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ABSTRACT

The process of combined conduction and radiation in a large, heat-generating,

dry particulate bed in sudden contact vlth a semi-infinite solid is studied

analytically by a successive approximation method and numerically by a finite

difference method. The transient behavior of the system, in particular, the

behavior of the temperature at the partlculate bed-solid Interface, is obtained

as a function of two dimensionleas controlling parameters. Also obtained are

the conditions leading to incipient melting of the system.' Based upon the

finite difference splution, the present approximate isethod, which Is shown to

be rather simple and convenient to use, is found to yield rapidly converging

and sufficiently accurate results.
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1. INTRODUCTION

The coolability of a large mass of core debris resulting from a hypo-

thetical core-meltdown accident has been an important concern in the studies

of nuclear reactor safety. Although thc*e is extensive research in the area

of particulate-bed heat transfer [1-4], the behavior of the heat-generating

mass of core debris in the stage immediately following the dryout of sodium is

still uncertain. Whether the dry core debris is in a molten phase or remains

solid during its interaction with steel, concrete, or other structural materials

has to be determined.

Previous studies of postaccident heat removal in nuclear reactors have

been based largely upon the assumption that the dry core debris is in a molten

phase during its interaction with steel, concrete, or other structural materials

[5]. This assumption may be justified in a rather straightforward manner by

performing a simple transient heat-conduction calculation for the UO2 bed and

stainless steel or concrete system. The result of such a calculation, however,

nay be completely invalid since there is likely a significant contribution of

internal thermal radiation to the overall heat transfer in the system. In the

case of large radiation-enhanced heat transfer, the dry core debris could

remain solid instead of molten. Hence, a more realistic and elaborate model

is needed to assess the post-dryout core-debris behavior and thus to describe

properly the likely course of a hypothetical meltdown accident. Such informa-

tion is essential to reactor designer for devising means of minimizing the

possible consequences of a core-meltdown event.

To achieve this goal, the process of combined conduction and radiation in

a heat-generating particulate bed in contact with a solid is investigated in

this study. Initially, both the bed and the solid are considered to be at the

temperature, which is taken to be the boiling point of sodium. Both

m'b.n



regions are treated as semi-infinite in extent. Also, the participate bed is

treated as a continuum with its bulk properties related to the average bed

voidage [6-8]. The pon-linear governing equations are solved both analyti-

cally and numerically to determine whether the interface temperature would

reach the melting point of the solid before the incipient melting of the bed.

Two steps are involved in the approximate analysis. First, the governing

system -is transformed in terms of several pseudo-similarity variables. Second,

the resultant system of equations is solved by a method of successive approxi-

mation. The validity of this approximate solution is confirmed by comparison

with the numerical solution also obtained in this study using an explicit

finite difference scheme. The conditions for which the structural materials

would reach their melting points before the Incipient melting of the bed are

identified.

2. ANALYSIS

Consider the process of heat transfer- in a heat-generating dry particulate

bed in contact with a semi-infinite solid (Fig. 1).. Initially, both the bed

temperature, T. , and the solid temperature, T , are considered to be at the

boiling point cf sodium, T . The particles of the bed are assumed to have the

same spherical size, D , with the "void volume" filled with sodium vapor. The

depth of the bed is assumed to be much larger than the size of the particles

so that the bed heat transfer may be described in terms of its "bulk" properties,

which are functions of the bed voidage, as well as the properties of the

particles and sodium vapor, respectively [6-8]. Also, the bed itself may be

treated as a semi-infinite body. In addition, the contact area between the

bed and the solid is assumed to be so large that the heat-transfer process is

virtually one-dimensional. If the bed voidage, a, is assumed to be constant,

then the energy equation in the x > 0 region (see Fig. 1) is
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where p., C. , and k. are the average density, specific heat, and thermal con-
D D D

ductivity of the bed, respectively, Q is the volumetric heat generation of the

particles, and k is the radiation conductivity of the bed. The latter

usually takes the form

k r - f(a,e)oT|Dp, (2)

where a is the Stefan-Boltzmann constant and f (o,e) is a function of the

emissivity of the particles, e, and the average bed voidage [9,10]. Intro-

ducing the following radiation parameter

N - 4kb/3fiJT(jDp (3)

In equation (1), we have, for x > 0,

where a, is the thermal diffusivity of the bed. The energy equation in the x
• *

< 0 region is

3T 32T

1 ^

where a i s the thermal diffusivity of the solid. The ini t ia l and boundary

conditions are

,x) - Ta(0,x) - TQ , (6a)

.O) - Ts(t,0) - T±(t) , (6b)

t , Ta(t,«) - To , (6d)



where T.(t), the Interface temperature, Is an unknown to be determined* Note

that equations (6d) may be obtained directly from equations (4) and (5) using

the assumption that both regions are semi-Infinite.

The main objective of the analysis is to seek the conditions for which

T. would reach the melting point of the solid before T^(t,») reaches the melting

point of the bed. To this end, the following pseudo-similarity variables

are Introduced;

n - x ^ c ^ t ) 1 ' 2 , % - [(1 - cOQ/p^T^t , (7a)

58b " V T o * 1- 58s ' Ts/To " X* *9i " V T o " 1 ' (7b>

With equation (7b), the initial condition of (6a) is satisfied automatically.

The governing system becomes

L b M D b 1 L J" . b j b

for n > 0 (8)

8ses ~ Z V " Afr V '

b* • r V •
 at A" ° (1Oa)

6 •» 0 for TI •»•-", and 9. » 1 for n •+• « , (10b)

where the prime denotes the partial derivative with respect to n and

dine. dine
_ _ i • D _ . . 8

In g and n coordinates, all the dlmensionaless temperatures are bounded, i.e.,

0 i 8S £ 8± £ \ ± 1 • (12)

Thus it is quite reasonable to assume that both 8 and 9. are weak functions
S D

of £ and are principally dependents of r\. This suggests the following succes-

sive approximation solution to the system of equations (8) to (11).



In the first approximation, the transient terms on the right-hand sides of

equation (11) are omitted so that we have g. = gg = 1. The independent variable

£ is now treated as a parameter rather than a variable. Equations (8) to (10)

thus constitute a system of second-order ordinary differential equations that

may readily be integrated by a standard numerical technique to get the tran-

sient temperature profiles at any given instant of time. The lowar-order

solutions so obtained.may be used along with equation (11) to correct for the

higher-order effects involved in g. and g . With the new values of g^ and

g , equations (8) and (10) may be integrated, again as ordinary differential

equations, to get the high-order solutions. This procedure is iterated until

satisfactory convergence is reached. Within the ranges of parameters con-

sidered here, this stage is found to be achieved at the third approximation.

A rather simple computational scheme may be developed for the first-order

solutions. In terms of the unknown interface temperature, 6., a closed-form

solution to equation (9) that satisfies the boundary conditions may be obtained

[11]. This is

0a - 49± i
2 erf c .(-nVSJ/Sp f or n < 0 . (13)

With this expression, the transient heat flux at the interface may be deter-

mined as

V " T 9i "kJT̂ s" at " * ° •

Equation (10a) now becomes

( 3]"1 Y9
^ [ ] i

where y is given by

{ft) -to\ 1 / 2



For a given value of £, equation (8) may readily be Integrated subject to the

boundary conditions of (15). The correct value of 6^(5) is chosen such that

the other boundary condition, 8fe - 1, is matched as n approaches infinity.

Obviously, the time variation of 9. is completely determined for given values

of y and N.

In the second and the higher-order approximations, the computation process

is less straightforward. There equations (8) and (9) have to be integrated

simultaneously by assuming values for both 9^ and 8 " in equation (10a). The

correct choices of 6. and 8 ' are such that the boundary conditions at infini-
1 S

ties, i.e., equation (10b), be satisfied. Since two independent "trial"

values, i.e., 0. and 6 ' at n • 0, must be assumed to initiate the solution

process, the total number of iterations required to get the correct values is

usually quite large. To facilitate the task of solution, an alternative

procedure is employed. This is described in the following.

For n •+ 0, we may assume that the term n8 ' in equation (9) is of smaller

order than the term g 9 . Thus an approximate solution to 9 may be obtained.
S S - -8

This is

8g * 9± exp (211/ggO^/Og) for n < 0 , (17)

which also satisfies the boundary conditions. With this expression, an initial

trial value of 8 ' at n • 0- may be specified as

V * 2ei/gs°b/as at n " ° *

Equation (10a) may now be written in the form

8b " 61 • V " 2i/h t1 + 3N (1 + S V 3 ] " 1 Y9± at n - 0 , (19)

where gfi is given by equation (11). As before, for a given value of £,

equation (8) may be integrated subject to the'boundary conditions of (19).

The value of 9 tU) is so chosen that 8fe » 1 as n approaches infinity. With



6 (£) determined, equation (9) may then be integrated subject to the boundary

conditions: 8 =» 8. at n - 0 and 8 • 0 as r\ •+•-«. In so doing, a new value
8 X S

of 8 * at n « 0 is obtained. This may be used along with equations (8) and

(10a) to get a new value for 8.. This procedure is repeated until satisfactory

values of 8. and 8 ' are obtained. For the present case, only four or five
i S

iterations are needed to reach convergency. Solutions up to the third approxi-

mation have been computed and are presented along with the finite difference

solutions later in this paper.

For the purpose of comparison, numerical solutions to the problem have

also been obtained based on a relatively standard explicit finite difference

formulation. Here, the dimensionless space variable is redefined so that it

is numerically equivalent with respect to the space increment, H, in both

regions. As the dimensionless time advances according to the time increment,

S, the number of space increments are increased as needed so as to accommodate

the boundary conditions at infinities. The non-linearity resulting from the

radiative term in equations (4) and (6c) are made implicit in the spatial

derivatives by use of the Kirchhoff temperature transformation [11]. The
*transformed temperature, 8. , is defined such that it is equal to T. /T at

the initial moment, i.e.,

* 1 3N) . (20)

Hote that this has an important effect on the stability of the explicit finite

difference procedure. In particular, with subscripts i,j identifying the

space and time variables in finite difference form, the explicit finite differ-

ence formulation for equation (4) becomes

+ <eb*>i+i jl + s , . (21)



where M - S/B*. Because of the nonlitfear relationship between (Tb/TQ) and

6 * the famUiar stability criterion M < 1/2 ceases to apply here. To seek a

new criterion, equation (21) i s now rewritten as

8 •

For the special linear case of ttj/T^ j - <eb*>1>;j»
 the criterion M < 1/2

assures that the first term on the right hand side of equation (22) is always

positive, so that it is not possible for (9, ). , to decrease, which would
D l,JTi

contradict the physics of the problem. For the present case, we may also

assume that this same term must always be positive. In terms of the maximum

bed temperature, the criterion M < (1 + 5)/[29b (£)] is employed here in the

computation, requiring that the time increment, S, be reduced at each advance

in time. However, it is found that the criterion, although probably necessary,

is not sufficient. For example, an initial value of 0.25 for M does not

guarantee stability for all cases treated, whereas an initial value of 0.1

does. Because of this, various values of M and H, and of an error criterion,

E, which specifies the attainment of the far-field condition, have been ex-

plored to test convergence, accuracy, as well as instability. Within the

ranges of y and N considered in this study, the following set of values is

found to be satisfactory: H - 0.2, E - 10"7, M(initlal) - 0.1.

3. RESULTS AND DISCUSSIONS

We have identified two important parameters of the system which control

the time development of the interface temperature. These are the kpc ratio,

Y» and the radiation parameter, N. Accordingly, numerical computation has

been perforated for different values of Y and N. Note that both parameters are

not only functions of the properties of the materials of the system (here, for
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example, are the particles, the sodium vapor, and the solid) but also functions

of the emissivity, the particle size, and the voidage of the bed. In practical

application, therefore, the values of y and N for a given system have to be

determined before seeking the interface temperature behavior [12]. This,

however, is beyond the scope of the present study.

Typical results for the time variations of the normalized interface

temperature, 8., obtained at different levels of approximation are displayed

in Fig. 2. The values of y = 8.33 and N •> 1 are chosen to simulate the case

commonly encountered in a UO^-bed and stainless-steel system [12]. At small

times, i.e., £ « 1» we have T,/T «v» 1, so that 6. is almost a constant. This

is because equation (4) may be linearized and solved to give

9± - [1 + Y(l + 4/3N)"
1]"1 . . (23)

On the other hand, at large times, i.e., 5 » 1, a quasi-steady state is

reached so that 6. •>» 1. In that case, the interface temperature rises at the

same rate as the maximum bed temperature. * As can be seen in the figure, the

first-, second-, and third-order solutions all approach the same asymptotic

values at both small and large values of £. Sensible differences among various

approximations are found only in the period of 0.5 < 5 < 10. More importantly,

the third approximation is found to differ only slightly from the second.

Since the largest variation of temperature always occurs at the interface, and

since there is only small difference in the values of 9. predicted by the

second and the third approximation, there is no need to go beyond the third

approximation. The third-order solutions may be regarded as the final results.

We shall seek further support of this argument by comparison with the finite

difference numerical solutions. In view of the positions of the curves for

various approximations, the convergence of the present successive approxima-

tion scheme is considered to be highly satisfactory.
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The effect of N on the time development of the interface temperature for

the case of y • 8.33 is illustrated in Fig. 3. The solid lines represent the

third-order approximate solutions, whereas the circles represent the corres-

ponding finite difference numerical solutions^ Trie, asslied lisa represents the

purely conduction case, i.e., the N <• » case, for which closed-form analytical

solution exists. In the absence of internal thermal radiation, the interface

temperature would always increase with time at a constant rate of (1 + y ) " 1 •

The rate of rise of the interface temperature is found to increase markedly

with increasing radiation effect, i.e., with decreasing value of N; whereas

the mair-timim bed temperature is always given by (1 + ?) in spite of the magni-

tude of N. Hence, at a higher level of radiation, there is a much larger

tendency for the solid to reach its melting point before the incipient melting

of the bed. Note that the third-order approximate solution agrees fairly well

with the finite difference solution for moderate-to-large values of IT. Marked

differences (<v> 5%) between the two solutions occur only when N is small and £

is large. Under these conditions, the nonlinear term in equation (4), i.e.,

(4/3N)(T./TQ)
3, has an overwhelming effect upon the overall heat transfer

process. It should be noted that the initial temperature, T , is about 1000K,

so that we seldom need to -go beyond £ •»» 3 in most physical systems (where the

melting points of the solid are of the order ^1.5 T ).

Figure 4 shows the variation of the transient interface temperature with

the ratio y for the case of N « 1. As before, the solid lines represent the

third-order approximate solutions, whereas the circles represent the finite

difference numerical solutions. The values of y » 1.72, 5.29, 8.33 represent,

respectively, the typical cases of a U02 bed and concrete system, a UO2 bed

and MgO system, and a UOg bed and stainless steel system. For a given value

of N, the interface temperature is found to rise at a higher rate for a system

with a smaller value of y. The fastest case is obtained at the limit Y • 0
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(upper dashed line), corresponding to £he case in which the solid is a perfect

insulator. The slowest case is obtained at the limit y • » (lower dashed

line), corresponding to the case in which the solid is a perfect conductor.

Mote that for all y the approximate solution agrees fairly well with the

finite difference solution except at relatively large times.

A numerical example may now be given to illustrate the application of the

results of this study. If we assume the bed melts at the melting point of

UO2, i.e., at 3120K or at 0b(£,«) « 2.72, then the time for incipient meltlig

of the bed is given, by g - 1.72. For the solid, say steel to reach its melting

point at or before this time, we require g £ 1.72, where C£ is the critical

time given by

• (24)

where £ _ is the melting point of solid, which is here taken to be that of

steel, i.e., 1690K. Criteria may thus be established to predict the condi-

tions for which the solid would melt before the bed does. The result for a

UO2 bed and stainless steel system Is presented in Fig. 5. Since we have £

<_ 1.72, both the approximate solution and the finite difference solution give

nearly the same result. Note that although we have specified the materials of

the system, Y and N may still vary with the emissivity, the particle size, and

the voidage of the UO2 bed [12]. If, for example, we assume a value of y -

3.33 for the bed, then N is required to be smaller than * 1 for the steel to

melt first.

4. CONCLUSIONS

The transient behavior of a heat-generating, particulate bed in sudden

contact with a semi-infinite solid has been studied both analytically and

numerically. The interface temperature-time history has been obtained for
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different values of y and N. Numerical example has been given for the inci-

pient melting conditions for a UO2 bed and stainless steel system.

The present successive approximation scheme, vhich involves transformation

of the governing system in terms of several pseudo-similarity variables before

solving for the various-order solutions, has been demonstrated to converge rapidly

to yield a rather accurate result. This approximate method allows us to treat the

governing partial differential equations as if they were ordinary differential

equations, which greatly simplifies the computation process. More importantly,

the method allows us to determine the temperature distributions of the system at

acy given instant without having to solve simultaneously for the temperature behavior

at previous times. This feature is highly desirable in engineering practice since,

in many applications, we are concerned only with the temperature field at the

time for which the maximum bed temperature reaches the melting point of the bed.

Finally, it should be noted that results of this study may be applied to the

more realistic case -of finite slabs, provided that the critical time % is not too

large for the thermal wave to penetrate through the entire physical lengths of

the slabs.
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HOHEMCLATURE

<L - average specific heat of the bed.

0 - average particle size.

H • spatial increment in finite difference computation.

k. - molecular conductivity of the bed.

k • effective radiative conductivity of the bed.

k * molecular conductivity of the solid.

M * time-apace increment factor. S/H 2.

N • radiation parameter, equation ( 3).

Q • volumetric heat generation in the particles.

S • time increment in finite difference computation.

t - physical time.

X. * bed temperature.

1 - solid temperature.

T. • interface temperature.

T • initial temperature.

x • space coordinate.

a • Stefan-Boltzmann constant.

a - average voidage of the bed.

o^ m thermal diffusivity of the bed.

a - thermal diffusivity of the solid.

pfe - average density of the bed.

fl - pseudo-similarity space-time variable, equation (7a).

^ • normalized time, equation (7a).

8 b - normalized bed temperature, equation (7b).

9S - normalized solid temperature, equation (7b).

e ± - normalized interface temperature, equation (7b).
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0 • dimenslonless bed temperature used In finite-difference computation,
eauation f201.equation (20)

Y " the kpc ratio, equation (16)

Subscripts

b • partlculate bed.

i « Interface.

o - Initial condition.

r • radiation component.

s - solid.
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Figure Captions

1. Schematic of the particulate bed and solid system.

2. Time variations of the normalized interface temperature: first-, second-,
and third-order solutions.

3. Effect of N on the time development of the interface temperature.

4.- Effect of y on the time development of the interface temperature.

5. Incipient melting criteria for UO2 bed and stainless steel system.
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