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Abstract : 

It is shown that a one parameter modification of the effective forces allows 
to resolve the Coulomb energy anomalies in the Ca region within the framework 
of Hartree Fock (HF) and isospin projected Hartree Fock (IPHF) theories. 
A simple microscopic mechanism of equalization of neutron and proton radii is 
invoked to produce results consistent with available data. 
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Much effort has been devoted to explaining the Nolen-Schiffer anomaly ) 
in binding energies between mirror nuclei. The consistent failure of the most 

2 3 4 
sophisticated calculations ' ' ) has led to the suggestion that charge symme
try breaking of the nuclear forces has to be invoked ). It seems now clear 
that such an effect could only remove partially the discrepancies due to the 
short range of the interactions obtainable by plausible meson exchanges ). 

A competing mechanism that could in principle solve the anomaly has been pro
posed by Shlono and Talmi, who noticed that if strict equality between total 
neutron and proton radii is assumed, the calculated Coulomb energy differences 
between analog states disappears ). Although strict equality seems a rather 
stringent requirement unlikely to hold experimentally, it is a fact that avai
lable data indicates systematically that Hartree Fock (HF) calculations over
estimate the differences in neutron proton radii. The amount of the overestimate 
is a subject of heated controversy into which we shall not enter and we shall 

Q 
adopt the values extracted in ref.8) from recent high energy proton experiments ). 

Our attitude will be guided by the idea that the Auerbach-Kahana-Wenesser 
(AKW) ) effect and HF theory provide a perfectly good neutron-proton equali
zation (NPE from now on) mechanism and try to understand why it does not seem 
sufficient to explain the data. To understand the NPE effect it is convenient 
to start with a very simple model. 

40 Assume we have a large filled shell h (think of the Ca core) on top of which 
we add 2tz valence neutrons (t - 1/2 for a neutron) in orbit j (think of £^,-). 
The presence of these particles will allow polarization jumps to the large 
unfilled particle shell p (lying at 2e "* 2 hu above h) through matrix elements 
of the form <pv|v|hv>. For obvious reasons we shall concentrate on monopole 
isovector (JT » 01) jumps and write the following schema tic Hamiltonian 
H • E s o • v [ t o u o + t + u . + t . i g 
: o - a p a p + bpb p 

u

+ - * p " b h + a h b

P

 u - " b

P " h + V P 

S~ - a pa p + bpbp - a ha h - b hb h 

Do " «p% + V p " b
P

b h " bh bp 
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vbere a and b denote the neutron end proton fields and t is the isospin opera

tor in the valence orbit j. Implicit «nanatier, over magnetic quantum msnbers is 

...u»d ( a ^ - ïa; p z a h h z o p z h 2 , etc.). 

In this case the HF approximation aaounts to cancelling the t 0U 0 term by means 

of the transformation (notice the sign differences) : 

ap - a a- + 8 a R . a h - a a 5 - S a- j 

r (2) 
b p " a b ? " S t„ . b h - a b h + 6 b- . a' • B' - 1 ) 

leading to 

H - |e(a2 - B 2) - 2 ctBvtz]s0 + [vt z(a
2 - B 2) + 2 aBe]Û0 + v(t+U_ + t_0+) (3) 

from which follows immediately 

2 oB - - v t z ( E

2 + v 2 t 2 r ' / 2 ( a 2 - B 2 ) - £ ( E

2

 + v V ) - ' / 2 . (4) 

We can easily calculate the HF energy of the system and the difference between 

neutron and proton core radii (N is the total number of particles in the core) : 

^ - - H ^ + v ' t 2 ) 1 ^ - . . ^ ^ ) , 
(5) 

«cr2, - r 2>„p - 2 aBN < p|r2|h > - - - ^ <olr2lh> 

As v/e can only be a small number the expansions are certainly correct. But 

then, why not use perturbation theory (PT) ? To first order in the wavefunctions, 

the corresponding results are 

« v . - - [ - * s f £ ^ J J 3 • -p-4> P T - -^<pkV (6) 

There are three points worth making : 

i) Depending on the sign of vt z, the core neutrons expand or shrink with respect 

to the protons (it is easy to check that the total core radius remains 

constant). As the np force is attractive we expect that the addition of neu

tron at the surface will favor dilatation of the protons and reciprocally, tending 
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to cancel the difference in total radii brought about by the extra particle. 

ii) Although the results for the radii are identical in PT and HF, for the energies 
there is a difference. Isospin violation shows in HF in that the energy depends 
on the t z value, leading to different energies for members of the same multiplet. 
Notice that the HF solutions are well defined for open shell nuclei as the Hamil-
tonian does not distinguish between magnetic substates. 

41 41 iii) If in Ca ( Sc) the proton radius expands (shrinks), the difference in 
binding energies due to the Coulomb force will increase due to the polarization 
effect. The magnitude of the effect will depend solely on the strength of v. The 
position of the f-,- orbit plays little role in this, contrary to the usual in
terpretation of the AKW effect. It is on purpose that we have left out the Cou-

2 2 lomb force in H. Its inclusion will certainly change < n > in each nucleus 
through the underlying isospin breaking of the Ca core that will bring the 

41 protons to the surface but this effect is going to be very much the same in Ca 
41 and Sc. What counts for the Coulomb force is the difference 

<r„( Sc)> - <r*( Ca)> which is almost entirely due to a nuclear effect. We p p 
pretend that this is simply AKW, which is simply lowest order PT and that it 
can explain the anomaly provided FT holds and the force is right. 

Before deciding something is wrong with the .force, it is imperative to test the 
computational method. Perturbation theory is probably quite reliable for A » 41. 
For A * 48 it is clear that the increase in t_ demands some care. In particular, 
the simple mechanism we have described must be certainly supplemented, as the 
core protons cannot expand indefinetely to get closer to the valence particles 
as they will end up loosing too much overlap with the core neutrons. Bar tree 
Fock theory on the other band is suspect through isospin breaking. Even in the 
absence of the Coulomb force, a Slater determinant for t z t 0 will have to 
break isospin, and hence loose energy "geometrically", to gain it "dynamically" 
in equalizing the radii. The resulting balance may be misleading. A good example 
of this possibility is found in the study of light deformed nuclei : with some 

12 effective interactions, the HF solution for the ground state of C is spherical, 
while minimization after angular momentum projection gives rise to a rotational 
band build on a well deformed HF state ) , 
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The natural way to insure good isospin behaviour is furnished by Isospin projected 
Hartree Fock (IPHF). Minimization after projection will allow for dynamical dif
ferences between neutron and proton wave functions. 

In these preliminary calculations we present only results for nuclei with 2|t | 
12 excess particles. The Feierls-Yoccoz ) projection method has been used. 

Orbitals are expanded in the spherical oscillator functions of the first 4 major 
shells. We have selected as degrees of freedom for variation after projection 
the difference of neutron and proton core radii. The variational space is 
obtained through constrained HF calculations with 

H' - H + X(r 2 - r 2 ) (7) 
pc nc 

Technical considerations related to the IPHF procedure have led us to use a 
13 central interaction of Brink-Boeker type ) whose adjustable parameters are 

fitted to the binding energies and m s radii of 0 and Ca. As a good descrip
tion of single particle spectra demands a spin orbit term and density dependence, 
which complicate enormously the projection method, we have decided to introduce 
a multiplicative factor of 1.15 for the particle-core matrix elements to insure 

17 41 the right binding energies for 0 and Ca. 

At first we do not take into account the Coulomb interaction. The first columns 
41 48 (8 » 0.00) in table I give the KF and IPHF results for X and Ca. The 

quantity A r c is defined as 

. ,„ 2 _.l/2 „ 2 J/2 ir c - (<r X c>) - <r Y c> 

where Y(X) stands for neutrons (protons) if t > 0 (t < 0). The subscript c 
emphasizes that we compute only core radii. The table gives Ar c calculated for 
the Slater determinants that minimize the energy with no projection (\ » 0) and 
after projection (HF, X . ), as well as for the projected states 

(Ar-(IPHF), = <Xm|F r 2 PT|X >). It is interesting to notice the similarity 
Amin »P 

between the usual HF treatment and the projected value, at least for the first 
column which corresponds to the unmodified interaction. In the other columns 
changes are introduced that we'll discuss soon. They correspond to enhanced 
polarizability and definite discrepancies appear that indicate the need or the 
projection procedure. 
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A rather puzzling point is raised when we realize that the value of Arc(HF, X m) 

which is much bigger than the HF one, gets drastically reduced by the projection. 

It can be understood in a simple model. 

Assume the intrinsic state can be expanded as 

\\? - |C00>|vtït!!> + Y|CIO>|vt2tz> , V « 1 (8) 

where |C00> is a T - T « 0 core and fciO> is particle-hole excitation of that 

core with TT • 10, which is the only state that can be reached from the core 

with the operators r~j . The expectation value of the operator is then 

< Xml rnplV ' 2Y<COO|^p|C10> (9) 

The projected wave function will be obtained by expanding the uncoupled state 

in eq. (8) in a coupled representation and dropping the terms with isospin 

different from t 
z 

P T | V - |c00>|vt z t z > + Y < I 0 t 8 t z | t z t z > I lC iT> |v t 2 t z -T><lTt 2 , t z - r | t 2 t z > (10) 
T 

As only |C10> can give a contribution, it is easy to see that the matrix elements 

will be reduced by a factor |<10tztz| tztz>| which in the A - 41 and A - 48 cases 

equals respectively 1/3 and 4/5 in very close agreement with our results. 

It should be noticed that the |cil> components do not contribute to Ar c but they 

contribute to the energy of the state. This fact explains why in equations (5) 

and (6) the radii are identical while the energies differ. 

The outcome of our comparison between IPHF and HF shows quite clearly that 

projection will result in refinements that may be significant but in no case 

invalidates the HF results to the point of making us believe chat the failure 

to explain the Coulomb anomaly has a mathematical origin due to spurious isospin 

breaking. 

Mow : if the methods are acceptable, it must be the force that is wrong. The one 

we have adopted is disastrous : instead of NPE we obtain anti-equalization. 

However, if we believe in NPE and in our simple model, everything can be settled 

quite economically. It is obviously the matrix elements of the type <jp|v|jh> 

that must be wrong. (The notation is as in the simple model but now h and p are 
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generic labels for occupied and empty orbits in the "core" space while j is a 
valence orbit). 

Let's examine the effects of a one parameter additive modification to these 
matrix elements 

<jp|v|jh> •* <jp|v|jp> + B pp and nn 
(10 

<jp|v|jp> - 6/3 np 

Strictly speaking, this is a two parameter change in which an isoscalar term is 
associated to the isovector one to insure essentially constant proton radii when 
neutrons are added. The observed behaviour in the Ca isotopes is subtler than 
that and will not depend only on the crude interplay of isoscalar and isovector 
modes assumed in expression (II). However, simplicity is better served at this 
preliminary level by the introduction of a single parameter (5. 

From table I it is clear that changes in 8 lead to roughly linear increases in 
Ar c for the different calculations while the binding energies remain quite constant. 
So far, we have not included Coulomb effects, which we now introduce in the 
following way. 

a) As before, we solve the constrained HF problem but now the Coulomb interaction 
is included in the Hamiltonian. 

b) We diagonalize the Hamiltonian in the basis defined by the projected states 
for each value of the constraint \ . 

c) We minimize the energy as a function of X. 

In the presence of the Coulomb force it may seem a bit awkward to enforce isospin 
conservation by projecting and then mix ag'Ain. The point will be discussed 
elsewhere. Suffice to say that the procedure is variational and produces energy minima 
below those of HF. 

Table II presents the following HF and IPHF results as a function of 8. 
41 41 

1) Sc- Ca binding energy differences. 

2) The differences between neutron and proton radii for X and Ca. 

3) The proton and neutron isotope shifts for Ca- Ca. 
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As expected HF is quite similar to IPHF, although the discrepancies reach the 
order of magnitude of the largest of the myriad effects proposed to explain the 
anomaly (except charge symmetry breaking). 

The fact that a one parameter fit which does not disturb in the least the total 
radii and energies and can fit several properties within experimental error 
must have some significance. Other calculations are under way that will presen
ted in greater detail elsewhere but we can mention that for mass 39 the situa
tion is exactly similar for the same values of B. 
But then : what is the significance of B? 
To find some clues let us point out that for standard density dependent inter
actions such as Skyrme III the results are close to those obtained for B « 0.3, 

41 41 while for the Sc- Ca pair the Gogny force is almost as bad as those for 
B • 0 , in spite of the extraordinary quality of the results it yields for scalar 
properties.* 

The message is simple : phenomenological forces reproduce well the properties 
to which they have been fitted. Elsewhere they may be bad or even very bad as 
the pathological anti-pairing behaviour of the Skyrme forces shows. Even the 
pioneering work of Negele which was done with a realistic force required a touch 
of phenomenology to bring nuclear matter to its saturation point. But this was 
an isoscalar touch which leaves some room for isovector tampering as the Gogny 
example shows. 

The simple truth is that realistic two body forces do not seem to be enough to 
explain the data. Nowhere is the situation clearer than in A = 3. Exact Faddeev 
calculations not only fail to give the binding energy to within better than 
1 HeV. The Coulomb anomaly is already present (100 k">V) and the form factor for 
elastic scattering badly misses the second minimum seen experimentally. If one 
is willing to do phenomenology the binding energy can be easily fitted and the 
Coulomb anomaly can be eliminated iy charge asymmetry. The form factor is a 
harder nut to crack. 

a We thank Dr. Déchargé for providing JS with these results, 
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A true three body force seems a natural answer and in our opinion is the only 
way out if we are after a unifying element in the problem of Coulomb energies 
that would include the A - 3 system. 

We are not prepared to bet that our parameter 6 has a true three body origin. 
There are effective mechanisms that have been poorly treated that may be respon
sible for substantial renormalizations that could take the guise of a 3 body 
force. If in eq.(l) the constant v is affected by an extra number operator in
volving core particles (the most efficient form a 3 body force could have for 
NFE) its efficacy could be much enhanced. Instead of looking for corrections 
of a few hundred keV in two body terms it would be sufficient to have three 
body matrix elements of a few dozen keV. 
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Table I 

Results for A = 41 and A - 48, without the Coulomb interaction ) 

A = 41 A = 48 

B - 0.0 - 0.30 - 0.60 0 .0 - 0 .30 - 0.60 

E(HF) - 421.956 - 422.100 - 422.335 - 478.259 - 480.949 - 489.073 

E(IPHF) - 421.960 - 422.119 - 4 2 2 . I ' l - 478.309 - 481.194 - 490.309 

Ar,(HF,A-0) - 0.004 0.009 0.022 - 0.027 0.073 0.158 

A r c ( H F , X m i n ) - 0.009 0.021 0.05 1 - 0.U34 0.090 0.194 

A r c ( I P H F , X r a i n ) - 0.003 0.007 0.016 _ 0.028 0.071 0.149 

. 
a) Energies in MeV, radii in fm. 



Table II 

Summary of results, including the Coulomb interaction ) 

8 - - 0.0 - 0.25 - 0.50 - 0.75 

AE( 4 ,SC - *' Ca) HF 6.536 6.768 7.000 7.231 7.282 
IPHF 6.551 6.731 6.932 7.085 

( r n - r p ) 4 , C . HF 0.018 0.007 - 0.004 - 0.014 - 0.02 ± 0.02 
IPHF 0.013 0.006 - 0.002 - 0.009 

HF - 0.089 - 0,078 - 0.067 - 0.056 _ 
IFHF - 0.091 - 0.084 - 0.068 - 0.064 

<rn"rp> c » HF 0.253 0.198 0.150 0.108 0.08 ± 0.06 
IPHF 0.259 0.200 0.153 0.113 

y' 8 c »> - y 4 ° c a > HF 0.084 0.068 0.057 0.052 0.02 
IPHF 0.076 0.063 0.055 0.053 

r , / 8 C a > - r n ( 4 0 C a ) HF 0.372 0.301 0.241 0.194 0.16 ± 0.03 
IPHF 0.379 0.307 0.252 0.210 

a) Energies in MeV, radii in fro. 
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