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I. INTRODUCTION

The presence in materials of point defects such as substitutional and
interstitial impurities, self-interstitials, vacancies, and color centers
can strongly modify the physical properties of the materials. The influence
of such defects is particularly obvious in insulating crystals where they
frequently give rise to a characteristic coloration. In fact, light is the
single most versatile probe of the electronic and vibrationai properties of
point defects in ionic crystals. Studies of the changes in the optical pro-
perties (optical absorption, emission, infrared, Raman scattering) of a
crystal with the addition of small concentrations of substitutional or
interstitial impurities or of color centers are today highly sophisticated
and reveal a vast amount of information. For this reason alone, if for none
other, our detailed understanding of the effects of point defects on the
properties of insulators is much more advanced than it is for metals.

Historically the first experiments on color centers consisted of rather
crude (by today's standards) measurements of the optical absorption and
emission bands induced by the defects. With the development of more refined
optical and cryogenic equipment in the 1950's, absorption and emission
spectroscopy became quite sophisticated. Much of this work was concerned
with identifying the various absorption and emission bands due to color cen-
ters and other defects and either .confirming or rejecting various models
which had been proposed; electron-spin resonance was often of great help in
these studies. By following the intensities in related absorption bands
when the crystals were subjected to a variety of treatments it was possible
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to gain a great deal of Insight into the kinetics of radiation damage

creation and annealing.
The simple, one-electron F center in alkali halides is the prototype of

all color centers in ionic crystals. It is, so to speak, the hydrogen atom
of color center work and to a lesser extent of all impurity work. In fact,
the analogy with the hydrogen atom prompted experimentalists to apply many
of the techniques of atomic and molecular spectroscopy first to the study of
the F center and then to the study of other color centers and impurities.
It is now commonplace to carry out absorption and emission spectroscopy with
the crystal in electric and magnetic fields. As in atomic systems, the
electric field gives rise to the Stark effect and magnetic fields yield a
variety of magneto-optic effects depending on the electronic structure of
the defect. But defects in crystals differ from atomic and molecular
systems by the very fact that they are embedded in the crystalline lattice.
The electrons of the defect interact with the ions of the lattice and this
interaction leads to a variety of interesting effects. The most easily
observed of these are the temperature dependence of the peak position and
half-width of an absorption band and the Stokes shift between absorption and
emission. Effects which depend on the static electron-lattice interaction
can be induced by the application of hydrostatic pressure and uniaxial
stresses along various directions in the crystal. Now, with lasers
operating in the picosecond mode, experimentalists can begin to probe the
dynamics of processes which occur on a time scale of 10"8 - 10"11 sec, thus
further increasing the great body of data to be interpreted and giving a new
richness to the field.

From the theoretical standpoint the situation is much less satisfactory,
at least if one wishes to have "first principles" calculations and explana-
tions of the electronic and vibrational properties underlying much of the
new data being accumulated by the experimentalists. On the other hand, it
is certainly true that much valuable information can be gained by
phenomenological modelling and semi-empirical theoretical treatments and
from theoretical considerations which do not necessarily involve extensive
numerical work. In this paper, after this introduction, we will briefly
outline the problem of calculating the electronic structure of point defects
in the Hartree-Fock approximation and discuss some of the methods which are
being used to solve it. The importance of polarization and correlation
corrections will be emphasized. In the next part of the paper, it will be



shown how the calculation of the defect energy as a function of the posi-
t ions of the neighboring ions leads to the configuration coordinate diagrams
we are all so familiar with, to Stokes sh i f t s between absorption and
emission, band widths, vibronic structure, e t c . Then a brief treatment of
local ized perturbation theory wil l be given and i t wil l be shown how calcu-
la t ions of the infrared spectrum, Raman scat ter ing , and vibronic structure
are related to the perturbed phonon spectrum. The paper wil l end with a
brief summary of the topics covered and a few concluding remarks of a
general nature about two of the more d i f f i c u l t problems facing the theoris ts
in the area of e lectronic structure ca lculat ions .

I I . GENERAL CONSIDERATIONS OF ELECTRONIC STRUCTURE CALCULATIONS

a) The Hartree-Fock One-Electron Equations

We can begin our discussion by considering the Hartree-Fock equation for
a s ingle electron in the crys ta l . Let us write the equation in the form

{ - 7 VZ - I Zv I r i -8v I ' 1 + J * 2 g 1 2 p ( 2 , 2 ) } * . ( l ) - / dT 2 g 1 2 p(2 , l )* . (2 )
v

(1)

with the density operator defined by

P(2,l) * I »J (2)1^.(1) , (2)
J

and
-1hz' I r r r 2 1 ' •

In Eq. (1) v runs over all the ions in the crystal and in Eq. (2) j runs
over all of the occupied spin-orbitals including the i-th. It should be
noted that p(2,2) is just the total electronic charge density in the
crystal; p(2, l ) is sometimes referred to as the "exchange" charge density.
The j«i term in the definition of p results in a cancellation between the
Coulomb and exchange terms so that the electron in the i-th orbital is never
allowed to interact with itself . When applying Eq. (1) to the calculation
of the orbital of a defect electron it is usually convenient to reserve
v « 0 for the defect s i te .

In a perfect, non-magnetic, ionic crystal the spatial part of the one-
electron orbitals will be Bloch functions (i and j in Eqs. (1) and (2)
will then stand for wave number, band, and spin indices) from which the



spin-orbitals are formed by multiplying by a spin function. The Bloch func-
tions are related to the localized Wannier functions1 by a well-known
transformation. A single determinant wavefunction for a crystal composed of
closed shell ions is invariant under the transformation from Bloch to
Wannier functions. The same statement applies to the density matrix p(2,l)
as can easily be demonstrated. The result is

p(2,U • 1 w;(r2-Bv)wn(ri-Bv) (3)
v,n

If the Wannier functions are well approximated by free ion orbitals the band
index, n, goes over into an index giving all the quantum numbers of the
atomic orbitals. Since the free ion orbitals will seldom be adequate
approximations to the Wannier function one must usually, at the very leait,
take into account the non-orthogonality of the free ion functions on dif-
ferent lattice sites. We will not dwell on this point here because it is
not crucial for understanding the basic ingredients of a calculation of the
energy of the defect electron. However, we would like to emphasize that the
orthogonalization of the free ion orbitals can be quite important for under-
standing the details of the hyperfine interaction in some color center
calculations.

Equation (1) is valid for each electron in the crystal and a complete
Hartree-Fock calculation would yield one electron orbitals and energies of
the host crystal which are modified by the presence of the defect and depend
on its state of excitation. The solution of this self-consistency problem
is still beyond the scope of present day techniques for defect calculations
involving more than the defect and a few shells of neighboring ions and so
we are forced to make a series of approximations which, though not entirely
satisfactory, are probably accurate enough in many cases. The first
approximation is to assume when constructing the charge and exchange den-
sities that the electronic structure of the host crystal is fixed and given
well enough by the free ion Hartree-Fock orbitals or by crystal orbitals2 if
they are available. Then in carrying out a variational calculation only the
orbital of the defect electron must be chosen to minimize only the one
electron energy going with that orbital. This approximation does not allow
the orbitals of the host to depend on the state of excitation or the spatial
extent of the defect electron and therefore polarization effects cannot be
included. This serious shortcoming will be discussed later. The index v
in Eq. (3) runs over all the ions of the crystal but in practice it is not



possible and probably not really necessary to include more than the first
few shells of ions neighboring the defects; let us say the number of ions in
these shells is M. The remaining ions can be treated as point ions or
their effects can be incorporated in some type of effective mass treatment.
For the convenience of illustration (in some cases it seems justified) v»e
can imagine that the sum over ions is restricted to the first shell. Stated
more precisely we still sum over all ions but we regard the electrons on the
more distant ions as point charges which combine with the nuclear charge to
give point ions. With these approximations we can now rewrite the
Hartree-Fock equation of the defect electron in the form

-/ dr2g12p(2,l)*(2) = e#(l} , (4)

a11 i
1 . (5)

M nv

p(2,i) • I I "1(r-5vK(r-U • <6>
V j J J

Zy and nv are the nuclear charge and the total number of electrons on the
v-th ion respectively and their difference, Zy = Z v~n, is just the ionic
charge. Thus, h • is just the Hamiltonian in the point ion approximation.3

The term containing p(2,l) gives the exchange energy between the defect
electron and the electrons of the same spin on the neighboring ions. The
remaining two terms can be combined to give what we shall refer to as a
Coulomb penetration energy.

We now turn to a consideration of the form of the trial wavefunction to
be used in Eq. (4). Only the electronic structure on the M nearest neighbor
ions is being treated explicitly here and to be consistent with this
approximation we can write the trial function in the form

• - t° + I I %?j(r%) (7)

1>° is a "smooth" function whose exact form is to be determined by a
variational calculation. Here, we have denoted the orbitals which approxi-
mate the Wannier functions by u.(r-R). The c - are to be determined from



the condition that • be orthogonal to the core orbitals on :he neighboring
ions and are given by

cvj - - <*°|«j(r-Bv)> . (8)

The smooth part of the wavefunction *° can be expanded in terms of some
convenient set of functions.

From Eqs. (4) and (7), we find that the expectation value of the energy
of the defect electron can be written as a sum of terms, i.e.,

|*> = EK + E M + A E M + E e x + E c o + E o v (9)

E,, is just the kinetic energy of the electron and E,. is the Madelung energy
of the electron treated as a point charge at a negative ion site. The term
AE M is a correction to the Madelung energy which comes about because the
electronic wavefunction extends beyond some of the shells of neighboring
ions so that these ions do not see a unit point charge at the impurity site.
Calculations indicate that approximately 95% of the charge distribution of
the electron is within the Inn distance in the ground state of the F center
in alkali-ha!ides but the situation changes radically in the excited states.
The terms E., + E« + AE,. together give the point ion approximation. The
terms E g x and E are the exchange and Coulomb interaction energies between
the defect electron and the orbitals on the neighboring ions. Because the
ions of the host crystal are treated as unit point charges when E« and
AE M are calculated, the quantity E C Q is really a "penetration energy". It
arises because the defect electron is able to penetrate the extended charge
distributions of the neighboring ions so that the electrons on these ions
are not fully effective in screening the nuclear charge. Both E and
E are attractive. E Q V is the overlap repulsive energy arising from the
orthogonalization of the trial wavefunction to the orbitals on the neigh-
boring ions. This term is quite large and can not be neglected in any
realistic calculation.

b) Electronic and Ionic Polarization

Unlike the one electron defects in doped semiconductors, F centers in
ionic crystals are deep traps in which the defect electrons in their ground
states are well confined to negative ion vacancies. This means that the
defect is very nearly electrically neutral and therefore we expect the
electronic and ionic polarization of the host crystal to be small. The



situation changes completely when the electron is raised even to its first
excited state because the wavefunction extends well beyond the vacancy.
Calculations indicate that in the ground state of the F-centers in KC1 about
95% of the charge remains within the vacancy compared to about 70% in the
first excited state before lattice relaxation. For the higher excited
states which lie just below the conduction band and for the excited states
after lattice relaxation, the probability of finding the electron within the
vacancy is very small indeed and the situation becomes much like that in
semiconductors. Thus, we see that the importance of electronic and ionic
polarization depends strongly on the state of excitation cf the defect or
impurity. The problem of taking into account this polarization is one of
the most difficult ones encountered in defect calculations in ionic
crystals. We do not have time to go into it here but this problem must be
solved in any method which is supposed to give a complete treatment of the
electronic structure of the defect.

c) Correlation Effects

Correlation energies wil l be considered to be any energies not included
in the Hartree-Fock approximation. The electronic polarization energy con-
sidered in the preceding subsection may be partly a correlation effect,
depending on how the expression for the polarization energy is formulated.
The most obvious situation in color center work where correlation effects
come into play are in the two-electron centers such as the U center in
alkali-halides and ths F center in alkaline earth oxides. Much of the
radial correlation can be taken into account by writing the wavefunction as
an expansion in terms of the form

^(1,2) = Nifr1a(lfo1b(2) -t i a(2)»1b(l>3 (10)

in which N- is a normalization factor. This form has been used extensively

by the author and his coworkers in calculations on two-electron centers.**

d) Necessity of an Effective Mass Approximation

Figure 1 shows the probability density for the electrons from an F center
calculation in one of the alkaline earth oxides. We note that both
electrons are fairly well confined within the nearest neighbor (Inn) and 2nn
distances. A calculation including the orbitals on the 1st and 2nd shells
of ions would involve a cluster of 18 ions plus the defect site. By using
symmetry properties, a cluster this large in a crystal with simple ions,



8 10 42 14
DISTANCE (au)

16 18 20 22 24

Fig. 1. Radial charge density as a function of distance from the defect
site for the 2-electron F center in CaO. The center is in a 3Ti u

excited state for which the lattice relaxation is relatively small.

e.g., MgO, might be treated self-consistently in a Hartree-Fock
approximation. However, as Fig. 2 shows the excited xTi u state has one of
the electrons in an orbital which has a broad maximum between the 10th and
20th neighbor shells. A self-consistent Hartree-Fock calculation for this
excited state of this system would involve hundreds of ions and thousands of
one-electron orbitals and is impractical at this time. Therefore, i t seems
necessary to introduce a type of effective mass treatment for these extended
states. In other words, what is needed is a single unified method for
treating electronic states of a defect which may have both compact and
extended wavefunctions in a computationally practical manner.

e) Inclusion of the Lattice Energy

Equations (4)-(9) contain terms which depend explicitly on the position
of the neighboring ions, i .e. , the R . In order to minimize the entire
energy of the system, the change in the lattice energy due to lattice relaxa-
tion must be added to the electronic energy of Eq. (9). This can be done in
a number of ways using a Mott-Littleton5 type of calculation of varying
degrees of sophistication and complication. This type of calculation wil l
be described by other speakers at this conference and nothing more wil l be
said about the details here. However, we point out that minimization of the
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Fig. 2. Same as Fig. 1 but for the 11\{1 excited state. Here the lattice
relaxation is large and the tiu orbital is very diffuse.

total energy with respect to both lattice displacement and the parameters in
the wavefunctions is necessary in order to calculate the configuration coor-
dinate curves to be described shortly. First, however, we will consider
some of the specific methods which are being used to obtain the electronic
energy.

III. PARTICULAR TYPES OF APPROXIMATE METHODS

a) Point Ion

This extremely simple method3 is so well known that there is no need to
say anything about it here. It remains quite a useful first approximation
in many defect calculations.

b) Simplified Hartree-Fock Plus Effective-Mass Method

This is the method pioneered by Wood6 and his coworkers. It follows
fairly closely the procedure outlined in Section II and will be discussed
only briefly here. Within a sphere of a certain radius the electronic
structure on the neighboring ions is treated in detail, quantum mechanically;
outside of this sphere an effective mass approximation is used.
Polarization effects can be taken into account in a variety of ways but the
one employed most frequently is modelled after the electronic polaron con-
cept of Toyozawa7 and Haken and Schottky8. This combined Hartree-Fock,



effective mass approach has the advantage that it takes virtually all of the
important effects, including lattice relaxation, into account in a fairly
accurate way and thus maintains good balance between the various parts of
the problem. Thus, it can treat both absorption and luminescence and can be
used to calculate defect-lattice coupling constants. It has the disadvan-
tage of employing ^-dependent exchange potentials and these can involve
fairly substantial subsidiary calculations. However, the method itself,
although somewhat intricate, does not require particularly large amounts of
computer time.

c) Pseudopotential Methods

This method was first used by Kubler and Friauf9 in an F center
calculation. A version of it was subsequently user* by Bartram, Stoneham,
and Gash10 (BSG) in calculations on a series of alkali-halides and alkaline-
earth oxides. In the pseudopotential method, a transformation is carried
out which has the effect of putting the orthogonality terms of the wavefunc-
tion (see Eq. 7) into an effective or pseudo-Hamiltonian; one then works
with a pseudowavefunction whose decree of smoothness is determined by the
conditions put on the transformation. The BSG pseudopotential method has
been extensively used but it has some inherent shortcomings which make it
essentially a semiempirical method. Probably the most serious of these is
the neglect of the variation of the smooth part of the wavefunction over the
core orbitals which causes the effects arising from orthogonalization to p
and d orbitals to be entirely neglected. Zwicker11 has improved the method
substantially by eliminating this undesirable feature but this more complex
version of the method has not yet been used extensively. It should be
realized that the transformation to a pseudopotential formulation is essen-
tially exact and therefore, if treated correctly, a pseudopotential calcula-
tion will give the same results as the more standard approach. Often it
happens that, after the pseudopotential transformation, approximations are
made which greatly simplify the method but the nature of the approximations
are apparently not always well understood. Moreover, the same approxima-
tions when made before the pseudopotential transformation also result in
significant simplifications and it is therefore legitimate to ask if one
has gained anything by the transformation. In any case, many of the tech-
niques used in IIIb can also be incorporated into the pseudopotential
method.



d) Multiple Scattering Xo Method (MS-Xa)

The MS-Xa method is an outgrowth of the multiple scattering techniques
frequently used in band structure calculations. I t was developed primarily
by Johnson12 and has been applied extensively to the study of molecular
systems and of impurities in crystals. Critical reviews of the method along
with some applications have been made by Weinberger and Schwarz13 and by
Rosch.1H The method is based on a rather arbitrary division of the system
into component clusters of atoms. In principle, a cluster may be an iso-
lated polyatomic molecule in the gaseous phase, in a crystalline environment,
or in an aqueous solution. I t may also be a f in i te group of atoms in a bulk
crystal or at a crystalline surface, or i t may be part of a macromolecule.
The cluster, in turn, is partitioned into three fundamental types of regions:
I . atomic - the regions within nonoverlappin" spheres surrounding the
constituent atoms; I I . interatomic - the region between the atomic spheres
and an outer sphere surrounding tht> entire cluster; I I I . extramolecular -
the region outside the cluster. The one-electron Schrbdinger equations are
integrated in each region using spherically averaged atomic and extramolecu-
lar potentials and a volume averaged constant for the interst i t ia l
potential. In constructing the potential, the Hartree-Fock exchange opera-
tor is replaced by Slater's Xo statistical exchange operator.15 This
method, at i ts present stage of development, is not well suited for
describing many aspects of defects in ionic crystals. The use of a spheri-
cally averaged potential within all spheres means that polarization effects
are not easily included. In most of the applications to date, the size of
the cluster which has been used has been too small to give reliable results
and the treatment of the crystal outside of the cluster surrounding the
defect has been inadequate. On the other hand, for a neutral defect with
well localized wavefunctions, the method should give reasonably satisfactory
results.

e) SCF-LCAO-Xo Method

An "ab in i t io " SCF-LCAO-Xo method, in which Gaussian-type orbitals are
used as basis functions to describe the atomic orbitals, has been developed
by Lafon16 and Lin and co-workers,17 and applied with much success to the
calculation of the electronic structure of solids. This method has more
recently been applied to the study of the F center in LiF and NaF, and to
the Cu+ impurity in LiCl. The method involves the construction of an i n i -
t i a l approximation to the Hamiltonian of the crystal with a defect by



assuming the charge distributions of the host lattice ions in the defective
crystal to be the same as those calculated in the perfect crystal. The
distortion of the ionic charge distribution due to the presence of the
defect is then taken into account by means of an iterative SCF procedure.
The LCAO expansions of the F center wavefunctions included orbitals of atoms
through six shells. In the case of the Cu+ impurity in LiCl, 12 shells were
used. It should be noted that this is not an isolated cluster calculation,
as were those discussed in the preceding subsection. Although the basis
functions are confined within a cluster around the defect or impurity ion,
the Hamilton!an is that of the infinite crystal. In additions the charge
densities used in these calculations are those obtained from a SCF band
structure calculation of the crystal. However, the use of the Slater
Xo method for the exchange energy introduces a parameter into the calcula-
tion and the method cannot really be described as "ab initio".
Nevertheless, this is probably the best method now available for calculating
energy levels of fairly well localized states and, as we have seen, up to 12
shells were included in the calculation of Cu in LiCl. Figure 2 makes it
clear that even 12 shells is not enough for describing the effective-mass
states of many impurities.

IV. RESULTS OF CALCULATIONS

In this section, we will use examples of calculations on specific systems
to illustrate the types of information that it is possible to get from the
electronic structure calculations. We are not interested in comparing the
agreement between experiment and theory using various methods of calcula-
tions but only in demonstrating the physics contained in a reasonably
complete calculation for a given system.

a) F Center in Alkali-Halides

Figure 3 shows the results of a calculation of the electronic structure
of the F center in KC1 by Wood and Opik6 using the techniques of Section
Illb. From figures such as this the following quantities can be obtained
directly: a) the peaks of the main absorption and luminescence bands*

b) the peak of the K band, c) the thermal ionization energy from the ground
and relaxed excited states, d) the behavior of the excited states during
lattice relaxation, and e) the position of the no-phonon line. By carrying
out some additional simple calculations, the shapes of the absorption and
emission bands, the Huang-Rhys factors (if linear coupling holds), and the
force constants for Aj vibrations of the nearest neighbor atoms can be
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obtained. The force constants can be used to obtain a perturbed phonon

spectrum from which the Raman scattering and vibronic structure can be

calculated. Figures similar to Fig. 3 can be constructed for other symmetry

modes to determine the electron-lattice coupling In these modes.

The calculations which lead to Fig. 3 also give the wavefunctions which

can be used to calculate the hyperfine Interaction with the neighboring

ions, the orbital g value, the spin-orbit splitting, the oscillator

strength, and various matrix elements of electric field and ionic displace-

ment operators.

Clearly, a complete calculation of the electronic and vibrational struc-
ture of a one-electron center gives a vast amount of information.



b) F Center in Alkaline-Earth Oxides

Figures 4 and 5 show configuration coordinate curves, similar to those in
Fig. 3, for the two-electron F-center in CaO.1* In addition to al l of the
information already mentioned in the preceding subjection, we see that we
now obtain data about the t r ip let energy level scheme as well. This is of
importance in verifying the interpretation of optically-induced magnetic
resonance effects, in understanding the lifetime of excited states, and in
calculating the luminescence spectra which, in some systems, show contribu-
tions due to both 3 T l u • *Aj and *T l u * *Aj transitions.

c) H" Ion (U-Center) in Alkali-Halides

Figure 6 is our last example of an electronic structure calculation.18

I t shows the energy of a substitutional H" ion in KC1 as a function of a
T, displacement of the ion from the latt ice site. The purpose of this

-«2.0
-13.4

-12.4

-12.8

-«3.2

-13.6

-M.O

-14.4

-«5.2

-ftJO

-K.4

• «1u
OUCTKX t BAND

VI

1

si.

y

>2*V

/

/

r

-I3.S

-« . •

m o 2 4 c • to OUT -•*•
». RELAXATION PARAMETER M PERCENT OF Im DISTANCE

-tt.4

Fig. 4. CaO 2-electron center
absorption for Ajg latt ice
relaxation.

>. (tCLAXATMN MRAWETER M FERCCNT OF «m MTANCE

Fig . 5. CaO 2-electron center
emission for Ajg latt ice
relaxation.



0

-0.004

-0.008

g -0.012

-j -0.016

£ -0.020

'x -0.024

-0.028

-0.032

/

V
—

NO POLARI

t

/

A

— "i

/

EXPERII

RIZATK

ZATION
r

CENTAL

N

L—i
>OINTION

1

Fig.

2 3 4 5 6 7 .
I

8, H~ DISPLACEMENT j

6. Energy of the substitutionai H~ ion in KC1 as a function of
displacement (given as a percentage of the Inn distance).

calculation was to determine the force constants between the H~ ion and its
neighboring atoms. These force constants were subsequently used in a calcu-
lation of the local mode frequency and the anharmonic side bands to be
described in the next section. Figure 6 shows, not unexpectedly, that the
point ion model is of little use in a calculation of this type. It also
shows the importance of including the polarization of the H" ion as it is
displaced. This center is neutral in its ground state and polarization of
the electronic distributions on the neighboring ions is not an important
effect. However, the H~ ion is substantially distorted when displaced from
its lattice site. This distortion was included in the calculations by
allowing p-type functions to be admixed with the s-iike ground state orbi-
tals as the H~ ion was displaced.

V. DEFECT-LATTICE INTERACTIONS

The theory we discuss in this section was originated by I . M. Lifshitz19

for lattice vibrations and by Koster and Slater20 for electronic states. I t

has been developed by a large number of research workers. A good review of

i ts many applications has been given by Izyumov.21 The material appearing

in this section is taken almost entirely from an earlier paper22 of one of

us where many more details and references can be found. In principle, the

electron-lattice interactions calculated by the methods of the preceding



sections could be used to calculate the force constant changes produced by
the defect; only in simple cases has this been done. In most cases the
force constant changes produced by the introduction of the defect Mist be
treated as parameters.

a) Localized Perturbation Theory

The equation of motion for the ions in a crystal can be written in matrix
form in the harmonic approximation as

[Mu2 - K]u * 0 (11)

in which the elements of the force constant matrix K are given by

K^Ok^'k1) * [32*/8uo(lk)3up(l1k l)D0 • (12)

a labels the cartesian component of the displacement, u(lk), of the k-th ion
in the 1-th cell and the derivatives of the total potential energy • are
evaluated at the equilibrium sites of the perfect crystal. Due to transla-
tionai invariance the solutions of Eqs. (11) and (12) for the perfect lat-
tice yield normal coordinates that can be written in the Bloch form.

After a single substitutionai impurity has been introduced into the
otherwise perfect lattice, the new matrix equation of motion can be written
as

- (Ko + «K)]u = 0 . (13)

6M and 6K are matrices representing the mass and force constant changes due

to the presence of the impurity. The equation can be rewritten as

(Do + A ) U = 0 , (14)

with the definitions

Do s MQU2 " Ko; A - 6tto2 - 6K . (15)

& will usually be referred to as the defect matrix. After multiplying
through from the left by the inverse of DQ, one obtains

(1 + \fi~lt)u ' 0 . (16)

The inverse of the dynamical matrix is the Green's function matrix G so that
for the perfect crystal

G° - [Mo»2 - Ko]-1 . (17)

The Green's function matrix for the perturbed crystal can then be written in
the Dyson form as



6 - (1 + G P A ) " 1 ^ . (18)

The form of Eq. (18) Is especially Important for localized perturbation

theory because i t relates the perturbed and unperturbed Green's function

matrices through the defect matrix A in a relatively simple way. The calcu-

lation of G would s t i l l be a hopeless task i f i t were not for the fact that

there are many cases of physical Interest in which the perturbation is so

well localized that the defect matrix A is of small dimension. I t can be

shown that most physical properties of interest are directly related to G.

That this should be the case is easily understood because the emphasis has

simply been shifted from the dynamical matrix to the Green's function

matrix.

b) Outline of a Typical Calculation

The essential equations for a calculation of the lattice dynamics of a

crystal containing point impurities have now been briefly outlined and we

can proceed to a consideration of some of the computational details. A

typical calculation can be broken down into six steps:22

1. Generation of frequencies and eigenvectors of the perfect crystal.

2. Construction of symmetry coordinates, overlap integrals, and projec-

tion operators.

3. Calculation of imaginary parts of Green's functions by Brillouin Zone

integration and real parts of dispersion relations.

4. Construction of the defect matrix.

5. Calculation of real and imaginary parts of perturbed Green's

functions, t matrices, etc.

6. Calculation of the desired physical quantity.

In the f i rst step, the perfect crystal dsta must be generated at points

on a mesh in the irreducible sector of the Brillouin Zone for use in steps 2

and 3. Computer programs for lattice dynamical calculations on ionic

crystals based on the shell model and various of its modifications are now

common.

The completion of the second step requires an appropriate set of symmetry

coordinates. These are not difficult to construct for the Inn ions of a

substitutional defect in crystals with the NaCl structure; they appear fre-

quently in the literature.

The third step of the calculation consists of the construction of the

imaginary parts of the Green's functions by numerical integration over the

irreducible sector of the Brillouin zone.



Steps 4, 5, and 6 are relatively straightforward and will not be
discussed here; the reader can see Ref. 22 for further details*

c) Results of Calculations

Two examples will be sufficient to illustrate the power of the method of
localized perturbations. Figure 7 shows a substitutional defect in a
crystal with the sodium chloride structure. Al^ and AK2 indicate changes in
force constants due to the replacement of the ion of the host lattice with
the impurity. AK in the defect ion indicates that the mechanical polariza-
bility of the defect may be different from that of the ion it replaces.

Figure 8 compares calculated and measured spectra of the infrared anhar-
monic side band of the local mode of the H~ in KBr. Figure 9 gives the com-
parison between the computed and measured E Raman spectra for NaCl:Ag+.
The agreement between theory and experiment is very satisfactory. The force
constant changes used in the KBr:H~ calculation are quite close to those
calculated in Ref. 18 and show how the electronic structure and lattice dyna-
mical perturbation calculations bear on one another. The perturbed phonon
spectra could also be used to analyze the vibronic structure of the absorp-
tion and emission bands of some color centers and defects. Space limita-
tions do not permit us to discuss this theory here, but it is important to
point out that local modes and resonance modes induced by the impurity may
be reflected in the vibronic structure.

Fig. 7. Schematic model of a substitutional defect in an NaCI-type crystal.
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V I . SUMMARY AND CONCLUDING REMARKS

We briefly discussed the structure of the Hartree-Fock one-electron
equations for simple point defects in ionic crystals. The importance of



polarization effects due to the diffuse nature of the wavefunctions in the
relaxed excited states was emphasized, and the usefulness of an effective
mass approximation indicated. Several approaches to the calculation of the
electronic structure were discussed and evaluated. The connection between
electronic structure calculations and phonon perturbations were pointed out
through a brief discussion of localized perturbation theory.

A number of the methods discussed in this paper are probably sufficient
to treat many types of defects in ionic crystals. However, there are at
least two types of problems which these methods are unable to handle in a
natural way. One of these problems is illustrated by the so-called L-bands
associated with the F center in the alkali-halides. These bands apparently
arise from resonances in the conduction band. There have been some attempts
to calculate the optical absorption due to these resonances and the general
nature of the states is recognized. But what is needed is a unified method,
essentially identical to the Green's function methods of Refs. 19 and 20, to
treat localized and resonance states from the same standpoint. The other
type of problem is illustrated by the F+ center in the alkaline earth
oxides. Numerous calculations by the authors of this paper have indicated
that the ground state of this center is probably adequately treated by
several of the methods discussed in Section III. However, the nature of the
excited state is still unexplained. It appears that the excited state may
be described partially by an excitation of the defect electron to an excited
state and partially by the creation of a hole on the neighboring oxygen
ions. States of this type may be common in charged centers in oxide
crystals and it is not clear that the methods described here are adequate to
treat such centers, especially since correlation effects may be very
important.
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