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Abstract

A broad overview is presented of the principal tests to date of the IBA, for

both even and odd nuclei, and including the evidence concerning the possible existence

of the recently proposed supersymmetries. Although some details are presented, the

ain is rather to survey the principal characteristics of the model, to assess the

overall quality and extent of the agreement with experiment, and to indicate where

further testing would be most useful.

I. INTRODUCTION

1 2
Withic the last year, the author has presented two reviews * of the experimental

status of the IBA. The first surveyed both even and odd mass nuclei. Tlie second was

centered on a more thorough look at even nuclei. Although written only a few months

after the first, its content was substantially different, including, for example, dis-

cussions of the greatly expanded testing of the model, in the interim, in the Pt-Os-W

region, in particular with IBA-2 calculations, the first consequential tests involving

high spin states and quadrupole moments, and the emergence and implications of the

first significant discrepancies with model predictions. The present review will not

repeat these detailed discussions except insofar as they are useful for establishing

an overview of where the IBA currently stands vis a vis a confrontation with experi-

ment. The emphasis here will be on the relation between the symmetry structure of the

I3A and experimental tests of the model, on the overall quality of agreement, on the

parameters of the model and their variations, and on those areas where the potential

for future tests is abundant.

II. THE IBA AND OTHER COLLECTIVE MODELS

The shell model, with residual interactions, is generally considered, if not an

ideal, at least the best existing approach to the nuclear structure problem.
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Unfort aately, as Talmi has repeatedly emphasized, it is an impossible approach for

most nuclei where the shell model space is simply too large for practical calculations.

Furthermore, even if such calculations were feasible, it would be virtually impossible

either to identify the special states that are collective or to perceive simplicities

and regularities in the enormously large number of wave function components. There-

fore, much of the history of nuclear structure physics, especially in heavy nuclei, can

be viewed as an attempt to simplify the problem by truncating the shell model space or

by constructing alternate schemes that emphasize specific degrees of freedom.

Naturally, each such approach has limitations, most obviously in that each selects

out a subset of states and/or nuclei for emphasis and therefore those that are not so

encompassed are treated poorly if at all. The most well known, extensively developed,

and highly successful scheme has clearly been the collective model of Bohr and Mottel-

son along with its numerous offshoots, including the extension to odd mass nuclei in

the Nilsson model. Developed as an attempt to interpret the collective excitations

of deformed nuclei, it has had enormous success both in correlating empirical informa-

tion and as a predictive tool as well and has become the paradigm against which new

models are judged. Though originally proposed as a phenonenological model, it has a

substantial microscopic foundation, primarily centering on RPA-type calculations in the

framework of a pairing plus quadrupole Kamiltonian. The nost successful microscopic

application of the Bohr-Mottelson Hamiltonian has probably been the calculations of

, (or the related outgrowth of these, the Dynamic Deformation Theory )

Kumar and Baranger /which succeeded in predicting many properties of the lowest col-

lective states in extended series of nuclei, including both the difficult Sm and Pt-Os

transition regions. Another recent microscopic approach to collective excitations has

been the boson expansion calculations of Tamura and co-workers.

Despite the considerable successes of collective models such as these, there has

nevertheless remained a somewhat ad hoc character in their use: that is, for each

different type of nucleus (vibrational, transitional, quadrupole symmetric, triaxial,

etc.) a different phenomenological model is applied or, if a microscopic approach is



used, its success has generally not been uniform across broad series of nuclei: for

exarple, the boson expansion models often converge much more poorly for deformed than

for spherical nuclei.

It was in the spirit of attempting to overcome this limitation that the IBA was

8—13
developed and it is in this respect that it has achieved its greatest successes.

It is an attempt co obtain an extreme simplification of the nuclear structive problem

by grossly truncating the shell model space so as to lead to a simple boson Hamiltonian

that is applicable with comparable quality to broad regions of the periodic table,

encompassing nuclei of widely different types, and which automatically yields a com-

prehensive set of low lying collective, states. The model is phrased in a rather

abstract boson space and involves rather sophisticated group theoretic ideas. A3 a

result the simplicity and broadness of coverage is gained at the expense of a simple

geometrical interpretation of the resultant predictions, although recent work,

has clarified the correspondence between the IBA Hamiltonian and that of the Bohr-

Mot telson collective model. This point is raised because it highlights the fact that

the ISA should not be considered as a replacement for geometrical models but rather as

corple-entary to them. That is, the primary appeal of the IBA is often not to be found

in its predictions for a given nucleus but in its systematic treatment of extensive

sequences of nuclei within a single unified framework. Indeed, since any nucleus must

have an approximate classical shape, a geometrical model incorporating that shape should

accou-t at least for the broad characteristics of the collective excitations. There are

tvo respects, however, in which the IBA can be preferable even in this respect. First,

it automatically includes the fact that these are a finite number of particles outside

closed shells, whereas geometrical models implicitly assume an infinite dimensional

space. Secondly, the IBA automatically includes full sequences of intrinsic excita-

tions, including some of their mutual interactions, whereas the higher lying intrinsic

collective excitations in geometrical models often have to be introduced explicitly

and t"r.=ir interactions parameterized (e.g., band mixing).



III. THE STRUCTURE AND SYMMETRIES OF THE IBA

The following discussion is based on an extensive series of theoretical papers

on the IBA cited in refs. 8-13 as well as others referenced in refs. 1 and 2. The

basic structure of the IBA is obtained by writing a boson Hamiltonian involving two

types of bosons carrying angular momentum zero (s bosons) and two (d bosons). In a

given nucleus there is a fixed total number of bosons, N, equal to the sum of the

number of s bosons (n ) and d bosons (nj)- N is simply given by one half the number

of protons and neutrons outside their respective nearest closed shells. In the earlier

and conceptually simpler of the two IBA formulations (IBA-1), no distinction is made

between proton and neutron bosons or between particle or hole bosons.

8 9 12
In somewhat schematic form the IBA-1 Hamiltonian may be written: ' '

S d+d + J i £ £ w T C [(d+dV(2l3[)L]0

m ID i
L-0,2,4

H - e S d+d + J i £ £ w T CT [(d+dV(2l3[)L]0 (1)
m ID i ^^ L

+ (terms that change n.)

where d (or d) creates (or destroys) a d boson, e • £j-e is the d boson energy
u S

relative to that of an s boson (which latter is arbitrarily set to zero), and the CT

and the (unwritten) coefficients of the d boson number changing terms are other

parameters. The superscripts denote angular momentum coupling.

In IBA-1, the basis states are those of the extreme vibrational limit and are

characterized as

lnd* V V L>

where na(n.) is the number of pairs (triplets) of d bosons coupled to zero spin and L

is the total angular momentum. In the vibrational limit the ground state quantum

numbers (n,, no, n.) * (0,0,0), the first excited, 2
+ state, is (1,0,0), the 4 + and 2 +

a a n

members of the "two phonon" triplet are characterized by identical quantum numbers

(2,0,0) b with the two d bosons coupled to spins 4 and 2, respectively. The 0

member of this triplet, of course, has n -2 and thus (n,, nQ, n ) • (2,1,0). The

a a P u
construction of the higher states is similar.



In eq. 1, the first term simply counts the number of d bosons and multiplies by

the energy of each. It alone would produce a harmonic vibrator spectrum. The second

terra does not affect the wave functions (the operator is diagonal) but gives an

anharconic vibrator with broken degeneracies. The last terms of eq. 1 can be either

one (e.g., d d ds) or two (e.g., d d ss) d boson number changing; they greatly compli-

cate the wave functions and are essential in all but the simplest of nuclear species.

Different relative sizes of the different terms lead to radically different spectra.

W^ile the detailed structure of the last term in eq. (1) is not particularly compli-

cated, it is relatively unenlightening. It is possible, and generally preferable, to

rewrite eq. 1 in terms of specific combinations of these terms that correspond to

characteristic boson multipole operators. Thus, one can write a completely equivalent

Hamiltonian as '

H-end + KQ-Q + K'L-L + K" P-P + T3[d
+d)3(d+d)3]° + T4[(d

+d)A(d+d)4]g (2)

The coefficient e, K, K', K\ T_ and T, are parameters. Here the boson operators Q,

L, and P correspond to quadrupole, spin-dependent and pairing interboson interactions.

For example, and for the future discussion, the expression for Q is

Q = (d+s + s+d)(2)+X(d
+d)(2) (3)

The coafficient x is import-ant- and will be discussed below. In certain cases it has

well defined values, in others it can be treated as a parameter.

The structure of eq. 2 is particularly instructive and closely related to one of

the most important characteristics of the IBA-1, its predictions of specific limiting

coupling schemes corresponding to characteristic symmetries wherein level energies and

transition rates (reaction or electromagnetic) can be described by analytic expressions

and obey specific quantum number selection rules. The symmetries arise from the

inherent group structure associated with the six dimensional space spanned by the

five components of the d boson and the single s boson. The group decomposition of

this space has three non-trivial subgroups, called SU(5), SU(3) and 0(6). The first

two are already well known and correspond to the familiar vibrator and symmetric



roicr limits, respectively. The 0(6) limit was previously unrecognized, and indeed

18
the almost simultaneous prediction of it and its empirical discovery was one of the

18 19
earliest triumphs of the IBA. It has been shown ' to correspond to the y-unstable

picture. The SU(S) limit is best thought of in terms

of eq. 1. In its harmonic form, with degenerate sets of levels, It corresponds to the

first, or e, term. Anharmonicities can be introduced, within the SU(5) limit, by non-

zero CL coefficients. The SU(3) or rotor limit is characterized in eq. 2, not sur-

prisingly, by the Q-Q term although K', the coefficient of L'L, can also be non-zero.

The 0(6) limit corresponds to finite values of the T and K" terns in eq. 2; it is

the former which gives the limit its characteristic energy spacings within each

collective family and the latter which determines the wave function regularities and

the relative energies of each family. Thus, to recapitulate each symmetry corresponds

to the dominance of certain characteristic terms in eqs. 1 or 2. These are: e:SU(5),

<:SU(3), T-:0(6). Each of the symmetries has been discussed in detail in the litera-

ture. In fig. 1 we summarize the low lying levels and the strong transitions in each.

Several points are worth noting. First, the SU(3) limit corresponds to a very specific

type of rotor, namely one in which levels of the same spin in the fi and y bands are

degenerate. Higher bands also have characteristic degeneracies. Thus, it tends to

correspond more to the early part of a deformed region than to the middle where the

deformations might actually be larger. Secondly, the E2 transition rates and transfer

reaction cross sections are not identical in the IBA and geometrical descriptions.

For transitions allowed in both treatments, the transition rates in the IBA approach

those of the geometrical models in the infinite dimensional limit: for finite N,

they are generally given by the geometrical value modulated by a function of the boson

number N. There are, however, some actual and highly important differences in the

selection rules. The most notable occurs in the SU(3) limit: in the simplest phen-

omenological geometrical description the levels of the 3 rod y bands deexcite by

moderately enhanced transitions to the ground band but transitions between S and y



bands are forbidden since they involve a change of two vibrational quanta. In the

IBA, on the other hand, the states in each limit are associated into families according

to their group representations. A fundamental E2 selection rule is that transitions

(induced by operators which are generators of the group) between representations are

forbidden. Thus, in SU(3) for example, the 3 and y bands belong to the same represen-

tation but' to a different one than the ground band. Thus there are allowed (albeit

typically weak) transitions (not shown in fig. 1) between g and y bands but in the

strict SU(3) limit not from either band to the ground band.

The third limit in fig. 1 is the 0(6) limit. It corresponds, in the infinite N

limit, to the y-unstable model of Wilets and Jean. The levels are grouped into prin-

cipal families (representations) according to a quantum number c. Within a represen-

tation the levels are classified by quantum numbers T (similar to a phonon quantum

number) and v. (which is related to the number of triplets of d bosons coupled to zero

spin). As with SU(3), the inter-representation transitions are forbidden: this

differs from the ^-unstable model with 3 vibrational excitations but , again, as with

SU(3), this selection rule can be broken by small perturbations to the limit.

It is interesting to note that in both SU(3) and 0(6) the forbiddenness of inter-

representation (A(X,y) or LafQ) transitions arises from a subtle cancellation. The

operator Q in eq. 2 (which is the same as the E2 transition operator) is taken to be

composed of generators of the relevant group. For each limit the proper choice of ;<

assures this. Thus (d d) is not a generator of 0(6) and so X=0 for this limit. In

SU(3) X»-v55/2"-2.958. In 0(6), the Aa?0 transition races are zero due to a cancella-

tion in the terms arising from the different wave functirn amplitudes. Therefore, a

ainiscule change of these amplitudes, without introducing d boson number changing

perturbations, will destroy the cancellation. In SU(3) the forbiddenness arises from

the perfect cancellation of the contributions arising from each of the two terms in

the transition operator Q. Therefore, 6-+g or y-*g transitions can arise either by

perturbing the wave functions or the operator. In actual calculations, however, it

turns out that relatively large symmetry breaking in the Hamiltonian has much less



ef:ect. on che transition rates than changes in the value of x* Due to th*8 a°d to the

fact that v is only rigorously defined in the limiting symmetries, an interesting and

as yet incompletely resolved question is the behavior of x between symmetries. Clearly,

fron the above comments, its value will have a dominant effect on the calculated elect~

ronagnetie properties of a given nucleus. Alternatively, it can easily be fixed from

the ratio of inter- to intra-representation transition rates.

>Juch of the simplicity of the IBA can be illustrated by the symmetry triangle

pictured in fig. 2. Each vertex corresponds, as indicated, to a given symmetry and the

relevant coefficient is indicated. One of the roost powerful and appealing aspects of

the IBA is the simplicity with which it can treat what have historically been among the

nose theoretically difficult and complex sequences of nuclei, the transition regions

between the extreme limiting coupling schemes. In the IBA, these correspond to the

legs of the triangle and can be specified in terras of a single parameter, namely the

ratio of the coefficients describing the two related vertices. The ratio, in effect,

specifies the relative position along the leg. Thus, for example, an 0(6) -»• rotor

(SU(3)> transition region (e.g., W-Os-Pt) can be specified by a monotonically changing

value of K/T^ which can be considered as specifying, in a crudely phrased sense, the

relative "SU(3)-ness" and "0(6)-ness" of a nucleus. The SU(5) -> SU(3) transition

(e.g., ST! isotopes) would be described in terms of the parameter K/E. It is important

to retiark also here that the generality of the IBA, that is, its potential applica-

bility to any nucleus not at or adjacent to closed shells, means that one can also

calculate IBA predictions for any other point in or out of the triangle and that a

series of nuclei with changing properties need not follow a path along one of the legs.

Further, it is significant that a sequence of nuclei with varying properties may also

arise at a constant point in the triangle by virtue of the changes, with nucleus, of

boson number N. It might be noted that while the symmetry triangle was originally

introduced for pedagogical reasons it has recently been treated more formally, by

Gilnors, who has constructed various surfaces, inside a three dimensional extension



of it, which specify the regions of dominance of each symmetry and help to elucidate

the character of the phase transitions between them.

The discussion so far has concerned the so-called IBA-1. In an attempt to refine

the model and to bring it closer to a microscopic basis, the IBA-2 was developed. It

differs principally in that it explicitly distinguishes proton and neutron bosons and

thus leads to the possibility that the parameters describing each (neutron and protor.)

part of the Hamiltonian will vary in a systematic and a priori predictable way through-

out a (neutron or proton) shell. It therefore implicitly enables a distinction

between particle and hole bosons as well.

The Hamiltonian for the IBA-2 is simply

H - H + H + H
IT V TTV

where the notation is obvious. Clearly, this can, in general, be rather complicated.

A considerable simplification has been proposed and used in nearly all tests of the

IBA-2 and is, in practical terms, what is.usually considered to be the IBA-2. In

this approximation

K = e(n, + N, ) - KQ • Q + V (4)
d a 7T v
ir v

where V is a Majorama term and where it has been assumed that t; =e and the Q (Q )

operators are defined analogously to the operator Q of eq. 3 with coefficient x

(x, )• The only modification of eq. 4 that is occasionally used is the addition of a

diagonal term of the form h E*'2L+1 C.(d d ) (dd) for either neutrons or protons which
L L

is sometimes useful for tuning the level energies. The Majorama term has little

effect on existing calculations and will not be discussed further.

It is clear from eq. 4 and the discussion above therefore that, except for the

fine tuning obtainable by introducing the CL parameters, there are four parameters in

the nodel: e, <t x and x • If o n e assumes that a given shell can be approximated by

a single j shell of appropriate (large) degeneracy, then it is possible to derive

the expected behavior of these parameters (see eqs. 3.32, 3.33 of ref. 13). It turns out
that
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£ cv:ici ;•. are. approximately constant within a major shell and that x^ (or x v) varies in

a -ixor.zh, nearly linear, way from negative to positive values, passing through zero at

mi c!--she-11.

The IBA-2, therefore, though more microscopic and presumably superior to IBA-1,

actually contains fewer free parameters: once a couple of nuclei within a major shell

are ti ated, and values of e and K are determined, they are essentially fixed for the

entire shell. Once the x (x ) values are found for a given series of isotopes (isotones)

they are applicable to any other nuclei with the same valence number of neutrons (protons),

IV. TESTS OF THE IBA

1. General Survey

The experimental tests of the IBA to date have thus far centered in several well

defined areas, the symmetries, the transition legs between them, high spin states, two

nucleon transfer reactions, and odd mass nuclei and the question of supersymmetries.

Many of the most extensive tests are schematically summarized in Table 1 and, where

applicable, labelled according to the relevant aspect of the symmetry triangle involved.

A quick scan of the Table reveals some interesting aspects. First, only one of the

three symmetries is listed, the 0(6) limit, although vibrator and rotor nuclei are more

familiar. The reason is partly an accident of historical timing (detailed calculations

for near SU(3) nuclei are underway) and partly due to basic differences between the

limits. For the vibrator, the differences between the geometrical model and the IBA

are, except for the effects of finite N, rather less than in the other limits. For the

rotor, except for the aforementioned allowed (but low energy) g-y transitions in the

IBA (which for i near SU(3) nucleus would be almost impossible to detect empirically),

the differences with the IBA do not become substantial until mul,:i-6 and multi-y

vibrational levels are reached. Unfortunately, in most cases, either these have hardly

been studied in sufficient detail or they occur near or above the pairing gap where

admixtures with quasiparticle levels are likely and may prevent meaningful comparisons.

In contrast, in the 0(6) limit, the states belonging to higher representations may
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occur in principle at any energy and, in practice, in the Pt isotopes, happen to occur

well below the pairing gap so that a detailed study has been possible. Furthermore,

to carry out a detailed and comprehensive test of a model like the IBA that aixis at an

interpretation of complete sequences of families of levels requires a corres-

pondingly thorough experimental technique that discloses all low lying levels and their

decay properties. In practice, the (n,y) reaction is perhaps the only one that can

assure such generality and it is only recently that thorough studies of near-SU(3) nuel*

have been completed.

Another interesting aspect of the Table is the preponderance of tests in the W-Os-

Pt region. Again, there are several reasons. For one, the vibrator-rotor transition

in the N*90 region has long been considered relatively well understood, in contrast to

the extremely complex Os-Pt region. Secondly, the IBA description of SU(5) -»- SU(3)

transition is reasonably close to a geometrical one. Thirdly, the discovery of the

18
0(6) limit in Pt immediately provided a new benchmark for this heretofore difficult

region, that is, a clear cut limiting symmetry at one end and the possib."1-'t*- f treat-

ing the region more simply in terms of relatively small and smoothly chang. •• -̂ =i-

tions to this newly recognized limit.

Finally, the 0(6) -*• SU(5) transition is noted in parentheses, for two reasons.

First, the transition seems less clearcut theoretically than the others. Souie of the

Ba, Ca and Xe nuclei appear to approach an SU(3)-like structure enrouta. Secondly, the

data are extremely sparce and so, at present, the study referenced is less an experi-

mental test of the IBA than an extensive set of IBA predictions that already exist and

still await confrontation with data.

The following sections will contain brief summaries of some of the main tests or

the IBA. The reader is referred to refs. 1 and 2 and the original literature for more

details.

2. Specific Studies: Even Nuclei

a) Symmetries and transition legs
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Although the IBA was proposed in 1974 its most important early achievement was

tV>. :;-ciiiction of the 0(6) limit as a new, hitherto unrecognized, symmetry. This

.>C'->.I;-V«K(. essentially simultaneously with its empirical discovery in Pt following

a soriya of (n,y) studies that disclosed all low spin levels below the pairing gap in

19 "J""Ft. and showed that there was a one-to-one correspondence between the predicted

levels and E2 transitions and the empirical findings.

With this limit as an anchor point, it was immediately clear that a new interpre-

tation of the Pt-K)s-+W region, as undergoing an 0(6) •+ SU(3) transition, was appealing

and, from a casual inspection of several branching ratios, qualitatively correct.

21Detailed IBA-1 calculations were carried out, for this leg of the symmetry triangle,

as a function of essentially only the one smoothly varying parameter K/T,. The calcu-

lations established this conjecture and exhibited remarkable agreement with experiment,

for a very large number of absolute B(E2) values and branching ratios in Os,

188-196pt_

22 23These were soon followed by 1BA-2 calculations ' of Os and Pt and of W.

One expects, a priori, for near 0(6) nuclei (where x ' WX )» that there will be

little difference between IBA-1 and IBA-2 calculations for electromagnetic transition

rates but that substantial differences will occur for level energies and quadrupole

moments. On account of this expectation the IBA-1 comparisons of refs. 18 and 21 for

the 0(6) limit and 0(6) -+ SU(3) calculations paid little attention to these latter

quantities, where indeed there were substantial discrepancies, and concentrated on the

E2 properties of the Pt-Os nuclei, where excellent agreement was found. Thus it is

particularly satisfying -o note that, in the IBA-2 calculations for Pt-Os (ref. 22),

the B(E2) values changed little from the IBA-1 results, that these differences did grow,

as expected, with deviations from the 0(6) limit, and that the level energies and quad-

49rupole moments changed substantially and in the direction of the experimental results.
for both Pt-Cs and W 22 23

Overall, the agreement/is more than satisfactory. ' There are only two discrepancies

194of import. One centers on Os where the IBA-2 cannot reproduce (without a sudden



13

change in parameters) the empirically indicated break in the systematic trend toward

194
smaller prolate deformations in Os, wherein Os appears to jump to a larger defor a-

192

tion than Os and is presumably oblate. The other discrepancy is that the IBA calcu-

lations underpredict the quadrupole moments deduced from Coulomb excitation experiments

in Ft and, indeed, fare poorly in this regard compared to asymetric rotor, pairing plus

quadrupole, and boson expansion technique calculations (see ref. 49).

It is instructive to consider the parameters deduced in these studies in more

detail. They are plotted in fig. 3 for W along with the theoretical x values for a

single j shell and the x values for Pt-Os. The striking similarity in the x values

obtained in the independent Pt-Os and W studies suggests that x (and by implication,

X ) is a global parameter which depends almost solely on neutron (proton) number.

While this is theoretically satisfying, it is also of practical importance since it

greatly facilitates extrapolation of parameters to unstudied (e.g., far from stability)

nuclei. Secondly, the empirical x parameters are rather similar to the theoretical

ones in magnitude and trend but claarly display deviations, namely a faster falloff

toward midshell. This can be easily interpreted. Since a given shell is actually

composed of several j subshells the behavior of x should be a series of negative-to-

positive trending x (j) functions, each with a steeper slope reflecting the lower

degeneracy of an individual orbit or subshell compared to the complete shell. The

overall behavior of x would then be a combination of several linked S-shaped segments.

This appears to be exactly what is happening in the extracted W parameters where the
subgroups f7/2"^Q/2' i13/2' a n d p3/2~f5/2~pl/2 a r e Partl>* detached from each other.

194
The discrepancies, mentioned before, concerning Os and the quadrupole moments

in Pt can now be viewed in this light. In both cases an IBA description corresponding

to a larger deformation would improve the agreement. But this would imply, in

the context of fig. 3, more negative values of x near neutron number 118 and therefore

a substantial break in the x systematics. The authors of ref. 22 chose not to permit

this: if it is in fact the case, though, it could imply a greater sensitivity of x



to subshell effects than hitherto believed. This is clearly an area for considerable

farther study which might indeed lead to a better understanding of the relationship

of t;he IBA-2 to its underlying shell model foundations.

The Kr isotopes have been shown^ to exhibit an 0(6) •*• SU(3) transition as well

although the data are not as extensive as for the tf-Pt region. The most interesting

aspect of the Kr isotopes, however, centers on the high spin yrast states and will be

discussed below in that context.

The next transition leg to be studied extensively is the SU(5) •+• SU(3) transition

9 13

that occurs in the Stn isotopes. ' As with the 0(6) •* SU(3) transition, the calcula-

tions here were first carried out in the IBA-1 formalism with a single parameter

specifying the location of a nucleus along the leg. Excellent results were obtained

for energy levels, E2 transition rates, and two nucleon transfer reaction cross sections.

In addition, E0 transition rates, isomer, and isotope shifts were calculated. Where

data exist for these latter quantities the agreement is reasonable. However, much

more data is called for and, since the calculations already exist, can be used to pro-

vide stringent tests of the model,

b) Deformed nuclei

Recently, the first extensive tests of the 1BA for well deformed nuclei have
28

appeared. In one, Coulomb excitation was used to obtain B(E2) values for the lowest

levels of the ground, S and y bands for a considerable series of nuclei in the first

half of the rare earth region. The results were compared with IBA calculations in the

SU(3) limit and in a perturbed SU(3) scheme. Two significant results emerge. First,

the SU(3) predictions are not in good agreement with the data which highlights the fact

that, although these nuclei are well deformed, they are not good SU(3) nuclei (most do

not: have nearly degenerate B and y bands). Secondly, the broken SU(3) calculations are

in excellent agreement with the empirical B(E2) values.

The other test ' of the IBA for deformed nuclei deals with Er and presents

the most detailed test to date of the IBA in a single nucleus. The calculations were
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carried out with the IBA-1 Hamiltoniar

H » -KQ«Q - K'L-L + K"P-P (5)

The constants K and K' of the SU(3) limit were fixed from the energies of the first

two 2 states. The only parameter that was varied was K". The P-P term was included

168
in eq. 5 because this term is important in the 0(6) limit and Er deviates from the

SU(3) limit in just that direction, namely with the first excited 0 state consider-

ably higher in energy than the second 2 (2 ) state. The results for level energies are

shown in fig. 4. Not only are the "0" and "Y" bands reproduced, but there is also

agreement for the higher representations. Relative B(E2) values were also calculated,

with one additional parameter (x in the Q operator). Empirically, the most striking

feature of the decay of the first 0 band is that transitions to the Y band dominate

over those to the ground band. This feature, inherent in the SU(3) limit, persists in

near-SU(3) nuclei whereas the opposite behavior is predicted by the simplest treatment

of the Bohr-Mottelson approach. Clearly this is a significant success for the IBA.

Since the dominance of 0->Y over fr*g transitions can be arranged in the geometrical

collective model as well, by the explicit introduction of B^Y bandmixing, the interest-

ing queseion arises as to the relation between the collective model with bandmixing and

the IBA. In the former, the &*Y transitions proceed by virtue of K mixing so that the

transition matrix element contains, in effect, small amplitudes for intraband transitions

In the IBA, the wave functions in the SU(3) limit already contain K admixtures auto-

/element
matically." The f VY matrix proceeds via these admixtures as well as by a direct AK=2

term. The relative size of these two terms and the relation of their boson number

dependence to, for example, the variations across the rare earth region of the fr*y

mixing parameter in the collective model are topics of considerable interest in under-

standing the relation between these two models.

c) Two nucleon transfer and E0 transitions

The above tests of the IBA have stressed the overall quality of predicted level

energies and E2 transitions and rely for their interest as much on their thoroughness
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am; !:.;tansiveness as on the detailed results for any given quantity. As such they

cat::. t.ue overall character of the IBA wave functions. A complementary approach is to

fc^sc as directly as possible the detailed makeup of individual wave functions. For

this one generally needs processes that entail specific simple operators. Two excel-

lent examples are two nucleon transfer reactions and EO transitions) in both cases

with enphasis on transitions between 0 states. Both display characteristic: selection

rules and transition rates in each limit that lead to easily testable predictions.

For example, since the ground state in the SU(5) limit has n,»0 while all excited states

have n./O, there can be no cross section in (t,p) or (p,t) to excited 0 states in SU(5)

nuclei. For 0(6) nuclei, the group theoretical selection rule, Ao«±l, predicts that,

above nidshell (where N decreases with increasing mass) there should be one excited 0

state (that with (a,t)»(N-2,0)) excited in (p,t) but none in (t,p). Further, the (p,t)

cross section ratio R=S(0 )/S(g.s.) should obey a simple analytic expression, given

in ref. 33, which yields R-^0.14 for N-13. As a final example, in an SU(5) -»• SU(3)

transition there is a sudden reduction of a factor of ^3 in the predicted (t,p) ground

state transition. Many of these predictions, as well as others, have been verified.

Others remain to be tested. The reader is referred to refs. 1 and 2 and the original

9 31—34literature * for details of individual studies.

EO transitions provide an elegant and even more direct test of the IBA wave tune-
rs

tions. The EO operator is of the form o(d d) +3(s s) which can be rewritten, using

N=n +n,, as T(E0)=N +a'n, where N and a1 are constants. Thus EO transitions ares a o d o

directly dependent on the matrix element <^ilnj|^'f> an<* therefore

provide a rather direct probe of the basic s-d boson struc-

ture of the states involved. It is also apparent that they are very trivially calcul-

able (in some cases by inspection) given a set of IBA wave functions. Thus, for

example, it is clear that there can be no EO transitions in a pure SU(5) nucleus. In

an 0(6) nucleus, the EO selection rules are ACT*2, At=0. This implies, for example, only

one ground state EO transition (from the o»N-2, T=0 0 state ) , and also that certain
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pairs of higher lying 0 states are linked by EO transitions. These predictions are

currently being tested and preliminary results show excellent agreement in Os and

196Pt.

d) High spin states

Considerable attention has naturally focussed on testing the IFA. for high spin yrast

states. There are two principal predictions of interest here, both a direct reflection

of the explicit treatment of finite boson number in the IBA. First, there should be a

spin cutoff at J«2N independent of the structure of the nucleus. Secondly, the B(E2:

J-hJ-2) value should fall off rapidly as J-»-2N. Most tests to date have dealt with de-

formed nuclei in which the second prediction is often expressed as a predicted falloff

below that of the rotational model.

The spin cutoff prediction is probably of limited significance in that it occurs

at the very limit of expected applicability of the model, where additional degrees of

freedom, for example from a g boson, from the need for effective N values, or from two

quasiparti:le states, may well appear. As for the B(E2) falloffs they must be carefully

assessed. Figure 5 shows the behavior of the IBA B(E2) values in the SU(5) and SU(3)

limits. While both eventually fall to zero and while the IBA predictions for each case

fall below the corresponding geometrical model predictions, it is clearly not true that

the B(E2) values in a deformed nuclei will necessarily fall below the rotational model

predictions since small admixtures of SU(5) character can substantially raise the pre-

dicted B(E2) values except very close to J=2N. This is not to suggest that nuclei such

35
as the Dy isotopes, where some of the best high spin B(E2) values exist, deviate from

SU(3) in this particular way but only to show a simple example of how a broken SU(3)

scheme can alter the IBA predictions from those of the SU(3) limit. The point is simply

that in order to assess the success or failure of the IBA for high spin states, one must

either measure the B(E2) values very close to J=2N or first use the low lying, low spin

levels to define the actual IBA Hamiltonian and then use this to obtain the predicted

high spin B(E2) values.
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Data in the actinides and in Dy (ref. 35) are cited in Table I but to date are

ivicoaclusive primarily for lack of the requisite detailed IBA calculations. Adequate

rests"'38'20'39 do exist, however, for 78Kr and 1 9 4 > 1 9 6Pt, and yield opposite conclu-

37 38
sions. The Kr results ' ere shown in fig. 6. There is clearly a falloff below the

ror.acional prediction and in agreement with several IBA calculations (that labelled

78
I3A-2 probably being the most reasonable). However, there is a known upbend in Kr

/B(E2)
(see center top panel of fig. 6) and it is possible that the falloff could be ascribed

to admixtures of an aligned two-quasiparticle state. However, this possibility can be

38 79
eliminated by utilizing recent results for Rb. As seen in the top right panels

79
there is no upb*?. id in Rb but there is still a falloff in B(E2) values. Lieb has dis-

38
cussed these results in detail including arguments to show that the odd nucleon in

79
Rb does not alter the core structure.

In * Pt, the 0(6) limit is applicable and any deviations therefrom are in the

direction of the SU(3) limit which has a similar B(E2) behavior as 0(6) (see, for

78
i-xaaple, the SU(3) and 0(6) curves for Kr in fig. 6). Therefore there is little

anbiguity about the predicted B(E2) values. In addition the boson number is low enough

that the B(E2) falloffs are expected at relatively low spin. The enpirical and calcu-

lated B(E2) values are shown in fig. 6. Two sets of empirical values are shown for Pt.

39

Vnile the more extensive data, from multiple Coulomb excitation studies at GSI, indi-

cate a clear discrepancy with the IBA calculations, the B(E2) values of ref. 20, based
196

on direct lifetime measurements, while limited to Pt and to lower spin states, sug-

gest a smaller discrepancy and encourage the need for refined uncertainties.

3. The IBA for Odd Mass Nuclei
51 52 13 45

The IBA can be extended to odd mass nuclei ' * ' by writing the Hamiltonian
H = h + HF + VBF

where B and F stand for boson and fermion and V_,_ represents the boson fermion inter-

action. IL, is just the IBA Hamiltonian for the even core, Hp is that of the single

particle. The essence of the model, called the IBFA, is to specify V . Clearly this
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can be rather complicated but It has been suggested that a good approximation is:

AtCd+d)<0>Ca+a/0>]<0)

where we have written V__ for the case of a single possible j orbit for the odd fermion.
Hi;

The first term is a monopole one which acts more or less as a scale factor on the

energies and will not be further discussed. The second term is a direct term similar

to that which gives the core-particle interaction in an intermediate coupling formalism.

It serves, for example, to split the degeneracy of the five levels arising from the

coupling of a particle in shell model orbit j to the first 2 state of the core. The

third term is an exchange terra which arises from the Pauli principle since particles

in a given shell model orbit may participate in the boson micro-structure. This is a

blocking type of effect and clearly becomes more important the more particles there are

in a given shell model orbit. Therefore, in effect, it allows one to simulate the

movements of the Fermi surface across a series of nuclei. To see the effects of the

exchange term, consider a single j shell such as the unique parity orbit in a prolate

deformed nucleus. Then, low values of a A correspond to the Fermi surface near the low

K orbits. The resultant spectrum resembles a decoupled band picture. For a heavier

nucleus, A is larger, corresponding to a Fermi surface near the high K orbits, and the

resulting spectrum resembles a strong coupling scheme characteristic of many well

deformed nuclei. Of course intermediate schemes are also possible. When the core is

not that of a deformed rotor, other varities of nuclear level spectra emerge. It is

clear then that, like the IBA, the IBFA is potentially a very general approach to odd

mass nuclei and well worth the extensive effort required to thoroughly test it.

The model is also applicable to the multi-j shell case but rapidly becomes much

more complicated. The parameters T, A and A become multi-dimensional arrays although

model dependent prescriptions do exist to inter-relate the members of each array. Some
13 42-45

detailed multi-j shell calculations have indeed been performed, ' notably in Rb,

Ag, Tc and Eu. The Rb study in particular concluded that the spectra resulting from

such calculations are similar to those in the single j shell case but that the
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parameters are strikingly different, especially if two or more of the j shells are

strongly coupled by the quadrupole operator. The implication is perhaps that the param-

eters deduced in a single j shell case are effective parameters that to some extent

cr.ock up the effects of the neglected shells. Since the study of the multi-j shell case

is only in its beginning stages, we shall not indulge in further discussion except to

44
corz2ent that the first results of such calculations suggest .- that it is prudent not to

attribute too much direct meaning to the parameters deduced for a single j shell case.

One awaits with interest further development of the IBA for the multi-j case.

The first IBFA calculations40»41 were carried out for 105'109Pd and 7 9 > 8 1 f 8 3Rb.

40
The former calculations dealt with two related topics centering on the negative parity

levels from the hj^,, neutron orbit in the Pd nuclei. In Pd, it was shown that the

IBFA worked remarkably well for the favored aligned high spin unique parity (i.e.,

109
yrast) levels. The study of Pd, however, dealt with the low spin levels of the same

parentage, that is, the favored and unfavored antialigned levels. It can be shown that

the particle-rotor model, with or without axial asymmetry, cannot, even in principle,

reproduce the experimental levels. On the other hand, the IBFA calculation produces

nuch better agreement. The principal origin of the improvement is the much expanded

set of core states automatically incorporated in the IBFA description. Table II exhibits

the probability distribution of different wave function components in comparison to the

particle rotor model. While the latter model is limited to the even core states of

the (quasi) ground band (or the quasi y band if asymmetry is included), in the IBFA

calculations the ground band accounts in fact for considerably less than half of the

wave function probability distribution.

41
The Rb case was the first extensive test of the IBFA for high spin states. The

24
even core parameters were taken from a systematic study of the Kr isotopes which span

an 0(G)-»Totor transition. The fit to the levels of the Rb isotopes.included both

favored and unfavored levels with spins ranging from 5/2 to 21/2.

42
The most successful and impressive IBFA study to date is probably that for the
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Eu isotopes which span a transition from nearly decoupled to strongly coupled with many

level crossings across these isotopes. Nearly all of these have been reproduced in an

extremely simple set of single j shell calculations.

Since the Pd, Rb and Eu calculations have been discussed in an earlier review, we

choose to highlight here some more recent results. The same group involved in the Rb

study has followed that work up with detailed studies of Tc and Ag and again obtained

good agreement with the data. For illustration, we show recent results for JAg

99
and Tc in fig. 7 where levels up to 3 MeV are included. Of particular interest is an

99
extensive series of unfavored states in Tc.

The application of the IBFA to nuclei such as these clearly offers a challenge both

to more sophisticated extensions of the model> to the multi-j shell case, and to more

accurate and expanded sets of empircally determined level spins. An entire area that

has barely been touched on, with the notab.1a exception of the multi-j shell calculations

44
for Rb, is the calculation of B(E2) values in odd mass nuclei. The relevant computer

codes are still partially in the testing stage but already provide an opportunity for

greatly expanded testing of a very promising model.

4. Supersymmetries

Undoubtedly the most intriguing aspect of the IBFA is the prediction of super-

symmetries. These are similar to the symmetries of even nuclei but are more extensive,

encompassing both even and odd nuclei in the same scheme wherein one set of quantum

numbers, one eigenvalue equation and one set of expressions for electromagnetic transi-

tion rates and charged particle transfer amplitudes applies to both types of nuclei.

Ihe supersymmetry scheme thus offers a potential unifying concept of great promise.

There are limitations, of course. While the IBFA can be calculated for nearly any odd

mass nuclei, a supersymmetry arises only when the underlying even core corresponds to

one of the three IBA symmetries. Secondly the supersymmetry may involve either a single

j shell or certain combinations of j shells. In the latter case, however, the several

j shells must be degenerate or, in practice, at least considerably closer in energy

than the energy separation of multiplets in the resultant spectra: this seldom will
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oc.c-.i-. Nevertheless even the possibility of the existence of supersymmetries in

is..'laced cases has profound repercussions on our understanding of the relation between

e-wrn and odd nuclei and, as did the 0(6) limit in even nuclei, may provide new bench-

arks that permit the reinterpretation of even and odd mass nuclear level schemes in

r.c.ras of small supersynmetry breaking. Furthermore, the question of supersymmetries

Iv. of high relevance to elementary particle physics as well where the unification of

bosonic and fermionic degrees of freedom is an essential goal.

So far, the only supersymraetry worked out in detail is for a j*3/2 particle

coupled to an 0(6) core. The most likely region to search for this is then in a

positive parity shell where only the s.. »2 orbit is likely to interfere and where the

even nuclei obey the 0(6) symmetry. In practice, the Au and Ir nuclei in the Â .195

region offer the most promising nuclei.

Figure 8 shows, in simplified form, the lowest level groups of the 3/2gP(6) super-

symetry for the odd mass nucleus incorporated in the structure. The quantum numbers

are [N,(a,a-a,),(T.T-),V. and J]. However, for the odd nucleus, o2=cr_=l/2 and T2=l/2 for

all levels and so, the essential quantum numbers are only a., which is analogous to

a in 0(6), T, (analogous to x) and v. and J. The eigenvalue expression (for the odd

nucleus) is

E(N,CT1,T1,J)=kA[a1(a1+4) + 3/2] + B[T;L(T1+3) + 3/4] + (J(J+1)

which is identical in structure to the 0(6) eigenvalue equation with the exception of

the constants added to the A and B terms. The figure shows the case for N=3 for which

the zaxiaua o,=N+l/2=7/2. The E2 selection rules are Aa-0 and AT-0,+1.

At first glance the scheme in fig. 8 is similar to a weak coupling picture. How-

ever, there is no 3/2 level corresponding to a 3/2 02 multiplet. The first excited

3/2' level has T^=5/2 and is not this missing 3/2 levels as can be seen from its decay

properties: by virtue of the T selection rule this state decays to the three T1*3/2

levels but not to the ground state as would a [3/2 $8. ] level. Not shown in the

figure is the next higher lying 3/2 state which is the sequence head of the next a

group vith aj
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Most of the tests * of the supersymmetry to date rely on the character of the

+ 48
3/2 states. One concerns the odd Au nuclei and has been discussed in detail by Wood.

A prerequisite to testing the supersynmetry is to verify that the condition of an

193
isolated j*3/2 particle exists. This has not been done in Au but proton stripping

reactions leading to Au suggest the main s.. • _ strength will lie at or above 1 MeV

193

in Au and thus at least the low lying levels are a priiae candidate for the super-

symmetry. The levels and strong £2 transitions are shown on the right in fig. 8 and

the appropriate levels are labelled by the quantum numbers (J , T , ) . It is clear that

there are strong perturbations to the energy level patterns predicted on the left.

Nevertheless, the "missing" 3/2 level indeed seems to be absent: the lowest 3/2 state

decays only to the "i"3/2 J-l/2 level and not to the ground state. Also, the T.=5/2,

J=5/2 level strongly decays by an allowed Ax=0 transition to the T 1 = 5 / 2 , 3=3/2 state.

Finally, two other forbidden, A T = 2 , transitions from the upper levels are also weak

although this is perhaps of less significance since they are also forbidden in the weak

coupling limit. Similar analyses of ' Au indicate a progressive breakdown of

the scheme there as the forbidden ground state transition from the lowest excited 3/2'

state becomes stronger, with increasing mass.

The supersymmetry scheme also predicts relative charged particle transfer reaction

cross sections. For (t,p) the L=0 selection rules are &c-=+l, Ax=0 and thus, in the

Pt-Ir region, only the ground state transition is allowed. L=0 (t,p) transitions

(satisfying A T = 0 ) to excited states would be Ao,>2. Analytic expressions relate the

(t,p) strength in the even and odd mass systems. For the ?t and Ir nuclei near A=195
47

these expressions predict nearly equal strengths. Cizewski has compared the empirical

and predicted results and shown excellent agreement for ground state transitions on

targets of 1 9 4 ' 1 9 2 p t and 1 9 3 > 1 9 1
I r (the Ir transitions are 3/2+-»-3/2+ and display L=0

191
angular distributions). On the other hand, in the Ir(t,p) reaction, excited 3/2^

states (albeit above 1 MeV) are populated and the calculations overpredict the ground

state transition strengths in Os.

Finally, the supersymmetry predictions for single proton pickup reactions have
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1 . • . ;̂. f.j in thii region. The experimental studies utilized the ' ' Pt

; . ' Ir reaction for which the supersyminetry predicts the selection rules

. •'- • , ' -1/2. The target has a»=N and N increases with decreasing mass. Thus, two

• itdu-i; should be populated, namely the ground state of the odd nucleus which has

-'M/J and the i=l/2 excited 3/2 state with a,»a. (g.s. )-l*N-l/2.. The relative cross

.-.-... t ions should be approximately N+4;N. The x*5/2 3/2 state of the a«N+l/2 group

47
should not be populated. The results are shown in Table 3 and show fine agreement for

1^' 195
'Ir and fair agreement for Ir. However, there is also relatively large (t,p)

+ 195
strength to a low lying 1/2 state at ^70 keV In Ir and a suggestion of similar

19 3 +
izvciigih in Ir in contrast to the prerequisites for an isolated 3/2 single particle

orb::.

Thus to auaiaiise, there are several lines of evidence, mostly concerning the

properties of ground and excited 3/2 states, that suggest the existence of supersymineCry-

Likc structure. At the same time, it is clear that the level energies are strongly per-

turbed, and that there is some low lying 1/2 single particle strength that partially

r«.-nderd tiit predict ions inapplicable and which must introduce some symmetry breaking.

O:\n hoptid now tor more thorough studies, based on these pioneering early results, to

i aiabiUn whether or not supersymmetries exist and the extent and nature of symmetry

•. rcakint;. The question is of high importance in terms of a verification of a major

: racier, ion of the IBA, for the promised unification of odd and even nuclei it would

attorj, and for its significance in other areas of physics as well.

5. Conclusions

A broad survey of cests of the IBA has been carried out, with emphasis on the

overall patterns of agreement and on the newest tests, such as those in Er, the tests

of the IBFA in Ag and Tc, and of the supersymmetry scheme in Ir and Au. In general the

IBA has been remarkably successful both in individual nuclei and for broad sequences of

nuclei, for both odd and even nuclei, for level energies, for electromagnetic transition

rates and for charged particle transfer reactions. Certain discrepancies have appeared,

ar.d have been commented on, and major areas for further testing, such as deformed even
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nuclei, EO transitions, multi-j shell analyses of odd nuclei and the search for super-

symmetries have been cited.
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Tab If. I, Survey of some tests of the IBA.

Topic
General Category

Symmetry

Transition Legs

Deformed
(near-SU(3))
nuclei

EO transitions

Transfer Reactions

High Spin

Other

Odd Mass Nuclei

Specific Type

0(6)

O(6)-*SU(3)

SU(5HSU(3)

(0(6)-SU(5))

Detailed

Collective vibrational
B(E2) values

Survey

0(6) nuclei

(p,t), (t,p)

Large N
Deformed Nuclei '

Nuclei

196pt

r pt-os-w

(Kr

Sm

Ba,Ce,Xe

168Er

several Gd,
Dy nuclei

Many

Pt.Os.W

Os.Pt

W

Sm

Dy

Actinides

Small N (near- (Kr

0(6)) nuclei | p t

single-j

multi-j

supersyimnetry

Pd,Ru,Se,
(p,p'), etc.

Pd
Rb
Eu
Ag, Tc

Rb
Eu

Ir,Au

References

18,19,20

21-23

24

9,13

13,25

26,27

28

29

22,23,30

31,32

33

9,34

35

36

37,38

20,39

Many (see
refs. 1,2)

40
41
42
43

44
13,42,45,46

47,48



Table II. Probability Distribution (in 7.) of Categories of Core States

in IBFA and Particle Rotor Wave Functions for 105»109pd (from ref. 40).

Category of Levels

Low spin 1 0 g
favored ( Pd)

Low spin 1 0.
unfavored ( Pd)

High spinin,
favored ( Pd)

Quasi
IBFA

<\.36

<\40

^9

Category of Core
Ground Band

PR

100

100

100

States
Other

IBFA

-\.64

%60

0-51

PR

0

0

0

+ 193 195
Table III. (t,a) strengths to 3/2 states in ' Ir compared to

supersytnmetry predictions (from ref. 47).

Final Nucleus

193lr

N=7

195lr

N=6

Ex(keV)

0

180

460

0

234

287

S (rel)
exp

=1.00

0.07

0.69

1.00

0.16

0.23

s
supersyaunetry

=1.00

0

0.64

1.00

0

0.60



Figure Captions

1. Low lying levels and connecting strong E2 transitions for the three limiting

symmetries.

'.•':,. Symmetry triangle representing the three IBA symmetries, the transition legs

between them, the corresponding coefficients of the IBA-1 Hamiltonian of eq. 2,

and some nuclei representing different cases.

.3. IBA-2 parameters for W deduced in ref. 23. The x parameters for Pt-Os from

ref. 22 and the theoretical single j shell prediction ' for x a r e also shown.

168

4. Comparison of the IBA with the empirical positive parity levels of Er. Data

from ref. 26, calculations from ref. 27.

5. B(E2) values for the geometrical rotor model, the SU(5) and SU(3) limits of the

IBA for the ground state band.
78

6. Top Left: B(E2) values for the ground band in Kr compared with several IBA and
geometrical model calculations. From ref. 37. Center: Backbending plot for

78 79 79

bands in Kr and Rb. Right: B(E2) values in Rb compared with IBA calculations.

From ref. 38. Bottom: Ground band B(E2) values relative to the B(E2:2 ->0 ) in Pt

compared to the 0(6) limit. The data are from ref. 39 (straight bars) and ref.

20 (triangles with error bars).
105 99

7. Levels in Ag and Tc compared to IBFA calculations. The numbers indicated on

the energy levels are twice the spin values. From ref. 43.

8. Left: Low lying positive parity levels from the o«*N'+l/2 group of the 3/2 @ 0(6)
193

supersyimnetry for N-3. Right; Positive parity levels of Au with the principal

E2 decay branches indicated. At far right are the relative reduced E2 transition

rates for the x.*5/2 states with J<7/2, including several upper limits. The

forbidden transitions in the supersymmetry are indicated by an F. Figure taken

from ref. 48.
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