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Abstract

The lectures discuss the possibilities and realisations of
applying nuclear fission theory to the calculation of unknown
nuclear data required for applications, principally in the nuclear
power field. A brief description of the fundamentals of fission
theory, the nature of the potential energy surface in the deform-
ation plane, and of the inertial tensor, is given, and the accuracy
of the theoretical calculations is discussed. It is concluded
that it is impracticable to obtain required quantities such as
neutron cross-sections from such fundamental calculations at
present. On the other hand the fundamental theory reveals a
wealth of phenomenological aspects of the fission process which
can be incorporated into nuclear reaction theory. It is then
shown how reaction theory thus extended to take correct account of
the structured ("double-humped") fission barrier can be used to
parametrise the barrier by analysis of experimental data, and
subsequently to calculate new data. Descriptions of computer
programmes and illustrations of the application of the methods to
actual physical examples are included in this account.

1. INTRODUCTION

This lecture course is aimed at describing Lhe perspectives in
using the theory cf nuclear fission to provide data that are of use
for applications, particularly in nuclear power technology, and to out-
line the methods for calculating such data. The background to the use
of fission theory in this context is to be found in the great effort,
costly in both scientific man-power and mcnsy, in providing the relevant
data by experimental methods alone. As examples of the scale of the
experimental effort required, decades of work have resulted in the
cross-sections of the three commonest fissile nuclides being known to
better than 1% only for neutrons of energy 5*025 eV, the differential
fission cross-sections of fast neutrons of Z 3 5U, 23*Pu and 2-*8U are now
known to between 3 and 5%, whereas for reactor physics purposes an
accuracy of better than \% is desirable; and these are nuclides for which
high quality samples are readily available for experimental measurement.
In all countries there are now severe economic constraints on the amount
of effort that can be put into nuclear data measurement while at the
same time the range of fissionable, heavy nuclei for which sophisti-
cated data are required is increasing rapidly as the full implications
of the nuclear fuel cycle need to bw studied. Clearly it is not going
to be possible to provide the bulk of such data from experiment in the
readily foreseeable future, especially as many of the nuclides for which
data are required are either very difficult to obtain in suitable form
or are so radioactive that the desired measurement cannot readily be
carried out.

In these circumstances it is pertinent to ask the extent to which
fission theory can be used to alleviate the situation. As a first step
Lo this in the present Winter School Matthias Brack has been presenting
the fundamentals of fission theory. The first lecture in my own course
briefly summarises some of these more basic matters with a view to
assessing the likely accuracy of data that can be produced by the
present theoretical techniques. The remaining seven lectures deal in
turn with the development of theoretical methods, available computer
code-, and examples of data.

2. BASIC F7.SSION THEORY; OUTLINE AND ACCURACY

2.1 Potential energy surfaces

The primary pre-occupation of fission theory has been the determ-
ination <>f th« potential energy surface in the space of the various
collective co-ordinates defining the shape of a deforming nucleus.
Prior to jbout 1966 efforts in this direction concentrated on the liquid
drop mo'el. While this gave a qualitative account of the phenomenon of
fissici and simultaneously an overall semi-quantitative description of
nuclear binding energies it also had many difficulties (e.g. no obvious
likelihood, in the light of the potential energy surface, of explaining
asymmetric mass division, wrong trend of fission barrier heights).
•rfyers and Sviatecki CD first attempted to improve this situation by
superposing shell effects in a semi-empirical way onto the liquid drop
model, but it was Strutinsky (2) who made the real breakthrough in
this direction by developing a more fundamental way of calculating
the shell effects in such an approach, thus enabling the theory tc be
extrapolated to large deformations.

The b^sis of Strutinaky's method of calculating nuclear energies,
either as a function of nuclear mass or as a function of deformation
i,' now well-known. Very briefly outlined it is this: in a pure
independent-particle shell model, particles (neutrons and protons) are
filled into the levels of a deformed potential well (the deformation
assumed static) up to a certain level (the Fermi energy) at which the
particular nucleus of interest is obtained. The energies of the filled
levels are then summed to give the nuclear ground state energy at the
chosen well deformation. It is well-known of course that because of
the residual interactions, and hence the correlated motions, among the
nucleons, which cannot be described in the framework of a simple
potential well model, this is a quite hopeless procedure for extract-
ing the absolute energy of a real nucleus. For this the liquid drop
model with semi-empirically adjusted parameters gives much more real-
istic estimates of the nuclear binding energies - within 15 MeV or so
at worst relative to binding energies of hundreds of MeV, over the
whole periodic table; but it does not give any of the correlations
with nuclear shell closures that appear in the observed binding energies.

Strutinsky1s way of obtaining accurate estimates of absolute
nuclear energies is to hypothesize that sunning the single-particle
state energies as shown in the left half of Fig. \ will reproduce the
change in energy from nucleus to nucleus (at a given deformation) due
to the shell structure, and to obtain this change, denoted by
^Shell Correction* it is only necessary to subtract from the independ-
ent-particle energy a similar sum calculated from the independent
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particle levels smeared :ut in some way to remove the shell structure,
as illustrated schematically in the right half of Fig. 1. The gross
energy that is thus removed is then replaced by a realistic energy term
calculated from the liquid drop model E^DM- Thus,

E= •LDM -sc
(2.1)

Strutinsky's method when applied to the broad mass of nuclei, with
the energy minimised as a function of deformation for every nucleus, was
immediately successful in reproducing accurately the nuclear binding
energies. Furthermore, when the energy was calculated as a function of
extended deformation for the actinide nuclei, in order to calculate
fission barrier saddle heights to compare with observation, he dis-
covered a secondary dip (Fig. 2) in the energy at deformations corres-
ponding roughly to the traditional liquid drop saddle point. It is now
well recognized that this deformation corresponds roughly to a spheroidal
shape with a ratio of major to minor axes of about 2:1, and this gives
almost as much shell structure (and hence great stability for parti-
cular nuclei like the actinides) as spherical potential wells (see

Fig. 3 from ref. £3)). The dip or secondary well offered an
explanation for the spontaneously fissioning isomers that had been
known for a few years and for the phenomena of intermediate
structure in fission cross-sections that were being discovered
about that time, and Strutinsky's theory therefore became spectac-
ularly successful.

Since Strutinsky's original work a tremendous amount of effort
has been put into the calculation of potential energy surfaces as a
function of deformation. Some of this has been devoted to discover-
ing the possibility of new meta-stable shapes among the lighter
nuclei, and much to the estimation of the stability of super-heavy
nuclei with respect to alpha, beta and fission decay. As far as the
subject matter of these lectures is concerned, which is principally
the fission properties, especially cross-sections, of the actinide
nuclei* the theoretical work that is most important concerns the
potential energy landscape in the region of the liquid drop saddle
point, giving the double-humped barrier properties that control
cross-sections.

2.1.1 Basis and technical treatment of Ftrutinsky theory

The justification of the Strutinsky method for determining
nuclear energies, the technical method for carrying it out, and the
physical nature of the results have been reviewed in detail by Brack
et al (4). A comprehensive review containing less detail but with a
complete bibliography of work carried out up to 1972 has been written
by Nix (3).

Basic justifications of the Strutinsky method start from the
Hartree-Fock theory. In ref. (4) it is shown how the expression for

the energy of a nucleus in Hartree-Fock theory (in which the single-
particle potential is self-consistent with the single-parcicle density
matrix generated by that potential) can be written in terras of shell-
model single particle energies and densities to second order in the
difference between the shell-model and the self-consistent densities.
The significant feature of the new expression for the Hartree-Fock
energy is that apart from the simple sum over occupied shell-model
levels the remaining principal term is expressed in terms of averaged
single-particle densities, and is therefore smooth in its dependence
on nucleon numbers and nuclear shape. It is this smooth term plus a
smooth component extracted from the sum over occupied single particle
levels that is replaced by a liquid drop expression for the energy,

ELDM*
Most of the methods for extracting the smooth component from the

sum of occupied energy levels are based on Strutinsky's own technical
procedures for averaging over the shell-model energy levels with a
suitable weighting function (see refs. (2,4)). This weighting
function can be expressed as sums of products of Gaussians and Hermite
polynomials, the width of the Gaussian being governed mainly by the
energy spacing between major shells just below the Fermi energy.
Such averaging procedures can run into conceptual if not practical
difficulties however if the shell-model potential is a realistic one
i.e. it permits unbound eigenstates, as with the Woods-Saxon
potential for instance. Bengtsson [51 has therefore initiated a method
in which each individual shell-model level as a function of
deformation is smoothed by fitting it with the cube root of a
fourth-order polynomial in the deformation parameter; this particular
form of the fitting function is suggested by the Thomas-Fermi stat-
istical model. The smooth component of the sum of occupied energy
levels is then simply given by the sum of the occupied smoothed energy
levels resulting from this fitting procedure, and the unbound levels
thus require no consideration. The shell correction energy, Egc*
thus defined for neutrons in 238pu £s shown in Fig. 4 in comparison
with the result from the same set of shell-model levels using the
Strutinsky procedure. The overall agreement, especially for prolate
deformations in which we are most interested in fission ttieory, is
seen to be remarkably good, although local differences of up to I MeV
can occur.

2.1.2 Comparison with Hartree-Fock calculations

Apart from work on the justification of the Strutinsky theory
in a basic way, there have been attempts to calculate nuclear deform-
ation energies directly from Hartree-Fock theory. These employ the
Skyrme effective nucleon-nucleon interaction (6) with parameters
adjusted to reproduce gross nuclear properties, as given in ref, (7).
The result of the work of Flocard et al (21) showing the binding
energy for 240pu a s a function of the quadrupole moment of the nucleon
density is presented in Fig. 5. No allowance is made for axial
asymmetry or reflection asymmetry in the nuclear shape in this cal-
culation. It looks qualitatively very similar to the deformation
energy curves that result from calculations using the Strutinsky method,
buC the energy differences between the extrema are greater. For
exanple the first barrier height (VA) is at about 9 MeV relative to the
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primary well depth (Vx) whereas Strutinsky calculations with a similar
restriction on the range of nuclear shapes explored would give about
6 MeV for this quantity. However, there are recognized sources of
error in the present Hartree-Fock calculation that approach the order
of one MeV; they arise from the necessity to project out the 0 +

ground state from the calculated state with no constraint on angular
momentum, and from the truncation of the harmonic oscillator basis
states used in the numerical work.

2.1.3 Nuclear models employed in Strutinsky calculations

Apart from the possible source of error arising from the actual
principle of the Strutinsky theory, and possible errors from the
technical treatment of smoothing procedures, the basic parametris—
ations of the models used in the theory contain uncertainties that will
give rise to errors in calculations based on the theory. The main source
of this kind of error is likely to come from the liquid drop model,
which provides the basic (or macroscopic) energy term in the Strutinsky
theory, but there are also likely to be significant uncertainties from
the shell model adopted, and smaller errors from the treatment of the
pairing interaction, which is shell dependent and is also normally
incorporated into the Strutinsky theory. This last term depends not
only on the choice of shell model but also on the hypothesis assumed
for the dependence of the interaction strength on surface area.

Notice, ia this connection, that virtually all calculations with
the Strutinsky method have been made for even nuclei.

2.1.3.1 Liquid drop and droplet models

The nuclear energy in the basic liquid drop model of the
nucleus is characterised by a volume term proportional to the mass
number A, a surface energy term proportional to the surface area,
and hence to A^'3 fOr a spherical nucleus, and a Coulomb energy
term, proportional to A ' for a spherical nucleus,:

where B s (shape) is the ratio of the surface area of the deformed
nucleus of specified shape to that of a spherical nucleus, and Bc

(shape) is the ratio of the Coulomb energy of the deformed nucleus
to that of the sphere. The quantities e and ro are che proton
charge and the nuclear radius constant o£ proportionality,
respectively. The coefficients C» and C3 contain a dependence on
the neutron-proton asymmetry I • (N - Z)/A:

C v = av(l-kvl
2) (2.2a)

<2.2b)

So far as the fission barrier is concerned, the important terms in
equation (2.2)are the surface energy and Coulomb energy terms, and the
sum of their contributions to the liquid drop energy relative to the
energy of a spherical liquid drop can be written as

(2.3)

where Es(0), the surface energy of a spherical liquid drop, is
Cs A

2^ 3 and x the fissility parameter is defined as the ratio of the
Coulomb energy of a spherical drop to 2E8(0):

x=[-=- (2.4)

The fissility parameter, and hence the values of the coefficients a?

and kfl, are crucial in determining the shape dependence of the liquid
drop energy and therefore of fission barriers. These coefficients
have to be determined empirically from an overall fit to nuclear
binding energies and, where possible, to experimental fission barrier
data. For reliable determination of the coefficients equation (2.2)
is too. crude as it stands, and it is recognized that in that formula
ike volume and surface terms are only the leading terms of a system-
atic expansion of the nuclear energy of a finite body with a
relatively thin surface region in which the matter density falls to
zero. The ratio of surface diffuseness to nuclear radius is of order
A"1'3, so a refinement of equation (2.2) takes the expansion to
higher powers in A~'/^; this is the droplet model of Hyers and
Swiatecki (8}. In this, terms in A*/3 are associated with energy of
curvature of the surface and redistribution of Coulomb energy in the
surface, and other terms are associated with the compressibility of
nuclear matter. The many parameters involved are determined partly
from fitting to experimental data and partly from statistical calcul-
ations based on Thomas-Fermi theory; fitting to experimental data
has to take account of shell effects both in ground-state masses and
in fission barriers, and this is generally done in the empirical way
outlined in ref, (I). Values of the liquid drop (or droplet)
coefficients actually used for calculations of fission barriers by
the Strutinsky method vary. One common set is that due to Myers and
SwiatecW (9) (liquid drop model):

S)/j£U 0-7053 MeV,

a$ = 11.1431 MeV,

ks= 1-7826 (2.S)
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Another set coming into vogue is derived from a redetermination of
droplet model coefficients in unpublished work of Myers and Swiatecki
referred to in ref. (10); from these an equivalent set of liquid drop
coefficients can be determined, among which an effective neutron-
proton asymmetry coefficient, kSfSff, turns out to have the value 2.8.
This implies a distinct lowering of the calculated values of the
fission barriers of neutron-rich nuclei from those that would be
calculated with the set (2.5), and at present it can be stated that
the precise value of the surface neutron-proton asymmetry coefficient
is probably the main uncertainty arising from the liquid drop or the
droplet model in calculating fission barrier heights.

2.1.3.2 Shell models

There is a wide variety in the choice of shell model for
calculating the shell-correction energy entering fission barrier
calculations. Strutinsky's own calculations (2), (5) employed a
deformed Woods-Saxon potential which has the advantage of p'hysical
realism for nuclear shapes that are not too strongly deformed; the
potential is defined in such a way as to have a constant skin thick-
ness about an effective surface defining the shape. Such a potential
encounters difficulties for strongly necked-In shapes, and here a
variation suggested by physical notions of the effect of finite
range nucleon forces has advantages; this is the diffuse-surface
potential obtained by folding a Yukawa function over a square-well
potential of the nuclear shape required (ID:

(2.6)
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where Vo is the square well depth. The range* a, of the Yukawa
function can be chosen to give the desired surface diffuseness.
Parameters of such potentials are generally chosen to reproduce a
given set of experimental data on single particle levels. Nix and
his collaborators chose to fit their potential to the levels of 208pD
in their earlier calculations Cil], but in a later set they have
adjusted their parameters to fit the levels of heavy deformed
actinide nuclei (12). The difference in the two sets of potential
well parameters amounts to about U Z in the surface diffuseness
parameter (smaller in ref (12)) and 12% and 63 in the neutron and
proton spin-orbit interaction (greater in ref. (12)}.

The other class of shell model potentials in common use is based
on the harmonic oscillator. In general these have distinct computat-
ional advantages and permit the exploration of a greater variety of
nuclear shapes. Calculations of the potential energy landscape in
the region of the barrier are generally performed within the frame-
work of the one-centre modified oscillator model with the shell
nodel potential having, typically, the following form:

(2.7)

r
(2.7a)

(2.7b)

The correction term, depending principally on the square of the
orbital angular momentum £(:> has the effect of flattening the potential
tovards its outer edges and also contains a spin-orbit interaction.
The parameters k and u are adjustable for optimal reproduction of
experimental single particle level schemes. The variable p is the
radius vector length in "stretched" co-ordinates and is thus defined by

f-Vf (2.8)

The oscillator frequencies for the principal ellipsoidal axes are
related to the parameter 0)o (itself governed by the shape parameters
E, e 4 and y) through the relations

- • ! €•

and cuo is related to the spherical oscillator frequency a>o through a
volume conservation condition. A typical numerical value adopted for
the last parameter is (13)

(2-9)

the plus and minus signs referring to proton and n&utron potentials
respectively.

The deformation parameters e, c^ and y refer to quadrupole
deformation (nuclear elongation), hexadecapole deformation (waist-
line "necking-in" or broadening) and degree of axial asymmetry,
respectively. The parameter Y is generally treated through its range
of values 0° to 60°, 0° representing axial symmetry of a prolate body
and 60° the opposite extreme of axial symmetry of an oblate body.
Other degrees of freedom in the shape can be introduced within this
framework, still allowing practical computation, and two such
important parameters are the deformations associated with the third and
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fifth Legendre polynomials; these parameters allow the description of
reflection asymmetry in the nuclear shape (often referred to as mass or
volume asymmetry).

More sophisticated shell-model effects can be incorporated within
the Strutinsky theory. One ot these is a shell-correction term to the
Coulomb energy (14) which is normally computed simply as a liquid
drop term with uniform charge density over the nucleus. For this,
the Coulomb repulsion energy is calculated directly from the single
particle wave-functions; the proton densities arising from these
can change sharply with changing deformation giving rise to changes
in the occupation of single particle levels near the Fermi'energy
with very different radial and angular distributions. The treatment
of pairing correlation energies can also contain elaborations. Onev

of these is the dependence of the pairing interaction strength on
surface area, as already mentioned. Another is the introduction of
the quadrupole pairing force (14). This arises from the well-known
expansion of a delta-force in terms of spherical harmonics,

(2.10)

only terms in y - 0,2/11 = 0 being retained.

2.1.4 Results of calculations

2.1.4.1 Inner barrier

The shell correction as a function of deformation is obviously
correlated with the local density of single particle levels in the
shell model around the highest occupied level (in the absence of
pairing correlations), the Fermi energy. High single part'.cle
densities give rise to a positive shell correction (lass stability)
and vice versa. An oscillating shell correction (with the correct
phase) superimposed on or close to the liquid drop saddle point gives
rise to the double-humped barrier. Variation of the shell-correction
amplitude or phase with changing proton and neutron number, together
with th* variation o£ the liquid'drop potential barrier with changing
fi3sility parameter, gives rise to variation of the double-humped
barrier from nucleus to nucleus. The contribution to the shell
correction from the pairing correlation effect is opposite in sign,
being negative at high single particle densities, but is much smaller
in magnitude than the main shell effect.

The phrase "double-humped barrier" expresses the main feature of
the potential energy of deformation of the nucleus as a function of
elongation of the nucleus towards fission. Early calculations
assumed a maximum degree of symmetry in the shape in tha course of
this elongation. Pashkevich (15) first investigated the potential
energy as a function of axial asymmetry along this path and noted
that the secondary well in the barrier was stable with respect to
this. Later vork (16,17,18) has concentrated on investigating the
potential energy surface in the plane of elongation and the y-degree
of freedom more carefully, and has established in general that the
nucleus has axial asymmetry at the first saddle point (A) but has
regained axial symmetry at the secondary well (11). Typical results
of Larsson and Leander from ref. (18) are shown in Fig. 6. For

Che inner barrier occurs at a value of Y - 10 but the potential
energy on the axially symmetric path is only "0.4 HeV higher than
the saddle; whereas for ^^Cm t n e barrier energy drop dt an ax?al
asymmetry y ~ '7° is a substantial 1.8 MeV. There is a trend for
increasing stability of axially asymmetric shape at the inner barrier
both with increasing neutron number and increasing mass number as
shown in Fig. 7 (from ref. (18))t. As far as the actual magnitudes of
the barrier heights are concerned, the axially asymmetric values of
Fig. 7 tend to be a little lower in general (on average ~0.5 MeV)
than experimental data (after making allowance for zero-point (3-
vibration energy of the ground state). For the Th nuclei they are
considerably lower, but there may be special reasons in theory and
interpretation of experimental data for this. For each element the
trend of the calculated value with neutron number is greatly peaked
at N * 150. The experimental data (see Fig.50)show similar trends
but with the peaking 2 to 3 neutron units lower.

The agreement of this kind of calculation with data seems to be
improved if the quadrupole pairing interaction is included (14),
particularly for Th nuclei for which the inner barrier is raised by
about 1 MeV. For Pu nuclei quadrupole pairing raises t\e inner
barrier by about 0.5 MeV. It should be noted that in the calculation
of Larsson et al (14) the liquid drop energy has been refitted so
that the calculation reproduces experimental data on the secondary
well.

2.1.4.2 Secondary well

Calculations on the energy of the second minimum relative to
that of the first minimum, this time due to MB Her and Nix (12) (using
still the modified harmonic oscillator shell-model potential), are
shown in Fig. 8. In general these energies are in the range 2 to 3
MeV and agree with available experimental data on spontaneously
fissioning isomers to this extent. However, interpretation of experi-
mental fission cross-section data on Th isotopes (see for example ref.
(37)) indicates that the secondary well is higher than 4 MeV for these
light nuclei and so disagrees with the trends of the calculation.

The overall trend of the curves in Fig. 8 (with a minimum about
N s 145 and a peak about N = 152) is also given by calculations using
the folded Yukawa model (12), However, there are discrepancies in
absolute value of up to -0.5 MeV between the two sets of calculations,
changing in sign between Th and Fm.

2.1.4.3 Outer barrier

Early calculations in which the nuclear shape was assumed axially
and reflection symmetric indicated that the outer barrier was higher
than the inner one in the actinides by some 3 to 4 MeV (see Fig. 2).
Experimental data on spontaneous fission isomer half-lives and
excitation cross-sections and intermediate structure in fission cross-
sections refuted this; indeed analysis of data on plutonium and
higher nuclei suggested that experimentally the outer barrier is the
lower. The discrepancy was removed at least qualitatively by the
calculations of MBller and Nilsson (19,20) demonstrating that reflect-
ion asymmetry in the nuclear shape (included in the shell-model 357
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potential as third- jmd fifth-order Legendre polynomials) gave
potential energy minima at the elongations corresponding to the
outer barrier. There is no calculational evidence for axial asymmetry
also existing at the outer barrier. Indeed, the existence and
explanation of strong angular distributions of fission products is
held to be evidence against axial asymmetry.

Hare recent calculated values of the outer barrier height C12)
are shown in Fig. 9. The curves for individual elements do not show
iparked structure or trends (except for the highest elements) but there
ifl a strongly falling tendency with increasing nucleat charge, which
is borne out by experimental data on fission isomer excitation yields.
These calculations employ a modified harmonic-oscillator snell model
potential, ind they show discrepancies of dp to -1 MeV (changing sign
in going from Th to Rn) with calculations based on a folded Yukawa
potential (eq. 2.6).

The calculations based on the folded Yukawa shell-model potential
(12) show a new feature in the potential energy curve in the second
barrier region; this is a tendency in the low Z, moderate N nuclei
for the outer barrier to be further split into two subsidiary peaks
with shallow minimum between them (see Fig. 10). If this is a real
physical effect it will explain experimental fission data on Th
isotopes which demand an interpretation involving a double barrier
peak of nearly equal height with a very shallow well between them.

2.1.4.4 Probable accuracy of quantitative calculations on fission
barrier parameters

In Table I the theoretical results on fission barriers for two
specific nuclei are compared. These are both nuclei that are quite
central to the nuclear stability line and to the actinide group of
elements and therefore ought to provide reasonable tests for theor-
etical calculation. Some of the differences in the numbers are of
course due to very significant differences in the physics assumed,
e.g. degree of asymmetry in shape allowed, but even where sets of
numbers are comparablet because differences are confined to the
choice of shell-model, as in rows I and 3 (columns 3 to 5) or rows I
and 2 (column 6) differences of the order of I MeV in the estimated
quantity occur. This can probably be taken as a measure of the
accuracy of the theory at the present time. This statement is
supported by a comparison of the measured r. iclear ground state
Classes of the accinidies and lower nuclei with the values calculated
by Moller and Nix (12) using the folded Yukawa shell-model within
the Sttufinsky theory; Che average discrepancy is about zero, but
there are systematic trends of the discrepancy curves as a function
of neutron number, the trends having a slope of "0.5 MeV per neutron.
The accuracy of the theory is extremely good when set against the
nuclear binding energies of well over 1000 MeV, but they are not
accurate to supply on their own the relevant barrier parameters for
the nuclear cross-sections required by technology. This can be seen
at its siaolest by considering the effect on calculation of the one-
group fission cross-section in the neutron spectrum for an oxide-
fuelled fast reactor (mean neutron energy) for a fissionable nucleus.
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If the pseudo-threshold energy of the fission cross-section is in
the region of 1 MeV, an error of one MeV in the estimate of barrier
height could lead to an error grossly over-estimating the one group
cross-section in one direction, or giving a negligible value in the
other direction (see Fig. II). The estimates of other cross-sections
(such as capture and inelastic scattering) which depend on a knowledge
of fission competition will be in error in related amounts.

2.2 Dycamical considerations

2.2.1 General remarks

The potential energy landscapes for deformation of the nucleus
discussed in Section 2 provide the essential foundation for discussing
the fission process and suggest already many of the most striking
phenomena to be observed, but, with such complicated potential energy
surfaces, and with the consideration that the nucleus is a micro-
scopic body, strongly influenced by the motion of a single or a few
nucleons, it is apparent that the dynamics of fission is still a
major problem. The difficulties are compounded in two main ways.
Firstly, for large deformations from a spherical shape, a description
of the deformation in normal modes, based on a Legendre polynomial
expansion of the surface, is not practicable; the choice of suitable
deformation parameters is somewhat arbitrary, although based on
physical intuition, and as a result the inertial tensor can ta!:e a
complicated non-diagonal form. Furthermore, the inertial tensor is
strongly affected by single particle effects as well as being a
measure of "collective motion". Secondly, the effects of "viscosity"
in the nuclear motion obviously play an important role. Viscosity is
itself a classical concept and its transference to the nuclear case
is not yet clearly defined, although there is much current work on
this topic (see e.g. ref. (21)). Many of Che quantities observable
in fission (e.g. cross-sections at low energies, properties of
spontaneously fissioning isomers) do not require such an all-
enbracing concept as viscosity for theit explanations; these can be
based on extensions of normal quantal ideas. On the other hand, some
fission phenomena involve such a large number of degrees of freedom
that statistical or thermodynamic treatments seem to be demanded.

2.2.2 Inertial tensor calculations

The dynamical requirement of an expression for the kinetic energy
in terms of generalised collective co-ordinates q£f

(2.11)

demands the knowledge of the inertial tensor as a function of the
collective co-ordinates. This is the essential complement to the
potential energy and can te either modelled according to hydrodynaoic



concepts [22) or car* be computed microscopically from the same
shell model level schemes used to construct the shell-correction
to the potential energy in the Strutinsky method. The classical
liquid drop model is already sufficiently complex that straight-
forward analytical expressions for the inertia have not been
derived except for very small deviations from a sphere, in'which
case the inertial parameter associated with the lowest normal mode
(the quadrupole term in the spherical harmonic expansion of the
Burface) for irrotational flow is

= 3 MR?/Sir (2.12)

che3 being the coefficient tor the second spherical harmonic Y20 i
expansion of the surface* M the nuclear mass and RQ the nuclear
radius. For his studies of the later stages of fission towards the
scission poin
which the int.
circular laye

Phenomem
employed; fo

Nix £23) used the Werner-Wheeler numerical method, in
rnal hydrodynamic flow is approximated by che flow of
s of fluid perpendicular to the symmetry axis,
logical expressions for the inertia have also been
example if the fragment separation r is employed as

the fission variable the asymptotic inertial parameter at large
separations, r,is the reduced mass of the fragments, u» while at the
other extreme of small deformation it tends toward eq. (2.12)
for irrotational flow. A typical expression for B r r, due to Randrup,
quoted by Szymanski (241, is

Brr J\ + ̂ (2.13)

where RQ is the spherical nuclear radius, and k and d are parameters
that describe deviations from the irrotational value (for irrotational
flow k <= l, d « Ro/2.542).

Microscopic calculations of the inertial tensor are normally
based on the cranking model, originally developed by Inglis T25) for
calculation of nuclear moments of inertia, in which the independent
particle or quasi-particle system is assumed Co be driven in a
specific form of collective motion by an external force, and the
inertial parameter is determined from the generated kinetic energy
and the collective velocity. Its application to fission was first
developed by Sobiczewski et al (26) and Damgaard et al (27). The
cranking model expression involves virtual excitations from the ground
state |o> of the deforming system to excited states lm>:

B- = 2 (2.14)

For a pure independent particle system this expression, literally
evaluated, contains singularities at single-particle level crossings.
Within the shell-correction framework of the Strutinaky theory,
however, pairing forces are included in the shell-model treatment;
the resulting energy gap separating the ground-state from dther states

removes these singularities and permits the inertial tensor to have a
behaviour of reasonable physical magnitude. A simple statistical
expression for the dependence of che inercia on the energy gap, A,
and the density of single particle ftates, geff, at the Fermi energy
is developed in ref. C27):

(2.15)

A typical detailed calculation of the inertia from the cranking
mcdel is shown in Fig. 12; this is due to Pauli and Ledergeber (28).
As to be expected from eq. (2.15) it is strongly correlated with the
shell-correction to the potential energy of deformation of the nucleus.
This strong structure in the inertial parameter already implies that
the potential energy alone does not provide a simple guide to the
dynamical motion of the system through deformation space.

This is demonstrated by Pauli and Ledergeber*s treatment of
spontaneous fission half-lives. The half-life is proportional to the
Gamov barrier tunnelling factor

T ~> J- ex p ["- «

The integral S, the action integral, is calculated along a trajectory
q through deformation space, defined to give the least value of S.
The inertial parameter Bq for this trajectory is determined from the
inertial tensor by

(2.17)

The trajectory calculated from this prescription for syrraetric
deformations in 2*0j>u £s shown in Fig. 13. It is apparent that the
'ttynamic" barrier for this trajectory is higher than the static barrier.
Calculations oE spontaneous fission half-lives of ground states using
these calculations of the inertia and the least action principle give
remarkably close agreement with data provided that the surface energy
constant of the ^iquid droo model is suitably adjusted (see Fig. 14).
This-, as shown in the diagram, differs for different elements.

Agreement is poorer (discrepancy up to four orders of magnitude)
if it is attempted to use a universal surface energy constant.
Half-lives of spontaneously fissioning isomers are shown in Fig, 15.

Pauli and tedergeber suggest as a hypothesis that the least
action trajectory determined for spontaneous fission should also be
the path for near-barrier fission. While this would have the
attraction of explaining the high intermediate barriers observed for-
Th isotopes (che dynamic barriers found for these are particularly
high compared to the static barriers (29)), it is certainly a very 359



controversial idea and needs to be properly tested by a calculation
of the development of the wave-function over the barrier in a two-
or few-dimensional deformation space.

2.3 The role of basic fission theory

It is apparent that greater uncertainty exists in the under-
standing of the dynamics of strongly deformed nuclei than of the
potential energy behaviour; consequent uncertainties will ersue in
the attempt to calculate cross-section and related data from tand-
amentals. The strategy is therefore clear. Basic fission theory
alone is not sufficient for the required applications. The role of
basic fission theory has to be on the one hand to suggest the
modifications and refinements necessary when incorporating the
fission reaction into the nuclear reaction theory required for
calculating cross-sections. This fully developed reaction theory
can be used for analyzing existing experimental data to extract
fission barrier parameters. Systematic trends that may exist among
these parameters will be suggested by basic fission theory in its
second role. Finally, by using the body of new parametrisations
(by drawing from it, or by extrapolation or interpolation) within
the reaction theory framework, new cross-section data can be
calculated. This is the programme the remaining lectures will
describe.

3. FISSION REACTION THEORY

The first phase in our strategy for calculating fission data is
the development of a useful nuclear reaction theory incorporating or
exploiting the features of the double-humped fission barrier. This
can be done at 'a number of levels. At the simplest level the only
degree of freedom considered is the dcrormation of the nucleus as it
passes through the barrier; these are the phenomenological barrier
transmission models. At the opposite extreme the deformation of the
nucleus is considered as only one of very many degrees of freedom
and is therefore treated within a statistical framework. At an
intermediate level the deformation degree of freedom is treated
explicitly and in detail, but the possibility of excitation of other
degrees of freedom is treated in a gross way through the inter-
mediary of a complex potential. Finally, exact formal treatments of
all degrees of freedom in the reaction process can be developed.
In this &vA the following two lectures these reaction theories are
developed.

3.1 One-dimensional barrier-transmission theories

In these theories the single degree of freedom is only treated
as such in the barrier region and beyond; for the internal region,
Che compound nucleus, an expression must still be developed for the
width of a compound nucleus state in the absence of the barrier. A
simple semi-classical expression for the partial level width was
developed long ago by Blatt and Weisskopf (30). Consider a quantal
system with N uniformly spaced energy levels, E n » E o + nD. The
time dependence of the wave-function can be written

(3.1)

where the $ n contain the spatial dependence of the wave-functions.
The period of motion, F, of this system is obviously

(3.2)

i.e. this is the time taken to reconstitute its configuration at
the entrance to any given channel, f, and would be its lifetime if
there were no barrier of any kind against escaping through that
channel. The width in that case would be Tf - fi/Tf - D/2TT.
However, if the barrier in that channel can only be penetrated or
overcome with a probability denoted by the transmission coefficient
Tf, the lifetime is Tg = P/Tf and the width is

= 4=#--T, (3.3)

The barrier transmission coefficient can in principle be
calculated very simply. The principle is illustrated for a rectangular
barrier in Fig. 16 with a travelling wave from the left incident upon
the barrier, with velocity vo, wave number ko, giving rise to a
reflected wave, and an "interior" wave-function, leading finally to a
transmitted wave on the right with velocity v ^ , wave number k ^ .
Hatching of the wave-functions shown on Fig. 16 will allow the
calculation of the coefficient D of the transmitted wave giving the
transmission coefficient (for the flux) T * |"| vo»/vo- F o r a

rectangular barrier the result is a standard one given in quantum
mechanic textbooks. Some numerical curves of the energy behaviour for
values of barrier parameters that could roughly correspond to actinide
fission are given in Fig. 17. The oscillating behaviour of the trans-
mission coefficient found for wave energies greater than the barrier
height i9 characteristic only of the sharp edges found in the
rectangular barrier, and is absent for more realistic behaviour of the
potential energy.

A very common barrier form for realistic phenomenological analysis
is the parabolic barrier. Denote the circular frequency of the
b i illat t be b t i d b i t i hi b h Hill d

-]-_ I
L

(3.4)
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where Vp is the peak of the parabolic hairier. The typical behaviour
of this transmission coefficient is also shown in Fig. 17 and is
clearly very different, well below the barrier, from that of the
rectangular form.

In general, the transmission coefficients for single-humped
barriers are quite featureless showing only a strong monotonic rise
with energy well below the barrier, flattening off to an asymptotic
value of unity above the barrier. For the double-humped barrier,
which the Strutinsky theory suggests is appropriate for actinide
fission, the transmission through a single barrier is irrelevant in
the one-dimensional treatment but plays an important role in more
advanced analyses.

For the transmission through a double-humped barrier all the
important features are displayed by the results obtained from the
JWXB approximation. These are dominated by the virtual states of the
potential well that lies between the two peaks; these states give
rise to resonances in the transmission function, and the effect of
the potential maxima on either side of the well is felt mainly in the
widths of these resonances, and in the minima between the resonances.
Within the secondary well of the barrier, where the kinetic energy
is positive, the quasi-classical approximation to the wave-function
is

Between the two turning points % and nc where E=V (see Fig.i8), this
wave-function reduces to the form of either

which is Bohr's quantisation condition. When the barriers on either
•ide of the secondary well are finite, so th.it the wave-function does
not vanish for r) •*• ± », the condition on $ for discrete solutions is
no longer required for the general solution, but the amplitude of
the wave-function between the wells is maximised at an energy close
to the above quantisation condition, i.e. resonance occurs. FrBraan
and Dammert (32) give the general approximate form for the general
solution

(3.7a)

(3.7b)

with expressions for K^ and Kg in higher order phase integral
approximations, which reduce in first-order to the expressions

1#

while the phase angle ce has correction terms on <{>, resulting in

(3.7c)

if the condition is imposed that the solution of the exact SchrBdinger
equation vanishes as n •* + <». For these two expressions to be
identical at n» the sum $ of their phases must equal an odd-integral
multiple of TT/2:

(3.6)

and a similar formula for Og in terms of Kg. The final term in the
formula for the correction phases a has been given approximately by
Ford et al (33) as

where Y is the Euler constant. Notice that the two factors in the
numerator of T are approximately the JWKB approximations for trans-
mission through the two barriers A and B separately.

The resonance condition for equation (3.7) is discussed in some
detail by FrBman and Dammert. They note that for a symmetric double
barrier the resonance condition is exactly 381
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0C = (3.8)

where n is an integer, and at this energy the transmission is exactly
unity. For energies far below the peaks of both barriers! this same
condition for resonance is approximately true; in fact ?;he quantity
AScos^a is the dominant term in the denominator oi" equation ..3.7a)
except when cos a is very close to zero and hence in this strongly
sub-barrier situation the transmission function has the appearance of
high, very narrow peaks on a low but exponentially increasing bas*3-
In the case of a symmetric double barrier these peaks rise to a
transmission value of unity. Equation (3.7a) can be written approx-
imately

1 +[ j
(-2^)J

(3.9)
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giving Ttaax * cosh~2(K^ - K B ) at resonance. Close to the resonance
condition cos a can be written a-(n + 1/2)77 thus demonstrating that
the half-width of the tesaisac* is Aa » 1/2 Cexp (-2KA) + exp(-2KB))
which, in terms of energy, is

(3.10)

The denominator in this expression is thj reciprocal of the classical
oscillation frequency between the two barriers. The resonance width
therefore is simply interpreted through the Heisenberg uncertainty
principle, i.e. it is Planck's constant (divided by 2IT> multiplied
into the escape probability (oscillation frequency times probability
of tunnelling the barriers; from the intermediate well*

Othar points Co be noted about the JWKB formula are, firstly,
that, well below the peaks, replacement of a by $ gives rise to vory
ana 12 error in a, but this nevertheless implies a large shift in the
resonance in comparison with its width. Secondly, between resonances,
the transmission has minima close to the value

(3.11)

3.2 Barrier transmission with absorption

The one~dimen8ional treatment of the fission process can be
extended to take some account of other degrees of freedom by treating
excitation of the latter as a simple absorption out of the .fission
node. This method is very familiar in the treatment of nucleon
nattering by complex nuclei, being just the optical model of nuclear

react"onB. In the application of the optical jcudel to the fission
proccsa it is necessary to include the well(s) in addition to the
barrier in the potential energy function for the deformation mode.

In the original application of this method to fisaior. through a
flingle-peaked barrier (34) there is no difficulty in princ;,:i.e in
obtaining the transmission function, and hence the iissr'on strength
function. An imaginary component is introduced into the potential
well representing the internal compound nucleus region (see v*g. 19).
This can be either a constant component between certain adopced
limits of deformation, or have seme functional form attenuating to
zero in the region of the potential barrier. An incident vave of
form (exp(-ikon)) in the deformation mode is now considered to fall
on this potential, and the result of the interaction gives an out'
going vave with amplitude Sff; beyond a deformation value no

expressing the range of the potential barrier beyond the inters1
region, the wave function has the form

The amplitude Sff is calculated by solving the SchrBdinger equation
(usually by numerical integration), the governing boundary condition
to give the correct solution being that tf.e vave function is real and
regular at some value of the deformation T"ljQin sufficiently far on the
lew deformation side of the potential well. A resulting value of
Sff with modulus unity implies pure scattering of the fission vave*
The difference between unity and |Sff|2 gives the absorption into the
internal region i.e. compound nucleus formation; the cross-section
for compound nucleus formation from an "invftrse-fission" channel is
proportional to I - |Sff|2, and this expression is normally defined
as the transmission coefficient Tf corresponding exactly to the
simple barrier transmission already considered

(3.13)

Typical calculations of this transmission coefficient are shown in
Fig. 20m It is seen that resonance effects can be found, but these
are due to small damping of vibrations in the dcap potential wel..
Such small imaginary components are not normally expected at the
excitation energies considered here.

Such a treatment has also been applied to the double-humped
potential barrier (35). If the imaginary component of the potential
is confined to the primary well, transmission coefficients that
(Jidplay the vibrational resonance peaks described above can occur. These
undamped vibratioi.al resonances (zero damping in the secondary well),
and spreading the imaginary potential across both the primary and
secondary well is not a strictly correct way of treating the
damping in the secondary veil.

The difficulty in this model is that absorption into the
secondary well hap to be considered separately from that in the
primary well; use of an imaginary potential in both wells simply

J



lisps together the absorptiou In the two wells. The picture here is
that P^\ inc:.dent inverse-fission wave penetrates the secondary well
with 3ttunuat?on, and this attenuated direct component is absorbed
in the primary well, while the componenc absorbed in the secondary-
well can be re-emitted into the fission channel, or suffer a transition
irrevocably into some other degree *.f freedom, or be emitted into the
primary well., The total flux reaching, and being absorbed, Into the
primary well is the quantity of interest here. Bondorf (35) and Back
at al £363 have modified the model to obtain the transmission coeff-
icient correctly by making the simplifying assumption, that all the
flux reaching the primary well is absorbed completely. The wave
funcci< a at. some deformation. Ti] close to the entry (at barrier A)
into t-- -rimary well therefore has no returning wave and is given by

(3.U)

(or, n..--<•= exactly, LO take the attenuation distance 1/K in the primary
veil iuuo account, $ = a expC-K(n.j - TO - ikjTi); the factor
exp(-X(ri| - n)) is required if the imaginary potential starts at

i h l ) T h f l h i b b d d i l i
p | g p i

with a non-2e-o value). The flux that is absorbed directly into the
prim-<"7 veil L3 thus kj |a| ."t^, while that absorbed in the secondarprim-<"7 veil L3 thu
well ii. 1 - |Sff[

j |a| ^
Of the secondary well absorption a fraction

ry

Tfl 4
(3.15)

is emitted 'p.to the primary well, T^ and Tg being transmission coeff-
icients from the secondary well across barriers A and B, and Ty the
transmission probability ior de-exciting radiation across compound
levels (ciass-Il states) associated with the secondary well deform-
at; n. Thus

3,3 Statistical model

When absorption out of the fission mode is very strong,a limit
has been reached that is just the opposite of the simple undamped
barrier transmission models of the double-humped barrier. This limit
can be treated by assuming statistical equilibrium among all the
degrees of freedom of the nucleus. Such a model is therefore approp-
riate to moderately high excitation energies ('hot1 nuclei), in
distinction to the barrier transmission model which can only be
expected to describe low excitations in the secondary well.

In a hot nucleus with very many degrees of freedom only a
relatively small amount of excitation energy will be concentrated on
motion in the deformation mode; this amount will be of the order of
the nuclear temperature 6. If this temperature is much less than
the barrier between the wells in the potential energy of deformation
the nuclear system will survive for a relatively long time in one or
other equilibrium shape before changing shape, or decaying by particle
emission, radiation or break-up by fission. Thus, in first approx-
imation, two sets of states, associated with each equilibrium shape,
and denoted by class I for the first well and class-II for the second,
exist in the nucleus. The probability of decay of these states can be
represented by transmission coefficients that take account of barriers
(deformation, centrifugal or coulomb) as well as the internal nature
of the states in the energy region under consideration. These trans-
mission coefficients can be defined through the reciprocity theorem
in terms of the probability of the formation of such states of the
compound nucleus in the inverse process to the given decay mode.
Thus, for a formation process a, the maximum possible average cross-
section is nX^gj where XQ is the de Broglie wavelength (divided by
2TT) of the relative motion of projectile and target, and gj is the
statistical weighting factor for formation of the compound nucleus
with total angular momentum J. The actual cross-section for compound
nucleus formation is denoted by

(3.17)

(3.16)

Of the two terms on the right hand side of this equation the first
can be incerpreted as a "direct" one, being the fraction of the wave
Chat is transmitted right across the secondary well without absorption.
The second term corresponds to re-emission after absorption into the
compound motion of the secondary well and hence is expected, to have a
microscopic structure corresponding to the class-II compound states
associated with this motion. The detailed structure of the first
fera is expected to Via just the much broader one of the vibrational
resonances in the secondary well.

An example of the transmission coefficient of equation (3.16) is
shown in Fip« 20 in comparison with the result for zero damping in the
secondary well.

When the ratio of partial width to level spacing Ta/D is sirall,
Ta « 27rra/D, and it has been established fairly conclusively [371
that, in general,

I - <s»p[-2TrTl,/D] (3.18)

Transmission coefficients for making transitions from shape I to
•hape II, denoted by ? K A ) > and vice versa, denoted by T J I ( A ) , can be
defined in analogy with the decay coefficients.

From the transmission coefficients the probability of decay of
a class-I state by process « is

(3.19)
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and the probability of a transition from a class-I to a class-II state

is

(3.20)

Similarlyf probabilities for decay or shape transition of a class-II
state are

(3.21)

(3.24)

The fractions £or individual decay processes are contained within these
expressions. Thus, the fraction of decay by prompt fission, for example,
is given by

(3.25)

(3.22)

For decay of the compound nucleus excited initially in a class-I
shape the ratio of decay either by fission or to residual nuclei of
shape II, relative to decay co shape I states is therefore

Given these probabilities the ovarall decay of the nucleus can be
calculated. Let us assume that the nucleus is initially populated
entirely in class-I states. The initial stage of decay consists of a
fraction Pi(d) = Z C P T ( 8 ) decaying to all residual systems allowed to
class-I decay (these'will principally be, according to the Franck-
Condon principle, class-I states of lower excitation in the same
nucleus, reached by gamna transitions, and residual nuclei of elass-I
shape reached by neutron emission) and a fraction Pj _* JJ changing to
shape II. The second stage of decay therefore consists of a fraction
pI * «"II(d!) (where P n( di) - Sg,PII(g.)) decaying b» processes
allowed by the Fraack-Condon principle for class-II state decay
(this is either fission, over barrier B, or formation of residual
nuclei in shape II) and a fraction Pj _* JI-PJI -> T changing b^ck to
shape I. The third stage consists of this new fraction
Pj + XJ.PJX •* I dividing as in the first stage, and if the process
is followed through and the infinite series thus generated are summed
we have for the final decay fractions appropriate to shapes X and II
respectively

'TM 'g
(3.26)

n.23)

This expression is remarkable for the factor Tj (Aj /(In (A)
 + TII(d*)'

by which the ratio is reduced below that expected for completely mixed
compound nucleus motion, Txi(d')^TI(d)• F o r t h e k i n d ot fission
barrier exhibited by the actmide nuclei fission decay (Tu(B))
conpletely dominates particle or radiative decay. I£ the barrier A
is much lower than B then it is expected that TTl(Aj » T T I ( B ) ' a n d

since, according to the theory of reaction rates over a single
barrier (Wignerflfl) T T ( A ) "

 TII(A)> equation (3.26) reduces con-
sequently to the complete mixing expression. If, on the other hand,
B is much lower than A, the factor T T ( A ) / ( T H ( A ) * TlI(B)) is much
less than unity; and this implies a partial decoupling persisting
between the class-I and class-II states.

3.A Formal reaction theory

To achieve sophisticated analysis and calculation the role of
other degrees of freedom must be considered in more detail than the
extreme phenomenological picture so far considered will allow. A
formal reaction theory treats other degrees of freedom explicitly
from the start. The choice of formal theory for these lectures is
K-matrix theory.

The basic physical idea of R-matrix theory is the isolation o£
the region in configuration space where all the specifically nuclear
forces in a nuclear reaction are operating; this "in<-._rnal region"
incorporates the compound system formed from the merging of the
TOjBctile in the reaction with the target. The internal region is
ually defined by introducing a channel radius, set outside

.usually fairly closely outside) the range cf nuclear forces, for
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each channel defining the separation of the compound system into two
reaidual nuclei with specific excitation and angular momentum
properties. The vave-functions in the channels can be specified
closely, and hence the cross-sections obtained once the values and
derivatives at the channel radius are given. These are given in
principle by the solution of the SchrBdingcr equation for the compound
system in the internal region.

In principle, fission is formally incorporated in R-matrix theory,
in the sense that every pair of fission products (in a specific state
of excitation and angular momentum) constitutes a channel. In
practict it has bec.i known for more than two decades following the
intuitive analysis by A. Bohr (38) that fission cross-sections are
governed to a large extent by conditions at the saddle point where the
nucleus can be in one or relatively few states of intrinsic excitation
while slowly elongating* It is this io.tui.tive idea of a fission or
deformation channel that now has to be incorporated into the formal
R-matrix theory.

To do this the ^ocrdinatas describing the degrees of fi-edom of
the system have to be recas; for that part of corfiguration space
that encompasses the description of fission. Specifically a deform-
ation coordinate, describing increasing elongation and ultimately
separation into two large fragments, must be defined, and th** **<?main-
ing coordinates modified to be orthogonal with this. Different
deformation channels are defined by the state cf excitation for these
regaining coordinates, and this corresponds with A, Bonr's physical
idea of a fission channel. For thes channels a channel, deformation
parameter is defined, ?nd for this to be physically significant it
aunt be set close to the saddle point in the fission barrier.

3.A.I Separation of the nuclear Hamiltonian

This procedure will now be set down more explicitly. Tire defoiJ-
ation coordinate (describing increasing elongation c£ the system) \s
dotted by n. This coordinate can be defined in a statistical manner
in terms of the individual nucleon coordinates. Aftai- extraction of
the deformation coordinate the remaining {'intrinsic') degrees ot
freedom are denoted collectively by^ *

It is now assumed that the kinetic energy operator ot the nuclear
Hamiltonian can be separated into component1- referring explicitly to
the deformation parameter T) and the intrinsic coordinate 5 respectively.
While it is possible to choose a deformation parameter r\ ,' \t allows
its kinetic energy operator to be independent, of the intrinsic degrees
ot freedom, it is not in general possible at the same time to £re^ the
remaining components of tha kinetic energy from all denendenc-d on
Reformation. Thus

(3.27)

Likewise the potential energy VOuf) will not, in general,be a
separable function o:. n andf, and it is necessary to find a prescript-
ion that Mill give an approximation to the overall dependence of the
potential energy on n- Ihe prescription that we chouse is in the
spirit of Strutinjky's theory of the -leformation enorgy, and consists

of representing the potential energy for the deformation by the
minimum total intrinsic energy surface. Mere precisely, of the
eigenvalues eu(

ri.) of the operator

i3.28)

for a fixed value of n» the lowest eigenvalue eo(n) is taken as the
deformation potential enerpy V(n). An intrinsic Hamiltoiian term
^int C ] n n O W be defined for some chosen value of deformation rio, and
also a 'coupling' term H c depending en both deformation and intrinsic
variables. Thus

(3.29)

vhers

- Tf(•,) -

(3.30a)

(3.30b)

(3.30c)

It is useful to be able to generalize the intrinsic Hamiltonian to any
other value of deformaticn n. Therefore- we shall denote the eigen-
values and eigenfunctions of H* tCn) by £n(n) and Xy(n)» and from the
definition of H^nt the eigenvalues 5u(n) are just e^Oi) - eQ(n), the
intrinsic excitation energies wiHi respect to 'ground* at the fixed
deformation n. The eigenfunctions and eigenvalues of H^ are denoted
by *v(n) and e v.

In phenomenological models if the liquid drop type, the usual
procedure in setting up the Hamiltonian is to write rhe kinetic and
potential energy terms for irrotational flow in terms of the shape
parameters (denoted here by d^). The quantal operator for the kinetic
energy terra is then written according to the SchrBdinger prescription:

(3.32)

where B^w is the relevant element of the covariant inertial tensor,
B is the determinant of this tansor, and B ^ is the element of the
related contravariant tensor:

' By, =
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Discussions of the ambiguities of this procedure, particularly when the
shape variables constitute only a part of the total degrees of freedom
of the system, have been given by Jensen and Koffe (39), Dietrich (40),
Hofmain (41) and NBrenberg (42). Briefly, it turns out that the

Hence Che generalised Laplacian term of equation (3.38) is

ambiguity in the kinetic energy term far any single variable is
equivalent to a curvature term to be added to the potential energy.

As a t example of the phenomenological procedure we can take the
simple c-isdrupole deformation parameter 0 from the expansion of the
nuclear surface in Legendre polynomials. For small values of |3 the
kinetic energy operator is

2 o,j op

The inertial parameter Bg for the irrotattonal liquid drop is

vhere m is Che nucleon mass, so that Am is the liquid drop mass,
and RQ is Che radius of the drop. If the potential energy has ths
quadratic form

(3.36)

with stiffness parameter Cg, as expected in the liquid drop model,
the solutions of the SchrBdinger equation in the B-variable are the
well-known Heraite functions with eigenvalues

(3.37)

(3.40)

The condition of orthogonality for the netr coordinates ?^ is

Rerce the aummation over j - k on the right-hand side of equation
(3.40) vanishes for an orthogonal coordinate system.
Equation (3.40) can be formally expressed in terms of the scale
factors hjt

(3.41)
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The form of the kinetic energy operator for statistical deform-
ation parameters can be derived without ambiguity from the SchrBdinger
fora for the Cartesian coordinates of a system of particles (here
assumed to have equal mass, m):

T = -J- (3.38)

The general equation for transforming the second derivative in a
particular coordinate, say x^, into the second derivatives of a new
set of coordinates %i is

(3.39)

for an orthogonal system.
A* *ci example o£ the Application of equation (3.42) if th'

deformation parameter .*) of a new coordinate set is taken to be the
mats quadrupole moment Q. the kinetic energy operator is

T
"2*

(3.43)

where r* is the mean square of the radial position of the nucleon
(with respect to the centre of mass). The inertial parameter
appropriate to the quadrupole moment appears in this operator as

4Q + SA?^
(3.44)

?or asymptotically large separation, 1, of the two fission products
the quadrupole moment is
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a (3.45)

where A, and A 2 are Che mass numbers of the products and M is their
reduced mass. In this as>mptotic situation the kinetic energy
operator of equation (3*43) becomes

T - * (3.46)

For near-spherical spheroidal deformation on the other hand, the
quadrupole moment can be related to the spheroidal deformation
parameter S

(3.47)

and the inertial parameter B Q - (5m/24ARo
2)i. - (5/410*61. The

kinetic energy operator transformed into its form for 0 in this

*2 r
energy ope:

Unit is just

(3.48)

with the inertial parameter of equation (3.35) appropriate to
irrotational flow.

The most easily handled of statistical deformation parameters
ia the mean square radius parameter

which has a kinetic energy term

(3.49)

(3.50)

3 4.2 Summary of R-matrix theory

The above definitions for the deformation channel, the deform-
ation variable, the intrinsic degrees of freedom (giving rise to
labelling of deformation channels) and so on, allow R-matrix theory
to incorporate the physically interesting aspects of fission. R-
matrix theory (44,45) has been fully described in earlier courses in
the present series (see the course by Moore and by FrHhner). Here,
just sufficient summary is included to provide a framework for the
extra notation required for fission.

The basic tool for constructing R-matrix theory is the Green's
theorem relationship

(3.51)

where T is the Internal region, 5f|,Wj (eigenvalues E|, E2) are
solutions of Che SchrUdinger equation for the nuclear Hamiltonian in
the internal region, V j c , V^e, ̂ le* '̂** a r e v a^ u e aiw* derivative
quantities of the wave-functions $ a t t*ie channel radius
(delimiting the internal region) of every channel c. For the part
of configuration space which is relevant to fission the appropriate
Channels c are now deformation channels with entrances to the
internal region set at deformation J)Q and labelled by the state of
intrinsic excitation Xy> at deformation no.

The discrete R-matrix eigenstates X (eigenvalues E^) are
defined by imposing boundary conditions vnormally real and energy-
independent) at every channel entrance.* The value and derivative
quantities of the eigenstates X^ are denoted by YX(C)» ^X(c)
respectively, for each channel c, and the imposed boundary condition
is written

15. (3.52)

The central R-matrix relationship is obtained by expanding a
general solution of the SchrHdinger equation in the internal region
5? for energy E, without imposition of special boundary conditions,
as a superposition of the R-matrix states

(3.53)

The expansion coefficients are obtained from Green's theorem.
Substitution leads to a relationship between the value and derivative
quantities ofj^:

with Rc'c, the element of the It-matrix, given by

(3.54)

(3.55)

The external wave-functions in the channels can be written as
superposition of waves that have the character of incoming flux I c

and outgoing flux 0c. The form of these wave functions depend on the
kinetic energy available in the channel and on the potential energy
behaviour (including Coulomb and centrifugal barriers). The logarithmic
derivatives of the incoming and outgoing wave-fr.dctions at the channel
entrances ac are required for matching to the internal wave-function,
y\ and the logarithmic derivatives of the outgoing waves appear
explicitly in final expressions for the collision matrix and cross-
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lections; i t is denoted by

(3.56)

(rc is the channel coordinate defining separation of the two nuclei
in the channel for particle channels, but is to be replaced by the
deformation variable hn for deformation channels). The quantity kc

£* the wave-number corresponding to the kinetic energy in the
channel.

The complete wave-function in the channel is conveniently written
in terms of quantities 9C, <0c, which are products of the wave-
functions of internal excitation (including angular momentum relation-
ships) of the products in the channel, and the functions Xc, 0c

respectively. So. in the external region, the complete wave-function
is

(3.57)

(3.58)

The quantities Uc*c are the elements of the collision matrix and
govern the magnitude of the cross-section for the reaction c in, c
out, the result being obtained after substituting for yc from the
expansion for a plane wave:

The scattered wave into any channel c' is

defined deformation channels P- Although great advantages are to be
gained in physics concepts in placing the entrances to these channels
close to the fission barrier saddle point, there are also some minor
calculational disadvantages. Definition of the outgoing wave-
functions and hence of the shift and penetration factors becomes a
little awkward because (i) the potential energy in the channel is
not precisely known, and (ii) the deformation channels contain an
interaction zone of nuclear forces before the scission point*is
reached.

3.4.3 Approximate forms and other representations

This expression for the collision matrix, and hence the cross-
sections, is normally too intractable for general use. Approxi-
mations must be sought.

The simplest approximation is the retention of only one level
in tlie R-iaatrix svm. This leads to the ^ngle-level Bretc-Wigner
formula

rr - * (3.61)

'V(c)' ^X(c') a r e tfle P a r ti a l widths for channels c and c1,
the total width and A^ the level shift. These are defined in

the penetration and

where
T^ is ^
terms of the R-matrix reduced widths Yi?M
shift factors by

(3.62.')
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<J",,/ = ~ (3.59)

This is over the full solid angle. The quantity gj is the factor
containing all the spin variables relating to the reaction. The
quantity 6C«C - U ci c is often denoted simply by - sc»c and is referred
to as the element of the scattering or S-matrix.

The collision matrix is obtained in terms of the R-matrix £ by
matching the internal and external wave-functions at all channel
entrances to give

u (3.60)

in matrix notation. The matrices^, £, fc and |J are diagonal matrices
vith elements, respectively, representing hard-sphere phase shift,
penetration factor, outgoing wave logarithmic derivative and boundary
condition for the channels.

In these expressions the channels c, as stated above, contain
not only the conventional particle channel, but also the newly

(3.62b)

(3.62c)

The reduced width amplitudes Y\(c)
 a r e Jusc ctle val»e quantities at

the channel entrances of the R-matrix eigenstate \.
More levels can be handled practically by manipulation of the

form of the collision matrix into one involvingthe inversion of a
level matrix rather than a channel matrix. The collision matrix
element becomes

Uet = XVJD

A - C - '

and C has elements

tf.fr (3.63)
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L ^ ' = (E x - E.J fcjtf - Ayy - t iXx* (3.64)

The generalised level shift and width quantities here are defined by

(3.65a)

(3.65b)

Alternatively the number of channels explicitly included in the
calculation may be reduced. In this, the reduced R-tnatrix formulation,
all the closed channels and most of those only slightly open (expressed
by their partial widths being very much smaller than the spacing betwean
levels) are eliminated in explicit reference in the expression for the
collision matrix. The collision sub-matrix 0 r r referring only to the
explicitly retained channel has the same form as the full matrix

_-U
(3.66)

but the reduced R-matrix R r r now has a complex form:

(3.67)

where the level shift and width quantities are sums only over
eliminated channels, denoted as a sub-set by e:

= 2

(3.68a)

(3.68b)

Finally, we make mention of the S-matrix formulation of reaction
theory (46). This is obtained from Che expansion of the collision
matrix in the complex energy plane about its poles at the complex
energies E^H) _ iU"£<

K>

'C

(3.69)

floe the y c are threshold factors containing the explicit energy
dependence on centrifugal and Coulomb potential barriers, Qc*c is

 a

background function, regular and slowly-varying, the G£/c) are
partial width amplitudes associated with the pole £, and the >V(C)
are associated phase factors. The numerator of each item in tne sum
of equation (3.69) is the residue of the pole at Ej^H) - iiF^^J.

The quantities that appear in this S-matrix formulation have
been analytically related to the parameters of the R-matrix theory in
only a few relatively simple cases. For example, in the single-level
approximation Ej^H) - Ex ~ AX» ^Z ~ **A» Gj$c) ~ ^X(c) a n d

5fc(c) "* n7r w^ere n is an integer. In many-level cases however, the
relationship between R-matrix and S-matrix parameters can be found '
numerically and computer programmes have been written for this. In
one programme the S-matrix poles are determined by finding the zeros,
in the complex energy plane, of the determinant of the level matrix C.
In another, the numerical integration of the collision matrix (for
different pairs of channels c,c*) around a small circular contour enclosing
the pole is carried out thus leading to a determination of the partial
width quantities Gg(c)> ffc(c)' F o r overlapping levels the energy and
width quantities or the S-matrix representation can be very different
from the single-level R-matrix quantities as given in equation (3.62).
A calculated example of just two overlapping levels is given in
Fig. 21. These both have R-matrix single level widths of the order of
0.5 eV and are separated by 0.11 eV. The S-matrix poles are separated
by only 0.019 eV realenergy, one has a width of only 0.039 ey and
appears as a strong narrow-resonance, the other has a width of 0.37 eV
and is apparent as little more than a background feature; level
repulsion has occurred in the imaginary energy direction!

3.4.4 Introduction of the double-humped barrier

The potential'v'(n) of the deformation Hamiltonian cannot, as yet,
be calculated from first principles. It is necessary to deduce it by
using theories that have some phenomenological aspects. The original
theory of this kind was the liquid drop model. If this is taken to
provide the classical analogue of the term T^(n) + V(n,f) of equation
(3.28), which is just E0(n.)(= "tKn)) in the classical limit, it gives
a function for v' that has a minimum at values of r\ corresponding to the
sphere, rises and passes on through a maximum (the fission barrier)
for prolate, axially symmetric deformations, and finally reaches
(asymptotically, for the separation into two smaller particles) a
value that is considerably lower than the spherical value (for nuclei
heavier than iron). Particle shell effects are included in a semi-
empirical way in the droplet model of Myers and Swiatecki (1) (see
under Section 2). These oscillate for small deformations but are
attenuated for larger ones. They affect Che position and magnitude
of the minimum of V(n) but do not affect the qualitative nature of
its maximum.

Shell effects have a much more dramatic influence on "v* (so far
aa fission effects are concerned) in the theory of Strutinsky (2).
The principal term of Tf(n) + V(n,f) is taken to be the static liquid
drop energy for deformation n* To this is added the sum of single
particle energies computed on the assumption that V(r),^) is a static,
single particle potential well of fixed deformation n, and from it is
subtracted a similar sum computed over a suitably "smoothed-out"
(shell-averaged) single particle spectrum. The Strutinsky prescript- 389



ion for the deformation potential -iKn) results in a double-humped
fission barrier for nuclei in the general range of thorium to curium
and, to a less dramatic extent, on either side of these limits. It
is the purpose of the remainder of this section to survey, using the
Rmatrix developments given above, the more detailed theoretical
consequences for fission reactions of thin kind of barrier.

It is useful, at this point, to recall the definition of some
quantities which can be used to characterise the barri. r, at least in
«n approximate fashion. The value of the potential at rjj is labelled

*I» a t % *c " **A* a t nII» "*ij a n d a t nB» '*rB* I n t n e neighbourhood
of each of these deformations it is generally assumed, for calculat-
ional purposes, that the potential energy v is harmonic, and that the
four harmonic segments join smoothly to each other; thus, in the
region of m *

around

(3.70)

(3.71)

and similar equations are assumed for the regions around TW- and rig.
The joining point nx is given by

V CA(C. + CxJ
with the condition

(3.72a)

(3.72b)

The other joining points are given by equations (3.32).
The curvature coefficient is seldom referred to directly, but rather
through the real or imaginary vibrational frequencies,

(3.73a)

(3.73b)

(3.73<O

(3.73d)

The last two appear in the expressions for the transmission coefficient
of a wave through an inverted harmonic barrier. For the barriers A and
B separately, the relevant transmission coefficients are

(3.74)

(3.75)

and can be used in the semi-quantitative discussion of fission rates
through the double-humped barrier as parametrised above provided the
energy is not too much below the heights of the barrier peaks.

3.4.4.1 Illustration of vibrational states of the double potential
well: class-I and class-II vibrational states

The nature of the wave functions $(n) of the quasi-discrete states
of the deformation node that occur for the double potential well that
thus appears in the Strutinsky picture of the deformation energy of
actinide nuclei is graphically illustrated by numerical calculations
for a double rectangular well (Fig. 22). The striking degree of
clustering of the wave-function within either one well or the other
leads to the classification of the wave-function; those with major
amplitude within the deeper, primary well are class-I vibrational states
and those concentrated in the secondary well are class-II vibrational
states. Note that the energy eigenvalues of states of either class are
very little perturbed from the values they would have if the opposite
well were filled in. Note also that the total number of nodes of the
wave-function no longer gives the ordering of the vibrational state
within its class. Thus, the "zero-poii.i" vibration in the class-II
well 4 O(H) has 3 nodes, indicating that it is weakly connected with
the fourth class-I vibrational state 03^'.

3.4.4.2 Amplitude relationships of class-I and class-II vibrational
states

The numerical illustration of the last section suggests a system-
atic way of calculating the special features of the vibrational wave-
functions of a double potential well of more general shape. From the
double well separate primary and secondary wells (denoted by <*j (n) and
•Vjj(n) respectively) are constructed in the manner shown in Fig. 23
so thafv*j(fi) + * M n ) " " W T O , the origin of the energy scale being
taken as zero. The modified asymptotic end-values are equal to the
height of the intermediate maximum of the double well. The eigen-
values ev^") and eigenfunctions *Vn o f c h e SchrBdinger .equations
for the separated wells n,

(3.76)
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are calculated, and the solutions for the ScfcrBdinger equation of the
double veil are written approximately

(3.77)

the two wave-functions appearing on the r.h.s. being (usually) a pair
closest in energy. Normally one of the two coefficients ay, b v is close
to unity tgiving the class of $v) and the other is small. Occasionally
more than one of the small amplitude terms will contribute cowmens-
urately, and equation (3.77) will need to be generalised accordingly;
in this case a perturbation treatment will normally suffice.

In the approximate solution of the SchrBdinger equation with the
wavefunction 3.77 the values of the coefficiencs ay and bv are usually
close to the values given by 1st order perturbation theory. For a
class-I vibrational state, av • I and

- €s
(3.78)

3.4.5 Specialisation of R-matrix theory to the double-humped barrier

3.4.5.1 Class-I and class-II compound R-matrix states

The form of the double-humped potential energy barrier in the
elongation mode lends itself readily to special treatment within the
extended R-matrix reaction theory outlined above. In this the R-
matrix internal eigenstates are expanded in terms of two auxiliary
sets of eigenstates, the class-I and class-II states (43). In this
treatment the channel deformations are chosen close to the outer
barrier B. Physically, the class-I states are largely confined to
deformations within the region of the primary well of the double-
humped barrier, and the class-II states are similarly located within
the region of the secondary well.

Formal definition of these auxiliary states follows from the
expansion of the R-matrix internal state in terms of products of
vibrational wave-functions $j(u) a nd intrinsic states Xy °f the
intrinsic Hamiltonian for channel deformation n,.

(3.81)

For a class-II vibrational state, bv ~ 1 and

(3.79)

The small contributions to the wave-function chat might arise from
other states of the potential &n can clearly be calculated in the same
way.

The matrix elements of 4^ are quite readily and accurately
calculable by straightforward digital computer methods. From the
HKB approximation to the wave-functions^, *'' and <t>V2^ i"

 t h e barrier
region it can be shown that the strongest factor in the amplitude
supression of equation (3.78),(3.79) is tY- square root of the trans-
mission coefficient through the intermediate barrier. This is borne
out by the numerical computations. A graphical display for all the
eigenvalues of a typical double potential well is shown in Fig. 24.
If the empirical results are expressed in the form

(3.80a)

for class-I states and

(3.80b)

for class-II states* the constant K is found to have the empirical
value 0.006.

Here, the vibrational 1 we-functions *v(,j)
 a r e subject to a real energy-

independent boundary cindition at the selected channel deformations
Hy and this can depend or the channel label u; the vibrational wave-
functions $v(u) a r e themselves discrete, and if their eigenvalues ev

are lower than the intermediate barrier of the double-humped barrier
they fall into the classes I and II described in Section 3.4.4.
The class-1 and class-II R-matrij' states are therefore conveniently
defined by the incomplete expansions.

••.-) \ p"̂ i v j 00
(3.82)

(3.83)

with eigenvalues E\ , E^jj respectively.

Physical properties of the class-I and class-II conpound states
follow quite simply from the expansions (3.82) and (3.83). Class-I
states can be expected to contain significant amounts of components
Xn*o(u) where *0/U) corresponds to zero-point vibrational motion
vithifi the primary well and the xu are highly excited intrinsic
s'.ates. The latter will include unbound states corresponding to the
motion of free neutrons or protons, or more complex particles such as
a-particles, against the appropriate residual nucleus, and the zero-
point vibrational state becomes an essential part ot the description
of the ground (or even a low excited state) of the residual nucleus.
Thus clasc-I states vill have neutron and proton reduced widths tor
decay into these particular channels. They will also have reduced
widths for alpha-decay to the ground and lov excited states. The
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limitation of Che expansion to class-I vibrational states with
(extremely likely) very small amplitudes at the channel deformation
Hu» even for comparatively high quantum numbers v, also implies that
the class-I states have very small, although not quite negligible,
fission widths.

By contrast, the class-II states, by virtue of their components
oi class-II vibration, particularly those of high quantum number v»
have much larger reduced fission widths, but have zero reduced
micleon widths to ground and normal low—lying states of residual nuclei.
Another important difference for fission barrier potentials calculated
for actinide nuclei by the Strutinsky method lies in the density of the
two kinds of state (for the same available excitation energy). This
arises from the density of the basis product states Xg^v(i)
Xit*\i/^ • *̂*e intrinsic states can be envisaged as combinations of
singles-particle or hole states with spacing of the order of 100 keV.
Furthermore, rotational bands with spacing of the same order will be
built on them. By contrast, the vibrational states will have
separations of the order of I MeV. Thus the principal contribution to
density of class-I and class-II levels will come from the combinations
Xu*o"{J) and ^U*o{p] respectively. For the actinides the potential
energy calculations (see Section 2) and the experimental evidence
of spontaneously fissioning Corners (see Section 3^.5.3) and fission
cross-section intermediate structure (see Section 6 ) indicate that
the secondary well is at least about 2 MeV above the primary well, so
that this amount of excess energy is tied up in the vibrational state
$£?£) and is not available for the excitation of intrinsic degrees of
freedom in the class-II compound states. Consequently the density of
class-II states can be expected to be some two or more orders of
magnitude lower than the class-I density.

Radiation spectra for the two classes of states vill differ. The
class-II spectra will terminate at lower gamma-ray energies and show
structure at much lower energies than those of class-I states. This
is shown in Fig. 25. Radiative widths (total) will be of the same
order of magnitude for both classes, the exact ratio depending on the
mechanism for primary radiative transitions, although partial radiative
widtha for single transitions will differ by a factor that is of the
order of the ratio of the spacings of the two classes of states.

3.4.5.2 final R-inatrix compound states

The final R-matrix states X^ can now be constructed from the
auxiliary class-I and class-II compound states (43). The expansion
(3.81) is substituted into the SchrHdinger equation

(3.84)

312

in the internal region of configuration space (defined in Section
Both sides are multiplied by v *v*

 aod integration over all variables
gives

(3.85)/•'»

using the split of the Hamiltonian into deformation, intrinsic and
coupling (H-.) terms as defined in equation (3.64). This is a
representative row of a matrix equation, the eigenvalues of which
are determined from the secular equation

(3.86)

The determination of the eigenvalues of the matrix g, is also convention-
ally expressed as finding the unitary matrix ^ which transforms £ by
the operation IT I) g"1 into the diagonal form E. He now specifically
consider only the eigenstates of a pc-ticular set of good quantum
numbers (these are normally total angular momentum J and parity IT>.

The matrix j{ can now be partitioned into sub-matrices depending
on whether the index of an element refers to a class-I (\>j) or class-II
(vtl) vibrational function. Thus,

H = (3.87)

The sub-matrices Hj j and H,^ JJ may now be separately diagonalised by
operation with matrices *

and

tihere S and £ are unitary operators within the sub-space of functions
of class-I and II respectively. So we have

(3.88)

iars' IIW
The eigenvalues of SJl I are just the class-I compound states

defined in equation (3.82)1 and those of HJJ JJ are the class-II
compound states of equation (3.83). The unitary matrices £ and £
required to effect this sub-space diagonaiisation are themselves
the expansion coefficients of the class-I and class-II compound
states respectively:

O-=c (3.89)



Thus the sub-matricea S Hlf I x £"' and £ Hii.ljj,"
1 have elements of

the form *"
i tuitions. In

(3.90a)

(3.90b)

For compound states rather lower in energy than the intermediate
maximum A. Ln the deformation potential energy barrier, it is expected
that the admixture of vibrational states * from above the maximum,
with comparable amplitude in both regions of deformation I and II,
will be very small. In this case the matrix elements of equation
(3.90) are very small because of the attenuation of the vibrational
components through the intermediate peak. At low enough energies it is
clearly possible for these matrix elements describing the coupling
between class-I and class-II states to be so small that the eigen-
states X^ can be described to a very good approximation as being either
class-I or class-II states. Good physical examples of such a clean
separation are provided by the slow neutron resonances in the cross-
sections of 240Pu and 2 3 8U.

Very rough estimates of Che magnitude of the coupling matrix
elements can be made from equation (3,90) for the slow neutron case
(resonance states at an excitation energy of - 5 MeV with a density
Dj-I - j()5 MeV"1). Observations of the neutron-induced fission cross-
••ctions of fissile nuclei indicate that the high vibrational states
(quantum number V - 5 to 10) are mixed fairly uniformly over the
compound states. The magnitude of the matrix element for mixing of a
vibrational state into a clags-I state in the absence of attenuation
through the intermediate barrier can thus be deduced from the spreading
width value W >-hajj; (see section 3A.5.3for discussion of Lor'entzian
nixing) to be > (D̂ no)[/2ir)2. The attenuation through the inter-
mediate barrier will reduce this by a factor (TA/2ir)4, The fraction-
atioik of a class-TI vibtatiotval state vato the clasa-LI compound states
will be given by < P v n A u > "* (Dn/fc0jj)* where Djj is the class-II
compound state spacing. Thus

^
7ir

(3.91)

3.4.5.3 Specific coupling modes for class-I and class-II states

With small matrix elements in the off-diagonal sub-matrices for
coupling class-I and class-II states the final diagonalisation of the
Hamiltonian of equation (3.87), and the insertion of the resulting
cigenstates into the R-matrix reaction theory, becomes possible by a

number of methods corresponding to distinct physical sit
•ost of them the approximation is made that the coupling
elements are sufficiently small that the effects of all Dut one
class-II state on a localised group of clasg-I states can be neglected.

(i) Very weak coupling; narrow class-II states

Here narrowness of the class-II state is defined by the product
of penetrability and squared amplitude at the channel deformation
(the fission width) being much smaller than the energy interval <5
between the class-II state and its nearest class-I neighbour. (It
will be shown in sub-section (v) that although this condition does not
affect the diagonalisation of II it has a drastic effect on the
properties of the resonances in" the cross-section.) Very weak coupling
is defined as the average magnitude of the coupling matrix element
<*.1|Hcl\I1> being much smaller than the energy interval S. This
condition allows the Hamiltonian of (3.87) to be diagonalised by
perturbation theory. Second order perturbation theory in the region of
a single class-II state gives

"(3.92a)

(3.92b)

for the states that reoain essentially claas-I in character, and

Ex" » ( , 9 3 b )

for the remaining states.
From these relations simple results are obtained for the

resonance widths (see Section 3g(i)). If I\\ (j\ is the fission
width an unperturbed class-II state would have if it appeared as a
resonance in a suitable cross-section, and the fission width; for
unperturbed class-t states are assumed to be negligible, we have
immediately that 373



(U.94)

for quaai-class-I resonance states, while

The signs of the square roots (the reduced width amplitudes) are
random from one resonant state to another, and generally will be
unknown. This gives a number of possibilities for the value of
l̂ A"(n) in relation to the values of the T^t/nj. A maximum value of
l̂ A"(n) can be stated (this would occur if the signs of the *^Xl(n) w e r

fully correlated) and a mean expected value of this width can also be
given; the latter is

v^

(3.95a)

(3.95b)

is the fission width of the quasi-class-11 resonance.
Exactly similar relations hold for the partial radiation widths

for electromagnetic transitions to lower class-II states, so we see
that each admixed level has exactly the same pattern, in terms of
relative intensities, of class-II spectrum superimposed on the normal
class-I spectrum. This "fingerprint" spectrum could be used to
identify the second minimum phenomenon in resonance behaviour when the
class-II states themselves cannot fission (because the saddle-point is
Coo high)• The "fingerprint" behaviour is of course quite
different from the normal spectrum behaviour which varies strongly
(at least in the high transition energy region where discrete
transitions can be observed) from one resonant state to the next.
Bach class-II "fingerprint" spectrum will also vary strongly from
one class-II group of resonances to the next group. Radiative
transitions are treated in greater detail in Section 4

Neutron (or other particle) widths cannot be given to
unambiguously. The expressions for reduced neutron widths (in the
experimenters' convention: neutron widthdivided by penetration
factor) are

(3.97)

_
(3.98)

Physical examples of such coupling between class-I and class-XI
states are to be found in the slow neutron cross-sections of 240pu

and 238U. In the former, three now well-studied class-II states occur
below a neutron energy of 2000 eV, and in this energy range the
average class-I level spacing is ~ 14 eV. For each of the class-II
states, identified by the comparatively high fission cross-sections
of the resonances in their immediate vicinity (see Fie. 26). the
class-II fission width is about 2 eV. In two of the cases (at 800 eV
and 1900 eV) the bulk of this fission width is to be found in a single
weak, but broad, resonance at the centre of a cluster of strong
fission resonances. The quasi-class-II resonance thus identified has
a reduced neutron width less than one-tenth of the average value of
its neighbours.

(ii) Very weak coupling with accidental degeneracy

The perturbation theory of sub-section (i) above does not cover
the possibility of an accidental degeneracy or near-degeneracy between
a class-I state and a class-II state. This situation, with weak-
coupling to the remaining class-I states can be dealt with quite easily.
The sub-section H s of the Hsmiltonian matrix around a given class-II
state (moved into the row I, column 1 position) is

(3.99)

7
Here, E 2 is the nearly-degenerate class-I eigenvalue. The top left-
hand sub-matrix of order two can be diagonalised by a matrix with a
unitary sub-matrix W in that position and partitioned otherwise as

374



BJ operating with this matrix and *'ts reciprocal on the sub-aiatrix Hs

using perturbation Cheory detailed .?sults for the widths can be M

obtained (43). These are not quoted here. It is sufficient to say
that Che class-II and nearest class-I states are shared almost
equally between two fine-structure resonances (but with opposite
signs in the relative amplitude), so that these two resonances appear
with almost equal fission and neutron widths, and interference in the
fission cross-section is constructive between the resonances. This
phenomenon is exemplified almost perfectly in the 1405 eV class-II
resonance in the neutron fission cross-section of 240pu fp^B. 27).

From the results on the neutron fission cross-section of 240pu
It appears that the average class-II fission width is 2.5 eV
and the mean squared coupling matrix element is 5.1 eV^.

Ie i* normal to express the value of the latter in the form of the
coupling width

(3. .0.)

for a single class-II state ^JJ» together with the normalisation
condition

(3.102)

Here the CXT» ^ATT a r e t n e expansion coefficients of the ctass-I and

class-It states in the diagonalised states X:

v = > C.-V- x \ f •+ C-v.. / v - (3.103)

because, as will be seen in the next section that for somewhat
stronger coupling, this is the width of the Lorentzian profile of
fission widths. From the expressions (3.74),(3.75)
information on the barrier heights of 241Pu can be obtained. From these
equations we find

The solution of these equations (43,491 is

2if(VA -

2ir(VB -

- 3.8

- 3.6

These values are special to states of spin and parity J^ *• J+; the
conventional barrier height expressed irrespective of spin will almost
certainly be lower than this.

(iii) Moderately veak coupling: narrow class-II states

Moderately weak coupling may be defined as the magnitude of the
coupling matrix elements lying within the range

<Vx I

"1Xs?

(3.104a)

(3.104b)

(3.104c)

This result is exact and incorporates the results of perturbation
theory for the very weak coupling case. Equations (3.104) ere most
easily surveyed for the uniform, or picket-fence, model of level
structure. Class-I levels are assumed to be equally spaced (vith
interval Dx) and the squared matrix element of Hc is assumed independent
of *\j. Thus

Ex_ - E^ = - ̂ Jlt- Cot/lfx\ (3.1O5a)

With these conditions it is a good approximation to consider only the
nixing of a single class-II state vith a group of dess-X states in its
vicinity. Howeverjthe coupling is too strong to permit a perturbation
treatment.

The limitation to a single class-II state allows the diagonalisation
of the matrix on the right-hand side of equation (3.88) to be reduced
to the solution of

(the origin of the energy scale coinciding with a class-I level) and

(3.105b)
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la the familiar Lorentzian form of equation (3.105b) the half-*
width of the profile of squared admixture coefficients (defined as
half-width at half-maximum) is

W (3.106)

The first factor is the well-known "golden rule", and for all but
very weak coupling the second factor is nearly unity. It must be
rooembered, however, that, according to equation (3.105a)p eigenvalues
are densest close to the spreading class-II state XJI (Fig.28 is a
schematic diagram of the solution 3.105a), hence the half-width of
suitably averaged strength of the C^jj /Dj as a function of energy
is less than the result given in equation (3.106). In fact it has
been shown (Lane et al (8!)) that W » TrHc

2/Di is the exact result
for the locally averaged intensity coefficient if the average mixing
o£ \ix into the states \ is defined by an ensemble procedure in which
the members of the ensemble are all possible patterns of E^ and
C'ATT)^ resulting from prescribed mean values and statistical
distributions of the class-I level spacings and the matrix elements.

An estimate of the value to be expected for the Lorentzian half-
width in terms of the intermediate barrier transmission coefficient
T^ can be obtained from equation (3.106), with the result

(3.107)
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The coefficients of mixing of the class-II state into Che states
A, as expressed by equation (3.104c), can be us-id immediately to give
the fission widths in the narrow resonance approximation;

(3.108)

In the uniform model the resonance fission widths would therefore
follow the Lorentzian profile of equation (3.105b). Entrance channel
widths must be deduced from the coefficients of equation (3.104a).
Far from Che class-II state the entrance channel widths are very little
disturbed from the original pattern possessed by the class-I states.
Near the original class-II state there is considerable dislocation of
the original pattern, but, except in the case of very weak coupling,
there will be no strong reduction in expected value, and anti-
correlation between fission width and entrance channel width will only
be weak.

Physical examples of moderately weak coupling have been observed
in the fission reaction in a few cases. The best explored is the
slow-neutron-inducsd fission cross-section of "4(j (50). Fission and

neutron widths have been measured for all the resonances in the region
of 580 eV and the former show (Fig. 29) a Lorentzian type of profile
about this energy, but with very considerable scatter about the ideal
form owing to the Porter-Thomas fluctuations normally expected for
compound states. The half-width of the profile has been assessed as
64 eV, a factor of 6 times the mean class-I level spacing (Dj *
10.6 eV). The deduced harrier heights are VA - 5.53 HeV (with -hu)A
assumed to be 0.8 HeV) and VB -5.86 HeV (fiaig assumed to be 0.52 MeV).
Another example, in which the fine structure resonances have not been
experimentally resolved, occurs in the fission cross-section (see
Fig. 28) for neutronsbombarding 23°Th (51). in this case the class~II
state appears to be of particularly simple character (see Section 6).

(iv) Weak coupling; broad class-II states

The expression

> r f'-J (3.109)

which stems from equation (3.108) combined with (3.105b), also
describes the fission widths of the fine-structure resonances in the
cross-section when the class-II fission width is greater than the
class-I level spacing. In this case the class-II width in the
denominator is the sum of the coupling width and fission width of the
state. It is important to note,however,that the fission widths in this
new case aie the partial widths of the S-matrix poles describing the
fine-structure resonances. In the case of weak coupling the sum of
widths of the resonances encompassed by equation (3.109) falls far
short of the total class-II fission width. The difference is
encompassed by an extra pole with very small partial width for the
entrance channels this pole is not manifested by an obvious fine
structure resonance, but rather, by a very weak slowly varying back-
ground effect.

The effect is demonstrated by a numerical experiment (52].
R-matrix levels of class-I type were generated with Porter-Thomas
statistics for reduced neutron widths and squared coupling matrix
elements (Hc)

2x_\-_ in the region of a postulated class-II R-matrix
state. The coupling between the states was accomplished according to
the formulation of section (iii) above to give the final R-matrix
states, and from this simulated set the R-matrix and collision matrix
were generated. Numerical methods were then used to find the poles
and residues of the S-matrix. Also, the cross-section was generated
and the apparent R-matrix levels were determined by fitting procedures
(Fig. 30). Some results for the central resonances produced by this
procedure are shown in Table 2. It is apparent that the true
R-matrix states bear little resemblance to either the apparent (fitted)
R-matrix states or to the S-matrix poles; the latter sets are very
similar however, except that the set of apparent R-matrix states do
not contain the very broad S-matrix pole. The apparent R-matrix stat*s
have very similar neutron widths to the class-I R-matrix states.

(v) Class-II coupling and fission widths of similar magnitude



When the width of the elass"II state is greater than the class-I
level spacing, but its fission width ic of the same magnitude as the
coupling width, Lorentzian patterns of fission widths in the resulting
fine-structure resonances break down. A typical case, in which the
partial fission widths of the S-rnatrix pnles are plotted, is shown in
Fig. 31. This case is now becoming so complicated that even the
S-matrix poles do not always give a clear indication of the pattern of
fins-structure resonances. In a case simulated, as in (iv) above,
this is shown by the results of Table 3. The generated cross-section
is shown in Fig. 32; fitting with a set oE R-matrix levels based on
the observed resonances in the cross-section is now clearly unsatis-
factory.

4. AVERAGE CROSS-SECTIONS OF FISSIONABLE NUCLEI

4.1 Introduction

With a formal reaction theory, developed to include fission
channels and specialised to display explicitly the extra features
introduced by the double-humped barrier, we are now in a position to
study the expressions required for calculating the energy-averaged
crocs-sections of fissionable nuclei. In these lectures we shall
restrict the discussion to the compound nucleus mechanism, so the
expressions required are of the Hauser-Feshbach or statistical type;
this theory has been discussed in earlier components of the present
course. It is not anticipated that fission cross-sections themselves
will proceed by any other than a compound nucleus mechanism, but it
tcust be borne in mind that competing reactions (in the compound
nucleus sense) may also be influenced by more direct or pre-
equilibrium mechanisms, particularly at higher projection energies,
and also that fission which is not the primary stage in a reaction
(i.e. n.n'f or n,xnf) can be influenced by such direct processes
operating in the earlier stages.

4.2 Hauser-Feshbach formalism

Since the general material has been coveted in Moldauer's
lectures only a brief summary of the basic material is given here.
The simplest derivation of Hauser-Feshbach stems from the narrow-
resonance approximation. If the Breit-Wigner single-level form of
the cross-section is averaged for an energy interval equal to the
level spacing D the result, fo** the total compound nucleus formation
cross-section is

<x... =
and for the reaction cross-section in channel c is,

5"

(4.1)

(4.2)

where X(m l/k) is the neutron de Broglie wavelength divided by 2TT.
These expressions can be recast using transmission coefficients
defined for narrow resonances by

T>
(4.3)

The recast expressions are in the simplest Hauser-Feshbach form:

T.Tfc

Te,Tc.
(4.4)

For larger energy intervals than a single level spacing Che fluctuations
of the widths from resonance to resonance must be taksn into account.
For the total compound nucleus formation cross-section averaging over
resonances makes no formal difference; the neutron width for a part-
icular resonance is simply replaced by its average. For a specific
reaction cross-section the whole factor ^/^Ey/P must be averaged,
and as a result the cross-section can no longer be written simply as
equation (4.4) with the transmission coefficients each proportional
simply to an average width. It is normal however to retain the
form of equation ('«.4) and simply to multiply in an extra factor 3
which takes account of the distortion introduced by averaging over
Porter-Thomas distributions:

(4.5)

The fluctuation factors B normally lie between about 0.5 and 1.5 for
Porter-Thomas distribution of partial widths.

This method for deriving the Hauser-Feshbach form breaks down
when resonances become broad. For moderately broad (not completely
overlapping) resonances Lane and Thomas [45) have shown that the
transmission coefficients in equation (4.5) must be replaced by

X =

For still broader resonances it is necessary to use the S-matrix
formulation to retain some resemblance to the cross-section as a
superposition of single-level forms. With this the interference
between the single-level resonances can be made more explicit. A
study of a range of picket-fence models by Moldauer (53) has shown
that the transmission coefficients for the Hauser-Feshbach
expressior can be written

(4.7)
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Furthermore, the S-matrix widths in this term can be written in
ten* of R-matrix quantities:

gT|f*ffl = 4-t*. Milk) , (* # < I)

~}J> > J

(4.8)

As far as practical calculation is concerned the difference between
S-matrix and R-matrix widths only becomes large when P(c)/D
approaches unity, but then the difference in inserting the latter
ratbsr than the former in equation (4.7) for the transmission
coefficient is quite small.

Tt should be noted here that- special attention must be paid to
the treatment of elastic scattering (see (541).

All the above comments are for conventional particle channels.
Important modifications can arise when the fission channels are
introduced. First of all,however,it should be noted that the more
elementary forms of fission reaction theory give expressions for
fission transmission coefficients that can be substituted directly
into the Hauser-Feshbach expressions. Thus, the expression from
one-dimensional barrier penetration theory (equation 3.7) is exactly
the fission transmission coefficient to be provided by this theory
for the average cross-section.

4.3 Statistical expressions for very many channels

4,3.1 Neutron channels

He start from the compound nucleus formation cross-section
through an individual channel with neutron energy c (to which
corresponds a de Broglie wavelength divided by 2n,Xn) as given by
the transmission coefficient T j " / n ) :

(?) (4.9)

where g(J.I) is the statistical spin weighting factor for bombard-
•ent cf a target with spin I to form a compound nucleus wi£h total
angular moicentuiD J and parity IT.

The full compound nucleus formation cross-section is, from (4.4),

378 I (4.10)

• being the channel spin for the given entrance channel and 1 the
neutron orbital angular momentum. Generally, the transmission coeff-
icient depends, for given energy e, most strongly on 1. Hence,
ignoring the dependence on J and the channel spin s, we may write

(4.11a)

«=o
(4.11b)

where m is the reduced neutron mass. The sucmed transmission coeff-
icient for total elastic and inelastic scattering at excitation
energy E can be written in terms of the level density of states of the
residual nucleuc as follows:

^

(4.12)

Here -he parity TTj of Che residual nucleus is given by TTJ • (-1) IT,
and SR is the neutron separation energy of the compound nucleus. A
conmon and convenient assumption for the dependence of level density
on angular momentum is the (2I+I) proportionality. This allows the
reduction of equation (4.12) Co

(4.13a)

with the use of equation (4.11b). Here ,-eI
*n effective angular momentum value of zero

: is the level density for
'.i.e. is p(U,O) for an

even or odd nucleus, ip(U,{) for an odd-mass nucleus) and both parities.
In the use of equation (4.13b) c^is generally assumed to be virtually
independent of the neutron energy e.

A more accurate representation of the spin dependence of the level
density is

5-1
(4.14)

J J



where a is a spin dispersion coefficient. The introduction of this into
equation (4,12) prohibits the simple derivation of equation (4.13b).
We now have, approximately

« 2 f (71, l) (13* 0 4(T, J!) f>*V>4o)TTffl

With this expression, equation (4.12) is cast into the form of (A.13b)
but with an additional factor £e£{(JLc) in the integrand:

T-r,

For rough calculations a simple prescription for feff(J,e) is to make
i l f t J l ) h l ^ i l i b i h

g
it equal to

p p eff
where lmax ^

s t n e partial wave contributing the
i i i itnosc to the compound nucleus formation cross-section in equation

(4.11a). This will vary with energy, and to remove it from the
integrand of equation (4.16) l m a x should be calculated for the
approximate mean energy t" of neutro emission:

(4.17)

If .the level density contains the usual well-known temperature factor
eu'°, then Z » 20. Some values of f(J,i) are given in Table a.

The same assumption of a constant temperature level density
behaviour aU.ow3 the evaluation of the integral in equation (4.16).
Using

(4.18)

for the level density ox the residual nucleus, we find

*.19)

for neutron energy E n. For more complicated level density laws
equation (4,i9) can still be used in numerical work hy breaking up the
level density function into regions of constant temperature.

4.3.2 Electromagnetic radiation

An individual transmission coefficient for y-ray emission of
energy Zy from highly excited states of energy E and total angular
momentum and parity J77 can be written

(4.20)

where f(E,e ) contains the energy dependence of the transition matrix
element (structure effects) as well as the phase space dependence
£y2ft.+ l depending on the multipolarity of the transition concerned
("*£- ) for the most important multipolarity, electric dipole radiation).
The total radiative transmission coefficient is therefore

J-M

in wliich pvc'(U,j£) is the level density of the normal states of the
compound nucleus at excitation U. The straightforward relationship
between T and T/D given in equations (4.20) and (4.21) can be used
because ol the weak perturbation effect of the electromagnetic
coupling on the nuclear system.

4.3.3 Fission

For a one-humped fission barrier, of height Vp, the total fission
transmission coefficient is the sum o£ coefficients for all channels v,
each having intrinsic excitations p, which effectively increases the
barrier height for that channel by the amount^U:

tfii{ (4.22)

where p'F'(£) is the density, at the deformation of the barrier, of
intrinsic excitation states. This simple concept of a total fission
transmission coefficient cannot be applied immediately to the double-
humped barrier ur.less there is no interaction with other degrees of
freedom in the secondary well region. If the class-II states assoc-
iated with the secondary well deformation are effective compound
nucleus states thoroughly mixing the degrees of freedom then the
statistical theory of Section 3.3 gives a first orientation for the
fission transmission coefficient; by expressing the right-hand side
of equation (3.25) in the form Teff,f A*,TC, it ii seen that
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(4.23)

(neglecting all particle and electromagnetic decay processes of the
clasa-II states). The individual coefficients T^, Tg that appear in
thia expression are now to be understood as total transmission coeff-
icients across the individual barriers A and B, and can be expressed
in the form (6.22) with A, B, respectively, substituted for the sub-
scripts and superscript F. The form, of T in the integrand of
equation (4.22) will be that of equation (3.74), (3.75) respectively,
for parabolic forms of the barriers.

With this specialised fort for T in the integrand of (4.22),
the expression can be reduced to a form suitable for simple approxi-
mation by adoption of the constant temperature level density relation

(where U is the effective excitation energy relative to the barrier)
«nd suitable expansions for the tunnelling factor of equation (4.22).
In this way it is deduced that

More drastic modification to the transmission coefficient is
required for energies below the barrier where the class-II resonances
do not overlap (55), We consider first the case in which the class-II
resonance widths encompass many class-I level spacings. Then a local
fission transmission coefficient can be defined (from equation
3.109),

T, = (4.27)

for an energy interval small compared to the class-II state width.
This is to be substituted into the expression for the fission
probability

V --J±
c.Tc

(4.28)

(4.29)

vhere

and

*II(c) *II«)
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(4.25)

for E - V F > 0. The terms neglected in the second square bracket of
the right-hand side are of order (h(Dj/2TT%)* and higher, and those
neglected in the third square bracket are those left after cutting
the summation at n « "cut* ^ o r E - Vp < 0

(4.26)

(For narrow class-II resonances T^u <K D n , T^ and Tg can be equated
to the barrier transmission expressions in equations 3.74, 3.75.)
This is a local fission probability with Lorentzian form. If it is
averaged over the level spacing D^j we obtain the expression to be
used in statistical theory:

Y T /

(4.30a)

(4.30b)
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For * sequence of uniform elass-II levels the averaged fission prob-
ability is

(4.31)

The large differences that can transpire between the results given in
equation (4.30) and the statistical theory result that contains the
implicit assumption of overlapping class-H levels,

P
•f = (4.32)

are shovn in Fig

When the class-II resonances become even narrower than the
class~I level spacing, the departure from the statistical expression
becomes even greater. This is because the quasi-class-IX state
carrying the bulk of the class-II fission width has an anti-
correlated entrance channel width. The relevant expressions can be
obtained from the perturbation theory developed in Section 3.4.5.3,
and are given in ref. C55J, The effect is illustrated in Fig. 34.

4.4 Level densities for statistical transmission coefficients

4.4.1 Remarks on the independent-particle model

The above "gross" transmission coefficients depend strongly not
only on barrier heights, if they exist, but also on the magnitude of
the level density and its dependence on energy. Ail the level density
factors appearing in the above expressions are different. The neutron
scattering and radiative coefficients differ in the level density
factor through the kind of nucleus (number of nucleone) buc the
deformation will be similar; in these ^€sc5 che level density
behaviour is quite "ell-Ur.&wn. The level density factor £or fission
depends on a quite different concept - the density of intrinsic
states at the deformation of the barrier.

The methods for calculating level density have *een described by
Ramamurthy in his lectures at this Winter School. Here most of my
remarks will be concerned with the extension of these concepts to the
strong deformations associated with the fission barrier. Modern theory
and computational methods for level density are based on the picture of
build-up of independent-particle states from superpositions of excited
quasi-particles, which are the states in the region of the Fermi level
occupied by single nucleons not involved in the correlated motion
caused by the pairing interaction. The main effect of the pairing
interaction in modifying the structure of the single quasi-particle
levels is to introduce an energy gap denoted by 2A» the magnitude of
which is proportional to the density p s of single particle states at

the Fermi energy as well as to the strength of the pairing force. In
even nuclei no states of single-particle character appear within the
energy gap; immediately above the gap two-quasi-particle states are
found. In odd-mass nuclei, single-quasi-particle states are found
within the energy gap, but at the top of the gap there is a sudden
increase in density as three-quasi-particle states appear. At a
sufficiently high excitation energy (believed to be several MeV)
sufficient single-particle orbitals in the vicinity of the Fermi energy
re occupied by single quasi-particles that a pair-correlated state
annot be formed (the blocking effect) Above this energy the density

par
State energies. nowevti, extiranon etiergitis ait: tdituidLeo nuia *.»*:

ground state of the correlated system, and this is estimated to be an
amount JpsA^ below the energy of an equivalent true independent-
particle system. Consequently, the effective excitation energy to be
used in the independent-particle model calculation is to be reduced
below the true excitation energy by this amount.

The discussion of the density of states in the above-outlined
independent-particle model can be based on the expression for the
level density of the Fermi-gas, an idealisation of the independent-
particle system. The form of the Fermi-gas expression as a function
of effective excitation energy is

(4.33a)

\1 a* 0s-*
(4.33b)

(4.33c)

a =

(4.33d)

Here the quantity ps is the density of single-particle states in the
region of the Fermi energy of the nuclear system (with mass number A).
The predominant Fermi-gas parameter a governing the exponential-type
rise of the level density with excitation energy is proportional to p s

We are thus led to a first intuitive expectation of the level
density at the barrier deformations compared with those of normally-
defonned nuclei. It will be temembered that the Strutinsky shell
correction term is dependent on the same density of single-particle
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states at the Fermi energy, being a minimum when p s is low and
maximum when p s is high. Consequently at the barrier deformations
(both inner and outer) pg, hence a, will be high, and the level density
of intrinsic excitations at moderate to high excitetion energies is
expected to be correspondingly higher than for normal deformations.

Detailed calculations (56,57) do not confirm this expectation.
For moderate excitations the barrier densities are found, if anything,
to be slightly lower than the normal level density. The reason is the
rcle played by the energy gap. This is increased for the barrier
deformations and the effective excitation energy is thereby decreased.
It also appears that in the lower energy region where the correlated
pair motion is of fundamental importance, the energy variation of the
Fermi-gas form is too extreme; a simple exponential form, as already
used in the derivation of expressions for tne total fission trans-
mission coefficient, equation (A.24), is a closer approximation,

(4.34)

4.4.2 Rotational atates

The independent-particle model,however,does not contain the
entirs spectrum of excited nuclear levels, Xt is well-known that
collective states, vibrations and, especially, rotations predominate
at low excitation energies and are believed to persist in importance
to energies of at least several MeV. Although their description
ultimately must be in terms of individual particle degrees of freedom
the current theoretical interpretation of this description is that it
involves excited single particle states from energies well above the
first few MeV of excitation. In this energy range therefore these
collective states involve extra degrees or" freedom other than those
involved in the independent-parCicle states. The latter, therefore,
axe to be taken as the band-heads for groups of rotational states
when calculations are made of the level densities oi deformed nuclei;
the deformation removes the magnetic sub-state degeneracy (the total
angular momentum of an independent-particle state is no longer a good
quantum number), and, for a cylindrically symmetric nucleus the
projection of the independents-particle spin on the axis of symmetry
gives the K-value or" the band-heyd. Since the wave-functions of
these band-head states are constructed from symmetric top functions
of both positive and negative K to give correct invariance properties,
the density obtained from the calculation of independent-particle
state density must finally be divided by two (except in the case of
K • 0, but this point is ignored below).

The K-dfipcndence of the band-head states is not g ven explicitly
in these level density theories but it is generally assumed to be
Gaussian in nature with maximum probability at zero:
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(4.35)

(zero or positive K values only, on the assumption of cylindrical
symmetry). Examination of ~Ue Nilsson model of single particle
schemes in the actinide region indicates that for single-particle
neutron levels O K ^ "• 3.5 and for single particle proton levels
°"K * 3. giving an average value (T̂  * 3.25* This will be the band-
head dispersion coefficient for odd-A nuclei below the energy gap
excitation level of 2A, but in the region of 2A above the energy gap
it will tend to /3" times this value (3p-2h states) and to A times
3.25 in the subsequent energy region in a pure independent particle
picture. An odd nucleus will be expected to have o^ * /? x 3.25
in the lowest energy region, and <?K - JZ x 3.25 in the next range,
while an even nucleus will have (Ĵ  * /2 x 3.25 in the energy region
immediately above the snergy gap, and only a very low value
contributed by sparse collective vibrational levels (like the gamna-
vibration) within the gap itself. Indeed, within the energy gap of
an even nucleus it is straining to breaking point the whole concept
of a statistical picture to attempt to describe the energy states in
this way.

The total density of nuclear states is finally determined by
adding to the band-head density the contribution of collective states.
The principal component of the latter comprises the rotational states,
and in this report collective states of other kinds are neglected.
Thus, the density of states of angular momentum X is

where K^in " 0 or | depending on the odd-even character of the nucleus,
and

< 4 < 3 7 )

Oit'r
( 4 > 3 8 )

For small values of the coefficients (fl2/^© - l/2oK
2) (compared with

I*"2) and 1i2/230 (compared with I"') this expression tends to the form

(4.39*)

J



where & s

and rt A\\
2

u/6

(4.39b)

(4.39c)

As explained above, O^ increases with energy and if its value at low
energies is inserted here, its overall (smoothed) energy variation
being included in the exponential, there will be a temperature
increase of about 7%. The actual departure of the K-summation term
of equation (4.38) from the value of (2l+l)/2 can be offset-to some
extent by modifying the spin dispersion coefficient a of equation
(4.39). For example, for *2/23 - 7.5 keV, 0 - 0.5 MeV, (JK = 4.6,
the effective spin dispersion coefficient is modified from its
rotational value (90*h2)* - 5.77 to a value of about 5.3. A set
of effective o values, evaluated for angular momentum I » 13/2, is
given in Table 5.

The semi-quantitative estimates of level density of the
actinides from pairing correlation theory (58), adjusted to
observed low-lying band-head states of odd-A nuclei, like ^"u and
234po a r e ;

(i) for odd-A nuclei

4-1 O E

( i i ) for even nuclei

(Hi) for odd nuclei

3-4-+ HE.

* 7-5J

o- «*

(4. Mb)

(4.42a)

(4.42b)

397

with 0 « 0.44 MeV.
For the values of moment of inertia and temperature met with in

practice for the actinide nuclei, the addition of the rotational states
aa developed aVove provides a considerable enhancement factor to the

total level density, but further increase of the moment of inertia
with increasing prolate deformation will not in itself give any
significant increase in this rotational enhancement. In fitting
fission cross-section data to statistical theory expressions it has
been observed (59) that an extra enhancement factor of between 2 and 5
is required on the barrier densities to explain the overall magnit-
udes of the cross-sections. The larger factor appears to be appro-
priate to the inner barrier A and the smaller to the outer "oarrier B.

The cause of this extra enhancement factor has been explained
as further deviation of the nuclear shape from a symmetric,form at
the barrier deformations (601. The outer barrier is the simpler to
consider. Calculations of the energy of deformation using the
Strutinsky method indicate that at the outer barrier reflection a-
symmetric shapes are energetically favoured. The result of this is
that for any rotational band-head state a whole rotational band of
opposite parity beeacmes possible, thus doubling the level density.
For Che inner barrier the Strutinsky calculations indicate,
generally* that axial symmetry is lost although reflection symmetry
is retained. In this cgse the nucleus can rctate about the three
principal axes of the ellipsoidal shape. The enhancement factor over
the level density of tha axially symmetric shape is expected to be

/ * which is numerically * 4.

4.4.3 Experimental data on level densities

In some analyses of fission data using the statistical model the
level density behaviours involved have been purely theoretical ones,
based on the independent-particle model as described above (56),
with rotational enhancement factors introduced at later stages of the
work (6U; the single-particle states required for such model? have
also been drawn from theoretical calculations. The opposite philos-
ophy is to draw the level density behaviour from observation as far
as possible, and hopefully to understand its main features from theory.
Thin is the approach adopted in ref. (59) and described here.

For level densities of the normally deformed nuclei the basic
expressions adopted follow the lines recommended by Gilbert and
Cameron (62). Above a specified energy Ejp the Fermi-gss formulation,
equation (4.38), is adopted and the dominant parameter a is, usually,
fixed by observations of neutron resonance spacings. To account for
residual odd-even effects in these spaciugs the effective excitation
energy is adjusted to U = E-P(Z)-P(N). The P-factors ire drawn from the
compilation in ref. (62). Below Ejp the constant temperature form,
equation (4.34), is adopted, but below the energy gap 2A, taken to be
1.2 MeV, for even and odd-A nuclsi, a simple constant value is
adopted as being more realistic. The parameters for the constant
temperature form are based on the semi-theoretical estimates given in
equations (4.40) to (4.42), but with modified numerical parameters.

The numerical modifications consist of replacing the energy
dependent spin dispersion coefficient by a simple constant evaluated
from equations (4.40b)t (4.41b), (4.42b) at an excitation energy
between 2A and 3A. The reason for this is that this coefficient would
otherwise be considerably greatp-r than the value given by equation (4.33)
of the independent particle model at the transition energy, E x, between
the two forms. In addition, the temperature 0 is increased to at least
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0.5 MeV. This second adjustment is necessary for two reasons. Firstly,
with the lower temperature the level density rises too fast to meet the
independent particle formula; indeed, equations (4.40) to (4.42),
extrapolated into the neutron resonance region, give much smaller
resonance spacings than any observed. Secondly, detailed calculation
of the capture cross-sections of 238^ an(j 2 3 2 ^ Up t o neutron energies
greater than 3 MeV and the capture gamma-ray spectra of these nuclei
demand temperatures of 0.5 MeV to reproduce the available experimental
data; in this analysis the model of the electro-magnetic transition
process is important,, and for this the giant dipole resonance model of
Brink (86) was chosen. A temperature of 0.5 MeV is adopted in ref.
(591 whenever this allows the simple constant temperature model to
meet the independent particle formulation at an energy, E x, below the
neutron separation energy of the nucleus concerned. When this does
not occur the temperature is adjusted to reproduce the observed
neutron resonance spacing. Among the actinides, the highest temper-
ature required by this procedure is 0.544 MeV for 247Cm.

At the excitation energies at which neutron resonances are found
it is normally assumed that the independent particle model of level
densities is valid, and hence the neutron resonance data are used to
determine the Fermi-gas parameter, a.

AC the lowest excitation energies a simple extrapolation of the
constant temperature level density form is generally inappropriate to
allow reliable calculations of inelastic scattering transmission
coefficients at low to moderate incident neutron energy- It is
particularly important for such calculations that the local trends
and jumps associated with the energy gap at 2A are reproduced
reasonably accurately by the level density formulation adopted. A
simple first approach is to choose, for even and odd-mass nuclei, a
constant level density within the energy gap, 2A, the numerical value
of which is normally taken to lie between 1.0 and 1.2 MeV for normally
deformed actinides. The value of this constant level density can be
evaluated from low-lying level spectra. For even nuclei, the data
indicate peff « 0.5 MeV"', O - 4 . For odd-mass nuclei, Peff * t.25 MeV~',
o~ * 4.5. For odd nuclei the rather sparse level spectra available
indicate that extrapolation of the constant temperature form down to
zero excitation energy is a reasonably valid procedure.

comes from radiative de-excitation. For somewhat higher excitation
energies at which competition can also come from neutron emission
through a limited number of channels, fission and other cross-
sections can be calculated using the code AVXC. At higher "energies
still, or for other cases in which only statistical knowledge of
de-excitation channels is available, or for cases in which partial or
complete cascades of de-excitation particles or gamma-rays must be
followed the fission probability, or probability for other processes,
can be calculated with the code EVAPF. In all three of these codes
the fission transmission coefficient is calculated according to the
principles described in Section 4.3.3.

5,i The code FISRA

This code calculates the fission probability for decay of the
compound nucleus when there is competition only between fission and
radiative decay. Since the latter process is weak there is effective
competition from it only at sub-barrier energies, at which the
fission transmission coefficient, Tf = 2nTj^£j/D is effectively
modulated by the intermediate class-II structure. This modulation has
an important effect on the calculation of the fission probability Pf
as described in Section 4.3.3. The basic formula employed by the code
is equation (4.30).

The physical cases for which this code is likely to be of most
value are those of fissioning even compound nuclei at sub-barrier
energies, so the code embodies simple structural models for these
cases. The relevant compound nuclei will usually be excited by
particle transfer reactions, such as (d,p) or (t,p), causing a con-
siderable range of angular momentum states to be populated. To allow
for this a rotational model for the transition states at the barrier
is adopted i.e. for each component of angular momentum J the effective
barrier energies to be adopted in equation (4.30) are

(5.1a)
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5. COMPUTER CODES FOR CALCULATING AVERAGE CROSS-SECTIONS

5.1 Introduc tion

This section is not intended to be a review of available computer
codes *iiat exploit, for the fission channels, the theory that includes
the effects of the double-humped fission barrier; unlike other
f-iailies of codes for cross-section calculations, such as optical model
codes, such fission codes are not generally available. Here I shall
only describe in general terms a few of my own computer codes for
fission problems. These are not yet in a form in which they can be
released for general use, but I hope to be able to make them generally
available in the not too distant future.

The first code described is FISRA; with it the fission
probability is calculated for the case in which the only competition

(5.1b)

The weightings for each angular momentum component (i.e. fraction of
ccmpound.nuclei formed with angular momentum J) and the moments of
inertia 3^, Jg are input quantities to the program, the latter being
entered in the form ft2/2jA, fi2/23g. The basic barrier quantities

Vg(0), ttiog are also input parameters.

form

T
f (5.2)



that would follow, as the leading term, from a constant temperature
level density form for the residual states, such as equation (4.34).
The values of the constants Ty(o)(0) and the level density
parameters a, 0 are chosen from an appropriate model for the radiative
emission process and adjustment to experimental data, as described in
Section 6. These are input data.

Two options are also available. The behaviour of the code as
outlined above calculates the fission probability on the assumption
of complete damping of the vibrational states of the second well.
One option available in the code is a schematic damped vihcational
model. This is introduced through the following sequence of equations,
introduced into equation (4.30) for each J component:

(5.3a)

nv
-r

a ~
rvfB;

(5.3b)

(5.3c)

The second option is the introduction of Porter-Thomas statistics
for the class-II fission and coupling widths. This is done on a p>;-ely
numerical basis. Mean values of T A and Tg are calculated as above
(either option). Individual values of T^ and T B appropriate to a local
class-II level are obtained by independent random sampling from the
Porter-Thomas distribution and substituted into equation (4'. 30). This
is repeated a largs number of times (100 time3 in the standard version
of the code, but this can be very simply changed), and the resulting
values of Pf are averaged.

The calculation can be carried out for a sequence of energy values
spaced by a specified interval. An example of the calculated results
is given in Fig. 35.

5.3 The code AVXC

The code AVXC is designed to calculate neutron cross-sections for
all specified channels on the basis of Hauser-Feshbach theory as
outlined in Section 4.2. It is suitable for use when the detciled
properties (intrinsic excitation energy, angular momentum, parity) of
all energetically available channels (including deformation channels)
are known or can be inferred from principles of nuclear structure.
The neutron energy is a specified input to the calculation, and is
re-specified for every energy value for ahich the calculation is
required. At each neutron energy the total radiation width (assumed
independent of angular momentum) is also specified. This is converted
into the radiation transmission coefficient T-fj « inV{y)/Dj. The
level spacing Dj is obtained from that for zero angular momentum and
neutron energy (an input quantity) by extrapolation, using the level
density expression, (4.33); for this the level density parameter, a,
and spin dispersion coefficient o are specified.

For inelastic neutron channels the cross^section has the form

(5.3d)

[5.3e)

The quantities En, •noin, K(D)> * 2 /23n and nv are all program input.

(5.4a)

(5.4b)

where I (an input quantity) is the spin of the target nucleus, the
total angular momentum J ranges over all integer or half-integer
values, whichever is appropriate to the nature of the compound nucleus,
but a practical upper limit of the order of 10 is set in the code,
s is the entrance channel spin, s1 the-.gxit channel spin, 3. the
entrance channel orbital angular moirentui., V the exit channel orbital
angular momentum, and I1 (input quantity) is the angular momentum of
the state o£ the residual nucleus reached aftet inelastic neutron
emission. The parity ir of the compound nucleus is determined by the
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parity TTJ of the target nucleus and the orbital angular momentum of
the entrance channels

The transmission coefficients across each barrier for the
deformation channel are calculated in the form.

"IT, (5 S) = ? (5.7)

Since the parity iTjt of the residual state is fixed (another input
quantity) the possible values ot* orbital angular momentum in the exit
channel V are controlled by this, i.e.

(5.6)

The numerical values of the transmission coefficients are calculated
from equation (4.3), che values of the strength'-function Y ^ n ' ) ^
being input quantities; in the present version of the code these are
dependent only on Che orbital angular momentum of the neutron channel,
there being one value for even values of V and another for odd values.
The penetration factors P£> of equation (4.3) are calculated from the
standard R-matrix expressions C4S) a channel radius (suitable for the
actinides) of 9 fm being built into the code, and the neutron energies
required are calculated from the initial neutron energy and the
specified energies of the sBtes of the residual nucleus.

where the "penetration" factors p^.B have the Hill-Wheelar form
(3.74), (3.75), and the strength functions sAj^ normally have the
value 0.5 for strong-damping of the class-II vibrational modes, but
can be written in a damped (or pure) vibrational form through use of
a subroutine FISST.

Cross~sections are calculated by the program, both with and without
the effect of fluctuations in the resonance partial widths. In the
latter case the procedure for calculating corss-sections from the trans-
mission coefficients is straightforward. The summed values (for given
J") of both T A and TB over all deformation channels are taken, and the
value of the fission probability Pf is calculated from equation (4.31).
This is multiplied into the compound nucleus formation cross-section
to obtain the fission cross-section,

3*.i 2*5

For fission channels, too, the total angular momentum and parity
must be specified, as well as the intrinsic excitation plus barrier
energy (relative to the neutron separation energy of the compound
nucleus) for each barrier. In addition, the barrier penetrability
parameters tioJA, /nug are to be specified for each channel, these
quantities being allowed to vary from channel to channel. One
difficulty with calculations that .include fission in Bauser-Feshbach
theory is that theie is no true threshold for the opening of a fission
channel, only a barrier. Thus there is no definite cut-off in the
number of channels that should be included in the calculation, and, of
course, lurknowledge of the channel properties, already mainly
theoretical even for the lowest channels, can only be statistical at
best. Fission channels (of given J^) that cannot be explicitly
described and have energies close to or somewhat higher than the
neutron energy scipulated for the calculation are therefore lumped
together to form a single effective channel the strengh of which is
calculated from the leading term of equation (4.26 or (4.25), and the
energy of which is based on the expected spacing of the low-lying
barrier states (this is an input quantity for J « 0, and is adjusted
for higher J according to the usual spin-dependent factor given in
equation (4.33a)). The barrier A level density constant (CF of
equation (4.24)) and temperature (Op) are input quantities, while the
barrier 8 density is assumed to be half the A density. These effective
channels are not intended to have any more significance than correction
factors, so for simplicity the code calculates one effective channel,
according to the above prescription, for each specific channel that is
entered.
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This quantity is printed in the output as 'Total fission, with class-II
structure1.

Alternatively, and more crudely, but necessarily in the present
version of the program, the total fission transmission coefficient Tf
is constructed from the summed values of T^ and T Q using equation
(A.23); this is require- for calculation of the inelastic and
radiative capture cross-jectioraby equation (5.4).

In the case that includes fluctuations the procedure is not so
clear, because, in addition to the Porter-Thomas fluctuations of
resonance fission widths about the local expected value, the latter
quantity is modulated by the intermediate structure at sub-barrier
energies. This in turn is affected by Porter-Thomas fluctuations of
the class-II level parameters. The code does not attempt to deal with
all these complications exactly, but includes fluctuations on an over-
simplified basis, so that, by comparison with the cross-sections
calculated without fluctuations the likely importance of the
fluctuation effect can be ascertained.

Let us first consider the likely physical situations that will be
dealt with by the code. First of all there are nuclei, like the even
uctinide targets, which are fissionable but not fissile; the fission
barrier is at a comparatively high neutron energy. At low neutron
energies fission widths even near the centre of class-II resonances
will normally be small compared to neutron widths. Hence it will be
a reasonable approximation to use equation (4.23) rather than (4.31)
to obtain the average fission cross-section. At the higher neutron
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energies closer to the barrier fission widths will be increasing
rapidly, but at these energies total resonance widths (including
inelastic neutron widths) will still probably be larger, so equation
(4.23) will still probably be a good approximation. Above the barrier
the class-II resonance widths will approach the class-II spacing in
value, and equation (4.23) is correct in any case. For fissile nuclei,
all neutron energies are usually well above the barrier and equation
(4.23) will apply.

For the purpose of the fluctuation calculation the class-II
modulation effect is therefore ignored. If nov the fission channels
can be ordered in an obvious hierarchy of strength, fission through
the first being much stronger than that through the second and so on,
the transmission coefficient can be written, very approximately, as a
sequence•

=2
A

(5.9)

provided also that either » T
B(1 or_
f

» T^H, for all p. In the
code the individual TBU are formed for all channels and these are then
treated in the Hauser-Feshbach calculation with fluctuations in the
same way as the particle channels (equation (5.4)):

-Z r
(5.10)

The calculation of the fluctuation factors A is done by simple
numerical integration of the one-dimensional integral to which,.8 can be
reduced for Porter-Thomas distributions (see e.g. ref. (53) p.329).

An example of cross-section curves calculated by AVXC is shown in
Fig. 36. The parameters for the calculation are shown in Table 6.

5.4 The code EVAPF

This code is of much more general use than AVXC. It can be used
not only to calculate cross-sectior.s but also co calculate spectra of
emitted neutrons and gamma-rays. It Cdn be used to calculate cross-
sections to much higher energy than AVXC because it is baoed on
statistical concepts of level density rather than detailed specification
of the energy levels, but on the other hand it is limited in its
precision at low (neutron) energies because it cannot (in its present
form) exploit precise information on level structure when it is avail-
able, and (in aiming at calculations in which large numbers of levels
are normally involved) it does not include the effects of width
fluctuations.

The excitation energy scales of the compound nucleus and of the
residual nucleus following neutron scattering are divided into constant
energy intervals (bins) of width &E. The initial compound nucleus (at
a given energy of excitation E*) is started, in the code, within the
appropriate energy interval. The total angular momentum and parity of
the initial compound nucleus are also specified. An available option
is to specify a range of spin and parity, together with the population
of each spin-parity combination. The populations are not required to
sum to unity; they can, for instance, be the compound nucleus form-
ation cross-sections for each spin-parity, in which case the final
results of the calculations are automatically cross-sections for the
various decay processes considered.

For each energy-spin-parity bin the partial widths for transitions
to all lower energy bins (with individual spin-parity labelling) are
calculated. These comprise neutron emission channels (over a range of
orbital angular momentum, which is cut off when the penetration factor
becomes excessively weak), and electromagnetic radiation channels.
A choice of model is available for the latter, for electric dipole
transitions either the strong-coupling dipole (SCD) model (see Section
6) or the giant dipole resonance model (CDR) being available.
Magnetic dipole and electric quadrupole transitions can also be
included (as an option), the simple SCD model being used for these.
All these partial widths are calculated by means of the subroutine
GAMMT, which finally sums them. In this subroutine individual partial
widths are calculated for a final state at the centre of the residual
bin E* - nAE where n is an integer. This is then multiplied by the
number of final states within the bin, calculated from the bin width
AB multiplied by the level density at E* - nAE. The level density is
computed by means of the subroutine LEVD. The summed partial widths
to each residual bin are stored for further us?.

The probability of fission from the initial bin at E* is also
calculated. This is done on the basis of equation (4.31), the transr
ition probabilities for the two barriers being calculated from
Aquations (3.74, 3.75) (the strong damping model). These transition
probabilities are calculated by the subroutine CHIP. The density oE
states at the barrier deformations required for these calculations are
also calculated by LEVD, but start from a different entry point LEVD2.
The population of the bin at E* that decays by fission is thus
calculated (by multiplying the initial population by the fission
probability) and is registered as pirt of the final output. The
population remaining (for decay by neutron and gamma-emission) then
replaces the initial population.

At this point the populations in the lower energy bin resulting
from the neutron and radiation decay processes from the energy E* are
calculated (multiplication of the initial population after fission by
the ratio of the sum of partial widths to the residual bin and the
total width). The code then moves on (if required) to the calculation
of the decay of the bins with central energy E* - £E, using the same
process as above, and can subsequently proceed to the decay at
E* - 2AE, and so on, as far down the chain as desired; this is
controlled by input of a simple integer at the start of the programme.

From the stored resuiLS of the calculation the emission prob-
abilities and the spectra of emitted neutrons and gamma-rays can be
printed out. These can be partial ur total spectra. For example if
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tha chain is cut after the de-population of the initial bin at £* is
calculated,the spectra calculated are simply primary spectra. If
the calculation is continued to below the neutron separation energy,
the total neutron spectrum, including those neutrons emitted in the
(a,ynf) reaction, is available. If the chain of de-population is
completed (to zero energy in the compound nucleus) the total capture
gamma-ray spectrum becomes available. Details of special two-stage
reactions are also calculated. The (n.-yn*) reaction has already
been mentioned, and the spectrum of neutrons from this is retained
in memory for subsequent printing out. Likewise the (n.-yf) reaction
£• tracked; in this case it is the spectrum of gamma-rays followed
by fission that is printed.

If required the cascade calculation can be made for the residual
nucleus resulting from neutron emission in just the same way as for
the initial compound nucleus, the initial populations in .the energy
bins being those that result from the compound nucleus de-decitation.

A schematic flow-chart of the computer code is shown in Fig. 37.
Calculated cross-sections front the code are shown in Fig. 38.
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6. ANALYSIS OF EXPERIMENTAL DATA TO OBTAIN BARRIER PARAMETERS

6.1 General

In Section 2 the basic theory of nuclear reactions involving
fission was set up, and in Section 4 it was used to derive "the basic
expressions for calculating average cross-sections, through the
coapound nucleus mechanism, when fission channels are involved.
An important set of data for these calculations was seen to be level
density data, and the analysis of experimental data to obtain these
crucial quantities at normal deformations was also described in
Section 4. In the present section the analysis of experimental data
is extended to obtain information on the fission barrier parameters.

Relevant experimental data fall into several categories. Tn the
first category are the spontaneous fission half-lives both of ground
states and of isomers. These give information on barrier pene-
trability and height, but since they presuppose adherence to a
specified functional form of barrier over a large range of deform-
ation and also to a well-behaved inertial parameter they are not
given any weight in the analysis described here, except as a crude
qualitative indication of the barrier penetrability parameters I W A
and -4l(iig.

In the second category are the data on the excitation of
spontaneously fissioning isomers. The functional dependence on
excitation energy gives the energy of the isomer, and hence the depth
of the secondary well, while the magnitude of the excitation cross-
section can be interpreted to give information on the height of the
outer fission barrier in the nucleus containing one extra neutron.

The third category of data is the intermediate structure to be
found in fission cross-sections. Interpretation of these data to
give estimates of barrier heights has already been mentioned (in
Section 3 ) .

The fourth category is the fission cross-section data from many
different reactions in which the energy resolution is usually quit*1

poor but the range of excitation energy is large and encompasses the

barrier region. These give information generally on the greater of
the two barrier heights. The computer codes used for analysing such
data have been described in Section 5.

6.2 Shape isomer formation yields and excitation functions

Information on the barriers containing the shape isomer, part-
icularly on the outer barrier, can be obtained from the experimental
data on the cross-sections for format-on of the isomer, and especially
from the dependence of such cross-sections on excitation energy.
Specifically, it is expected that extrapolation backwards of a
sharply rising excitation curve to its threshold point will yield the
isomer excitation energy, while the maximum value of the excitation
curve, in the case of neutron evaporation reactions, will give
information on the relative transmission coefficients (and hence
barrier heights) of the inner and outer barriers of the penultimate
nucleus in the evaporation process (i.e. that nucleus with one more
neutron than that of the shape isomer itself); the Srop in yield
with further increasing excitation energy ought to be governed by
the outer barrier (and its penetrability parameter, fiug) of the final
nucleus.

6.2.1 Threshold excitation curves from neutron evaporation theory

Host of the experimental data on shape-isomer excitation curves
are from neutron evaporation reactions, a highly excited nucleus being
formed, usually, from charged particle bombardment, and the isomer
results from this after emission of a specified number of neutrons.
The relevant widths (or more accurately transmission coefficient)
for the last stage neutron evaporation leading to the states in the
final nucleus that feed the isomer is expected to be very small in
conparison with the total for all other modes of decay. It is Chen
possible to derive simple statistical theory expressions that
describe to first-order the expected features of the excitation curve
in the neighbourhood of its threshold (64,65]. These are related to the
features of (xn) evaporation reactions first discussed in terms of the
statistical theory by Jackson (66).

6.2.1.1 One-neutron evaporation process

In the case of one-neutron evaporation from an initial nucleus of
mass number A excited by a mono-energetic reaction to a precise
excitation energy E , we calculate the transmission coefficient for
neutron emission to the residual class-II states (in the nucleus A-l)
that can feed the isomer. The density of these states is denoted by
PII^ A~^(U,I), so the transmission coefficient can be written (from
equation 4.13) as

vhere Sj is the separation energy of a. neutron from the nucleus A.
If it is assumed that the class-II state density has the simple



(constant temperature OJJ) exponential form (as in equation 4.13),
but with an effective excitation energy lower than the total excitation
energy in the nucleus A-l by the isomer excitation energy EJJ then the
integration in equation (6.1) is simply performed to give

ir*a

(6.2)

If the isomer energy is considerably greater than the nuclear
temperature Q for the totality of states in the residual nucleus A-l
then the transmission coefficient to the class-II states will
certainly be small. The transmission coefficient for total neutron
emission is given in equation (4.19), so the ratio, for excitation
energies Above the iscmer excitation, threshold is

<6.3)

where Ej • E - Sj. For the simple case o£ 0-- " 0 this function is
shown in Fig. 39. By contrast, the excitation function of the ground
state of the residual nucleus, on the assumption that it is fed
uniformly from all states reached by neutron evaporation and that
there are no competing reactions, is simply a step function at the
ground state threshold energy.

6.2.1.2 Two-neutron evaporation process

For isomers reached by a two-stage neutron emission process from
the nucleus A the population of states excited in the nucleus A-l by
emission of one neutron must first be obtained. From equation (6.1)
this ifi just

P,

for the probability of exciting states, within the interval of
excitation energy dtj at faj in residual nucleus A-l. If now the
isomer is fed from a set of class-II states in the residual nucleus
A-2 reached after emission of a second neutron as in Fig, 39, and the
density of these states is denoted by pj^~ (U,I), the probability of
forming the isomer is

(6.5)

where the transmission coefficients now refer to the compound
nucleus A-l. These expressions can be evaluated readily under the
constant temperature assumption. The expression of fullest gener-
ality for the isomer yield is

'io-t'

xex

0S€>*

(6.6)

wher
E

& - (1/Sn +
E* - S| - S2,

(6.4)

I) and * -
E* - EJJ - S] - S2. The energy relations

are shown in Fig. 40." The special case of the yield function when all
temperatures are equal is shown in Fig. 39.

The arguments outlined above can be developed further to give the
result for isomer excitation following 3-neutron evaporation. A
typical calculation, again for all temperatures equal is also shown in
Fig. 39.
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6.2.1.3 Isomer energies

As apparent from Fig. 39 if the isomer yields are measured to low
enough excitation energy an estimate of the isomer energy can be
obtained. It is also apparent that the most sensitive estimates will
come from single neutron evaporation reactions. Such reactions can only
be initiated in practice, for the actinides, by neutron excitation,
charged particles being very effectively blocked at such low excitations
by the Coulomb barrier. The detection of very low delayed fissio.i
yields following neutron bombardment is very difficult experimentally,
because of the fission background that can be caused by room-return
neutrons. Therefore most of the data on isomeryield curves have come
from 2-neutron evaporation reactions initiated by protons and alpha-
particles. Some typical data and the fitted curve are shown in Fig. 41.
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In spite of the difficulty of the neutron-initiated reactions
• few of these have been measured. One example is the (n,n*) reaction
leading to the shape isomer of 2 3 8U (67). In this case the statist-
ical representation of the density of class-II states leading to the
result (6.3) above is inapplicable; the spectrum of class-II states
for one KeV or so above the isomer is expected to be limited to two
rotational bands based on the K1* = O+ isomer state and a K77 * O~
reflection asymmetric vibration. The numerically calculated curve
for the isomer excitation [68) is shown in Fig. 42 fitted to the data
of Wolf and Meadows C67). The isomer energy for this fit is 2.56 MeV.
(The broken curves are based on simple constant temperature level
densities, and give lower isomer energies.) This agrees well with
the interpretation of some delayed gamma-ray uata of Russo et al [69],
which has been interpreted as the gamma-decay branch to the 23°U
ground state of a shape isomer at 2.559 MeV (see Fig. 43). (It
should be noted- that the lowest data points on the delayed fission
yield curve imply a lower isomer energy however, and reconciliation
of all the data and the theoretical fit can be maintained only if it
is assumed that these lowest points are distorted by background.)

6.2.2 Fission barriers

The expressions for the yields given in Section 6.2.1 ignore the
details of competing reactions. The most important competing reaction
is prompt fission, and this occurs at every evaporation stage of the
reaction. Consequently there will be a combination of such compet-
ition factors to multiply into the yield expressions. In addition
the final branch for neutron emission to class-II states is, according
to the statistical theory of Section 3.3, to be attenuated by the
decoupling factor T^./(TA + Tg) that is appropriate for the evaporating
nucleus at this final stage i.e. containing one more neutron than the
isomer nucleus. Therefore, if the other competition factors are
known, the strength of the reaction leading to the isomer can be used
to give an estimate of the relative heights of the inner and outer
barriers•

The measured yield of the isomers by delayed fission will also
be affected by any appreciable branching of the isomer decay, partic-
ularly by gamma-ray emission to the ground state. Gamma-branching is
normally expected to be weak however (estimates are given in ref.

C7O3) unless the inner barrier is markedly lower or more transparent
than the outer barrier. For most of the known actinidti shape isomers
this does not appear to be the case. One exception is the 2 3 8U
isomer mentioned above, for wnich the gamma-branch appears to be an
order of magnitude stronger than the fission branch.

6.2.3 (n,y) reactions for isomet excitation

Some americium spontaneously fissioning isomers have been
observed and their yield as a function of excitation energy measured
by means of the neutron capture reaction. Data for the
24'Am<n,Y)2*2s*Am reaction are shown in Fig. 44 together with cal-
cnlated yield curves. Tha latter have been calculated with the
computer codo EVAPF described in Section 5.4 which follows a statist-
ical model representation of the gamma-ray cascades allowing for
competition from neutron emission and prompt fission.

6.2.4 Examples of collected results from isomer data

Exr<nples of extracted barrier parameters for americium and curium
nuclides are shown in Table 6.

6.3 Vibrational resonances

6.3.1 Introduction

Structure in fast neutron-induced fission cross-sections had been
observed at a comparatively early stage in fission physics. For
example, unpublished measurements at Los Alamos dating from about 1950,
show clear structure in the fission cross-section of Th for neutrons
above I MeV energy (see Fig. 44)» This structure certainly had nothing
to do with resonance fine-structure, the energy resolution of these
measurements being about four orders of magnitude coarser than the
expected resonance fine spacing. First published explanations of the
effect were based on an extension of A. Bohr's ideas [381 of channels
over the fission barrier for the fission process.

At later dates structure was also found in the fission yield of
certain (d,pF) reactions. In this reaction the proton energy following
the deuteron stripping process is measured so that the excitation energy
of the resulting fissioning nucleus is known. The reaction is partic-
ularly useful for observing fission in the barrier region of even
compound nuclei in which the barrier lies below the neutron separation
energy. At these energies the only competition against the fission
process is the very weak electromagnetic de-excitation. Hence
structure in the fission probability curve v. excitation energy could
not be ascribed to competition unless the fission process is far from
attaining saturation. Early observations cf the structure [711
suggested a series of steps and plateaux, and these were explained as
the effect of the initial channel opening for a set of states of
particular spin and parity. Later observations (72) showed that some
of these "plateau" levels really dipped with increasing excitation,
and the explanation was advanced that this was due to structure
(probably residual single particle effects) in the (d,p) formation
probability for states of the same spin and parity as the opening
fission channel.
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Changes in the angular distribution of fission products with
changing excitation energy in such reactions vere also held to be
manifestations of the channel structure of the fission barrier (73).

Later observations and more quantitative analysis, particularly
of the structure in fast fission cross-sections, showed such explan-
ations to be virtually estimable. The principal evidence came from
•saaurements of the fission cross-section of % h (74,751. This
•bowed a distinct peak in the cross-section at a neutron energy of
720 keV; in the higher resolution measurements of Evans and Jones
(75) the peak cross-section was observed to be about 4 times higher
than the minimum value at higher neutron energy (see Fig. 45).
AC these comparatively low neutron energies for bombardneni. of an
•Ten target nucleus, there is only a very limited number of
inelastic scattering thresholds. On the basis of very plausible
assumptions about the residual states in ^3^Th for inelastic scatt-
•ringt it was computed on the competition theory (34) that the
fission cross-section should only drop at most some 10X below the
peak value (see Fig. 45); the peak in this value was clearly a
resonance effect or some kind. An analysis of the peaks in r!ie
fission cross-section at higher neutron energies (** 1,4 Mev) in the
cross-section of ^^Th showed that there would have to be a very
strong onset of states in Z32Th above 1.5 MeV for them to be
explained by the channel competition theory; the density of states
above this energy would have to increase at a rate about five times
greater than acceptable on current knowledge of level densities, and
it was alio established experimentally (76) that no strong onset of
inelastic scattering was to be observed at that energy.

Channel analysis of angular distributions of the fissiot.
products released in fast neutron-induced fission had fallen into
similar difficulties. Sharp changes in the angular distribution
with changing neutron energy were attributed to new fission channels
opening but an attempt at quantitative analysis for the 234JJ target
nucleus by Vandenbosch (77) showed that the various channels would
need to have very different tunnelling characteristics (no) ranging
froa -O.I to - I MeV).

It was apparent therefore that intermediate resonance effects
existed in the fission transmission coefficient, the structure not
being attributable to the neutron entrance channel, since no sign of
systematically related structure existed in other fast neutron
reactions on these nuclei.

The theoretical work of Strutinsky (2) introducing the double-
huaped fission barrier of the actinide nuclei provided the under-
standing for this. The weakly damped beta-vibrational states
responsible for the resonance structure in the fission transmission
coefficient could be explained, not indeed as a many-phonon state in
the oscillator well centred on the normal beta deformation associated
with the nuclear ground state, but as a few-phonon state oscillating
about the mean deformation value of the secondary well. The weak
damping observed is due to the combination of the low effective
excitation ensrgy available in the secondary well and the inhibition
provided by the intermediate barrier. When this barrier is energet-
ically overcome, as it is for the slow neutron cross-sections of the
fissile nuclei, there is a dramatic increase in the mixing of this
special vibrational state into the compound nucleus, and the broad
resonance features in the fission transmission coefficient largely

disappear. In this picture, the dramatic changes in angular distrib-
ution of fission products with changing excitation energy that are
often observed are due more to the dominance of individual vibrat-
ional resonances, each associated with spin-parity quantum numbers
given by coupling with simple states in the other degrees of freedom
(single-particle, gamma-vibrations, rotations etc.), rather than the
opening of fresh fission channels at the barrier. The "steps" in
the fission probability curves measured from (d,pF) and similar
reactions are now also largely understood as vibrational resonances,
rather than the energies at which the lowest channel of each spin
and parity become effectively open at the barrier.

In this section the various phenomena associated with fission
vibrational resonances are interpreted within the frameworlc of the
double-humped barrier.

6.3.2 Pure vibrational resonances

6*3.2.1 Definition as barrier transmission resonances

When there is no damping of the vibrational motion by the other
degrees of freedom, the vibrational resonances can be treated by the
simple transmission theory of Section 3.1. The fission transmission
coefficient to be substituted in the cross-section* equation (4.4),
is calculated directly from the flux transmitted through the double-
humped barrier if an incident wave of unit flux progressing from low
to higher deformation is incident or. the barrier. It is found for a
symmetric barrier that the narrow peaks in the transmission coeff-
icient reach a value of unity. The resonant condition is given
approximately by equation (3.6). For a harmonic oscillator form of
potential for the secondary well, V - VJJ - JCjjn2, and an inertial
parameter independent of deformation thus gives the familiar beta-
phonon condition E - VIJ • (n + J)1i(i). Forms for the transmission
coefficient in the region of resonance are given by equation (3.7a),
and frcm this it can be shown (equation 3.10) that the resonance
width is proportional to the sum of the transmission coefficients T A

and Tg through the inner and outer barriers, respectively considered
as separate entities, and is also proportional to the oscillation
frequency between the two barriers:

(6.7)

(6.8)

The peak transmission at the resonance is

T
'"

Between vibrational resonances the transmission reaches a low value
of

'*»»• (6.9)
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Examples of calculated transmission curves have been shown in
Fig. 20. These certainly bear a close qualitative resemblance to
the best experimental examples of vibrational resona.ices(c.f. the
neutron fission cross-section of 23Ojhf Fig. 46). Considerable use
has been made of the simple transmission theory in analysing such
data.

6.3.2.2 Formal definition of vibrational states in R-matrix theory

The comprehensive formal reaction theory for treating fission
cross-sections expounded in Section 3.4 includes the special case of
pure vibrational resonances. The R-matrix theory described there i3
based on the concept of eigenstates of the internal region of the
reaction system. It was shown that if the fission barrier is of the
double-humped character the R-matrix internal eigenstates can be
constructed from the auxiliary sets of states with only a limited
degree of coupling between them. The second set of these states,
the class-II states associated with vibrational motion mostly within
the secondary well, are largely responsible for governing the
magnitude of the fisoion cross-section.

The class-II internal states are defined in equation (3.83) in
terms of the vibrational and intrinsic wave functions of the
components of the Hamiltonian introduced in Section 3.4.1 (equations
3.29,3.30). It is immediately apparent that a sufficient condition
for a clas3-Il state of vibrational nature is that it contains only
one term in the expansion (3.83), namely

«

with eigenvalue

(6.10)

(6.11)

3S2

For a physically observable resonance, the distribution of energy hers
should be. high for the vibrational and low for the intrinsic state.
The wave-function Xy describing the state of motion in the intrinsic
degrees of freedom is defined at a fixed value of deformation no,
generally taken to be the channel deformation close to the outer
barrier,. B. In the case of an absolutely pure vibrational state this
choice of deformation is not important, because the coupling ^em £
in the Hamiltonian.(equation 3.30) must then vanish, imply-io that the
intrinsic term H£nc is independent of deformation. This can never be
completely true of course, or fission would be practically unobserv-
able in particle-induced reactions. There muse at least be consider-
able interaction in the primary well region*

It is to be expected in a number of situations that equation
(6.10)might be very nearly satisfied for intrinsic states defined
ct * deformation no n e a r Che centre of the secondary well, but never-
theless the description in terms oi a basis defined at the outer or
inner barrier might be more fragmented. Thus a nearly pure vibrat-

ional state in the configuration^ sense nay not be outstanding in
its fission strength. The criteria for the appearance of pure
vibrational fission resonances in fission cross-sections or yield
curves are clearly very tight; they demand the near-fulfilment of
equation (6.10) at both the inner and outer barriers feo that the
coupling width as well as fission width is minimised). It is to be
expected that such resonances will normally be found only at energies
equivalent to excitations in the second well that are within the
energy gap for even nuclei or that are very close to "ground" in
odd-A and odd nuclei. Because o£ this the interpretation of data
that appear to constitute a vibrational resonance, with the part-
icular objective of giving information on barrier heights, must be
made with care. It is to be expected in general that such analyses
will tend to over-estimate the barrier heights.

Although it is the vibrational factor in equation (6.10) that
governs the magnitude of the cross-section resulting froa the class-II
state, the nature of the intrinsic states entering the expansion is
important for special features of the fission process such as the
angular distribution of the fission products. Analysis of angular
distributions for the observed case of fast neutron induced fission
of 230th is described in Section 6.3.2.A.

6.3.2.3 Cross-sections in the region of vibrational resonances

Kith the definition of the vibrational state as a relatively
simple type of class-II auxiliary R-matrix state (equation 6.10) all
cross-section formulae resulting from coupling this class-II state to
the much denser and more complex class-I auxiliary states, associated
with normal deformation, to give the complete R-matrix states can be
taken over from Section 3.4.5. At the higher neutron energies some-
times involved these cross-section formulae will have to be general-
ised (scraight-forwardly) to include inelastic scattering channels.
All degrees of coupling strength are possible in principle, but only
one - moderately weak coupling - has been reasonably well established
by observation; this is the ^^^Th neutron-induced fission cross-
section.

The magnitude of the matrix element for the coupling of the
vibrational state to the class-I states is given immediately by
equation (3.91) with D u * 4u>xi where uxi is the circular frequency
of vibrations in the secondary well. The result for the matrix
element is

(6.12)

and the coupling width of the Loxcntzian profile for admixture of
the vibrational states into the complete compound nucleus state is
(from equations 3.105,3.106)

(6.13)
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The actual profile of fission widths of the fine structure resonances
that appear in fission yields or cross-sections of reactions that are
initiated by populating the class-I strtes also depends on the fission
width of the vibrational state. The estimate for this is commonly
based on the statistical theory methods of Wigner (78) or Blatt and
Weisskopf (30) (see Section 3.1), giving

f?T» (6.14)

6.3.2.4 Experimental data on pure vibrational resonances

No experimental evidence on broad resonance behaviour in fission
cross-sections or fission probabilities has so far been found that is
completely conclusive in proving the existence of a pure vibrational
state. Nevertheless I shall describe here a typical case that lends
itself to this interpretation.

The most carefully studied candidate as a pure vibrational
resonance is undoubtedly 23'Th in the region of 5.85 MeV excitation.
Data on neutron-induced fission of ^ Th have been measured by Yuen
et al (79) and James et al (SI) and analysed by the latter authors.
In this cross-section the resonance occurs at a neutron energy of
720 keV, and is apparently about 30 keV wide; this is about 4 orders
of aagnitude greater than the resonance fine spacing expected in the
cross-section at this energy. A feature of the experimental studies
is that the angular distribution of fission products with respect to
the incident neutron beam direction has been measured at various
energies across the resonance. The forward peaking of the angular
distribution right across the resonance indicates that the intrinsic
state (defined at the outer barrier nB) in the resonance configuration
(equation 6. ) has angular momentum projection K - 1 on the symmetry
axis (see ref. (80)). The analysis of the data proceeds on the
assumption that the observed resonance is a composite of peaks, each
of K - ( but vith different total angular momentum J, forming a
rotational band of inLrinsic states.

On this assumption the cross-section has been calculated using
the Hauser-Feshbach formula, equation (4.4), and the fission trans-
mission coefficient for a vibrational resonance, equation (4.27) in
the code AVXC (Section 3.3). The major competition against fission
in the decay of the compound nucleus is provided by elastic and
inelastic scattering of neutrons to known and inferred rotational
bands in ^3^Th. Strength functions for the calculation of these
neutron transmission coefficients were taken from the known s- and
p-wave neutron strength functions determined by low-energy neutron
atudies. At ?00 keV neutron energy the main neutron entrance channels
to the coirvound nucleus are provided by s, p and d-wavo_neutrons
(exciting total angular momenta and parity J¥ - 'a , 'A~,_lSr, 3fe+, % * )
and somewhat more weakly by f-wave neutrons (J11 • % ~ , % " ) . From the
calculations of the various spin-parity components of the cross-section
the angular distribution of fission products was obtained.

The main variables in fitting rhe data are the parity of the
intrinsic state in the vibrational resonance confieuration, and the

effective moment of inertia 3 and decoupling parameter a that govern
the relative spacing of the members of the K s £ rotational band:

6.15)

The best fit was achieved with odd parity, and with(h /2$) lying between
1.8 and 2.7 keV and aj between -2.0 and -2.3 (see Fig. 46). The value
of the moment of inertia thus determined is about twice that observed
for any normally observed rotational bands in odd-A actinide nuclei,
and this provided one of the first direct indications that the shape of
the nucleus in the intermediate states acting in fission was indeed
much different from normal, as postulated by the double-humped barrier
theory.

What are the reasons for believing this remarkable resonance
phenomenon to be a nearly pure vibrational resonance as distinct from
a damped vibrational resonance as described in Section 6.3.3? Mainly,
because it is very smooth. With neutron energy resolution of a few keV
it is to be expected th?t any class-II compound state structure would
not occur with a frequency greater than a few class-II states per
resolution interval, and, because of the statistical fluctuations in
strength and width inherent in compound states, this would cause large
variations about any smooth curve that would describe the envelope of
the vibrational resonance. On the other hand there is a feature in the
fit to the data that suggests damping is playing a role. This is a
variation in width and strength of the different spin components of
the resonance (other than variations due to penetration through the
centrifugal barrier). Strictly speaking these variations irise, in the
analysis, from the neutron fission cross-section of each component.
and could be attributed to the variation of neutron strength function
with spin, hut the magnitude of the variation makes this appear unlikely.

At higher energies in 23ljh no more peaks appear in the cross-
section, but the angular distribution of fission products undergoes
marked variations in character with changing neutron energy, becoming
considerably sideways peaked vith respect to neutron direction at about
960 keV and forward-peaked again at 1060 keV. The sideways peaking is
attributed C511 to a K - Vl intrinsic state coupled to a much broader
vibrational resonance. The general behaviour of the K * 'A component of
the cross-section both at the sharp resonance at 720 keV aud at higher
energies can be satisfactorily explained by the choice of barrier
parameters:

VA * «* 0-q HtV,

6.3.3 Damped vibrational resonances

In most actinide nuclei it is expected from theory that observable
fission will only be met at excitation energies that are already a few
MeV above the bottom of the secondary well. To t:his extent the
apparently nearly pure vibrational resonance of "'Th is already a
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surprise; the implication that the secondary veil is very shallow is
called the "thorium anomaly" and has caused speculation that: there may
be a weak splitting of the second barrier giving rise to a third well.
Be that as it may, it is to be expected that vibrational resonances,
vhen they are found, will be damped. In the idealised situation th?
vibrational fission mode will be dissolved in an incomplete way (with
Lorentzian profile) into class-II compound states, which are then
coupled to the class-I compound states to give the situation
illustrated schematically in Fig. 47.

So far no ideal case like that illustrated in Fig. 47 has been
observed. In one case, the neutron fission cross-section of 23^U (84),
fragments of the complete picture seem to have been assembled. There
is a "giant" resonance some tens of keV in width at about 310 keV
neutron energy. Fluctuations in the cross-section about the sraoothed-
profile through this resonance have been interpreted as due to the
underlying intermediate resonances due to class-II levels, a few of
these contributing to each energy resolution interval. At low neutron
energies the study of the fine structure resonances reveals an inter-
mediate resonance in the fission widths at 530 eV. This is believed
to be due to a class-II level on the wing of the vibrational resonance
at 310 keV, and its parameters are almost reconcilable with those of
the vibrational resonance on this account. The barrier parameters
required to explain this vibrational resonance are:

VA - 0.2 MeV (HwA assumed to be I MeV)

VB - 0.67 KeV (1i(UB assumed to be 0.56 MeV)

relative to the neutron separation energy Sn (equals 5.31 MeV in 235u).
The intermediate barrier height is considerably lower than the values
suggested by systematics based on other data. In fact, vibrational
character was not assumed for the class-II coupling width in this
analysis. It can be shown that if vibrational character had been
assumed, as for the fission width, the estimate of the barrier height
would have been raised by a few hundred keV.

In 24°Pu a vibrational resonance of width 0.12 MeV has been
observed at 5 MeV excitation by means of the (d,pf) reaction (85]. The
energy resolution employed was extremely good for this reaction mech-
anism (3 keV), but is still only sufficient to isolate the inter-
mediate (class-II) resonances and not the fine-structure ones.
Angular correlations between the fission product and proton directions
was also observed and the, at first sight, surprising result obtained
Chat the observed intermediate resonances were all J » 2, K - 0 in
angular momentum properties. Interpretation of the fission* strength
of these and extrapolation to give the properties of the expected
J - 0 class-II levels showed that the latter would be practically
featureless, contributing only to the underlying background cross-
section. Interpretation of the vibrational resonance is consistent
with barrier parameters of

6.4 Average fissi tions
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VA • 5.65 MeV

VB - 5.3 MeV

- 0.82 MeV)

- 0.6 MeV).

Although fission intermediate structure (including vibrational
resonances) gives valuable complementary evidence, the main body of
information on fission barrier heights (particularly on the domin-
ating barrier) comes from the analysis of the wealth of information
on the overall energy behaviour of fission cross-sections (including
the fission probability functions obtained from charged particle
reactions such as (t,pf)). But the analysis of such data partic-
ularly at above-barrier energies requires information, or assumptions,
on level densities at the barrier deformations, as described in
Section 4, In some approaches to analysis of fission cross-section
data (e.g. (56,61)) the barrier level densities have been calculated
within the framework of the independent-particle model, using single-
particle states obtained from deformed she11-model potentials, and
with rotational band enhancement (see Section 4.4.2). These analyses
have been quite successful, but it is probably more reliable, in the
current state of knowledge, to use empirical barrier densities
extracted from analyses of a key set of particularly reliable fission
cross-sections.

The latter approach was adopted in ref. (59). Deduction of
such level densities from fission cross-sections is very dependent
on assumptions about the barrier height, however. In ref (59} simple
constant temperature level density forms were found, for odd-mass
and odd nuclei, that would satisfy the fission cross-sections of
246Cm, 238U, 232Th, 237Np and 241Am. The fission cross-section of
246cm was chosen because fission isomer excitation data (see Section
6.2) suggest that the outer barrier is a long way below the inter-
mediate barrier, which therefore completely dominates the cross-
section behaviour. The cross-sections of "8u a nj 232Tn a r e t w o o £

the best-known of fission cross-sections, while the appearance of
strong intermediate structure in the uranium and thorium series
cross-sections suggests the near-equality of the two barriers;
thus, the outer barrier density can be inferred. Similar comple-
mentary considerations apply to 2^'Am and 23'Np.

Barrier densities of even nuclei are more complex; an energy
gap containing a limited spectrum of collective levels, different
for barriers A and B, is to be expected. The difference in collect-
ive spectra lies chiefly in the postulated existence of a low-lying
K1* • 0~ band for barrier B, due to the expected reflection
asymmetry of the nuclear shape, and a low-lying K77 » 2 + (y*vibration)
band for barrier A (due to axial asymmetry). With the low-lying
spectra thus postulated and barrier heights roughly fixed from
particle-transfer induced fission reactions, the barrier densities
above the energy gap for the nuclei 23(MJ and 240Pu cin be assessed
from the neutron fission cross-sections of 2 3 5U and 239Pu, two of
the most accurately known of all fission cross-sections.

The barrier spectra and level density parameter? thus determined
are presented in Tables 6 and 7. The reference barrier parameters of
the nuclei 2 3 6U and 240Pu are as follows:

236U:_ VA - 5.63 MeV, 1iuA - 1.04 MeV, VB - 5.53 MeV, OOJB - 0.6 MeV

24Opu:- yA - 5.57 MeV, ftuA - 1.04 MeV, VB - 5.07 MeV, tit*)B - 0.6 KeV
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It is to be stressed that, although the barrier densities given in
Table 7 seem in general reasonable, the barrier heights deduced by
using them are clearly dependent to some degree on these densities;
calculations using these deduced barrier parameters must also employ
the reference barrier densities as part of a correlated set.

Typical fits to fission cross-section data are shown in Figs.
48 and 49 for 240Pu and 2MHirespectively. The codes AVXC and EVAPF
were used for the calculations. These are examples in which the
intermediate barrier plays the major role in determining the fission
cross-section behaviour, although tha part contributed by the outer
barrier is by no means insignificant.

6.5 Fission barriers

The fission barriers determined from these various data are
presented in Figs. 50 (intermediate barrier heights) and 51 (outer
barrier heights). The tunnelling parameters associated with these
barriers have been reasonably well determined from a few fission
cross-sections that are well-known over a large dynamic range.
Amongst these few a definite odd-even effect is apparent, and evidence
contributing to this conclusion is apparent from the odd- even effects
in spontaneous fission half-lives of both ground-states and shape
isomers of actinide nuclei. For the purposes of analysing the bulk
of the data the few directly determined tunnelling parameters have
therefore been employed as a universal set for the actinides.
Their values are:

(i) even nuclei - -fio)A * 1.04 MeV, «OJB - 0.6 MeV

(ii) odd-mass nuclei - fiwA - 0.8 MeV, ttaig - 0.52 MeV

(iii) odd nuclei - <fia>A - 0.65 MeV, -fibjg - 0.45.MeV.

In Fig. 50 the intermediate barrier heights are shown as a
function of neutron number, with different shading of symbols to
indicate the odd-even character of the nuclide. Overall trends are
apparent. One is the tendency for there to be a broad maximum around
147 neutrons. The second is the existence of a distinct odd-even
effect in barrier height, odd nuclei having barriers 0.6 to 0.8 MeV
higher than even nuclei (with similar neutron number). A third
feature to note is that smooth trends appear to break down to some
extent among the thorium nuclei.

Comparison of these data with theoretical values as discussed in
Section 2 show certain similarities and a number of differences. The
tendency for the intermediate barriers to maximise around 148 neutrons
in Che theory is broadly confirmed. However, the theoretical calcul-
ations indicate a much greater tendency to fall towards the lower
charge (thorium) nuclides. (Likewise, the secondary well depth appears
roughly constant in the theory but the interpretation of the data,
particularly the existence of sharp vibrational resonances, suggests a
shallow well in the thorium region; these discrepancies together are
labelled Che "thorium anomaly".) There is also an absolute numerical
difference of the order of 0.5 MeV between the data and the best o£
the theoretical calculations. Very little theoretical work has been

devoted to calculations of barriers of odd-mass and odd nuclei, so
the only theoretical comment that can be made on the odd-even effect
is a qualitative one. It is an effect to be expected on the basis of
Strutinsky theory. The barrier heights presented here are differences
between barrier and ground state energies. The energy gap, which
lowers the minimum energy state of even nuclei with respect to odd
nuclei, is proportional to the density of single particle states at
the Fermi energy. In Strutinsky theory the single particle state
density is high at the barriers (which are caused by positive shell
correction energy) and hence the energy gap is higher; it is this
difference in energy gap between normal and barrier deformations that
gives rise to the observed effect.

In Fig. 51 the outer barrier heights are presented in a similar
fashion* Again there appears an overall tendency for peaking around
148 neutrons (for constant proton number). The odd-even effect is
also apparent. The main difference between Figs. 50 and 51 is the
very considerable fall in outer barrier height with increasing proton
number, and this is in general accord with the theoretical results
presented in Section 2.

6.6 Fission barrier parameters and the calculation of cross sections

The existence of a body of information on barrier parameters, such
A3 that shown in Figs. 50 and 51, together with the barrier level
densities of: Table 7, is of very considerable value for the calculation
of the general fast neutron cross-section behaviour of the'less avail-
able trans-actinium nuclei. Most compound nuclei of interest are
already encompassed in the data sets presented here, but approximate
values of the barriers may be obtained by interpolation or extra-
polation of these data even for those that may be absent.

The tools for these calculations have been presented in Sections
4 and 5. Examples of calculations with the barrier parameters of
Sections 6.4 and 6.5 are shown in Fig. 52 for ^^Am. The only
experimenta\ data available on this nucleus is a measurement of the
fission cross-section with accuracy that is particularl> poor above
1 MeV neutron energy. The likelihood of obtaining good capture and
inelastic scattering cross-section data in the near future seems
remote. The accuracy of the calculated cross-sections presented here
is probably of the order cf ̂ 30%. This assessment comes from compar-
ison of calculations (59), by these methods, of the capture cross-
section of 2 3 3U, 2 3 5U, 239pu and W&m with the data that exist for
these nuclei; in these cases agreement is better than 25%.

7. CONCLUDING REMARKS

Improvement of the calculation methods described in thes?
lectures will depend mainly on further experimental confirmation and
elucidation of the structured theory of the fission barrier. >7or
example, the ordering of the barrier states of odd-mass nuclei is
important for the calculation of fission cross-sections and compet-
ition with other reactions up to neutron energies of 1.5 MeV or so;
the detailed energy variation will depend on spin through the
centrifugal barriers in the neutron channel [59).
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While such improvements are desirable in the detailed picture of
the double-humped barrier, there are more qualitative aspects still
to be explored at the lower end of the trans-actinium range. The
thorium anomaly has been mentioned, and a lot of attention is now
focussed on this, and, in particular, on the possibility that there is
a third minimum in the fission barrier as first postulated by MBiler
and Nix (12]. Calculated cross-sections do become more difficult to
reconcile with data on the scheme reported in ref. [59) and described
here in detail. The structure due to resonances of a vibrational type
makes for difficulties of course in comparison with cross-sections
calculated from statistical theory, but apart from this the calculated
fission cross-sections of the thorium nulcei ter.d to be too high (by
up to a factor of 2), and the sub-barrier cross-sections tend to Call
with energy more sharply than the data indicate. The third minimum,
with two high barriers based on a split outer barrier B from the more
conventional double-humped picture, would not only better account for
the vibrational resonance structure but would be expected to have lower
barrier level densities (giving lower fission transmission coefficients)
and higher transparency at sub-barrier energies. Alternative
explanations must also be explored for some of these discrepancies.
One line of attack is the much weaker degree of axial asymmetry
expected at the intermediate barrier deformation for Che lower
charge nuclei; again a lower barrier level density would result
from this because of decreased rotational state enhancement, and
lower fission transmission coefficients could be expected.

Beyond this, advances are to be expected from a better under-
standing of the vibrational states associated with the structured
fission barrier. Recent calculations I have made suggest that
reasonably pure vibrational states are only to be expected as a
systematic feature in even compound nuclei. However, there does
seem to be some possibility of calculating the properties of
"pseudo-11 vibrational states of odd-mass nucl'i and relating them
to observation. Such calculations may even have some bearing on the
question of the third minimum.

These lectures have been devoted entirely to the calculation of
cross-sections of fissionable nuclei. The questions of mass yields
and other properties of the fission reaction that are of importance
for technol' gy are ones that are not yet amenable to treatment in
the kind of detail required for applications. Statistical model and
thermcdynamic treatments of such phenomena have been developed and are
capable of fair reproduction of data bu; generally at the cost of
parameter adjustment; they are therefore more useful as tools for
elucidating these aspects of the fission phenomenon than as formalisms
calculating new data. But this situation will certainly improve with
time, as application of Strutinsky methods to the calculation of both
the potential energy surface and inertial tensor of the region between
barrier and scission becomes more fully developed.
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r
TABLE I

Comparative results on fission barrier heights from a range
of calculations. The barrier heights are quoted in MeV
relative to the primary minimum of the potential energy curve.
For comparison with experimental data (normally quoted
relative to the nuclear ground state) a zero-point betfa-
vibration energy should be subtracted from these numbers.

TABLE 2

Resonance parameters resulting from the mixing of a broad-class-II level with
claBS-I states to give fine structure resonances. The class-II state definei
zero energy, its fission width rX n(f) " 20, its coupling width TxII( * - 4.3.

I

Reference

Mttller and
Nix (12)

MBUer and
Nix (12)

Larsson and
Leander (18)

Larsson and
Leander (IB)

Flocard et al
(21)

Flocard et al
(21)

Remarks on calculation

Folded Tukava shell-
model. No axial
asymmetry ih
deformation but
reflection asymmetry
allowed.

Modified harmonic-
oscillator shell-
model. No axial
asyirsnetty but
reflection asymmetry
allowed.

Modifiea harmonic
oscillator shell
model. No axial
asymmetry.

Modified harmonic
oscillator shell
model. Axial
asymmetry allowed.

Hartree-Fock
calculation. No
axial aoynmetry or
reflection asymmetry.
Pairing interaction
strength proportional
to surface area.

Ditto, but pairing
interaction strength
constant

VA(240pu)

5.45

6.3

5.6

9.0

11.0

VA(24*Pu)

6.3

7.1

5.9

V A("
2Th)

2,9

4.7

4.?

VB(
232Th)

5.7

8.0

CLASS I

- .932

- .037

.928

1.072

2.246

2.585

3.465

4.632

r*l(n)

.0070

.0147

.0022

.0051

.0070

.0248

.0051

.0158

H'*lXlI

.387

.032

1.89

.0056

.274

.577

.015

.066

COUPLED

EX

- 1.011

- .056

.256

1.072

1.934

2.369

3.141

3.478

4.649

FX(n)

.0089

.0156

.(3)3

.0048

.0046

.(3)2

.0353

.0016

.0130

rX(f)

.299

.222

2.813

.(3)57

2.574

.605

4.503

.255

.084

POLES |

*mH)

?':7

- .038

.792

.903

1.072

2.250

2.577

3.465

4.635

r(H)
m

,091

.041

15.154

.414

.025

.082

.164

.028

.047

J
38

J
~l



TABLE 3

Resonance parameters resulting from the mixing of a broad class-II level with clasa-1 states when theResonance parameters resulting from the mixing of a broad class-
coupling width is of comparable magnitude to the fission width; I' ( \ 13.1, Dj » 1.2.

CROS3-SECTIOH PIT

Ex

- .947

- .037

.928

1.072

2.25

2.58

3.47

4.64

FA(n)

.0077

.0182

.0024

.0048

.0070

.0259

.0049

.0128

^Cf)

.0665

.0050

.390

.009

.053

.125

.0036

.0125

CLASS-I STATES

E*I

2.822

3.895

5.626

5.788

6.421

8.015

8.596

9.247

9.638

10.267

'Mn)

.0110

.0114

.098

.0006

.0217

.0036

. x 10-8

.0135

.0087

.0158

COUPLED STATES

HX

2.822

5.601

5.655

6.055

7.788

8.047

8.598

9.624

10.267

r»n>

(-) .0112

.0797

(-) .0263

.0146

(-) .0142

3 x 10-*

(-) 4 x 10"6

.0129

.0055

rMf)

5 x 10-6

.146

.134

.306

1.49

.202

.0002

.0104

1.455

S-MATRIX POLES

2.822

5.632

5.706

6.053

7.622

8.019

8.598

9.627

9.653

.031

.132

.241

.419

2.153

.038

.035

.041

1.210

ATTEMPTED R-MATRIX FIT

2.82

5.63

6.1

8.02

9.62

9.87

.011

(-) .114

(-) .019

.003

.012

.0039

rX(f)

4 x 10"5

.Oil

.379

.018

.009

.791
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TABLE 4

The factor f(J,£) for correcting calculations of the total
neutron transmission coefficient for departures of the level

density law from linear dependence on angular momentum.

0

1/2

1

3/2

2

5/2

3

7/2

4

9/2

5

It/2

6

0

0

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0

996

985

966

940

908

871

828

782

732

631

628

575

522

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

966

955

937

913

882

847

806

762

715

665

615

564

513

0

0

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

2

908

899

882

860

833

800

764

724

680

635

589

542

495

3

0.828

0.820

0.806

0.787

0.764

0.736

0.704

0.670

0.632

0.593

0.552

0.511

0.469

4

0.732

0.726

0.715

0.699

0.680

0.658

0.632

0.604

0.573

0.541

0.507

0.472

0.437

TABLE 5

Effective spin dispersion coefficients incorporating rotational
bands built on independent particle band-head states.

h 2 / 2 3 ^ ^

-.004

.0006

.006

.012

.015

3

7.15

6.05

5.25

4.66

4.43

3.5

8.29

6.74

5.72

5.00

4.74

4.6

11.59

8.32

6.67

5.67

5.32

5.5

15.81

9.63

7.34

6.10

5.69

6.5

25.5

II.1

7.97

6.48

6.00

wu

TABLE 6

246,Levels of Cm used in the code AVXC for Che calculation of
the cross-sections of 246Cm. Above 1 HeV the level scheme
is schematic, and is based on the recommended level density.

E

0.0429

0.1417

0.296

0.599

0.66

0.78

0.863

0.903

0.945

0.990

1"

2*

4+

6+

r
3~

5"

0+

2*

2*

3*

E

1.00

1.045

1.375

1.125

'.164

1.328

1.492

1.109

1.218

1.328

I"

4+

4+

0*

0"
l+-

1*-

l«-

2*-

2*~

2*-

E

1.437

1.086

1.172

1.258

1.345

1.076

1.153

1.229

1.306

1.382

f

2*~

3*~

3*~

3+~

3+-

4+"

4+"

4+"

4+"

4*"

TABLE 7

Barrier parameters extracted from isomer excitation
data for some Am and Cm nuclei.

HUCLIDE

2 4 4A»

2 4 3Am

2 4 2Am

2 4 4Cm

2 4 3Cm

REACTION

244Pu(p,2n)

244Arn(n,2n)

242Pu(a.3n)

If

E U

2.3

2.9

1.9

VA

6.4

6.3

5.8

VB

5.3

5.6

4.3

J



TABLE 8

Barrier spectra (channel structure) employed for
fission calculations on even actinide nuclei

(to 1 HeV)

TABLE 9

Barrier level density parameters employed for actinide nuclei.
Level densities have the form of equation (4.24).

0 +

2*

o"

i "

o\
6+

8+

10*

2 \

, -

3 "

5"

7"

9"

l"»

I "

2 + , 4 +

3*

2", 3"

Energy
range
above

v A

0 . 0

0 .1

0 . 3

0 . 4

0.9

0.6

0.7

0 . 8

0 . 9

- 0.1

- 0.2

- 0.4

- 0.5

- 1.0

- 0.7

- 0.8

- 0.9

-

-

- 1.0

0 .

0 .

0 .

0.

0 .

0 .

0 .

0 .

0 .

0 .

0 .

Energy
range
above

vB

0 - 0 . 1

I - 0.2

3 - 0.4

4 - 0.5

9 - 1 . 0

0 - 0.1

0 - 0.1

1 - 0.2

1 - 0.2

3 - 0.4

9 - 1.0

Type

Even

Odd-A

Odd

Energy
range
(HeV)

1.0 - 2.5

2.5 - 2.8

2.8 - > 5

1.0 - 1 . 4

1.4 - 2.0

2.0 - 3.05

3.05 - > 5

0 - >3

0 - -2

2 - >5

cA

0.02135

1.435 x 10"4

1.6

6 . 8

11.5

54.S
(

"A

0.3005

0.1877

0.5

0.48

0.36

0.5

=B

O.02I3A

0.198

0.00965

0.4265

3 . 4

5.75

27.2

«B

0.3005

0.576

0.308

0.5

0.48

0.36

0.5

o

5.7

6.0

6.3

5.7

5.7

6.0

6.3

6 . 4

6.4

6.4
)

V

Suggested: no data analysed beyond -1
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Figure Captions

Fig. 1 Schematic diagram of Strutinsky shell-correction method.

Fig. 2 Nuclear energy calculated as a function of deformation (for
cylindrically symmetric shapes) for °Pu using Strutinsky'a
prescription. Arrow on outer barrier, B, gives lowering of
barrier as calculated from reflection asymmetric deformation.
Calculation from Six (3).

Fig. 3 Energy levels of a harmonic oscillator potential for prolate
spheroidal deformations. Numbers in diagram are numbers of
particles filling the shell. From Nix (3).

Fig. 4 Comparison of two different technical procedures for calcul-
ating the Strutinsky shell-correction energy from the same
get of shell-model levels. The solid curve is calculated
using the normal energy-averaging procedure for every specific
deformation. The dashed curve is from the summing of smoothed
energy levels fitted to the actual shell moc1-*! levels over a
large range of deformation. Diagram from ref. (S).

Fig. 5 Binding energy of 2^ Pu as function of deformation (the para-
meter Q is the quadrupole moment of the matter density)
calculated with a Hartree-Fock method by Flocard et al (7).
Dashed and solid curves correspond to pairing-interaction
strength independent of nuclear surface area and proportional
to surface area respectively.

Fig. 6 Potential energy landscapes for 236ih and 25°Cm a s calculated
in ref. .(183. The plane is one of nuclear elongation (e)
versus axial asymmetry (Y). The nuclear shape is chosen so
that the energy is minimised as a function of the hexa-
decapole deformation parameter e$. Energy contours are at
intervals of 0.2 MeV. The heavy solid line with arrows
follows roughly the track of minimum potential energy with
increasing elongation through barrier A and secondary well II.

Fig. 7 Inner barrier height as calculated from Strutinsky theory with
• uodified harmonic oscillator shell model with and without
the axial asymmetry degree of freedom. Pairing interaction
•trength was assumed proportional to surface area, and the
liquid-drop neutron-proton asymmetry constant ks • 1.78.
From ref. (18).

Fig. 8 Calculated energy of second minimum using Strutinsky theory
with modified harmonic oscillator shell-model potential. The
liquid-drop neutron-proton asymmetry constant ks • 2.8.
From ref. (121.

Fig. 9 Calculated outer barrier heights using modified harmonic-
oscillator shell-model potential. From ref. [12).

Fig. 10

Fig. U

Fig. 12

Fig. 13

Fig. 14

Fig. 15

Fig. 16

Fig. 17

Fig. 18

Fig. 19

Fig. 20

Fig. 21

Calculated fission barrier potential energy curves, using
folded Yukawa shell-model potential. From ref. (12). The
dashed curves assume reflection symmetry in the nuclear
shape, but the solid curves allow Cor minimization of the
potential with respect to reflection asymmetry.

Schematic indication of resulting calculation of fission
cross-section if fission barrier is in error by 1 MeV
either wj.y. The full curve id the true cross-section.

Inertia! parameter B c c corresponding to the collective
parameter for nuclear elonfentior., c, compared to the shell
correction energy EgheXl- From »ef. (28).

Least action trajectory for ground-state spontaneous
fission of Pu through potential energy landscape in
plane of elongation parameter c and neck constriction, h.
From ref. (28).

Least action calculations of ground-state spontaneous
fission half-lives with optimised adjustments of surface
energy constants for different groups of elements.
From ref. (28).

Least action calculation spontaneously-fissioning isomer
half-lives. From ref. (28).

Wave-functions in rectangular barrier transmission.

Transmission coefficients as function of energy for
rectangular barrier (full curve and dot-dash curve). The
transmission coefficient for a parabolic barrier ic shown
as a dashed curve. Inertial parameter is 2B/ti2 - 1200 MeV's" 2.

Notation for JWKB treatment of transmission through a double-
humped barrier.

Schematic diagram of complex potential well model for
fission.

Transmission coefficient for double-humped barrier with
damping in secondary well compared with undamped transmission.
Barriers are of equal height, fiuA • 1.5 MeV, tUilp - 1.2 MeV,

0.6 MeV, damping width r D - 0.06/2n MeV.

Total and partial cross-sections for,two close levels.with
(meV)»,

.84 (meV)S,

,u p o i •_ J.CI1. k . lV93 9CV11VII9 1UL , LWU UlUSttf AC

; parameters E, - 22.81 eV, r?/n) - 0.35 (
- 0.728 <ey)i, E 2 - 22.92 eV, ft, , - 0.6
0.S74 (eV)', r ( j . r2( j . 0.02.5 cV.
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Fig. 22

Fig. 23

Fig. 24

Fig. 25

Fig. 26

Fig. 27

Fig. 28

Fig. 29

Fig. 30

Fig. 31

Fig. 32

tig. 33

Calculated vibrational wave-functions for a double rectang-
ular well. The dimensions of the potential are given in the
top part of the diagram. The inertia! parameter is shown so
that the wave number k (• /2B(E-V)/fi2) is given by
15.7 /(B-E) in IfeV.

Construction of separate potentials for discussion of
amplitude relationships between class-I and class-II
vibrational functions.

Computed value of amplitude of class-I and class-XI
vibrational wave-function penetrating to the opposite well.
Dimensions of the potential are shown in the left-half of
the figure. The phonon energies are faiij • nton * 0.8 MeV
and the tunnelling parameter Tui>A - 0.8 MeV. Vibrational
state energies are relative to intermediate barrier height.

Schematic diagram of radiative capture spectra of class-I
and class-II states.

Neutron fission cross-section of *40pu £O the resonance
region. The upper diagram is the original measurement of the
fission intermediate structure by Migneco and Theobald (47].
The lower diagram is higher resolution data of Auchampaugh
and Weston [48) for the class-II states at 1900 eV.

Neutron fission cross-section of 240pu
1405 eV class-II resonance (48).

region of

Schematic diagram of Lorentzian mixing of a class-II state
with class-I states.

Neutron resonance fission widths in the cross-section of
234JJ (50) and fitted Lorentzian profiles.

Simulated fission cross-section for broad class-II state
with weak coupling to class-I states. The R-matrix para-
meters are given in Table 2.

Fission widths of S-matrix poles for class-II fission widths
similar in magnitude to coupling width T\-*Tff\ " 2 5 ,

rxII(e)-'
3-'. " i " - 1 -

Simulated fission cross-section for broad class-II level
vith coupling of similar strength to the fission width.
Parameters are given in Table 3. Notation as in Fig. 30.

Differences in fission probability calculated from pure
statistical theory (A',C) and microscopic theory (A,B,C).
For the barrier parameters are as follows (energies in MeV):

Curves

I.I1

2
3,3'

VA

S.9
5.9
5.9

0.9
0.9
0.9

S.3
5.1
4.9

0.6
0.6
0.6

Fig. 34 Average fission probability calculated from perturbation
theory for coupling of class-II and class-I states (full
curve). Parameters are VA - Vg » 5.5 MeV, tluyi • 0.9 MeV,
&0B - 0.6 MeV, EJI (ground state of secondary well) -
2.5 MeV. Radiation widths (governing the amount of delayed
fission through the spontaneously fissioning isomer) are
calculated from the giant dipole resonance model. The
broken curve is calculated from equation 3.137 for
structured class-II states overlapping class-I states, and
the chain curve is calculated from pure statistical theory.

Fig. 35 Average fission probability calculated from the code FISRA
(for competition with radiative decay, barrier transition
states limited to rotational band characteristic of even
nuclei). The fissioning nucleus is 242Pu excited in the
reaction 24oPu(t,p). Calculated curves are for V^ - 5.6 MeV,
IKHA " 1.0 MeV, VB • 5.1 MeV, tius - 0.7 MeV. The damping half-
width for vibrational levels is 0.1 MeV (full curve), 0.025 MeV
(short-deck curve) and is large (strong damping) for long-
deck curve. Porter-Thomas fluctuations in class-I levels
are not included.

Fig. 36 Typical set of neutron capture, inelastic and fission cross-
sections calculated from the code AVXC. The target nucleus
is ^^Cm. circles in the top diagram are experimental data
and the broken curve is a statistical calculation using the
code EVAPF. Barrier parameters are VA - 0.94 MeV, fc)A "
0.8 MeV, VB * 0.345 MeV, fiuB - 0.52 MeV. Lowest channels
are assumed to be j" - 3/2 +~.

Fig. 37 Schematic flowchart for the code EVAPF.

Fig. 38 Calculated cross-sections from the code EVAPF for the reactions
resulting from neutron bombardment of U; O - - -
fission cross-section data and calculated cross-section;
0 capture cross-section data and calculated cross-
sections.

Fig. 39 Typical calculated isoner excitation curves for reactions
in which the isomer is formed after neutron evaporation.

Fig. 40 Schematic diagram of 2-neutron evaporation leading to formation
of a shape isomer.

Fig. 41 Excitation function (ratio of cross-section for delayed
fission to that for prompt fission) for spontaneously
fissioning isomer of 2*°Am (half-life 0.9 ms) resulting from
the reactions 24lPu(p,2n) (82J(open circles) end 24Opu(d,2n)
(83). The parameters for the fitted curve are Ell - 3.0 MeV,
VB - VA - 0.9 MeV (for

 2 4 1Am).

Fig. 42 Excitation function for spontaneously fissioning isomer of
2 3 8U (half-life 200 ns) resulting from the reaction
238U(n,n')238U. The fitted curve is described in the text.

Fig. 43 Transition diagram of gamma-rays attributed to decay of shape 103
isomer of 238U.
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Fig. 44

Fig. 45

Fig. 46

Fig. 47

Fig. 48

Yield (relative to prompt fission"1 of the spontaneously
fissioning isomer Am resulting from the reaction
2^'Ain(n,Y)242siAm as a function of neutron energy.

Neutron fission cross-section of 230Th. These are early data
(75). The attempted fit is based on the competition theory
of structure in fission cross-sections.

Neutron fission cross-section of 2^^Th - more recent data
(51)• The fitted cross-sections are described in detail in
ref. (51).

Schematic diagram of damped vibrational resonance. The
vibrational state (many-phonon S-vibration in secondary well"/
is mixed into the compound class-It states which in turn arc
coupled through the intermediate barrier to the class-I
compound states - with the resulting cross-section pattern
shown below.

Neutron fission cross-section of 2*°Pu. The continuous
curve represents the experimental data. The points A are
calculations from the statistical model code EVAFF and the
points V are calculated with the Hausar-Feshbach code AVY.L.

Fig. 49 Neutron fission cross-section of '4*Pu. The full curve is
a Hauser-Feshbach calculation (code AVXC), and Che broken
curve is a statistical model calculation (code EVAFF).

Fig. 50

Fig. 51.

Fig. 52

Intermediate barrier heights as t^rx-n'^. of neutron number.
Open symbols denote even nuclei, hatched denote odd-mass*
block denote odd nuclei, 0 - Th,Cm; O - Pa,Am;
• - U.Cf; A - Np.Bk; 7 - Pu.

Outer barrier heights as function of neutron number.

Symbols as in Fig. 50.

242.Some calcula the nucleus "'Am (!52y).
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