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Foreword

Although the Dirac theory of the hydrogen atom was proposed more than half a
century ago, extension of the theory and its practical applications to complex
atomic spectra took decadas to mature. Development of quantum electrodynamics
(QED) in its modern form, advances in high precision experimental techniques,
and invention of high-speed computers have made atomic spectroscopy one of the
most accurate branches of physics today, both in theory and experiment.

In addition to a long-standing need to identify line spectra coming from far and
near parts of the universe, necessities such as to test QED further and to provide I
reliable data for ions in tokamak plasmas require that we understand the theory of
relativistic atomic structure beyond the framework of the original Dirac theory.
For instance, negative energy states in the Dirac theory introduce infinite
degeneracy in the energy levels of a many-electron atom.

We felt that the time was ripe for theorists and experimentalists to get together and
share their experiences and debate on future directions to explore. The Workshop
on the Foundations of the Relativistic Theory of Atomic Structure was held at
Argonne National Laboratory on 4-5 December 1980. Over forty scientists from
six countries participated in presentations of the state-of-the-art and lively
discussions which followed each presentation. To provide reference to refresh
memories of the discussions, as well as to serve as the starting point for further
research, we solicited manuscripts from the participants. We present here twenty
articles as the proceedings of the Workshop. We chose the informal format of an
Argonne report for the proceedings in the hope that the authors would speculate :
freely on the future perspective.

The articles based on review talks are arranged in the order they were presented
at the Workshop. Contributed papers are grouped into theoretical and experimental i
subjects and presented after the papers for the second (atomic structure calcula- I
tions) and the third (experiment) sessions of the Workshop. Alphabetical listing i
of the authors is presented in Appendix I, program of the Workshop in Appendix II, I
and a list of participants in Appendix III.

Only time will tell how well we achieved our goal. Meanwhile, we thank all the ,
participants, particularly those who took time to prepare the articles in this pro- '•
ceedings for their enthusiastic response and cooperation. We are also grateful for
the financial support of the Office of Basic Energy Sciences and the Office of Magnetic
Fusion of the U.S. Department of Energy. Administrative support of the Physics '
Division and the Radiological and Environmental Research Division of Argonne National
Laboratory was essential in the organization of the Workshop. Last but not least, we [
are deeply indebted to the cheerful and efficient assistance of Barbara Kponou. :

March 1981 :• \
Organizing Committee: H. G. Berry, K. T. Cheng, W. R. Johnson, and Y.-K. Kim ',.'

i i i
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QUANTUM ELECTFsODYNAMICS AND THE RELATIVISTIC THEORY

OF MANY-ELECTRON ATOMS*

J, Sucher

Center for Theoretical Physics, Department of Physics and Astronomy
University of Maryland, College Park, MD 20742

ABSTRACT

The development of relativistic theories of many-electron atoms is
reviewed, with emphasis on the fact that the Dirae-Coulomb Hamiltonian Hnc

has no bound states. This fact implies that neither the Dirac-Hartree-Fock
(D1IF) equations nor the DHF wavefunction, % have a simple theoretical inter-
pretation. A "no-pair" hamiltonian H4. is defined which does not have the
fatal flaw of HJJQ and hence can serve as a starting point for a systematic
study of relativistic effects in «nany-electron atoms vhich can go beyond
central-field approximations. H+ differs from Hnc by the presence of
external-field positive-energy projection operators in the electron-electron
interaction terms. Unlike Hue. H-f and its eigenfunctions <j/ have a clear-cut
field-theoretic meaning, which is described! Similar remarks hold for a
simpler no-pair Hamiltonian h+, which involves free positive-energy projection
operators and for related Hamiltonians Rj. and h+ which include the Breit
operator. Relativistic Hartree-Fock equations are obtained from H-f. and
the relation between their solutions iji and the DHF solutions, J( is discussed.
The Din, equations may be reinterpreted as approximations to the new HF-type
equations; this provides a rationale for their success in applications.
It is argued that the Breit operator ought to be included even in the
original DHF equations.

* Work supported in part by the National Science Foundation.



I, INTRODUCTION

A. Some ancient history

Much of what I am going to be talking about is based on a recent

article, titled "Foundations of the relativistic theory of many-electron

atoms." It nay seem surprising that a paper on this subject can be of

interest some fifty years after the invention of quantum electrodynamics (QED).

After all, it has long been accepted that the interactions which determine

the structure and properties of atoms are in principle describable by "pure

QED," tha relativistic quantum theory of the interaction of electrons and

positrons with the quantized radiation field, including also the interaction

with an external electromagnetic field A (x). One would think that the

"foundations" would be well in hand by npw.

Questions of principle did arise after the earliest formulations because

of the divergences encountered in the attempt to calculate radiative

corrections to the lowest-order amplitudes for various processes. However,

these were resolved from a practical point of view by the ideas of

renormalization, concomitant with the development of manifestly covariant

2
formulations of electromagnetic interactions. These approaches had their

greatest elegance and power in the description of scattering processes, e.g.

as in the calculation of the anomalous magnetic moment of the electron, bur they

could also be applied to the calculation of level shifts in the simplest

two-body bound states, such as the hydrogen atom and positronium.

Computations for the H-atorc and the H-like ions are greatly facilitated

by the fact that the one-electron external-field Dirac equation already

provides a very good zeroth-order relativistic description of the energy

levels of a one-electron atom and all effects involving virtual photons can

.•,•.'#,'?• • " "



be treated perturbatively. However, when one turns to the study of

relativistic and radiative effects in systems containing more than one

electron, it becomes necessary to take into account interaction of the

electrons with each other. If the number N. of electrons is much less than

Z the methods used for N=l still suffice, because the interaction can then
3

be treated perturbatively, along with radiative effects. However this is

no longer true for N -v Z, when it must be treated on the same footing as

the interaction of the electrons with the nucleus.

For the case N=»Z=<2, the earliest systematic discussions of this problem

date to the 1950's, when the two-body Bethe-Salpeter (BS) equation,"*

generalized to include interaction with an external field, * was used to

calculate the energy levels of the Helium atom through terms of order a Ry

and a practical approach to the calculation of the terms of order o Ry was

described.

The basic equation for carrying out this program was obtained originally

by a reduction to equal times of the external-field BS equation, in which the

irreducible interaction kernel appearing in this equation is approximated by

the one-photon exchange diagram and only the instantaneous part of the photon

propagator (taken in Coulomb gauge) is retained. If some small terms involving

the creation of virtual electron-pesitron pairs are neglected one arrives at

a "no-pair Coulomb-ladder equation" of the form

H +(1,2H - Eij. (1.1a)

where

HD;ext(1>;ext



with

Here L is a projection operator onto the positive-energy (bound and continuum) t

eigenstates of Hnmovf.(l) + ̂ .^,.(2). Thus f

L+ = t+(l) L+(2) (1.3)

with

L.(i) = l |u (i)xu (1)|, (1.4)
E>0
n

where the u (i) are positive-energy eigenf unct ions of H_ ,.(!)•

Notice that because of the L factors, the operator H(1,2) is different

from the much more familiar operator

« " Yext(1> ^ext ^

originally used by Breit in his pioneering papers of the 1930's as the
o

starting point for a relativistic treatment of two-electron atoms.

B. The importance of being projective

Where do the projection operators L (i) in (lb) come from? Why are

they there? Could they be neglected, in a first approximation?

As we will see later, the projection operators come from QED — they

are not put in by hand. Their presence assures that H (1,2) is immune from

a wasting sickness from which 11(1,2) suffers, which might be called

"continuum dissolution" or "CD" for short. An alternative name is "BR

disease," after G. E. Brown and D. G. Ravenhall, who first made the diagnosis

i
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almost thirty years ago. In their apparently little-noticed paper It

was argued that (5) has no nonnalizable eigenfunctions!

The source of the difficulty can best be seen by neglecting e Ix^ at

first and considering a normalisable product elgenfunction i|i of
nln2

«D;ext(2>

with energy E = E + E ,
nln2 nl n2

nln2 = \ %l \ *Z '

where

and 0 < E < m. Note that i|» i s degenerate with a continuum of
n nin2

non-normalizable states of the type

Here u£ (r.) denotes a scattering-state eigenfunction of H_ (1) with

asymptotic three-momentum k. and positive energy E(k.) = /k?+m2 and v^ (r )

is a scattering-state eigenfunction of H_ (2) with asymptotic momentum

k2 and negative energy -E(k_)
 e -i4t|+m2. The continuous degeneracy arises

from the fact that the condition

E = E(k ) - E(k9) (1.8a)
nl 2

can be satisfied for any value of |k-|, by choosing JiL ( so that

E(k1) - E n n + E(k2) . (1.8b)



2
It follows that the turning on of an interaction such as e /r-„ will cause

\J» to "dissolve into the continuum," to use language familiar from the
nl n2
discussion of auto-ionization.

r

Because of its importance, it may be worthwhile to seek a rigorous

9a

mathematical demonstration of the absence of bound states for (1.5).

Accepting the point, we can answer the last of the questions raised above:

No, the projection operators cannot be neglected, because, as we have just

seen, the resulting Hamiltonlan has no bound states — at least none which \

admit a simple physical interpretation.

Note that in contrast the Hamiltonian H (1,2) of eq. (lb), obtained

from field theory, is safe from the CD disaster because of the projection
2

operator L : The operator L e /*.„ L. has no matrix elements between states

of the form (6) or (7) and therefore does not mix such states when used in

perturbation theory.

C. More recent applications of "no-pair" Hamiltonians

The fact that H(l,2), or its obvious generalization to many electrons,
i

i s sick has been emphasized a number of times in the past decade, in several

ar t ic les by G. Feinberg and myself. This was largely in connection with

the development of a theory of the forbidden magnetic-dipole transition

23S1 •> 11SQ + Y (1.9)

in He and He-like ions which Is based on first principles, i.e. on QED.

For the purpose of getting the leading terms in an expansion of the amplitude [

for (1.9) in powers of a and oZ it suffices to use a form of two-body relativistic j '[.

equation which is simpler to handle than (1.1), '•'•



h+(l,2)<j> = E* (1.10a)

with

2
h+(l,2) = HjjCl) + 1^(2) + A+(Vert(l) + Vekt(2) + f-) A+ . (1.10b)

Here

l^ (i) = Z±'V± + 5±ni (1.11)

is the Dirac Hamiltonian for a free electron and, correspondingly, A is

the product of free positive-energy projection operators,

A+ = A+(l) A+(2), (1.12)

where

,a;i><k,a;i| (1.13a)

with |k,a;i> denoting a positive-energy plane wave with Dirac spinor wave

function u (k)e i in coordinate space. In contrast to (1.4), the sum in

(1.13a) can be carried out explicitly to yield the familiar Casimir operator

)

+ . (1.13b)

+ 2E(p.)

As we shall see, eq. (1.10) is a natural outcome from QED if one follows

a slightly different approximation scheme than that which leads to (1-1). (An

equation which is quite similar to (1.10) appears .ready in Ref. 9). Again

the projection operators ensure that there is nc CD, that is if we start with

a bound state of

(1.14)



where

\ ) A+(i), (1.15)

2
and then turn on the interaction A+ e /r 1 2 A+,> there is no mixing with

those continuum eigenstates of (1.14) which involve an electron in a

negative-energy state.

The final theoretical values for the rate R (2 S + 1 S. + Y ) are
tn 1 0

basei not only on the work of Ref. 10, but also on relevant calculations

o£ G.W.F. Drakft as well as W. Johnson, D. Lin, E. Kelsey and ?• Mohr.

The agreement between the theoretical and the experimental values, which

cover a raMge of fourteen orders of magnitude, from helium to thirty-four

times ionized krypton, is excellent. This represents a triumph of QED

in a rather unusual domain. For details, I refer you to a review article,
11

where also references to the literature will be found.

This type of approach was subsequently also used to discuss in a

systematic way the magnetic-dipole transitions between the narrow resonances
12

in the 3 GeV range, discovered in the mid-seventies. In the charmonium

model these are described as cc bound states with, e.g., the >!>[3.1 GeV] as

a S- state and the ^[3.0 GeV] a S Q state. To the extent that a

nonrelativistic description is a good first approximation, the deca

is an example of a forbidden Ml transition, in a domain quite different

from atomic physics. A review of these matters is also given in Ref.



II. SOCIOLOGY, PHYSICS, AND THE RELATIVISTIC N-ELECTRON PROBLEM

The existence of the BR disease was independently emphasized,

especially in the context of the relativistic treatment of heavy atoms, by

M. Mittleman, in several papers in the early 70's.

The impact on the atomic physics community of all these strictures

on the evils of Harailtonians such as (1,5) is, I believe, well illustrated

by the next transparency: truly a blank.

How is it possible that the BR disease was largely either unnoticed or,

if noticed, ignored for so long? In my opinion, there are several reasons,

the elaboration of which might make an interesting study in the sociology

of physics. One reason is the general acceptance of the classic book of

14
Bethe and Salpeter (BS) as the bible on all matters relating to the

fundamentals of the quantum theory of atomic systens. In their discussion

of the relalivistic theory of two-electron atoas, BS vrite down the

Hamil.toni.an (1.5X with no comment on its diseased character. The Breit

operator 3 ,

B12 = -^2/2r
12

)(a1-a2 + Y ^ V*12* ' C2,X

is then introduced and a discussion is given about why B1- should not be

included in (1.5), but only used in first-order perturbation theory. The

unwary reader is thus left with the impression that everything is all right

if B_2 is used in this way. A reference is made to the paper of Brown and

9
Ravenhall, but not to their conclusion concerning E(l,2).

In passing, it should be noted that the old argument that B-- should

not be used in higher-order perturbation theory because it gives a level

shift which is as large as the first-order shift, is a red herring: The



10

2
Hamiltonian without B-, but with e /r included already has no bound states,

so a discussion of even the first-order shift due to 3 . is misleading at

best and vacuous at worst* If Z»l and e /r , is also treated as a

2
perturbation, then the first-order shift arising fro:a B ^ (and e /r.,) is

well-defined, and physically meaningful. However the difficulties reappear

if one examines the formal expression for the second-order shift from B. -

»l2

One can separate out a piece with both electrons in negative-energy

intermediate states, wh'ch is OS order

B2 (e2/r ) 2

< "S, * *< —i;:1^ * u °2Ry •
This is as large as <B12> and this fact is the reason given in the past

for not using B , in higher orders. However, it is easy to see that the

vanishing of the energy denominator for intermediate states in which one

electron is in a positive-energy state and the other in a negative-energy

state will lead to a contribution to AE which is imaginary — even when

each electron is in the lowest bound state of 1L (i). This is a clear

signal of CD which shows again that the whole approach is ineradicably

flawed.

A more concrete reason for the lack of recognition of the CD problem

is that essentially only two applications have been nade of U(l,2) or of

its generalization to N electrons, which I will call the Dirac-Coulomb

Hamiltonian IL-,

*0r the other way around, depending on one's taste.



Z Vext(i) + Z f~ 'i-1 1>'eXt i<j r i j

and that neither of these exposes the difficulties encountered if one

takes (2,1) seriously,

The first, Initiated by Breit, Involves an approximate reduction to

the large components or, more generally, the upper components

V = 2 ~~2~~ ' * * ~ *

of an fcigenfunction iji of IL- to derive a part \U of the fine-structure

operator H. ; the expectation value of H , with a fully nonrelativistic
K s i s

2
Pauli-type wavefunction gives rise to the a Ry level shifts in atomic

systems. The reduction of the sum of Breit operators B.. .

2
- e / • • • - » • , - > • *

\jith the "approximate wave function"

f - ir (1 + ~ ^ > it-(+) (2.3)
i=1

(2)gives rise to the other part H^ of H_ , corresponding to spin-spin,

orbit-orbit and spin-other-orbit interactions. The final result for

H- =• H, + H^ coincides with what is obtained by a more careful treatmentis is is

and accounts correctly for the observed atomic fine structure to accuracy
2

a Ry. Although I do not have time to go into all the details, the reason

that no problem is encountered in this application of 1L- lies in the use

of the approximation (2.3). This leads to an effective Hamiltonian for

i|» which does have nornalizable eigenfunctions. However, if a more

accurate approximation is used for \<tt i.e. one which is valid not only for

|p.| « m, one finds that the effective Hamiltonian contains inverse operators
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of the form (t>fiE.)~ with 0 an operator which has a continuously

degenerate zero eigenvalue. Thuseven the "ground state" energy gets

on imaginary part, a signal of the instability noted above.

The second application of H__, which also fails to expose its flaws

and which is our main concern here, has been to uss it to obtain a

relativistic version of the nonrelativistic Hartree-Fock (HF) equations,

the so-called Dirac-Hartree-Fock equations (DHF). Application of the

variational principle

> » 0.

with

- (N!)~1/2 Det [^(D-.-X^CK)] (2.5)

a Slater determinant constructed rrom Dirac-liUe orbitals x.(*), leads to

2
- S. %(2)|~|x,(2)> X,(r-) - I \ x / r , ) , (2.6)

where the Lagrange parameters A . are chosen so that the constraint

^jlx.* = |Si1 is met. The DHF equations (2.6), which are obviously

relativistic analogues of the HF equations, have been subject to increasingly

extensi/e numerical analysis in the past ten years or so. Their use has led

to a qualitative a*\d often a quantitative understanding of many features of

atomic spectra and properties where relativistic effects come into play,

especially those involving innar-shell ionization in heavy atoms, as we

will hear later from other speakers in this workshop.
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Note that the DHF equations (2.6) are just a finite set of coupled

one-body equations and do not suffer from CDT~ From a practical point of

view this is attested to by the fact that the iterative numerical methods

used to solve them converge quite rapidly. By way of contrast, a recent

attempt to solve numerically the equation

H(l,2)x - E X (2.7)

for the ground state of helium, in an attempt to go beyond the "DHF

16
approximation," was found not to converge. This is just what one expects

if (2.7) has no bound-state solutions.

I put the phrase "DHF approximation" in quotes because we now see that

we do not know what is being approximated! x is a normalizable wavefunction

but it is not an approximation to a normalizable eigenfunction x °f the

equation

' E X (2.8)

because (2.8) has no normalizable eigenfunctions — at least none of physical

interest. Correspondingly, the energy E associated with x is ri°t a n

approximation to a discrete eigenvalue of H__ because H-- has no such

eigenvalues. What then is the significance of x and E, from the viewpoint

of fundamental theory, i.e., Q.E.D.? In view of the questionable parentage

of the DHF equations, why do they lead to results which are not unreasonable?

Let us take stock. We have arrived at a somewhat paradoxical situation:

The DHF equations and the associated wavefunction x and energies £ have been

shown to be useful tools in the description of many-electron atomic systems.

However, as we have seen, the "parent" Hamlltonian IL. is sick, so sick that

we should think of it as dead. The child x is not sick, but has now become



14

an orphan. If it is to make its way in the world, it behooves us to at

least provide a foster parent or, failing that, to find a worthy uncle

or aunt. This is important not only oh aesthetic (humane?) grounds but

also, in the long run, on purely practical grounds. For, as should

now be amply clear, there is no way in which x can be used to find a

"better" solution of (2.8), and hence no obvious method for improving

the accuracy of the description of an atomic bound state as provided by x.

We are therefore led to ask: Is there a starting point for the study

of relativistic effects in many-electron atoms which is both practical

and capable of systematic improvement?

The rest of this talk will be devoted to a discussion of this question

and to the issues raised above concerning the meaning of the DHF equations

and their solutions x-



#
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III, NO-PAIR HAMILTONIANS FROM QED

One answer to the question posed above is provided by the obvious

generalization to N-electrons of the no-pair Coulomb-ladder Hamiltdnian

(1.1b), vis.

where

L+= L+(1)...L+(N) (3.2)

and L CD i a defined by (1.4) . The eigenvalue problem

H+« = £« (3.3)

i s now well-posed for bound states and, just as important, the wavefunction ij»

has a clear cut f ie ld theoretic meaning.

The connection of (3.3) with f ie ld theory can be described in a relatively

simple manner, without the use of any four-dimensional machinery. Let us

consider Q.E.D. in the radiation gauge and in the Schro'dinger picture. Then

^T,T, - H .. + H + H (3.4)
QED mat em T

where H and H i s the part of H involving only the quantized (Dirac)

matter field ^(x) and the quantized radiation field iLOO, respectively,

and Hj, is the interaction between the two fields. Thus, for a static external



field A^xt(x), we have

Hmat = / ̂ -(xKcen+Sia+V )di_(x} dx + H^ (3.5)

where

2 . o ,->\ . o -•••,«

is the Coulomb energy associated with the charge density j(x)

We expand f (x) in terms of eigenfunctions of the one-electron Hamiltonian

* (x) = I An u (x) + I BJ; vm(x), (31

n n>

as in the Furry bound-state interaction picture, with A a destruction

operator for an electron and B a creation operator for a positron. We

separate out the parts of H which involve creation or destruction of

electron-positron pairs and treat these as perturbations along with IL,,

involving the emission or absorption of transverse photons. Thus we take

" "e.

where

"CC
with H ^ the no-pair part of Hc, which involves only scattering interactions

between electrons and/or positrons. Since H ' commutes with the e e~ and

photon number operators N , N and N we can look for eigenstates * of . i
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HOED in tfee sector of Fock s P a c e w i t h N
e = Nf N =» 0 and N - =» 0. We

define a configuration space wavefunction associated wtth such a state by

nl X

x

and note that the definition (3*10) implies that

A straightforward calculation shows that tha equation

reduces to (3.3). The projection operators appear because in transforming

(3.12) to configuration space, factors of the type

n n i n x

occur in which the summation is restricted to positive energy states u (r.)»

so that these coincide with the L+(i).

An Immediate virtue of this formulation can be seen by considering,

for example, the matrix element M. for a radiative transition |a> •> |b> + y

in an atom. If the virtual-pair effects are neglected, the states ]a> and |b>

are described by vectors V and \ in the N-electrons sector of Fock space.

with wavefunctlons ty and \j> satisfying
a o

Va-Va' Vb-Vb C3'13)

and, to lowest order, ti i s given by



18

(3.14)

This looks familiar enough. The big difference is that we know what we

mean by (i and i|» ! One may not be able to calculate ij/ and ip. very well,

but one need not stop with, e.g., an HF-type of approximation to ip and ik .

One can try to solve eqs. (3.13) more accurately than that, 3f strongly

motivated. Furthermore, one can go back to the field theory and calculate

corrections to ii. , without encountering any conceptual difficulties.

As discussed further in Ref. 1, one can take into account the exchange

of a transverse photon between electrons not just in lowest order, but one

can approximately sum the iterated one-photon exchange by adding the Breit

operator B.. to e /r.. in eq. (3.1). Thus one can use as a formal starting-

point the Hamiltonian

N 2

E (-̂
± < j r..

2
The virtue of H' is that it contains all the order a Ry fine structure

H, - 2 H_ (i) + L E (-^-+B..) L. . (3.15)
+ 1 = 1 "Djext + ± < j r.. ij +

effects in an expansion of its eigenvalues in povrers of a.

Finally, a similar treatment based on the more familiar expansion of

the Dirac field in plane waves, yields as a starting point the Hamiltonian

h , an analogue of H ,

h+

where

A += A+(1)...A+(N) (3.17)
IT-
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and the analogue of (3.16)

+ A+ ( V ^ + E if- + B±j))A+ . (3.18)

Unlike K and H', these Hamiltonians are no longer exact in the limit

Z » N. But the simplicity of the projection operators makes them

attractive candidates for exploratory studies. Furthermore, the equation

h+o =* E$ (3.19)

or

h^ , = E<j>' (3.20)

can be reduced to a 1'auli-type equation in closed form, without the use of an

expansion in powers of |p|/m.

Let us now consider HF-typo approximations to equations such as

(3.3) and the connection with the DHF equations.
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IV. NO-PAIR REIATIVISTIC HARTREE-FOCK EQUATIONS

Suppose we apply the variational principle to the no-pair Hamiltonian

H , that is, we write

«<*|H+|i(i> - 0 (4.1)

with I a Slater determinant of Dirac orbitals ^ ( r ^ ) . each satisfying

» ^(rj). (A.2)

This yields relativistic self-consistent central-field equations of the

form

(4.3) differs from the DHF equations only in the presence of the projection

operator 1.(1), standing to the left and right of all terras irising from the

electron-electron Coulomb interaction. From a conceptual 'point of view, the

major difference is that the wave function

(4.4)

can be thought of as an approximation to a bound-state eigenfunction ty of H ,

whereas x does not have such a straightforward interpretation.

Although it may be possible to give the DHF equations and x a deeper
17

meaning, I find it most transparent to regard the DHF equations ac an

approximation to the equations (4.3)*, these are in turn a bona fide appj.oxidation

to equation (3.3) which has a well-defined and simple field-theoretic origin.

X can thus be viewed as an approximation to $ and hence to ty, the solution
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to (3.3). A semi-quantitative discussion of the relation between x and i'

can be found in Ref. 1. As shown there, in a nonrelativistic limit both

X and iji reduce to ^, the ordinary HF wave function.

Similar remarks hold for the relation between x and $, the Slater

approximation to the solution <)> of eq. (3.19).

The relativistic HF equations obtained from H' and h* have the advantage

2
that all the terms of order a Ry in the fine structure operator are included

at the outset. The HF equations for Slater determinant approximations if'

and $' to i>, and <j>' respectively, look just like the ones for i|i or <|>

except for the replacement

r12 r12 X*

If we define x' as a solution of the modified equations obtained by making

the replacement (4.5) in (2.6), then x, c a n ^ e regarded as an approximation

to lj),. One conclusion of practical importance can already be drawn: From

the present perspective it becomes clear that there is no theoretical reason

for not including the Breit operator in the usual DHF equations; on the

contrary, this guarantees that at least within a central-field approximation

2
all the order a Ry effects are taken into account on an equal footing.

V. CONCLUDING REMARKS

What has been accomplished? At a minimum, tht many calculations of the

past decade using the DHF equations have been given an interpretation which

connects them to fundamental theory. This extends not only to the computation

of energy levels but also to the calculation of radiative transition rates

because, e .g . , the dipole amplitude <>L|a-E|x * "^y now be regarded as an
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approximation to <ij; |a. • e, | <l> >» where î  and 'Ji are the H
+
 eigenfunctions

corresponding to the initial and the final atomic state, |a> and |b>.

On a more forward-looking note, the existence of explicit configuration-

space Hamiltonians which do have bound states and which have a firm basis in

Q.E,D. should be an encouragement for the increased exploration and understanding

of relativtstic effects in heavy-atom physics in the future. It is important

to stress that with, say, H, (or h!) one can, in principle, go beyond central-

field approximation it»* to an eigenstate ty* of (3.15), something whichwas not possible

with H_
c
. Moreover, there is a straightforward perturbation theory available

to take into account effects not contained in H'. These include radiative

effects such as the Lamb shift, recoil and retardation corrections to

iterated single-photon exchange, "irreducible" two-photon exchange, mixed

photon-Coulomb exchange and virtual-pair production. All these effects

are of order Z^α (a logZ+b loga + c) Ry or smaller, where p, a and b depend on

the state involved, with p being small for effects involving only outer

electrons, but large (
,
v4) for inner electrons. Of course in practice there are

some formidable computational problems to be faced in going beyond a central-

field approximation to the eigenstates of H' or h* and some new problems

arise even in dealing with the relativistic HF equations associated with such

no-pair Hamiltonians.

The new problems involvethe handling of the projection operators L
L
(i)

or A,(i) entering the Hamiltonians in question and hence the corresponding

HF equations. The free projection operator

„. E(p) + H
D
(p)

A (p) T (5.1)

2E(p)

is just an algebraic (matrix) function of p in momentum space. Thus, as

stressed in Ref. 1, from the viewpoint of numerical calculations on a computer,
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HF equations based on h, or h+» transformed to Pauli-Schroedinger form,

are basically no more complicated than the nonrelativistic HF equations,

provided the calculations are done in p-space. Unfortunately, there seems

to be little if any experience with p-space calculations for atomic systems.

In coordinate space

A+ - - + (a-f-Bm)| (5,2)

where Q is e nonlocal operator with kernel <r|Q(r'> equal to the Fourier

transform of E~ (p). Thus, with p = mjr" - r, | o"e n a s

f ip.(r - r'W 2
4 6

 /2 4* - -V ̂(P) (5.3)
(2

where K. is the modified Hankel function of order one. For computer

calculations the presence of such operators is not really a severe

complication, as emphasized to me by L. Wilets.

The use of h or h* seems most suitable for neutral atoms with Z < 45

say, where effects arising from the creation of "free" virtual-pairs by

the external field appear to be of the order of 10% or less even for inner-shell

excitations and hence can be treated by perturbation theory. For Z much

larger, say Z ̂  80, the use of H or H , which are exact for Z » N, seems

indicated although exploratory studies with h or h, may be worthwhile

even here. The external-field positive-energy projection operators

L+(i) which enter H+are not intractable. As discussed in Ref. 1, techniques

exist for obtaining expansions of L in powers of V /E(p). These

were useful in the case of He and may also be useful for quite large Z.

Moreover, since the eigenfunctions of H^ are known explicitly for a

Coulomb potential, the original defining eq. (1.4) for t (i) can probably

be used to generate useful alternative approximations.
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Although no numerical applications of eq. (3.3) for N > 2 have

been attempted yet, this equation has already been used as the starting

point for the development of a theory of parity-violation in heavy atoms
18

based on first principles.

It is clear that considerable work needs to be done to extract the

juice froa the approach being proposed here. But its secure grounding

in quantua electrodynamics suggests that with regard to the relativistic theory

of many-electron atoms we can face not only the past but also the future

with hope and confidence.
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Derivation of a Configuration Space Hamiltonian for Heavy Atoms:

Three Body~ Potentials

Marvin H. Mittleman

The City College of the City University of N.Y.

Abstract

A brief history of the difficulties associated with the

derivation of a configuration space Hamiltonian is presented. One

of the problems encountered is the definition of the projection

operators which must occur. A variational definition is obtained

and, with simplifying assumptions, the optimum projection operators

are those which project onto Hartree-Fock orbitals. This puts many

previously performed numerical calculations on a firm footing.

The form of the two body interactions is discussed in the

context of the gauge freedom. The Coulomb gauge is the favored one

but it is pointed out that it has never been proven to be the best

one.

Finally a form for the relativistic three election potential is

given and the possibility of its observation is discussed.



28

I, Introduction

The success of atomic structure calculations which start from a

non-relativistic Hamiltonian has led to many relativistic

calculations in which the starting point is a configuration

space Hamiltonian of the form

Here the single particle Dirac Hamiltonian is

where V is the realistic electron-nucleus potential energy,nuc

V-• is the electron-electron potential which in the simplest case

is the Coulomb interaction, ^/fij » but more ambitious

calculations include the lowest order relativistic correction which

is the Breit interaction.

d (1.3)

It is well known that this Hamiltonian has no normalizable

eigenfunctions and that the difficulty stems from the negative

energy eigenstates of the single poarticle operator, (1.2).

In a classic paper Brown and Ravenhall removed this

difficulty by returning to first principles (quantum

electrodynamics) to derive a configuration space Hamiltonian.
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(Their"derivation is outlined in the next section). They obtained,

for the case :bf neutral helium.

H IF) = I
,1.4,

where N is the number of electrons, two in their case, The new

feature of (1.4) is the appearance of the projection

operators /V which project onto the positive energy free Dirac

states. These are the positive energy states of (1.2) with V n u c =

0. Reasonable arguments can be given to generalize (1.4) to the

situtation of a few electrons surrounding a high z nucleus. In

that case /\ is replace by /\ in (1.4) where /y projects

onto the positive energy states of (1.2) and the resulting

configuration space Hamiltonian is called H u c . The
cs

problem of the definition of A^. for the many electron case is

more difficult and a variational solution is proposed in the next

section.

The ambiguity in the choice of /\ leads to corresponding

ambiguities in the energies and we can estimate them. Suppose we

take /i, as some reference projection operator which projects onto

the positive energy states of a single particle Hamiltonian 4\
t

A neighboring projection operator A, would project onto positive
energy states of h and we define the difference

(1.5)

&
>*'';.
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to be a small effect. In first order we get

/ - / \ ; = A+CTAr rAfCA{
+ f (1.6)

where ,

C \ / /*P
i A y ( Up f

(1.7)

where q, are eigenfunctions of J{ and Wn are the

eigenvalues. If the states are essentially non-relativistic this

can be approximated by

A'-A
r - A[SX

(1.8)

which shows that the crucial feature of 0 V is its ability to

connect (+) and (-) states in the reference representation. It also
2

shows that the difference between various projection operators is

small for non-relativistic orbitals. For the highly relativistic

situation no such statement applies.

The third section is devoted to the full relativistic form of

V.• and its gauge dependence and the fourth one to the

relativistic form of the three electron potential.

II, The Configuration Space Hamiltonian

The starting point for the calculation of Brown and Ravenhall3
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and the one described here is,the Hamiltoni&n of quantum

electrodynamics in the Coulomb gauge, it-is displayed here only for

the purpose of description of the procedure.

«€^ M * (2.1)

Here HM is the Hamiltonian for the matter field alone, HR is

that of the transverse radiation field alone, H_ is Hamiltonian
c

describing the electron-electron interaction via the Coulomb

interaction and H.JLs the interaction between the matter field and

the transverse electro-magnetic field. The matter and transverse
field can he decoupled in the lowest order of the coupling by a

series of unitary transformations

original Schrodinger equation is

series of unitary transformations given by Schwinger . If the

(2.2)

Schwinger,s transformations can be summarized by a single

unitary transformation

* * (2.3)

where

(2.4)

and £*

H6 - HH +• u* . „.„

* • -
4''



32

The result of this transformation is to produce an equivalent

Hamiltonian in which the matter-transverse photon coupling has been

removed to first order at the expense of the introduction of an

action-at-a-distance potential which is the transverse

electron-election interaction. In addition the Hamiltonian contains

an infinite series of interactions higher order in the coupling

constant. These contain renormalizations and many-body

interactions. We shall not discuss the renormalizations and their

associated interactions here. The three body terms will be

discussed below.

The remaining Hamiltonian is most simply displayed by first

defining a complete set of eigenfunctions, <f , and eigenvalues,
n

W , of the single particle Hamiltonian, (1.2). They are used to

expand the matter field operators

n " •» (2.6)

The O^ satisfy Fermi anticommutation relations and are interpreted

as "electron" destruction operators for W^ > O and "position"

creation operators for W/ < O . This is expressed by

n > " (2.7)

where / ̂>̂ > is the particle vacuum. (The reason for the quotation

marks around electron and position will emerge below). In terms of

these operators the simplified Hamiltonian is
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*̂ ft? *x^ ̂ i^/
where N is the normal ordering operator and Yijt^'jt' is the matrix

element, in the states <fn , of the two electron interaction whose

form is not important for the purposes of this section.

The state vector which is an eigenvector of (2,8) is a state of

a definite charge. It can be expanded in an infinite series in

which the first term contains N electrons, the second (N+l)

electrons plus a position, and each of the successive terms has an

addditional virtual pair. For simplicity we retain only the first

term, thereby eliminating virtual pairs in this lowest

approximation. We can, however, optimize this ansatz by an

appropriate choice of what is meant by "electron" and "positron" in

a self consistant way. To that end we write the state vector as

(2.9)

where the compact notation obscures the fact that the projection

operators A are really non-local. They enter to "tell" the state

vector that there are N "electrons" present with no "position"

admixture. But the definition of electron is still open in

that A ^ is^as yet undefined. To make that more definite we

define/^ to project onto the positive energy states of the single

particle Hamiltonian
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= Jk + (2.10)

where h is given by (1,2) and £2 is yet to be determined. The

state vector (2,9) can be used in a Rayleigh-Ritz variational

procedure with the result

*)
E -

Here £" j is an inner product in Fock-space and ( ) in

configuration space. The form H__ ( ) emerges from this

calculation and it is (1.4) with /[ replaced by /\f and with the

two electron interaction given by the last term in (2.8). Variation

with respect to /L yields a Schrodinger equation,

(P ' ̂ > ) * " °
which attaches the interpretation of a wave function to A .

Variation with respect to A+. is most easily accomplished by

variation with respect to £2. . This is described elsewhere and

so only the result will be given. It is

A 0) M )
- l^ (2.13)

where

A_ = I ""Â . (is.13a)

and where P and p are density operators constructed from the

atomic, wave function ̂ C .
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f,(','')-

/>,(',') - I • (2.14)

The symbol j^ in (2.13) means a trace over coordinate & and V(12)

is the two bodv potential appearing in H ( ).

The system of equations (2.12)-(2.14) with the definition of A+

in terms of S~L i3 a highly non-linear one. which appears to be too

complicated to even attempt to solve exactly. A reasonable

approximation scheme would be to start with a Slater determinant

form for A . The orbitals are called U'J and the A are th^n

given by ^

iv' ' (2.15)

Substitution of (2.15) into (2.14) with some manipulation results in

(2.16)l-I

where q is a negative energy orbital w. and 0 6A/ . This

leads to the conclusion thai- ->i- is the Hartree-Fock one body

potential so that A, which should be called /I. is the

projection operator onto the positive energy states of the

Hartree Fock Hamiltonian. The resulting configuration space

Hamiltonian is H c g(HF). Note that it is a many body operator
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which could in principle be treated by any diagonalization

procedure. However^ A^ is a rather complicated operator so that

its action on anything but the Hartree-Fock orbitals is difficult to

evaluate which means that treatment of HCS(HF) by anything but a

Hartree-Fock reduction would bs very complex. However, let us

compare :(1) the Hartree-Fock treatment of HUo) (eq.(l.l) ) with

the implicit constraint of using only positive energy Hartree-Fock

orbitals with (2) the Hartree-Fock treatment of the more

correct l^JtiF") . The fact that /\ becomes unity when acting on

positive energy Hartree-Fock orbitals leads to the conclusion that

the two methods yield exactly the same equations. This is the

reason that the numerical calculations (the first procedure) which

start from an incorrect Hamiltonian still give good results.

One could make more elaborate assumptions for X in order to

construct the A and JT2- and /V but these have yet to be

investigated. They would presumably yield better approximations

for £2 from (2.13) and so better projection operators. However if

the error in solving (2.13) by the Hartree-Fock approximation for X.

is small(then the resultant errors in the energy would be second

order in this error since the equation (2.13) is obtained

variationally. Nevertheless, since calculations which are better

than Hartree-Fock, (for example MCSCF calculations) will be done

starting from 1{J0) , eq.(l.l), it is important to know whether the

procedure of approximating X by MCSCF wave functions yields an X*—

which gives a A^ which is unity when operating on the MCSCF wave

function.



37

III, Gauge Problems,

It is wall known that the electron-electron interaction

potential is gauge dependent. For example, in the Coulomb gauge the

electron-electron potential matrix elements can be written

i,"'/* " £#,«>' "" ̂ A ' " %*,*'*' (3.1)
where the first term is the Coulorb interaction,

(3.2)

and the last two are the full symmetrized transverse interactions

(3 • 3)

In these equations the states are eigenstates of (1.2) and the W

are their eigenvalues ( M/rtlt, = I^-W^. ) . The non-relativistic

limit ( C —*cc ) of (3.3) yields the Breit interaction in (3.1)

since

(3.4)

In the Lorentz gauge one can obtain an expression which is analogous

to (3.1) which in the non-relativistic limit does not give the Breit

interaction, it is instead
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(3.5)

which is different from the result obtained from (3.4). It is

however known that the on-shell matrix elements ( Uv,*. + \*/^,sO) of

(3.1) and (3.5) give the same results. Thus, in first order -•

perturbation theory the result is gauge invarient but when treated

as a potential ( in which case off-shell matrix elements enter in

higher order) the results depend upon the gauge. The theory is, of

course, gauge invariant but it is the treatment which converts to a

configuration space Hamiltonian which resultsi in the gauge

dependence and consequently makes the gauge ô oi-je significant.

Nambu , has given an argument which shows that the Coulomb gauge

is required by an integrability condition on the configuration space

wave function. However, his derivation rests upon the assumption of

the existance of a separate "Schrodinger type" of equation for the

wave function for each of the electrons.The assumption is

unsupported and so the argument is not complete. Brown and

Ravenhall give a convincing physical argument which is that the

Coulumb gauge is preferable because the dominant interaction, the

Coulomb one is treated essentially exactly. It enters in higher

orders only in highly relativistic situations where it is small. In

other gauges, such as the Lorentz gauge, the Coulumb interaction *

enters in higher orders in non-relatisvistic situations, so that it i

may contribute significantly and consequently slow the convergence !.

of the perturbation theory obtained in quantum electrodynamics.
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As far as I am aware, the cognoscenti all feel that the Coulomb

gauge, for the reasons given by Brown and Ravenhall, is the best

gauge in which to obtain HC5.. This is not a proof that it is

optimum and there is no doubt that such a proof (or disproof) is

necessary,

IV. The Three Electron potential

The transition from a Fock space to a configuration space

Schrodinger equation introduces many-electron interactions which are

not just the iterations of the two-electron potentials. These are

relativistic in origin and also arise in classical action-at-a-

distance theories because of the retardation of the interactions.

PKmakoff and Holstein were the first to investigate the three

body potentials. They obtained the non-relativistic forms and

showed that they made only a small contribution to the energy for

light atoms.

The fully relativistic theory for the three-electron

potentials follows along the same line as that outlined above. The

sequence of unitary transformations of Schwinger which leads from

the original Hamiltonian, (2.1), to the one;(2.2), in which the

matter-radiation interaction is removed in lowest order leads not

only to the two electron interacts but higher ones too. The three

body interaction obtained in this way can be written as

The contribution to the three body potential obtained /n this way

can be written in terms of the Coulomb, (3.2), and transverse (3.3

matrix elements of the two-electron interaction.

rt'ni'4' (4.1)
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(4.2)

where

/%, (4.3)

The two body interaction, V^^^i^ which enters in the first term of

(4.2) is given in the Coulomb gauge by (3.1) and the transverse

potential difference, &tf, which enters in both these terms is the

result of the repeated commutators of (J"", (see 2.3) introduced by

Schwinger's diagonalisation procedurev '. It can be interpreted

as the result of different time orderings in the exchange of a

transverse photon. The important point to notice is the strong

cancellations which occur in A ^ in the non-relativistic limit. It

4
is of order (zoO Ry so that (4.2) will contribute very weakly

when £&l acts on outer orbitals.

Another contribution to the three electron potential arises from

the iteration of the two electron potential (eq.«2.|?). This

iteration only contributes a three electron potential because of the

possibility of the occurrence of a negative energy single particle

intermediate state. Such an iteration can not be generated by the

two electron potentials in H because of the presence of the
C5
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projection operators. This effect can also be viewed as a short

coming of the ansatz, (2.9), for the state vector in which virtual

pairs were excluded. It was treated in this way before but can

be handled in a simpler fashion. To this end we rewrite the qed

Haroiltoniah (2.8) as

(4.4)

where H, and H- are the one and two body Hamiltonians

respectively. We decompose H 2 as

(4-5)

! l l iti t d Hwhere H ! couples only positive energy states and H 2 is the

remaining part. Clearly among the four states coupled by H^ at

least one must be a negative energy one. Thus H_ can be viewed as

a coupling between two types of fields, positive energy states and

negative energy states. The original qed Hamiltonian, (2.1), has a

coupling between two types of fields, the matter field and the

radiation field. Schwinger's technique is one for removing this

coupling to lowest order and introduces the transverse interaction

between electrons. The analogy can be exploited by defining a

"Schwinger transformation" which decouples the field of the positive

energy states from the negative energy state field to lowest order.

The result is an additional three body potential of the form

\/j'\ (4*6)
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where the q sum is restricted to contain only negative energy

states. This must^be added (4.2) to form the total three-electron

potential matrix element.

It should be pointed out that it is the full two body

interaction that enters into this last term and that it is the

coupling between positive and negative states which is significant.

The transverse interaction is effective in doing this so the V

matrix elements will not be small. The denominators will however be

of the order of 2mc in the non-relativistic limit and this will

make the contribution small.

A very simple minded estimate of the contribution of the three

body potentials to the atomic energies in the relativistic limit

yields a value of the order of (Ry f(zĵ )) where the function is of

the order of unity for zo^-wl. A little more careful analysis shows
a> vv //

that this function of the order of unity but probably small. This
A

is encouraging because it is of the order of magnitude of the

discrepancy between theory and experiment for inner electron

energies for high atoms

The renormalization terms which have been dropped from (2.8) are

not small . Indeed they are probably large compared to the

three-body contributions. These are very difficult to evaluate for
12the many electron atom and so their uncertainty would seem to

preclude the observation of the three body contribution. A possible

means around this difficulty might originate in the fact that the

major renormalization terms are one body terms and so changing the

number of relativistic electrons could differentiate one body from
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whoce the q sum is restricted to contain onLy negative energy"- " ' "" ,

states. This must be added (4.2) to form the totalthree-electron

potential matrix element.

It should be pointed out that it is the Cull two body

interaction that enters into this last term and that it is the

coupling between positive and negative states which is significant.

The transverse interaction is effective in doing this so the V

matrix elements will not be small. The denominators will however be

of the order oE 2mc in the non-relativistic limit and this will

make the contribution small.

A verv simple minded estimate of the contribution of the three

body potentials to the atomic energies in the relativistic limit

yields a value of the order of (Ry £{ze()) where the function is of

the order of unity for zoi^l. A little more careful analysis shows
I'I >' . //

that this function of the order of unity but probably small. This
A

is encouraging because it is o£ the order o£ magnitude of. the

discrepancy between theory and experiment for inner electron

energies for high atoms .

The renormalination terms which have been dropped from (2.8) are

not small . Indeed they are probably large compared to the

three-body contributions. These are very difficult to evaluate for
12the manv electron atom and so their uncertainty would seem to

preclude the observation of the three body contribution. A possible

moans around this difficulty might oriijinnln in the fact that tiie

major renormalization terms are one body tnrms and so changing the

number of relativistic electrons could differentiate one body from
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three body effects. This has not yet been explored.
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QUANTUM ELECTRODYNAMICS OF HIGH-Z FEW-ELECTRON ATOMS

P e t e r J . Mohr

Gibbs Laboratory, Physics Department

Yale University, New Haven, CT 06520

I. INTRODUCTION

A relatively new area in the field of Atomic Physics and Quantum

Electrodynamics (QED) is the precise theoretical and experimental study

of high-Z few-electron atoms. Comparison of theory and experiment for

the transition rates and energy splittings of these systems provides a

fundamental test of the theory of strongly bound electrons.

The purpose of this paper is to review the quantum electrodynamics

of high-Z few-electron atoms based on perturbation theory in the Furry

bound interaction picture. I shall attempt to give a complete overview

of the theory from the basic equations to the numerical results for the

energy splittings, with attention focused on the Lamb shift in two-

electron atoms as an example.

For a few electrons bound by a heavy nucleus of charge Z, the

electron-nucleus interaction dominates over both the electron-electron

interaction and the radiative corrections. Thus, perturbation theory

can be employed where in zero order, each electron is described by the

single-particle Dirac equation for an external Coulomb field of charge
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Z. Electron interactions and radiative corrections are then taken into

account as perturbations by including the interaction of the electrons

with the radiation field. The covariant field theoretical formulation

of this approach is the bound interaction picture of QED, which provides a

natural method for dealing systematically and rigorously with relativ-
2

istic and radiative corrections in highly ionized atoms. Terms in the

perturbation expansion are represented by Feynman diagrams in which the

number of virtual photons corresponds to the order in a, the fine structure

constant, as in ordinary free-particle quantum electrodynamics. As shown

in a later section, the perturbation expansion may be viewed as an expan-

sion in 1/Z. For a fixed nucleus, the bound interaction picture is

equivalent to a formulation that includes the electron-nucleus inter-

action via the quantized radiation field and then sums this interaction

to all orders in perturbation theory.

The perturbation approach provides a fundamental description of

few-electron systems that represents our basic understanding of the

quantum electrodynamics of strongly-bound interacting electrons. It is

formulated covariantly, so standard methods of renormalization can be

applied to the radiative corrections, and one has an unambiguous frame-

work for calculations. The various contributions to the energy levels

are expressed in terms of wave functions and the propagation function

for an electron in the nuclear Coulomb field. Practical methods for

evaluating the propagation function exist, so the problem of calculating

energy levels is basically one of carrying out the numerical evaluation

of the formulas generated by the perturbation expansion.

The perturbation theory approach to few-electron atoms is complemen-
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tary to the two-electron bound-state methods that accurately predict

the fine structure in neutral helium. In that case, the electron-electron

interaction is not very small compared to the electron-nucleus interaction,

and is included exactly in the zero-order nonrelativisCxc SchrOdinger

equation. For neutral helium, relativistic corrections, characterized by

the parameter Zα
t
 may be treated as small perturbations. The high-Z

perturbation approach is complementary in the sense that relativistic

corrections are included exactly, and the electron-electron interaction

is a small perturbation.

Historically, relativistic perturbation theory has been applied in

various forms and contexts. An early application, by Christy and Keller,

was an evaluation of the one-photon electron-electron interaction with

Dirac hydrogenic wave functions to estimate the Fine structure in the

inner shells of heavy atoms. Bethe and Salpeter discussed relativistic

perturbation theory for two-electron atoms, although experiments with Z

greater than 10 were not foreseen at the time. Relativistic Z-expansion

methods that include the Breit interaction have been applied by Layzer

Mid Bahcall and by Dalgarno and Stewart. A fully relativistic perturbation

approach, reviewed here, has been examined by Labsovsky, Klimchitskaya

Q

and Labsovsky, and by Ivanov, Ivanova and Safronova. Transition rates

can, of course, also be evaluated by perturbation theory, but I shall confine

my attention here to energy level shifts.

The remainder of this paper is arranged as follows: the

perturbation theory formalism is reviewed in Section II; general features

of .the Feyntnan diagrams and the current status of the theory for two

electrons are described in Section III, followed by concluding remarks
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arid outlook in Section IV.

II. FORMALISM

In this section, I review quantum electrodynamics in the Furry

bound interaction picture. The fundamental formulation is elegant and

simple, and is summarized briefly below. -;"

In lowest order, the electrons are described by the Dirac equation

for an electron in an external Coulomb field; the wave functions <S> (x)

are solutions of (units are chosen such that -fi, c, and m have unit

magnitude)

- £ A J (f̂ 6?) = O (i)

To account both for interactions between the electrons and for radiative

corrections, we carry out a perturbation expansion in the interaction

of the electron-positron field with the quantized radiation field. The
i

electron-positron field operator IJJ(X> is expanded in terms of the ;

<j>n(x) = <)>n(x)exp(-iEnt) as .

i:

<- • • i (2) I

v\t A-

where b n +(b* +) is a destruction (creation) operator for an electron in a ,

positive energy state n+, and d*_ (d _) is a creation (destruction)

operator for a positron in a negative energy state n-. The creation and

destruction operators satisfy the usual anticommutation relations
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I "M

(all others )• =

The basis ̂ vectors: are formed by-creation operators -for the states-::

of interest acting on the vacuum. For one-electron atoms, we simply have

For two-electron atoms, linear combinations of pairs of creation

operators are formed to give states of definite total angular momentum J

where the coefficients are vector coupling coefficients. In"the case

where two vectors of the same symmetry (angular momentum and parity) are

nearly degenerate, one forms intermediate coupling linear combinations

of these states that diagonalize the electron-electron interaction.

This prescription may be extended to three or more electrons.

Symmetrization effects and exchange terms follow from the anti-

commutation relations among the creation and destruction operators.

The interaction Hamiltonian density is (-e is the electron charge)
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(6)

The commutator in (6) refers only to the creation and destruction

operators, i.e.., the Dirac wavefunctions and gamma matrix are always

in the order in which the corresponding terms appear in (6). The

commutator is equivalent to normal ordering for no external field, but

is necessary to generate vacuum polarization loops in an external field.

The lowest-order energy level is given by the sum of the Dirac

hydrogenic energies for the individual electron states. To calculate

the shift in energy due to the interactions of the electrons with the
Q

radiation field, we apply the formula of Gell-Mann and Low

in the symmetric form given by Sucher. This method provides a

covariant framework in which standard methods of renormalization may

be applied. The energy shift of the state n is given by

where the subscript C denotes the fact that only connected graphs are

included, and where S is the adiabatic S matrix, defined by

C(^ (8)

and , ]•
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(9)

In (9), T is the time-ordering operator. Calculation of the ratio in

(7) to fourth order yields

o

.... 1
where

The limit in (10) is non-trivial in the sense that there are cancellations

between inverse powers of e as described in the next section. The odd-

order terms in (10) are necessary to take into account the renormalization

terms and possible additional perturbations such as finite nuclear size

effects.

As an example, consider the second- and fourth-order energy shift

in a two-electron atom. In the second-order terms, the integration

over time takes the form
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€-*0 J-«

(12)

The second-order energy shift for two electrons in the state

created by b* b* is

{ SV { S feO ̂  ^ » 0 <f • ff
(13)

where Sp is the bound-electron propagator

_ (14)

and Dj, i s the photon propagator
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The corresponding Feynman diagrams appear In Fig. I. The mass renormal-

ization term is not explicitly displayed.

The fourth-order energy shifts are represented by the Feynman

diagrams in Fig. II-IV. In those figures, the diagrams are grouped

according to the number of photons that cross from one electron line to

the other. As shown in the next section, this grouping is in order of

increasing powers in Zα and decreasing numerical importance.

As in free-electron electrodynamics, the self-energy, vertex, and

vacuum polarization graphs require regularization and renormalization in

order to be well defined. The standard replacement

in the photon propagator makes the vertex and self-energy diagrams well

defined, and subtraction of two large-mass electron propagators makes

12
the vacuum polarization loops well defined.

III. QUANTITATIVE RESULTS

In this section, I discuss the order of magnitude of the second- and fourth-

order Feynman diagrams, and write explicit formulas for the high-Z two-

3 3
electron 2 s^2 P

Q
 energy splitting, based on presently available theoretical
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Information, as an example. Detailed numerical tabulations are given and

compared to experiment in other contributions to this workshop.

3 3
The zero-order 2 S, and 2 P Q states are formed from the l^.,, 2s^ .^

and
 l s
i/2

 2
Pi/2

 D i r a c
 hydrogenic states, respectively. The zero-order

energy splitting is just the difference between the corresponding Dirac

hydrogenic energy levels, which in this case are degenerate:

(2)
The leading second-order correction is the photon-exchange energy AE

corresponding to the first diagram in Fig. I, and is given by the first two

terms in Eq. (13) which are the direct and exchange contributions.

The covarlant form of the photon-exchange energy can be

rearranged, taking advantage of the differential equation satisfied by

the wave functions, to give the Coulomb-gauge form of the photon-exchange

energy vhich is the sum of the static Coulomb interaction plus a transverse

photon-exchange interaction. If retardation is neglected in the trans-

verse photon-exchange interaction, it reduces to the static Breit

(2)
interaction. To lowest order in Zα, AE is the nonrelativistic Coulomb

interaction energy for the two electrons. The relativistic correction

2 13

of relative order (Zα) , has been calculated by Doyle. The coefficient

of the next-order correction has been estimated by examining the difference

(2)

between the exact numerical values for AE
V
 ' and the first two terms in the

pe

power series in (Zα) , ' The result is
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(17)

(2)
The self-energy correction AE and vacuum polarization correction

(2)

AE , corresponding to the second and third diagrams in Fig. I, are

one-particle operators, so the shift in energy from these corrections is

the sum of the shifts for the individual hydrogenic levels. Tn particular,
3 3

the contribution of these diagrams to the 2 S.,-2 P n energy splitting differs

only in sign from the contribution of these diagrams to the hydrogenic

Lamb shift. The two-electron splitting has a larger contribution

from the Coulomb interaction of the electrons; however, at high Z the

Lamb shift is a sizable fraction of the total energy level separation.

Hence, accurate two-electron energy splitting measurements are sensitive

to the hydrogenic radiative corrections.

The hydrogenic self-energy for the 2s., ,~ and 2p . states has been

uated numerically over a wide range

the two-electron splitting is given by

evaluated numerically over a wide range of Z. ' The contribution to

The function AF is given by AF = F2 - F. ; the latter functions are plotted

in Fig V. In contrast to the photon-exchange energy, a few terms in the

power series for AF does not give a good approximation to the function for

moderately large values of Z.

The third diagram in Fig. I is the second-order vacuum polarization

I
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correction. Wichmann and Kroll have examined this correction and have

3

shown that it is well approximated by the Uehling potential contribution,

which is the leading term in the expansion of the electron loop in powers

of the external Coulomb potential, indicated in Fig. VI. This correction

is readily calculated by evaluation of the expectation value of the Uehling

potential for the relevant states. The contribution to the splitting is

given by

where AG = G^ - G^ , and the latter functions appear in Fig. VII. This

completes the list of second-order corrections, which are all accurately

known.

The largest fourth-order contribution arises from the diagrams with

two exchanged photons shown in Fig. II. The first diagram is of order

e ; this leading order arises from the term in which the intermediate two-

electron state is degenerate with the zero-order state. This singularity is

cancelled by a similar term which comes from the square of the second-order

photon-exchange diagram. The net effect is that the ground state is excluded

from the sum over intermediate states as expected from ordinary

perturbation theory. To lowest order Zα, the energy shift is just the

second-order static Coulomb interaction in the nonrelativistic limit,

which has been calculated by variational perturbation theory by a number of

workers. This leading term is of order a^. The next correction is of

2 2
order a (Zα) . One obtains a numerical estimate for this term in the

following way. Accad et al. have calculated the leading relativistic

correction to the two-electron energy by evaluating the Breit corrections
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with variational solutions to the two-electron Schrb'dinger equation for Z

in the range 2-10. The result is the complete correction of order a f(Z),

where the function f is expected to be of the form

The leading coefficient a is just the relativistic correction to the two-

electron energy, in the limit where the strength of the electron-electron

interaction vanishes compared to the strength of the electron-nucleus

interaction. Thus, the coefficient a gives the relativistic correction

in the hydrogenic approximation, which is the sum of hydrogenic corrections

for the individual electrons. The coefficient b corresponds to the

relativistic correction in the one-photon electron-electron interaction

which is the second term in Eq. (17). This is readily verified by extra-

polating the Accad et al. values for f(Z)/Z to the point 1/Z = 0 to

obtain a, and extrapolating the function Z[f(Z)/Z - a] to obtain b. By

extrapolating the function Z [f(Z)/Z - a-b/Z] to 1/Z = 0, one obtains an

20
estimate for c, the coefficient of the desired order. This gives an

explicit formula for the energy shift due to the fourth-order photon-

exchange graphs:

For the diagrams in Fig. Ill, there is no calculation at high Z.

At low Z, two-electron radiative corrections have been calculated by

21
Kabir and Salpeter, Sucher, and by Araki. Ermolaev has pointed out

22
electron density effects on the two-electron Lamb shift. Calculations
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which include high-order terras in Zα have not yet been done. We may

expect, in analogy with the hydrogenic case, that the higher-order terms

will be important at high Z. Physically, the one-photon exchange

diagrams are associated with screening corrections to radiative corrections,

and are of order 1/Z relative to the hydrogenic radiative corrections,

corresponding to a shift of the effective nuclear charge.

The final class of fourth-order diagrams are the one-electron

radiative corrections in Fig. IV. These diagrams have been calculated

23
to lowest relative order in Zα. Here again using the lowest-order term

at high Z is suspect, but it does indicate that the contribution of these

diagrams is small:

The leading sixth-order contribution is the nonrelativistic limit of

the Coulomb interaction in third-order perturbation theory. This term has

18
been calculated by variational perturbation theory:

(23,

There are some remaining corrections which are not included in

the radiative interactions described above. The largest of these is

the effect of the finite size of the nucleus. This correction can be

incorporated into the perturbation scheme by adding to the interaction

Hamiltonian density the term
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1

(24)

where 5V(x) is the difference between the finite nucleus potential

and the Coulomb potential. The leading correction, corresponding to the

Feynman diagram in Fig. VIII (a), is given approximately by

which is just the hydrogenic correction to the 2s./2~
2
P-i/2

 s
P l

i t t i n
8 -

2 h
In Eq. (25), s = [1 - (Zα) ] and R is the rms charge radius of the

nucleus. Higher order perturbations will include diagrams with combined

finite size and radiative corrections such as the one in Fig. VIII (b).

The quantitative effect of these corrections at low and intermediate values

of Z is not yet known. At extremely high Z, the effect of the nuclear

size is large and must be treated nonperturbatively by taking it into

account in the potential in Eq. (1), as done by Cheng and Johnson.

There are additional corrections associated with nuclear recoil

effects. The largest of these are the reduced mass effect and the

nonrelativistic mass-polarization correction, given by the operator

p^.P2/'M, where M is the nuclear mass. These corrections have been

19
calculated, but at high Z, they are smaller than the uncertainty due

to uncalculated radiative corrections.
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IV. CONCLUSION

3 3
The main contributions to the 2 S^-2 P

Q
 energy splitting at high Z

are given by

The one-electron corrections are combined in the term S which is the

hydrogenic Lamb shift separation between the 2ŝ , and 2p, levels. This

formula provides an accurate and physically transparent expression for

the Lamb shift in high-Z two-electron atoms. The largest corrections not

2 3
included in Eq. (26) are terms of order a (Zα) and higher from the Feynman

diagrams in Fig. II and III. The corresponding uncertainty is of order

15% to 20% of the hydrogenic Lamb shift S, for Z in the range 15 to 20.

Some general features of the order of magnitude of the Feynman

diagrams for the perturbation expansion can be seen. If Zα is regarded

as being of order 1, the perturbation expansion generates a series in 1/Z.

Hence, at high Z, a few terras in the expansion provide an accurate value

for the energy. Within a given order, it is useful to group the

Feynman diagrams according to the number of exchanged photons. In the

foregoing examples of second and fourth order, the number of exchanged

photons is related to the leading order in Zα for the diagrams, where a

diagram with a smaller number of exchanged photons is higher order in Zα.

It is reasonable to conjecture that this is a general pattern that will

persist in higher orders in the perturbation expansion. Such a pattern is

useful for identifying dominant diagrams and for making order of magnitude

estimates for uncalculated diagrams.
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Looking toward the future, a substantial improvement in the accuracy

of the theory can be acheived by a complete evaluation of the Feynman

diagrams in Figs. II and III. The lowest order uncalculated terms can

22
be evaluated along the lines discussed by Ermolaev. An evaluation

which includes higher order terms in Zα should be possible by a suitable

generalization of methods employed to calculate the hydrogenic radiative

3
corrections.

Work supported by the National Science Foundation, Grant No.

PHY78-20776.
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Fig. I. Second-order Feynman diagrams for the energy shift in a

two-electron atom.

Fig. II. Fourth-order Feynman diagrams with two exchanged photons.
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Fig. III. Fourth-order Feynman diagrams with one exchanged photon.

Fig. IV. Fourth-order one-electron Feynman diagrams.
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Fig. V. Graph of the functions F? and F_ .
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Fig. VI. Feynman diagrams for the expansion of the vacuum polarization

in powers of the external potential.
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3.0 to to to

Fig. VII. Graph of the functions Ĝ  and G» .

(a) (b)

Fig. VIII. (a) Feynman diagram for the lowest-order finite nuclear size

correction. (b) Combined radiative and nuclear size corrections.
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I. INTRODUCTION

The traditional method for dealing with relatIvlstIcleffects In
atoms and molecules consists of a somewhat heuristic combination of
quantum electrodynamics and a many-electron quantum mechanics general-
lied from the one-electron Dlrac theory. On the whole, results calcul-
ated from this theory agree with experimental data. Nevertheless, the
theory Is by no means entirely satisfactory; In Its development, certain
ambiguities and divergencies must be resolved by somewhat arbitrary
and/or questionable means. In this paper we attempt to Illuminate --
and sidestep -- some of the more questionable aspects of the traditional
method, by reformulating electromagnetic Interactions between particles
In a different way.

Most of the difficulties we encounter are already present In the
classical electromagnetic theory of electrons; they stem from the fact
that the notions of mutually Interacting point particles and of rigid
bodies are not compatible with the principles of relativity. Thus It Is
necessary to distribute the-charge of an electron over a finite, albeit
very small, volume. The electrons generate, and are acted upon by,
electric as well as magnetic fields, and the finite velocity of propaga-
tion of these fields manifests Itself through retardation : nd/or ad-
vancement effects. In the limit of InfIn Itesmally small p'ectrons, one
obtains for their mutual Interaction the well-known LIcnart-Uiechert
potentials; these potentials correctly describe the electronagnet Ic
Interaction of electrons at least to order (v/c) 1, and they depend only
on the total charge of the electron, rather than the precise distribu-
tion of that charge. On the other hand the interaction of z.n electron
with itself through Its own electromagnetic field Is strongly dependent
on the details of this charge distribution. Furthermore in order to
maintain stable electrons one must Introduce additional forces which are
non-electromagnetic 1«i nature. All attempts to formulate such stabil-
izing forces have so far been unsuccessful. Thus the assumption of
small finite electrons renders a satisfactory account of Interact Ions
between different electrons, while presenting new problems for the self-
Interaction and self-energy of an electron, the solution of v/hich has
escaped us for three quarters of a century.

It Is not surprising that the quantization of a relatlvistlc system
consisting of electrons and electromagnetic fields, using.the unsatis-
factory classical scheme just described as the starting point, leads to
a quantum mechanical scheme which Is at best only partially successful.
The work presented here, embodying different points of departure and
priorities than customary 1n conventional quantum electrodynamics, will
hopefully Illuminate the path tov/ard an Improved theory.
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I I . THE ENERGY EXPRESSION IN TERMS OF WAVE FUNCTIONS

One of our p r i o r i t i e s is a formulat ion in terms, of ordinary N-elec-
t ron wave funct ions, where N is the number of electrons In the atom or
molecule. These wave functions are envisioned as superposit ions of
antIsymmetrized products of.4-component Dirac spinors. Ue characterize
the electronic system In terms of s ta t ionary states wi th wave functions
denoted by

Here m labels distinct energies £n% while « refers to degenerate wave
functions if necessary. Ue shall assume that fti Is a discrete Indexs
since our interest Is In bound states, there is no need for an explicit
generalization to handle possible continuum states. _

We assume that the t1me-Independent wave functions 3^^ constitute a
complete orthonormal sett this is expressed by

and

where "3f is an arbitrary wave function within certain reasonable con-
straints.

The completeness property of our set of wave functions permits
characterization of operators In terms of their matrix elements, which
will prove very convenient. Among our operators are the position oper-
ators rM « the momentum operators > M, and the usual Dlrac matrix oper-
ators i^ and fo for each of the electrons, /A = l,2,...,N. Ue shall also
need operators representing the charge and current densities associated
with the electrons. We define the charge density associated with the
fl-th electron by means of

where t Is the charge of the electron and l^'^f'-'^> Indicates the three-
dimensional Dlrac delta-function. Here the "parameter space indicated by
jr' can be regarded as the position of an external probe, or the observ-
er's space.

The use of the Dlrac delta-function here represents the limiting
case as the charge distribution of the electron tends to a point charge.
It may become desirable to consider modifications of this model to allow
a finite, but very compact, charge distribution for the electron, but
such fine distinctions will not affect our present results which are
only concerned with the mutual Interaction of electrons.

It Is well known that the operator for the velocity of a Dlrac
particle is given by cot̂ j postulating this leads to the current density
operator given by "*'

Note that we have used the electromagnetic rather than the electrostatic
definition of the current density; Jp.(^'1 has the same dimensions as
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Wβ now proceed to an electrodynamical description of our system of
electrons. Another prtortty in our formulation is the treatment of
electrodynamtcal effects in terms of direct interparticle interaction.
This deviates substantially from the usual practice of introducing new
dynamical variables to describe electromagnetIc field behavior and
quantizing these variables. The latter procedure leads to a Hamlltonian
formulation, but also builds In Infinite particle self-energlas, which
present considerable conceptual and calculatlonal difficulties. Also,
electromagnetic field variables do not fit In a formulation In terms of
ordinary many-electron wave functions.

In the non-relativistic treatment, where only instantaneous
electrostatic forces prevail, the field can Immediately bo expressed In
terms of particle positions, at which point the reference to the field
drops out of the Hamlltontan. The result (once the self-energy terms
are dropped) Is the usual non-relatIv1stic Hamlltonian usod in electron-
ic structure calculations. Our formulation may be vlcwc-d as the relat-
tvistte generalization of this treatment.

As in the non-relatIvistIc case, our tank is to write down a valid
quantum mechanical expression for the energies £

m
. We partition

according to

E = £ n r E. , ( 6 )
On dJjin IjWi *

where EJJ „ is the many-electron generalization of the Dirac energy, and
£_t

>m
 is the electron-electron Interaction energy. The Dirac energy is

given by

where

Is simply the sum of the Individual particle Dirac Hami1 tonlans. Here
m
t
 denotes the electron mass and U^ represents the electrostatic

potential due to atomic nuclei and (tIme-Independent) external fields.
Introduction of l/y 1s the customary simplification of the electron-
nuclear Interaction; 1t Is also possible (and more accurate) to Include
nuclear behavior In th<5 wave function, in which case E

r yn
 would Include

electron-nuclear interaction. '
The direct particle Interaction of classical electrodynamics was

developed by many workers, culminating in the work of Uheeler and
Feynman (1). We follow their development in order to formulate the
electromagnetic Interaction energy of the N-electron system. The de-
viations from conventional electrodynamics may be summarized as follows.
1) There is no such concept as "the" electromagnetic field with

degrees of freedom of its own. Instead, there is a collection of
adjunct fields, each produced by an individual particle, and
completely determined by the motion of that particle.

2) The prevailing field acting on a given particle is determined by
the sum of the fields produced by every particle other than the
given particle. The Interaction of a particle with its own field
does not occur.

3) The fields produced by the particles are taken half-retarded and
half-advanced. V/e note that this is the necessary and sufficient
condition that energy and momentum are conserved — and therefore
defined— within a finite, but perhaps very large volume. In
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classical electrodynamics, the half -retarded and half-advanced
solution describes a system that neither emits nor absorbs radiat ion.

In the l ight of these remarks, we now wri te down the classical
electromagnetic Interaction energy

' J i A ' n , (9)
where ^fa(£',£> and Afiir' %-&\ are the scalar and vector potentials associ-
ated with the/u-the~part 1c le, namely

with the abbreviation

In quantum mechanics, the quantities In Eq.(9> are reinterpreted as
operators. The time-dependent charge and current densities are handled
In terms of operator matrix elements evaluated with respect to the time-
dependent wave functions "Sm!f This Immediately yields quantized ver-
sions of Eqs.(10) which can be reduced to relations between time-Inde-
pendent matrix elements by dividing by the exponential time factors the
result Is

where

.&•> • " "

The right-hand side of Eq.(9) Is now Interpreted In terms'.of operator
products, using time-dependent matrix elements. The exponential time
factors cancel, so we obtain for the quantum mechanical Interaction
energy

We can eliminate the potentials using Eqs.(12) to obtain

In this exprasslon the symmetry of the Interaction between electrons Is
apparent.

We now combine the 01rac and Interaction energies to obtain the
total energy. Since we will soon consider the energies as functionals
of trial wave functions, we display the wave functions and energies
explicitly wherever they occur. Ue also generalize slightly to obtain

If,
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X

If the factor costlS^, -£m }??/(<Sc)] were absent In Eq.(16), the summation
over -tij- could be carried out using the completeness property Indicated
In Eq.(3>i Bm would then reduce to the diagonal matrix element of an
operator. Hence It Is the retardatIon/advancement effect of the elec-
tromagnetic Interaction, expressed In the factor coiH£m ~£+, )fS/l^c)1 ,
which prevents a Ham 11 ton I an formulation here.

In the non-relatIvIstlc formulation, the wave function and energy
can be determined by application of the variation principle to the
energy expression considered as a functional of a trial wive function;
this approach applies in any Hamlltonian case. We wish to apply a
similar approach here, but this Is of course complicated by our lack of
a Ham 11 ton(an formulation: Eq.(lG) references al1 energies and nJ-L wave.
functions. Ue consider that Eq.(lG) nevertheless constitutes a system
of equations which Implicitly defines nach B/m as a functional.

Evidently we should demand that al1 Bm are stationary simultaneous-
ly to first order.for any change in the set of trial wave functions
that conforms with the orthonormal1ty and complotc»noss properties for
this set. Such an approach Involves progressive adjustments In tho
handling of the factors cos C{Em - En )R/ (xc )], but the offoct of these
adjustments Is small enough to allow the development of .- n orderly
scheme.

III. THE PAULI APPROXIMATION

The most straightforward development of our approach is In terms of
a perturbation expansion, such as the Paul 1 approximation. Ue assume
that the wave functions and energies can be expanded In t >-jrms of the
parameter

X - c" . < 17)

It Is convenient to Introduce scaled energies defined by

we then put forward the perturbation expansions

ip = 2.°° 1& X^
*""* *"° """ * (19)

Note that only even powers of A appear In the expansion of &m ; as shown
In detail elsewhere (2), the odd powers are expected to vanish.

It is convenient to Introduce the operators given by
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A/«»fl,£M/3u f (20)

fZ^fi^ks^ , (23)

The operators /7» P and Z/ emerge from H^ as given by Eq.(8). The remain-
Ing operators enter Into consideration by virtue of the commutation
relations

( 2 5 )

i , i i l A . l ] l . ( 2 G )
In addition, we have

, TJ= 0 , (27)
= 0 . <2fl>

Another operator of Interest Is given by the product

fS =/3l/$i.../itf ; ( 2 9 )

we have the commutation and anticommutatIon relations

frUj* o , (30)

')* = ° > (32)

i')}= ° ' <33>

where In general HA,BJi and-{[A ,%$ designa'te the commutator' and anti-
commutator, respectively, of the operators A and .3.

We Insert the expression given by Eqs.(19) Into Eq.(lG) and develop
the resulting energy expansion. This Is not completely straightforward
because of the factor

In view of the second Eq.(19), (£„ - 6n ) jl Is of order A If tm 0= €„ o
and of order• \"' otherwise. For the purpose of evaluating the 'integVal
containing the factor (34) we need two different expansions. We
accordingly partition the summation o v e r * In Eq.(lG) Into two sums
over the separate ranges

(35)

so that



75

- 7 -

(36)

After some manipulation, as shown In detail elsewhere (2), we
obtain up to order X*

(37)

where we have used

(38)

<39)

We apply the variation principle piecemeal to these expressions.
In general ( we expect to obtain an equation determining 'fim^/> from the
variation of 6^ . In the case/>=0 we Immediately find '*

- = & - ' ! ? . (40)

In view of Eq.(20), E^ g can be written In the form

A/ (41)

since the eigenvalues of/3^ are ±1. Here JL is the number of negative
rest mass electrons, or "holes" In our usage. Note that the number of
holes has nothing to do with space and spin behavior; the solutions of
Eq.(40) have a degeneracy that encompasses all space or spin behavior.

Since /3 commutes with M, we can write

T» (42)

(43)
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We call fl the hole parity operator since Its eigenvalues are +1 or -1
according to whether the number of holes Is even or odd, respectively.
We see from Eqs.(30) and (31) that the operator P f1Ips hole parity
while AT and// preserve it. Arguments of this type can be used to
establish the relation

this Is very useful In the systematic reduction of Eqs.(37>.
When this reduction la carried out, application of the variation

principle to £ yields

(45)

(46)

whera

^= J^Z^^e^;' •
 U 7 >

Since 7". 1/ and V all commute with ti, Eq.(46) does not conflict with
Eq.<40)( the effect of Eq,(46) Is to remove the degeneracy with respect
to space and spin In tq.(40). For no-hole solutions, Eq.(46) Is equiva-
lent to the non-relativistIc Schrodinger equation for N electrons! the
non-vanishing components of the splnor Jf̂ o, Q are proportional to the
Schrodinger wave function, while their ratios represent the spin of the
system.

We have to use Eq.(46) In order to reduce our expression for t^,
 z

In Eq.(37). After considerable manipulation, we find that application
of the variation principle yields

V ~ •!• K*?f + 1?* ( 48)

lF
mil
 g '

s a n
y function with the same rest mass t

n c
 as $

One then obtains an expression for £_ , entirely In terms of Tf' "'
namely ' •"«,«.

where

T' - -(i«j)" X fiu.(t>u-P f" (50)

R "• ^ o /tt\ 7 J^ Q /} y* "™' *' ^ /• ( r i \

S ~ — -z β^itn - i T T A /» r ^ 4" ~st'f . S 1 ^/" S ^

. S . . 1 7 . ( 5 5 )
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with the abbreviation

Eqs.(50-56) are the generalizations of the terms found, for
example, by Bethe and Salpetar (3). Tf gives the relativisttc mass
correction. //tc Is the nuclear spin-orbit coupling, and ve have written
VL$ In a form that clearly shows It Is the analogue of U^s but with
other electrons In place of the nucleus (or nuclei). B^t. ' s the orbit-
orbit coupling term, Bts Is the spin-orbit term originating from current-
current coupling, In distinction to Vt.$, and J3ss , s the spin-spin
coupling. Flnally: 3 ' Is a term that will vanish In case ifmixto
contains only positive rest masses, but may be of Interest In other
contexts.

IV. CONCLUSIONS

In summary, we may say that the formalism presented here provides
the vehicle for a trouble-free derivation of the many-electron Fault
approximation, and can apparently also be extended to handle higher-
order relatlvisttc corrections. This Is one area for further explor-
ation, but an area of at least equal Importance Is the accurate calcul-
ation of first-order relatlvlstic corrections to the onergy. Prelimin-
ary work (4) convincingly demonstrates the critical need for accurate
multt-conf Igurc*'on wave functions In the evaluation of Paul 1 expect-
ation values, and we Intend to dovote substantial efforts toward this
goal In the near future.
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I. Introduction

Despite the fact that a rigourous relativistic theory for

many electron system does not exist in a closed form, many cal-

culations inluding relativistic corrections have been performed

in the last decade for atoms, molecules and solids and have led

to rather satisfactory results. Furthermore the level of sophis-

tication of present computer codes, at least in the atomic cs?e,

makes now possible to investigate the validity of the approxima-

tions embeddet in such calculations and which are of different

nature than the ones of the non-relativistic case. In this lat-

ter one, since he Hamiltonian is exactly known, approximations

are made only to reduce the complexity of the problem while in

the relativistic theory, the lack of a closed form fully covar-

iant Hamiltonian is the main problem. We have already wondered

about this problem from a very practical point of view by as-

king ourselves the following question: "are the approximations

currently used good enough such that theoretical predictions can

compete with the most accurate experiments?" and almost came tc

a positive answer.Even such a positive answer is rather unsatis-

factory since many different approximations are involved and un-

less one is able to disentangle the various contributions (lowest

and high orders relarivistic corrections,quantum electrodynamics,

many body effects) one ;.s left with the feeling that the good

agreement is just forfuitous because of cancellation between the

various neglected or only approximated contributions. In this

paper we adopt another point of view, in the first section we

analyze the approximations involved in almost all relativistic

calculations and describe one the most advanced method, the mul-

ticonfiguration Dirac-Fock (MCDF) one, available to carry out

high quality atomic calculations for bound states. The second
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section is devoted to the study of the various relativistic cor-

rections to energy levels and to critical comparisons with expe-

rimental results.The last section points out some of the diffi-

culties in trying to extract relativistic corrections from the

comparison between non-relativistic calculations and relativis-

tic ones.

II. Multiconfiguration Dirac-Fock Theory

II.1 Hamiltonian

The effective Hamiltonian used up to now in all Dirac-Fock

calculations is taken as:

N N

H = <2T hD(i) + J£7 g(i,j) (O
i=1

where in atomic units ( e=m=l(t=l)

hD(i) = ca.p\ + (g.-Dc
2 + VN(r£) (2)

is the Dirac one-electron Hamiltonian with the rest energy of

the electron substracted. c is the velocity of light ("137") and

a and (E the usual fourth order Dirac matrices. V is the nuclear

potential, the expression of which depends on the proton charge

distribution assumed inside the nuclear volume (V =-Z/r for a

point charge nucleus). The interaction g(i,j) between a pair of

electrons is approximated bv:

g(i,j) = 1/r^ + B(i,r (3)

Here the first term is the instantaneous Coulomb repulsion while
2

the second corrects, up to a certain order in 1/c , for the dyna-

mic part of the interaction and, in the most advanced calculations,

is taken as:
a.a. f cosur.
2J S$ J$ ^ (4)

r. . J

where OJ is the energy of the virtual exchanged photon divided by

the velocity of light. In the low energy limit oi •+ 0, the above

operator reduces to the Breit interaction:
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- (cLv.) (a.?.)r. • /2 + O(to2) (5)

In the non-relativistic limit, the Breit interaction gives the

Breit-Pauli Hamiltonian containing terms known as spin-other-

orbit, spin-spin and orbit-orbit interactions. Anticipating the

forthcoming section on matrix elements but having in mind MCDF

calculations, we see that the use of the operator B(i,j) has to

be theoretically justified since derivations of the Breit inter-
2 3action from quantum electrodynamics ' is strictly applicable

4 5

only to diagonal matrix elements. Grant following Mittleman

used a form of the interaction which appears to be valid for both

off-diagonal and diagonal matrix elements: i

J x -1 ca d b 1 J ;'

Here io =(e -e )a e and E are the energies of the one-electron
ca c a c a °

states I c> and j a> respectively, a. the fine structure constant and

the operator B is the one defined in eq.(4). This expression was

obtained using a succession of transformations to decouple the

electron and radiation fields and is correct to O(ot2). Tn practi-

cal calculations the energies e of the one-electron states have

been approximated by the eigenvalues of the associated Dirac-Fock

equations .

As pointed out by Bethe and Salpeter , it will be inconsis-

tent to include the Breit interaction for the determination of

the wave functions. Thus only the instantaneous Coulomb repulsion

is kept during the self consistent process and the contribution

of the B operator is introduced afterwards as a first order per-

turbation correction.

II.2 Wave functions and matrix elements ;

The Hamiltonian being chosen as indicated above, tfie wave

function ¥ for an atomic state which is an eigenstate of the total

angular momentum J and the parity P(the only good quantum numbers

in the relativistic case) is written as: )

NCF k
£, wv VV

J M ) (7) I
v=1 %

I
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i.e. as a linear combination of configuration sate functions(CSF)
2

$. These CSF are eigenfunctions of P and of J and J with J(J+1)
z

and M respectively as eigenvalues. The label y stands for all

symmetry labels(angular momentum coupling scheme, seniority num-

bers, subshells occupation numbers) necessary to completly define

the v basis function. Each CSF is fully antisymmetric and built

up from j-j coupled products of fourth order Dirac spinors

1 ns -Km i /.g\

The one-electron orbitals are of central field type with principal

quantum number n, total angular momentum quantum numbers j and m

and of given parity. Here we make use of the relativistic quantum

number "kappa":

K = £ if j = £-1/2 and -(£+1) if j = £+1/2 (9)

which includes both j and the parity. The two component Pauli spi-
nors x,, a r e simultaneous eigenf unctions of £ 2,s 2,j 2 and j with

K< in z

eigenvalues £(£+1),s(s+1),j(j+1) and m respectively.

Only the radial components P and Q of the one-electron or-

bitals and the mixing coefficients w between the CSF depend of

the atomic state under consideration so that the evaluation of

any operator is given, in the CSF basis, as a linear combination

of radial integrals. For example, the total energy is written as;

with

k

where a,b,c,d are orbital indices. The first summation arises

from the one-electron Dirac Hamiltonian and the second one from

the electron-electron interaction(to make short we have not dis-

tinguished between Coulomb repulsion and Breit interaction). The

coefficients A (a,b) and C (a,b,c,d) depend on the orbitals

used and on the angular momentum coupling in the various CSF con
k

sidered. I(a,b) and R (a,b,c,d) are radial integrals depending

only on the P and Q functions. If the angular coefficients A and
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C are wel". known in the diagonal case and for closed shells ,

their complexity in the general case makes highly desirable to

calculate them automatically. For this purpose two programs have

been developped. One by Pyper et al. uses Racah techniques for

constructing the CSF. Each subshell configuration (n.K.) is

characterized by its total angular momentum quantum numbers J.,

M. and by its seniority number v., such a characterization is

complete up to f electrons. The various CSF are then generated by

coupling in all possible ways the angular momentum of the subshells

to a given total J value. The second program developped by the

author is working in term of Slater determinants and is thus the

relativistic counterpart of the method proposed by Eissner and
9

Nussbaumer . For each CSF, the N electron wave function is expres-

sed as the linear combination of determinants with a given M value
2

and which is an eigenstate of J . These eigenstates are obtained
2

very easily by diagonalization of the J matrix built up on the

basis of all possible determinants associated to the given M value.

Both of these programs provide angular coefficients not only for

the total energy but also for other quantities like oscillator

strengths or Lande gT values.

II.3 Self consistent MCDF equations

The self consistent field equations are obtained by making

the energy expression as given by eq. 10 stationnary with respect

to variations of the set of P and Q radial orbitals used to con-

struct the CSF $ , keeping the mixing coefficients w fixed. Then

by diagonalizing the Hamiltonian matrix H and selecting the

appropriate eigenvalue and eigenvector, a new set of mixing

ficients is obtained. The process is repeated iteratively until

convergence is, hopefully, reached. This process is exactly the

same as the one used by Froese-Fischer in the non-relativistic

case, but here, as the effective Hamiltonian is not bounded from

below, the solution of the variational problem is only a stationa-

ry point and never a minimum even for the ground state. In prac- ,

tice no serious problems were found when the self consistent equa*-

tions are solved numerically under the constraint that the one- r

electror- eigenvalues do not fall into the negative continuum. This ••
I
I
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constraint is easily taken into account by restricting the domain

of variation of the eigenvalues to electron like solutions. Expli-

cit expressions for the MCDF self consistent field equations can

be found in reference 11 and will not be given here. At this point

of the discussion it may be worth to point out that MCDF calcula-

tions are needed not only when, as in the non-relativistic case,

one is going beyond the Hartree-Fock approximation but also for

almost any open shell system in order to overcome the problem of

j-j coupling. As said earlier the CSF are built up by j-j coupling

the various subshells and as a single LS configuration will gene-

rally split into more than one jj subconfiguration, a single rela-

tivistic CSF will be a poor approximation to the physical state

since it is well known that for most systems the Coulomb interac-

tion dominates the spin-orbit one.

II.4 Higher order relativistic corrections

The description given by equations 1 to 4 is still incomplete

not only because the non Lorentz covariance of the 1/r.. interac-
2 1J

tion is corrected only to the lowest order in l/c by the genera-

lized Breit operator but also because its neglects quantum elec-

trodynamics effects responsible of the Lamb-shift, i.e. self-ener-

gy and vacuum polarization corrections. If these corrections are

formally of higher in a Ja expansion of the total energy, their

numerical value for inner electrons is far from being negligeable

and they must be introduced in any realistic calculation. Except
12 13

in a few cases ' these contributions are not calculated exactly
but only estimated. It has become usual to compute the self-energy

1 4
from the hydrogenic results of Mohr . Instead of using the bare

nuclear charge, each orbital is assigned a screened nuclear charge

obtained by requiring that the associated hydrogenic orbital repro-

duces the expectation value <r> of the Dirac-Fock orbital. Although

this method seems to work rather well for inner shells (Brianc,on

and Desclaux ,Beatham et al. ) its extension to more outer shells

is questionable because the dominant contribution to the self-ener-

gy arises from the amplitude of the orbital near the nucleus while

the mean radius criterion put more emphasis on the outer spatial

regions. Vacuum polarization contribution is obtained as the expect
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tation value of the Uehling potential taking into account the

finite extend of the nuclear charge distribution when needed.
I o

Since it was established by Wickman and Kroll that the domi-

nant contribution, in power of Zα, is given by the expectation

value of the Uehling potential, the vacuum polarization correc-

tion is thus obtained rather accuratly. Furthermore for electrons

this contribution is smaller than the one of the self"energy(the

reverse will hold for muons). Rational approximations to this

1 9

potential as given by Fullerton and Rinker have also been used

instead of the direct numerical integration.

Ill Illustrative Examples

III.l K electron binding energies

Now that we have defined in the previous section the appro-

ximations embedded in relativistic calculations, we will try to

assess their quality. This is by no means a trivial thing to do

since we have to deal with two conflicting constraints. On one

side, to test the relativistic corrections we should be able to

calculate the non-relativistic value under consideration to a

level of accuracy at least as good as the experimental uncertain-

ty. On the other side one would like to consider heavy atoms where

the relativistic corrections are large but then correlation effects

are very difficult to calculate with the requested precision. One

of the first candidate to try to solve this dilemna were the bin-

ding energies of inner electrons. To illustrate the kind of agree-

ment obtained between theoretical predictions and experimental

Table I
Various contributions to the K electron binding energy of Hg

DT? point nucleus 83 613.5 eV

Finite nucleus correction -54.4 eV

Magnetic interaction (m=0) -327.9 eV

Retardation (m=0) 24.5 eV

Transverse correction 6.0 eV

Self-energy -197.0 eV

Vacuum polarization 44.2 eV
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result let us just recall that for mercury the calculated value

is 83 108.9 eV while the experimental one is 83 102.3 . In table

I we display the various contributions to the calculated value o

show their relative importance. A contribution not mentionned u^

to now but which is also very important is the correction dui1 to

the finite size of the nucleus. Furthermore as pointed out some
2 I

years ago , this correction is rather sensitive to the proton

charge distribution assumed inside the nclear volume. Uncertain-

ties in the nuclear parameters may quite well be reflected by a

variation of few eV in the K binding energies of very heavy ele-

ments. If the lowest order relativistic correction, i.e. the one

due to the use of the Dirac Hami1tonian, is by far the most impor-

tant(about 8860 eV),none of the higher order corrections can be

neglected as shown by the values given in Table I, but as the va-

rious corrections contribute with opposite signsserrors, if any,

in their absolute value may partially cancel, out and give a for-

tuitous agreement with experiment. This kind of agreemen^if not

the best in this part of the periodic tablets •-:! ready impressi-

ve but can also in some sense be misleading since such calculations

leave out many body effects. Furthermore caution should be taken

when comparing atomic calculations with experiments which generally

are done with solid samples and many of them of uncharacterized

chemical composition. Beside chemical shifts, the influence of the

solid will results in a screening of the localized K hole. This

screening may be more or less efficient depending on the metallic

character of the sample but will shift the K binding energy by at

least a few <

atomic gases,

22
least a few eV compared to the values one should obtain for mono-

Ill.2 X ray energies

As we have jast discussed, inner shells binding energies are

obviously not the best choice to check high order relativistic

corrections due to the difficulty to connect atomic results with

experimental ones. One of the first thing to try to minimize is

the influence of sample chemical composition. For this purpose K

X ray energies solve most of the problem since for the inner elec-

trons involved in these transitions, the modification in the valence
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orbitals between the atom and the solid sample will be reflected

as only a change in the outer screening and consequently will not

change the difference between total energies from which the X ray

energies are calculated.

Table II

Comparison of X ray energies between low Z and high Z elements

2-3-
El. Trans. Order Energy(eV) A exp A th

Pt

Pt

Th

U

KS1

Kal

K

K

KS1

3
1

2
1

3
1

2
1

2
1

75
25

66
33

74
24

93
46

1 1 1
55

750
271

832
442

815
943

350
700

300
674

-22.06

-26.45

-3.68

-26.29

-23.49

-23.

-26.

-4.

-26.

-24.

77

00

08

37

25

A is defined as the X ray energy for the high Z element
divided by the order minus the X ray energy for the
low Z element and is given in eV.

Comparison with X ray energies has gained recently a renewal of
24

interest after Deslattes pointed out that a discrepancy increa-

sing linearly with Z seems to show up between theory and experi-

ment. To avoid any calibration problem between different experi-

ments, X ray energies for low Z and high Z elements were measured
25

simultaneously . The low Z ray energy being measured at the first

order Bragg reflection while that of the high Z was obtained at

the second or third order. The results are summarized in Table II

for five pairs of atoms and clearly no systematic deviation was

found. The reason for the discrepancy between Deslattes and above f

results is not clear and further experimental and theoretical stu-

dies need to be done. Taking again mercury as a prototype we list

in Table III the various contributions to the K . energy. Ae for ;

the K binding energy, the largest relativistic correction is the h

y
'£.
•;s
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Table III

Mercury K . X ray energy (in eV)

DF finite nucleus 71 231.8

Breit interaction (w=0) -267.8

Transverse correction 3.4

Lamb-shift correction -154,4

Total theory 70 813.0

Experiment (Ref 20) 70 819

+ as given by Beatham et al. Refl6

mental results are of extremely high

lowest order one. Breit

and QED corrections con-

tribute to about the same

amount but are here addi-

tive and do not substract

like for binding energies.

Nevertheless as these high

order relativistic correc-

tions amount to less than

a percent of the total ener-

gy, such comparison can be

useful only if the experi-

precision.

III.3 K hypersatellites
26Some years ago we pointed out that the shift between the

normal X ray and their hypersatellites,i.e. the X ray emitted in

the presence of a spectator hole, can be used as a sensitive test

for the calculation of the Breit interaction. In term of total

energies, this shift is given by:

A(Ka - = [E(ls2p6)-E(ls22p5)] - [E(1s°2p6)-E(1s2p5) ] (11)

where only the shells involved in the transitions have been listed.

If we would have assumed a frozen core approximation and neglec-

ted high order relativistic corrections, eq. 11 shows that this

shift is zero. Consequently the non zero value can only arises

from three contributions: the relaxation of the orbitals between

the various states,the change in correlation energy and the high

order relativistic corrections. For these latter ones, it is ex-

pected that the contribution of the Breit operator will be large

because only one configuration(the Is2p one) contains two open

shells for which we have a direct contribution not even partially

cancelled out. On the other hand as the number of holes adds to

zero in the above equation, the Lamb-shift which is a one-electron

contribution, will contribute only because of the relaxation of

the orbitals and thus gives only a small contribution to the shift.

These experiments on hyipersatellites provide also a very good test
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of the intermediate coupling scheme calculations if both lines

can be observed. To be more explicit let us recall that the Is
3 1

and 2p holes recouple to give P. and P. levels at the LS limit.

Thus the intensity r^tio K ./K _is a direct measurement of the

mixing between the triplet and singlet levels.

Table IV

Hypersatellites K shifts for thulium and mercury (in eV)

_ _ ,

Present - - " - J T T g

DF finite nucleus

Breit interaction

Transverse correction

Lamb-shift correction

Total theory

Experiment

+ Ref 27 ++ Ref 28

Table IV give a comparison of the calculated shifts in the only

two cases where high precision measurements have been performed
2 7 2 8

for heavy atoms ' . As expected, the Breit interaction contri-

butes to a large amount of the shift (12% for thulium and 16%

for mercury) while QED corrections are almost negligeable and
less than the contribution (2eV) due to the mixing between P.

1 '

and P. levels which is included in the DF value. The agreement

with experimental results is rather poor and much worst than for

for X ray energies. The reason of this disagreement is not obvious,

the almost perfect agreement between the two theoretical values for

mercury with two independant computer codes seems to exclude any
2 8

numerical error. In the first study of the Hg hyper satellite ,

we advocated as a possible explanation the fact that the Breit

interaction was calculated only within the average configuration

approximation for the Is2p state but the present result shows that

the error introduced is only 8eV and far from being enough to re-

solve the discrepancy. Also the transverse correction is of minor
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importance. Obviously correlation corrections are completly mis-

sing in the present study but it is unlikely that both the magni-

tude of the discrepancy for mercury and the increase in the dis-

crepancy between thulium and mercury can be attributed only to

them. As for X rays, the solid effects should not be of great im-

portance since, as already said, the number of holes cancelled out.

Clearly more experimental and theoretical efforts have to be done.

III.4 Highly stripped ions

In the previous comparisons inner shells were selected because

of their extreme relativistic behaviour but we always ran into the
2 9

problem of correlation effects. We have shown recently that very

accurate determination of the transition wavelengths of highly strip-

ped ions by beam-foil spectroscopy can also provide a crucial test

for the calculation of relativistic corrections.

Table V

Some energy levels fo Fe XXI (in cm )

Config.

2 2

2s2p3

2P4

State

3po
,so

\
'*!

3 p2
lso

1

1

2

MCDF

372

784

283

666

076

0

932

303

066

615

194

Breit

-4

-1

-4

-2

0

564

192

841

-768

365

QED

-4

-5

-8

-8

0
-92

896

250

250

1 16

For these ionized ions, as the nuclear Coulomb field remains very

strong even for the outer electrons, the correlation effects are

dominated by intra-shell contribution as indicated by the experi-

mental spectra which are grouped by the principal quantum numbers.

This configuration interaction among orbitals with the same princi-

pal quantum number can be handled rather efficiently by the MCDF

method and one might expect to obtain in that way a meaningful esti-

mate of the relativistic contributions. As test case we have studied



90

2 9

the first eighteen energy levels of carbon-like iron . The re-

sults are illustrated in Table V where we give the lowest and

highest state of each configuration. These results show the prime

importance of the Breit term to describe correctly the fine struc-

ture splittings within a given configuration while the variation

of the Lamb-shift contribution is very important for transitions

between configurations which differ in the number of 3 electrons.
30

Comparison with experimental results show that for the eighteen

levels the agreement is within 1%, the remaining discrepancy may

be reasonably attributed to inter-shell correlations. To estimate

r!.c magnitude of this contribution we have perform calculations

involving the n=3 orbitals and found that they contribute few hun-

dred of cm . We have now also extended our MCDF code to single
i

excitations with the same angular momentum i.e. of the type nj-*-n j

to include the polarization of the core Is orbital and preliminary

results show that its variation between the various states is of

the order of one thousaud of cm . This high quality esLimate of

the correlation energy obtained in the framewo',.. of the relativis-

tic theory is a real need to definitively assess the limits of the

Breit approximation for medium Z elements.

IV Concluding remarks

After a relativistic calculation has been performed, one

generally wants to compare it with its non-relativistic counter-

part in order to obtain an estimate of the importance of the rela-

tivistic corrections. If it obvious that the two calculations have

to be performed at the same level of approximations, for example

for a given level of the N electron system or for the average ener-

gy of all the levels, more subbtle differences may be hidden as
31 32

recently pointed out by Pyper and Wood . These differences are

associated, roughly speaking, either to the different coupling

schemes used in the two calculations or to the non additive nature

of relativistic and correlation corrections. If this latter point
33

is well known from the double serie expansion of the total energy ,

the former one seems to have been underestimated.

In relativistic calculations the radial functions of the j=£-l/2
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and j = £ + l / 2 a r e va r i ed i n d e p e n d e n t l y wh i l e in s t anda rd n o n - r e l a -

t i v i s t i c ones the r a d i a l o r b i t a l s s a t i s f y g e n e r a l l y the r e s t r i c -
34

ted conditions defined hy Nesbet aad depend only on th princi-

pal and orbital quantum numbers. If both calculations are done at

the same level of approximation this implicit assumes that in che

formal limit c+°° the large component of the two j=-£+l/2 subshells

reduces to the non-rel ativistic radial function while the small

component vanishes. If the small component always vanishes, the.

two large components reduce to the single non-relativistic function

only when the non relativistic |yLS> state has a single parent in
3135 3

the parentage expansion ' . If we consider for example the sp
configuration, the above condition is fullfilled by the S, S, D

1 3 3
and P terms but not by the D and P ones because both of these

2

terms have two sp parents. As a consequence, rolativistic correc-

tions deduced from the difference between usual non-re lativistic

and relativistic restricted calculations will be overestimated

since the restricted non-relativistic energy is higher than the

one expected from a calculation in which the constraint that the

two j=t+l/2 radial functions are the same is relaxed.

The last remark concerns relativistic corrections obtained

by perturbation using non-relativistic wave functions. If for the

exact non-relativistic wave function these corrections can be ob-

tained from the expectation value of the Breit-Pauli Hami1tonian,

some care has to be taken when using approximate wave functions
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Review of Many-Body Calculations
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ABSTRACT

A brief review is given of many-body perturbation theory and its

application to atomic physics. Particular attention is given to the choice

of single-particle potential used to generate excited states. Applications

to many atomic properties are discussed including hyperfine structure,

photoabsorption including multiple processes, and parity non-conserving

transitions in heavy atoms.

I. INTRODUCTION

1 2
Many-body perturbation theory was developed by Brueckner and Goldstone

1 3
and was applied to problems of nuclear structure ' and the dense electron

A
gas. Many-body perturbation theory (MBPT) has also been adapted to

problems in atomic physics and has been used to calculate many atomic proper-

ties such as correlation energies, static and frequency-dependent polari-

zabilities, hyperfine structure, and parity nonconserving transitions.

Reviews of applications of MBPT to problems in atomic physics have been

given by Kelly and Lindgren and in proceedings of a recent Nobel symposium.

With the exception of the calculations on parity nonconservation and a

few calculations of hyperfine structure, most work has been carried out

nonrelativistically. However, the method known as the random phase approxi-

mation with exchange (RPAE), which includes certain classes of many-body

diagrams to all orders, has been extended to include relativistic effects by



95

O Q

Johnson and co-workers. * There have been many impressive calculations

on closed-shell atoms using this technique, and these calculations are

reviewed in these proceedings by K. T. Cheng. This article, therefore,

is limited to perturbation calculations. Although many of the calculations

which are discussed are nonrelativistic, many of the techniques can be used

in relativistic calculations with Dirac-Fock orbitals replacing Hartree-Fock orbltals.

Section II contains a brief review of the formalism of MBPT; Section

III contains applications of MBPT to atomic properties; and Section IV

contains discussion and concluding remarks.

II. MANY BODY PERTURBATION THEORY

A. Linked Cluster Theorem

The formalism of MBPT was first discussed by Brueckner who used

Rayleigh-Schrodinger perturbation theory with many-particle determinants.

He explicitly demonstrated the cancellation of "unlinked clusters" in

low orders of perturbation theory and conjectured cancellation in all orders.

2
The general proof to all orders was given by Gcldstone using techniques

of field theory.

In the atomic problem there are N electrons interacting with two-

2

body potentials v . . = e / r in addition to one-body potent ia ls . The non-

re l a t i v i s t i c Hamiltonian is
N N

H= £ T i + E \y (D
i=1 i<j=l

where
Vi Z

Atomic units are used throughout this paper. Approximating i-#v.. by

2JV., where V. is an arbitrary Hermitian potential, H becomes

N

H = E (T, + V ). (3)
0 i=1 X ±
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The resulting eigenstates$ of H with eigenvalues E are determinants

containing N single particle solutions <j> of

(T + V ) * n - e ^ . (4)

Correlation effects are then included by using perturbation theory with

N N
H' = £ vij - L V <«

i<j=l i=1

Using the linked cluster theorem of Brueckner and Goldstone, the exact

wave function I|I and energy E are given by

i E ° •"•>

and

Ea = Ea
(0)

+<$a!H'ka>, (7)

where J^ indicates that only "linked terms" are included in the perturbation
L

expansion. Note that intermediate normalization has been used so that

<*J V = l.
B. Choice of Potential

First order corrections to $ are shown in Fig. 1 representing single

excitations (a, b, and c) and double excitations (d) of orbitals .p and q

which are occupied in $ . It is desirable to have diagrams (a), (b), and

(c) add to zero so that there are no single excitations in first order.

This is frequenty accomplished by choosing V as V _ (Hartree-Fock) so that

N

<a|v Ib> = £ {<an|v|bn> - <an|v|nb>}, (8)
n=1

for all orbitals |a> and |b>. This is usually referred to as the Hartree-

Fock potential since it will give the usual Hartree-Fock (HF) ground state

orbitals. However, the potential for the HF ground state orbitals is not
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11

I O
(a) (b)

(c)

<'k k -

(d)

Fig. 1. First order corrections to $ due to excitation of orbitals
Ob

p and q occupied in $ . In diagrams (a) and (b) n is a sum

over all occupied orbitals. In diagram (c), the cross

indicates interaction with -V.

unique as can be seen by considering the potential
10-14

where

V = V ^ + (1-P) O(l-P)

P = £ |n><n| ,

(9),

(10),

and £2 is an arbitrary Hermitian operator. For example, v|n> = V F|n> since

(1-P)|n> = 0. However, it |k> is an excited single-particle state, then

v|k> = V |k> + fi|k> -5^|n><n|fi|k>. We may then choose JJ to facilitate the

convergence of the perturbation expansion. When excited orbitals have

symmetry different from that of the orbitals occupied in $ , the potential

may be chosen arbitrarily and Eq, (9) is not needed to ensure orthogonality
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to occupied orbitals. If, however, we use V.,, of Eq. (8) then excited

orbitals are calculated with direct interactions with N other electrons.

The effect is that for neutral atoms we expect to find no bound excited

states. Equation (9) allows us to use HF occupied orbitals and excited

N-l
orbitals calculated, for example,in a V potential in which the electron

interacts with N-l other electrons. This is effected by choosing Q, for

example, as the negative of one of the interactions in VTI_, Since V in

Eq. (9) is Hermitian, we are assured that all orbitals will be orthogonal.

In second order, there are correlations to the pair excitation diagram

of Fig. l(d). These diagrams are shown in Fig. 2. Only direct interactions

are shown and exchange effects are understood to be included.

(a) (b)

(0 (d)

Fig. 2. Second-order corrections to $ involving a pair excitation

pq -* kk,. Dashed lines represent Coulomb interactions.
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Diagrams (a) (hole-hole diagram) and (b) (ladder diagram) have topological

signs +1. Diagrams (c) and (d) are hole-particle interaction diagrams and

have topological signs -1. Diagram (a) is largest when p = r and q = s.

Similarly, (c) and (d) are largest when q = r and p = r, respectively. In

these cases (b) and (c) result because excited states were calculated with

either |p> or |q> missing (V potential). In numerical calculations *

it has been found that all four diagrams of Fig. 2 are close in magnitude

but of differing signs (a and b topologically positive, c and d topologically

negative) so there is considerable cancellation among the higher-order

N-l
pair correlation diagrams when the V potential is used.

III. APPLICATIONS

A. Hyperfine Structure

Many-body theory may be used to calculate the expectation value of an

operator t), <i|> |0|^ >/<$ |$ >. It is preferable, however, to note that the

expectation value of an operator is equivalent to the sum of all energy

diatrams in which there is one and only one interaction witl. 0 and any number

of interactions with H,.

An interesting application of tb±z formalism is in hyperfine structure.

N
In the case of the Fermi contact term, 0 may be taken to be T] s .6(r.).

T^I zi ~i
17 3 1 = 1

This operator has been evaluated, for example, for the P ground state
of atomic oxygen with M. = +1, and >!„ = +1. This is a single determinant

2 2 4
Is 2s 2p with three 2p electrons with m = +1/2 and one 2p electron with

s

m = -1/2. Typical diagrams are shown in Fig. 3. Since the s-electron spins
s

are paired, there is no contribution from diagram (a). In the next order,

there are single excitations as shown in diagram (b) where n can be Is*

+ +
or 2s and m refers to the 2p electrons. The 2s orbitals are now unbalenced
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since 2s has three exchange interactions and 2s only one. The net 2s contri-

bution is 0.2239 and for Is is -.2113 yielding a net .0126. This result may

1 ft

be compared with the experimental value, .0569 obtained by Harvey. Higher-

order diagrams such as (c) including exchange and different orderings of the

interactions contribute .0574. When additional diagrams are included such as (d)

n

Fig. 3. Many-body diagrams contributing to <i|)|6|i|W<ip|t|», where
the operator 0 is denoted by a triangle.

and estimates are made of higher-order diagrams, the theoretical result is

19
.0601 which is 5.6% above experiment. Judd reports that the theoretical

value should be decreased by 2% due to relativistic effects.

More recent many-body calculations of hyperfine structure have been

20 21carried out by Lindgren and coworkers in excited states of alkali atoms '

22
and also on fine-structure intervals in excited states of Na. In the case

2 21
of the 4 D state of Rb, they find that many-body effects change the sign

of the spin-dipole hyperfine parameter from that calculated in lowest order.

23-25
Recent calculations by Andriessen et al have calculated many-body

diagrams using Dirac orbitals calculated in a v potential. They have
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made use of the procedure of Sandars and Beck in which one may specify

a given LS multiples in terms of orbitals of given &, m,,, m . These orbitals

are then expressed in terms of jm orbitals which are then replaced by Dirac

25
4-component spinors. In the case of Rb, relativistic effects increased

the non-relativistic results by 19%. Good agreement with experiment was

obtained by including both relativistic and many-body results. It did not

appear that negative energy states were included in sums over intermediate

states.

B. Photoabsorption Cross Sections

Many-body perturbation theory has also been very successful in calcu-

27-29
lations of photoabsorption cross sections as discussed in recent reviews.

iFor these cross sections we calculate <I|J_ |^^z. i<p -S where i|) and t̂  are

many-particle wave functions for initial and final states respectively.

The dipole length form z. may also be replaced by the dipole velocity

form <tyJ 2 J - T — \ty >/(E - E f ) . Both forms must give the same result when
i Zi

i|> and i|>, are eigenfunctions of H. However, agreement between dipole length

and dipole velocity many-particle matrix elements is a necessary but not

sufficient condition in determining correctness of matrix elements. It

can be shown, for example, that there is agreement when the transition matrix

elements are calculated using the Random Phase Approximation with Exchange.

It is important to note that if one starts from a closed-shell system

and makes a transition to a final state in which the excited orbitals are

calculated in a potential corresponding to a final state in which the core

and the final orbital are coupled to give B, then interactions with the

potential cancel particle-hole excitation diagrams as shown in Fig. 4.

In Fig. 4 (a) is shown the lowest-order dipole matrix element <k|z|p>.
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(b)

(c) (d)

(e)

Fig. 4. Diagrams contributing to <ij> | ^ z . |vp >. The solid dot

represents a matrix element of z and the cross represents

interaction with -V. Exchange interactions are understood.

Diagrams (b) - (e) occur in the next order of perturbation theory with (b),

(c), (d) representing correlations in the final state and (e) representing

correlations in the initial state. The potential V may then be chosen GO

that diagram (d) cancels (c) and also (b) when q is in the same subshell as

30
p. This cancellation occurs to all orders, and is known as the Tamm-

Dancoff approximation. Therefore, in first order the main correction often

comes from the ground state correlation diagram of Fig. 4 (e). Diagram (b)

accounts for coupling between different subshells. As an example, consider

the neutral argon atom 3p S. Excited states |$.> = 13p CP) k P>, where k

may have I = 0 or 2. Setting <4. t |H* |$,> = 0 determines the excited state
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Hartree-Fock potential and leads to the cancellation discussed. This same

procedure may, of course, be used in calculating any transition matrix

element, to bound states as well as to continuum states. When relativistic

orbitals are used, the potential can again be chosen to effect cancellations

of diagrams (b), (c), (d). However, it will be less effective since there

are fewer electrons in a subshell and more coupling among subshells. For

example, 3d becomes CiA*,*) (3d_ ,,,) .

When the coupling among subshells is strong, diagrams like Fig, 4(b)

and higher interactions become important. It is possible than to write

a set of coupled equations which sum these diagrams to all orders. These

diagrams also become very important for open-shell systems. An example

31 2 5 2
is found in recent work on CI 3s 3p P. There is much coupling among

2 A
excited states corresponding to different multiplets of the 3s 3p confi-

+ 2

guration of CI . For example, in the D charcel, there is much mixing between

3p4(3P)kd2D, 3p4(1D)k'd2D, and 3p4(1S)k"d2D. This mixing was calculated

by solving the appropriate coupled equations and resulted in a significant change
31

in the photoionization cross section from the Hartree-Fock result.

C. Double Photoionization Cross Sections

The process of double photoionization, in which one photon is absorbed

and two electrons are emitted, is readily described by many-body perturbation

theory (MBPT). This process only exists because of electron correlations,

but it can contribute a significant fraction of the total cross section when

it is energetically allowed. With the exception of He, all calculations of

this process have used MBPT, These calculations are reviewed in references

28 and 29. The lowest-order diagrams contributing to this process are

shown in Fig. 5; diagrams(a) arid (b) represent to initial state correlations

and diagrams (c) and (d) represent final state correlations.
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(a)

(c)

Fig. 5. Lowest-order diagrams contributing to double photoionization.

The heavy dot indicates a matrix element of the dipole

operator z.

This process is much more complicated than single photoionization since an

infinite number of outgoing partial waves contribute. Consider, for example,

32 ++
the ejection of two 3p electrons from argon. The remaining cores of Ar

3 1 1
are p, D, and S. These must couple with the outgoing pair to give

P. The outgoing partial waves which were calculated were kskp, kpkd,

kdkf, and kskf, with kpkd being the largest. Convergence appeared to be

rapid. In addition, ejeccion of a 3s3p pair contributed 23% cf the total

double cross section at 101 eV, even though the single photoionization 3s-

33—38
cross section is quite small. Experimental results for argon are

compared with the MBPT calculations in Fig. 6. The calculations consisted of
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the diagrams in Pig. 5 and small higher-order effects due to correlating

the dipole matrix elements in diagrams (c) and (d). The higher-order

contributions tended to bring length and velocity results closer. In

the calculations, both outgoing electrons were calculated in a v

potential. However, ."rom a physical point of view it might seem more

N-l
appropriate to calculate one state in a V potential and the other in a

V potential. It is expected that this would improve agreement vith

32
experiment near threshold. The calculations only included correlations
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33

among 3s and 3? electrons. Deviations from experiment ara noticed

near 240 eV as the 2p threshold is approached. The large AΓ production

is due to the Auger process which is represented by diagram (d) of Fig. 5

with p = 3p, q = 3p, and r = 2p. Prior to the 2p edge, this diagram will

already become large and there will be significant interference between

this diagram and Che other diagrams of Fig. 5 representing direct double

photoionization. It will be interesting to carry out calculations of this

process.

D. Parity Nonconservation

According to the Weinberg-Salam (WS) theory ' of weak interactions,

there is a parity-nonconserving (PNC) term in the Hamiltonian due to the

electron-nucleon interaction given by

GF

i

where 0 is the Fermi weak-coviling constant, and Q
u
 is a dimensionless

charge given in the WS theory by

0 = Z(l-£sin
2
9 )-N. (12)

W W

The terms Z and N are, respectively, the proton and neutron numbers, and

2 41

d is the Weinberg angle. Experimentally, sin 6 = 0.228 + 0.009.

The quantity p« is the nuclear density. Discussions of parity violations

in atoms have been reviewed by Bouchiat and Bouchiat who proposed searching
42

for PNC in atoms of high Z.

The PNC interaction admixes states of opposite parity into unperturbed

initial and final states, allowing electric dipole transitions between

these states. The PNC optical rotation in these transitions is described

by the parameter
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R = im (El/Ml), (13)

where El and Ml are electric and magnetic dipole operators respectively.

To first order in V „, the El matrix element between states |l> and |F>

is given by

Ei = £ /<F|D|k><k|V
pNC
|l>

\

V
p N C

|

k \ V\

/

\

<F|VpMClk><k|D|l>
p M C

V
E
k

All calculations prior to 1979 had used D = -r. Calculations of PNC for

atoms have been reviewed by Sandars. For a central potential V(r)

and a one-electron Dirac Hamiltonian given by

H = (α-p + 0rac
2
 + V(r), (15)

the commutator

[r.Hl! = ica, (16)

and so

<b|r|a> = (E
a
-E

b
)

-1
<b|ica|a>, (17)

where |a>, |b> are eigenstates of H with eigenvalues E , E,.

cL D

Calculations have been carried out for atomic bismuth (z=83) for

2 3 4 2
transit ions from the 6s 6p S,<2 ground s tate to excited s tates D /„,
2 2 2 2 3

D5/2* P l / 2 ' a n <* ^3/2 °̂  t * i e ^ s ^ configuration. In jj-coupling,the
 4
S

3 / 2
 state is (&P

1 / 2
)

2
6p

3 / 2
5 \

/ 2
 is (6p

3 / 2
)

2
 (J'=2)6p

1/2
 (J = 3/2);

2
D

5 / 2
 is ( 6 p

3 / 2
)

2
 (J

,
 = 2)6p

1 / 2
 (J = 5/2);

 2
P

l / 2
 is ( 6 p

3 / 2
)

2
 (J

,
 = 0) 6 p

1 / 2

2 o

(J = l/2);and P ^ is (6p,#
2
^ (

J =
 3/2). Intermediate coupling results

4 2 2
were also obtained by didgonalizing H among the S,»

2
,

 D
^/2»

 an<
*

states. The results were similar to those obtained previously by



108

49
Landman and Lurio.

The sums over excited states in Eq. (14) were carried out by a relati-

vistic version of the inhomogeneous-differential-equation (Sternheimer)

technique. In this case one calculates the first-order perturbed wave

function directly. One may use either D or V
 N
_ as the perturbation. Thi3

Table 1. Optical rotation parameter R = Ira(El/Ml) for atomic bismuth.

Upper
Level

P3/2

Sn

\/2

2°3/2

M JΜ
lz E

-0.113

0.222

-0.120

0.593

\

o.ob

-43.8C

-19.54b

-32.3C

-19.54b

-22.9°

-15.54b

-16.6C

o.oob

-4.05 c

-6.'o5b

-6.64°

-9.32b

-3.11C

-12.61b

-13.7°

Other
Theory

-49d

-32d

-14 e

-17 g

-14d

-12 e

-19 f

Experiment

-20+5.5h

+2.7+4.7 1

-2.34+1.261

-0.7+3.23

+0.2+1.5 k

a 8 2

Entries given are 10 R. sin 0
W
 = .25 used in calculations. R^ is R

calculation with D = -z. Ry is calculated with D = J
- 1
 icO3 with U)

equal to experimental difference between ground and upper level.

Calculation by Carter and Kelly, ref. 44, in jj coupling.

Calculation by Carter and Kelly, ref. 44, using intermediate coupling.

Semi-empirical calculation by Novikov et al,, ref. 51.
e
Harrls et al., ref. 52,

Henley et al., ref, 46.

^lartensson, ref. 53.

Barkov and Zolotorev, ref. 54.

Baird et al., ref. 55.
J
Lewis et al., ref. 56.

rortson, ref. 57.

Bogdanov et al., ref. 58.
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procedure was used by Sandars and co-workers ' ' with an empirical local

44
potential and by Carter and Kelly using a Dirac Hartree-Fock potential

determined from the average-of configuration energy for the coupling

6p_ iJ^V-i ij*-s (J = 3/2) which most nearly describes the dominant contributions

in the intermediate states. Equs.tion (9) was used to ensure orthogonality

of ground-state and excited state orbitals. Contributions due to ns6p

excitations were also important and were calculated separately.

Results of various calculations and experiments are summarized in

Table I. It is clear that the only experimental result within a factor of

54
two of theory is the experiment by Barkov and Zolotorev. The most recent

58
experiment, by Bogdanov et al., does not agree with theory. The "velocity"

calculations using tu "ica in place of z in Table I are listed under R,7.
z v

It is interesting to note that the very large "length" vs. "velocity"

2
discrepancy for the Dg/2 transition occurs when intermediate coupling is

used. Tiie constancy of length results calculated in jj-coupling is also

interesting. Earlier calculations using semi-empirical potentials were

considerably higher ' ' than the more recent results listed in Table I.

52
The calculations by Harris et al result in a reduction of their

lowest-order result by 0.500. Their calculation is essentially a time-

dependent Hartree-Fock (TDHF) calculation with V N C added but which omits

exchange terms, includes only the K=1 term in the spherical harmonic expansion

of r , and replaces the self-consistent field by a parametric potential.

52
Harris et al have also calculated all diagrams which are first-order in

the coulomb interaction and find a result opposite in sign and greater than the

lowest-order term. This necessitated the TDHF calculation. Somewhat similar

53 2

calculations have been also carried out by Martensson for the Do/2 transi-

tion, who has used both a local potential and Dirac-Hartree-Fock v potential.
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She finds R is -18 and -10 (in units of 10 ) for the local and DHF

potentials respectively in lowest order. Including the TDHF coupling,

the DHF result becomes -18. The reason for the small lowest order result

N
in the DHF case is evidently due to use of a V potential rather than

N-l
a V potential.

Experimental and theoretical results have also been obtained for

R for the 6p ,„ ->• 7p1/? transition in Tl. The experimental value for R

59 -3
measured by Commins et al. is (2.6 + 1.2) x 10 . Calculations by Neuffer

and Comralns used a parametric potential and a Green's function to sum

_3
over intermediate states and resulted in IL = (1.2 + 0.5) x 10 . Cal-

culations by Carter and Kelly resulted in Rj = 1.11 x 10 and R^ = 1.06 x

—3 —5
10 when the experimental value Ml = -2.11 x 10 ]!„ is used; and

-3 -3
^ = 1.47 x 10 and Rv = 1.40 x 10 when the calculated value Ml z =

-1.593 x 10 yB is used. For the 6s. ,„ -»• 7s.. ,„ transition in Cs, a value

-4 42
R = 1.1 x 10 has been calculated as compared with the experimental

value62 R = (5.6+18) x lO-4.

IV. CONCLUDING REMARKS

In the previous sections the theory of many-body perturbation theory

has been reviewed. Methods for applying many-body theory to atoms have been

discussed, and applications to hyperfine structure, single and double

photoionization cross sections, and parity non-conserving transitions

have been discussed. The importance of the proper choice of V "" potential

has been emphasized. Most applications have been to atoms of relatively low

z in which relativistic effects are of small importance. Other topics where

many-body theory has been successful in accounting for important correlations

effects include two electron-one photon transitions and Auger transitions.
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For atoms of high Z, it becomes increasingly important to account

for relativistic effects. This is very evident in the calculations of

parity nonconservation which have been carried out on Bi(Z=83), Tl(Z~8l),

and C (Z=55). In the case of bismuth, the nonrelativistic calculations give
s

a result approximately a factor of ten lower than the relativistic

calculations. Although a certain class of higher-order diagrams in Bi was

included by an approximate time-dependent Hartree-Fock calculation, it is

very desirable to carry out a more accurate calculation of these effects

including exchange. It would also be interesting to calculate other

diagrams such as the renormalization diagrams which are second order in

H,.

It is also interesting to consider the significant "length" versus

2
"velocity" discrepancy in the PNC calculations of bismuth. For the D,. ,„

transition, "length" was approximately a factor of two larger than "velocity"

in jj-coupling« However, in intermediate coupling, the "velocity"

result appears extremely low being reduced by a factor three compared to the

2
jj-coupling result for the D.,. transition. For exact wavefunctions, we

expect both results to be equal; and a discrepancy may give an indication that

the wavefunctions are not yet sufficiently correlated. Nevertheless, a number of

articles have been written expressing preference for either "length" or "velocity"

form. A particularly interesting discussion of this problem has been given by

Hiller et al. who show that the PNC transition can have an appreciable

contribution from states involving an extra electron-position pair, However,

they conclude that accursce results can be obtained by including only

positive-energy eigenstates as intermediate states and using the "length"

form of the dipole operator rather than the "velocity" form. We note that

the inhomogeneous differential-equation i.Sternheimer) technique includes a



112

complete set of states and so includes the negative-energy as well as

positive-energy states. Nevertheless, the contribution from negative-

energy states is expected to be small.

It is seen that it is important and very challenging to develop

techniques and programs to carry out relativistic many-body perturbation

calculations for open-shell atoms.
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ABSTRACT

A brief review is given for the relativistic random phase approxima-

tion (RRPA) applied to atomic transition problems. Selected examples of RRPA

calculations on discrete excitations and photoionization are given to illustrate

the need of relativistic many-body theories in dealing with atomic processes

where both relativity and correlation are important.

I. INTRODUCTION

The RRPA is an approximated relativistic many-body theory designed to

treat atomic transitions in atoms and highly stripped ions where both relativity

and correlation are important. The governing equations may bft developed from

quantum electrodynamics using perturbation theory, or alternatively from time

dependent Hartree-Fock (TDHF) theory. In the perturbation approach, the ground

state is taken to be the Fermi-level of a closed-shell system with N electrons,

and diagrammatic method may be used to describe the excitation of the ground

state caused by an external photon. The lowest order terms included in photo-

excitation processes are illustrated in the Feynman diagrams of Fig. 1. The

RRPA transition amplitude is obtained from these diagrams by iteration at the

photon vertex.
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(a)

a a a a..v
(b) (c)

a a

\

(d) (e>

Fig. 1. Lowest order Feynman diagrams contributing to the RRPA

amplitude. Electron in a Dirac-Fock potential;

Coulomb part of the photon propagator; /\s\/\/\,

external photon; a and a, electron and hole labels,

respectively.

In Fig. 1, we consider only the Coulomb part of the electron-electron

interaction and omit the transverse part which leads to the Breit interaction.

We also omit radiative corrections which lead to the Lamb shift. Errors due to

the omission of the Breit interaction and the Lamb shift are insignificant for

many practical applications, and when corrections for these effects are required,

2
they may be accounted for as perturbaticr.s. Errors due to the omitted Coulomb

terms in higher order diagrams, on the other hand, are more difficult to access;
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nevertheless, experience with a large number of applications of the nonrela-

tivistic random phase approximation with exchange (RPAE) shows that such

calculations in general agree very well with experimental measurements,

In the past few years, there have been a number of applications of

O/1*1 1OOO

the RRPA to photoexcitation ' and photoionization studies. A brief

account of the RRPA theory will be given in the next section, followed by examples

of these calculations.

II. THEORY

As mentioned in the introduction, the RRPA equations can be obtained by

23
linearizing the TDHF equations describing the response of an atom to a time

dependent external field v(t). The Hamiltonian of the system is given by:

N
H = HQ + I v±(t) ,

i=1
(1)

N
where H_ = £ h. + £ e /r.. is the usual many-electron Dirac-Coulomb Hamil-

1=1 1 - i > j 2 1 J 2
tonian, with h = ca»p + 6mc - Ze /r being the single electron Dirac Hamiltonian.

Starting from the time dependent variational principle
24

-ifi-^|r> = 0 (2)

we seek a stationary solution to the above equation with the trial wavefunction:

1
(3)
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In the absence of the time dependent external field, the single electron Dirac

wave functions are given by i>(r,t) = u(r)e , and the variational calcula-

tion leads to the usual Dirac-Fock (DF) equations for atomic ground states:

(h+V-ei)ui = 0, i = 1.2 N , (4)

where e. is the eigen-energy of the DF orbital u., and wheie V is the DF

potential given by:

N 3

V U(r) = I e2 / - J - ~ [(U!U)'U-(U:U)'II] . (5)

| J J

3
I e2 / - J - ~ [(U!U)'U-(U:U)'II] .
j=1 |r-r"I J J

Application of a time dependent external field, v(t) = v e + v e , induces

a time dependent perturbation to the orbitals:

u<?) + W+(r)e
_iu,t + W_(?)eil,,t + ... . (6)

Neglecting higher order terms, the RRPA equations for the f i rs t order perturbed

orb'.-als, W. + , can be obtained from the linearized TDHF equations as:

[h+V-(Ei±ui)]Wi± = -V^1}
 U i , i = l , 2 , . . . , N , (7)

where the f i r s t order perturbed potential V̂  is given by:

(8)

If we leave out the driving term -VJ; u . , Eq. (7) reduces to the

excited s ta te DF equation for W , with excitation energy a: (there i s no non-
2

t r i v i a l physical solution to W. in the DF approximation for u « 2mc ) .
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Correlation effects are included in the RRPA through the perturbed potential

V^ which induces couplings between excitation channels u. •+ W.
+
. The eigen-

values u of Eq. (7) provide an approximation to the excitation spectrum of the

atom, including a discrete range and a continuum. The positive frequency com-

ponents of the eigenfunctions, W., , describe atomic excited states including

final state correlations illustrated in Fig. 1 (b,c), while W describes ground

state correlations illustrated in Fig. 1 (d,e). More detailed discussions of

the RRPA equations and their physical implications can be found in Refs. 15 and

25. We note that since the RRPA leads to single particle Dirac equations for

individual orbitals, the problem of "continuum dissolution" associated with the

many-electron Dirac-Coulomb Hamiltonian H
o
 does not lead to complications here.

In radiative processes, the electron-photon interaction in the Coulomb

gauge is given by v = ea-A and v_ = v . The transition amplitude from the

ground state to an excited state is Chen given by:

T = I e / d
3
r[wl α-t u.+ul α-t W. ] . (9)

i=1
 x x x 1 _

An important property of the RRPA transition amplitude is that it is gauge

invariant — e.g. the oscillator strength calculated in the length gauge is

the same as that calculated in the velocity gauge — in contrast to other approx-

imate many-body methods such as the Hartree-Fock (HF) theory which give gauge

dependent transition amplitudes. In practical applications, we usually truncate

the RRPA equations to simply numerical calculations, and the transition amplitude

is no longer gauge invariant. The degree of gauge dependence can then be

used as a measure of the truncation error.

III. PHOTOEXCITATION

The RRPA has been applied to treat discrete excitations in highly

stripped ions where both relativity and correlation are important. Allowed
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and forbidden transitions for ions in the He, ' Be, Mg, Zn ' and Ne

sequences have been studied. We presented selected examples here to illustrate

the utility of the RRPA technique. A more detailed summary of these results is

given in Ref. 26.

In the Be sequence, the electric dipole interaction induces four

interaction channels: ls-mpj,.,, np3-2 and 2s-*npj,2» np3<2 (actually, there are

eight coupled channels in RRPA calculations if we count positive and negative

2 1
frequency channels separately). For the transition from the (2s ) S ground state

to the (2s2p) P° excited state, we first omit contributions from Is channels

aad obtain truncated RRPA values. As we can see from Table I, the agreement

between length and velocity form oscillator strengths is poor for these "frozen-

core" results. The full RRPA calculation including all excitation channels

retains gauge invariance of the transition matrix elements, as reflected in the

perfect agreement between length and velocity form results. In the same table,

Table I. Oscillator strengths of the resonance transition, (2s~) S-(2s2p) P ,

for Be-like ions.

Truncated RRPAa Full RRPAa MCDFb

Ar 1 4 +

Mo 3 8 +

length

velocity

length

velocity

0.199

0.228

0.140

0.151

0.198

0.198

0.140

0.140

0.208

0.173

0.140

0.134

aLin and Johnson, Ref. 7

Cheng and Johnson, Ref. 27

we include also the sulticonfiguration Dirac-Fock (MCDF) results of Cheng and

27
Johnson for comparison purposes. As one can see, the length form results in
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all three calculations are in good agreement with each other, while the velocity

form results are quite sensitive to approximations involved in the calculations.

This suggests that the length gauge may be preferred in transition calculations

where gauge invariance is violated.

In Table II, we present some results of a truncated RRPA calculation

2
for Mg-like ions in which only excitations of the 3s valence electrons are

included and excitations of the core electrons are omitted. In spite of this

2 1
approximation, the excitation energies of the resonance transition, (3s ) S-

(3s3p) P°, are in good agreement with experiment. Furthermore, length and

velocity form oscillator strengths agree to within one or two percent, and are

in good agreement with corresponding MCDF length forms results of Cheng and

28
Johnson. The success of the frozen-core approximation in this case can

Table II. Excitation energies u> (in atomic units) and length form oscillator

strengths f of the resonance transition (3s ) S-(3s3p) P for

Mg-like ions.

u> RRPAa

MCDFb

Experiment

fL RRPAa

MCDFb

Ar

0.7798

0.7928

0.7779C

1.27

1.25

Fe 1 4 +

1.605

1.628

1.604d

0.83

0.82

>, 30+
Mo

3.93

3.97

3.89e

0.55

0.54

Shorer, Lin and Johnson, Ref. 8

Cheng and Johnson, Ref. 28

Sfoore, Ref. 29

Cowan and Widing, Ref. 30

eHinnov, Ref. 31
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be attributed to a tight Ne-like core. By contrast, a similar two-channel

frozen-core calculation for the resonance transition (4s ) S-(4s4p) P in

9 10

Zn-like ions no longer includes dominant correlation effects, as the 3d core

is easily polarized, resulting in 10-20% changes in the oscillator strengths

when 3d excitation channels are included in the calculation.

IV. PROTOIQNIZATION

The RRPA has been applied to studies of low energy atomic photoioniza-

tion of rare gas atoms. Subshell cross sections as well as angular distribution

and spin polarization of photoelectrons are calculated, and results are in good

agreement with experiment. A few examples of these studies are presented here,

with emphasis on the interplay between correlation and relativity in photoioniza-

tion processes. Only length form RRPA results are given, as they agree with

velocity form results to within a few percents in all these calculations,

i) Total Cross Sections

In Fig. 2, we show total photoionization cross sections for xenon

atoms. One general observation that can be made is that correlation effect as

measured by the difference between HF and RRPA results is sizeable. More-

over, the inclusion of excitation channels of the 4d shell in the RRPA calcula-

tion substantially improves the agreement between theory and experiment,

reflecting the importance of core polarization effect in xenon. It should be

mentioned here that no relativistic effects show up in total cross sections and

that RRPA results are generally in close agreement with nonrelativistic RPAE

calculations for rare gas atoms.
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photon energy w. Experiment: •• West and Morton,

Ref. 32; X Samson, Ref. 33. Theory: and RRPA,

three- and two-shell correlation results, respectively,

Ref. 16; • Kennedy and Manson, V"ef. 34.

ii) Partial Cross Section Branching Ratios

Nonrelativistically, there is no distinction between subshells of the

same fine structure, and the partial cross section branching ratio for two such

subshells will be the "statistical ratio" given by their relative occupations.

Experimentally, it has been known for some time that the branching ratios of

outer np cross sections for rare gases depart from the statistical ratio of 2.

In Fig. 3, the RRPA branching ratios a(5 2P 3 / 2): °(5
2P1/2) in xenon are compare

with measurements ' and with DF 3 7 and Dirac-Slater (DS) results.36 The

35
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three-shell (5s+5p+4d) RRPA calculation is seen to represent experimental values

better than uncorrelated calculation. Similar RRPA calculations have been

reported for the a(4 D ^ ) : a(4 D ^ ) branching ratio in xenon.14 Because of

the sensitivity of branching ratios to both correlation and relativity, such

measurements provide interesting tests of relativistic many-body theories,

iii) Angular Distributions

In the dipole approximation, the photoionization differential cross

section is given by:
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(10)

Here, 0 is the angle between the photon momentum k and the electron momentum

p, o is the photoionization cross section and & is the angular distribution

asymmetry parameter.

For the 5s -*• ep photoionization in xenon, nonrelativistie calculation

shows that 8=2, independent of photon energy, whereas relativistically, g can

depart from 2 because of the interference between 5s •+ ep, ,„ and 5s -* ep^/2

channels. Experimentally, deviations from the value of 2 for &5 have bean

observed near the Cooper minimum of the 5s partial cross section. As shown in

Photoelectron energy (eV)
5 15 25 35 45

RRPA(5s,5p,4d)

RRPA(5s,5p)

\ h RPAE(5s,5p,4d)

30 40 50 60
Photon energy (eV)

70

Fig. 4. The asymmetry parameters 6 for the 5s shell of xenon as

functions of photon energy u. Experiment: £ Dehmer and

Dill, Ref. 38; J White et al., Ref. 39. Theory: RRPA,

Refs. 13, 16; Cherepkov, Ref. 40; Huang and

Starace, Ref. 41; • Ong and Manson, Ref. 42;

Walker and Waber, Ref. 43.
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Fig. 4, successful explanations of these data again come from relativistic

many-body calculations which account for dominant correlation effects — in

this case, the RRPA three-shell (5s, 5p, 4d) correlation calculations,

iv) Spin Polarizations

Even with unpolarized incident radiation, the photoelectron is in

general polarized in the direction perpendicular to the reaction plane defined

by the incident radiation and the outgoing electron. In the dipole approximation,

the degree of polarization P (y / / k*p) is given by:

P _ n sinQcosO (11)

y i
1- ig P2(cos9)

In Fig. 5, the measured spin polarization parameters n of the 5p shell are

given, along with various theoretical results. Once again, we find good agree-

47 17
ment between experiment and the RRPA three-shell calculation. Similar

RRPA studies of the r|-parameter for ns -»• ep photoionization in rare gases have

18
been reported. Sizeable polarization is found near the Cooper minima in spite

of the nonrelativistic prediction that there should be no spin polarization for

the ns photoelectrons.

v) Autoionization

To analyze autoionization resonances, it is not convenient to solve

the RRPA equations directly, since the computer time required to scan through a

family of resonances would be prohibitive. As an alternative, we use the method

52 53
of multichannel quantum defect theory (MQDT) pioneered by Seaton and Fano

to impose boundary conditions on the RRPA equations. Sets of eigen-channel

quantum defect parameters are then obtained at several energies in the auto-

ionizing region of the spectrum. In spite of rapid variations of physical
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Fig. 5. Spin polarization parameter r\ of xenon 5p shell photoion-

ization. Experiment: $ Heinzmann, Schbnhense and Kessler,

Ref. 47. Theory: RRPA, Ref. 17; Cherepkov,

Ref. 48 (note that there i s a sign error in this reference):

, • , - multichannel quantum defect

results of Ref. 47 obtained with different sets of parameters

from Refs. 49, 50 and 51, respectively.

observables such as cross sect ions, angular dis t r ibut ions . . . e tc . in the resonance

region, these quantum defect parameters are smooth functions of energy which

can be interpolated or extrapolated. At any energy point, we can reconstruct

transition amplitudes and hence cr, 6, n . . . e t c . from these parameters. A detailed

description of th is procedure i s given in Ref. 21. Ab in l t io studies of the
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21
inner shell resonances Is •+ np in Be-like ions and the Beutler-Fano resonances

20 22
in rare gases ' have been reported. We shall give an example here to show

the validity of this method.

The low lying spectra of the rare gases consists of five interacting

Rydberg series, three of which arise from excitations of outer p,,, electrons to

ns1 ,„, nd.,?, nd,.,- states, and two of which arise from excitations of outer

P1 .„ electrons to ns. ,„ and nd.,« states (termed ns
1 and nd1, respectively).

The first three series converge to the P_.„ threshold, while the remaining

two converge to the P°<2 threshold. Between the P° ,„ and P.. ,. thresholds,

we thus have two series of autoionizing resonances the Beutler-Fano

resonances ' arising from the ns' and nd' states. In Fig. 6, we compare

our calculated resonance profiles in xenon with recent experimental measurements

by Eland. As one can see, the general features of the autoionization profiles

consist of sharp ns' resonances superimposed on broad nd' resonances. The

observed spectrum is well represented by the theory, except for the rapid

decrease in the size of the ns' peaks which is due to finite instrumental

resolution.

In Fig. 7, we compare the RRPA prediction of the angular distribution

^-parameters for xenon near the (6d',8s') resonances with the measurements of

57 49 51

Samson and Gardner, and with two MQDT calculations by Dill and by Geiger

based on empirical quantum-defect parameters. The overall agreement is good,

except for detailed features near the 8s1 resonances.
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1020 960

Fig. 7. Angular distribution asymmetry parameters B plotted against

photon wavelength A in the autoionization region of xenon.

Experiment: + Samson and Gardner, Ref. 57. Theory:

RRPA, Ref. 22; • Dill, Ref. 49; Geiger, Ref. 51.

CONCLUSION

In the previous sections, we give a brief review of atomic structure

calculations using the RRPA. There are other possible applications of RRPA in

addition to those mentioned here. One important application is the study of

elastic scattering of photon, together with associated analysis of atomic sus-

ceptibilities and shielding factors, especially for high Z atoms and ions.58

Another important application of the RRPA is to the study of parity non-conserving

59
(PNC) neutral weak currents in atoms; nonrelativistic RPA studies of core

shielding corrections to PNC interaction have been reported by Harris et al

The RRPA is found to include dominant correction effects in atomic

processes and is very successful in dealing with closed shell systems. It is

60
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desirable to develop similar relativistic many-body techniques for open shell

systems.

ACKNOWLEDGEMENTS

The RRPA is developed through the collaboration of C. D. Lin,

A. Dalgarno, P. Shorer, C. M. Lee, K.-N. Huang, V. Radojevic and M. LeDourneuf.

The work of KTC is supported by the Division of Basic Energy Sciences of the

U. S. Dept. of Energy. The work of WRJ is supported in part by the National

Science Foundation.

REFERENCES

1. See for example, A. L. Fetter and J. D. Walecka, Quantum Theory of Many-
Particle Systems (McGraw-Hill, New York, 1971), p. 156.

2. W. R. Johnson and C. D. Lin, Phys. Rev. A14, 565 (1976).
3. M. Ya Amusia and N. A. Cherepkov, Case Studies in Atomic Physics 5_, 47 (1975).
4. C. D. Lin, W. R. Johnson and A. Dalgarno, Phys. Rev. A15_, 15A (1977).
5. W. R. Johnson, C. D. Lin and A. Dalgarno, J. Phys. B9, L303 (1976).
6. C. D. Lin, W. R. Johnson and A. Dalgarno, Astrophys. J. 217, 1011 (1977).
7. C. D. Lin and W. R. Johnson, Phys. Rev. A15_, 1046 (1977).
8. P. Shorer, C. D. Lin and W. R. Johnson, Phys. Rev. A16, 1109 (1977).
9. P. Shorer and A. Dalgarno, Phys. Rev. A16, 1502 (1977).
10. P. Shorer, Phys. Rev. A18, 1060 (1978).
11. P. Shorer, Phys. Rev. A20, 642 (1979).
12. W. R. Johnson and C. D. Lin, J. Phys. B10, L331 (1977).
13. W. R. Johnson and K. T. Cheng, Phys. Rev. Lett, 40, 1167 (1978).
14. W. R. Johnson and V. J. Radojevic, J. Pbvs. Bll, L773 (1978).
15. W. R. Johnson and C. D. Lin, Phys. Rev. 2JD, 964 (1979).
16. W. R. Johnson and K. T. Cheng, Phys. Rev. A20, 978 (1979).
17. K.-N. Huang, W. R. Johnson and K. T. Cheng, Phys. Rev. Lett. 43>, 1658 (1979).
18. K. T. Cheng, K.-N. Huang and W. R. Johnson, J. Phys. B13_, L45 (1980).
19. K.-N. Huang, W. R. Johnson and K. T. Cheng, Phys. Lett. 77A, 234 (1980).
20. W. R. Johnson and M. LeDourneuf, J. Phys. B13_, L13 (1980).
21. C. M. Lee and W. R. Johnson, Phys. Rev. A22, 979 (1980).
22. W. R. Johnson, K. T. Cheng, K.-N. Huang and M. LeDourneuf, Phys. Rev. A22,

989 (1980),
23. A. Dalgarno and G. A. Victor, Proc. R. Soc. A291, 291 (1966).
24. See, for example, G. E. Brown, Unified Theory of Nuclear Models (North-

Holland, Amsterdam, 1967) p. 49,59.
25. P. Sborer, Thesis, Harvard University (1979).
26. W. R. Johnson, C. D. Lin, K. T. Cheng and C. M. Lee, Phys. Scripta ĵ 1,
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APPLICATION OF DISCRETE BASIS SET METHODS TO

THE DIRAC EQUATION

G.W.F. Drake

Department of Physics, University of Windsor
Windsor, Ontario, Canada. N9B 3P4

Standard variational techniques using discrete sets of
2

L (square integrable) basis functions have been used with great

success over the past twenty years to calculate a wide variety of

atomic properties for both bound and scattering states. Underlying

much of this work is the variational representation of the resolvent

operator

lib ><\h I
n n

n

b ><\h I
(z - H) = I

where |ib > are the eigenvectors and E the eigenvalues obtained by
2

diagonalizing the Schrtidinger Hamiltonian H in a discrete L basis

set.

We have successfully extended many of the same techniques

to the relativistic Dirac Hamiltonian H^. For a one-electron atom,

the additional complication is that H_ has both positive and negative

energy eigenvalues, both of which must be included in the summation

in (1). Also, unlike the non-relativistic case, an arbitrary 4-

component trial function does net in general yield an upper bound

to the ground state energy. However, for the Coulomb problem, it

can be shown that the two roots obtained from a trial function of

the form
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= a*(r) + b«t)(r) (2)

2

where <J)(r) is an arbitrary L radial function, a and b are linear

variational parameters and 0... . is a two-component spherical

spinor (£' = 2j- £), are respectively upper and lower bounds to

the lowest positive energy and highest negative energy eigenvalues

with total angular momentum 3 = t + s. Furthermore, we have

established by numerical calculations that the 2N roots obtained

from extended t r i a l functions of the form

N _
( 3 )

n=0

yield increasingly accurate upper bounds for the first N positive

energy eigenvalues as N is i.ncreased, together with N negative

roots which represent the negative energy continuum.

Fig. 1 shows the distribution of the ns , ^ variational

eigenvalues for Z = 92 and a = 65.2 (see Eq. 3) as a function of

the size of the basis set. Note that the vertical scale is

logarithmic. The positive roots approach the exact eigenvalues

from above as N is increased, while the negative roots approach
2

-me from below.

We have verified that relativistic sum rules which include

negative energy contributions of the form

S. = E (E - E n ) 1 ^ ij>n|rU >| (4)

1 n n u ' U n

are satisfied to high accuracy by the basis sets. The exact

values of the S.̂  can be found by replacing factors of E - E« by
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factors of [r,H] in the matrix element. The results are

So = <¥0|r
2|*0> (5)

Sx = 0 (6)

5 2 = 3c
2 (7)

53 = -4c
2<^0|r«VV|i|i0> - 6c

4<*0|6|4'0> (8)

5 4 = -8c
A<*0|v

2|4»0> + 12c
6 (9)

The values obtained by performing directly the summation (4) with

variational 14 term nP,.* and nP-,~ basis sets are compared with

the exact values for the ground state in Table 1. The agreement

is excellent except for the higher moments at high Z.

The basis sets described here provide a convenient method

for the direct relativistic calculation of a wide variety of atomic

properties. Results have been obtained 'or the ground state

polarizability, and the 2s, <o - -̂si/o two-photon transition rate

of hydrogenic ions. The latter calculation includes all retard-

ation effects and contributions from higher photon multipoles. The

results are about 20 (aZ) % larger than an earlier calculation by

Johnson due to the inclusion of some retardation effects which

he omitted. A selection of integrated decay rates is given in

Table 2. The results have converged to the number of figures

quoted, but a reduced mass correction factor of (1 - m/M) has not

been included. Decay rates for other ions not listed can be

estimated from the empirical formula
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w . 8 2 29 73 Z
6 [1 + 3.9448(aZ)2 - 2.04Q(aZ)4]

[1 + 4.6019(aZ)~j

to an accuracy of + 0.05% in the range 1 <_ Z <_ 92.
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TABLE I

Comparison of Sum Rules with Exact Values for

the ls-|/2 State, using a 2 x 14 Term Basis Set

AV si a

Sum Exact Value*3 Z = 1 Z = 50

SQ (Y+1)(2Y+1)/2Z 2 -5 x 10"10 7 x 10"

sx o

S 2 3/a2

S3 - 7 ̂ + f>
<? 4r2(Y

2-l)(Y-2)

6

1

3

2

X

X

X

X

io-8

io-9

lo-ii

ID"1 0

5

6

2

2

X

X

X

X

lO"7

10"6

lO"5

1 0 - 3

a AS^ = Si(exact) - S.(sum rule). For 3 , the number

tabulated is ASĵ  instead of AS-L/S;,.

b Y - [1 «2Z2V
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TABLE II

Decay Rates for Hydrogenic Ions

IM

1

10

12

14

16

18

20

26

36

40

45

Rate (sec )

8.2291

8.2010(6)

2.4451(7)

6.1547(7)

1.3686(8)

2.7682(8)

5.1956(8)

2.4850(9)

1.7164(10)

3.1990(10)

6.4003(10)

Z

50

56

60

65

70

74

80

85

90

95

100

Rate ( s e c )

1.1869(11)

2.2980(11)

3.4282(11)

5.4387(11)

8.3139(11)

1.1404(12)

1.7701(12)

2.4824(12)

3.4021(12)

3.8361(12)

9.8152(12)
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Are we ready to test QED in two-electron ions?

Alexei M, Ermolaev

Department of Physics, University of Durham,

Science Laboratories, Durham, DH1 3LE, England.

This may sound as a purely rhetoric question assuming the simple answer

"yes" in the view of a considerable success of the experimental and theoretical

work done on two-electron ions during the last decade. However the great

improvement on the accuracy of the measured transition intervals in two-electron

ions achieved recently brings some new elements into the picture. I shall

discuss the matter with reference to very interesting reports of Berry (ANL)

and Silver (Oxford) to this workshop on the precision determination of the

2s ~S. - 2p P , J = 0, and 2, intervals in the ions with intermediate Z.

For CI XVI, for instance, the experimental uncertainty in the J-2

interval is 6 cm to compare with the total QED correction estimated to be

some 1000 cm ' . Therefore the tests of higher-order QED terms are

possible, at least in principle, in two-electron ions with Z = 14-17. In

fact, these authors reported ' that their observations verified numerical

estimates of the higher-order corrections they had computed for J=2 and that

the measured interval was "close" to that of the "one-electron" theory (for

Z=17).

However this agreement is not complete and the discrepancy between the

experiment and theory increases when the authors add an electron-electron

"correlation correction", extracted from the two-electron Lamb shift , to

their "one-electron" estimate(4),<5).
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In this note, I shall give a brief analysis of the current situation

as it appears to me, and point out the source of difficulties which have to

be resolved before reliable tests of higher-order QED corrections in two-

electron ions with Z = 10-20 become possible.

3 4
I shall stavL with the exact formula for the J-independent a Z shift

which gives the main contribution to the total QED correction. Consider a

transition i •> f. Then the correction to the interval is given as follows :

( 3

AE -Ci-»"f, Z) = % £ [ 2a {€.. - 6..) +
Lt} 4. J J-i. 1.1.

2b(f) 6ff - 2b(i) « „ ] , (1)

where |i> = |n.L.S.> = |201>, and |f> = |nfLfSf> = |211> are the initial

and final states, respectively,

a = log(aZ)"2 + 19/30 , (2)

<5.. denotes the average value of 6 (r..) in |i>, i.e.

6.. = <i 16(^)1 i> , (3)

and therefore relates to the electron density at the nucleus, and

b(i) = log(Z2Ry/ko(niLiSi)) , (A)

b(i) being the Bethe log for the two-electron state |i>.

Assuming Z-expansions for 5ff, 6.., b(i), and b(f) we shall write (1)

thus:

AE* ,(i->-f, Z) = AH* (2s+2p,Z) + Z3(c +Ci/Z+...) (5)

where the first term ("one-electron" shift) is proportional to Z and it gives
f

the Z -»• °= limit of AET „ .

Obviously, the contribution to the shift coming from the first term,

3 '
c Z , of the expansion in (5) determines how "close" the shift AET . is to the

i

"one-electron" shift AE T n. Unfortunately, no accurate calculations of b

are available for the members of the two-electron sequence except a few results

1 1 3
(the ground 1 S and 2 ' S states) for the helium atom. Therefore the Z-

expansion of b cannot be constructed and, for the time being, any comprehensive
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analysis of (5) is out of question.

Nevertheless we may use the Z-expansions of 5.. and 5,, to test departure

i

W , of the first line in (1) from the hydrogenic shift :
corrl

"'corn <«• « • * £ 2« «« " «-U> * ̂  <«

assuming that, in the final state, L. >0,

i

Table 1 compares W 1 with the higher-order QED corrections W^ d to

the same interval. We define W, d thus :

Wh.qed(Z) = SMohr(2s"2p-Z) " ̂ l(2B*2p,Z) , (7)

where SM , (2s-*2p,Z) is the total QED correction computed by Mohr for the

hydrogen-like sequence (in the table, we have neglected a small difference

between the V-I/J anc* P-i/o c a s e s ) * ^ n e table shows clearly that in the region

of Z considered the correlation correction still constitutes some 50 per cent

of the QED contribution of higher orders. It is remarkable that both terms are

greater than the experimental uncertainty by a factor of ten to forty. This

indicates that the two-electron features of the shift (1) must be taken into

account and it is highly unlikely that the higher-order QED corrections can be

rigorously tested until this has been done.

(3)
In my original paper , 1 suggested that these difficulties could be

circumvented by introducing two different effective charges Z_ and Z_ into

the hydrogenic shifts and replacing the second line in (1) by the difference :

Z3 Z 3

-|f B(2.) - -§J B(2p) (8)

where B(i) is the Bethe log for a hydrogenic ion in the |i> state. For low Z

and not very high experimental accuracy, the choice Z_ = Z - 1, and Z_ = Z - 1

(3)(full screening) adopted there gives very good estimates. However, in order

to match the precision of new experiments, the lowest order Lamb shift (1) has

to be computed with an accuracy of 0.5 per cent or better. It is difficult to

imagine an ab initio calculation attaining such precision unless very good two-
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electron wavefunctions are used throughout all stages of the work including

computation of b.

Such a project would have required considerable computational effort,

and it is important to obtain further estimates of the electron-electron

correlation effects in (1), using some less time consuming techniques. The

final part of this note will formulate a semi-empirical method of a screening

parameter a. = Z - Z_ introduced in (1) and (8).

Let W j be the theoretical interval which includes higher order
non-qed

relativistic corrections but none of the QED corrections we are trying to

estimate. We shall use the numerical values of W , computed by Berry
non-qed

and DeSerio . Let W be the experimental value of the interval. Then
expt r

the effective charge Z_ is to be determined, for some fixed value of Z,

from the equation :

where

' Z2.> " Wexpt(Z> -

Wnon-qed(Z> + H T £ ̂  C&ff

Z3 3

Vqed(Z2s> •

eaC E. 2 is a small term of order a'Z representing the J-dependence of the

shift . Diagram 1 shows the limits of variation for o which have been

computed with the help of (9) - (10) from the experimental data for Si XIII,

S XV, and CI XVI(9).

For J=2, O_ is,generally, in agreement with an intuitive expectation

but rather small. The screening parameter a_ , 0.226 $ o. S 0.244, leads

to W , (Z,Z ) which agree, within the experimental errors, with W k(Z) foren s * expt

Z=14,16,17. For J=0, the situation appears to be less clear. The allowed

values of a* are shifted upwards in the diagram and stretch beyond the region

0 S a. S i . A possible reason may be that the accuracy of the W , data
zs * non—qed

used here is limited by low accuracy of the FS interval v-. .
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Table 2 presents W .(Z,Z2 ) computed with a^ = 0.235, for j=2, for

all ions with Z = 4 through 20. With a single exception of Z=8 where,

probably, the experimental data is at fault, the computed intervals are in

good agreement with experiment. It is also seen that W . is in

a better agreement with the observed intervals than the one-electron

(2)estimates of Berry et al, without the correlation correction, I would

like to emphasize that this agreement does not constitute the proof that

the estimates of higher-order relativistic and QED terms are correct. Small

variations in these corrections may be absorbed into the,, screening parameter

a. . At the same time, the uniformity of the agreement over all members of

the sequence may be seen as an encouraging sign that a rigorous calculation

of the two-electron shift (1) could well pay off, providing a solid basis

for numerical tests of QED in two-electron ions.

This author wishes to thank ANL for hospitality and University of

Durham for a travel grant.
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Table. 1. He I isoelectronic sequence. Comparison between
t

the correlation correction W .(Z) and the
corrl

higher-order QED corrections W, j(Z), for the
h.qed

3 3 -1
interval 2s S, - 2p P_ _(in cm ).

z

14

16

17

t

W ..
corrl

+ 67

+ 94

+ 110

Wh.qed

- 100

- 190

- 256

Exptl.
error

± 5

± 20

± 6



147

Table 2. He 1 isoelectronic sequence. Comparison between the theoretical

3 3 ~1
and experimental data for the 2s S - 2p P, interval (in cm ),

z

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

a

26966.

35427.

44018.

52714.

61582.

70691

80111

89931

100237

111133

122721

134956

148470

162893

178545

195566

214138

1

2

1

7

0

Theory

b

26868.4

35430.4

44023.1

52721.5

61590.8

70701

80124

89948

100255

111154

122744

135151

148494

162918

178568

195586

214152

Experiment

a

26867.9 ±

35429.0 ±

44022.0 +

52720.0 ±

61595 ±

70700 ±

80121 +

122748 +

148480 ±

162913 +

178508 ±

0.2

0.1

0.1

0.6

1 (?)

3

1

5

20

6

300

T - E

a

- 98.2

+ 1.8

+ 3.9

+ 5.3

+ 13

+ 9

+ 10

+ 27

+ 10

+ 20

- 37

b

- 0.5

- 1.4

- 1.1

- 1.5

+ 4

- 1

- 3

+ 4

-14

- 5

-60

a Data from Refs 2 and 5.

b Present calculations, formula (10) with a0 = 0.235.
Zs
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I.S

0.5"

0.0

hO

f-ulL screentny 6^s I.Q

J-0,

no screening Cis = 0.0 t

.J.I

f6 17

Diagram I.

The screening parameter oo computed from formula (9). Allowed values

of o» shown in the diagram correspond with the error bars for the observed

3 3i n t e r v a l s 2 s S . - 2 p P T . S o l i d l i n e i s u s e d f o r J = O , a n d b r o k e n l i n e
1 J

is used for J = 2.
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Correlation and Relativistic Effects in Hole States

Charlotte Froese Fischer

Department of Computer Science

Vanderbilt University

Nashville, TN 37235, USA

The ss' 1S state occurs frequently in atomic spectroscopy and a recent state of
interest was the I s - 3 s — lS hole state in Ar+2. Configurations with two or more
open shells of the same symmetry may cause convergence difficulties in Hartree-
Fock calculations since at each stage of the iterative cycle a part of the improve-
ment may be in the form of a rotation of the s and s' orbital basis. These rotations
must die down as convergence is achieved. When the occupation numbers of orbi-
tals associated with a rotation are the same, procedures are often unstable. Early
programs^1) were unable to obtain Hartree-Fock solutions for even such simple
configurations as Is2s lS of He, but when rotations were introduced explicitly into
the self-consistent field process, convergence could be achieved with good initial
extimates of orbitals from the similar 3 5 state^2,3). Desclaux, early relativistic
Hartree-Fock program^4) did not attempt to solve such cases, producing orbitals
that were slightly non-orthogonal, though a modified version has been developed
that treats this case correctly^5). Convergence difficulties, however, may still be
present.

The difficulty with this case is that a configuration of the same symmetry
exists with a lower energy and the interaction of the Hartree-Fock configuration
state function is not zero with this configuration. Thus the Hartree-Fock solution,
which by definition is a stationary point of an energy functional, is not an upper
bound to the exact, non-relativistic energy. In order to obtain a solution that will
be an upper bound, it is necessary to introduce the lower configuration explicity
into an MCHF approximation. This requires that the multiconfiguration proce-
dure be able to handle configurations that differ by one electron, with contribu-
tions to the interaction coming from the one-electron parts of the Hamiltonian.
The multiconfiguration DHF program has not yet incorporated this feature, and
no fully relativistic results are available for such states.
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The MCHF procedure was used recently to investigate the ls~3s~~ 1S and
S5 separation in Ar+2. The MCHF77t2) program has been modified to include
certain relativistic effects such as the mass correction, Darwir. term and spin-spin
contact term that are LS dependent, though these corrections are added only to
the diagonal energies of an interaction matrix.

Hartree-Fock calculations were performed for each of the 1S and SS states.
Then, with the results of the 3 S case as initial estimates, calculations were also per-
formed a two-configuration { I s - Z $ ~ , 3 s - 2 } MCHF approximation. The results
are reported in Table 1.

Table 1. E(15) — E{SS) for the I s - 3 s ~ configuration
of Ar+2, in ev, computed from Hartree-Fock and MCHF
results.

Hartree-Fock MCHF

Non-relativistic 0.636 1.675
Relativistic 0.651 1.742
Difference -0.015 -0.067

Two things seem to be important. Including the lower configuration of the
same symmetry as the XS configuration raises the energy of the XS state enough
to increase the lS —3 S separation by about one electron volt. At first sight one
would assume that, because the number of s-electrons is the same in both the lS
and 3S state, the relativistic corrections to the energy separation would be small.
However, the interaction with the lower state introduces enough of a configuration
with two ls-electrons, that the relativistic effects increase by a factor of about
four. The approach taken here to relativistic corrections is only approximate in
that the relativistic corrections to interactions between configurations have not
been included and a more precise calculation is needed, one that also includes
the Lamb shift. In the present case, the correction is likely to be small. Thus
it appears that correlation and relativistic effects are not additive, that they are
interdependent, and both should be included in an accurate calculation. Even for
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the 3F0 —
3 Pi separation of BsZp of Mg I, Dankwort^6) found that including the

Breit-Pauli interaction alone was not sufficient, that only when interactions with
the core were taken into account, were results in good agreement with observation
obtained. His results also suggest that relativistic effects and many-body effects
must be considered together.
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A Relativistic Many-Body Theory of Atomic Transitions —
The Relativistic Equation-of-Motion Approach*

Keh-Ning Huang
Department of Physics, University of Notre Dame

Notre Dame, Indiana 46556

and

Argonne National Laboratory, Argonne, Illinois 60439

ABSTRACT

An equation-of-motion approach is used to develop the relativistic many-

body theory of atomic transitions. The relativistic equations of motion for

transition matrices are formulated using techniques of quantum field theory. To

reduce the equation of motion to a tractable form which is appropriate for

numerical calculations, we employ a graphical method to resolve the complication

arising from the antisymmetrization and angular momentum coupling. The

relativistic equation-of-motion method allows an ab initlo treatment of correlation

and relativistic effects in both closed- and open-shell many-body systems. A

special case of the present formulation reduces to the relativistic random-phase

approximation.

*
Work performed in part by a Cottrell Research Grant from the Research
Corporation and in part by the U.S. Department of Energy.

Present address.
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1. Introduction

Treatment of relativistic and correlation effects in many-particle systems

has become essential in many fields of physics. We introduce a relativistic equation-

of-motion approach to deal with these two effects in an ab initio manner.

In Section 2 we define the transition matrix in the quantum field theory and

derive equations of motion for transition matrices. The kinematic structure of transition
2

matrices can be obtained by a graphical prescription given in Section 3. In Section

4, we demonstrate the solution of the relativistic equations of motion by giving a
3

simple example which reduces to the relativistic random-phase approximation (RRPA).

The present formulation is. however, more general and can treat both open- and

closed-shell systems. In addition, multi-excitations can be taken into account.

Relativistic equations of motion for a many-particle system with general n-particle

interactions can also be derived. These and detailed treatment of open-shell
4

systems are given in a separate paper. We also note that this brief report has

been presented earlier.
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2. Equations of Motion for Transition Matrices

For many-fermlon systems, the creation and annihilation operators satisfy

thn anti-commutation relations

, c l ' c l ] = t c Y c j , } = 0 ' ( 2 )

where the curly brackets denote the anti-commutation relation. The field operators

arc given by

i|'(xa,t) = /, u, (xa,t) c. , (3)
i *

if lXv\.t) =2J»- (x^.O c. . (4)

where ,\ is used to accommodate fields with more than one cornoonent and u. form
i

-\ oo:"v!.e:o ovthonenr.a,. set. The anti-commutation relations of field operators are

• . V \ v .\. " J , v t K r , : ) ' - = 5 , 5 v ( x - x ' ) , (5 )

' . V A . , . t , .(.(.x , j , ; ! '• = •.!, v x . v : ) , . . i s ; , : ) ; = 0 . (5)

!.>"•< : ' i ' " ; x : ' ' = : " \ x - x , ) , (7)

•. u\ x : ( i . ' vx , , : ' '• = -. u ; x , : ' , v (x1 , : l : = C , (3)
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where the coefficients A in general involve coupling coefficients. The
i] • i .

equation of motion for the field operators are

:). H] , (10)

(11)

where H is the total Hamiltonian, and the square brackets denote the commutation

relation. The total Hamiltonian H is assumed to have the form

= J d3xx / (Xj . t ) h (x^) *(Xj,t

hi d3x1 J d3x2 /(Xj.t) ^+(x2,t (12)

where h (x ) stands for a sum of all one-particle operators and v(x ,x ) for
1 J- /,

all two-particle operators. Although three-particle and in general many-particle
4

operators can be included, we will deal only with the form (12). The validity

of Eq. (12) for a many-particle system has been discussed by others in this

workshop, and therefore is not considered here. For brevity we write Eq. (12)

as

H = T d3
X l / ( I ) h (1) ip(l)

+ 1Jc^Xj / d 3 x 2 / ( I ) if»+(2) v(12) <p(2) ¥(1) • (13)

The n-th order transition matrix is defined as

| ) , (14)

where i and f denote two different states of the many-fermion system. We can

easily show that r ( l . . .n ; l ' . . .n ' ) is Hermitian and antisymmetric and satisfies the
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recurrence relation

j ^ f * . (15)

In Eqs. (14) and (15), the primes are introduced for purely notational purposes

so that operators, if any, to the left will only operate on unprimed coordinates.

However, as far as the integration is concerned, the primed and unprimed

coordinates are treated as if they were the same. These will become clear later.

Assume that two states of an N-fermion system satisfy the equations

^ =E i<^l...N|Y.;> , (16)

=E f<l . . .N|4< f ) . (17)

where E. and Ef are total energies of ¥. and 1* , respectively. We can show that

the transition matrix between i and f states satisfies

I ^ - r f l ( l . . .N; l ' . . .N') =u> f lr f i(l...N; l ' . . .N') , (18)

where u)_. = E_ - E.. By using the recurrence relation (15), we obtain, in general,

i g | - r f . ( l . . . n ; l ' . . .n ') = w f .r f l(l . . .n; l ' . . .n ' ) . (19)

This is called the equation of motion for the nth order transition matrix.

The equation of motion (19) can be written in terms of the total Hamiltonian

H by using the equations of motion (10) and (11) satisfied by the field operators.

The left-hand side of Eq. (19) can then be reduced to

1 i t r f i ( L ' -n; Vm • 'n' )S n^ * Jl < *i I ^ 1 ' * ' ' ' W
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<
nj •

i~-

. H] v < 2 1 ) .

[ifi ( 2 1 ) , H]

~

(20)

Using the explicit form (13) and carrying out the commutation relations in (20)

we can write the equation of motion (19) in coordinate-operator form:

n n
J f . ( l . . . n ; l ' . . . n ' ) - T f . ( l . . . n ; l ' . . . n ' ) J ^ h ( i ' )
i=1 i=1

- v(i'j ')]

/

3 n

d x n + 1 \ ^ [v(i ,n + l) - v(V, n
i 1
i=1

In calculations using basis wave functions, it is more convenient to express

the equation of motion in the occupation number space. The transition matrix

in the occupation-number space is defined as
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,,(n) _
a = (N

i_ r d 3 x

< 2 2 )

We can easily prove that Eq. (22) and the transition matrix in the coordinate space

are related by

^ | j l , | ^ . (23)

A recurrence relation is satisfied by the transition matrices in the occupation-

number space:

Following a similar procedure as before, we obtain the equation of motion in the

occupation-number space:

, (n) (n)

h rf. - rf. h

+ (i - finl) (i + n -N) [v r^ n ) - r f l
n ) v]

_ "1 cj = u
f l

 rfi ' <25)

where

hs /,d3x.#'(l)H(l)t(l)sEh.,c!c, . (26)

J d3xx jv = I J d3xx j d 3 x 2 / (I) /(2) v(12)

c
k - m C n • (27^
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The most general interaction operator for an N-particle system is

N N N

i<j i<f<k

N

i< ] . . . < &

where v(ij . . . I) denotes a general n-particle operator; i.e., i, j , . . . , H are n

in number. The transition amplitude from state i to state f due to V can be written

in terms of transition matrices as

x l v ( 1 ) r f i ( 1 ' r )

f*\fi% v ( 1 2 3 )

(28)

In the occupation-number space, we have

r»»

<123|v(3> r f U'2.3'

\ . . . / "d 3 x N <l . . .N |v ( N ) r ^ N > | l ' . . .N '> . (29)

where an n-particle operator is defined as
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~n! J X1'"J XnV

To evaluate Eqs. (28) or (29) exactly, we would have to assume a corresponding

Hamiltonian

/

N
d3xn i|»+(l) h(l) r|»(l) + £ v ( i ) (31)

1 i=2
4

and obtain a hierarchy of equations similar to (21) or (25). Transition matrices

of all orders are then solved and substituted in Eqs. (28) or (29) to give the

transition amplitude Pf i. Nevertheless, we will truncate the interactions up to

two-particle operators as in the assumption of Eq. (13) of the total Hamiltonian.

Therefore, we are primarily interested in the two lowest-order equations of (21)

or (25). The third-order transition matrix is to be approximated and related

to the second-order transition matrix. The two equations of motion involving the

first- and second-order transition matrices can then be solved.

3. Forms of Transition Matrices

The kinematic structure of transition matrices can be obtained by a graphical
2

procedure. The prescriptions are as follows:

(i) T (1,1") =Y^ (-) a b \ I K N ' |q-(a)> < q , ' ( b ) | (32)
ii ~ a b f s \ i

where the summation is over all nonvanishing pairs. Other notations have been
2

defined elsewhere.

(ii) rr4(12;l'2') =

x (—I |qf(ab^> / q ^ c d ) ! , (33)
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where the summation is over all distinct nonvanishing pairs with a < b and c < d.
2

Other notations in Eq. (33) have also been defined. In the occupation-number

space, we have

p

12 ab V ? ^ i ' ( b ) | c i c b , (34)
ab

rfi2)= E lUab.cd

x M
P a b . c d

b ab' c x d

^c^x |q{(ab)}><;q. ,(cd)|c^c^cdcc . (35)

Prescriptions for obtaining higher -order transition matrices can be similarly

derived.

4. Solution of the Equation of Motion

To demonstrate here the solution of the equation of motion, we will consider

the trivial case of closed-shell atoms and restrict ourselves to excitations through

one-particle operators. The initial and final states are assumed to have the forms

' i = V o + E Baja2c *[ (a23"1) J (c*) J ,o (36)
a T a 2 C

C V , (37)

j ^ ae [(a2a)ae]J

where the initial state is composed of the Fermi vacuum and states with two

particle-riol.- pairs, and the final state is composed of states with one particle-hole

pair. The transition matrices are obtained using the prescriptions (32) and (33),
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The first-order transition matrix is found to be

where the positive- and negative-frequency parts r + ( l ; D are

e — a
V * i i =?—r * - * 1'

r+(l;l')=2-r if (39)

T
r U;l') =>,(-) 1/ :> T > 'I, (40)

ae V_

2
Here the graphical notations have been defined elsewhere. The exact form of

the second-order transition matrix is more involved and will be presented in a

4
separate paper. For our purpose here, we only need an approximate form

r / l ? • l ' ? M - ~ — [ l - p W i - P i r n • i •! r 1 9 - 9 ' \ i A'\\
XI it 1*£ x £1 O XX

where Ff. (2; 21) has been defined in Eq. (38), and r (1;1') is the density matrix

for the Fermi vacuum,

b

b

The approximation (41) amounts to treating the spectator particles in an average

manner in determining the kinematic structure.

Define a Dirac-Fock operator

DF DF
hu (1) = h ( l ) + v (1) , (43)

with the DF potential given as

vDF(l) =1 d3x2v(12)(l-P12) rQ(2;2') . (44)

Examples of h(l) and v(12) are

= 0 ^ - p + 0 ^ + vN(l) . (45)
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1 1 - + 1 2 2 i2v(12) =f- - 2r~[(ax- a2) + ~ 1 — 1 . (46)
12 12 r 1 2

with the positive-energy projection operators implied. Consequently, we can

reduce the first-order relativistic equation of motion as

hD F(i) r f t ( i ; i ' ) - r f i(i;i-) h D F ( D - u. f lr f l( i ; i ' )

= J d 3 x 2 t v ( l ' 2 , ) ( l - P 1 , 2 l ) - v ( 1 2 ) ( l - P 1 2 ) ] r o ( l , l ' ) r f l ( 2 ; 2 ' ) . (47)

Or we can separate Eq. (47) into positive- and negative-frequency parts as

h D F ( l ) r (1;1') - I\ (1;1') h D F ( l ' ) - to,. r ( l ; l ' )+ + n +

3 x o v(12) (P . - 1) T (1;1') r ,J2;2 ') , (48)
2 12 o fi

I-, h D F
( i ' ) - h D F ( i ) r a : r ) + ^ r ( i ; i . )

r f .(2;2') . (49)

Both the positive- and negative-frequency equations can be expanded on a complete

orthonormal tensor space. For each basis tensor, we obtain a radial equation.

The final results are

•0 , (50)

where u l + denotes the radial part of the excited orbital, and

• ( d K
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RPA DF
Vb Ua'± = Vb Ua'±

{ v o ( b b ) ua -

- b) + w(bb'±)] u

V k ( b a ) u b } '

(52)

(53)

w(bc) u_

A. (aa'bc;J) v. (ba) u

vk(bc) = C dr2 uj(2)

0 r>
u (2) ,

(54)

(55)

for the Coulomb interaction. A more complicated expression can be derived for
4

interactions including the Breit interaction, etc. The angular coupling coefficients

in Eqs. (53) and (54) are

(a k b \

i 0 -1 /

C, (ab) = (-)a+i [ab](
k+T

A, (abcd;J) = (-) C. (abed

Ck(abcd) = (-)a+d[abcd] x
(

n(ilakJ!,b) ,

a b j )

d c k '

a k c X / b k d ,

(56)

(57)

(58)

(59)

with the parity function

1, a + k + b = even,

0, a + k + b = odd .
n(akb) =
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Equation (50) agrees with the relativistic random-phase (RRPA) equation.

Following a similar procedure, equations for open-shell systems can also be
4

derived. This and other applications are given in a separate paper.
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CORRELATION CORRECTIONS TO ENERGY LEVELS OF FE XXI+

A. W. Weiss
National Bureau of Standards

Washington, D.C. 20234

I t is necessary to properly account for re la t i v i s t i c effects in order to

predict accurately the energy levels of highly ionized atoms, and recently

Desclaux, Cheng, and Kim have also demonstrated the importance of term dependent
+20Breit corrections as well as Lamb shi f ts . For carbon-like i ron, Fe , these

corrections led to relat ive shi f ts of 2000-12000 cm in the excitation energies

within the n = 2 complex. These calculations u t i l i zed the multi-configuration

Dirac-Fock method (MCDF) and included, for the even parity states, the configu-
2 2 4ration interaction 2s 2p + 2p . While this certainly accounts for the dominant

correlation corrections, the residual L-shell correlation for such a system can

easily be of the order of several eV.

This paper presents the results of an attempt to use non-relat iv ist ic cor-

relation information to derive the residual correlation corrections to rela-

t i v i s t i c energy level calculations. The basis for this approach is the

conventional Pauli approximation, intermediate coupling (1C) method. The

procedure followed was to make two sets of intermediate coupling dieqonaliza-

tions, one with uncorrelated non-relat iv ist ic basis states and the other with

a correlated basis. The difference between the results of these two calcula-

tions is then adopted as the residual correlation shi f t to be added to the MCDF

calculation. The re la t i v i s t i c operators used to construct the 1C matrix are

the lowest order Pauli operators,

Work supported in part by U.S. Department of Energy.
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4 2 2

where matrix elements of p were evaluated as <p |p >.

The advantage of this scheme derives from the fact that there are normally

many fewer non-relativistic states than relativistic. Also, at present at

least, the non-relativistic correlation problem appears to be somewhat better

understood than the relativistic one. The disadvantages stem from the admittedly

somewhat heuristic nature of the approach to both the Pauli approximation itself

as well as the connection with a more fully relativistic treatment.

Non-relativistic correlation energies were computed by the variational

superposition of configurations (SOC) method, using configuration center of

gravity Hartree-Fock reference states. The number of configurations included

ranged from 50 to 140 configurations, depending on the LS-state, and employed

virtual orbitals through I = 5. The total residual L-shell correlation energies

were as small as 9000 cm"1 for 2s2p3 5S and as large as 40000 cm-1 for 2p4 1S.

The latter is the residual correlation after including the configuration mixing

with 2s22p2.

The results obtained for the even parity states are shown in Table 1.

Similar calculations were also done for the states of 2s2p . The Pauli approxi-

mation results do not compare badly with the MCDF, predicting e.g. the same 0-1
4 1inversion for the 2p^ JP levels. Approximation A was obtained by simply shifting

the diagonal energies of the I.C. matrix by the non-relativistic correlation

energies, a procedure recommended by i t s simplicity. Method B used the SOC

correlated non-relativistic wave functions to compute the I.C. matrix elements

+

-1

0 0 A

and thus includes small effects such as relaxation of the 2s Zp + 2p mixing.

The maximum difference between A and B is of the order of 2000 cm"

The final results for the energy levels of Fe XXI are shown in Table 2.

It is clear that, in most cases, the estimated residual correlation corrections
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bring the MCDF predictions into much better agreement with the most recent

experimental data. Paradoxically, the simpler estimate (Method A) appears to

work somewhat better than the more realist ic one of Method B. A perturbation

calculation, based on a charge expansion perturbation method, has also been

made, apparently including semiempirical estimates of QED corrections. While

the results are roughly comparable, they do not get the correct ordering of

the P levels mentioned above.

In conclusion, i t appears that this approach wi l l give energy level pre-

dictions accurate to a few thousand cm" . Unfortunately, this is probably not

adequate for tests of higher order re lat iv ist ic and QED corrections, due no

doubt to the heuristic nature of the scheme as well as, perhaps, subtle changes

in the nature of the correlation problem for Dirac electrons. Since these

non-relativistic correlation energies approach a constant with increasing Z

along an isoelectronic sequence, one should expect the magnitude of residual

correlation corrections to remain about the same for heavier isoelectronic

ions.
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Table 1. Energy Levels of Fe XXI (in 103 cm"1) — Comparison of Dirac-Fock

and Pauli Approximation Calculations.

State

2s22p2 3Po

i

2

1D2

ISO

2p4 3p2

0

1

1D2

1 S O

MCDFa

0

76.79

123.97

253.60

372.93

1666.62

1756.18

1761.26

1846.96

2076.19

Pauli
i.e.

0

77.39

124.73

254.82

375.52

1656.15

1756.42

1752.15

1837.67

2068.85

Correlated
A

0

77.09

123.83

252.65

377.94

1646.47

1736.15

1743.33

1822.08

2051.31

Paul i
B

0

76.95

123.98

253.16

378.36

1647.09

1736.69

1743.76

1823.11

2053.14

Correlation
A

-

-.30

-.90

-2.16

2.43

-9.62

-10.27

-8.81

-15.59

-17.54

Shift
B

-

-.44

-.76

-1.66

2.84

-9.05

-9.73

-8.39

-14.56

-15.71

aRef.
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Table 2 , Energy l e v e l s of Fe XXI ( i n 10 3 cm- 1

State

2s22p2 3P0

i

2
JD2

ISO

2s2p3 ss2

3Di

2

3

3Po

1

3
3Sl
JD2

1 P l

2p" 3P2

0

i

1D2

MCDFa

0

76.79

123.97

253.60

372.93

481.08

784.30

785.16

815.96

922.69

933.75

953.21

1114.38

1150.64

1283.07

1666.62

1756.12

1761.26

1846.96

2076.19

Breit
+ Lamb

_

-2.81
-5.88

-7.10
-4.66

-8.05
-b.09

-6.89
-11.40

-6.39
-8.16

-9.81
-7.95
-9.59

-10.09

-9.10
-8.97

-10.59
-12.29

-10.48

Correlation
A

_

- .30

- .90

-2.16

2.43

11.50

-1.63

-1.13

-1.46

- .26

-.91

-1.21

-11.28

-12.44

-11.70

-9.62

-10.27

-8.81

-15.59

-17.54

B

_

- .44

- .76

-1.66

2.84

10.59

-2.08

-1.72

-2.02

- .47

-1.15

-1.45

-9.45

-10.86

-9.56

-9.05

-9.72

-8.39

-14.56

-15.71

A

0

73.

117.

244.

370.

484.

776.

777.

803.

916.

924.

942.

1095.

1127.

1261.

1647.

1736,

1741,

1819,

2048,

Total

68

20

34

71

53

58

15

10

04

,67

,18

,15

,61

,28

,91
.95
.86

.08

.18

B

0

73.

117.

244.

371.

483.

776.

776.

802.

915.

924.

941.

1096.

1129.

1263.

1648.

1737.

1742.

1820.

2050.

54

34

84

11

62
13

55

54

83

44
94

98

19

41

47

,49

,28

,11

,00

Experi-
ment"

0

73.91

117.30

243.95

371.52

487.03

776.81

777.35

803.91

916.46

924.88

942.33

1095.56

1126.55

1260.65

1646.32

1735.72

1740.46

1817.22

2047.80

Ref.

W. 2
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PRECISION DETERMINATIONS OF HIGH Z
HYDROGENIC ION LAMB SHIFTS

D. E. Murnick
Bell Laboratories

Murray Hill, New Jersey 07974

ABSTRACT

Precision laser resonance experiments to determine high

Z hydrogenic ion Lamb shifts have been reported or are underway on

the systems F8 + , P 1 4 + , S15+ andCl1 6 + ' The Bell Labs C l l 6 + ex-

periment at Brookhaven will be described with emphasis on features

common to all measurements. Limits on precision will be described

and the study of possible systematic errors engendered by the use

of a high power laser intersecting with a relativistic particle beam

discussed. The outlook for higher Z measurements with laser

spectroscopy or other techniques is also considered.
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PRECISION DETERMINATIONS OF HIGH Z
HYDROGENIC ION LAMB SHIFTS

D, E. Murnick
Bell Laboratories

Murray Hill, New Jersey 07974

INTRODUCTION

The Lamb shift, or n = 2 S jn - P | /2 energy splitting in

hydrogenic systems is descrihed to impressive accuracy by the

theory of quantum electrodynamics (QED). In recent years, advances

in techniques and instrumentation have made possible an extension of

Lamb shift studies to hydrogenic ions of increasingly higher nuclear

charge (Z) using heavy ion accelerators. This has stimulated wide

interest because the large enhancement that occurs in the Lamb shift

due to its lowest order Z increase allows sensitive studies of QED

interactions in the high-field regime, and suggests the possibility

of observing new and unexpected phenomena. In addition, calculational

advances have led to the existence of two disagreeing values for high

1 2Z Lamb shifts in the literature. '

In a recent review the general experimental and theoretical

progress through 1976 was covered. In this paper, more recently

completed measurements, as well as those in progress, of high Z Lamb

shifts in hydrogenic ions by laser resonance spectroscopy will be re-

viewed. An accompanying paper by Professor Marrus reviews DC

electric field quenching measurements of the same quantity and both

of us, as well as Prof. Silver will speculate on future progress and

developments in this field.
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RESONANCE EXPERIMENT CONSIDERATIONS

Fig. 1 is a prototype of a Lamb shift resonance experiment

based on the original work of Lamb and his collaborators. The key

elements of any experiment are indicated: 1) hydrogenic production;

2) metastable population; 3) resonance radiation, and 4) resonance

detection. Because of the scaling of the hydrogenic energy levels

and transition rates with Z (Fig. 2) it is clear that those four elements

must be adapted for studies at high Z. Hydrogenic production , "the

Ho dissociator", requires a means to strip Z-l (or Z) electrons from

the high Z species under study. This requires producing ion beams of

• everal to tens of MeV/amu such that collisions in a thin foil or dilute

gas will yield the desired ionization. With such a relativistic ion beam

(jr-"-"O. 1) metastable production, "the electron bombarder", via be.am

foil pickup and/or excitation becomes a practical method to populate the

2s j i2 metastable level. Note however, that metastability is only a

relative concept at higher Z. Spontaneous decay from 2s, , , to I s , /.,

is forbidden by single photon electric dipole decay, but the higher order

processes 2E1 and Ml scale as 8.Z28Z6 and 2. 50 x IO"6Z10 sec"1

respectively. Thus what was a 1/7 sec lifetime for hydrogen becomes

l/4>fsec for hydrogp.iic flourine and 5 nsec for hydrogenic chlorine.

In the latter case single photon Ml radiation is a significant part of the

total decay. This rapid loss of "metastability" will put a severe upper

limit on Z for any laboratory resonance experiment.

The Lamb shift resonance splitting scales approximately as Z ,

thus the 1060 MHz in hydrogen becomes 780 GHz for C5 + and 32 THz
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Fig. 1. Schematic diagram of the prototype Lamb shift experiment
indicating the four components necessary for any resonance
experiment.
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for CI . RF oscillators must be replaced by infrared lasers.

Tunability is often a problem as continuously tunable lasers of suf-

ficient power are not yet available at all wavelengths. Tuning in the

Lamb-Retherford experiment was via the Zeeman splitting of the

atom. This technique is not viable for high Z as the Zeeman splitting

is Z independent and hence becomes a negligible fraction of the total

splitting in laboratory magnetic fields. The use of lasers and

relativistic particle beams provides a novel tuning procedure, however.

The Doppler shift in the frame of the moving ion:

__) 1/2
2

where Y'(t?) is the apparent frequency to an ion moving at velocity v

with respect to the laboratory, ~Y'(9) is the laser rest frequency and

8 is the angle between the particle beam and the laser beam, can be

used for continuous tuning over a narrow range by varying 6 or v. The

use of Doppler effect tuning will be discussed in greater detail below.

Resonance detection, which was rather complex, for the

hydrogen case, "the surface ionization detector", is somewhat

simplified at high Z due to the Z scaling of the Lyman-dy energy.

At Z = 6 proportional counters can be used for the soft X-rays and

by Z = 17 highly efficient solid state detectors can be used for the 3 keV

radiation. Here the Ml decay becomes a nonresonant background in-

distinguishable in energy from laser induced Lyman-^ decay.



177

To the best of my knowledge precision laser resonance experi-

ments to determine high Z hydrogenic ion Lamb shifts have been re-

ported or are now under way on the systems F ' ' , p * ', S

and CI ' ' . These experiments are possible because of technological

advances in two areas. One area is in the acceleration of intense beams

( 100 nA to 1,+|A) of heavy ions to sufficient energy for efficient hydro-

genic production. Most useful are tandem electrostatic accelerators

because oi" their high duty cycle (D.C. ) and precise energy control,

though modern heavy ion cyclotrons or linear accelerators can often

be used as well. The other area is in high power laser development.

Crossed beam resonance experiments demand good laser mode quality

and frequency as well as power stability. In some cases experiments

can be performed on the /^E-S transition, the 2sj i^ - ^P3/2 splitting,

where the Lamb shift is extracted from the data assuming the fine

structure splitting is exactly known. For the P and S cases

this transition falls within the continuous tuning range of dye laser

systems.

In the next sections of this paper, the F and CI ° experiments

with which I have been associated will be reviewed and the outlook for

further progress in these and related experiments assessed.

F 8 + EXPERIMENT

Fig. 3 is a schematic representation of the first published laser

resonance Lamb shift experiment performed at the Rutgers University

tandem accelerator by a Rutgers-Bell Labs collaboration. Flourine

ions at 50 or 64 MeV and charge 6 or 7+ are stripped to 9
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Fig. 3. Schematic diagram of system used for F resonance
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of total beam) and passed through the apparatus illustrated.

Q I

A carbon foil is used to obtain a few percent F° metastable beam with

minimal F7 + contamination. The laser resonance region is between two

specially designed miniature gas flow proportional counters sensitive

to the 826 Lyman^ radiation. Laser tuning via the Doppler effect is

achieved by the precision rotation o£ the mirrors M2 and M3 (and the

lens L and laser stop). The metastable beam is monitored by a third

proportional counter observing a DC quench field region.

The expected Lamb shift resonance for F at 3350 GHz is

not accessible to any tunable oscillator, but the fine structure splitting

(•~2296 cm" ) is very close to a discrete frequency available from the

HBr gas laser. " Though the frequency is usable for the Lamb shift

experiment other properties of this laser were not optimal for high

precision spectroscopy. The lasing system is formed in a pulsed dis-

charge of flowing argon, hydrogen and highly corrosive Bromine gases.

The peak average power obtained was about 7. 5 mW with a duty cycle of

order 10 . I n order to obtain even this power level the entire non-

monochromatized output cu the laser was used (Fig. 4). The angle

between the laser and particle beams was adjusted to maximize one

of two convenient laser lines, P , ,(5) at 2382. 52 cm with beam

energies of 64 MeV and P3_;>(5) at 2294. 53 cm - 1 with beam energies

of 50 MeV. Under these conditions, resonance curves were centered

at interaction angles of 27° or 2° off perpendicular respectively. The

frequency spacings between the various HBr laser lines are such that

for measurements carried out at 64 MeV the nearest neighbor laser



CO
c
a>

14

12

10

8

6

4

2

0

HBr laser lines

P2_i (5)

-

P3-2(6)

- p 3 - ;

>3.2(8)
1

>(7)

P 3 - 2 ( 5 )

P2.,(7)

P2.| (8)

P 2-

P|-0<5)
R r(6)

,(4)
p,-o(7>

Pi-o'8'

2230 2300 2350 2400

Frequency (cm-1)

2450

oo
o

Fig. 4 Relative frequency and intensity distribution of HBr laser
used for F^+ experiment.



181

- 1line on cne side, the P2_j(6) at 2364. 36 cm was missing because of

atmospheric CO? absorption, while the nearest neighbor on the other

side, the F*2_i(4) at 2400.47 cm"1 was down in intensity by 80%, yield-

ing a relatively straightforward resonance curve (Fig. 5a). On the

other hand the measurements at 50 MeV include sizeable contributions

froin several intense neighboring laser lines leading to a complex

asymmetric resonance curve (Fig. 5b). The measured relative

intensities of all the HBr laser lines were included in a consistent

manner in the data analysis.

As the count rates in the proportional counters (several tens

of kilohertz due to two photon and other background effects) was much

greater than the induced Lyman .^ rate on resonance (less than 1 per

laser pulse) a time coincidence between laser pulses and detected

X-rays was employed. With a coincidence resolving time of

*v l^/^FWHM) the signal to background ratio at the peak of a resonance

curve was better than 3 to 1.

Typical data are shown in Fig. 5. The curves are nonlinear

least squares fits to the equation:

p /- C2SOi(l -/JcosB) (1 -/& ) M
ne) = j . i J j c i I1 " e x p V ltY/<o)-y+

The sum over j ie over all allowed hyperfine transitions of relative inten-

sity I-;. " the sum over i is over all laser frequencies present; Cj

is a constant proportional to metastable ion current and detector

efficiency; C^ is a numerical factor; So- is laser intensity of the

line i; V is the transition matrix element, -X is the interaction
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f

length when the laser is normal to the particle beam; Y; (&) is the

frequency of line i in the frame of the moving ion; and "JJ~ the 2p

transition rate. The Lamb shift frequency is obtained by the best fit

to the parameter ~s's- Several sets of data were obtained yielding

values for Y ,̂ showing systematic variations which were much larger

than the statistical errors associated with finite X-ray counts and

curve fitting routines. Obvious sources of possible systematic error

such as dead time effects, laser power and ion current variations and

electronic noise were studied and minimized. Major problems were

due to the tremendous rf noise generated by the pulsed laser discharge,

the nonreproducability of the laser from pulse to pulse and subtle

geometric effects associated with the lens assembly rotation and

Doppler tuning effect. To the extent that the laser beam is smaller

than the particle beam, and that the particle beam is uniform, small

variations in focussed spot size are unimportant. Unfortunately, in

order to obtain even the low count rates observed, laser beam quality

was sacrificed for maximum power' so that variations in the focal volume

interaction could lead to a random systematic error. The best result

obtained S = 3339 _+ 35 GHz agrees with QED calculations, and the

quoted error reflects the observed nonstatistical variation of the data.

In 1976 a decision was made to defer the experimentally dif-

ficult improvements necessary to lower the 1% uncertainty obtained

for the F° Lamb shift in order to concentrate on what promised to be

a much more significant Lamb shift measurement, that of CI .
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Table I (from Ref. 3) lists candidates for hydrogenic ion

laser resonance absorption spectroscopy based on the availability of

suitable lasers. The proposed experiments on P and S ^ utilize

dye laser systems which benefit from being continuously tunable, but

suffer because of the relatively low average powers available. Note

that the absorption rate at resonance is inversely proportional to Z°

so that 100 mW at Z=16 is only-1/3 as effective as lOmW for Z=9.

Chlorine at Z = 17 is a prime experimental candidate because

of the existance of the high power, efficient CC>2 laser and the pos-

sibility of obtaining CI ion beams of relatively high intensity (tens

to hundreds of nA) at D.C. electrostatic accelerators. In 1977 my

colleagues and I embarked on a major experimental program to de-

termine the CI n=2 Lamb shift with an uncertainty less than 1% at

the Brookhaven National Laboratory double MP tandem vandeGraaff

system. An experimental system to accomplish this aim has been

built and assembled, preliminary data has been obtained and final data

should be available this year.

Properties of CI metastable ions important to the experiment

design include: I) the Lyman^ energy is 2.96 keV allowing efficient

detection with modest resolution using solid state detectors. 2) The

2sj/2 state lifetime, 4,91 nsec, is sufficiently long to allow resonance

spectroscopy but short enough so that the decay length for 190 MeV ions

is only about 15 cm. 3) The single photon Ml decay is easily observable

but is indistinguishable from 2p state decay. 4) The predicted Lamb
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Table I. Candidates for Hydrogenic ion laser resonance spectroscopy.

DS refers to Doppler shift tuning.

z
2 ^ - H e a + )
5 (Bi+)
6 (C**)
7 (N0 ,)

9 (F8+)
10 (Ne»+)
16 (Sis+)
17 (Cl ie+)

Transition
AE-S
S
S
AE-S

AE-S
AE-S
AE-S
S

(GHz)
368473

405-3
783-7

25030

68832
105201
699883

31930

Loser
Dye
CHaBr
CH3F
Spin-flip,
CO2 pumped
HBr
HF
Dye
COa

Tuning
Continuous
DS
DS
Continuous

DS
DS
Continuous
Discrete

Average power
(mW)

75
2
6

10

10
400
100

lOxlO3

20 (CaI9+) S 56990 CO DS 1 x 103
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shift is almost coincident with a very strong CO2 laser transition at

1046. 85 cm and 5) the rapid 2p state decay implies a broad

resonance lineshape [SL~. 25, where F is FWHM and J is the Lamb

shift).

A schematic diagram of part of the experimental apparatus is

shown in Fig. 6. The precision retractable alignment collimator is

used to ensure that the particle beam and laser beam are focussed to

the same point in space at a well defined angle between two planar

intrinsic germanium X-ray spectrometers. A thin adder foil (not

shown) is used to preferentially populate hydrogenic ions in the 2sj/2

metastabi« state. Lower states of ionization, particularly helium

like, are a major source of background radiation near the Lyman <5̂

energy. The spectrum observed in the 300 mm^ x 7 ,nm Ge detectors

consists of two photon and Ml radiation from the 2s state, Lyman <A.

radiation from the 2p levels and radiation from n = 2 Cl 1 5 + a s w e l 1 a s

analagous tran^ \tions from other ionization states formed in the foil

and by the scattered beam. A 152 micron Beryllium window absorbs

85% of the dominant two photon decay from the 2s state. For diagnostic

purposes, either of the Ge detectors could be replaced by a small thin

window Si(Li) X-ray spectrometer yielding the spectrum shown in

Fig. 7 where the two photon continuum is more completely resolved.

By integrating this portion of the spectrum and moving the adder foil

along the beam, the lifetime of the 2s^ / £ level was determined to be

4. 92+ .̂ 04 ns in agreement with one electron calculations.

The laser system schematically indicated in Fig. 8 consists

of an oscillator stage with intracavity diffraction grating and an
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amplifier stage built from a modified Coherent Radiation Model

43 CC>2 laser providing 13 m of amplification path. The oscillator

system is operated at 480 Hz and in a unique fashion combines

Q-switching and current pulsing to produce peak powers of over

100 Watts with a 10% duty cycle. The amplifier discharge current

is pulsed on prior to the arrival of the oscillator pulse to provide an

amplification of about 20. Particular care must be exercised in

adjusting the relative discharge timing and in mode matching of the

oscillator to the amplifier to achieve high average power, acceptable

mode quality and negligible self-oscillation of this high gain system.

The laser output is then expanded and focused to the interaction region

(see Fig. 6) so that as near to 100% of the laser power as is possible in-

tersects the ^ 0. 6mm focused particle beam. A gold doped germanium

IR detector receives a small portion of the laser oscillator signal and

is used to trigger gating circuitry signifying a laser on state.

Time (in //sec) and Lyman cK like counts are stored when the

laser is on in one fast sealer bank; in another when the particle beam

is on. Laser induced counts are determined by the excess of counts

when the laser is on over the fraction of time the laser is on times

the counts when the laser is off. As the background rate is proportional

to the length of beam visible to the two detectors , tight collimation is

advantageous. Discrete lines from the laser system between 1090.03cm

and 914. 42cm are chosen to trace out about one-half width of the

resonance curve for a fixed intersection angle and beam energy. Initial

resonance curves, of which Fig. 9 is typical, have been obtained and

a systematic effect due to changing interaction volumes as the laser
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frequency changed was uncovered as well as other possible sources of

error due to the detection scheme employed.

The laser system has been considerably improved, many

automated and semi-automated diagnostics for the metastable beam,

X-ray detection and laser systems have been implemented and ac-

celerator running time has been scheduled to obtain "final" results.

The precision achievable in 1981 should exceed 1%.

SUMMARY AND OUTLOOK

Since the early 1950's precision measurements of the Lamb

shift interval have provided one of the most precise tests of QED.

From time to time experiment and theory have disagreed slightly

leading to refinements in theoretical technique and further more pre-

cise experiments. The most recent achievement has been a 9ppm

measurement of the hydrogen n=2 Lamb shift interval by Lundeen and

Pipkin which is two standard deviations lower than Mohr1 s calculation

and six standard deviations less than the calculation due to Erickson.

The nature of this discrepancy is not yet explained. As the higher order

terms in the Lamb shift calculation scale as Z and faster proportion-

ately higher deviations niight be expected for high Z hydrogenics. The

resonance type experiments described in this paper should be capable

of confirming this effect or of indicating that the problem exists in the

Z = l system only.

The future of experiments of this type is primarily limited by

the "metastable" state lifetime which decreases below 1 nsec at Z=22.

Advances in laser technology are likely to allow experiments on
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additional systems (besides those mentioned here) with precision

better than 1% through Z around 25. An important question to ask

is "should such intrinsically difficult and expensive experiments be

carried out?" Because of their fundamental importance as a test of

QED and as one of the "Foundations of the Relativistic Theory of

Atomic Structure, " which is the title of this workshop, I think the

answer is yes. The results of the experiments currently underway will

serve to enhance or inhibit motivation for further work depending on

their results, their agreement or disagreement with theory and their

acceptance by the scientific community.

As to the next generation of Lamb shift experiments, my

opinion which is shared by many experimentalists at this workshop is

that they will involve precise X-ray spectroscopy rather than resonance

measurements. Accelerators capable of providing hydrogenic beams of

elements with ^t40 will soon be operational. At these Z, the Lamb

shift should be of order 1 per mil of the Lyman e{ energy. Thus

Lyman Ĉ  spectroscopy at the 1 Oppm level will provide significant

tests of Lamb shift calculations.
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ENERGY LEVELS OF HIGHLY IONIZED ATOMS

W.C. Martin

National Bureau of Standards, Washington D.C 20234

Most of the data reviewed here were derived from spectra photographed
o o

in the wavelength range from 600 A down to about 20 A (% 20 to 600 eV).
o

Measurements with uncertainties less than 0.001 A relative to appropriate

standard wavelengths can be made with high-resolution diffraction-

grating spectroscopy over most of the vacuum-ultraviolet region. Although

this uncertainty corresponds to relative errors of 1 part per million
o o

(ppm) at 1000 A and 20 ppm at 50 A, measurements with uncertainties
o

smaller than 0.001 A would generally require more effort at the shorter

wavelengths, mainly because of the sparsity of accurate standards. Even

where sufficiently numerous and accurate standards are available, the

accuracy of measurements of the spectra of \iery high temperature plasmas

is limited by Doppler broadening and, in some cases, other plasma effects.

Several sources of error combine to give total estimated errors ranging

from 10 to 1000 ppm for the experimental wavelengths of interest here.

It will be seen, however, that with the possible exception of a few

fine-structure splittings the experimental errors are small compared to

the errors of the relevant theoretical calcula ions.

Resonance Lines of Copper and Zinc Isoelectronic Sequences

During the past four years J. Reader and his collaborators have

greatly extended the energy-level data for the Na, Mg, Cu, and Zn
1 -4isoelectronic sequences. The sources for most of the spectra were

plasmas generated by focusing pulses of 1.06-um radiation onto metallic

targets, the radiation being from a Nd:glass laser at NBS (typically
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15 J in 10 ns) or from a much more powerful laser at Los Alamos (30 J in

300 ps). The spectra of the lower ionization stages were photographed

with the NBS 10.7-m grazing-incidence spectrograph and the high-ionization
o

spectra were photographed down to 10 A with our 2.2-m grazing-incidence

spectrograph. The wavelengths measured with the 10.7-m instrument are
o

accurate to j^0.005 A, and the uncertainty of most the measurements with
o

the 2.2-m spectrograph is about ± 0.02 A. Densitometer traces of the

4£-4£' lines for the Cu- and Zn-like ions of four elements are shown in

Fig. 1.

The energies of the 4s-4p transitions are plotted along the Cu and

Zn isoelectronic sequences in Fig. 2, the abscissa Z being the core

charge (Z = Z - N + 1, where N is the total number of electrons for

the ion). The increasing steepness of the 4s S, .„ - 4p P~.? curve for
2

the higher ions arises from the relativistic depression of the S, ,~
2 2

level; the 4s S1 ,„ - 4p P-i/? curve is almost straight (the irregular
doublet law) because the relativistic corrections are approximately

2 1 1
equal for these two levels. Note that the Zn-sequence 4s SQ - 4s4p P-,

2 2
transitions follow the S, .„ - Pg,,, curve, owing to the dominant

sl/2p3/2 c n a r a c t e r °f t n e P] level.
2 2

The differences between the observed Ŝ  .„ - P ^ wavelengths and

those predicted by the Dirac-Fock (DF) calculations of Cheng and Kim

are shown in Fig. 3. Fig. 4 is a similar graph for the SQ - P,

wavelengths, the calculated values for the Zn sequence being from Shorer

fi 7 ? ?
and Dalgarno's RRPA results. The calculated 4s S ^ - 4p P3/0 and

4s So - 4s4p P, wavelengths in the 100 A region (Z £ 30) are in
0

error by about 0.5 A, i.e. by about 0.5%. Interpolated corrections to
o

the calculated wavelengths should have errors less than j^0.2 A, however;
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Fig. 1. transitions in Cu- and Zn-like Nd, Gd, Er, and W:

A, 4p 2P1/2-4d
 2 D 3 / 2 ; B. 4d

 2D3/2-4f
 2 F 5 / 2 ; C, 4d

 2

4f 2 F ? / 2 ; D, 4p
 2 P 3 / 2 -

4 d 2°5/2' E' 4P 2 p3/2" 4 d 2°3/2 (tentative

identifications); F, 4s 2 1SQ-4s4p
 ]P-[; 6, 4s

 2S-|/2-4p
 2 P 3 / 2

(from Ref. 2).
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1600^
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o
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CC

f= 800

15 35 45

Fig. 2. Z dependence of the energies of resonance transitions in the Cu

and Zn isoelectrom'c sequences. Curve a, 4s SQ-4s4p V , of
2 2

the Zn sequence. Curve b, 4s S1/2-4p P3/2 of the Cu sequence.
2 2

Curve c, 4s S ] /2"4P p i / 2 °^ t h e Cu s e c l u e n c e (from Ref. 2).
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the predicted wavelengths obtained from the points for Xe in Figs. 3 and

4 have smaller uncertainties than the original measurements of these

lines as emitted by tokamak plasmas.

It is interesting to note that, as reported by other participants

9 10
in this worNshop, ' DF calculations yield predicted energies for Kα,

x-ray transitions in the 20-100 keV range with errors of the order of

100 ppm; i.e., the relative error of these calculations is of the order

of ]°/o of that for similar calculations of optical wavelengths.

Higher Levels of Ions of the Copper Sequence

Careful analysis of the spectra has yielded a rather extensive

system of energy levels for the Cu sequence. A part of the known

one-electron system for Mo XIV is shown in Fig. 5. (Higher one-electron

levels than those shown have been found, and groups of satellite lines

10 9on the long wavelength side of the 3d - 3d 4p resonance lines of Ni-

like ions have been classified to yield very high levels for Cu-like and

Zn-like ions having cores with 3d excitation. ~ ) The experimental

and calculated 4f-5g transition energies (scaled by Z
c
 ) are plotted in

Fig. 6 for the ions having Z = 6 through 20. The relative error of the

calculations
5
 at yttrium (Z

c
 = 11) is 1.3%.

2
The experimental 4f F fine structure is inverted up to about Z =

12, the splittings becoming normal and rapidly increasing for Z > 12

(Table I). The relativistic calculations" qualitatively reproduce this

behavior rather well, as shown in Table I, even though no special care

was taken in evaluating the fine-structure intervals theoretically. The
p

5g G splittings are predicted to be normal and not greatly different
5

from the hydrogenic values, these results being supported by such

experimental values as have been extracted from the analyses so far (Table II)
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Fig. 5. Grotrian diagram for Mo XIV, with wavelengths in A followed by

relative intensities in parentheses (from Ref. 3, Mo XIV).
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2 2
Table I . 4f F-,/o - Fc / O f ine-s t ruc tu re s p l i t t i n g s in the

111 b/Z
Cu isoelectronic sequence.

Element

Ge

As

Se

Br

Kr

Rb

Sr

Y

Zr

Nb

Mo

Tc

Ru

Rh

Pd

Ag

Zc

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

Hydrogenic

splitting

(cm-1)

2

5

10

18

31

50

76

111

158

217

292

385

499

635

799

992

Calculated

splitting8

(cm-1)

-5

-n
-19

-30

-40

-47

-49

-41

-20

18

78

276

609

Experimental

splitting

(cm"1)

1

-12

-35

-36 + 3

-18 + 3

1 + 3

50 + 6

118 + 6

343 + 30

682 + 35

901 + 40

DF calculations by Cheng and Kim, ref. 5.

3Values for Z > 8 from Reader et al., refs. 3, 4.
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2 2
5g Gg,p " G7/2 fine-structure splittings in the
Cu isoelectronic sequence.

Element

Ge

As

Se

Br

Kr

Rb

Sr

Y

lr

Nb

Mo

Tc

Ru

Rh

Pd

Ag

Zc

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

Hydrogenic

splitting

(cm-1)

0.6

1.5

3

6

10

15

23

34

48

67

90

118

153

195

245

305

Calculated

splitting3

(cm"1)

0.4

1.3

3

5

8

13

20

29

41

57

78

134

218

Experimental

splitting

(cm'1)

3 1 + 6

5̂0

MOO

150 +_ 25

209 + 40

239 +_ 40

DF calculations by Cheng and Kim, ref. 5.

'Reader et al., refs. 3, 4.
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It is interesting to note that the quantum defects of the terms

having high angular momenta are much larger than the Dirac-Sommerfeld

relativistic defects. If the relativistic correction for the ns> term

2 2
is expressed as a quantum defect 6 , its value to order Z α is

4n
\

so that for Mo XIV 5g
 2
G, for example, 6

p
 = 0.00038. The observed

quantum defect for Mo XIV 5g
 2
G is 6 = 0.0079. Core polarization

presumably accounts for most of this observed defect, but no investigation

of the behavior of 6 along the sequence has yet been made.

Table III gives a comparison of observed and calculated wavelengths

at a higher ionization stage in the Cu sequence, Sm . The first three

lines chosen for this comparison are from An = 0 transitions, whereas

the last two are from An = 1 yrast-type transitions. The corrections to

the Dirac-Sommerfeld positions are important even for the "hydrogenic"

2 2
5g - 6h line: the Dirac-Sommerfeld 5g G

g
,

2
 - 6h H-j,

/2
 wavelength for

o

Z = 34 is 64.43 A, which is greater than the observed wavelength by
o

0.81 A (1.3%). Note that this difference, which is mainly due to the

larger quantum defect of the 5g electron, is predicted to within an

error of about 15% by the DF calculations.

Sodium, Magnesium, and Zinc Isoelectronic Sequences

The analyses of the Na-, Mg-, and Zn-sequence spectra at high

ionization stages are not yet as advanced as the Cu-sequence analyses.

(The spectra of the K and Ca sequences are considerably different from

the Na-, Mg-, Cu-, and Zn-like spectra because of the relatively small

separations of the 3p and 3d energies at high ionizations.) The 3s S -
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Table III. Wavelengths for Sm XXXIV

4s

4p

4d

4f

5g

Transition

\ n - «•• \,z
P - drl n

"5/9 C\ / 0

D - 4f F

2c C^ 2 rF7/2 " 5 g G9/2
2 2
%/Z ~ ^ ^11/2

Exp.a
o

(A)

113.51

103.57

102.25

31.096

63.619

Exp.-Calcb

0

(A)

0.56

0.07

-0.07

-0.06

-0.12

Exp.-Calc 1f)3
A I U

Exp.

4.9

0,7

-0.7

-1.9

-K9

aReader et al., ref. 4.

Difference between experimental wavelengths and those predicted by Cheng

and Kim's DF calculations (ref. 5).

2 2 2
3p P resonance lines and also the 3p P - 3d 0 lines have been identified

4in the Na sequence up through Pd (Z = 46, l^ = 36). In the Mg sequence,
2 1 1the 3s SQ - 3s3p P, resonance lines and lines of the 3s3p - 3s3d

array have been identified through Rh (Z = 45, ZQ = 34). It is possible

that extensions of these analyses will yield the higher levels to a

completeness comparable with the Cu-sequence results and thus extend

significantly the types of electron configurations for which energy data

are available at very high ionization stages.

Palladium and Silver Tsoelectronic Sequences

Sugar and Kaufman have extended observation and analysis of the

spectra of these sequences through Dy XXI and Ho XXI, respectively.
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The spectra were excited in vacuum spark discharges and photographed

with the NBS 10.7-m grazing-incidence spectrograph. Transitions to the

10 1 9 9

4d SQ ground level from both 4d 4f and 4d 5p terms have been identified

in the Pd sequence (Fig. 7).

The relative positions of the low configurations in the Ag sequence

are of special interest. It is clear that for sufficiently high ZQ the

ground configuration must be 4d 4f and also that 4d 4f must eventually

become the lowest even-parity configuration. The rapid increase in the

4f binding energy greatly affects the character of the observed spectra,

so that very careful analysis along the sequence was necessary for
10 2reliable interpretations. The fall of the 4d 4f F term relative to

the other configurations, to become the ground term at Sm XVI, is shown

in Fig. 8. The positions of several important configurations, including

4d94f2 terms, relative to 4d104f 2F are plotted in the Zc (;• Zeff) range
10 9 2of interest in Fig. 9. The interpretation of the 4d 4f - 4d 4f lines

in Ce XII through Ho XXI was aided by Sugar's previous experience with
10 N 9 N+]

the classification of 4d 4f - 4d 4f x-ray transitions in lanthanide

metals and compounds. The 4d94f2 2D, 2F, 2G terms for W XXVIII shown in

Fig. 9 were derived from a new interpretation of the tungsten spectrum

observed in tokamak plasmas; Sugar and Kaufman explained features near
° 10 9 2 10

50 A in these spectra as arising partly from 4d 4f - 4d 4f and 4d 4f -

4d 5d transitions. It should be noted that the relative positions of

the 4d 4f and other low even-parity configurations along the Ag sequence

were predicted rather closely by Cheng and Kim (Fig. 10).
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Fig. 7. Transitions in the Pd I isoelectronic sequence. The core

charge 1Q is here denoted Z ^ (equal to the roman spectrum

number indicated). Extrapolated values (in A) of the SQ- P,

lines for W XXIX are given (from Ref. 15).
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2 Ry and scaled by T-^c is plotted, with the range of energies
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for the 4d 4f terms at each Z being indicated. Note that the

behavior of the experimental relative energies shown in Fig. 9

are predicted rather closely, since Z = Z « + 46 where

Zeff E Zc *s the (roman) spectrin number in Fig. 9 (from

Ref. 16).
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Energy Levels for Other Highly Ionized Atoms

The results reviewed here comprise only a fraction of the recent

progress on experimental energy structures of highly ionized atoms. Fig.

11 is a very rough indicator of the extent of the available data. Complete

references for the period July 1975 through June 1979 are included in

the most recent Bibliography on Atomic Energy Levels and Spectra

published by the NBS Atomic Energy Levels Data Center.
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Abstract:

Progress in theoretical estimates of single vacancy atomic term values
has challenged available experimental data. Our purpose in this brief survey
of the experimental situation is to indicate both conceptual and technical
problems which are currently faced. Although these interpretational
difficulties are formidable, the emergence of systematic trends in the
comparison of theory and experiment appears to invite a (possibly) simple
explication.
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1. Introduction

Recent progress in calculations of atomic inner shell energies is well

demonstrated by the presentations at this workshop. Mainly this work has

been in the direction of relativistic self-consistent field calculations with

term-by-term estimation of quantum-electrodynamic contributions and nuclear

size effects. Multi-configuration relativistic Dirac-Fock programs have been

developed by Desclaux who reviews the state-of-the-art in this workshop.

Complete tabulation of single-vacancy energies in a Dirac-Fock-Slater
2

approximation is available from the work of Huang, et al. A cogent

indication of the extent of this progress in calculation is that efforts

toward comparison with experiment have come to be limited by the accuracy of

available experimental energy level tables. This situation has had the

obvious effect of encouraging new experimental efforts with already

noticeable improvements. The precision of these enhanced comparisons has,

in turn, focussed attention on improving estimates of a number of small but
5

significant perturbing effects. However, as will be discussed below, there

remains some latitude at our disposal to consider these effects as

corrections to experiment or to incorporate them into the theoretical

machinery.

Our intent in this short resume is to expose to discussion several of the

more important limitations which arise when one attempts to produce an

informative comparison between current theory and the "best" of modern

experiments. It will emerge that past limitations of experimental technique

(wavelength scale, resolution, etc.) have largely been eliminated leaving a

more "basic" collection of intrinsic difficulties. The most obvious
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limitation is that arising from Heisenberg broadening of the inner levels

which ranges from 300 ppm for the sharpest levels (mid Z) to more than 1000

ppm at high values of Z. Given this width, a poorly modelable lineshape

(see below) and statistical limitations in reasonable experimental situa-

tions, it is difficult to do line or level locations to better than 1% of the

width. Furthermore, in some circumstances, especially toward mid- and low-

atomic numbers, even this level of "pointing precision" is not interpretable

whereas differential shifts can be readily determined with at least one order

of magnitude greater refinement.

All of the above considerations apply to single-hole state energies

themselves and intrude on any observational scheme whatsoever. In the case,

however, of use of X-ray emission lines, absorption edges or photo-electron

threshold measurements, special difficulties arise which are peculiar to each

mode of investigation. For example, strong emission lines, although

predominately transitions between single-hole states, are contaminated by

"satellites" due to multi-hole states. Those due to the "parent" transition

in atoms (or atomic regions) where one or several "outer" holes are

spectators range from near degenerary to foot or wing regions thereby

perturbing both the line itself and the background on which it appears.

Absorption edges are associated with transitions to unoccupied states

(orbitals) peculiar to the atomic system with an inner vacancy; relaxation

may or may not be considered complete while the bottom of the free-electron

continuum lies generally unmarked by any discernable feature in the total

cross-section. Although photoelectron spectroscopy appears to be the most

sure-footed of the techniques, it is not without its particular technical and

interpretational problems, eg. extra-atomic relaxation, and it is the most
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instrumentally limited of the three technologies.

This litany of troubles can be summarized by stating that there appears

to be no model-independent algorithm for extracting inner shell energies from

experiment. There then arises a choice (or rather many choices) about how

much interpretation or model-dependent analysis should be applied to data

before attempting contact with theory. Stated another way, how much detail

should be included in a theoretical study of inner shell energies or transi-

tions? Evidently one can answer such questions only in terms of particular

objectives. For example, at one extreme, the spectral line profile from a

particular X-ray source might, in some (unknown) set of circumstances, be

deemed a worthy object of study. In this case one would attempt to include

all significant perturbing effects and complexities on the calculational

side. Such a procedure could be thought of as making the "best" use of the

experimental data since corrections and so forth would not degrade the

experimental precision. On the other hand, this is not clearly a good way to

get at an informative comparison in the sense of revealing, for example, Z

dependent systematics. At the other extreme, one could simply stop the

calculations at the level of single vacancy term values and leave it to the

experimentalist to estimate these as best he or she can. This is not

necessarily the best way to proceed either since, for example, pairwise

grouping of energy levels to get transition energies cancels some of the less

interesting complications while leaving intact some of the more interpretable

aspects of such a comparison.

To give a somewhat precise focus to this discussion, attention will

largely be confined to data which can be obtained from photon spectroscopy in
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emission (mainly) with a brief mention of the absorption edge problem.

Alternative strategies using γ-ray calibrated focussing instruments and

flat-crystal "absolute" instruments will be mentioned along with some plans

for future efforts. Finally, we survey the small but growing set of

measurements which are now available where all remaining limitations are

intrinsic and attempt to suggest where these efforts are leading.

2. Experimental Overview

In aiming toward term value and transition energy estimates from the

experimental side, one has to face some not very interesting problems

associated with establishing an appropriate and precise energy (wavelength)

scale. The essential objective here is that experimental results be related

to the unit(s) in which theoretical estimates most readily appear. For the

present purpose we take this to be the Rydberg constant or equivalently, the

"atomic unit." (In some cases of nearly degenerate comparisons, or of ratio

measurements, this is not a problem but, in general, it is.) Although

internal imprecision and inaccuracy of the wavelength scale were troublesome

in the past, they are no longer so for well crafted X-ray measurements. For

the case of photoelectron spectroscopy, the problem is somewhat more complex

but less serious because of the poorer limiting accuracy encountered.

The presently available procedure for wavelength measurement is

applicable both to direct reading spectrometers and to relative instruments

calibrated by γ-rays linked to those established using a direct reading
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spectrometer. X-ray lines already determined on a direct-reading instrument

may naturally also find use as secondary standards but, because of the above

mentioned difficulties about line width and line shape they are somewhat less

effective. Our procedure for establishing direct reading instruments has

been as follows: The same kind of I
2
 stabilized HeNe laser used to fix R^

was used to determine the repeat distance of a crystal by combined X-ray and

optical interferometry. This calibration was then transferred to other

specimens suitable for X-ray and γ-ray spectroscopy using techniques that do

not require overly good knowledge of X-ray lines. Finally, specimens cali-

brated in this way were used in absolute angle measuring machines (direct-

reading instruments) to measure either long-wavelength or short wavelength

spectra as well as to fix values for a number of γ-ray transitions which can

be used as secondary standards. Our work on X-ray lines has so far made use

only of the direct reading instruments while others have related their X-ray

measurements on relative instruments to our γ-ray results. In the future,

we also plan studies using a γ-calibrated relative instrument (see below).

In either case, the results one obtains are no longer limited by spectro-

scopic techniques but only by the characteristics of the X-ray emission and

absorption features themselves as well as their interpretability.

Returning to the general problem of determining X-ray term energies we

take note of the several approaches available and problems associated there-

with. We next turn to transition energies and then to the case of predicted

near degeneracies. To begin, let us restrict attention to free atoms.

Photoabsorption thresholds are closely associated with term energies, are

observable throughout the periodic table and are reasonably well defined for

most inner shells, unfortunately, none of the more distinct features of the
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near edge region points to the bottom of the photoionization continuum. One

must instead have recourse to a more or less rigorous model some of whose

bound state features when fitted to experiment permit more or less accurate

determination of a binding energy value. Argon is an example of the simplest

case while some of the recent work by the Oregon group on krypton at the
o

Stanford storage ring is an example of a more subtle case. It seems clear

that this kind of procedure carried out for available atomic vapors will make

a distinct and useful contribution. Unfortunately one must deal both with

reasonably difficult experiments and explicitly model-dependent results.

An experimentally more satisfying approach to binding energy determina-
g

tions is available from X-ray photoelectron spectroscopy. In this case, one

illuminates the atom with a presumably well-known photon energy, hv, and

analyzes the photo electron kinetic energy E^ = hv - E
fi
. Neglecting certain

technical details about instrument work-functions and some problems about the

incoming photons, this is a clean and satisfying approach. Unfortunately, it

is not a very general approach since it tends to become less competent in

dealing with deeper levels. Although these problems are not very funda-

mental, they are technically quite trying. For example, it is easier to

imagine measuring the binding energy of the Uranium K-electrons by shining in

Fermi urn Kα, than to do it.

Fortunately, X-ray emission lines are relatively easy to measure and

provide convenient energy level difference estimates. For the technical

reasons just indicated the X-ray emission lines are of particular value in

reaching the deeper levels of high Z atoms. They are also of value in many

other cases as well. Their use, in combination with photoelectron spectros-



222

copy of one or more of the more weakly bound shells seems to offer the best

available procedure for building up inner vacancy energy level schemes at

least for the case of elements which can be handled in gas phase, and

possibly also in general.

Unfortunately many kinds of satellite lines occur within or near X-ray

emission lines as we have been reminded by several recent studies.

Empirically one can try to obtain spectra less contaminated by satellites by

using excitation near the single-vacancy threshold. This is not, in general,

a very convenient option. In another approach, Borchert, Hansen, Jonson,

Ravn and Desclaux used theoretical positions and intensities for some of

the stronger double-vacancy, single-jump lines folded with an assumed line

shape to obtain a model profile. By adjusting the composite profile to the

data they extracted a model-dependent location for the underlying single

vacancy process. This is ultimately a good idea but the shifts generated in

this way are not yet dominating.

What has been said up to now is clearly interpretable for the case of

free atoms. Only a minor portion of the periodic table is, however, readily

handled in gas phase. Also, intensities, convenience of operation and the

present empirical data bank suggest that we somehow make use of information

obtained from solid specimens. Among these, metallic conductors are of

great interest since they are well dispersed throughout the periodic table

and are relatively tolerant of what we would like to do to them to obtain

emission lines and photoelectron thresholds.

Since our interest is here in atomic systematics, one question is what
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(if anything) can be learned about free atom energy levels from experiments

carried out on these atoms while in a condensed, metallic phase? At first,

this seemed fairly easy:

(1) For emission lines connecting sufficiently deep inner-hole

states, assume that condensation perturbs the two holes equally so

that emission lines do not depend on state of aggregation. This

turns out to be not such a bad assumption as is readily attested by

people who have tried to study chemical shifts of Kα lines.

(2) For the case of photoelectron thresholds, it is reasonable to

assume that inserting a metal i.arget into a metal spectrometer makes

all Fermi energies equal. Thus what would be measured from the

vacuum level in a free atom experiment appears as measured from the

Fermi level. Naturally, photoelectrons are also deprived of some of

their kinetic energy by overcoming the metals' work function

barriers.

Although such simple procedures were used in the past, recent work

11 12

especially following Shirley et al and Jen and Thomas has called

attention to extra-atomic relaxation. This effect, as the name implies,

attends to the energy shift due to electrons from neighboring atoms screening

the inner vacancy's positive charge. Energy lowering due to this effect is

not easy to estimate in general but has been evaluated in several special

cases. Where evaluated, results are in the range 4-12 eV. Thus, to attempt

to estimate an atomic inner shell energy from photoelectron spectroscopy of

the corresponding metallic solid requires combining Fermi-energy, work
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function and extra-atomic relaxation. Results from such procedures are not

generally available and are not entirely trivial to generate.

We are therefore inclined to take the position that atomic levels cannot

at present be generally inferred from experiments on solids. On the other

hand, the approximation that all sufficiently deep inner-shell levels shift

equally seems to be in better shape. Thus, comparing emission line positions

with those obtained as differences between appropriate calculated binding

energies seems to be a more reliable procedure at the present time.

An elegant scheme which compares certain emission line ratios with

theoretical estimates has been used in Ref. 10. Here the Bragg condition was

used to bring about near coincidences between diffraction profiles from two

different elements in separate orders of diffraction. It is a characteristic

of such an approach that very modest demands are placed on the instrumenta-

tion and its calibration. However, since diffraction orders tend to be small

integers, the number of such linkages is not large. They are, nevertheless,

valuable in extending the limited high quality data base currently available

by other means.

3. The Present Data Base

For the purpose of extracting trends in departures of available relati-

vistic self-consistent field calculations from experiment we restrict

attention to prominent diagram emission lines. Reasons for this restriction
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as described above include especially the need to use data from metallic

targets, a desire to compromise between the low accuracy but interpretabie

"experimental" energy levels and the few multi-order or magic ratio

degeneracies and a hope that careful use of our best information may lead to

a possibly interesting dialogue between theory and experiment. The

comparisons indicated are of a relatively coarse-grained character making it

appropriate to neglect many discernable details whose presences are evident

in sensitive differential measurements. It is on this account that we

initially neglect those shifts in peak position arising from unresolved

satellite components. This is, of course, ultimately a serious problem

and, because of its easily discerned magnitude, one which needs to be a main

focus of efforts following resolution of the larger discrepancies evident in

data here summarized.

The experimental universe having a proper scale and high resolution

profiles is a rather small one at present. For obvious reasons, we need to

exclude transitions in which the final hole state is close to valence

energies. All useable data are of relatively recent origin and are well

connected to the Balmer a line of hydrogen (which is functionally equivalent

to the Rydberg constant). The main useful results come from either "direct-

reading" instruments calibrated from first principles or "relative"

instruments calibrated by γ-ray lines otherwise determined by a direct-

reading instrument. In addition, to fill in certain regional gaps, we make

use of a few lines whose wavelength values were derived from X-ray to X-ray

wavelength comparisons made under fairly favorable conditions.

Sources of input data in the above categories are the following:
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Measurements using direct reading spectrometers have been made at NBS (thus

far) using techniques which also established γ-ray reference points for the

principal relative measurements. Relative measurements (i.e., those anchored

to directly determined γ-ray secondary standards) have been carried forward

in three efforts. In the earliest of these, γ-ray to X-ray wavelength

ratios were determined for the main purpose of normalizing the Y-ray

lines. (Subsequent direct measurement of the γ-lines has permitted use of

these excellent measurements in a sense opposite to that originally

envisioned.) Subsequent efforts at Grenoble have explicitly utilized normal-

ization of observed X-ray lines in terms of directly measured Y-ray

14
secondary standards. Those cases where we need to use X-ray to X-ray

ratios now involve two sources. The first of these is the Johns Hopkins

laboratory of J. A. Bearden where extensive measurements were made over a

long period. Ratios which do not involve WKa appear generally robust and

are of particular value in the second transition group elements. The

second, which has not yet been used, derives from the mixed-diffraction-order

generated near-degeneracies as studied in Ref. 10. Our present inability to

incorporate these excellent data arises from the fact that neither of the

lines pairwise compared is otherwise available. For the future we need to

provide a few selected new measurements at which point the well-determined

ratios will permit fixing at least a second line in each case.

In arranging these data for discussion, we have assumed that the general

Z dependence of the terms, as well as shell structure effects, are already

included in the theoretical estimates. Therefore our interest has focussed

on the Z dependence of the difference between experimental and theoretical

transition energies. We have, thus far, used the theoretical compilation by
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o
Huang, et al. These results are known to have some limitations due to the

nuclear charge model assumed and possibly with the Breit interaction as well.

Nevertheless, since it appears to remain the only source of such information

over all Z, we continue to use it for want of an alternative. Our surmise is

that the trends to which we shortly draw attention will likely persist even

after proper adjustment of the calculation is carried out.

Figures 1 and 2 show differences (in energy) between theory and

experiment for the most prominent K series lines. Points which are open

circles come from direct measurements at NBS, those indicated by solid

13
squares are derived from the Borchert γ-ray to X-ray ratios, triangles are

from similar measurements as reported by Barreau, et al, while filled

circles come from X-ray to X-ray ratios as determined by Bearden, et al, or

15
as quoted in Bearden

,
s survey of other sources of information. We plot the

difference versus Z since in our earliest considerations an E ̂  or linear Z
4

dependence appeared to emerge strongly from a more limited data set. As

more information has accumulated, it has become less clear that a simple

linear dependence will persist. The figures as presented conceal the fact

that our knowledge of the experimental spectra has undergone rapid

improvement over the past few years. To avoid clutter, we have eliminated

earlier and less accurate data in all cases. Separate and more thorough

studies will be needed to rationalize such discrepancies as appear between

different sources of experimental information.

To offer some perspective but no new information, a diagram similar to

those for the K series above is shown in Fig. 3 for Lα and La
2
 transition

energies. There are a number of factors besides the absence of new high
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quality data that serve to limit the sharpness of conclusions which might be

drawn from Fig. 3. Of principal importance is that final hole states for L

series transitions lie, in moderate Z atoms, fairly close to the valence

levels thereby subjecting these transitions to additional broadening and

perturbing mechanisms. Nevertheless, in spite of these difficulties, one

readily notes that the pattern of discrepancies seen in Fig. 3 for an L

series transition is not largely different from those already evident in the

K-series as seen in Figures 1 and 2.

4. Conclusion and Outlook

There is evident difficulty in extracting from Figs. 1-3 any firm

guidance as to what is needed next. On the one hand, it is evident that

these pictures can change to a significant extent by applying the methods

described by Desclaux in his communication to this workshop. On the other

hand, even the all Z tabulation used by us in producing the "data" shown in

the figures probably does not impose the larger scale structures which appear

evident in the figures. The apparent propensity toward non-simple behaviour

of AE with Z is therefore something that needs further exploration. Such

exploration should evidently include a more dense Z sampling in some regions

as well as attention to weaker lines (including non-diagram transitions as

mentioned below).

Most work thus far has used relatively high efficiency bent-crystal

14focussing instruments and sources either made incidentally in a reactor or
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excited in fluorescence by a y-ray emitter. Our work has principally used

direct electron bombarded sources, especially, in the case of mid-Z to high-Z

elements, using an electron Van de Graaff operated in the 2.5-3.5 MeV range

at target melting currents. The high flux of X-rays from this source has

permitted our measurements of principal diagram lines to proceed, albeit

slowly, in spite of the extremely low efficiency of the double-flat-crystal

instrument (referred to above as a direct-reading instrument).

Clearly, combining the source strengths attainable with 2-4 MeV electrons

with the efficiency of a bent-crystal focussing instrument wi l l provide an

opportunity for more thorough study of Z-dependent systematics as well as for

the study of "satel l i tes" and "forbidden" l ines. Such an enterprise was

carried out long ago by Beckmann but without present-day state-of-the-art

technology for crystals and goniometry. We have therefore undertaken to

combine the strong sources which can be produced by several MeV electron

18 19
bombardment, the efficiency of a DuMond geometry bent-crystal instrument

20and the use of broad range angle interferometry to obtain new information

21
in this area.

We expect to operate this new instrument in a γ-ray calibrated mode. It

is intended to enhance our deliniation Z-dependent systematics by applying

this instrument to the study of a wider range of targets than has so far been

possible. In addition, for the more durable targets we hope to study both

normal satellites and, especially the hypersatellites. It is well known that

last mentioned lines, though difficult to study, offer considerable

22sensitivity to atomic calculations including some of their dynamic aspects.



23J

References

J. P. Desclaux, Comp. Phys. Comm. 9, 31 (1975)

2
K-N. Huang, M. Aoyagi, M. H. Chen, B. Crasemann and H. Mark, Atomic Data

and Nuclear Data Tables 18, 243 (1976)

3
See for example J. A. Bearden and A. F. Burr, Rev. Mod. Phys. 39_, 125

(1967)

4
R. D. Deslattes, E. G. Kessler, Jr., L. Jacobs and W. Schwitz, Phys. Lett.

71A, 411 (1979)

G. L. Borchert, P. G. Hansen, B. Jonson, H. L. Ravn and 0. W. P. Schult,

"International Conference on X-Ray Proceses and Inner Shell Ionization",

Stirling, Scotland 1980, to be published

M. 0. Krause and J. H. Oliver, Jour, of Phys. and Chem. Ref. Data 8_, 329

(1979)

E. G. Kessler, Jr., R. D. Deslattes, A. Henins and W. C. Sauder, Phys. Rev.

Lett. 40, 171 (1978)

M. Breinig, M. H. Chen, G. E. Ice, F. Parente and B. Crasemann, Phys. Rev.

A, 22, 520 (1980)



234

g

See for example M. 0. Krause in "Synchrotron Radiation Research", H. Wimck

and S. Doniach, eds, Plenum Press, New York, 1980, p 101

G. L. Borchert, P. G. Hansen, B. Jonson, H. L. Ravn and J. P. Desclaux, in

"Atomic Masses and Fundamental Constants-6", J. Nolen and W. Benenson,

eds., Plenum Press, New York, 1979, p 189

U D . A. Shirley, R. L. Martin, S. P. Kowalczyk, F. R. McFeely and L. Ley

Phys. Rev. B, 15, 544 (1977)

12J. S. Jen and T. D. Thomas, Phys. Rev. B, 13, 5284 (1976)

1 3G. L. Borchert, Z. Naturforsch. 31a, 102 (1976)

14
G. Barreau, H. G. Borner, W. F. Davidson, R. W. Hoff, P. Jeuch, J. Larysz,

K. Schreckenbach, T. von Egidy and D. H. White, in "Proc. of the Third Int.

Symp. on Neut. Capt. Gamma-ray Spect. and Related Topics", T. E. Chrien and

W. R. Kane, eds., Plenum Press, New York, 1979, p 552

15J. A. Bearden, Rev. Mod. Phys. 39, 78 (1967)

J. A. Bearden, A. Henins, J. G. Marzolf, W. C. Sauder and J. S. Thomsen,

Phys. Rev. 135. A899 (1964)

0. Beckmann, P. Bergvall, and B. Axelsen, Ark. Fys. 14, 419 (1958)



235

18
C, E. Dick, A. C. Lucas, J. M. Motz, R. C. Placious, and J. H. Sparrow,

Jour. Appl. Phys. 44, 815 (1973)

19See for example J. W. Knowles, Nuc. Inst. Meth. 162, 677 (1979)

20
£UW. Schwitz, Hue. Inst. Meth, 154, 95 (1978)

21
This work is proceeding in collaboration with D. Girard and A. Henins

22T. Aberg and M. Suvanen in "Relativistic Theory of X-Ray Satellites in X-

Ray Spectroscopy", C. Bonnelle and C. Mande,eds., Pergamen, New York, to be

published



2 36

3 3Beam-Foil Observation of Is2s S - Is2p P Transitions
24+in Helium-Like Fe

J. P. Buchet, M. C. Buchet-Poulizac, P. Ceyzeriat, A. Denis,
J. Desesquelles, M. Druetta, and K. Tran Cong

Universite de Lyon, 1 Campus de La Doua, 69621-Villeurbanne, France

The measurements of the A n = 0 transition energies can lead to

sensitive testing of quantum electrodynamics and relativistic corrections for

1 2 3 3

higher Z two-electron ions. Davis and Marrus made the first 2s S - 2p P

observation for helium-like ions of Z > 10 in Ar XVII with limited precision

of ±1 A at about 600 A. Higher precision (in some cases better than 0.03 A)

was obtained by Berry et al. on CI , by O'Brien et al. on Si and by

Livingston et al. 5 on S i 1 2 + , S 1 A + and C l 1 5 + .

We have undertaken a high precision (better than 0.10 A) measurement

of 2s S-2p P transitions in Fe

The helium-like iron spectra were obtained in a fast iron beam from

the hybrid accelerator ALICE at ORSAY using the conventional beam-foil tech-

niques. At 395 MeV (7 MeV/nucleon), the equilibrium charge state distribution

is one-third two-electron ions, one-third three-electron ions and the last

third mainly one- and four-electron ions. The spectra are studied using a

Roman-Vodar 3m vacuum monochromator. The observation was made at 90° to the

ion beam. The spectrometer wavelength drives were controlled by a stepping

motor. The channeltron detector counted photons for a given step during a

time monitored on the particle charge measured in a Faraday cup. Spectra

were recorded from 120 A to 500 A with slits 300 ym wide and between 250 A

and 285 A with slits 150 ym wide (Fig. 1 ) .
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Spectra were analysed using a Gaussian fitting programme and a

centroid determination after deconvolution. Results are in good agreement.

The identification of the transitions is based on the study of the spectrum

in the range 120 1-500 A. Main lines are from the very strong doublet

2s - 2p in Li-like Fe XXIV, the 2s2p - 2p2 lines in Be-like Fe XXIII, the

hydrogenic 5-6, 6-7, 7-8 and 8-9 lines in one-, two-, three- and four-electron

ions. Second order lines are very useful to test the calibration of the

monochromator. Of major importance is the Fe XXIV 5-6 transition observed

o

in second order at 258.59 A. The energy levels contributing to these

hydrogenic transitions are described in terms of a relativistic hydrogenic

part plus a core polarization contribution. The uncertainty in position of

the center of the 258,59 A line is estimated to be less than 0.2 A after

simulation study with different population distributions.
3 3

Results for 2s S - 2p P transition of Fe XXV are shown in Tables

1 and 2.

3 3
Results for the 2s S - 2p P transition in the present state of our

analysis are only tentative because the resolution of this part of the

spectrum is not sufficient to resolve from the second order of Fe XXIV 6-7

o

at 214.6 A. This work on Fe XXV will be completed in the near future by new

measurements at ALICE with improved techniques.

This workshop, Mohr, Silver, Livingston, DeSerio et al., and references
herein.

W. A. Davis, R. Marrus, Phys. Rev, A JJ>, 1963 (1977)

3H. G. Berry et al., Phys Rev. A 22, 998 (1980)

R. O'Brien et al., J, Phys, B Jj!, L41 (1979).

5A. E, Livingston et al,, J, Phys. B ĵ 3, L139 (1980).
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Table 1. Transition Energy of 2s S - 2p P in Helium-Like Fe XXV (cm
 1
)

J- K) $ Z.

Nonrelativistic ZZ
 n

Relativistic hydrogenic (Zα)

Breit Z
_ 1
(Za)

4

-2 4
Mohr-extrapolation Z (Zα)

Relativistic hydrogenic (Zα)

-"1 ft
One-photon exchange Z (Zα)

Total (relativistic and

nonrelativistic)

Mass polarization

Hydrogenic Lambshift

Total (relativistic and

nonrelativistic and QED)

Experimental result

2s
 3
S

209977

166988

-7459

15

3758

373279

(267

-110

-4220

369059

(270

271

.4

.7

.8

.1

.1

.4

.9 A)

.4

.96 A)

.03 ±,09 A

28^-2?^

209977.4

0

29355.7

-2086.7

0

760.7

238007.1
(420.2 A)

-110

-4610

233397.1

(428.45 A)

430 ±1 A?

The Lambshift value is from Mohr (Ref. 1). The value of Erickson (Ref. 1)

is about 3% higher giving a wavelength shifted by 0.1 A compared to the

wavelength calculated with the value of Mohr for the Lambshift.

3 3

Table 2. Experimental Precision on Transition 2s S^ - 2p P_

Wavelength (A)

High resolution spectrum

Low resolution spectra

271.03 ± 0.02 ± e ± e

st sys

271.05 * 0.02 ± 0.07 ± e

sys
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*
Recent Results in An = 0, n = 2 Transitions of Helium-like Systems

R. DeSerio, H. G. Berry and R. L. Brooks

Physics Division, Argonne National Laboratory, Argonne, IL 60439

We present wavelength measurements of the transitions

3 3
Is2s S1 - Is2p P of the helium-like ions of silicon,

sulfur and chlorine. We have calculated the wavelengths of

these transitions for Z = 2—50 using a non-relativistic 1/Z

expansion, one-electron Dirac energies, plus relativistic

corrections in first-order perturbation theory, plus one-

electron Q.E.D. or Lamb-shift corrections. By comparisons

of measurements of Z = 4—26 and theory, we find a

3 -1
discrepancy which is approximately 0.015 Z cm . We show

that this can arise from the first-order screening

correction to the one-electron Lamb shift and we give an

ab initio estimate of the correction.

Work performed under the auspices of the Department of Energy, Division

of Basic Energy Sciences.

Also at the Department of Physics, University of Chicago, Chicago, IL

60637.
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1. Introduction

We present further results in our program of measurements of

3 3 3 3
the Is2s S - Is2p P and Is2s S - Is2p P transitions in helium-

X- Z- JL \J

like ions for Z > 10. Our major objectives of these measurements are

precise determinations of the transition wavelengths to compare with

ab initio theory. One problem which has given rise to this workshop

is how to calculate such transiton energies in two- (and more) electron

systems, including all relativistic and QED corrections to the

non-relativistic energy. In the two-electron systems, very accurate

non-relativistic energies have been obtained for the above transitions

using variational calculations, and the relativistic corrections have

been added perturbative]'. using the Breit interaction and the one-

electron Lamb shifts. The former term is only calculated to first-order,

while the latter term includes only part of the "first-order"

corrections. A consistent relativistic treatment of the many-electron

system is required to account for the now clear discrepancy between

theory and experiment in these two-electron transitions.

In this paper we include briefly our new measurements in

Si XIII, S XV and CI XVI, and compare them and other measurements with
2

a 1/Z, (aZ) double expansion theory for Z = 4—26. We conclude that

the major omission from the theory is a term proportional to Z (see

also the contribution to this workshop by Silver). Such a term could

arise from a self-energy correction diagram where a transverse photon

is exchanged between the two electrons with the emission and

reabsorption of a single virtual photon by one of the electrons.

We estimate that this interaction is the correct order of magnitude.
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2. Experiment

We obtained fast ion beams (50-100 MeV) of Si, S and CI from

the FN Tandem accelerators at either Argonne National Laboratory or the

Notre Dame Nuclear Facility (in collaboration with A. E. Livingston

and S. J. Hinterlong). The beams, travelling at velocities of v/c % 0.08,

f
impinged on a thin carbon foil which further ionized and excited some

of the ions to the Is2p P states of the two electron ions. The

3 3
Is2s S^—Is2p PQ ̂  transitions were observed using a monochromator

viewing photons emitted at approximately 90° to the beam axis as shown

in Fig. 1. Further experimental details have been published elsewhere.

The observed spectra were calibrated using known resonance lines of

lower charge states and calculated wavelengths of yrast transitions

which were in close coincidence with the 2s-2p transitions. The

wavelength dispersion of the monochromator was determined using a

hollow cathode argon discharge source.

1,2

FARADAY CUP

a
To BEAU STOP

TO CURRENT
DIGITIZER

Pb SHIELDING

CHANNELTRON
DETECTION
ASSEMBLY

Fig. 1. Experimental Arrangement
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Results

Figures 2 and 3 show spectra obtained from silicon and sulfur,

respectively. As well as the helium-like 2s-2p transitions, they include

several of the calibration lines used in our analysis. In Figs. 4 and 5

we show some of our results in silicon and sulfur.

We have assembled all precision measurements of the 2s-2p

transitions for the helium-like systems of Z = 2—26 in Table I.
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WAVELENGTH (nm)

Fig. 3. Spectrum of 60 MeV beam-foil excited silicon.

Theory

We have described elsewhere the calculation of the 2s-2p

2 2
transition energies in the double expansion form of X = 1/Z and y = a Z .

The energy is derived as a sum of non-relativistic, relativistic and

QED corrections. The non-relativistic energy is that derived from the

4
1/Z variational calculations summarized by Blanchard. For the

relativistic corrections we present here some new results from a more

consistent treatment of the Breit interaction terms.

First, using the techniques of Drake, we have evaluated the

inter-electron Coulomb interaction and the Breit interaction as a first-order

perturbation correction using one-electron Dirac product wave functions.

2 2
This gives the one-photon exchange correction to all orders in a Z .
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Fig. 5. Experimental results for the 2s S - 2p P? transition in S XV.

2 2
As a check on the calculation, we can express our result as an a Z

expansion to obtain the first-order correlation (ZRy) and relativistic

2 3
(a Z Ry) correction . Agreement is found to all significant figures

4 6
quoted by Blanchard and Doyle for these terms. Second, the Breit

interaction has been calculated by Accad et al. as a first-order

perturbation correction using their correlated non-relativistic

wave functions for Z = 2—10. After subtracting out the zero-order Dirac

fine structure (a Z ) terra and the Doyle term (a Z ), we express the

result as a 9-parameter 1/Z expansion, and thus can evaluate the

Breit interaction to all orders of 1/Z for all Z ions.



TABLE I. Is2s - Is2p transitions—experiment.

ION

He I

Li II

Be III

B IV

C V

N VI

0 VII

F VIII

Ne IX

Al XII

Si XIII

S XV

CI XVI

Ar XVII

Fe XXIV

MA)

10830.250

hfs mixing

3720.85
.36

2822.51

2270.91

1896.82
1896.83

1623.29(.08)
.63(.O8)
.5O(.O2)

1414.42(.06)

1248.12(.O2)

900. (1)

814.70(.10)
814.76(.10)
814.693(.02)

673.431(.02)

613.785(.022)

560.2 (.9)

271.03 (-09)
271.2 (.6)

a (cm )

9230.795

26867.9(.2)
26871.5(.7)

35429.5( )

44021.6(1)

52719.5(.6)

61603.3(3.0)
590.4(3.0)
95.3(.8)

70700.4(3.0)

80120.5(1.3)

111110. (100)

122745. (15)
122735. (15)
122746. (4)

148493. (5)

162923. (6)

178500. (300)

368960. (125)
368730. (800)

A(£)

10830.248

3722.91
.47

2826.68

2277.92

1907.34
1907.34

1637.96(
38.30(

• 25(

1433.82(

1272.81(

-

-

-

-

-

3

hfs

.08)

.08)

.02)

.06)

.02)

Pl

a(cm-1)

9230.871

mixing

26853.1(.2)
56.3(.7)

35377.

43886.1(1)

52429.0(.6)

61051.6(3.0)
38.9(3.0)
40.7(.8)

69743.8(3.0)

78566.3(1.3)

-

-

-

-

-

—

3

MA)

10830.088

P
0

a (cm )

9231.859

hfs mixing

3720.91

2824.57

2277.25

1907.87
1907.89

1639.58(.08)
.87(.08)
.90(.08)

1437.07(.08)

1277.68(.04)

953. (1)

878.8K.20)
878.72(.12)
878.618(.O3)

756.M4(.07)

7O5.68(.15)

660.7 (1.1)

430. (1.0)

26867.4(.7)

35393.2

43899.0(1)

52413.9(1.4)

60991.2(3.0)
80.4(3.0)
79.3(3.0)

69586.0(4.0)

78266.9(2.5)

104930.(100)

113790.(25)
113802.(15)
113815.(5)

132198.(12)

141707.(30)

151350.(250)

232558.(550)

1

A (A)

20581.30

9581.42

6142.01

6142.2

-

3526.7

2896.4(.l)

2450.0(.l)

-

-

-

-

-

-

-

-

P

a(cn

4857.

10433.

16276.

16279.

-

28347.

34525.

40804

-

-

-

-

-

-

-

-

i )

454

74

8(.l)

(4)

,6(1.2)

. (1.7)
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3 3
Our results for the ns S - np P _ transitions for n = 2,3 and

1 U, Z

Z = 2—50 are given in Tables II and III. The total energy includes the one-

electron Lamb shift correction as given by Garcia and Mack. For the

3 3
2s . - 2p . ( S - P ) transition these values agree with the more accurate

values of Mohr to within 1 cm at Z = 17, lb cm at Z = 26. The results

for n = 2 update those of Ref. 1, which contained an error due to the double

counting of some QED corrections in the fine structures of the P terms, by

Accad et al.

In Table IV, we show the differences between the experimental

values of Table I, and the theoretical values of Table IF for the energies

3 3
of the transitions Is2s S1 - Is2p P „. The log-Jog plot in Fig. 6 of

these differences AP and AP? indicates an approximate Z dependence; this

3
can also be seen from the quantities Q. = (AP./Z ) • 100, (i = 0,2) which

are shown in Table IV and in Fig 7. We note that the difference between

experiment and theory is 45 cm for S XV, far outside the estimated experi-

mental error of ±5 cm

We have considered possible omissions from the theory which could

give rise to such discrepancies: two photon exchange or second order Breit

terms which would contribute energy corrections to the double series expansion

2 -1

are estimated to be of the order of 5 cm and insufficient alone to account

for the discrepancies. The first-order corrections to the Lamb shift type

terms are shown in Fig. 7. These correspond approximately to the lowest

order shielding corrections of the one-electron self energy and vacuum polar-

ization terms. We briefly sketch below an estimate of these corrections.
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3 3
Table II. Is2s S. - Is2p P 2 transitions - theoretical values, neglecting

two-electron QED corrections (in cm ).

z

2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

NON-QED

9223
18229
26872
35440
44042
52757
61650
70794
80260
90141,
100520.
111508.
123207.
135745.
149242.
163846.
179704.
196961.
215800.
236405.
258952.
283647.
310696.
340328.
372749.
408323
447132.
489553.
535840.
586302.
641239.
700967.
765836.
836178.
912382.
994808.
1083865
1179957
1283516
1394995
1514855
1643571
1781650
1929612
2088003
2257380
2438342
2631474
2837422

.955

.22

.18

.36

.8

.28

.21

.3

.59

.16

.8

.9

.7

.3

.4

.2
9
.7
5
1
6
2
3
1
2

2
7
3
2
5
4
2
9
1
4

V
ONE-EL.
QED

-0
-2
*-5
-12
-25
-43
-69

-106
-153,
-215,
-291.
-385.
-499.
-634.
-794.
-979.

-1193.
-1436.
-1714.
-2026.
-2377.
-2767.
-3200.
-3680.
-4206.
-4785.
-5414.
-6106.
-6853.
-7667.
-8545.
-9491.

-10512.
-11606.
-12784.
-14038.
-15386
-16815
-18346
-19976
-21229
-23563
-25530
-27597
-29819
-32131
-34629
-37233
-40006

.46

.02

.78

.97

.00

.40

.84

.09

.91

.12

.83

.95

.60

.99
,10
,43
20
,31
05
59
06
00
79
14
38
14
22
86
20
6
2
4
2
1
9
8

TOTAL

9223
18227
26866
35427
44017
52713
61580
70688
80106
89926
100228
111122
122708
135110
148448.
162866.
178511.
195524,
214086.
234378.
256575
280880.

307495.
336648.
368542.
403537.
441718.
483446.
528987.
578634.
632694.
691474.
755324.
824572.
899597.
980769.
1068479
1163142
1265170
1375019
1493626
1620008
1756120
1902015
2058184
2225249
2403713
2594241
2797416

.50

.20

.40

.39

.81

.87

.36

.21

.68

.04

.9

.9

.1

.3

.3

.8

.7

.9
,4
.5
4
.2
5
0
8
9
0
8
1
6
3
0
0
8
2
6

NON-QED

9225
18232
26868
35404
43920
52458
61042
69689
78408
87221
96131
105157
114303
123589
133018
142608
152372
162304
172432
182772
193323
204100,
215113.
226379.
237883.
249756.
261835.
274241.
286957.
300012.
313411.
327162.
341294
355803.
370727
386063
401837.
418061.
434753.
451935.
469625
487831.
506579.
525886.
545778.
566266.
587388.
609143.
631568.

.021

.34

.91

.13

.11

.86

.22

.39

.93

.43

.08

.5

.9

.9

.3

.8

.3

.2

.1

.9

.9

.8

.9
,4
6
,2
,4
3
5
6

4

9
2
3
3

8
9
9
1
8
9
8
1

V \

ONE-EL.
QED

-0
-2
-6
-13
-26
-45
-73
-111
-162
-227
-308
-409
-530
-675
-846

-1045
-1275
-1538
-1838
-2176
-2556
-2980
-3451
-3973,
-4547,
-5178.
-5865.
-6622.
-7439.
-8330.
-9292.

-10329.
-11449.
-12650.
-13944.
-15322.
-16803.
-18375.
-20059.
-21851.
-23772.
-25796.
-27958.
-30234.
-32678.
-35221.
-37990.
-40853.
-43935.

.47

.09

.00

.49

.08

.41

.26

.51

.15

.12

.74

.11

.58

.59

.35

.62

.88

.80

.45

.79

.76

.17

.74

.48

.06

.43

.71

.50

.25

.73

.29
8
,6
,5
3
8
2
6
5
6
3
9
7
7
9
6
1
3
7

TOTAL

9224.55
18230.25
26862.91
35390.64
43894.03
52413.45
60968.96
69577.87
78246.78
86994.31
95822.34
104748.4
113773.3
122914.3
132171.9
141563.2
151096.1
160765.5
170593.7
180595.3
190766.2
201120.7
211662.2
222406.3
233346.8
244578.0
255969.9
267618.7
279518.1
291681.6
304119.2
316832.8
329844.4
343152.9
356782.7
370740.2
385034.7
399685.6
414693.8
430083.7
445852.7
462034.9
478621.2
495652.2
513099.2
531045.2
549398.8
568290.5
587632.4
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Table

2

* * *
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
23
29
50
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

I I I . Is3s
3 3

S - I s3p P „ transitions - theoretical values,

two-electron QED corrections

NON-QED

* * * * * * * * * * * *

2328.029
4748.202
7117.568
9477.851

11841.6
14216.09
16605.36
19013.45
21442.34
23396.32
26378.13
28891.01
31436.66
34020.02
2o643.15
39349.91
42007.91
44766.78
47575.71
50440.3
53361.16
56342.43
59336.51
62493.25
65679.28
68934.57
72264.94
75678.12
79173.29
82757.36
86432.2
90200.06
94067.7
93035.24

102111.1
106295.4
110594.6
115011.4
119550.8
124217.9
129017.3
133951.6
139026.7
144247
149618.8
155145.6
160835.7
166690
172717.1

3S - 3P
s i po

ONE-EL.
QED

* * * * * * * * * * * * * * *
-.1395199
-.6237332

-1.73367
-4.02704S
-7.787711

-13.56387
-21.39112
-33.33589
-48.49145
-67.94832
-92.40078

-122.4822
-158.9046
-202.3952
-253.6349
-313.4382
-3S2.5626
-461.553
-551.5743
-653.2518
-767.4676
-894.8291

-1036.653
-1193.594
-1366.262
-1556.226
-1763.325
-1990.748
-2236.731
-2504.728
-2794.056
-3106.285
-3442.969
-3804.34
-4192.856
-4607.567
-5052.029
-5524.998
-6030.223
-6567.709
-7141.449
-7747.928
-8392.845
-9073.674
-9798.478

-10558.6
-11371.92
-12221.46
-13124.43

TOTAL

* * * * * * * * * * * *
2327.89
4747.578
7115.779
9473.824

11833.82
14202.53
16583.46
18980.12
21393.35
23328.87
262G5.73
28763.53
31277.76
33817.62
36389.51
39036.47
41625.34
44305.22
47024.13
49787.05
52593.7
55447.6
5S349.86
61304.66
64313.02
67373.34
70501.61
73687.38
76936.55
80252.63
83638.14
87093.78
90624.73
94230.9
97913.2

101687.9
105542.6
109486.4
113520.6
117650.2
121875.8
126203.6
130633.8
135173.4
139820.3
144587
149463.7
154468.5
159S92.6

(in cm ) .

NON-QED

* * * * * * * * * * * *
2327.737
4747.478
7119.121
9489.795

11830.07
14307.85
16790.43
19347.77
22000.4
24774.34
27694.78
30793.1
34099.85
37652
41435.68
45643.6
50169.42
55106.56
60508.14
66428.07
72919.59
80042.35
87359.53
96437.11

105843.2
116152.1
127437.6
139734.1
153270.9
167989
134028.2
201482.6
220455.1
241045.9
263368.1
287531
313654.5
341359.9
372275.5
405034.8
440276
478140.9
518779.9
562348.1
609008
658925.8
712279.1
769244.6
830013.6

3 3
S l " P 2

ONE-EL.
GED

* * * * * * * * * * * * * * *
-.1355139
-.6035452

-1.724SS6
-3.871841
-7.467099

-12.97241
-20.8S679
-31.73521
-46.06432
-64.41614
-37.42737

-115.6749
-149.8082
-190.4892
-233.3503
-294.0749
-358.4068
-431.7949
-515.3266
-609.546
-715.2551
-832.9783
-963.9439

-1108.735
-1267.863
-1442.814
-1633.341
-1S42.545
-2068.575
-2314.796
-2530.438
-2866.983
-3175.897
-3507.323
-3363.63
-4243.779
-4651.238
-5084.674
-5547.744
-6040.363
-6566.432
-7122.345
-7713.705
-8337.892
-9002.869
-9699.884

-1C446.71
-11226.26
-12055.64

neglecting

TOTAL

* * * * * * * * * * * *
2327.601
4746.375
7117.396
94S5.923

11872.6
14294.87
16769.54
19316.04
21954.33
24709.93
27607.35
30677.42
33950.04
37461.51
41247.35
45349.52
49811.01
54674.77
59992.81
65318.52
72204.33
79209.87
86395.59
95328.37

104575.3
114709.3
123804.3
137941.6
151202.3
165674.2
181447.8
19S615.6
217279.2
237538.6
259504.5
283287.2
309003.3
336775.2
366727.7
398994.4
433709.6
471018.5
511066.2
554010.2
600005.1
649225.9
701832.4
758018.3
817957.9
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Table IV. Differences between theory (neglecting two-electron QED corrections)
-1 3 3

and experiment (in cm ) for the Is2s S - Is2p P _ transitions.

ION

Be I I I

B IV

C V

N VI

0 VII

F VIII

Ne IX

Al XII

Si XIII

S XV

CI XVI

Ar XVII

Fe XXIV

2s 3 S ,

1.

2 .

3 .

5 .

14.

1 2 .

13.

- 1 3 .

37.
27.
3 8 .

45.

5 6 .

-12 .

417.

(Eexpt

5(0.2)

1

8(1.0)

6(0.6)

9(0.8)

2(3.0)

8(1.3)

(100)

(15)
(15)
(4)

(5)

(6 )

(300)

(125)

- E , ) cm 1

theory

\
2s 3 S, - 2p 3P

1 o
AP

o

4.5(0.7)

2 . 6

5.0(1.0)

0.4(1.4)

10.3(3.0)

8.1(4.0)

20.1(2.5)

182. (100)

17. (25)
29. (15)
42. (5)

27. (12)

144. (30)

254. (250)

-787. (550)

" 2 -

h\
I 1 - i n n
\*3)

2.34(0.3)

1.68

1.76(0.5)

1.63(0.2)

2.93(0.2)

1.65(0.4)

1.38(0.13)

-0.6 (4.6)

1.35(0.6)
0.98(0.6)
1.38(0.2)

1.10(0.12)

1.16(0.12)

-0.2 (5.1)

2.37(0.71)

Qo

/AP

\ir

7

2

2

0

2

1

2

8

0
1
1

0

2

4

-4

=

3 J

.03(1

.08

.31(0

.12(0

.01(0

.10(0

.01(0

.28(4

.62(0

.06(0

.53(0

.66(0

.95(0

.4 (4

.48(3

100

• 1)

.5)

.4)

. 6 )

.4)

.25)

• 6)

• 9)
.6)
• 2)

. 3 )

.6 )

• 4)

• 1)
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IOV

10

t
6
u

10

' I - » i

Eexpt"Eth

2s3S,-2p3P2

Eexpt"Eth

2s3S r2p3P0

i , . . . 1

Fig. 6.

10 20

3 3
Differences between theory and experiment for the 2s S - 2p P
transitions. The straight line fits correspond approximately
to 7r> dependences.
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t
0

- 2

- 4

V

-4-
5

cm_, «

10 15
-"—I—•—i

20
•—h

25

1
o

-2

-4

-6

V (Eexpf-Eth ) x 7 ? cm", s (2s3S,- 2p3P0)

(8.28)

-t—•-
10 15

i — •i
20 25

-3Fig. 7. The same differences as in Fig. 6 scaled by Z compared with
the calculations (dashed curves) described in the text.
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Using Che non-relativistic density of the electron at the nucleus,

^ 0(r) = ̂  Z /^n , to illustrate the contact terms of the Lamb shift,

we may write these two lowest order, one-electron terms in the form;

E(n,£) = (8a->Z/3)6^(r) [19/30 - 21n(aZ)+ 37raZ(427/384-0.5 In2) ] (1)

+ (8a3Z4/37rn3)[(ln(Ko(n,£)/Z
2) + (1 - 6^) 3C£j/8(2£ + 1))]

where;

C £ j = U + 1)
 1 for j = i + 111 (2)

C£. = - £
- 1 for k = £ - 1/2

The extension to the two electron Lamb shift can be written *

E(ls,n£) = (8a3Z/3)<63(r1) + 63(r2) > [19/30 - 21n(aZ)

+ ln(K (ls,n«,)/Z2) + 3iraZ(427/384 - 0.5 In2) ]

(8a Z /3irn )(1 - (S^) (1 - 6 ^ ) 3 ^ j/8L(L + 1) (2L

(3)

where;

*L,L = -1 (4)

* L ^ - 1 = -(L + 1)

Excluded terms include electron-electron contact terms (which vanish

for the triplet states) and higher order corrections in Z , for the

fine structure, along with all corrections of higher order in a and aZ.
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Thus in order to obtain the Lamb shift for a multielectron atom, we

need to evaluate the electron density at the nucleus and the Bethe logarithm

term K_(n,£). From the 1/Z variational expansion we can use the non-relativistic

13
values for the two-electron system

i) -<- 6
3(r2)> = I (Z

3/n±
3) • 6£ >Q + aZ2 + bZ + .. . (5)

The second term in this expansion yields part of the first-order

screening correction to the one-electron Lamb shift. The largest term is

3
proportional to Z .

Evaluation of K (n,&) requires calculation of the sum

S. = Y f • v. 2 • In v. (6)
i L in xn in

where f. is the oscillator strength from the level of interest i to

level n, and v. is the energy difference; the sum is taken over all

discrete states and continua. Calculation of S. is, in general, difficult

for systems of more than one electron, and has only been attempted for

a few states in helium and Li .

We choose K_ to be of the Z-expansion form suggested by Bethe

15 4

and Salpeter, but with its leading term adjusted to give a Z

dependence of the Lamb shift equation (3) in agreement with the

one-electron Lamb shift. For example, for the Is2p state we write

ln V l s ) + "i ln V 2 p ) = ln Ko(2p)

leading to

KQ(2p) = 19.186 Z
2 (1 + d/Z 2...) 2. (8)
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We can now evaluate E(n,£) from equation (3) and its difference

from the sum of the first three terms of equation (1) evaluated for each

3 3
electron of each excited state. Together with the a Z (QED) fine

3 12
structure corrections to 1 . for the P levels given by Ermolaev , this

J_*J

yields a first-order estimate of the two-electron correction to the one-

3 3 4 4

electron Lamb shift. This results in a large a Z and a smaller a Z

3 4 4 5
correction to the corresponding a Z and a Z one-electron Lamb shifts.

3 3
The results of the calculations for Is2s S

1
 - Is2p P

n
 „ are

shown as the dashed curves in Fig. 7 with the one-electron part given in

Table V. The uncertain contribution from the correction to the Bethe log

term [d in equation (8)] is neglected. Crude estimates (from calculations

at Z = 2 ) of its effect indicate a probable upward shift of this curve

of approximately 10-20%. However, it should be noted that higher order

(Zα) corrections to the one-electron Lamb shift at Z = 17 constitute more

than 10% of the total and hence the two-electron, 1/Z correction to these

terms should also become important, especially for the higher Z ions.



- 1 ,

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

2 n d order
SELF

ENERGY

-0.04
-0.48
-2.16
-6.21
-14.01
-27.14
-47.35
-76.52
-116.67
-169.91
-238.47
-324.67
-430.91
-559.66
-713.50
-895.05
-1107.01
-1352.17
-1633.35
-1953.47
-2315.48
-2722.42
-3177.36
-3683.51
-4244.00
-4862.15
-5541.26
"6284.68
-7095.81
-7978.20

Table V. One

VACUUM
POLAR-
IZATION

0.
0.
0.
0.
0.
1.
2.
3.
5.
8.

12.
17.
23.
32.
42.
54.
69.
86.
107.
131.
159.
192.
229.
271.
320.
374.
435.
504.
581.
666.

00
01
07
23
55
12
07
51
59
48
36
43
92
06
11
36
11
67
39
63
79
27
51
99
18
62
85
46
06
30

4 t h order
SELF

ENERGY

0.00
0.00
0.00
0.00
0.00
0.00

-0.01
-0.01
-0.02
-0.03
-0.05
-0.07
-0.10
-0.13
-0.17
-0.22
-0.28
-0.36
-0.44
-0.54
-0.66
-0.79
-0.95
-1.12
-1.32
-1.55
-1.80
-2.08
"2.39
-2.74

electron Lamb

REDUCED
MASS

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.01
0.01
0.01
0.01
0.02
0.02
0.02
0.02
0.03
0.03
0.03
0.04
0.04
0.04
0.04
0.05
0.05
0.05
0.05
0.05
0.06
0.05
0.05

shift terms

RELA-
TIVISTIC
RECOIL

0.00
0.00
0.00
0.00
0.00

-0.01
-0.01
-0.02
-0.03
-0.05
-0.06
-0.09
-0.12
-0.17
-0.21
-0.28
-0.34
-0.40
-0.53
-0.66
-0.75
-0.88
-1.02
-1.23
-1.42
-1.69
-1.92
-2.34
-2.55
-2.96

(in cm

NUCLEAR
SIZE

0.
0.
0.

-0.
-0.

-o.
-o.
-o.
-o.
-o.
-o.
-1.
-1.
-2.
-3.
-5.
-6.
-9.

-11.
-15.
-19.
-24.
-29.
-37.
-46.
-55.
-68.
-79.

-101.
-120.

00
00
00
01
02
05
10
20
38
63
88
32
86
63
74
06
94
44
64
12
33
50
82
23
16
41
26
86
41
,03

TOTAL

-0
-0
-2
-6

-13
-26
-45
-73
-111
-162
-227
-308
-409
-530
-675
-846
-1045
-1275
-1538
-1838
-2176
-2556
"2979
-3451
-3972
-4546
-5177
"5864
-6621
-7437

.04

.47

.09

.00

.49

.08

.41

.25

.50

.13

.09

.70

.05

.50

.48

.22

.44

.66

.53

.12

.39

.28

.59

.06

.67

.11

.33

.43

.04

.57

FINE
STRUCTURE

0.00
0.01
0.07
0.22
0.52
1.08
2.00
3.40
5.43
8.23
12.00
16.91 ro
23.17 »
30.99
40.61
52.26
66.20
82.68
101.99
124.40
150.20
179.69
213.17
250.95
293.35
340.70
393.30
451.51
515.65
586.07
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SUMMARY OF QED SESSION

Lloyd Armstrong, Jr.
Department of Physics

Johns Hopkins University
Baltimore, MD 21218

One of the reasons that it is difficult to make a position space

Hamiltonian formulation of the relativistic many electron problem

is that the Dirac equation does not contain all of the necessary

information required to understand the one electron problem. Dirac also

had to explain - in words, not equations - that the "vacuum state"

corresponded to all of the negative energy states being filled. This

explained why electrons in positive energy states did not give off photons

2
of hv ~ 2mc and drop into a negative energy state. When QED was

developed to study electromagnetic interactions between electrons, etc.,

this information of Diracs was included in the formulation through the

definition of the electron propagator. QED, however, uses the S

matrix, which may not be the most desirable formulation to use in

atomic physics.

QED does give us the basic interaction with which we must work in

trying to define an electron-electron Hamiltonian. This interaction

describes the emission or absorption of a photon by an electron:

v(x) = j (x) A (x) (1)

where A is the potential of the field; and j , the current of the

electron

j = ie: i> y \b : (2)
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In QED, this potential leads to two body interactions in its first

iteration • these two body interactions result when the photon emitted

by one electron is absorbed by a second electron.

Let us first use QED to look at this two electron interaction which

appears when v(x) is interated. The second order S matrix can be

written:

S ( 2 ) = -h ff jy(x) D ^ (x-y) Jv(y)d
4yd4x (3)

where D is the photon propagator which we shall discuss in more detail

below. By intergrating over time in (3), one gets

SAB:CD = -2iTi UAB:CD * WAC + UBD )

where

<X) ) ( ^ ( x ) ) d3x (5)

where j is the current corresponding to an electron originally in state C ,

finally in state A. Similarly A is the potential produced by an electron

original in state D, finally in state B. The delta function shows

energy conservation.

At this point a certain flexibility, or perhaps ambiguity, appears,

for we should now define the photon propagator D . The photons can,

of course, be taken in any gauge, since the exact theory is gauge

invariant. Let us consider the form of U in two of these gauges: 1)

Feynman; and 2) Coulomb.

1) Feynman gauge

D (k2) = g 4TT/k2

where k2 = O32 - k2
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This leads to

JBD(y, t + R)dy
ABD(X) = h TT /

- » • - > • - > • , - > ,

R = x - y ; R = R

Plugging this value of AnT^ back into (5) , one finds
au

u^ = ™ f r ,i, r~i. -1,1, r~i \ J ( 1 — Of.-)
AB: CD [

• D < ? 2 ) d 3 r 1

«here

2) Coulomb gauge

' D i e =

Dio = V = °-
This gives

UAB:CD - a ff * l ^ ^ B ( ? 2 )

+ S • $ 32 . ̂  ^ — ^ - 1 * (? > * (? > d3? d3? (7)
Rk) W

If the wavefunctions i|>. etc., are obtained from a gauge invariant

F c
Hamiltonian, U and U will be equal. Unfortunately, in atomic physics,

the most useful Hamiltonians are often not gauge invariant, and as a

result, these two forms of U may give different results.

Let us consider the similarities and differences between those U's

in more detail. "Retardation terms" are those which disappear if we
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take e = 1. In that limit, we see that the terms inside the

square brackets in eqs. (6) and (7) are identical*

(8)
R

This is known as the Gaunt interaction. It is then only in the

retardation terms that these two expressions are different. Since

a) = |u)Ap|> the retardation effects vanish identically for "direct

interactions" where A = C, B = D, i.e., retardation appears only in

exchange matrix elements. If we now evaluate the retardation parts of

the square brackets of (6) and (7) in their lowest nonvanishing terms

in an expansion in U)R, we find

a ,-> -*• ( a1 • R) (a? " R) \
WKal ' a2 ~ — Y / (9)

(C oulumb gauge)

- a ^ R (10)
2

(Feynman)

In the Coulomb gauge, this expression is an operator not depending on

the states fy. etc.; in the Feynman gauge, this is not purely an operator

since it depends on ty., etc., through w = |w.r|-

In order to define a Hamiltonian form of the two body interaction,

we try to find a two-body operator H_ sucli that

(11)

(This can, of course, be done in a more formal fashion, e.g., as done by

Mittleean who uses a contact transformation to decouple field and

particle coordinates). Equation (11) obviously only defines the on-

energy-shell matrix elements of IL,. If IL is to be component of the
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Hamiltonian, it should also be defined off the energy shell. In the

limit of eq. (9), this presents no difficulty since w does not appear.

That is, in this limit, eq. (9) can be used both on and off the

energy shell. In the limit of eqs. (6) and (7), co appears; this now

causes a difficulty since w f a) off the energy shell. The

Mittleman contact transformation approach suggests that the proper

operator to use in this case is one half the sum of an operator in

which tij = J to J and an operation which to =|o) [.

Unfortunately, we cannot define the resulting two particle Hamiltonian simply

by H = iZ1(cai • p ± + 3 i me
2 - Ze

2/ri) + Hp . (12)

This suffers from a problem, as was first pointed out by Brown and

Ravenhall. Imagine a number of states which are eigenfunctions of H-H .

For each state describing two positive energy particles, with total

energy E , these will be an infinite number of states having total

energy E , but composed of one positive and one negative energy

particle. If the state of two positive energy particles is originally

occupied, and Hp is slowly turned on, this state can then "autoionize"

into a state of one positive energy and one negative energy particle.

This, of course, is not what occurs in nature, implying that H as

given above is not completely correct. The ultimate reason that H is

incorrect goes back to the fact that the Dirac equation itself does not

contain the complete set of information concerning the one electron

problem as discussed earlier.
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One can easily "correct" this error in H by fixing H
p
 such that

it can only connect positive energy states to positive energy states.

Thus,

H
,
 = T.(ca

±
 • p + 3

±
 me

2
 - Za

Z
/r.) + A H A (13)

1 - Γ - T

is a "good" Hamiltonian, where Aj. is a positive energy projection

operator. A
+
 can be defined by reference to some single body

Hamiltonian H :
o

H U. = E. U. (14)
o i i i

A
+
 =

V i

where the sum is over positive energy functions- One can then solve

H'i|> = EIJJ (15)

w i t h A+. V = *• ( 1 6 )

It is important to note that H
,
 depends on the choice of H .

In particular, (16) implies that the positive energy solutions to (15)

will be expanded on the space of positive energy solutions of eq. (14).

Since the positive energy spaces are not complete, this expansion will

produce some error.

Mittleman has tried to seek the "best" definition of H by

imposing the variational requirement

jE/aA = 0 .
+

By further requiring that IJJ be expressed as a Slater determinaet, Mittleman

was led by these conditions to the result that H should be a Hartree-



266

Fock. Hamiltonian. Whether this will turn out to be the "best" choice

for all problems is not at all clear at this time, however. What

needs to be emphasized at this point is that the properties of the

many-electron Hamiltonian depend on the choice of some reference

Hamiltonian, and that no studies have been done concerning the

sensitivity of the results to this choice.

We can also comment at this point on an often-raised question

concerning the Dirac-Hartree-Fock approach. The Hamiltonian used in

such calculations is ostensibly that of eq. (12), which we have seen

is incorrect. In fact, the numerical Dirac-Hartree-Fock is not really

a two-(or n-) body equation --which might have ambiguous solutions —

but rather is a one-body equation whose solutions are well defined.

Numerical Hartree-Fock s are solved iteratively with each electron

moving in a field defined by the wavefunctions obtained in the previous

iteration. Thus, the coupled n-electron problem becomes n-uncoupled

Dirac equations. Once convergence is obtained, we may imagine that

the Hamiltonian of eq. (13) is used with A, being defined by the one-

body Hamiltonian obtained from the iterative procedure. Since con-

vergence has been obtained, the solution to (15) will be the wavefunctions

used to define A+. thus assuring that (16) is also valid. As pointed

out above, Mittleman has shown that the resulting energy in this case

is also stationary with respect to changes in A+.

Mittlemam has also pointed out that the position space Hamiltonian

will contain three-four, etc. body terms. These arise from several

sources. First, we have, by using the A+'s, projected the negative
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energy states out of the problem. The effects of such a truncation

of a complete space is quite familiar in, e.g., scattering theory,

where the truncation leads to the appearance of an effective

potential, the optical potential. In our case, we also find that

effective terms appear in the truncated Hamiltonian which "mock-up"

the effects of negative energy states that should appear as inter--

mediate states in a perturbation calculation, but cannot due to the

presence of A_|_. These effective terms are all three-body or higher.

There are also three body and higher terms produced by the fact that

A H A is not completely correct even in the positive energy space

when used in higher order perturbation theory, and corrections must be made.

Before moving on to a discussion of the Lamb shift, it is probably

worthwhile to consider the results of some calculations in order to

get seme idea of the magnitude involved. Table I shows some results

obtained by Mann and Johnson, comparing results obtained using an H p

defined by the operator in brackets in eq. (7) with results obtained

using the more familiar Breit operator obtained by adding equations

(8) and (9). It is obvious that, in the cases considered, there is

little difference between the two results. It should be remembered,

however, that these results were obtained for single configuration

ground states of atoms. Differences might have been greater had

multiconfiguration sets been used such that off the energy shell

matrix elements appeared.

Table II shows some results by Desclaux, et al. in Fe XXI.

The column labeled "Breit" is the correction to the energy evaluated

using the Breit interaction in first order perturbation theory. The
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"Lamb Shift" is evaluated by taking Peter Mohrs tables for hydrogenic

Lamb Shifts and using a screened nuclear charge. One should note

that the Breit contribution is large enough in most cases that it

definitely must be included if one hope to obtain agreement with theory.

The surprising - to me at least - result shown in this table is that

the Lamb Shift sometimes may be even larger than the Breit contribution.

However, Desclaux reported that values calculated for the "Lamb Shift"

using this scaling technique are often quite sensitive to the value

chosen for the screened nuclear charge. Thus., it seems that a more

a priori method is needed in the calculation of the Lamb Shift in many-

electron atoms, and this was the subject of Peter Mohr's talk.

As described by Peter Mohr, the calculation of Lamb Shifts in

two electron atoms would seem to be straightforward, but very time

consuming. His approach involves a "traditional" application of the

S matrix formulation of QED. However, in order to account for the fact

that the electrons are in a multielectron atom, he must include

diagrams which involve the exchange of a photon between electrons i.e.,

the coulomb interaction between electrons is included to lowest order.

This is not trivial, and it is not clear that such an approach can

reasonably be extended to an n-electron atom. In light of the importance

of the Lamb Shift as indicated in Table II, it is obvious that a great

deal of work needs to be done in this area.

In conclusion, I would like to suggest a few problems in this

area. In some cases, it would be nice to have the entire one photon

exchange operator (eqs. 6,7) included in the DHF procedure. This is

theoretically acceptable given our current understanding of
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the role of projection operators in the DHF. However, it seems quite

likely that the DHF will not be gauge invariant with respect to

interchange of an internal photon. Thus, the DHF results obtained

by including the entire one photon exchange operator will be gauge

dependent and numerical studies will have to be made in order to

determine the "best" gauge. It would also be interesting to study

whether or not the RRPA is gauge invariant with respect to interanl

photons. We also need to look at the importance of the definition

of /l|_, from the standpoint of both theory and calculation. How much

would our DHF energy results change if we used a different definition

of A+? What is the best definition of A + if one wishes to do pertur-

bation theory? Finally, how can we evaluate the Lamb Shift for many

electron atoms?
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Table I. Comparison of Breit interaction with H
p
 from eq. (7) for the

ground states of selected atoms. The value E is the unperturbed

DHF ground-state energy. Energies is Ry units. E refers to the

Gaunt energy; E ,, to the energy coming from the second term in

eq. (7). (From J. B. Mann and W. R. Johnson, Phys. Rev. A4 41 (1971))

Element

He
Be
Ne
A
Zn
KΓ

Cd
Xe
Sm
Yb

W
Hg
Pb
Rn
Pu
No

Z

2
4
10
18
30
36
48
54
62
70
74
80
82

86
94
102

E
DHF

-5.7236

-29.1518

-257.3838

-1057.3673

-3589.2244

-5577.7193

-11186.6381

-14893.7970

-20858.7635

-28135.4602

-32312.6826

-?S«298.167^

-41827.9999

-47204.9084

-59315.6687

-73486.7522

B
G

0.00013

0.00141

0.03507

0.28636

1.66728

3.13165

8.43566

12.66281

20.33356

30.78699

37.32466

49.00631

53.46107

63.29303

87.08065

117.51891

E
'ret

-0.
-0.000008

-0.00179

-0.02194

-1.14980

-2.29278

-0.82064

-1.24193

-1.99349

-2.99219

-3.60309

-4.66990

-5.06815

-5.93143

-7.92786

-10.31582

Breit

E
G

0.00013

0.00141

0.03508

0.28686

1.67630

3.15621

8.55182

12.88098

20.78612

31.63882

38,46143

50.70659

55.39151

65.75845

90.94999

123.31854

interaction

E
ret

-0.
-0.000008

-0.00180

-0.02214

-0.15345

-0.30272

-0.86784

-1.33080

-2.17872

-3.34297

-4.07289

-5.37678

-5.87256

-6.96351

-9.56536

-12.80277
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_2
Table 2. Energy levels of Fe XXI (in cm ). (From J. P. Desclaux,

K. T. Cheng, and Y. K. Kim, J. Phys. B. 12_ 3819 (1979) ).

Configuration State

X
X
X
X
X
X
X
X
X
X
X
X
x°
X
X
X
X
X
X
so

MCDF

0

76789

123972

253596

372932

481080

784303

785161

815957

922687

933746

953210

1114386

1150637

1283066

1666615

1756182

1751262

1846959

2076194

Breit

0

-2834

-5861

-6981

-4564

-3405

-1192

-2025

-6562

-1556

-3218

-4994

-2477

-5363

-4841

-768

-691

-2335

-4035

-2365

Lamb
shift

0

22

-15

-121

-92

-4646

-4896

-4872

-4835

-4831

-4942

-4820

-5476

-5226

-5250

-8325

-8276

-8252

-8257

-3116

Total

0

73977

118096

246494

368276

473029

778215

778264

804560

916300

925586

943396

11Q6433

1140048

1272975

1657522

1747215

1750675

1834667

2065713

2 2
2s 2pZ

2s2p"

2p
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REVIEW OF ATOMIC STRUCTURE CALCULATIONS

A. W. Weiss
National Bureau of Standards

Washington, D.C. 20234

I. Introduction

Over the past several decades, the central problem for ab im'tio

theories of atomic structure has been the proper, or adequate, treatment

of electron correlation. For the non-relativistic case, considerable

progress has been made in developing methods for treating correlation,

and theory has been able to address a broad range of problems in atomic

structure. More recently, we have witnessed a great increase in rela-

tivistic calculations of atomic structure with applications to those

systems where it is essential to properly account for the effects of

relativity. The purpose of this paper is to sketch out the principal

methods for calculating atomic structures, relativistically and non-

relativistically; briefly highlight their similarities and differences;

and discuss some prospects for further developments.

II. Non-Re!ativistic Calculations

In non-relativistic quantum mechanics, one seeks approximate solutions

of the many-electron Hamiltonian which, in atomic units, is

H =Z\M
 +

 Z VΓ , (1)
P JJ>V

 H

and where

h
s
 = -A/2 - Z/r (2)

is the non-relativistic, hydrogenic Schroedinger Hamiltonian. The vast

majority of structure calculations, with some notable exceptions, can be

described in terms of the multi-configuration expansion,
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Here, $ Q is a single configuration, i.e. orbital product, reference
1 2state function, often taken as the Hartree-Fock wave function, ' or

some reasonable approximation thereto. The remainder of the expansion

represents the correlation corrections. The notation <$>] refers to a
a

configuration function where the orbital <j>a occupied in <J>~ is replaced

by a virtual orbital .̂s with the appropriate angular momentum couplings.

$ L refers to the corresponding double substitution configuration,
3D
•j -il/

<i>ab triple substitutions, etc. In principal, the summations should

extend over all occupied orbitals and over a sufficiently large set of

virtual orbitals, including both n and £ quantum numbers, to achieve the

desired convergence.

Application of the variational principal to only the coefficients

in (3) leads to the configuration interaction (CI), or superposition of

configurations (SOC), method. The coefficients are eigenvector elements

of the Hamiltonian matrix with the configuration functions of (3). The

generally most accurate prescription for choosing the virtual orbitals

has been a purely variational one, using analytical Slater type orbitals

c.nd varying the exponential parameters to minimize the appropriate

eigenvalue. This scheme has been implemented starting with the Hartree-
3 4 5

Fock, Hartree-Fock-Slater, and Thomas-Fermi approximations for the

reference state. Mery accurate results have been obtained for energies

(1-100 cm" ) for selected atoms, utilizing expansions of the order of

10 configurations. The principal drawback of the scheme arises from

the rapid increase in the size of the calculation with saturation of the

virtual orbital basis and the inclusion of higher order substitution
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configurations. Nevertheless, with the development of sophisticated

techniques for handling large numbers of configurations, there is no

reason why large scale SOC methods should not be implemented more

extensively for atomic structure problems.

Requiring the energy to be stationary with respect to variations of

both the orbital set and coefficients leads to the multi-configuration

self-consistent-field (MCSCF), or multi-configuration Hartree-Fock
2 8

(MCHF) method. ' One obtains a coupled set of self-consistent equa-

tions for the orbitals which are in turn coupled to the secular equation

for the coefficients, and the conventional procedure is to iterate back

and forth between the two until the process converges. Since both the

orbitals and coefficients are determined self-consistently, the method

determines, for a given trial function, the variationally optimum virtual

orbitals as well as the optimally relaxed occupied orbitals. In fact,

the distinction between occupied and virtual is somewhat blurred, which

can be a virtue for many spectroscopic situations—a feature present to

a lesser extent in SOC calculations. As one goes to longer expansions,

the rapid increase of the couplings between small terms implies that

great care must be exercised with regard to problems of convergence, and

most applications have utilized relatively short expansions. One route

which has been little explored involves a judicious combination of the

SOC and MCSCF methods; such calculations which have been done have
9

yielded accurate results.

One can also calculate the correlation corrections in (3) using

Rayleigh-Schroedinger perturbation theory, taking the Hartree-Fock as

the zeroth order approximation and the perturbation as the difference

Hamiltonian,
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EU H F(M) . (4)

p M y

F being the Fock operator and ILp the Hartree-Fock potential. The

virtual orbitals of (3) are then the complete set of eigenorbitals of

the Fock operator, and the coefficients are given by the usual hierarchy

of perturbation equations. Thus, e.g. the double substitution coefficients

in first order are given by

Individual orbital contributions to (5) can be represented by

diagrams leading to diagrammatic many-body perturbation theory (MBPT).

MBPT, with its linked diagram theorem, provides a systematic prescription

for computing, order by order, all non-zero, and only the non-zero,

correlation corrections; and it has been applied to a wide variety of

atomic structure problems. While diagonalizing the Hamiltonian matrix

in SOC or MCHF calculations implicitly goes to all orders, one must

explicitly include all the requisite mutliple substitution configurations

in (3) to achieve the cancellation of unlinked diagrams built into
12MBPT. Convergence of a calculation with order of perturbation, with

the concomitant increase in labor, is always a concern for perturbation

calculations, although certain classes of diagrams can be summed to all

orders. There also appears to be considerably slower convergence of the
13

virtual orbital basis than for the corresponding variational calculation.

While perturbation theory tends to be more strongly keyed towards the

single configuration reference state scheme than either SOC or MCSCF

methods, progress has recently been made in formulating the theory in

terms of a multi-configuration zeroth order model space.
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While the above discussion encompasses the large majority of atomic

structure calculations now being done, the most precise non-relativistic

calculations are those which explicitly introduce the interelectronic

15coordinate, r.., into the trial function, thereby abandoning the

orbital picture inherent in the expansion (3). These calculations have

been limited largely to two-electron atoms, although they have recently

been extended to larger, but still relatively simple, atoms. In

addition to providing the most accurate non-relativistic results to

date, these methods provide a valuable standard for evaluating the more

generally applicable methods described above-

Another approach which has been useful in non-relativistic structure

theory is the charge expansion scheme, where perturbation theory is

applied taking the entire interelectronic interaction as the perturba-

tion. This leads to an expansion of the wave function, energy, and

other properties in a descending power series in the nuclear charge-

Since the zeroth order approximation is hydrogenic, Hartree-Fock orbital

relaxations are contained in higher orders as well as correlation cor-

rections. Ab initio calculations therefore are not generally of high

accuracy, except for the simplest systems, and high precision varia-

18tional perturbation calculations have been done for two-electron systems.

This scheme has proved extremely valuable in providing a framework for

19studying systematic trends along isoelectronic sequences.

Finally, mention should be made of the random phase approximation.

This method is characterized by its simultaneous treatment of the initial

and final states of a transition, i.e. it determines those parts of (3),

for both initial and Mnal states, which are important for the transition.

The method has been applied ^/ery extensively, and with considerable
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success, to a broad range of photo-excitation and photo-ionization
20

problems. Since this approach is somewhat outside the scope of struc-

ture calculations per se, as discussed here, the reader is referred to
21the literature for a more extensive and lucid description of the method.

III. Relativistic Calculations

Turning now to the relativistic structure problem, the scene changes

in several important ways. In the first place, one does not have, in
20closed form, a Hamiltonian for the atom. This has not, however,

proved a serious deterrent to the rapid growth in the number of rather

sophisticated relativistic atomic structure calculations. The conven-

tional approach is to assume the atom to be described by a Hamiltonian

which is the relativistic analogue of the non-relativistic one (1),

* = EhQ(u)
 + Z 1/r . (6)

U \i>v

where

hD
 = ca«IP + m e 2 - 1/r (7)

is the hydrogenic Dirac Hamiltonian. (In atomic units c = 137) One

can define a Hartree-Fock approximation, requiring the energy of (6)

to be stationary (not a minimum) with respect to /ariations of the

orbitals of a single configuration trial function, which leads to the

Dirac-Hartree-Fock self-consistent field equations.' While the

differences with the non-relativistic Hartree-Fock are obviously very

important, they are conceptually primarily technical in nature. The

angular momentum coupling scheme is different (j-j coupling), and Dirac

spinors replace Pauli spinors.
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The multi-configuration SCF, or multi-configuration Dirac-Fock

(MCDF), approximation can also be defined, parallel to the non-rela-

tivistic treatment, by invoking the variational principle for a rela-
24tivistic, multi-configuration trial function. Extensive calculations

of atomic properties have been made, oftentimes with impressive results,
25particularly for heavy atoms and for very highly ionized species.

?fi ?7

The random phase approximation and many-body perturbation theory

can also be carried over to the relativistic regime, based on the

Hamiltonian (6) and in a ^ay exactly parallel to the non-relativistic

treatments.

What is missing, so far, from the relativistic landscape is the

full panoply of variational calculations which have proved to be so

accurate in the non-relativistic theory. One can, of course, set up a

large SOC trial function, but the uninhibited optimization of variational

parameters is a highly questionable procedure, if not out of the question,

there being no minimum energy for the Hamiltonian (6). Similar observa-

tions apply also to the high precision r. . wave function calculations, most
' J

of which are variational. The relativistic equivalents of such calculations

are notably scarce, so much so that this author is not aware of any,

although some attempts have been made to wed relativity with accurate
28variational calculations for helium-like systems. Charge expansion

theory also does not have a fully relativistic analogue, except at the
29level of the Breit-Pauliapproximation.

If one is interested in a definitive determination of correlation

effects, within this formulation of relativistic quantum mechanics, then

the only immediate prospects appear to be either very large scale MCDF

calculations or MBPT. The former, except perhaps for the very simplest
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systems, does not now appear to be technically feasible. It may well be

that careful MBPT calculations should be pursued more extensively than

they are now. Several caveats are in order here. Firstly, of course,

it is not entirely clear what it means to have a very accurate approximate

eigenvalue of the Hamiltonian (6). Secondly, perturbation theory will

be compelled, much more so than in the non-relativistic theory, to

contend with the multi-configuration zeroth order model space problem.

Until j-j coupling has been realized, the multi-configuration version of

self-consistent field theory is essential for any realistic representation

of most states.

IV. Prospects

One approach to the relativistic problem has recently been put
30forward, in which it should be possible, in principle at least, to

utilize the correlation information contained in accurate non-relativistic

calculations. This is essentially a quantized version of a formulation
31of electrodynamics in which the electromagnetic field has been relegated

to a subordinate role, and in which the direct particle-particle inter-

action is paramount. The classical interaction energy is given by

Jdr, [pu(r',t)«v(r',t) - l(r' ,t)-A (r
, ,t)] (8)

where p and i are the time dependent charge and current densities,

and $ jnd A are half retarded and half advanced potentials. Quantiza-

tion is accomplished by letting the dynamical variables become matrices,

the matrix elements being taken over by the exact states of the system.

The single particle energy contributions are assumed to be those of

Dirac particles. In order to obtain a computational scheme for the
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32energy and wave function, one then invokes the Pauli expansion,

E = M 0c
2 + Eo + E1/c2 + . . .; ^ = 4»0 + ^-^ + ^2" 1*2 + " ' ' ( )

This leads to a hierarchy of perturbation equations for the wave function

and energy. The zeroth order wave function, naturally, turns out to be

the Schroedinger solution of the non-relativistic problem, and the lowest

order relativistic corrections to the energy are the usual Breit-Pauli

terms. The further development of the theory beyond this point still

remains to be done, i.e. the working out of the higher order equations

and beginning the necessary exploratory computations. It is here, of

course, that corrections due to the difference between Dirac and Schroedinger

particles will first be felt. While there is an intrinsic attractiveness

to the Pauli perturbation expansion, it is not yet clear how important

the higher order, and perhaps computationally intractable, corrections

may be for a very relativistic system.

A second approach involves patching up the Hamiltonian (6) so as

33to be more consistent with quantum electrodynamics. The problem with

this Hamiltonian is that it is infinitely degenerate at every energy.

One can drop an electron into an arbitrary negative energy state, with

another in a high positive energy state appropriate to make up the

difference. The solution is to project onto only the positive energy

space, and one proposal is to replace the Hamiltonian (6) by

(10)
y>v

where

(11)

:•<<
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The operators^*+(p) involve a sum over the complete spectrum of the hydro-

genic Dirac spectrum. A second proposal places the nuclear attraction

potential inside the projection, thereby projecting onto the free particle

positive energy states. At present, the technical problems involved in

directly implementing either of these proposals in a computational

scheme would appear to be outrageously formidable. Very recently a

calculation has been reported in which the hydrogenic Dirac spectrum is,
34in effect, fit to a finite set of analytical, square integrable functions,

and this could prove useful in rendering the computational problems more

tractable, albeit in an approximate fashion.

It has been observed at this symposium that one can also formally

make the positive energy state projections with the Dirac-Fock, or some

MCDF, spectrum. The interelectronic interaction in (10) is replaced by

the difference potential, see e.g. equation (4), and each MCDF calcula-

tion then becomes its own justification. If this is valid, then the

calculation of relativistic atomic structures would be tied even more

strongly to a self-consistent field orbital approach, a situation which

would appear, on the surface at least, to be somewhat artificial.

FinaTy, it should be noted that the main focus of the above con-

siderations concerns a more correct reiftivistic representation of the

electron-electron interaction. The atomic structures where this would

be expected to have its largest effect are those which possess a sig-

nificant overlap of two or more electrons, and these are just those

systems where a propers or adequate, treatment of electron correlation

is also of critical importance.
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SUMMARY ON EXPERIMENTS

A. E. Livingston

Department of Physics, University of Notre Dame
Notre Dame, Indiana 46556

Introduction

Experimental studies of the atomic structures of both simple and complex

atoms and ions provide crucial tests of atomic structure theory and of calcula-

tional techniques for a wide range of atomic systems. This summary will be

restricted to a brief discussion of some recent and current experiments in few-

electron and many-electron atoms and ions which represent exciting challenges

to sophisticated atomic structure calculations, discussed elsewhere in these

proceedings. In particular the emphasis will be on high-Z systems, with less

detail given on experimental results that are presented elsewhere in these pro-

ceedings.

One-electron systems

The measurement of the 2 s. , . - 2 p. ,_ energy splitting (or Lamb shift)

in neutral hydrogen and hydrogen-like ions allows direct testing of the effects of

quantum electrodynamics (QED). In recent years, improvements in techniques

and instrumentation have enabled these measurements to be performed for high-Z

systems using heavy-ion accelerators. The motivation for these studies is the
4

(oZ) + (higher order in txZ) dependence of the Lamb shift, which provides

increased sensitivity to the QED effects at high Z. A review of this field through

1976 has been given by Kugel and Murnick . Very recently, a remeasurexnent at

Harvard of the n = 2 Lamb shift in hydrogen using the separated oscillatory field

method has yielded a result in disagreement with theory. If this disagreement

persists, the importance of sensitive high-Z tests of QED is even further enhanced.

Other recent low-Z measurements are the separated oscillatory field result of

Newton et al in hydrogen and the quenching-radiation anisotropy result of Drake

•t al4 for He+.
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Two years ago the only Lamb shift measurement that now exists for

Z>9 was reported by Gould and Marrus for hydrogenlike Ar + . The

technique utilized magnetic field induced motional electric field quenching of

fast, metastable Ar 2 s. • , ions, with measurement of the decay-in-flight

quenched lifetime. By means of ~2% lifetime measurements for several electric

field values, the Lamb shift for Z = 18 was found with a precision of about -fc 1. 5%.

This result agrees well with the value calculated by Mohr and is 1 1/2 standard

deviations from the value calculated by Erickson . The theoretical uncertainty

estimated by Mohr is ± 0. 07%, some 20 times smaller than the experimental

uncertainty. At present, it appears unlikely that either significantly improved

precision or higher-Z measurements will be possible with the Stark quenching

technique, owing to technical difficulties such as unavoidable small contributions

from the two-photon decay continuum of the Is 2 s S state in heliumlike argon

in the beam, and at higher Z the need for much larger effective electric fields

as well as the correspondingly shorter lifetimes. In Fig. 1 all published Lamb

shift measurements in hydrogenlike ions with Z > . are compared with the

calculations of Mohr.

Improved precision at high Z should be possible using laser resonance

spectroscopy, for which there is demonstrated success at lower Z . A laser

resonance experiment to measure the Lamb shift in hydrogenlike CI has

been developed by a Bell Labs - Rutgers group at Brookhaven during the past
g

few years . The goal of this experiment is a measurement with precision

comparable to the existing theoretical uncertainty. Recent dramatic improve-

ments in the quality of the observed resonance signal are discussed by Murnick

in these proceedings. As with the quenching method, however, the extension of

the laser resonance measurements to Z > 20 appears to be impractical.

One possible method for testing QED at higher Z is to measure precise

1 s - 2p (Lyman a) x-ray transition energies. For example, at Z ~ 40 a pre-

cision of a few ppm in the measured transition energy would provide a ~0.1%
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Fig. 2. Fast-ion spectrum of 97 MeV chlorine , showing
strongly-excited 2-, 3-, and 4-electron transitions in high
orders of dispersion.
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measurement of the (1 s} ,_) Lamb shift. Although such experimental precision

is in principle available in the x-ray region (as discussed by Deslattes in these

proceedings), the application to fast-ion sources has not yet been demonstrated.

Two-electron systems

Recent studies of Is 2 s S - Is 2p P transitions in silicon , phospho-

12 9 13
rus , sulfur , and chlorine (Z = 14-17) have demonstrated that fast-ion

spectroscopy can provide precision wavelength measurements that are sensitive

at the 1% level in the QED (Lamb shift) contributions alone (see Fig. 2). This
4

corresponds to absolute wavelength measurements of better than 1 part in 10 .

At this level of precision such measurements test both the high order relativistic

contributions in calculations of these 2-electron atomic structures as well as the

one-electron and possibly 2-electron QED corrections. An intriguing feature of

these studies is the recognition that sufficiently precise 2-electron measurements

combined with improved 2-electron relativistic calculations may provide the most

stringent tests to date of 1-electron QED contributions for high-Z ions. Additional

14measurements include the very recent 2s - 2p wavelength measurements at Lyon

in iron (Z = 26), which follow the earlier identification of the S. - P ? transition

for that ion. Lower precision measurements for Z>10 have been made in argon

and aluminum . All these results are compared in Fig. 3 with theoretical

values ' that include one-electron QED contributions .

In Fig. 4 the more precise 2-electron experimental results for Z>14 are

plotted with the one-electron Lamb shift data from Fig. 1. The discrepancies

from theory are probably produced by as yet uncalculated high-order relativistic

contributions to the 2-electron transition energies. However, the plot clearly

indicates the potential capability for testing one-electron QED contributions using

2-electron wavelength measurements, once the 2-electron relativietic effects are

sufficiently well calculated.

18At lower Z recent measurements have been made by Silver et al of

2s - 2p transition wavelengths in 2-electron oxygen and fluorine by viewing the
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emission from a tokamak plasma. These measurements suggest that such

observations should be attempted for higher-Z impurity ions in higher-temperature

tokamak plasmas. The results of ref. 18, when compared with previous low-Z

measurements and theory, suggest an approximate Z dependence of the dis-

crepancies between experiment and theory (see Fig. 5). Discussions of Z-

dependent discrepancies at higher-Z are presented in ref. 11.

Few-electron systems

Three-electron systems are the most hydrogenlike of all multi-electron

systems. The excited state energies may then be conveniently described in terms

of screening corrections to the Dirac energies and to the one-electron radiative

• 19(QED) contributions, as discussed for example by Edlen (see also refs. 11,13).

This represents an alternative to the Dirac-Hartree-Fock approach, for example,

of Cheng et al (see refs. 11, 13). The 2 s. /_ - 2 p. ,_ , ,_ resonance transitions are

a natural testing ground for detailed relativistic and radiative calculations, since

they are strongly produced for ions up to Z = 36 in sources such as solar flares,

high-temperature ( tokamak) plasmas, and the fast-ion source (see Fig. 6). A

comparison between experiment and theory for the 2s, ._ - 2p. ,~ transition energy

between Z = 4 and 28 is shown in Fig. 7 (ref. 13). The plot displays two main

conclusions: the difference between the Hartree-Fock and the variational calcula-

tions is a Z-independent correction arising from the neglect of some electron

correlation in the nonrelativistic Hartree-Fock energy; the unscreened one-electron

Lamb shift correction should be applied to obtain agreement between experiment

and theory. These results suggest that the higher-order QED corrections may be

much smaller than expected in 3-electron systems. As a consequence, precision

measurements in 2-electron and 4-electron systems may provide much cleaner

tests of relativistic quantum mechanics and QED. At the same time, however,

improved precision in 3-electron 2s - 2p wavelength measurements for Z > 14

is needed to provide sufficiently detailed tests of the associated relativistic

calculations.
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The first tests of the importance of Breit interaction corrections to the

fine structures of core-excited 3-electron states were made possible by recent
4

observations of resolved P state fine structure in lithium-like CIV, NV, and

OVI (see Fig. 8). Agreement with experiment was obtained only when the

correct magnetic interaction term was calculated in the Breit contribution, which

was treated perturbatively in the multiconfiguration Dirac-Hartree-Fock (MCDHF)

scheme . In particular, these results represent a dramatic improvement at

22these low Z values over relativistic Z-expansion calculations (see Fig. 9).

Analogous measurements have very recently been made for core-excited quintet

23states in 4-electron OV , representing the first observation of quintet state fine

structure in any 4-electron system (see Fig. 10). The results suggest possible

small remaining discrepancies between experimental and theoretical fine

structures for this ion. However, for both the 3-electron and 4-electron studies,

the precisely measured transition energies (~ 1 part in 10 ) indicate the MCDHF

energy intervals to be inaccurate by 1-2%. This theoretical accuracy should

improve for higher-Z ions where electron correlation effects become less

important. Fine-structure and transition wavelength measurements for such core-

excited states are needed for Z > 10 in order to further test the calculators.

Such precision wavelength measurements involving either resonance transi-

tions or highly-excited states in 3-electron ions provide the basis for future studies

of as yet uncalculated contributions such as 3-body effects.

Many-electron systems

Heavy atomic systems which possess simple valence shell structures pro-

vide excellent tests for both ab-initio and semi-empirical calculations of excited-

state structures. The simplest such systems involve single valence electrons.

For example, the Nal isoelectronic sequence has been studied recently using

24
relativistic Hartree-Fock wavefunctions as well as by means of semi-empirical

parametric expansions ' . In heavier systems, the Cul isoelectronic sequence

has attracted much recent interest as a result of the observation of strong emission
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lines from the copperlike spectra of impurity ions in tokamak plasmas. Recent

Dirac-Hartree-Fock (DHF) calculations for copperlike ions may now be com-

pared with current spectroscopic observations in magnetically confined plasmas,

laser-produced plasmas, vacuum-spark sources, and fast-ion sources (see ref. 27).

Using high-powered lasers at Los Alamos, for example, charge states as high as

45+
W (Z = 74) have been produced. Many of these very high-Z measurements and

the status of excited state structures in the associated copperlike systems are

discussed by Martin in these proceedings. For copperlike ions of charge state

< 8, recent fast-ion and vacuum-spark measurements indicate the DHF fine

structures at low Z to be accurate to within a few percent, and the transition

28
energies to be too low by ~l%. Recent semi-empirical calculations display

even better agreement with these measurements, as expected. An indication of

the value of combining these new low-Z and high-Z measurements in comparing

with theory is given in Fig. 11. This scaled plot of the discrepancies between

measurements and DHF calculations of 4d_,2-4f_ , transition energies along the

Cul isoelectronic sequence is sensitive to an apparent incorrect classification in

the recent Se VI varuum-spark results.

Studies of atomic inner shell energies in heavy atoms present many

different experimental and theoretical problems than those associated with outer

shell energies discussed above. The fact that electron correlation effects

represent a fractionally smaller part of the energy for inner electrons than for

outer electrons allows sensitive probing of relativistic and radiative contributions

for example in Kα x-ray and hyper satellite measurements. The relation of cur-

rent theoretical calculations of single vacancy atomic term values to the present

experimental capabilities and problems is discussed by Deslattes in these pro-

ceedings. Improved resolution capabilities, for example, now allow the determi-

nation of x-ray line or level locations to better than 10 ppm (e.g. 1 eV out of

100 keV). The application of high resolution x-ray measurement techniques to

emission from highly-ionized atoms is an appealing future endeavor.
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Future experiments

The impressive a r ray of current experimental and theoretical capabilities

for detailed studies of relativistic atomic structure that have been presented at

this workshop point the way toward important experiments that should be done.

A few of these a re mentioned below.

In one-electron ions, the laser-resonance Lamb shift experiment for

Z = 1 7 appears to be on the threshold of producing a significant result, and should

be pursued to this end. The testing of QED by means of direct 1 s - 2p transition

energy measurements for Z $: 40 awaits the coupling of very high energy heavy

ion beams with modern precision x-ray measurement techniques.

Two-electron ions are the simplest multi-electron systems and provide

access to precision transition energy measurements through optical and ul tra-

violet spectroscopy. Future sensitive tests of strongly Z-dependent relativistic

effects as well as one-electron and possibly two-electron QED corrections will

depend upon the extension of 2s - 2p (and 3s - 3p) wavelength measurements to

Z > 20.

Three-electron systems provide the next step in testing screening effects

in relativistic and QED contributions, and a re the fundamental systems for

exploring 3-body effects in a toms.

In many-electron systems, the important contributions to our knowledge

of atomic structure will be provided by selective measurements of specific t r an -

sitions in appropriate ions for which the sensitivities to correlation or relativistic

effects a r e strongest. Jh particular, detailed studies of 2-valence-electron and

3-valence-electron heavy ion atomic s t ructures a r e needed.

Heavy atom x-ray measurements a re needed with increased Z-density

and precis ion for Z " 6 0 - 100, along with studies of the associated satellites and

hype r satelli te s.
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