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I. INTRODUCTION

In general, the stress- or strain-life fatigue curves and correlations in

the Codes, handbooks, and standards used for the design of structural com-

ponents for power-generating plants are developed by engineers rather than

statisticians. As a consequence, rigorous statistical procedures for treating

fatigue data are not always followed. This results in fatigue curves which,

while still useful, may lack the necessary properties to make predictions within

and/or beyona the range of observations. Thus, the purpose of this report is to

discuss several guidelines and procedures for the treatment of data used to

develop fatigue curves for design use.

II. SCOPE

This report contains a discussion of several pertinent and vexing aspects

of fatigue data analysis. These topics include the choice and transformation

of the dependent variable, the treatment of data from suspended tests (run-

outs), dealing with outlying observations, and strain-life relations.

III. DEPENDENT/INDEPENDENT VARIABLES

In a least squares regression analysis of experimental data, the dependent variable

is always the uncontrolled variable and as a consequence contains random measure-

ment errors. Then, the calculated least squares estimators will be unbiased

and consistent, and the random measurement errors will be accounted for by the
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error-terms* of the regression model. ' Applied to fatigue data, cycles-to-

failure (N-) are therefore the dependent variables with the experimental scatter

being the measurement errors. This is important because if a test

variable with measurement errors** is used as the independent variable, this

variable is then correlated with the error-term and consequently the calculated

least squares estimators are biased (toward zero) and inconsistent. Thus the

regression model will systematically overestimate and/or underestimate the

dependent; variable (an example illustrating this point is given in Appendix A).

Therefore if anything other than cycles-to-failure is used as the dependent

variable in the analysis of fatigue data for stress- or strain-life curves,

no statistical significance can nor should be given to the least squares

2
estimators, confidence limits, or coefficient of determination (R ).

IV. TRANSFORMATIONS ON N

A. Normal Error Model

In order to make significance tests and calculate confidence intervals

for least squares regression models, the collection of error-terms are assumed to be

1 2
independent and normally distributed with zero mean and constant variance. * This means

that the distribution of error-terms will be approximately constant over all

observations, the least squares estimators will have minimum variance, and the

results of normal-distribution theory can be used to analyze the data. When

the distribution of error-terms is not constant and not normal an inappropriate

model is indicated. In these cases, a new model is needed, or the dependent

*The error-term is the difference between the observed and predicted dependent
variable.

**Although there are always small measurement errors associated with the controlled
fatigue test parameters, these are generally not significant when compared to the
variability of fatigue life. For example, the strain error in a test of this type
is about an order of magnitude less than the fatigue life error.



variable may be transformed or weighed. Several standard transformations are:

Y T • ft, Y T = log Y, and Y T = 1/Y (see Refs. 1 and 2). In terms of fatigue data

where Y is usually defined as log N , these transformations effectively compress

the high-cycle regime as shovn in Fig. 1. One of the most common non-constant

error term distributions associated with elevated-temperature structural

materials fatigue data appears to be an increasing trapezoidal form. This

T T

indicates that the correct transformation is Y = log Y which results in N = log

(log N-) in the regression model.

B. Variability of Fatigue Data

1. Background

The above discussion cr error-term properties implies that the dependent

variable itself be normally distributed with constant variance. It is common

knowledge however that the variability or scatter of fatigue life Nf is not
2

constant, but increases as the mean life increases. Thus, the variance, a , of fatigue

life and subsequently the distribution of error terms from a regression analysis

on these data are not constant. Therefore, around 1950 a considerable effort

was made to determine a transformation on Nf which would result in values that

were normally distributed with a constant variance. As a result, a number of

theoretical arguments, as well as experimental evidence, were put forth
3—8

favoring the logarithmic transformation. An example of this is given in
9

Fig. 2, in which histograms of fatigue test data on an aluminum alloy are

plotted on both a linear and a logarithmic scale. As shown, the linear distribution

is obviously not normal and is skewed to the left, as is typical of data of

this type. On the logarithmic scale, however, a chi-square test indicates

that the distribution is indeed normal. Thus, the logarithmic transformation

on fatigue life was not seriously questioned until recently when the available



low-cycle and creep-fatigue data on Type 304 stainless steel were analyzed.

In this study, the log Nf transformation resulted in a trapezoidal-type error-

term distribution which indicated that a transformation on log N- was required.

-1/2
Consequently, a transformation of the form (log NL) was employed. Since

this is an extremely strong transformation which greatly compresses the high-

cycle regime relative to the shorter lives, the question of fatigue data

variability was reexamined with the aim of analytically determining the optimum

transformation.

2. Results

A literature search for fatigue-test data with replicates at given load or

strain levels resulted in 317 data sets on 24 materials employing 6 different

test methods. Of this total, 26 data sets were rejected as outliers when the

mean fatigue lives calculated on N~ were correlated with the mean levels calculated

on log N-. The remaining 291 data sets representing 4618 separate tests that

constituted the final data base are summarized in Table 1. The smallest number

of tests per set was 3 and the largest was 235.

The data base was analyzed to obtain the functional relation

s2 = f(Nf) , (1)

2
where s is the observed variance of Nf. Once this relation is known, the

T 30
appropriate transformation, N. , can be estimated from the relation

dN,

(2)
T f dNf

N f
T * -===f J *T(O

2 2 T

For example, if s « N, the resulting transformation would be Nf = log Nf.

As previously stated, series of transformations based on the log-function are

given in Fig. 1. These scales depict the increasingly stronger degree to which

the high-cycle regime is compressed relative to the low-cycle regime. Thus, it



should be possible to transform the scale for Nf such that the variability is

approximately constant for all lives using one of the forms shown in Fig. 1.

Using all of the data in Table 1, the best log-function type transformation

was log(log N-). Individually, the strain-controlled data were best fit to the

transformation (log Nf) , which is exactly halfway between (log N,.) and log(log N,)

in Fig. 1. Similarly, the data from load-controlled tests followed the log(log Nf)

-1/2
transformation while the deflection-controlled test data followed (log N-)

A statistical comparison of the error-terms for s, the standard deviations,

indicated that the mean residual values for the strain- and load-controlled

data were not significantly different from each other, but were significantly

different from those for the deflection-controlled data. Thus for the data in

Table 1, the data from deflection-controlled tests have somewhat less scatter

than data from either strain- or load-controlled tests. Nevertheless, the

actual differences are small and for the purpose of this study the transformation

log(log Nf) is considered adequate.

In terms of the "best" description of Eq. (1) [or of the square root of

Eq. (1)] without the log-function requirement, the relation

a = 0.08 N f
1 > 1 0 6 (3)

2
provides the highest regression-analysis coefficient of determination (R ). Then,

by Eq. (2), the estimated transformation becomes

„ T „ -0.106 „.
Nf = Nf . (4)

Compared to the log-function transformations in Fig. 1, Eq. (4) would generally

1/2
lie between the (log Nf) and log (log N^) lives. Although this transformation

2
did result in a somewhat better all-around fit (higher R , etc.) when applied to



fatigue data, the form Is not as convenient to use as the log(log Nf)

form. A comparison of the relation given by Eq. (3) and the actual daca is

ehown in Pig. 3. The consistency of the data is very good considering the

diverse data base and the fact that the fatigue lives spanned nine orders of

tnagnitude.

V. DATA FROM SUSPENDED TESTS (RUN-OUTS)

In the past, engineers dealing with fatigue data which contains run-outs

had two options to accommodate these data without resorting to involved

statistical procedures. The run-out data could be ignored and excluded from

the analysis, or they could be treated as failures. Either option usually

results in models which underestimate the true mean fatigue life, particularly

in the critical high-cycle regime. Thus it is desirable to treat these data

in some other manner, such as the recently developed iterative least squares

31
(ILS) approach. This method initially treats the run-ouc data as failures

and successively reestimates the fatigue life from the relation

„ i+1 „ i . s1 f(z) ,_ .
% = Nf + 1 - F(z) ( 5 a )

where

Nf
R° - N,1

2 - t (5b)
8

with "f GO the ordinate and F(z) the area of a unit normal distribution at z.

RO ' i
In these relations N, is the fatigue life for the run-out, N- the estimated

fatigue life, and s the standard deviation for the i-th estimate of Nf.*

*Note that the transformed value of Nf should be used in these relations.



Thus, the initial estimate, Nf , would be determined from the model using Nf

as part of the data base. The same procedure applies for data containing more

than one run-out. In practice, Nf > Nf and z is an increasingly larger

negative number so f (z) and F(z) -*• 0 which means that Eq. (5a) will converge.

The rate of convergence depends upon the data base, and experience indicates

that the number of iterations is usually between four and fifty. An example

of this procedure applied to data for ERNiCr-3 weld metal is shown in Fig. A.

In this case the ILS method resulted in a strain-life curve which is significantly

more optimistic in the high-cycle regime when compared to the curve for the

data without the run-out. Convergence of the least squares estimators to three

decimal places was obtained in eleven iterations.

VI. OUTLYING OBSERVATIONS

Occasionally, one or several observations will result in error terms

which appear to lie far beyond the pattern exhibited by the remaining values.

In such cases one is tempted to reject these observations, but cannot do so

without direct physical evidence that the result was truely inappropriate or

incorrect or without statistical guidance that the result is probably inappropriate

or incorrect. A simple and effective method is to compare the ratio of the

suspected error value to the total error standard deviation with a critical

value. Tabulations of these critical values are given in the Refs. 33 ane 34

for sample sizes up to ̂ 150. For larger sample sizes (<1000), these values tend

to converge to ̂ 3.5 at the a = 0.05 level. In any event, the judgement of

suspect data must be carefully considered.



VII. STRAIN-LIFE RELATIONS

A number of strain-life models which have been used for fatigue data are

described in Appendix B. The list may not be complete, but is intended to

illustrate the advantages and disadvantages for a reasonable variety of models.

In many cases, the relation is nonlinear and special algorithms are required

for a least squares analysis.

VIII. SUMMARY

This report discussed several aspects of fatigue data analysis in order to

provide a basis for the development of statistically sound design curves-

Included is a discussion on the choice of the dependent variable, the assumptions

associated with least squares regression models, the variability of fatigue

data, the treatment of data from suspended tests and outlying observations,

and various strain-life relations.
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Table 1. Data Vied for the Analyai* of Scatter In Fatigue Data

Teat
Control Material*

Kuabcr of
Data Seta

Hunter

of Texts Kef.

Strain

Loud Ax

Rot

Kcv B

Rev T

304 t 316 SS"
Alloy 71SC

SAT. 43M>
HR1X, SAH 950X 4 980X
2024 t 7075 Al

316 SSb

Alloy 718C

SAE 4340 I 4130
2024 I 7075 Al
OHIC Co .
Incoloy 60011

Alloy 718
SAE 4340
SAK 1045 I 1050
ASTM A2HS
Hlld Slrc-1
fiit. Steel
Stcrl wire
Al alloys
onic cu

SAF. 4340
Araeo Fc
2024 Al

Araco Fc vlrc
Al vlre
Cu vlrp
Ax (R'0) 2024 Al
Ax + Cot II Alloy 71(1
Ax (US) Incoloy D001lb

29
11
11
29
18

3
1

12
IB

7
2

1
2

11
6
1
•
S

38
1

«
«
»

ID
10
10
5
1
1

176
39
59

263
»4

10
S

59
93

881
6

9
40

173
72

235
151
140
393

20

1*8
78

ISO

200.

aoo
200

19
3
4

10-13
14

15-16
17

15.16

18
14

15,19
15,19
20,21

22

14
3

S.23
3
3

24
25

4,26-28

23
3

24

3
3
3

29
14
22

Ml. Rev B Bronze

Totals 291 4618

*Ax » axial loading, hot & • rooting henrffnr.. Kcv R - reversed bcndlnc, Rev T
rrvorr.cil torsion. Ax (U-0) - i<-ro-to-n.ix. axial loaillnp,. Ax + Kot B " axial
plus rotating bending, nnd Ax (US) " ultrasonic axial loading*

EK'valcd-tcnpcraturc tests.

- »tid elcvatc-d-lcepcrature

Ocdcctlon-conLrollcd tests.
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APPENDIX A

Regression Models Using Different Dependent Variables—An Example

A simple, linear, strain-life model was devised to demonstrate the

results obtained when using either the fatigue life or strain range &s the

dependent variable. The basic assumptions were:

1. The fatigue lives are log-normally distributed with constant

variance.

2. The controlled strains have insignificant measurement errors .

Based on the above, hypothetical data was provided for 3 strain ranges

2
(2.0, 0.774, and 0.3%) and 6 corresponding fatigue lives (log 10 + 0.524,

log 10 + 0.524, and log 10 + 0.524). These data were fit to the relation,

Y = B + B,X
o 1

where Y and X assumed values of log Nf and log Ae and vice versa.

The results, given in the attached table and figure illustrate the

principals previously discussed. Namely, the least squares estimators for

the model e = f(N) are biased toward zero and both underpredict and overpredict

the actual data. In addition, while the distribution of error terms for the

model N = f(e) is uniform, the model e = f(N) produces a distribution which is

skewed. This implies that the error terms are correlated which indicates

that the model needs an additional term (see Ref. 1). Moreover, if the true

curve were not known beforehand, a comparison of these results would seem to

indicate that since the model E = f(N) produced the lowest apparent MSE, it

provides the best description of the data. This conclusion is not true however,

as evidenced by the statistics comparing the least squares fit to the true

curve. In this case, there is no doubt that N = f(e) Is the correct model.



Results of Example

Model
Least Squares Fit to 6 Data Points Actual Fit to True Curve

MSE
Slope,
B,

Intercept,

o
on Log Nf on Nf

MSE

N = f (E) 0.907 0.642 0.412 -0.206 0.713

E = f(N) 0.907 0.126 0.016 -0.187 0.636

1.0 1.0 0

0.989 0.633 0.021

= coefficient of determination, s = error standard deviation, MSE = error mean square.

N = log Nf, e = log Ac, f ( ) = B Q + B ^

Coefficients when written as e = f(N).

).



APPENDIX B: Strain-life Relations

BASQUIN-COFFIN-MANSON RELATION (B-C-M)

Form

Ae ^(2Nf)
c + -^ (2Nf)

b

Advantages

Al. This is a realistic model since the parameters are roughly analogous to

the tensile strength and ductility parameters (see Ref. 34).

A2. Extrapolation into the long-life regime will result in conservative

estimates.

A3. Used extensively - fits data on many structural materials very well.

A4. When used with log (Ae ) and log (Ae ) as the independent variables,

simple linear regression analysis is adequate. For more complex models,

multiple linear regression analysis is easily accomplished with e' c, etc.

as functions of temp., hold-time, etc.

A5. Can be used with indicator variables (see Ref. 1) to account for material

differences such as those due to heat-treatment, etc.

Disadvantages

M.. This relation intrinsically assumes that the distribution of fatigue

lives is log-normal with constant variance. For some materials, this

can lead to regression models which have non-constant error-term

distributions.

D2. The finite terminal slope, b, may be large enough to seriously under-

predict subsequent long-life data-particularly if the initial fit based



on a predominately high strain fatigue data base for a material which

is cyclically unstable (see D3).

D3. When the material does not exhibit the same cyclic hardening or softening

characteristics at all strain ranges, the relations Ae = e'(2N,.) and

°f b P

Ae = -=- (2NC) may not be linear and therefore the B-C-M form is invalid
e i. i

as stated.

D4. When D3 is true the relation must be used with total strain as the

independent variable and therefore a direct algebraic solution for Nf

is not • oc sible.

D5. When total strain is used as the independent variable, the relation must

be numerically inverted, and a nonlinear regression analysis algorithm

is required.

D6. The treatment of run-outs when the elastic and plastic strains are used

is unclear since their value at N_/2 is unknown at the outset and moreover,

since they will change in value after each iteration, the relation z + e = e
P e

may not make sense. Run-outs can be accommodated when the total strain

nonlinear form is used; however, this may be extremely cumbersome.



MODIFIED LANGER RELATION (M-L)

Form
Bi

Ae = BQNf !

Advantages

Al. This, like the B-C-M relation, is realistic since the parameters can

be physically interpreted in relation to the strain-life curve.

A2. Since this relation predicts an endurance strain (B»), it is representative

of many structural materials.

A3. A solution for the dependent variable, log N , is straightforward and

successive iterations are easily accomplished when treating data which

contains run-outs.

A4. This relation uses the total strain range and therefore, the problem of

determining the appropriate elastic and plastic components is avoided.

Disadvantages

. Dl. The existence of an endurance strain can result in non-conservative

fatigue life predictions when high-cycle data is not available.

D2. This relation is nonlinear, and requires specialized techniques or

computer packages to determine the minimum variance least squares

estimators.

D3. Like the B-C-M relation, this model intrinsically assumes the distribution

of fatigue lives are log-normal with constant variance.

D4. This model is best suited to a single set of independent variables;

hence, the analysis of a data base which has different temperatures,

etc. may be computationally difficult or the results imprecise.



D5. The relation has only three parameters, and may not be sufficiently

flexible for the representation of some data.



LOG-LOG FORM (L-L)

FORM

Ae = BQ(log Nf)

IO

Advantages

Al. This relation uses the transformation log(log N,) which is effective

in stabilizing the variance on data which have a trapezoidal error

distribution (see Ref. 1) when fit with a log Nf transformation.

A2. In addition to the above, all the advantages of the Modified Langer

Relation apply.

Disadvantages

Dl. Since this transformation compresses the high-cycle regime in relation

to the low-cycle regime, the fit to low-cycle data may not be as accurate

as with the usual log N_ transformation.

D2. All of the disadvantages (except D3) of the Modified Langer Relation

apply.
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POLYNOMIAL RELATIONS (POLY)

FORM

N = B + B.S + B_S2 orO 1 2

where,

N = log Nf & S = log Ae; or

N = log (log N f), or = (log Nf

etc.

v-1/2

Advantages

Al. These relations are simple multiple linear regression models.

A2. They are ideal for the analysis and description of multiple data sets

where the constants become functions of temperature, etc. Indicator

variables are also easily used vith these relations.

A3. The cubic form can provide a very accurate fit to the data.

A4. Any necessary transformation on strain or fatigue life is easily

accommodated.

Disadvantages

Dl. Extrapolation beyond the data base is, at best, risky.

D2. The use of search methods such as Stepwise to determine the best model

can result in polynomial relations that are statistically incorrect

(see Ref. 1).

D3. Total dependence on polynomial regressions, can easily lead to large

unwieldly models which probably cause more problems than they solve.



HYPERBOLIC RELATION (HYP)

«*»

FORM

N2 + B-jNS + B2S
2 + B»N + B^S + B = 0

where

N = log N. & S = log Ae, or

N = log (log N ) etc.

Advantages

Al. The five parameters in this relation enable it to accurately fit all

types of strain-controlled fatigue data, including data on materials

which exhibit an endurance strain limit.

A2. The fO¥m of this relation suggests no specific distribution of fatigue

life or strain, and therefore any appropriaLe transformation on these

Variables may be used.

^Disadvantages

Dl, The relation is non-linear, and makes no physical sense in relation to

the actual strain-life curve.

D2. Some of the parameters may be highly correlated; hence, the confidence

intervals on their true values will be larger than desired for purposes

of extrapolation.

D3. Like the modified Langer relation, this model is probably best suited

to the analysis of a single strain-life curve.


