parameter space due to the renor-

malization group transformation for a bxb cell, 

a) b=2 b)b=3 c)b=4 d)b=or. (schematic) 

The dots are points on the boundaries; trajectories 

shown are those of some points initially on a square centered on 

the fixed point at (1/2, 1/2). Unstable fixed points are symbo

lized by white squares, while black squares represent stable 

fixed points. 
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