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ABSTRACT 

Three different time regimes are presented for relative 
spatial diffusion of charged particles in fluctuating elec
tric fields, which behave like X » exp (Ç) and 'Ç3, respecti
vely. 

The first regime, corresponding to a quasi-linear 
description of the trajectories» is analogous to the one 
observed in fluid turbulence and is valid in the limit of a 
small amplitude turbulent spectrum, or for not too small 
initial separation of the particles. 

The third regime, appearing for long times,, describes 
the diffusion of independent particles at very large separations. 
Its existence is ensured by the nonlinear renormalization of 
the propagators. 

The second, intermediate, regime appears in a stochastic 
treatment of the renormalization effect for particles with a 
very small spatial and velocity difference, and describes 
Dupree's clumps diffusion. The appearance of the corresponding 
regime is similar to that of the Suzuki scaling regime of 
non-linear Langevin equations. It is also shown that the clumps 
have a bijflaviour similar to an intrinsic stoohasticity, but 
which is of extrinsic nature. 

Similar failure of the quasi-linear approximation for 
spacific velocity domains has been previously studied and solved 
for classical Landau collisions, as well as for pitch angle 
diffusion where renormalization effects have been proved also 
to be important. 
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1. INTRODUCTION. 

Relative spatial diffusion of correlated particles 
plays an important role in the enhancement of binary correla
tions associated with "clumps1' or microstructures in a 
turbulent plasma ( DUPREE, 1972; BALESCtf and MISG17ICH 1977i 
MISGUICH and BALESCU 1977, 1978 a,b and c ). 

DtTPREE (1972) described the relative spatial diffusion 
/j?(t+s) r(t+T)^ of particles having initial distance r = x.-x, 

and jg = v.. -Vg at time t, by an exponential function of "g . 
This result is rederived in Section 2 from a simple stochastic 
treatment of the equations of motion of charges particles in 
fluctuating time- and space-dependent electric fields. 

In (MISGUICH and BALESCT, 1977), we have shown that, 
to first order in the spectrum of fluetuating fields ( i.e. in 
the quasilinear description for the trajectories), relative 
spatial diffusion behaves like ~Z for time intervals ? much 
larger than the correlation time 'S, of electric field fluctu
ations. This result has been obtained from the equations of 
motion as well as from a lowest order approximation of asymp
totic average turbulent binary propagators. This approximation 
(called QL 2 ) takes trajectory correlations into account to 
the lowest order. 

In the present work we demonstrate the existence of 
different time domains where these results for relative 
spatial diffusion separately hold. 
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When the largest characteristic time is the time "% 

associated with the small amplitude of the turbulent spectrum, 

then a quasilinear description of relative diffusion holds for 

times larger than the electric field correlation time : 

"Z0( 7 / ^ (regime A). Such'a diffusion in ~s? occurs in our 

previous description of clumps and binary correlations ( in 

QL 2 approximation). It generalizes the Œ diffusion of 

independent particles which is responsible for the Dupree 

damping and resonance broadening (DUPREE 1966; MISGUICH and 

BALESCU, 1975). 

For particles with very close initial velocities and 

a larger amplitude spectrum, however, the largest characteristic 

time is the one associated with the small velocity difference 

•5 C)^o) ' I n s u o h a r e S i m e B ( ̂ o^ 5 .^»jJ • the relative spa

tial diffusion behaves like exp(S). This exponential diffusion 

has been first obtained by Dupree in his description of clumps. 

In spite of its analogy with the stochastic instability 

of the trajectories ( exponential separation of the orbits) 

which appears in some deterministic systems exhibiting 

Ln.tn.in.Aic Atocha-iticiiy ,• the present exponential behaviour is 

shown to result from the second cumulant of a non-linear 

renormalization in the aAAume.d or ext/iinAic Atochaiticiiy 

(Section 6.1). 

This exponential growth does not continue indefinitely. 

We show in Sec.4.6 that it only represents a transient pheno-

http://Ln.tn.in.Aic


5 

menon; for long enough times there appears a final asymptotic 
regime C, in which the relative diffusion behaves again as 
•? , but with a iifferent coefficient. 

In Section 2 we present a simple stochastic treatment 
of the equations of motion, which gives rather directly the 
Dupree equations for relative spatial di^'usion. The physical 
content and the parameter ordering however remain hidden, anu 
have to be compared with classical quasilinear and renormalized 
approximations. 

In Section 3 a more general description of turbulent 
trajectories is given for time intervals «5 longer than the 
correlation time of electric field fluctuations. This method 
is based on the average turbulent propagators appearing in the 
renormalized kinetic theory (MISGUICH and BALESCU 1977, 1978a, 
1979); the binary propagator has been calculated explicitly 
by taking trajectory correlations into account to the lowest 
order, and by considering only terms linear in the spectrum 
in the exponent of the propagator (MISOUICH and BALESCU 1977). 
When used in the kinetic equation for binary correlations, 
this procedure was called the "QL 2 approximation"; it goes 
beyond the usual renormalized quasilinear theory. When used 
for calculating average trajectories, it describes 1e.n0/1mailze.d 

Qiia.4ilin.e.cvi tA.aje.cio/iie.4/ in the form of a non-linear equation 
<mtp 

(see Eq.(3.l6)). 

From this new general result of RQL trajectories, the 
physical content of the two previous descriptions can be made 
precise. If renormalization effects are neglected, usual quasi-

http://1e.n0/1mailze.d
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linear (QL) trajectories are recovered ( MISGUICH and BALESCIT 
1977i 1979) and give rise to the 'g3 diffusions the latter is 
thus valid for times long compared to To„> but to first order 
in the spectrum. 

On the other hand, we show in Section 4 that the Dupree 
approximation for spatial diffusion, as presented in Section 2, 
represents the RQL approximation where the exponential «norma
lization has been linearized. The explicit solution of this 
equation is given in Section 5 s it clearly shows that the three 
different regimes hold in the three different time domains. 

3 
The % regime and the appearance of a new time regime 

to describe diffusion of particles with nearly equal velocities 
( for which the QL description breaks down) is very similar 
to previous theories in related problems recalled in Section 6. 

The "5 regime (A) is quite similar to the Batchelor 
quasi-asymptotic regime of intermediate times where relative 
diffusion in fluid turbulence behaves like g^ ; it gives rise 
to the well-confirmed Richardson's "four-thirds law" for the 
spreading of an admixture cloud on sea, for instance ( see 
Section 6.3). On the other hand, the new regime (B) bears a 
strong analogy with the Suzuki scaling regime which holds for 
a non-linear Langsvin equation when initial average quantities 
become smaller than the fluctuating ones ( see Section 6.2). 

The fact that regime A seems not to be valid for 
spectrum amplitudes such that X (_ ~& (i.e. for particles 
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very close in phase space initially), is similar to other 
known failures of the QL approximation to describe specific 
regions of velocity space in which the perturbation cannot be 
considered as small ( sse Section 6.A). This is the case 
(i) for Landau collisions for particles with equal velocities, 
(ii) for pitch angle diffusion in fluctuating magnetic fields 
where non-linear renormalization has also been taken into 
account, and also (iii) for non-linear Langevin equations 
where an interesting scaling transformation has been applied. 

2. ST0CEA3TIC TREATMENT 0? TRAJECTORIES ! DUPREE'S EQUATIONS 

The following stochastic treatment allows us to recover 
the DUPREE ( 1972) equations for average trajectories from the 
equations of motion of the particles, by assuming a white noise 
spectrum of electric field fluctuations. 

We write the equations of motion in a space- and time-
dependent electric field ( in one dimension) : 

*(t) = v(t) 
v(t) = a(x(t),t) = - E(x(t),t) (2.1) 

m 
This corresponds to a non-linear Langevin equation where the 
non-linearity is introduced by the space-dependence of E. For 

E (x,t) = jdk exp(ikx) Ek(t) 

Eq.(2.1) can indeed be written as a non-linear multiplicative 
stochastic process: 

x(t)=v(o)+2jdt' jdk exp(ikx(t')) Ek(t') (2.2) 
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The initial condition in t=0 is assumed to be known; we thus 

have vanishing initial fluctuations: 

x(0) = 7(0) = 0 (2.3) 

where the tilde denotes the fluctuating part. Let us introduce 

relative and barycentric variables for particles 1 and 2 : 

r=r(t)-=x.,(t)-x2(t) , R=R(t)= 4( x.,(t)+x2(t) ) 

g=g(t)=v1(t)-v2(t) , Q=Q(t)= %( v.,(t)+v2(t) ) (2.4) 

The equations of motion for relative quantities are: 

t = g 

g = a(x.,(t),t) - a(x2(t),t) (2.5) 

For neighbouring particles we can linearize last equation in 

r and obtain 

(2.6) 

(2.7) 

f 

g 

= g 

where 

T-- f <•) 4 w-, t ) 

Froir (2 .5) we obta in: 

d t 
A 

g 2 = 2 tf r 
. - _ „2 * 

g 
„2(fl 

d t r
2 = 2 r g (2.8) 

This system of stochastic equations can be written in a compact 

form as an equation for the vector 

f g2(t)\ 
ï(t) = r(t) g(t)J (2.9) 

which is a solution of the matrix equation : 



d t ï ( t ) = I 0 . ï ( t ) + f ( t ) M ^ t h ï U ) (2.10) 

where 
0 0 0 \ / 0 2 0\ 

«0= 1 0 0 J M.,= / 0 0 1 (2.11) 
l 0 2 0 / \ 0 0 0J 

Separating Eq.(2.10) into average and fluctuating par t s , one 

f inds: 

d t < * ( t ) > - 1 î 0 . ^ * ( t ) ) + < *f(t) tf,.Y(t)> (2.12) 

d t ?{ t ) = " 0 . ? ( t ) + ^ t ^ ^ Y t t ^ + d-A) f j t ^ J ï t t ) (2.13) 

where A...=^.. .S is the averaging operator and (1-A) the 

fluctuating part. The fluctuating solution can be formally 

written as: 

?(t)=jdôU J. f(t-fl)fr^f(t-6)> +(1-A)f(t-9)M'1.?(t-ô) (2.U) 

Here the exponential of the matrix is defined as a matrix by 

its power expansion ( see e.g. RESIBÛIS and DE LEENER, 1977): 

e ° = 1 + frft + 4 fi2 ln.ff + ... 

Neglecting as usual the last term involving two fluctu

ations in (2.K), and substituting the result into (2.12), one 

obtains: 

I / ô M o \ 
d t<Y(t)>=" 0.(?(t^ + l «/«fdsjfl,.'» f!t-»)\ J r<ï(t-9))(2.15) 

Assuming that y describes a white noise process we obtain 

d t ( f ( t ) ) = t 0 . < ; ? ( t ^ do %.(y(t) f ( t -» ) )> . ^ . ^ ( t ) ) (2.16) 

file:///00
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This kind of compact treatment of the vector Y(t) by 

classical stochastic methods has been used by PESME (1979). 

In this equation, it is easy to check that 

P* /.» .» \ pf7')E<?.(t),t) njEctut-aht-eA 
d6<<f(t) f (t-8)> = (q/m)2 <d ; > (2.17) 

J N ' ' ' Ja \OB( t ) R(t-ft) / 

= - (q /m) 2 W i[k1RU)+k2R(t-ejj 
Ik, dk 2 k., k 2 V k ( t ) B k ( t - 9 ) / e 

The previous linearization in the spectrum allows us to describe 

R(t-J) in the exponent by free motion: 

R(t-ft) = R(t) - Ô Q(t) (2.18) 

For an homogeneous ensemble, (2.17) is independent of R. After 

integration over the whole space, this introduces a volume 

factor SL and the spectrum 

S k ( 9 ) = (q/m)
2 (8fl3/Jl)<^Ek(t) E^t-S)"). (2.19) 

in the following expression 

r / v rf i ô k Q 2 
I dQ(y{t) Y<t-6)\ = ld»!dk k k Sk(Ô) e = kQ D(Q) (2.20) 
'o o 1 
From (2.16) and (2.20) the final equation is 

d t<?(t)> = t0.(f(t)) + k
2 D(Q) ̂ . " ^ ( t / ) (2.21) 

For the vector Ï defined in (2.9) t h i s resu l t i s equivalent 

to the coupled system 
d t < g 2 ( t > > = 2 k 2 D(Q)<"r 2(t)> ( 2 . 2 2 ) 

d t < r ( t ) g(t)V> = <g 2 ( t )> ( 2 . 2 3 ) 

d t < r 2 ^ t } > = 2 < 5 ( t > g ( t ) ) (2-2i) 
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from union one recovers DUPREE's result (1972) : 

(r^itiy = U k 2 D(Q)<V(t))> (2.25) d 3 / 2, 
dt 

along with 

i 2 

d 
i^^r 2(t)^= 2<^g 2(t)^ (2.26) 

Applying the same stochastic approximate treatment to 
Eq.(2.6) we obtain 

d t<r(t)> =<g(t)) 

dt^g(t)>> = i 0 (2.27) 
These equations allow us to eliminate average quantities from 
Eqs.(2.22-26). Using 

< r 2 > _ - < r 2 > - < r > 2 ( 2 . 2 8 ) 
we obtain 

, i t < S 2 ( t ) ) " 2 ko D(«)f <? 2U)> +<r(t)> 2 ] (2.29) 
d t<?(t) g(t)> =<g2(t)> (2.30) 
d t < ? 2 ( t ) ) = 2 <r(t) ?(t)> (2.31) 

and 
,<r2(t)^> = I, k 2 D(Q)f<?2(t)>+ <r(t)> 2"| (2.32) d 3 / " 2 , d?' 

along with 

^5<? 2(t))= 2<| 2(t)> (2.33) 

In Eq.(2.32) a characteristic time ~C appears which is 
defined iiy 

A- k 2 D(Q) = Ç; 3 (2.34) 
By almost dimensional arguments the coefficient E defined 
in (2.20) can be expressed in terms of an effective oorrelation 
time "S and an average mean square field amplitude E : 
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D ~ Z 0 (q/m)2 E 2 (2.35) 

In terms of the average wavevector k , the diffusion characte

ristic time Ç" appears to be given by 

T ; 3 ~ ZC (k0 q E / m )
2 - * 0 / T ^ r (2.36) 

Here £ t is the trapping time corresponding to bounce 

oscillations at the bottom of the potential well of an 

equivalent monochromatic wave (E,k ) : 

r t p = (m/k oqE)
% (2.37) 

The relation between diffusion and trapping times is : 

-Go~£tr 3 Zc/3 - *tr ^ t r ^ o > 1 / 3 ^'™ 

As T£ has been assumed to be the shortest time in the system, 

we thus have 

^o \ ^tr 
•JT is the characteristic time appearing in Eq.(2.32). Similarly 

a characteristic velocity can be defined 

vtr " <ko "Str5"1 <2-39) 

such that the corresponding energy 

h m v 2

p = h qE/k0 (2.40) 

is a measure of the amplitude of turbulence. The quantity v. 

is a measure of the width of the resonance k , while 3 is a 

measure cf the distance between adjaeent resonances (ZASLAVSKII 

and CHIRIKOV, 1972). 

These characteristic parameters allow us to discuss 

the terms of Eq.(2.32). If we restrict ourselves to the first 

power in the spectrum, we have to neglect ̂ p ^~S *» E compared 

to the average motion described by (2.27): 
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^r(t)') 2 = TrfO) - t g(0)] 

1 see in Section 5 that, in t 

^r 2(t)^ behaves like t 3 (MISQUICH and BALESCU 1977,1978b). 

We will see in Section 5 that, in this regime, the diffusion 

On the other hand, DUPREE (1972) only keeps the first 

term of the right hand side in Eq.(2.32) and finds an expo

nential behaviour for neighbouring particles in phase space. 

The general solution of Eqs.(2.29-2.31) will be derived in 

Section 5. Let us first consider how a more general 

result can be obtained by using asymptotic propagators; we 

will prove that the first term in the r.h.s. of (2.32) 

originates from the renormalization of the trajectories. 

3. RENORMALIZED TRAJECTORIES 

The evolution of dynamical quantities y(t) can be 

formally described in terms of exact propagators U(t,t') 

(MISGUICH and BALESCU, 1979): 

y(t-S) = U(t,t-t) y(t) (3.1) 

Asymptotic ( lung time) average trajectories are described by 

asymptotic propagators appearing in the kinetic theory (MISGUICH 

and BALESCU, 1977, 1978a). The detailes physical meaning of 

these propagators has been discussed elsewhere ( MISGUICH and 

BALESCU 1979). As a result we have, for 5/>S c : 

^y(t-e)') = v12(t,t-r) y(t) (3.2) 

and, in particular for the three-dimensional vector £=2i"2p 

/r 2(t-S)^ = V12(t,t-ï) r
2(t) (3.3) 



H 

*) where V - 2 i s an operator ac t ing on x^ , x 2> v^ and jr. ' : 

\ V 1 2 ( t * V = fl12(t) V 1 2 ( t , t o ) ( 3 , 4 ) 

^ t V 1 2 ( t ' V ' ^ ^ ' V fl12<V C3-5) 
o 

with the initial condition V 1 2(t ' ,t')=1. 

The following expression of 9 ^ , linearized in the 

spectrum ( but taking trajectory correlations into account), 

defines the QL 2 approximation of the propagator V.,: 

a 1 2 = hz + 2 - a S b (3.6) 
aio=l,2 

Here L 1 2 describes the free motion in absence of average fields, 

and G° b is given by (see Eq.(5.10) in MISGUICH and BALESCU, 1977): 

G|b(t) =|dB^La(t) Ug(t.t-ï) *Lb(t-l>r> Ugft-S.t) (3.7) 

•• o 

"«&. T Sïb^b-ib'*^ + ̂ ab^b'^] 

The tensors D? b and F„ b depend on the distance rab=2£--iv, 

(for a^b) and on the velocity v b: 

*) Here we merely consider backward propagation in time because 

this process actually defines the original DOPREE (1972) clump 

diffusion. Forward propagation in time has been shown to 

introduce another propagator W,., which does not appear in the 

kinetic description. This latter propagator, however, only 

differ from V..2 by non-Markovian terms which are not considered 

here. In other words, when non-Markovian terms are neglected, 

forward diffusion in time can be described from backward 

diffusion in time by simply inverting the sign of the initial 

relative velocity g (MISGUICH and BALESCU, 1979) 
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o 

+ B^.^B ) 
•ab' " ^ b 

ik-(£ a b+
5v b) 

'jiSjik S£(B) e (3.8) 

a

 =ab involves an extra factor S in the integrals. In this 

paper we shall neglect (merely for simplicity and for compa

rison with Dupree's equations) the nou-Markovian terms F° along 

with the velocity dependence of the D° terms. In the case of 

a stationary spectrum, S does 

is true for D°, F°, G° and 3, 2. 

a stationary spectrum, S does not depend on t, and the same 

The physical meaning of V..- defined in (3.A) Is the 

asymptotic average of the exact binary propagator : 

V12(t,t-l) = /u12(t,t-ï)^> (3.9) 

The asymptotic approximation inherent to the kinetic description 

has been shown to neglect small non-secular terms in the 

trajectories (see Eqs.(7.4-8) and (7.14-18) in HISGUICH and 

BALESCU, 1979). 

Unpon differentiation of (3.2) with respect to time 

interval % , we obtain: 

<J s<r
2(t-5)^ = V12(t,t-î) 3 1 2 r

2 (3.10) 

and 

dg^E2{t-t)'>= V12(t,t-s) fl12 0 1 2 3 1 2 r
2 (3.11) 

Here the quasilinear description of trajectories would consist 

of evaluating the r.h.s. of Eq.(3.10-11) to the first order 

in the spectrum, hence Ï., would reduce to propagation along 

free trajectories. In the more refined "renormalized quasi-

linear" description (RQL), the turbulent binary propagator V 1 2 
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d 

includes a contribution G°« S in its exponent. 

Similar derivations allow us to also obtain 

d,(r2(t-ï)) = - 2^r(t-l)..g(t-T)>> (3.12) 

d|^£2(*-«)) = 2 ( £

2(t-*)). (3.13) 

which are analogous to (2.24, 26). By using (3.6) and (3.8) 

in (3.10) we obtain: 

3<r 2(t-*)> = 

i. » l 2(t,t-l)fD 1 1(v 1)tD 2 2(v 2).D 1 2(r,v 2).0 2 1(.r,T 1)l M (3.U) 

Here we have to stress that V..,(t.t-«) acting on a function 

f(r) produces the average value of f(r(t-s)) and not simply 

the function of the average r.(t-?) : 

V 1 2(t,t-« f(r) =<^f(r(t-c))^> * f|^r(t-s)>J (3.15) 

The difference introduces corrections in the form of cumulants. 

In the present QL 2 approximation, only the second cumulant is 

considered ( see Eq.(A.2.4) in MISGÏÏICH and BALESCU,1977): this 

contribution introduces au important non

linear dependence in the final equation. We find indeed from 

(3.H): 

d3<£r2(t-ï)). = A Jdk 1:d^( ï rv 2 ,2) 

r ik.<£(t-6)) - %k.<^(t-i) ̂ (t-sjN .k' 

where ( eq.(A.1.3) in MISGUICH and BALESCU, 1977) 

(3.16) 
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f',,^--,-^.-'"^^,^,-,^ ,,,„ 
We also have 

which defines the characteristic tine <gL in terms of the 

average wavenumber k . In general, ? depends on .v. and v,» 

but for neighbouring velocities, it reduces to 3"0(jJ) in 

agreement with (2.34). 

From the new result (3.14 or 3.16) one can recover 

the usual QL trajectories by approximating V-, by uncorrelated 

free propagators 09 02 and the result is ( use^r(t-ï)^ =r_- c g) : 

(3.19) 

:1 = 4 p 1 1(v 1)+D 2 2(2 2)-p j 2(r-5£,v 2)-D 2 1(-r+Î£,v 1) 

This is the equation to first order in the spectrum, obtained 

previously < see Eq.(5.37 in MXSGulOH ana BALEiGU, 1977). The 

more complete equation (3.16) differs from it by taking into 

account the trajectory renormalization: the importance of this 

feature will be stressed in the following Sections. 

4. THREE REGIMES OF RELATIVE DIFFUSION 

4.1. MOM LIKEAR EQUATION. 

In Section 3 we derived on a rather general basis the 

equations describing relative diffusion. The derivation is 

based on the use of propagators. Final results have been 
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obtained in a renormalized approximation, neglecting 

*) non-Markovian terms . Restricting the resu] 

for simplicity, we obtain ( 3.12,13 and ib): 

*) non-Markovian terms . Restricting the result to one dimension, 

r ik<r(c))- 4 k*<r"(ff)> 1 
3<r 2(*)) =4 Rejdk d k(v 1,v 2)| 1- e a.1)1 

ik<r(c))- 4 k ^ r ^ O ) 

d 2 <r2(6)> = 2<g 2(ï)> (4.2) 

d t <r
2(B)> = 2<r(s) g(T )> (4.3) 

(clearly, ̂ r ( c ) ^ = <r (t+l)^must be a real number ). If we 

approximate the exponentials by introducing an effective 

constant wave-number k ,characteristic of the turbulent 

spectrum, we may rewrite equation (4.1) as follows: 

r "o< r<«»-**o< 5 2k» "l 
d 3 <r2(ï)> = 2 k;2-S;3(v-,v2) Re I 1 - e (4.4)] 

where the characteristic time's is expressed as follows (3.18) 

% k ô 2 ? ô 3 ( v 1 ' v 2 ) = | d k d k ( v 1 ' v 2 ) = D ( v 1 ) + D ( v2> ( i * 5 ) 

in terms of the diffusion coefficient D(v): 
,M> r ikv, 

D(v) = d& jdk Sk(») e (4.6) 

where S^(&) is the spectrum, defined in (2.19). 

We now scale the initial coordinates and the initial 

velocities by means of the characteristic parameters k , S' : 

% = k r o 

*) For simplicity, we restrict ourselves to forward propagation 

in time. The subtle distinctions between forward and backward 

propagations were discussed in detail in (MISGUICH and BALESCD", 

1979). 
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9 = l / 5 o 

The corresponding scaling of the moments introduces dime 

less moments A, u, Z, u, u ; 

4(0) = k Q < r ( s ) ) = X +9T 

w(6) = i k 2 < r 2 ( 5 ) > 

Z(ft) = 4 kg <r 2 CB)>= «WV - % 4 Z f » ; 

a f e ; = * 0 W2 < r ( i s ) g("S)> 

« W = =o >% < s 2 ( « > 

Noting that 

d f t 4 2 r s ; = 2 r ( X + Ô Ï ) 

dj 4 2 r « j = 2 r 2 

we obtain from (4.1-3): 

d, 

d^ wf0J = uCflJ 

d| wCÔ;= d^ Z(8 ) = Re I 1 
urej -z(6y 

(4.7) 

(4.8a) 

(4.8b) 

(4.8c) 

(4.8d) 

(4.8e) 

(4.9) 

(4-10) 

(4.11) 

(4.12) 

The initial conditions for our problem are easily 

derived from (4.8-11); recalling that we assume the initial 

distance and velocity to be deterministic, we obtain: 

"2 (4.13a) 

(4.13b) 

iif ) = u(o) = Ï" (4.13c) 

Dr ( use 4.8 a and c): 

o(ol ='4 X* 

Mo) = u(o) = X Y 

«,2 

Z(0) = 0 = Z(0) = Z(0) (4.14) 
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1.2. CHARACTERISTIC TIMES 
In order to discuss this equation, we note the 

following characteristic times entering the problem: 
(i) "Z is the correlation time of the electric field fluctu

ations: as pointed out f.n Section 2, this is the shortest 
time in our problem. 

(ii) "E » defined by eq.(4.5) is called the diffusion time. 
If the spectral intensity is measured by a small dimension-
less parameter g « 1 : 

Sk(9) ~D(v) <* C (4.15) 
then 

•5 0
 = f e " 1 / 3 *o ^ - 1 6 > 

with 'Ç = 0(1). This TSQ fixes the time scale in eq.(4.12). 

(iii) The clump life-time is the time characterizing the time 
development of Z(6) : it is the time at which the turbulent 
diffusion has spread the particles over a characteristic 
wavelength : 

Z(Zce/G0) - '4 (4.17) 

(iv) An important characteristic tine of our problem is 
constructed from the initial data. If the initial relative 
velocity of the two particles considered is g, then we 
construct 

Sg - (ko g)" 1 (4.18) 

In the theory of clumps we are interested in pairs of 
particles which are initially very close together in phase 
space. We therefore introduce a small parameter ai &1 by 
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assuming: 
h 

X = k 0 r ~ oC 

1 m *o k o S s V ! g " 9 g ~ * ' <4.19) 

It then follows that cur four characteristic times are ordered 

as follows: 

"*b « *o < *cl < Sg <*•»>) 

In the context of our asymptotic theory, Z. m 0. 

i.,3. QUASILIHBAR DIFPPSIOK. 

We now come back to eq.(4.12). From our derivation, 

we can see that the factor exp(i<s) in the right hand side 

describes free-particle propagation. If Z(9) could be neglected 

in the exponent, we would obtain the diffusion equation in 

the auasilinear approximation. For particles which are initially 

close together in phase space, described by conditions (4.19), 

and for times 9 which are not too long, the exponential can 

be expanded, and we find 

d» Z Q L ( f t ) = '* * 2 ( 0 ) = * ( X + * T > 2 U.21) 

This equation was considered in our previous work (MISGUICH 

and BALESCÏÏ, 1978b). Its solution is: 

V ( 9 ] =12 8 3 U 2 + U ï 6 + }0 Y
2© 2) (4.22) 

i..i.. PNCORRELATED PARTICLES 

This relative diffusion of neighbouring particles 

in phase apace appears to be very different from the usual 

result obtained by neglecting trajectory correlations. The 

diffusion of uncorrelated particles 
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is simply described in the same approximation by ( eq.(4.7) 

in MISGÏÏICH and BALESCÏÏ, 1978b): 

Obviously the trajectory correlations cause the correlated 

diffusion ZQT(8) to b© much smaller than Z (ft) for small 

initial separatio n. This is the main point for "clump effects". 

4.5. LINEARIZED AND DUPREE'S EQUATIONS. 

The expansion of the exponential, in the quasilinear 

approximation of (4-12) is valid only for times which are 

sufficiently short in order to prevent a secular growth of the 

exponent, A very conservative limit is given by: 

d < 1 (4.24) 

On the other hand, one should not forget that the whole kinetic 

theory of turbulent plasmas is asymptotic, in the sense that 

the times must be much longer than the correlation time Z.. 

Hence, denoting TSJ T0 = Q0 > we have 

e c « e £ i (4.25) 

It is well known that the neglect of the renormali -

zation factor exp(-Z) in eq.(4.12) is acceptable (roughly) for 

a sufficiently low level of turbulence. On the other hand, the 

function A CO), in the domain (4.22), is of order << ( see (4.8a) 

and (4.17)). It is clear that for o( sufficiently small, the 

term Z(t) can no longer be neglected in comparison to A . Hence, 
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whate.oe.n. the. le.ue.1 o-f. the. tu/ituience., the/ie ex.i*ti couplet 

of. paiticle*. cLoie toge.the.fi. in pha&e. Apace., f.o«. which the. 

qua.Aitin.eaJi app/ioxinaiion t/ieak-i down.. In such cases» the 

term Z(9) in eq.(4.12), originating from the trajectory 

«normalization, must be treated on the same footing as A(Q), 

Hence the linearized equation, replacing (A.19) is now: 

d| 2L(9) =4 J(&)+ ZL(e) (4.26) 

This equation, which goes beyond the quasilinear approxima

tion, was considered by DTJPREE (1972). Actually he solved 

this equation in the approximation à ^ Z , when it reduces to 

dj ZD(&> = ZD(«) (4.27) 

He used the asymptotic solution 

ZD(8) = 5 (X
2 + 2X1 + 2 Ï 2) e (4.28) 

This solution does not satisfy the initial condition (4.14). 

The difference in behaviour between the solutions (4.22) and 

(4.28) is striking. 

4.6. THE LONG-TIME BEHAVIOffR 

The Dupree solution (4.28) predicts an exponential 

growth in time of the diffusion Z ($ ) . This feature is clearly 

unphysical. It is easy to see that the fully non-linear 

equation (4.12) cuts down this fast growth. Indeed, as the 

amplitude Z(0) grows, the exponential factor in (4.12) tends 

to zero, and the equation reduces, for long tiroes to: 

dl Z = 1 (4.29) 

with the solution 

Z H L
 = 6 0 3 U.30) 

http://toge.the.fi
http://qua.Aitin.eaJi
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Hence, we have here a third regime (C), very similar to the 

regime (A). In order to connect all these partial results 

together, we study in the next Section, on one hand the exact 

analytic solution of the linearized equation (4.26), and on 

the other hand the numerical solution of the complete non

linear equation (4..12). 

5. SOLUTIONS OF THE DUFREE AND NON-LINEAR EQUATIONS. 

5.1. ANALYTIC SOLUTION OF THE LINEARIZED EQUATION. 

He first solve exactly eq.(4.26), which can conveniently 

be rewritten as an equation for u(Q) : 

d| uLf9) = u^fO) (5.1) 

The corresponding i n i t i a l condi t ions (4-13) are 

w j / e ; = % X 2 

£>LfO) = X Ï 

\(0) = r 2 {5 .2) 

The general s o l u t i o n of (5 .1 ) i s 
a a9 » cV 

uh( â ) = A e + B e + B e (5 .3 ) 

where (1, c, o ) are the three cubic roots of unity: 

c = - '4 (1 + i 3,'*) (5.4) 

A is a real constant and B=a+ib is a complex constant. Eq.(5.3) 

can thus be rewritten as follows: 

u>Lf»)= A e + 2 e (a cos ^6 + b sin |s 9 ) (5.5) 

A simple calculation leads to the determination of the constants 

A, a and b in terms of the initial data (5.2). Going back to 

the function ZL(6) by means of (4.80), we obtain : 
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ê 
ZA9) » - (X2+2XÏ+2Ï2) e 

L 6 

cos jig + 1 (X2-XY-Y2) e 

+ L (Xï-Ï2) e"* sin JpJft . 4(X+«Ï)2 (5.6) 

In order to simplify the discussion, we consider below only 

the particular initial condition : 

X 2 = Ï 2 = XÏ = e< (5.7) 

Eq.(5.6) then takes the simpler form: 

o T 1 Z-(ft)= § e* - 1 e" cos ^ 0 -4(1+») 2 (5.8) 
L 6 3 2 

We note that e(~ ̂ T.(9) is a universal function of Q ; its 

graph is shown in Fig.1 together with the graphs of the 

quasilinear approximation (4.22), and with Dupree's approxima

tion (4..28), which reduce, respectively , to : 

ot"1 Z Q r(ô) - -1 Ô 3 ( 1+4 9 + - e 2 ) (5.9) 

c<-1 Z„(») - i e (5.10) 

6 

It appears quite clearly from the figure that (5.10) is the 

long time li'iiit of the solution Z L, whereas (5.9) approximates 

the solution for short times. A simple calculation shows that 

the right hand 3ide of eq.(5.9) consists exactly of the first 

three terms of the Taylor expansion of (5-8) around 0=0 . It 

is seen from the figure that (5-9) is actually a quite good 
approximation for times as large as d m 2.5 . 
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The exponential blow-up of the function Z(9) imposes 

a limitation to the validity of the linearization of eq.(4-12), 

and hence of eq.(4.26). A natural limit is provided by the 

clump life-time 2" . defined by the following implicit 

equation (4.17) ( DuTREE,1972i MISGUTCH and BALESCD 1978b): 

< ? 2 < r c < 0 = ko" 2 (5.11) 

or, in terms of our dimensionless variables: 

4-1 Z ( 6cl) = ( 2 * ) " 1 (5.12) 

We may also introduce approximate clump life-times Qyi and 

Q , corresponding to the quasilinear and Dupree approximations: 

<<"1 ZQL ( ôc*> = ( 2«< 5~ 1 ( 5 - 1 3 ) 

<*"1 ZD (*c*> = { Z * ) _ 1 ( 5 - 1 i ) 

The clump life-time is easily determined from the graph of 

Fig.1 as the value of $ corresponding to e( Z = (io<) . 

It is interesting to note that when o< is not too small ( typi

cally e< ~t 10" ), the quasilinear approximation provides a quite 

good value : Q gf $^. ( Fig. 2a). On the contrary, for very 

small values of o< » the clump life-time is very near the 

Dupree approximation :0 e£SO c*( Fig. 2b). For intermediate 

,'alues ( typically j ^ 10" ), neither approximation gives a 

correct value for 9 .. These facts confirm the conclusion of 

our former discussions: the trajectory renormalization becomes 

necessary for the correct description of the relative diffusion 

of oarticles very close together in phase space. 
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In order to get a fuller understanding of the effects 

of the renormaliaation, we study now the full non-linear 

equation (4.12): 

-Z N L(9 ) 

d 3 Z N L = 1 - oos (*(»)) e (5.15) 

The exponential non-linearity has a striking effect on the 

solution: whenever Z becomes of order unity ( which happens 

for long enough times, roughly & W0 - 0( " • ) , the exponential 

term decays and the equation reduces asymptotically to 

d 3 Z N L ~ 1 (5.16) 

Therefore the long time behaviour is 

Z £ - 6 « 3 < Ô » 9c£> (5.17) 

which is the same as for independent particle diffusion 

(see (4-.23)). This is physically reasonable, as the particles 

are now very widely deparated. Note however that the coefficient 

in (5-15) is not the same as in eq.(5.9). where the short time 

limit is given by 

ZHI ~ ZQL = ~ * 9 3 ( Ô « D (5.18) 

Hence, in a log-log graph, the curve log (ct~ Z) starts along 

a straight line of slope 3, and ends up, for large 6 , along 

another line of slope 3. The distance between these two 
— 1 1 

asymptotes, measured along the log(o(" Z) axis, is log (2«-'). 

We solved numerically eq.(5.15) with the initial condi

tions (5.7): the result is shown in Fig.3, for three values 

of e< ( 0.07, 0.002 and 10 ). We also represent on this figure 
—1 —1 

log (d~ Z-) and log ( o( Z Q L) ( which are independent of o< ). 
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The Dupree solution log (ri" Zp) blows up exponentially, 
whereas the quasilinear solution starts with the same slope 
as log(#<" ZjjL)(i.e. 3) and ends asymptotically with a slope 5. 
The striking fact which appears at first sight is that the 
Dupree solution, taken as a whole, has a completely different 
shape as compared to 2„ L. 

The exact solution Z HT exhibits three regimes; 
A) a short time regime ( see (5.18)) Z N L(Ô)~ o<83/12 ; 

B) an intermediate regime in which log (o(~ Z„T) transits 
smoothly from one asymptot to the other: 

•a 

C) an asymptotic regime where Z„,~ 0 / 6 . 

The Dupree solution matches the exact one in the middle 
region of the intermediate regime ( and only there). The 
matching is the better and the wider, the smaller the value of o( 

Nevertheless, even for o( -» 0 , one can see from eq.(5.15) 
that the non-linear renormalization will always force Z„. 
to reach the asymptotic regime (C). 

The solution (5.8) of the linearized equation cannot 
be shown separately in Fife.3 . It starts like log( o<~ Z».), 
and ends asymptotically like log(°C~ Z»). (The passage from one 
to the other is along the curve log(o( Z N I j) for o<< 0.002). 
Thus Zr cannot describe the asymptotic regime (C). 

It is important to note that the clump life-time 
is always ( for small e() in the intermediate regime (3). 
This explains the success of Dupree's theory in the evaluation 
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of this quantity for small e< , as apparent from Fig.2b. 

It is finally interesting to note that the intermediate 
regime (B) can be described - in its central part - by a 
Dupree-type exponential, provided however that «< is sufficiently 
small to ensure a good separation of the time scales 

1 -K«Kt «0g = 4"% ^5.19) 

6. DISCUSSION. 

6.1. CLUMPS AMD IHTRIHSIC STOCHASTICITT OF TRAJECTORIES. 
As a consequence of trajectory correlations, we have 

seen that the renormalized relative diffusion Z„j- of 
neighbouring particles («(« 1) begins to grow like o<0 /12 
(5-18) which is by orders of magnitude smaller than the 
diffusion of uncorrelated particles Z ,_„= Grid ( 4.23). These 

r tine 

strongly correlated particles are said briefly to form a "clump" 
or microstructure in phase space. This important difference 
between Z„. and z

a f t c remains for hundreds of diffusion 
times 5 0 . As a consequence the characteristic time ( tne 
"clump life-time") is much larger than for unoorrelated parti
cles. This "clump effect" due to trajectory correlations is 
visualized in Fig.4,. 

It has been shown by DUPREE (1972) and ourselves 
(MISGUICH and BALESCU, 1978 b and c) that this enhancement 
of the clump life-time is responsible for an important 
enhancement of the binary turbulent correlation function at 
distances much larger than the Debye length. The latter effect 
is generally believed to be of importance for transport 

ns 
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processes in turbulent plasmas. 

On the other hand, the exponential time behaviour 
obtained by Dupree for this diffusion process indicates an 
exponential divergence of the effective "trajectories". This 
bears a strong similarity with the exponential divergence of 
orbits which characterizes the "stochastic instability" in 
deterministic systems in a parameter range where int/iin-iic 

•itockatticity appears (see e.g. LAVAL and GRESILLON, 1979). 
The appearance of stochastic domains of trajectories in 
simple deterministic system (like trapping in two electro
static waves ( ESCANDE and DOVEIL, 1980)) or sensitive depen
dence on initial conditions is thought to be associated with 
the turbulent behaviour of systems like [Tavier-Stokes fluids. 
Along this line, the stochastic treatment responsible for the 
exponential behaviour of Dupree1s clump diffusion could be 
a realistic way of introducing a stochasticity which is thought 
in recent fluid turbulence theory to be an intrinsic one (RUELLE, 
1979). 

Clumps have naturally been considered as a manifes
tation of the appearance of intrinsic stochasticity. Actually 
the corresponding stochasticity does not appear in the 
solution of a deterministic system, but as a property of an 
equation which is stochastic from the very beginning. The fact 
that the exponential behaviour of Dupree's diffusion only 
appears as a conséquence of the second cumulant taken into 
account in the RQL description of trajectories (Eq.(4.1)), 
clearly shows that clump diffusion results from the 
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a-iàume.d Atoch.a&i.i.city and not from intrinsic stochasticity. 
Moreover, we have shown that the exponential behaviour found 
is limited to times shorter or of the order of the clump 
life-time. 

The L.japunov characteristic exponent ( or Kolmogorov 
entropy) may however be defined by considering, for any fixed 
time, the ratio 

^ > ( t ) ) = 2 ZM + (1 + Ô ) 2 (6.1) 
<r*(0)> 

in the limit where ei tends to zero (BBNETTIH and GALGANI, 1978). 
Its value is thus given by: 

Z 7 lim 1 In lim (2 - + (1+Ô) 2 ) (6.2) 

When the limits are taken in this order, the upper asymptotic 
regime in Fig.4 first becomes to be infinitely distant from 
the initial regime since Log (Z/cl )-»oo , and then the 
asymptotic limit of long times is of course described by the 
Dupree exponential (5.10) which gives 

A lim 1 (In I + 6 ) = 1 (6.3) 

as expected. It is important to note that this definition 
of Tt, however, keeps hidden the important physical fact that 
the exponential regime is limitted to finite values of Q : 
asymptotic diffusion indeed behaves like & J, as it should 
to describe distant independent particles. The Dupree exponen
tial regime can be asymptotic ( and its Ljapunov exponent be 
different from zero) only for particles initially close enough 
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to ensure that they will never become independent, which is 
very unrealistic in a collisionless description. 

If the limit of vanishing oL had been taken afterwards, 
the Ljapunov exponent would have been simply zero, which means 
that particles may asymptotically diffuse independently; this 
would be a more physical definition in the present case. 

6.2. CLUMPS AMD THE SUZUKI SCALING REGIME. 
We have seen in Section 5 that a new time regime appears 

in relative diffusion for very close particles in phase space. 
A very similar situation has been studied in the scaling 
theory proposed by SUZUKI (1978). Tor a non-linear Langevin 
equation the stochastic variable can be separated into a 
deterministic and a fluctuating part ( let us say of order £ ) 
in normal situations where there exists a non-vanishing 
deterministic part from the beginning. But if the initial 
value of the deterministic part is of the order or smaller 
than £ , then another regime appears ("unstable region") 
where fluctuations are no longer small corrections. A -icaling 

iue.giine. appears, which is defined by the time region where the 
Suzuki scaling variable is of the order of unity. For a 
non-linear Langevin equation 

d t x = 1 J x - ? x N(x2) + 01 (t) (6.4) 

with an additive stochastic force 

<^(t) i£(t')^ = 2 € S(t-t') (6.5) 
the scaling variable is (see eq.(1.5) in SUZUKI, 1978) : 
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T = e ~ 1 (6.6) 

of order of unity in the scaling regime. This result shows a 
strong ressemblance to the characteristic Dupree's clump 
life-time defined by eq.(5.12). Here the small initial sepa-
ration X «<( is entirely analogous to the initial variance 
^x (0)N which is considered by Suzuki as being smaller or of 
the order of £ in the unstable region. The time regime where 
exponential separation of clumps particles occurs, could thus 
be analogous to the Suzuki scaling regime. If this analogy 
were confirmed, the Suzuki scaling method could be advantage
ously used in the description of plasma turbulence. In the 
above non-linear Langevin equation, this method gives a 
non-linear transformation x = F {y) where y satisfies the 
linear Langevin equation. 

This brief comparison at least shows the very interes
ting point that the appearance of the exponential time regime 
corresponds to a scaling regime of non-linear Langevin 
equations for which several physical properties have already 
been studied. 

6.3. QPASILIHEAR DIFFUSION. BROWNIAM MOTIOH AND 
RICHARDSON'S FOUR-THIRDS LAW OF FLOID THRBPLEMCE. 

The quasilinear description of relative spatial 
diffusion ̂ r2(t+3)") -» '53 has been shown to be valid when 
T„ < £ 0 in regime (A): 
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For particles with a very small velocity difference g=v.-v2 -* 
however, 'S' =1/k g becomes the largest characteristic time 
and a new regime (B) appears 

3"o < s < -e, 

where non-linear renormalizations have been taken into account 
(in eq.(4.12) for instance). These features are recalled in 
Table I. For these particles the validity of the quasilinear 
description is thus reduced to regime A, vhich appears as an 
intermediate time regime for such particles. 

The situation is quite sim:'\ar tt the one known in 
fluid turbulence since a very long time (LANDAU and Lli'SHITS. 
1963; MONIH and TAGLOM, 1975). For very small times HC.Z2 

(where the relative motion is described by the initial veloci-
ties), relative spatial diffusion behaves like s : 

(iZC*)) ~ Z* , S < " 5 2 (6.'.j 
For very large times 5 ̂  'S (where fluid particles are 
diffusing independently), asymptotic relative spatial diffu
sion grows linearly in time 

<Vr-s;> ~ % , "0*00 (6-8) 

Another "quasi-asymptotic" motion has been described by 
BATCHELOR (1950,1952) in an interrediate time range 
£ , ^ S \Z for sufficiently small initial distance I 
(here ̂ , is defined as the time necessary to forget the depen
dence on the intial distance / ). When the time-microscale 
•JL associated with molecular viscosity is going to zero, 



Time regime \ < 7 4 ? o *0< z S*e **S* 

( ï 2 ( t + î ) > • c 3 

z 
e Z3 

Table I : Regimes of relative spatial diffusion of charged 

particles in fluctuating electric fields. 

i 

! 
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the relative spatial diffusion in this intermediate time 
3 

regime is found to behave like "Z 

^rzjy^Z3 . S 3 <£<•£., (6.9) 

for times smaller than S.. ( i.e. as long as turbulent 

wavelengths longer than the external turbulence length scale 

do not modify the relative motion). 

This 7â behaviour is largely confirmed by observations. 

The spreading of an admixture cloud of marked fluid particles 

can indeed be studied by looking at the effective diameter of 

the cloud. If 4.1 ) behaves like Z . then the effective eddy 

diffusivity 

K ~ fs t[iZ(* i > ~ " S 2 ~ 1 K O (6.10) 

behaves like the four-third power of the effective diameter 

of the cloud. This is the Richardson law established empiri

cally in 1926 ( RICHARDSON, 1926) and confirmed by a large 

number of observations of atmospheric dispersion data, diffusion 

of continuous clouds of marked fluid on the surface of the 

sea or lakes, for clouds ranging from tens of centimeters 

to hundreds of kilometers. For a very detailed discussion of 

relative spatial diffusion in fluids, the reader is referred 

to the well-known book by MOHIN and ÏAGL0M (1975). 

We thus see that in fluid turbulence an intermediate 

time regime exists for sufficiently small initial distances, 
3 

where relative spatial diffusion behaves like "5 . On the 

other hand, in plasma turbulence, the existence of a time 
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regime ( for particles with almost equal velocities) with an 

exponential diffusion rises some question about the possible 

existence of a similar regime in fluid turbulence ( for very 

small distances, however» the viscous length should be taken 

into account (MOHI'N and ÏAGLOM.1975)). In view of the very 

wide confirmation of Richardson's law, the validity domain 

of a possible exponential diffusion in fluid turbulence would 

probably be very restrictedi if it exists at all. 

•5 
It is interesting to note that a ~SJ behaviour of 

diffusion also holds for the very classical problem of Brownian 

diffusion of independent particles in some "kinetic regime" 

valid for times shorter than the relaxation time 7S . , 

but larger than the correlation time ~S of the microscopic 

fluctuating force. Here ^Ç*is the friction coefficient. For 

longer times, 

Ta < *««*« < S (6.12) 

the usual hydrodynamical regime is obtained and the classical 

T£ behaviour occurs. This can be checked for instance on the 

general solution given in the book by RICE and GRAY (1965): 

-Y*/» -2Y£ /m 
(S2(t+*)) = 3mT Y" 2 2 ̂  - 3 + 

. m 

A e (6.13) 

Here the temperature T ( in energy units) is introduced by the 

imposed condition that the Fokker-Planck equation has to have 

a stationary Maxwellian solution. The friction coefficient is 

given by the autocorrelation of the fluctuating force of the 
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corresponding Langevin equation. For long times (6.12) this 

solution tends to the classical law of Brownian motion 

< • 

6T 
x-(t«)> - - r c=e<"5^^.<5 > < 6- u ) ~2 

i r.TMj y — 

and the diffusion coefficient in the hydrodynaraical regime 

is given by the Einstein relatic-i 

D = 6 T / ^ (6.15) 

This classical Brownian diffusica is in sharp contrast with 

the ~Z? diffusion obtained for independent charged particles 

£xZ(ttt))<vS5 and which gives rise to the Dupree damping 

and the resonance broadening effects ( DtlPREE, 1972; MISGUIGH 

and BALESCu-, 1977) : in this case the spatial diffusion is 

directly proportional to the autocorrelation of the fluctuating 

force. This plasma diffusion law is more similar to the 

"kinetic regime" (6.11) of Brownian diffusion, obtained from 

(6.13): 

6T 
( î 2 ^ ) ) » - ' ^ 3 (<ïc<ï <Z„taKi) (6.16) 

m 

This very unusual law of Brownlar. motion bridges the gap between 

the usual Brownian motion and the ~S ' diffusion of independent 

charged particles which are of a very different nature. Here 

too, the time regime considered :.s of crucial importance. 

The different regimes of diffusion in fluid turbulence and 

Brownian motion are summarized ir Tables II and III. 
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Time regime * <s 2 * 3 < * < * o o *oo< = 

« * • > > * 2 * 3 • s 

Table lit Regimes of relative diffusion in fluid turbulence. 
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Time regime *c< * <*«««-/? ^e S ^/latax, ^ S 

< x 2 ( t + ï ) > . ^ î 3 ~ 1 5 

7 

Table III: Regimes of Brownian motion diffusion for 

independent particles. 
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6.4. PREVIOUSLY KNOWN FAILURES OF THE QUASILINEAR DESCRIPTION 
IS SPECIFIC VELOCITY DOMAINS. 

The observed isotropy of solar cosmic rays has been 
the origin of many important theoretical studies on the 
diffusion of charged particles by fluctuating magnetic fields, 
in a magnetized plasma. Usual quasilinear description of 
magnetostatic turbulence describes a diffusion process in 
pitch angle ( !*• - cosf = v„ /v), which however vanishes for 
particles with a velocity perpendicular to the magnetic field 
(U=0). This process is unable to explain the isotropy of 
solar cosmic rays. 

But a more precise study (KLIMAS and SANDRI, 1973; 
FISK, GOLDSTEIN, KLIMAS and SANDRI, 1974) has revealed that 
the quasilinear pitch angle diffusion also involves an infi
nite contribution for M.=0 in the form of a Direc delta of it . 
The existence of this delta has been proved to be the general 
rule (GOLDSTEIN, KLIMAS and 3ANDRI, 1975). These authors 
showed that this contribution appears as soon as the fluctua
ting magnetic field has a component parallel to the main 
field, and related it to the mirroring of the particles along 
the main magnetic field. Although the delta term is probably 
a very crude approximation to a sharply peaked function of u. , 

this work strongly confirms the contribution of this term 
in the pitch angle diffusion coefficient in the quasilinear 
description. 

The conclusion of GOLDSTEIN, KLIMAS ans SANDRI (1975), 
however, is that the appe.an.an.ce. o£ the. delta function in the 

au.aAilin.eai appn.ox.ima.tion. Augge&t* that thit apptoxinfition LA 

http://appe.an.an.ce
http://au.aAilin.eai
http://appn.ox.ima.tion
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LncoA.ie.ct at te.a&t. £01 pa/iiicie.4 with v» =0 ( the mirroring 

contribution would be Disordered in the quasilinear appro

ximation) . 

A very similar failure of the quasilinear approximation 

in a specific velocity domain is observed for classical 

collisions. It is known that the lowest order quasilinear 

description of collislonal systems ( from the KLIMOHTOVTCH 

(1967) equation, for instance) gives rise to the Landau 

kinetic equation when discreteness and self-correlations are 

taken into account ( it gives the Balescu-Lenard-Guernsey 

equation when dynamical screening is moreover taken into 

account). But this Landau collision term involves a factor 

S(k.v-|-k.v2) ( see eq.(II.6.20) p. 399 in BALKSCU (1975)) 

which gives rise to an additional term in o(|v,-y~|) = o(g) . 

This additional term is usually neglected in an implicit way 

(because of the physical condition on the distribution function 

for g=0) : this can be seen in the original work of LANDAU 

(1936) (see p.163 in LANDAU,1965) as well as in the derivations 

given by KLIMONTOVICH (1967, see p. 133) or by BALESCÏÏ (1975. 

see p.400). 

The appearance of this delta in the Landau collision 

operator is related to the singularities characterizing the 

local breakdown of the weak coupling ( quasilinear) expansion 

for jv1-v2|=0; this point has been studied by SU (1964) and 

is closely connected with the zero pitch angle diffusion in 

quasilinear approximation: in both cases the perturbation 

cannot be considered as small for particles in this velocity 

region ( g=0 or u.=0, respectively). 

http://LncoA.ie.ct
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Several studies have been performed in order to go 
beyond the Markovian (adiabatic) quasilinear description of 
diffusion in magnetostatic turbulence. A local approximation 
method has been proposed, which considers a "diabatic" or 
non-Markovian description (HLIMAS, SANDRI, SCUDDER, HOWELL, 
1976a,1976b and 1977). A renormallzed non-linear description 
has been studied (JONES, KAISER and BIRMINGHAM,1973; JONES, 
BIRMINGHAM and KAISER, 1978) which is based on a partial 
average over fluctuating fields and allows to calculate a 
non-vanishing diffusion coefficient for u=0 where the 
quasilinear description breaks down. The Dupree-Weinstock 
resonance broadening theory (DUPREE, 1966; WEINTOCK, 1969) 
in a magnetic field (WEINSTOCK, 1970; BEN-ISRAEL, PIRAN, EVIATAR 
and WEINSTOCK, 1975) has been developed by GOLDSTEIN (1976) 
and the non-linear equation for the diffusion coefficient has 
been solved numerically. It is quite remarkable that his 
numerical results for the renormalized pitch angle diffusion 
are in agreement with the numerical simulations (KAISER, 1975). 
This brings not only a strong confirmation of the validity 
of the renormaliaed quasilinear description (RQL), but also 
indicates a way to go beyond the quasilinear description in 
regions where it breaks down. 

This situation is thus entirely analogous to the 
present description of relative diffusion in electric fields 
l'or particles with nearly equal velocities: this is a region 
of velocity space where the quasilinear description beaks down, 
a new time regime appears, and renormalization effects have to 
be taken into account. 
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FIGURE CAPTIOH 

Fig.1 : Analytical solution of the linearized equation for 
relative spatial diffusion of correlated particles 
( eq.5.8) as compared with the Dupree solution (5-10) 
and the quasilinear solution (5.9") as function of 
time. 

Fig.2a : Determination of the clump life-time as deduced from 
eq.(5.8) (L), eq.(5.10) (D) and (5-9 ) (QL) for 
<*= 0.07. Here & u = 2.85; &\t= 2.U and 0^=2.94. 

Fig.2b : idem for o( =0.002 . Here 0^=5.70 , 0J|£=5.e4 and 

Q?e = 7-00 

Fig. 3 : Relative spatial diffusion of correlated particles 
as function of time: 

____^_^__ (NL) represents the numerical solution of 
the renormalized eq.(5.15) for three 
different values of e( . 

- — - - - -(D) is the Dupree solution (5.10) 
^ _ _ _ (QL) is the quasilinear solution (5.9) 
Initial and final slopes indicates a 0 dependence. 
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Fig.U i Effect of trajectory correlations on relative 
spatial diffusion of neighbouring particles 
("clump effect"). 

___________ The full line is the renormalized diffusion of 
correlated particles (NL) 

- - - - - - is the exponential solution of Dupree (0) 
is the diffusion of uneorrelated particles 
represents the initial slope. 
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