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SYNOPSIS 

The dynamic electronic structure of atoms and molecules can be 

directly observed by means of the (e,2e) reaction, which measures 

the distribution of energies and momenta of two electrons in coincidence 

after a knockout reaction initiated by an electron beam of known 

momentum incident on a molecular gas target. The molecular state for 

each event is identified by the electron separation energy. The recoil 

momentum for e-xch event is known from the difference of measured initial 

and final momenta. It has been verified that values of this momentum 

are equal under suitable conditions to the momentum of the electron in 

the target immediately before knockout. Thus the spherically-averaged 

electron momentum distribution for each molecular orbital is measured. 

This is directly related to molecular orbitals calculated by the methods 

of quantum chemistry. Properties of different types of molecules 

obtained by this method are discussed. 



1. INTRODUCTION 

The direct measurement of the dynamic electronic structure of atoms 

and molecules depends on an experiment whose principle is so simple that 

it could well be used as the first illustration in a course on quantum 

mechanics. In common with many introductions to quantum mechanics let 

us take the hydrogen atom as our example. 

In the historical development of the subject the phenomena that 

require explanation are the discrete frequencies in the spectrum of 

electromagnetic radiation from atomic hydrogen gas. They are interpreted 

as the energies of photons emitted when different hydrogen atoms in the 

gas undergo transitions from a state with a fixed energy to a state with 

a lower fixed energy. The object of quantum mechanics is to calculate 

the fixed values of the energy. They turn out to be (to a very good 

approximation) the energy eigenvalues of the Schrodinger equation for 

the hydrogen atom. 

Attention is now turned to the question of what the solution of the 

Schrodinger equation tells us about the structure of the system, in this 

case the motion of the electron in the hydrogen atom. For the ground 

state the solution is the wave function t|> . 
o 

At this stage the usual explanation takes off almost into the realm 

of philosophy rather than physics. We consider thought experiments. For 

example we are told that if we could measure'the radial position r of the 

electron in a particular atom the interpretation of * is that the prob

ability distribution of measurements of r in a statistical ensemble of 

hydrogen atoms is |ij> (r) | . We aTe not told how to verify this, since we 

are not told how to perform the measurement of r. 

Of great help in an introduction to quantum dynamics is the 

uncertainty principle, which is really an approximate form of quantum 

mechanics. The uncertainty Ax in a dynamical variable x is defined as 

a quantity characterising the width of the probability distribution of 
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measurements of x for a statistical ensemble of similar systems. Kith 

appropriate definitions of Ar and Ap we could apply the uncertainty 

principle to the measurement of the radial position r and radial momentum 

p of the electron in the hydrogen atom. 

Ar Ap = h. (1) 

In fact the wave function for the ground state is 

* Q(r) * IT"* exp(-r/ao) . (2) 

Therefore a suitable definition for the position uncertainty is the Bohr 

radius a o 

Ar = a (3) 
o 

In the uncertainty principle, and of course in more detailed treatments 

of quantum mechanics, the position and momentum of the electron are treated 

on an equal basis. The explanation of the meaning of the wave function 

ijj (r) in terms of the measurement of r for an ensemble of hydrogen atoms 

could equally-well be used for the wave function $ (p). The distribution 

of values of p in a set of measurements of p for an ensemble of hydrogen 
2 

atoms is |<J>fl(p) | • 

The momentum wave function $ (p) is the Fourier transform of the 

coordinate-space wave function 'i'.Cr). 

0 o(p) * (2ir)~ 3 / 2Jd 3r exp(-ip_.r)i|io(r) 

= ( 2 3 / 2 / T ) [1 • a ^ p 2 / n V 2 . (4) 
2 

The width of the distribution |<f> (p) | is characterised by 

Ap = n/a o . (5) 

The definitions (3) and (5J of Ar and Ap for the ground state of the 
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hydrogen atoa illustrate the uncertainty principle (1) for this case. 

' The momentum distribution, however, provides a much better example 

than the position distribution, since it can be directly measured in an 

experiment. Whereas the order of magnitude of laboratory measurements 

of distance is many times that of the position dimensions of an atom, 

laboratory measurements of momentum are of exactly the right order of 

magnitude. 

We measure the momentum of a free electron by measuring its kinetic 

energy and the direction of its motion. Atomic kinetic energies are of 

the order of some electron volts (eV). We can assure that an observed 

electron has a particular kinetic energy by passing it through an electro

static analyser in which electrons of unwanted energies are deflected from 

the exit path by electric fields of the order of volts. The presence of 

an electron is detected by an electron multiplier, which is a device in 

which the incident electron produces a cascade of electrons from a special 

surface. The cascade of electrons constitutes a current pulse which can be 

electronically amplified and recorded. 

The experiment in which the momentum distribution of an atomic electron 

is measured is the (e,2e) experiment. A beam of electrons of some hundred 

eV is produced by electrostatic acceleration of the beam from an electron gun. 

The momenta of all electrons in the beam are equal (within experimental error, 

which is of the ordeT of ieV) to n . This beam is introduced to a gas, 

say of hydrogen atoms, and two electron detectors are set up so that their 

directions from the collision centre aTe known. The electrostatic fields 

in the detectors are set so that the energies of any two detected electrons 
2 are equal and their sum is less than the energy P_/2tn of the incident 

electron by an energy e. 

The electronic recording equipment is set up so that a count is 

recorded only if two electrons of the selected energy arrive in the two 

detectors within a short time (of the order of nanoseconds) of each other. 
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This ensures that the two electrons cane from the same collision of an 

incident electron with a hydrogen atom. It is known as coincidence 

counting. 

For each recorded coincidence we know the noaenta p. and p_ i*» the 

detectors A and B. One electron is the incident electron. The other is 

the one that was originally bound to the nucleus of the hydrogen atom. The 

count rate is much higher than the background of random counts due to 

experimental error only if the energy difference e is equal to the energy 

required to separate an electron from the ground state of a hydrogen atom. 

This is the Rydberg energy 13.6eV. We have thus measured the separation 

energy of the electron in the hydrogen atom. In larger atoms we have 

electrons in various orbits, some of which have different separation 

energies. The separation energy c. of the orbit i is measured in the 

same way. 

Furthermore, for each recorded collision, we have measured the 

difference between the incident momentum v ai*d the total final momentum 

£»+Pn- This is the recoil momentum £ of the ion that is left after the 

removal of one electron (the target atom being initially at rest) 

a - Ec - EA - EB • w 

If the incident kinetic energy is high enough the collision occurs so fast 

that we have a clean knockout. Here the recoil momentum is equal and 

opposite to the momentum of the bound electron at the moment of impact. 

We have measured the momentum of the bound electron! 

E • - a . m 

If the atomic electron were stationary (p = 0) and unbound (e = 0) 

the laws of collision kinematics require that the two electrons emerge at the 

same angle as billiard balls after a coUision, i.e. at 90° relative to each 

other. If the electrons have equal energies this means that the polaT 
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angles 0. and 8_ made with the incident beam diiection are each 45°, and 

the final momentum vectors are coplanar with the incident momentum p . 

If the struck atomic electron is Moving, we can only detect it if we move 

the detectors from their p = 0 position. We can make various shifts of 

the detectors in order to scan the range of p, but it is sensible to do it 

systematically, for example by keeping the detectors in the plane of the 

incident beam but holding 8 fixed and varying 8 = 8 . Another way, which 

turns out to have theoretical advantages, is to keep 8 = 8 at some angle 

slightly less than 45° (since this gives the condition p = 0 with a finite 

value of e for a coplanar collision) and to vary the azimuthal angle 0 made by 

B with the OA plane. This is called noncoplanar symmetric geometry. 

The coincidence count rate is determined by the differential cross 

section, which is the probability of recording an event for unit incident 

flux and outgoing solid angles and energy intervals, taking into account 

the target density and detector efficiencies. For each selected configuration 

of the detectors we measure the coincidence count Tate over a period long 

enough to record a large number of counts. The probability of recording a 

count for a given detector configuration has a Poisson distribution. The 

error in assuming that the number N of counts for a finite period represents 

the ultimate count rate for that configuration is N 3. In this way the 

experiment estimates the probability distribution for detecting two electrons 

in coincidence at various detector configurations given by the selected 

values of p. and p„ and denoted by (PA.PO) • 

If the incident energy is high enough, we can consider the distribution 

of count rates for (PA»P») to be made up of two factors. In order to 

detect electrons with momenta p. and p__ we must have a two-electron collision 

with the right kinematic conditions and the atomic electron must have had 

the right momentum p_. The probability P(P-»P»»£B) of detecting two electrons 

is the product of the probability f (£-#£..£0) of the appropriate two-
2 

electron collision and the probability |<|> (p) | of the atomic electron having 
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the momentum p. (Since the ground state of the hydrogen atoa is spherical, 

<b does not depend on the direction of j>) . 

In fact the distribution of final momenta in a two-electron collision 

is known. It was first calculated classically by Rutherford. (At high 

enough energies the corrections introduced by Mott to allow for the quantum 

exclusion principle for identical ptrticles are small). In atomic units 
(n = e = m = 1 the unit of distance is a and momentum a" ) the Rutherford v e o o ' 
electron-electron collision probability distribution is given by 

VEO'EA-EB) - IVEAI" 4 - f8> 

The distribution F(p) of the atomic electron momentum p is therefore 

given by 

F(P) - IEO-EA^^EO'EA-EB' ' ( 9 ) 

where P(p »P.»£D) is the probability of detecting two final electrons cf 

momenta j»̂  and p„ with an incident electron cf momentum p . \ measurement 

of P(l> >PA>PD) therefore constitutes a direct measurement of ~(p), 

which is equal to |(f> (p) | , provided the theory (9) i.-. sufficiently accurate 

In practice, since the approximation improves with increasing energy, it is 

necessary only to go to an incident energy for which F(p) is independent of 

energy to obtain a reliable estimate of F(pj . This may be of the order 

of lOOOeV, for which the necessary experimental resolution is easily 

achieved. 
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II. KINEMATICAL ARRANGEMENTS 

In (e,2e) experiments the energies of five bodies are determined: 

an incident electron, a target atom or molecule in its electronic ground 

state 0, two outgoing electrons and a residual ion in one of its energy 

eigenstates F which may be an unbound (continuum) state. 

Different choices of experimental arrangement can yield quite 

different types of information. This may be understood in principle by 

considering the ionizing collision between the two elections from the 

point of view of Rutherford scattering. A distant collision causes che 

incident electron, whose momentum is p . to be deflected only slightly so 

that its final momentum p. is close to p . The momentum transfer to the 

target electron jC is small in this case. It is given by 

I - Eo " EA ' ( 1 0 ) 

A head-on collision results in maximum monentum transfer. For two free 

electrons the condition for this is that the outgoing electron energies 

E. and E R are equal, the polar angles 0. and 8_ made by the paths of the 

outgoing electrons with the incident direction are each equal to 45° 

and the out-of-plane azimuthal angle $, given by 

• - w - (<t>A-$B) . (ID 

is zero. 

The low-momentum-transfer regime has been studied at low incident 

energies from the point of view of investigating the ionization mechanism 

near the point where the target electron is given just enough energy to 

escape [Ehrhardt et al. (1971), Weigold et al. (1979)]. At high incident 

energies low momentum transfer simulates the kinematics of the photoelectric 

effect. One can therefore reproduce the physics involved in photoelectron 

spectroscopy with the advantage [Brion 1975] that the energy available to 

the outgoing electron can be continuously varied simply by varying the 



observed energy loss E - E-, rather than relying on expensive synchrotron 

sources of variable-energy photons. 

The decisive advantage of the high-incident-energy, high-aoaentua-

transfer regiae is that the fast iapulsive knockout of the electron enables 

the clean determination of aoaentun information in addition to the 

information about ion energy levels that is the purpose of photoelectron 

spectroscopy. The principles have been described in the introduction. 

The reader who wants a fuller description of the reaction aechanism can 

read the theoretical background given in section III. To obtain a sudden 

knockout, with the residual ion playing essentially a spectator role, 

one chooses a kineaatic regime close to the conditions for maximum momentum 

transfer in a free collision. 

In symmetric kinematics 

E A = E B , e A = e B = e (** 45°) . (12) 

At high-enough incident energy the paths of the electrons involved in the 

binary collision are not affected by the charge cloud due to the remainder 

of the system. The observed recoil momentum £ is then equal and opposite 

to the momentum £ of the initially-bound electron (eqs. (6) and (7)). 

It is given by 

p = [(2pAcos6 - p Q ) 2 • 4pAsin26sin2(|»/2]i . (13) 

In addition to p we of course know the separation (or binding) energy of 

the target electron 

e F = E 0 - E A - E B (14) 

for a final ion state F. For the transition to etch state F we vary p by 

varying <J> or 9 so that we know the differential cross section as a function 

of p. This is the momentum profile. We are interested only in this class 

of (e,2e) reactions. 
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III. THEORETICAL BACKGROUND 

We will use atomic units (fc = e = • = 1) throughout this discussion, 

but when discussing experimental data we will often use eV (la.u. = 27.2eV) 

for the unit of energy. In atomic units (a.u.) distances are measured 

in 'jT*.ita of a (the Bohr radius of the hydrogen atoa) and •omenta in 

i-uei'.e a . o 
He are interested in the differential cross section for an (e,2e) re

action on a system with N electrons in its electronic ground state (whose 

wave function is denoted which leaves a final ion in an electronic 
N—1 eigenstate F (denoted T_ ) . The differential cross section is proportional 

to the absolute square of the reaction amplitude (denoted M_. t|> ,p»»p»J 

for CUT reaction). in the experiment the target systeas may be in a variety 

of states with indistinguishable energies (degenerate states). We average 

the cross section over these degeneracies. There are alsn final-state 

dege: ;.*-_ies fo* which we sua; the cross sections since any of the degenerate 

states may be excited. The sum and average procedure is denoted £ . 
3V 

The differential cross section i s (McCarthy and Weigold 1976) 

VEO-EA-EB 5 ' f 2 ^ \ v ^ V P o ^ M ^ 2 o > P ^ ' V ! 2 " ( 1 5 ) 

At high enough energies the incident and emitted electron wave fu~rtions 

nay be treated as plane waves. The wave function of an electron of 
-3/2 momentum £ is (2*r) exp(ij).r). The (e,2e) anpl:tud'; is written as 

W^'V = *'WF _ 1| T ( £ , i*oV ( 1 6 ) 

The bracket notation indicates an integral (over the coordinates of all 

the electrons) of the wave functions of the initial and final system., 

connected by a transition operator T(E). The antisymmetrization operator 

A indicates that antisymmetrization must be performed over the coordinates 

of all electrons. 

In the direct knockout approximation T is a three-body operator, 
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depending only on the coordinates of the two coll iding electrons and 

the centre of mass of the residual ion. t' c l o u u t e s with T since i t 

•does not depend on the coord, nates of the col-iding electrono. 

To a good approximation T(E) can be replaced by the electron-electron 

col l is ion amplitude, and the (e,2e) aapiituue Up can then be written as 

the product of the ant isymmetrized electron co l l i s ion amplitude with the 

ccaentuB representation of the overlap ar.plluce for the target and ion 

eigenstates <£*£*' If" > • Simple exanples of overlap amplitudes are given 

in section IV. This amplitude involves toe integration over the coordinates 

of the N-I cowon electrons o f the product of the i n i t i a l and final momentum 

space wave functions. I t i s therefore a function only of the momentum 

of the ejected electror. The average of the r.qus.."ed antisyaaetric 

cc l l i s ior amplitude i s simply the: Matt electrcr.-e! -ctrcn :,:.-'•.• ering '"actor 

f at the total cn.-rg. L = r - '-_ _ . ^ ':'•:•" 0-. itterinv \-.- \ r v. h-: ee f" A '* 

evaluated analytically (McCarthy nrui ^\%.\<\ '.f"V Tt :s ; -.r-il.-.r to 

the approximate expression (8 ) . The information -»bout target and ion 

structure is contained entirely in the target-ion overlap anplitude. Its 

square is called the structure factor. The differential cross section i s 

given by 

r_ = (2w) -.iUl f 7 : r « . ' f . - I - 117} 
F ' p_ ee L. -- * c ; 

FOT singlet molecular targets , i . c clor^." fhe'il targets , *he degeneracy 

of the structure factor i s due t<: the »HCI chat the in i t ia l ground electronic 

and vibrational state has a thermal (Maxwe* liar.) distribution cf rotational 

states and that final vibrational and r .rational ;-tates are p.ot resolved 

(see section V). On making the Ro ̂ n -".-p ~' ri^cr ipyrox s^nt •.- \-.t *hirh 

the electronic, vibration lv) ani rotational ( ; jegreer, of fiecdom of 

the molecule are separated, the differential cross section reduces to (McCarthy 

and WeigoId, 1976) 

http://ar.pl
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PAP (2 T) 4^if e e|dn|dv|< E^- 1|^>| 2 . (18) °F 
*o 

The cross section is therefore proportional to the spherically 

(rotationally) and vibrationally averaged square of the momentum space 

electronic overlap amplitude. The vibrational integral can be accurately 

approximated by assuming that the nuclei are fixed in their equilibrium 

positions (Dey et al. 1975, McCarthy and Weigold, 1976), and 
«. - (2ir)4f V ? f - . — " - I - - * . * F ' ee p *o 

jdn|<sfj-l|fj>|2 . (19) 

To allow for electronic degeneracies in the final state we must multiply 

this cross section by the number of equivalent electrons n (i.e. calculate 

the cross section for each electronically degenerate state and sum the 

cross sections). 

In the special case of atoms the rotational integral in eq. (18) 

can be easily performed, and we may consider only the overlap of the 

radial functions R.(p_) and multiply (18) \>y the number of equivalent electrons. 

The Mott scattering factor f depends only on the measured momenta 
vv 

j> , p, and p__. An important fact is that for symmetric kinematics it is 

a very sensitive function of 8. = 6_ = 3, but for fixed 6 it is essentially 

independent of variations in the out-of-plane azimuthal angle $. Thi.s 

can be seen by examining the approximate expression (8) for f . Thus 

in the noncoplanar symmetric geometry (6 fixed, $ varied) f is essentially 

constant as p_ is varied, and the cross section is directly proportional to 

the square of the overlap amplitude. The shape of the differential cross 

section as a function of momentum p should therefore be given entirely by 

the structure factor and should be independent of the total energy K. 

This provides a most important check on the validity of the analysis. The 

measured noncoplanar symmetric momentum profile must be independent of the 

energy E (= E. • EJ. This geometry is therefore preferred for structure 

determination, and all of the data reported in this paper have been obtained 

using noncoplanar symmetric kinematics. 
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IV. TOE OVERLAP AMPLITUDE FOR ATOMS 

As discussed in the last sectirn the cross section at a given 

separation energy e_ is a direct measure of the square of the momentum 

space overlap amplitude between the initial target state and the resulting 

ion eigenstate. 

The simplest case is atomic hydrogen where the overlap between the 

initial ground (Is) state hydrogen atom and final ion (free proton) is 

simply $i_(P)> and the separation energy (or ionization energy) is 13.6eV. 

*o 

2 7 PAPR 1 
-- —n i - ^ -*-r , (20) 2 ee p i, 2i4 ' TT *o 11+p | 

where atomic units have been used in the hydrogen momentum space wave 

function (eq. 4). Now for a given energy E in the noncoplanar symmetric 

geometry f is nearly a constant and the kinematical factor p.pn/p is 

fixed. Therefore the shape of the cross section when plotted against the 

oound electron momentum p should be independent of E and given entirely by 

U l s ( p ) l 2 - a*p 2 )" 4 . 
Although atomic hydrogen is the simplest case to treat theoretically, 

it is by no means the simplest case to study experimentally. The main 

problem is that atomic hydrogen does not occur naturally, and we must 

dissociate molecular hydrogen within the (e,2e) coincidence spectrometer 

so that we have some atomic hydrogen target atoms. Appreciable dissociation 

of molecular hydrogen can be achieved by direct heating in a tungjten 

furnace to about 3000°K or by means of an electrical discharge, either an 

r.f. discharge or D.C. discharge. R.F. discharges tend to produce spurious 

noise problems in the high gain fast timing circuitry required to perform 

(e,2e) studies. Tungsten furnaces have a Tather short life so the D.C. 

discharge tube is the most suitable source of atomic hydrogen in (e,2e) 

experiments. 
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Fig. 1 shows the results of an experiment carried out at Flinders 

University at an energy of 800eV using noncoplanar symmetric kinematics. 

The measured momentum profile is in excellent agreement with that predicted 

by the squared momentum space wave function of hydrogen (eqs. 4 and 20). 

If we have a many-electron target we cannot obtain exact solutions 

to the Schrodinger equation. However, we can use the variation method to 

obtain an approximate wave function for the ground state of the system. 

The variational principle says that for an arbitrary normalized function • 

tha expectation value of the Hamiltonian H for the many-body system is 

given by 

<H> = ** H * dr>WQ , (21) 

where W is the ground state energy of the system. In the variation 

method the trial function • is varied until the expectation value of the 

energy is a minimum. This is likely to be close to the actual ground 

state energy of the system if the trial function is close to the many-body 

eigenf unction. Of course if the trial function is the exact many-body 

function we obtain the exact ground state energy W . 

For a many-electron target we can approximate the many-body eigenfunc-

tion for all the electrons by assuming it to be simply an (antisymmetry zed) 

product of one-electron functions called orbitals: 

*o(ll'F-2 V - * W V ^ VlN> • ( 2 2 ) 

This approximation obviously neglects correlations between the positions 

of the electrons. It is called the independent-paTticle approximation. 

The Hartree-Fock approximation results from an optimum variational calculation 

with the trial function (22). In this approximation each electron moves 

in a central field resulting from the attractive nuclear potential and the 

averaged repulsive field due to all the other electrons. Thus the k'th 

electron is described by a normalized function <J\.0v) t n a t i s a solution 
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of the self-consistent-field Hartree-Fock Hamiltonian, the eigenvalue being 
e. . Each e. is roughly the separation energy of the k'th electron. It 
is not strictly the separation energy since the removal of an electron alters 
the self-consistent fields and hence the wave functions and separation 
energies for the remaining electrons. 

As a first example we examine the ground state of the helium atom, 
which consists of a nucleus of charge +2e surrounded by two electrons. 
In atomic units we find that its Hamiltonian is (neglecting the motion of 
the nucleus) 

2 2 2 2 1 H = - (V Z • 7/) - ±- - f + -i- (23) 
rl r 2 r12 

where r, and r_, are the position vectors of the two electrons v.ith respect 
to the nucleus as origin, and r._ = jr_ - r. | is the distance between the 
two electrons. 

Without the interaction energy between the two electrons, the 
r12 

ground state eigenfunction of the Hamiltonian (23) would simply be the 
product of two normalized hydrogenic ground state wave functions given in 
eq. (2) with charge Z = 2. 

7 3 -Z(r +r ) 3 -Z(r +r ) 
HLvr_2) - V^Vr2> V e = T e W 

We can use (24) as a trial function in (21) and permit 2 to be a 
variational parameter so that it is not necessarily equal to 2, and then 
minimise the expectation value of H (eq. 23). The expectation value of 

2 each of the two kinetic energy operators in (23) is Z /2, and of each of 
the two nuclear potential energy operators is - 2Z. The expectation value 
of the interaction energy between the electrons (last term in (23)) comes 
out to be jZ, so that the expectation value of the Hamiltonian (23) for the 
trial function (24) consisting of a product of two hydrogenic ground state 
wave functions is 

<H> = Z 2 - 4Z • |Z = Z 2 - ~ Z . (25) 
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Differentiating with respect to Z shows that this is a ainiaua (equal to 

-2.85 a.u.) when Z • 27/16. The result that the best energy value is 

obtained when Z is less than 2 indicates that each electron partly screens 

the nucleus froa the other electron. The experiaental value for the 

minimum energy required to reaove both electrons froa helium is 2.904 
2 Hartrees (The Hartree = e /a « 27.2eV is the atoaic unit of energy). 

Using the aost general antisyanetric product trial function we get 

the Hartree-Fock approxiaation. The Hartree-Fock liait for the ground 

state energy of heliua is -2.88 a.u., which is still 0.81eV above the 

experiaental value. The difference between the Hartree-Fock liait and the 

true ground state energy is known as the correlation energy. By using a 

aore complicated ground state wave function than the sinple antisyaaetric 

product of single particle wave functions, i.e. a correlated wave function, 

Hylleraas (1930) was able to obtain agreement within experimental error 

for the ground state energy. This was a aajor achievement for the new 

quantum theory at that time. 

If we take the momentum-space representation of the approximate ground 

state wave function (24) with Z = 2, the overlap amplitude between the 

ground state of the heliua ion ($. ) and the ground state of the atom 

becoaes simply the orbital of the Is electron in helium. 

( 2 Z ) 3 ' 2 

<E^" 1 |^> - {<Vis<Pl>*ls<Pl>*ls(P> " •i.Cp) - - , ^ r ^ 2 • 

(26) 

In this approxiaation no other ion eigenstate can be excited, since 

all the other ion states are orthogonal to $is(Pi)> H instead of a 

nuclear charge of 2 we had used the value Z = 27/16 given by the variational 

principle for the target product wave function, the overlap would still be 

of the fora (26) but the integral over the coordinates of electron 1 would 

not reduce exactly to unity, since the initial and final states are no 
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longer.exactly orthonormal due to the different effective nuclear charges 

of the ion and atom. With this approximate ground state wave function 

excitation of higher s orbitals is possible, although the integral of 

•* (Pi)$] (Pi) °ver the coordinates of electron 1 is very small, and hence 

the cross section is very small. With a correlated ground state wave 

function it is possible to also excite the 2p ion eigenstate, although the 

cross section is again very small compared to that for the ground state. 

Fig. 2 shows some noncoplanar symmetric (e,2e) cross section measure

ments for the ground state transition in He over a range of total energies 

from 200eV to 1200eV plotted as a function of the momentum p (eq. 13) 

(Weigold and McCarthy 1978). The cross sections have been normalized to 

the value of unity at p = 0. The first thing to notice is that the shape 

of the cross section is independent of the energy. This is an important 

confirmation of the reaction model. Since the electron-electron scattering 

factor is constant in the noncoplanar symmetric geometry, the shape of the 

cross section is given entirely by the square of the overlap function. 

The dashed curve is the shape given by the overlap function (26) using 

the value 1=2. If instead we use the variationally determined value 

Z = 27/16 in $ (eq. 26), the shape is nearly indistinguishable from the 

solid curve, which is the Hartree-Fock $. momentum distribution. The 

excellent agreement between the measured cross sections and the Hartree-Fock 

Is orbital momentum distribution shows that the independent particle model 

of the atom is a very good approximation in the case of helium, i.e. the 

(e,2e) reaction determines the orbital momentum profile. 

Correlated ground state wave functions give essentially the same 

momentum distribution as the Hartree-Fock wave function for the ground state 

transition, but quite different distributions for transitions to the n * 2 

(2s,2p) eigenstates of the ion. The very small measured cross sections 

to the excited states are in excellent agreement with calculations using 

an accurate correlated He ground state wave function in the overlap 
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amplitude, and in marked disagreement with the Hartree-Fock calculations 

(Dixon et a?. 1976). 

For atoms containing more electrons we can again write down the 

ground state wave function as a product of single electron wave functions 

in the spirit of the independent particle model, and then use the 

variational principle to determine the Hartree-Fock functions. Thus for 

krypton we find the ground state Hartree-Fock configuration is 

fJJ = (ls)2(2s)2(2p)6(3s)2(3p)6(3d)10(4s)2(4p)6 (27) 

where by antisymmetry we can put 2 electrons in Is orbitals, 2 in 2s, 6 in 

2p and so on. The least tightly bound electrons are in 4s and 4p orbitals. 

These are called valence orbitals and the others inner or core orbitals. 

We shall in this article be concerned only with valence orbitals since 

these determine the chemical properties. 

In the (e,2e) valence separation eneTgy spectrum of krypton we would 

therefore expect to see two peaks, one resulting from the removal of a 4s 

electron and a similar peak resulting from the removal of a 4p electron. 

For each peak one should obtain a momentum distribution given by |$4_l 
2 

and |$. | respectively. The 4s momentum distribution for krypton is 

similar in shape to the Is momentum distribution in He and H, peaking at 

p - 0 and decreasing as p increases. The calculated 4p momentum distribu

tion is however quite different. It is zero at p * 0, has a maximum at 

p * 0.6 a " and then decreases to zero as p increases. 

In fact the measured valence separation energy spectra of krypton 

show much more structure than the expected two peaks. Figure 3 shows 

separation energy spectra taken at a number of azimuthal angles 4> (i.e. 

momentum p) (Fuss et al. 1981). The lowest energy peak resulting from 

the transition to the ground state of the ion, with configuration (core) 
2 5 (4s) (4p) , has a low intensity at small p and a maximum at p * 0.6 a.u., 

just what would be expected on the basis of the knockout of a 4p electron. 
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Indeed the momentum distribution for this peak is in excellent agreement 

with the calculated Hartree-Fock 4p momentum distribution (fig. 4}. 

All the higher energy peaks have their maximum intensity at p " 0 

and must therefore belong to the 4s orbital. The momentum distributions 

for these peaks agree very well with the calculated Hartree-Fock 4s orbital 

momentum distribution (fig. 4). Somehow the 4s orbital has been "split" among 

a number of ion states. This splitting must be due to a breakdown of the 

independent particle picture for either the ground state of krypton, the 

krypton ion or both. The fact that the shape of the momentum distributions 

of the peaks is well described by the Hartree-Fock orbital momentum distribu

tions suggests that the independent particle model is a good approximation 

for the ground state of krypton. Detailed calculations (Fuss et al. 1981) 

confirm this and show that the breakdown does indeed occur in the ion 

eigenstates. The ion eigenstates can only be described by wave functions 

which explicitly include electron correlation effects. 

The fact that we have the 4s (e,2e) momentum profile for each of the 

ion eigenstates into which the 4s independent particle state splits shows 

that the reaction selects a component in each correlated wave function which 

is just the 4s independent particle state. In fact detailed analysis 

[McCarthy and Weigold 1976] shows that the differential cross section for 

exciting an eigenstate is proportional to the probability of finding the 

relevant independent-particle state as a component of the correlated wave 

function. Thus the concept of an orbital is extended from the independent-

particle model to the realistic situation. 
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V. MOLECULAR ORBITALS IN MOMENTUM SPACE 

In the previous section it was shown that the overlap amplitude for the 

(e,2e) reaction on an atom is, in the independent-particle approximation, 

the orbital •i(p_) corresponding to the observed electron separation energy 

e.. Furthermore the independent-particle approximation was shown to give 

an excellent description of the momentum profile observed in the experiment. 

The situation is analogous for a molecule, which is just a distribution 

of negatively-charged electrons with more than one centre of positive charge 

(the nucleus of each constituent atom). The cloud of electrons is 

responsible for holding the nuclei in vibrational states about theiT 

equilibrium positions. In fact the first vibrational excitation of most 

small molecules occurs at an energy of the order of O.leV, which is too 

large to be produced by collisions of molecules in a gas at room temperature. 

We consider the nuclei to be fixed in their equilibrium positions. This 

is not strictly correct even for the lowest vibrational state, since the 

quantum oscillator has zero-point motion, but a detailed calculation for 

the (e,2e) reaction on H_ has confirmed that it is an excellent approximation 

(Dey et al. 1975). 

Since a molecule is not spherical it has degrees of freedom of 

rotation. Rotational states require very snail excitation energies and 

so many can be excited at room temperature in a gas that we regard them 

as being distributed according to the laws of thermodynamics (Maxwellian). 

We say we have no knowledge of the molecular orientation at the time of 

each collision so that we spherically average the cross section over 

incident directions. 

In the independent-particle approximation the motion of each electron 

is governed by the nuclei and the charge cloud due to the remaining electrons. 

For outer (valence) electrons, which have the smallest separation energies, 

the nuclei are well screened by the remaining charge cloud and their 

influence is felt simply by the fact that they provide enough positive 
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charge for binding. The orbital of such an electron has a character belong

ing to the molecule. It would be wrong tc consider it to be related in 

any physical sense to the orbitals of electrons be1onging to atoms formed 

round the same nuclei in isolation. This is true even for the valence 

orbitals of H_, which is a collective system unrelated to hydrogen atoms. 

The nuclei, however, do have an important role in the molecular orbital. 

They determine the symmetry of the orbital. The symmetry is most easily 

understood in coordinate (position) space in terms of an orbital desc: ibid 

as a superposition of functions with particular angular properties centred 

on the nuclei. Atomic orbitals are of course just such functions arid the 

molecular orbital is called a linear combination of atomic orbitals (LCAu;, 

even though the meaning of "atomic orbital" here is a description of the 

space symmetry properties of a mathematical function and not of any 

relationship of the function to a physical atom. 

In fact only two types of atomic symmetry function arc; neodtd to 

specify the symmetry of a molecular orbital. They are a spherically 

symmetric function, called S, which is simply a constant, and a vector 

function, called P, whose components P , P , P are related to the spherical 
x y z 

harmonics Y, . Con-enient definitions of these functions are given in 1m 6 

terms of the distance r and the direction 6 , $ of the electron from 
s s' s 

the atomic centre R . 
-s 

S » (4ir)*Y00(es,$s) = 1 , 

P x - V W I Y ^ O ^ ) - Y n(e s,* s)] - r s sines cos*s , 

s P y = V 4 l T / 6 ) l i l Y l - l ( W + Y H ( 9 S ' < , , S ) l = T S S i " e S S l n * 
P z = rs(4ir/3)iY10(95,*s) = r g cosS,. . (28) 

Each atomic orbital in the linear combination consists of the product of a 

symmetry function with a radial function centred at R . The radial function 
(s) u (r ) is labelled by a symmetry subscript , which is 0,x,y or z according 

to whether it multiplies S, P , P or P respectively. The general atomic 
x y z 
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symmetry function is called A^fr). It i s one of the functions S, P , P . 

P according to u. 

The molecular orbital •-(r) i s 

Vl) = Es*i S )fc.-5s) ' ( 2 9 ) 

where 

*^ S ) Cr) = E y uJ s ) ( r ) y r ) . (30) 

is a function centered at the atomic site R . 
-s 

The momentum space orbital $.(p) is the Fourier transform of the 

coordinate-space orbital 

• 4(E) - (2ir)-3/2Jd3r expMfc.rJt^r) 

= (2Tr)"3/2EsJd3r exp(-i£.r)ii.[sl (r-y 

= I s *[s) (p_) expC-ip^) , (311 

where the momentum space atomic orbital for the atomic centre R is 

*J S )(R) - (2it)"3/2jd3r exp(-i E.r)^ s )(r) 

The symmetry function A (r) transforms into the same function of the 

electron momentum p_. This is a property of the functions r »«_(8,$), of 

which A is a linear combination. The radial momentum function v* (p) 
(si is obtained from u v '(T) by 

P*v< S )(p) - (2/«)1/2i*Jdr r**2 j4(pr) u<s>(r) . (33) 

where 1 = 0 for S, I » 1 for P_, and j- is the spherical Bessel function. 

There is a very important difference between the atomic orbitals in 

momentum and coordinate spaces that contribute to the linear combinations. 
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In coordinate space \|i. is centred at R . In momentum space <j>. is 

centred at the origin of momentum p = 0. Information about the atonic 

centres appears in momentum space in terms of the phase factors exp(-ip_.R ) 

of terms in the linear combination (31). For momenta p that are small 

compared with 1/R , where R is the distance between atoms s and t (of 

the order of 1 a.u.) the phases have a small effect. For larger momenta 

they produce interferences between atomic orbitals which characterize the 

molecular geometry. 

To illustrate the symmetry of molecular orbitals we consider a homo-

nuclear diatomic molecule such as H_. It has a symmetry axis £_joining 

the nuclei and a median plane of symmetry perpendicular to the axis and 

halfway between the nuclei. 

A molecular orbital with maximum density on the axis, and with 

symmetry about the plane, can be formed by adding identical S functions for 

each of the nuclei 1 and 2. The symmetry of this orbital is denoted a . 

The 10% density contour on a section through the axis is illustrated 

schematically in fig. 5(a). 

One can make an axially symmetric function also by superposing 

identical S functions with opposite sign. Such an orbital has zero 

density on the symmetry plane, which is then called a nodal plane. The 

symmetry is denoted o . An illustration is given in fig. 5(b). The 

density contour round nucleus 2 is illustrated by a dashed line to show 

that the orbital wave function is negative although the density, which 

is the square of the orbital, is positive. 

Instead of maximum density along the axis z_one also expects a type 

of symmetry with a node along the axis. The IP functions can be used to 

describe this. P , for example, has a nodal yz plane through the origin. 

It is positive for positive x, negative for negative x. The molecular 

orbitals consisting of a superposition of identical P functions are 

called v . They have a nodal yz plane containing the 2 axis. IT orbitals x — y 
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are identical to n orbitals but rotated about i_ by 90". For identical 

nuclei the symbols u and g are used to denote w superpositions with equal 

and opposite coefficients respectively. i orbitals are illustrated 

in fig. 6. 

Superpositions of P orbitals produce o symmetry, not n. a OT a 
'11 (D orbitals arise respectively fro» the superpositions u v / P * u v ' P . 

We can add such functions to the S functions to give sore freedom in 

describing the shape of the orbital. More freedom still in both o and 

IT orbitals is obtained by adding symmetry functions derived fro* higher-order 

spherical harmonics. For r i_ , for exaaple, we have the functions D , 

D , D , D , D , D . yy zz' xy yz zx 
Molecular orbitals are calculated by the variation aethod just as Mas 

described for atoas. The total electronic wave function of the aolecule 

is represented as a linear coabination of products of occupied orbitals, 

antisyaaetrized with respect to the space and spin degrees of freedom of 

the electrons. Thus we again use an independent-particle function as a 

trial function. The best independent-particle function, the Hartree-Fock 

function, is obtained by minimizing the variational energy with respect to 

the parameters of the orbitals. In the aost common type of calculation 

the functions u (r) are parametrized as linear combinations of gaussians 

e~^ , where the exponents t, span the range appropriate to the particular 

molecule. The parameters are the coefficients in the linear combination. 

The symmetry types are determined by the symmetry of the nuclear 

geometry. Within each symmetry type there are different orbital energy 

eigenvalues c. with corresponding OTbitals denoted, for example in the case 

of o symmetry, lo , 2o , ... in ascending order of eneTgy. As in the case 

of atoms, more-complex orbital shapes are associated with higher energies 

so that, for example, lo is lower in energy than lo . 

For a diatomic molecule with different nuclei such as CO the symmetry 

about a medial plane, which is responsible for the two symmetry types denoted 
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g and a, no longer exists. The functions u are, however, similar for 

the same u and different s, and there are a orbitals with roughly equal 

or roughly opposite coefficients corresponding to o and o . There are 

corresponding similarities for the * orbitals. 

Molecules with sore than two atoas have different and wore complex 

symmetries, but their orbitals can all be wade from the saae atonic symmetry 

functions and the principles are the sane. 

The s.iapes of momentum-space wave functions form an interesting study, 

which was first undertaken by Coulson and coworkers (Duncanson and Coulson 

1941 and references therein) and has been extended in detail by Camilloni 

et al. (1979). They are unfortunately not directly relevant to the (e,2e) 

momentum profiles for gas targets„ which must be spherically averaged with 

a resultant loss of much of the detailed shape information. 

As a simple illustration we first consider a c orbital for a hononuclear 
g 

diatomic molecule such as H_ or N_ 

( 1 ) "iR-E! ( 2 ) - iEE 2 

*o ( p ) = o ( p ) e * o ( p ) e 

g 

= v Q (p ) ( e l • e Z ) (34) 

The momentum profile is 

l*0 (R)i2 » 2 v Q(p) 2(l • cos £.R 1 2) (35) 
g 

The profile due to the atomic S function v (p) is modified by the second 

factor which reflects the molecular geometry. The outstanding feature 

of the geometrical factor is that it produces nodal planes perpendicular to 

the ̂  axis at p = + (2n*l)w/R.2. 

The spherically-averaged momentum profile is 
(4ir)"1fd^|0(j (p_)|2 = 2vo(p)2(l • sin pR l 2/pR 1 2) . (36) 

' g 
It has the character of an atomic s-state profile with superimposed 

oscillations whose period is 2f[/R._ The oscillations are not noticeable, 
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for example, in H_ where R.- = 1.4 a.u. and the first minimum occurs at 
2 p = 4.5 a.u. where v (p) is already too small to be observed. The (e,2e) 

profile for H_ is shown in fig. 7. Also shown in fig. 7 is the (e,2e) 

momentum profile for D-, which is indistinguishable from that for H_. 

Since the rotational and vibrational energies for D_ are quite different 

from the corresponding ones of H 2, the validity of the Born-Oppenheimer 

approximati ti is confirmed. The full curve is the momentum distribute 

cl'-aLied if a very accurate vave function is used for the H_ ground state, 

and th>* dashed curve is the momentum distribution given by the variational 

molecular orbital wave function of Snyder and Basch (1972). 

Another type of molecular orbital that is useful as a simple illustra

tion is a ir orbital, which is typical of orbitals that have nodes on 

coordinate-spa-e symmetry axes. Such orbitals cannot contain S functions. 

Their spherically-averaged momentum profiles are therefore given by 

superpositions c. symmetry functions of order e no lower than 1 so that 
2 they have a. factor p . Instead of the maximum at p = 0 characteristic of 

an S function they have a zero minimum. 

Minima at p = 0 are not necessarily characteristic of orbitals with 

nodes on symmetry axes. Orbitals thdt have nodes on symmetry planes in 

coordinate space also have zero minima at p = 0. The simplest illustration 

is a a orbital for which 

*o CP-) = v o ( p * e 3 • u 

"Tus is zero for p = 0 because the geometrical factor vanishes. In 

general any orbital with a nodal point at £ = 0 will have a zero minimum 

at p = 0 in the spherically averaged momentum distributions. 

Spherically-averaged orbital momentum profiles have shapes characteristic 

of che orbHal and it is possible to distinguish orbitals by the shape details. 

Ii's figures 8-10 we see the experimental noncoplanar symmetric momentum 

profiles for sevaral small molecules, namely acetylene, nitrogen and 
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hydrogen fluoride respectively, compared with calculated momentum distributions 

(Dixon et al. 1977, Weigold et al. 1977, Brion et al. 1980). Although the 

measured cross sections are not absolute, the relative normalization between 

the different orbital transitions has been preserved. Also shown in the 

figures are the corresponding (coordinate-space) orbital charge density maps, 

with the full and dashed contours corresponding respectively to positive 

and negative signs of the orbital wave functions. 

In the independent particle model the molecular orbital electron 

configuration for acetylene (in which all the atomic centres lie on one 

(2) axis, and there is a medial symmetry plane) is 

(la )2(la )2(2a )2(2a )2(3a )2(1TT ) 4 

<• g' u 8 u g u 

where the lo and la are the core orbitals and the other four are the g u 
valence orbitals in order of decreasing orbital (separation) energy. 

Electron coincidence spectroscopy finds four main peaks in the valence 

separation energy spectra, and their momentum profiles at 400eV and 1200eV 

are shown in figure 8. 

The dashed curves in fig. 8 are obtained using the orbital wave 

functions of Snyder and Basch (1972), which use a relatively simple approx

imation to the molecular orbital wave function (eqs. (29) and (30)) and the 

solid curves are obtained if some allowance is made for electron-electron 

correlation effects. Clearly the more accurate calculations give a much 

better description of the magnitudes and shapes of the measured momentum 

profiles. The difference i*-. the calculated cross section magnitudes 

for the innermost valence orbital 2a reflects the importance of electron 

correlation effects in this transition. The fact that the two calculated 

shapes are in reasonable agreement with the measured shape indicates 

that the correlation effects arise in the description of the ion state 

and that the orbital picture is valid for acetylene. 

For the outermost orbital, the ITT , the calculated momentum distributions 
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seriously underestimate the probability of the low momentum components. 

Low momentum components arise mainly from the outer reaches of the wave 

function ii. position space, and hence the measurements show that the 

outer lir orbital is significantly more diffuse than indicated by the 

quantum chemical molecular orbital calculations. 

For nitrogen, whose electronic configuration is identical to that 

of the linear molecule C_H_ with which it is isoelectroric, the agreement 

between the calculated and measured momentum profiles is excellent. This 

can be seen in figure 9, where the solid curves are the momentum distribu

tions given by the molecular orbitals of Snyder and Basch (1972). 
2 2 For hydrogen fluoride the valence configuration is given by (2a) (3o) 

4 (lir) and three distinct peaks are seen in the valence separation energy 

spectra at energies of 39.7eV, 19.9eV and 16.1eV respectively. The 

momentum profiles obtained at 400eV and 1200eV for these three peaks are 

shown in figure 10. The excellent agreement between the 400eV and 1200eV 

data supports the validity of the reaction model discussed earlier. Also 

shown in the figure are calculated momentum profiles using several different 

molecular-orbital basis sets. The terms in brackets indicate the number 

of Gaussians of indicated symmetry (s, p or d) centered at the sites 

of the fluorine/hydrogen atoms. The solid curve is obtained if some 

electron correlation effects are included (Generalized Overlap Amplitude) 

using the better molecular orbital basis set Once again the experimental 

data indicate that for the outermost orbital (iir) the wave functions are 

more extended in position space than given by the calculations. The data 

also show that the Letter the calculation the closer it gets to describing 

the data. 

Many more molecules have been studied using the noncoplanar symmetric 

(e,2e) technique. In general one finds evidence for considerable electron-

electron correlation effects, in particular for the inner valence orbitals. 

Thus the binding energy spectra often show considerable splitting in the 
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inner valence region, reminiscent of the splitting observed in krypton 

(fig. 3). The momentum profiles of these "split" transitions are 

observed to belong to a particular orbital, generally an inner valence 

orbital, indicating that the orbital picture for the target molecule still 

has a high degree of validity. Recently calculations which approximately 

include electron correlation effects have been attempted for some of these 

molecules. These calculations (e.g. Green's function or configuration-

interaction calculations) give only qualitative agreement with the data. 

They often predict the presence of severe splitting in a particular 

orbital, but are usually only in qualitative agreement with the measured 

strengths and positions of the split transitions. 
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CONCLUSIONS 

Before the advent of electron coincidence spectroscopy experimental 

information about atomic and molecular structure was limited to energy 

levels from photon emission and photoelectron spectroscopy. Variational 

calculations in the independent-particle (Hartree-Fock) model yielded 

single-particle energy levels whose interpretation was obscure, considering 

the fact that more electronic levels were observed than predicted by 

the model. They also yielded electron orbitals, which were considered 

by some as a rough guide to the spatial properties of the model and by 

others merely as an artefact of the computations of energy levels. There 

also existed more-sophisticated calculations of energy levels involving 

correlations between electrons. They produced a greater multiplicity of 

levels, but no identifiable correspondence with experiment. For inner 

valence orbitals the multiplicity of levels suggested the complete break

down of the independent-particle model. 

Electron coincidence spectroscopy first gives a physical meaning 

to the ortitals. It confirms that the best theoretical orbitals usually 

do PTedict the spherically-averaged momentum profiles on the basis of the 

assumption that the profile of recoil momentum is the profile of the 

momentum of an electron in a target orbital. For electrons that are 

extremely loosely bound, the fact that small momentum components are 

accurately observed gives information on the spatial electron distribution 

that is not given by the variational calculation, since the calculation 

is too insensitive to details at large distances. 

The coincidence technique also interprets the large multiplicity 

of electronic levels as a splitting of the independent-particle levels 

due to electron correlations. The independent-particle character of 

each level is preserved in the momentum profile, and the cross sectior» 

for the independent-particle state is the sum of cross section, for the 

levels among which the state is split. Thus the independent-particle 
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model does not completely break down and the (e,2e) reaction gives the 

means of extending it to multiple levels. The most-sophisticated structure 

calculations of quantum chemistry are at present capable of predicting 

roughly the correct level density for each split independent-particle 

state, but do not achieve a one-to-one correspondence with energy levels 

and (e,2e) cross sections. 
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FIGURE CAPTIONS 

Fig. 1 The noncoplanar symmetric momentum distribution for atomic hydrogen 

obtained at 800eV (Lohman and Weigold, 1981) compared with the 

square of the ground state momentum space wave function (eq. (4)). 

Fig. 2 The momentum profile for the He ground state transition obtained 

at the indicated energies compared with the Hartree-Fock Is 

momentum distribution (solid curve) and (dashed curve) the 

momentum distribution given by a hydrogenic wave function with 

Z = 2 (eq. (26)). 

Fig. 3 The separation energy spectra for krypton at 1200eV for different 

recoil momenta q (i.e. different out-of-plane azimuthal angles 40 . 

The 4p knockout peak and the structure due to the knockout of a 

4s electron are marked. 

Fig. 4 The noncoplanar symmetric momentum profiles for krypton compared 

with the momentum distributions given by 4p and 4s Hartree-Fcck 

orbitals. 

Fig. 5 Schematic drawing of the position space charge density distribution 

for a a and a orbital in a diatomic molecule. The dashed curve g u 
indicates the region where the wave function (orbital) has a 

negative sign. 

Fig. 6 Sketch of the shapes of TT orbital densities in a diatomic molecule. 

The dashes indicate the regions when the wave function is negative. 

Fig. 7 The momentum profiles for the ground state (lo ) transitions in 

H- and D- compared with a spherically averaged molecular orbital 

momentum distribution (dashed curve) and the momentum distribution 

obtained using a better (correlated) wave function (full curve) 

(Dey et al. 1975). 



33. 

8 The momentum profiles for the valence orbitals of acetylene 

compared with: (a) Dashed curve - calculated molecular orbital 

momentum distributions (Snyder and Basch 1972) and (b) Solid 

curve - momentum distributions obtained from more detailed 

calculations (Dixon et al. 1977) . The position space molecular 

orbital density shapes are also shown, the dashed portion 

indicating regions in which the orbital wave function is negative 

9 The momentum profiles for the valence orbitals of nitrogen 

compared with spherically averaged molecular orbital momentum 

distributions, using the orbital wave functions of Snyder and 

Basch (Dey et al. 1977). The position space molecular orbital 

density shapes are also shown. 

10 The 400eV and 1200eV momentum profiles for the valence orbitals 

of hydrogen fluoride compared with calculations using different 

molecular orbital wave functions and a many-body wave function 

calculation of the generalized overlap amplitude (full curve). 

The respective position space shapes of the molecular orbital 

densities are as indicated. 
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