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in 1964 under an agreement with the Italian Government, and with the assistance of the City and University of Trieste.

The IAEA and the United Nations Educational, Scientific and Cultural Organization (UNESCO) subsequently agreed to operate the Centre jointly from
1 January 1970.

Member States of both organizations participate in the work of the Centre, the main purpose of which is to foster, through training and research, the
advancement of theoretical physics, with special regard to the needs of developing countries.
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FOREWORD

The International Centre for Theoretical Physics has maintained an interdisciplinary character in its research and training programmes in different
branches of theoretical physics. In pursuance of this objective, the Centre has organized extended research courses and workshops, including topical
conferences, with a comprehensive and synoptic coverage in varying disciplines. The first of these - on Plasma Physics - was held in 1964 and then
repeated in 1977; the second, in 1965, was concerned with the Physics of Particles. Between then and now, the following courses were organized:
four on Nuclear Theory (1966, 1969. 1971, 1973), six on the Physics of Condensed Matter (1967, 1970, 1972, 1974, 1976, 1978), three on Atomic
Physics (1973, 1977, 1979), two on Geophysics (1975, 1977), one on Control Theory and Functional Analysis (1974), one on complex analysis (1975),
one on Applications of Analysis to Mechanics (1976), one on Mathemalica! Economics (1978), o^s on Systems Analysis (1978), two on Teaching of
Physics at tertiary level (in English in 1976, in French in 1977), and two on Solar Energy (1977, i978). Most of the Proceedings of these courses have been
published by the International Atomic Energy Agency (Vienna, Austria).

The present volume forms part of the Proceedings of the W: iter Courses on Nuclear Physics and Reactors, conducted from 17 January to
10 March 1978. This volume contains the Proceedings of the Course on Nuclear Theory for Applications, held at Trieste, 17 January to 10 February 1978.
A separate volume contains the Proceedings of the Course on Rsactor Thuory and Power Reactors, held from 13 February to lOMsrch 1978. The Winter
Courses were held in response to the growing need of developing countries which plan tc establish a nuclear power programme to familiarize themselves
with the nuclear and reactor physics foundations of nuclear energy and their applications in the design of nuclear reactors.

The programme of lectures and working sessions was organized by Drs. J.J. Schmidt and J.A. Larrimore (International Atomic Energy Agency, Vienna,
Austri5)rProfessor V. Eenzi (Centro di Calcolo of the Comitato Nazionale per l'Energia Nucleare, Bologna, Italy), and Professor L. Fonda (1CTP, Trieste,
Italy).

Abdus Salam
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PREFACE

This volume contains the text of the invited lectures presented during the Course on Nuclear Theory for Applications which was held at the
International Centre for Theoretical Physics (ICTP) in Trieste, Italy, from 17 January — 10 February 1978, within the framework of the nuclear physics
activities of the ICTP during the winter of 1978. This Course was jointly organized by the IAEA Nuclear Data Section and ICTP with the collaboration of
the Centro di Calcoio, Bologna, of the Comitato Nazionale per l'Energia Nucleare (CNEN) of Italy. The Course was attended by 91 participants from
29 developing countries, 12 participants from six developed countries, and five participants from the Central Bureau for Nuclear Measurements, Geel, and
the Joint Research Centre, Ispra, of the Commission of European Communities, and from the Joint Institute for Nuclear Research, Dubna, USSR.

The purpose of this Course was to offer nuclear physicists, nuclear data evaluators and reactor scientists with an interest in nuclear theory and nuclear
data particularly from developing countries which have plans to embark on a nuclear power programme a thorough review of the contemporary research in
low-energy nuclear reaction theory with a simultaneous training on an advanced level in the application of this theory and associated computer codes to the
interpretation and computation of neutron nuclear data needed for nuclear reactor calculations.

The Course was started with introductory lectures on the importance and evaluation of nuclear data for applied purposes and continued with a series
of lectures, special seminars, working sessions and computer code workshops on the following major topics and their applications in nuclear data
computations:

1. Theory and interpretation of resolved and unresolved neutron resonances including statistical distribution laws for partial resonance widths and
resonance spacings;

2. Advanced neutron optical models including the foundations and parameterization of spherical and deformed optical potentials with an emphasis
on modern matrix methods;

3. Statistical theory of neutron nuclear reactions including nuclear single-pa:tide and collective level density theories;
4. Theory and models of pre-equilibrium decay in neutron nuclear reactions;
5. Theory of neutron-induced nuclear fission with an emphasis on the double-humped fission barrier, its properties and parametrization.

Since the lectures given at this Course present the first comprehensive review of nuclear reaction theories and models underlying the interpretation and
computation of neutron nuclear data needed for reactor physics calculations and other applied purposes, they are expected to be of interest to nuclear
scientists both from developing countries where nuclear data and reactor physics research are still in the beginning and from developed countries where
such research is in an advanced stage. They can be used as a reference in the field or as an advanced text-book for postgraduate study.

The organizers are most grateful to the lecturers, workshop leaders and scientific coordinators for their very active engagement and co-operation in the
objectives of the Course, and to the Staff of the ICTP for their most pleasant and efficient help in the preparation and conduct of the Course.
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NUCLEAR DATA,
THEIR IMPORTANCE AND EVALUATION

J.J. SCHMIDT
Nuclear Data Section,
Division of Research and Laboratories,
International Atomic Energy Agency,
Vienna

ABSTRACT

Nuclear data comprize a l l quantitative results of nuclear phy-
sics investigations and can tie subdivided in the three areas of nuc-
lear structure, nuclear decay and nuclear reaction data. For the
purposes of fission and fusion reactor design mostly neutron reaction
data are needed, while for the nuclear fuel cycle outside the reactor
and for a large variety of "non-energy" scieirtif ic applications a num-
ber of photonuclear and charged part icle nuclear reaction data and of
nuclear structure and decay data are needed, in addition to selected
neutron nuclear reaction data. To meet the needs of nuclear science
and technology for accurate nuclear data, comprehensive computer l i b -
rar ies of evaluated nuclear data have been built up from evaluation
of a massive volume of experimental data complemented by data calcu-
lated from nuclear theory. The basic characteristics and requirements
of evaluated data l ibrar ies are discussed and evaluation sources and
methods i l lus t ra ted with the,example of a few important neutron nuc-
lear reactions. International mechanisms have been developed, co-
ordinated by the IAEA Nuclear Data Section with the cooperation of
nany nuclear data centres and groupsjfor the efficient dissemination
of bibliographic and numerical experimental and evaluated nuclear
data to data users in the whole world*

Nuclear data have a wide-spread use in nuclear science and techno-
logy, with neutron nuclear data playing a prominent ro l e . Their most
important application as input to the design calculations of nuclear
fission reactors will be discussed particularly in the beginning of the
second part of these Winter Courses, dealing with Reactor Theory and
Power Reactors.

In any application of nuclear data there i s a genuine interest to
use the "best" information then available in a most convenient form. The
results of different nuclear physics measurements do generally not agree
with each other. Before their application they have therefore to be com-
piled, c r i t i ca l ly compared, renormalized to common standards, selected,
averaged, and error bars assigned, i . e . they have to be evaluated to so-
called "best" or "recommended" values. Via interpretation, in te r - and
extrapolation nuclear theory plays an important role in th i s process.
Evaluated data are then made available to the UBer in computerized and/
or published medium.

It seems therefore necessary and appropriate to devote the introduc-
tory lectures t o these courses to the subject of nuclear data, their de-
tai led definition, importance and evaluation, with an emphasis on neutron
nuclear data.

2. nEFINITIOM OP NUCLEAR DATA

Nuclear data can lie subdivided into -the following three categories:

- nuclear structure data;
- nuclear decay data; and
- nuclear reaction data.

To understand the meaning of these data a few basic facts from nuc-

lear physics have to be recalled.

IS

As a general definition, the quantitative results of any scientific

invastigation of the nuclear properties of matter are called nuclear

physics data, or briefly nuclear data.

Nuclear data are generated mostly by nuclear physics experiments,

but also by nuclear theory. The application of nuclear theory, nuclear

models and nuclear systemati.es to the generation and interpretation of

nuclear data 1 B the main subject matter of the first part of these Win-

ter CourBeB on Huclear Physics &nd Reactors, dealing with Nuclear Theory

for Applications.

2*1. Nuclear structure, data

The nucleus of an atom is composed of neutrons and protons called

nucleons. They move, individually or collectively, within the spatial

boundaries of the nucleus and are held together by strong Bhort-range

attractive forces called nuclear forces* Each nucleon thus p&aaesBeB

kinetic and potential energy in given energy states whose character-

istics are governed by the Pauli-exclusion principle* The sum of these

energies forms the ground state energy of the nucleus*

Individual or collective excitation of nucleons, by taking up

energy from nuclear particles or radiations, produces excited states
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of the nucleus, called its energy levels. Each of these levels is
characterized by i ts energy above the ground state and spin and parity
quantum numbers.

Each isotope of each element, whether stable or unstable, has its
own characteristic level scheme. The density of the levels per energy
unit increases with increasing excitation energy of the nucleus. At
lower excitation energies up to several HeV above the ground state, and
at energies just above nucleon binding energy in particular, experimental
techniques allow the resolution of individual levels and the determination
of their energy and quantum characteristics. At higher energies the levels
become so dense that they can no more be discerned experimentally; they
form a quasi-continuum of decaying states and only their statistical pro-
perties can be investigated.

The totality of this category of nuclear data is called nuclear level
scheme or nuclear structure data. They are illustrated in fijqure 1.

2.2 Kuclear decay data

At present 276 stable isotopes and about 2800 radioactive isotopes
are known. While per definition the stable isotopes decay only from ex-
cited states, radioactive isotopes decay from their ground and excited
states, usually by P- and y-ray emission or internal conversion, except
for the heavy actinide nuclides which in addition exhibit "X-decay and
spontaneous fission. If a nucleus is excited to levels p.oove the binding
energy of a nucleon or a heavier particle, decay wil). proceed also via
single or multiple particle emission, usually followed by y-ray emission,
until a 3table end product, i . e . the ground Eta'-e of a stable nucleus, is
reached. If energetically feasible, particle 'mission is usually pre-
ferred to p- or Y-ray emission.

B + b

or schematically
A (a,b) B

where b denotes the emitted particle(s) and/or radiation(s) and B the
residual nucleus (or, in the case cf fission, the resulting two fission
fragments).

The strength of a particular nuclear reaction is expressed in teras
of a quantity called the cross section; i t is a measure for the proba-
bility of the occurrence of a particular reaction between nuclear par-
ticles A and a which leadB to specific particles B and b. It is usually
measured in units of lCT^co , called barn, which roughly compares to the
"geometrical** cross sections of nuclei which range from about 0.02 to 2
barn. Measured cross sections range from about 10"^ to 10*^ barn.

Usually not only the crosB section for a specific nuclear reaction
as a function of the kinetic energy of the incooing particle "a" is wan-
ted, but in addition the energy and angular distributions oi the emitted
secondary particles or radiations "b**, or, in fission, the number of
prompt and delayed neutrons emitted and their energy distributions, or
composite quantities such as the ratio a of neutron capture to neutron
fission cross sections.

The totality of this category of data is called nuclear reaction
data.

2.4 Neutron nuclear reaction data

The practically most important data governing nuclear decay are

the decay half lives of ground and excited states including metastable

states, the b-anching ratios for the various possible decays and the

energies and intensifies of the emitted particles and radiations*

The totality of thi3 category of nuolear data is called nuclear

decay data.

2.3 Nuclear reaction data

The interaction of nuclear particles and radiations (a) (y-rays,

neutrons, protons, deuterons, or heavier ions) with nuclei (A) are usu-

ally described by the equation

The characteristic features of nuclear reactions and their cross

section behaviour are illustrated below by the example of neutron nuc-

lear reactions which are the most important nuclear reactions for appli-

cations.

Once a neutron IB captured by a nucleus A, the nucleus C is formed

which is called the compound nucleus with an excitation energy which ia

the sum of the kinetic energy of the neutron and itB binding energy

(« 5-10 MeV) in the nucleus C. The compound nucleus may now decay in

several different wayB depending upon the size of its excitation energy.

The following reactions are most common at neutron energies below about

15 ifeV (see figure 1):

J



A+M

c+jr

elastic scattering

inelastic scattering

capture

fission

(n,2n) reaction

(n,p) reaction

(n,ot) reaction

The * means the nucleus in state of excitation; usually the ex-
cited nuclei return to their groundstate by single or cascade y-ray
emission, the excited fission fragments decay by delayed neutron, y-ray,
p and neutrino emission. While elastic scattering, capture and (for
fissi le nuclei) fission are possible at all neutron energies, inela-
stic scattering is only possible for kinetic energies of the incoming
neutrons higher than the first excited state of nucleus A; (n,2n) re-
actions only for excitation energies in excess of the binding energies
of tue two nucleons; (n,p) and (n,a) reactions only for excitation
energies in excess of the binding energies of jhe proton and of the a-
particle in the compound nucleus (if EeIo*EBina! exothermic reaction; i f
^xo^^&ni- endothermic reaction); and fission reactions (for fertile
nuolei) only above the fission threshold of the compound nucleus with some
Bubthreshold fission due to "tunnelling" '.hrough the fission barrier. The
sum of the cross sections for all reactions possible at a given energy is
called the total cross section.

Note that the compound nucleus formation and deccy is not the only,
but, at lower excitation energies up to the >teV range, the most usual
reaction aechanira which involves a statistical sharing of the excitation
energy imparted to a nucleus by all itB nucleons at an intermediate stage
of the reaction. Other pDBaible reaction mechanisms at higher excitation
energies, leading, however, to the same reaotion products, involve direct
or semi-direct excitation and emission of nucleons or clusters of nuo-
laoao before the formation of a compound nucleuB. These can be subsumed
under "direct** or "pre-oompoundM reaction mechanisms; they will form an
important subject of the present course.

The gonaral dependence of neutron nuclear reaction oross sections
upon neutron kinetic energy is visualized in figure 2 for the e-pture,
fission and elastic scattering of neutrons on a heavy fissile nucleus.
According to the structure exhibited by the cross sections the total
energy range displayed from 0 to above 10 MeV can be subdivided in the
four subranges of

- thermal energies;
- resolved discrete resonances;
- unresolved overlapping resonances; and
- range of smooth energy dependence of cross sections or so-called

"continuum" range.

2.4.1 Resolved discrete resonances

Sue to the high binding energy of the neutron, the compound nucleus,

already for small neutron kinetic energies; is excited in very densely

distributed nuclear energy levels called resonances. As the widths of

these resonances are usually smaller than their distances, they can be

discerned from each other and experimentally resolved. Usually resonan-

ces are very complex states whose individual properties cannot be pre-

dicted by nuclear theory. Resonance shapes and the energy dependence of

cross sections through resonances, however, can be adequately described

by nuclear resonance theory with appropriate parameterisation. With so-

phisticated experimental and theoretical techniques developed over the

past 25 years several 10 000 resonances for many nuclei over the whole

range of atomic weights have been measured and analyzed for their energy

positions, half widths for the various possible decay modes, and the quan-

tum numbers for their spin and neutron orbital angular momentum, alto-

gether called resonance parameters. The range of resolved resonances ex-

tends to keV neutron energies for heavy and medium-weight nuclei and to

MeV neutron energies for lighter nuclei.

2.4.2 Thermal energies

The thermal range i" neutron":, governed by thermal equilibrium bet-
ween neutrons and the lattice vibrations of the surrounding medium, ex-
tends between O and about 1 eV neutron energy and thus represents a very
small sectioi. only of the resonance range. For the resonance range extends
also to "negative" energy resonances below the neutron binding energy which,
however, can only decay by the emission of f-rays.

If the thermal range falls between resonances, the cross sections
follow a rather simple energy dependence and are fairly small. If- re-
sonances fall in the thermal range, then the cross sections can reach
very high values. Prominent examples are the exceptionally high cap-
ture cross sections of the fission product isotopes "5)Ce and ^^Sa of
3.4*10^ b and 1.2*K>5 b in the peaks of resonances located at neutron
energies of O.O84 «V and 0.098 eV respectively.

2.4.3 Unresolved overlapping resonances

Due to the combined effects of the broadening of the resonance
widths and the increase of the resonance density with increasing neu-



tror energy the resonancas eventually "begin to overlap and can no more
be disclosed from each other* For heavy and medium weight nuclei this
range extends to higher keV energies, below about 100 keV, for lighter
nuclei to higher JfeV energies.

In this range only average resonance properties such as average
half widths and average level spacings can be deduced from

— measured cross sections]

— extrapolation of resolved resonance properties to higher energies;

and

— nuclear level systematical

The distribution in size of the resonrnce partial widths and spacings

is theoretically well understood and can also be deduced from known re-

solved j^Bonances. These data are needed in theoretical predictions of

unknown cross sections by mear.s of the statistical theory of neutron nuc-

lear reacticrs.

2.4.4 "Continuum" range of energies

At high neutron energies any resonance structure is washed out BO

that the energy dependence of the neutron cross sections becomes smooth.

At excitation energies of multiples of the nucleon binding energy mul-

tiple particle emission or opallation is observed.

^. IMPORTANCE OF HUCLEAR D M A

Generally speaking an adequate knowledge of nuclear data is required

whereever in science and technology nuclear reactions, radiations and iso-

topes are applied. It will be shov.n in the following, tnat nuclear data

occur in practically all branches of nuclear science and technology with

varying priority and accuracy requirements.

^.1 Fission reactors

In the domain of naolear energy, the largest and most stringent re-

quirements for accurate nuclear data, particularly neutron cross sec-

tions, exist for the physics design of fission reactors. Reactor para-

meters Buch as the effective multiplication factor l^ff, critical mass,

fuel enrichment, critical reactor size, neutron flux, breeding ratio,

safety coefficients, kinetic and dynamic characteristics are calculated

from mathematical equations in which neutron cross aectionB and related

nuclear data enter as basic parameters. Well known is for example the

Boltzmarjri-equation for the calculation of the energy and Bpace-dependent

reactor neutron flux.

The answer to the question which nuclear data are needed for fission

reactors and with which priority is clcesely linked with the material com-

position and the energy dependent neutron flux or neutron energy spectrum

of a given reactor. Generally speaking neutron cross sections are needed

for all reactor materials over the whole energy range covered by the re-

actor neutron energy spectrum, m order to understand the nuclear data

needs in detail the neutron energy spectra occurring in typical fission

reactors will be considered.

Fission reactors can be roughly subdivided into so-called thermal

and. fast reactors which are currently the most important reactor types.

Thermal reactors contain moderating material of low atomic weight such

as iight or heavy water, graphite or beryllium which, by elastic scat-

tering collisions, slows the neutrons generated in fission down to ther-

mal energies, thus leading to a thermal neutron energy spectrum. In

a fast reactor, which is usually composed of materials of higher atomic

weight, fission neutrons are slowed down preferably by inelastic scat-

tering, without reaching thermal energies, thus leading to a fast neu-

tron energy spectrum centered in the keV and HeV ranges of neutron ener-

gies.

Figure 2 shows typical neutron energy spectra of thermal and fast

reactors. Specifically, the spectrum of a thermal reactor is centered

between 0.01 and 1 eV. In this energy range it obeys essentially a Max-

well type distribution, whereat above 1 eV it decreases as 1/E. The

fast neutron flux of a thermal -eactor, obtained by integration of the

neutron energy spectrum over ft t neutron energies, is still typically

by a factor three larger than the thermal neutron flux, but the much

higher fission and capture cross sections cause about 100—fold higher

reaction rates at thermal energies. Therefore Xn a thermal reactor the

knowledge of fission, capture and elastic scattering cross sections in the

very small energy range batween 0 and several eV as well as of the pro-

perties of the low-lying resonances in fertile and fissile isotopes is

crucial for the determination of the physics characteristics of the re-

actor. This is easily realized from figure 2. when comparing the neutron

flux and cross section curves at low neutron energies* With some ex-

ceptions neutron crosB sections needed for thermal reactors can be con-

sidered today as sufficiently well known.

Fast reactor neutrons, however, are spread over a much larger

energy range extending from eV energies to about 15 HeV, Kith an em-

phasis on energies between about 1 keV and several HeV. They cover the

resc-sMice range ae KOII as the "oontinuum" range. In addition to fission,

capture and elaBtic scattering, resonance parameters and cross sections

over the entire discrete and over-lapping resonance range, cross sec-

tions for inelastic scattering, at higher energies also (n;n), (n,a),

(n,2n), (n,3n) reactions, and the angular and energy distributions of

emitted neutrons have to be known as a function of neutron energy, aB

can again be Been from figure 2.
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For the different variants of both thermal and fast reactors, neu-
tron croBs sections have to be known for a large variety of materials
and isotopes such as

fissile- isotopes:

fertile isotopes:

structural materials:

cooling materials:

moderating materials:

control rod materials:

shielding materials:

233U,

232Th( 238^ 240^.

Fe, Cr, Ni, Zr;

H20, D20, He, C02, Naj

H20, D20, Be, C;

B, Taj

Fe, Pb, Ba, Si;

0 for oxide fuel and C for carbide fuel, to mention only the mOBt im-
portant materials.

Contemporary reactor theory calculations performed with the aid of
computers are so refined that they allow very accurate predictions of the
physics characteristics of fiseion reactors under the condition that the
neutron cross sections involved are available to sufficient detail and
accuracy.

For an adequate description of the energy dependence of the neutron
cross sections many data points in an uninterrupted chain are needed, ty-
pically of the order of 100 to more than 1000 data points for each re-
action, depending upon the complexity of its energy dependence.

In order to illustrate the neutron cross section accuracies re-
quired for reactor calculations we i:ill consider two important para-
meters of a fast reactor, i.e. K e f f and the breeding ratio BR, and
with simplifying assumptions, the equations which connect these para-
meters with neutron nuclear data.

where

2= N-
average number of neutrons per fission;

macroscopic cross section for fission (f) and
capture [y), averaged over the whole neutron energy
spectrum;

33 * number of atoms/cm3;

o = microscopic cross section;

4_ a = Z^f + X. * macroscopic absorption cross section;

L » neutron leakage out of the reactor per unit time.

For simplicity we neglect neutron capture in all reactor materials
except 2 3 % and 239pu amj the neutron leakage (small in a typical large
fast reactor). Then Kgff becomes

respectively.

? 5-8
Uy + Z-f+y

where the superscripts 8 and 9 denote 23°U and

Introducing

0.9 .

we get

thus depends essentially upon four types of neutron nuclear data:

Kgff is defined as

Heutron generation in reactor per unit tim»
Keutron absorption in reactor per unit time + L

- of
8/of9 - F

They belong to those nuclear data most crucially needed for fast re-
actor calculations. Reactor designers generally require Kgff to be pre-
dicted to an accuracy of at least 156. Starting from the above equation
we will now investigate how acourately these nuolear data have to be known
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in order to fulfil this requirement. We get upper estimates of the re-

quired accuracies, if in each of the four case6 we consider the respective

other nuclear data as precisely known. The equation shows immediately

that v has to be known to at least !%• For the three other quantities

we get by partial differentiation and by inserting currently known values

for ct| P and G

£*? S (10 * 20) AS
a9 K

l Z - ( 5 f 10) 3>K
P K

ifi S ( 3f5) i £
G K

BR

W)

This shows that for Kgff to be predicted with 1% accuracy ct9 has to

be known with an accuracy between 10 and 20/6, 0f°/0f9 to 5-1O3&, and

0y /df° to 3—558. Note that these are upper estimates and that the real

requirements for each of these data are more stringent if it is taken into

account that each of them has a certain inaccuracy.

3.1.2 Breeding ratio

The breeding ratio is defined as

BR « j-39pn nuclei produced in reactor per unit time

"9pu nuclei destroyed in reactor per unit time

and can be written as [1]

BR

where

i)9 . average number of neutrons per neutron absorption in

L1 - neutron loss by leakage and by capture in all other re-

actor materials except fissionable.

Besides v whose magnitude ( - 2.9 ) enables 239pu breeding at fast

neutron energies, BR depends essentially upon 0(9.

The feedback from the uncertainty in a to that of the breeding ratio

is, like in the case of K^ff, obtained by partial differentiation with

the result

a

BR

For the usual requirement of 2?5 accuracy for the prediction of 3R, a9
has at least to be known to \Of> accuracy, i . e . to a better accuracy than
for Keff.

In response to these requirements, very extensive efforts of nuclear

physicists have been devoted over the past 20 years to tha accurate mea-

surement particularly of the capture and fission properties of thermal and

fast reactor fertile and fissile isotopes. At thermal energies and for

the major isotopes these properties are nowadays almost all known to sa-

tisfactory accuracy. For resonance and fast energies only the upper limits

of the accuracy requirements have so far been met and much work is still

going on to improve the measurement methods and results. A comparison of

the presently requested and achieved accuracies for some of the crucial

fast reactor capture and fission data is given in the table below. The

requested accuracies were taken from reference [23.

Quantity

vS

Of9

«9

Accurac
requested

0.5 - 1.0

1 - 3

5 - 1 0

3 - 7

r (4)
achieved

1 - 2

5

10-20

5-10

Taking into account the present uncertainties of all relevant nuc-

lear data one can compare the uncertainties of predicted fast reactor

design parameters due to nuclear data uncertainties with the accuracies

required for these parameters. This is illustrated in the following

table.
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Reactor parameter

"eff

Breeding ratio

239pu doubling time

Fuel cost

required

1J«
2*

10*

O.O3 mill

KW(e)h

Accuracy

achieved

1 -

5 -

20

2*

10*

- 40*

~ 0.10 mill
KW(e)h

The economic incentive for having accurate nuclear data for fast

reactor design is illustrated in the last line of this table by the un-

certainties in the fuel cost. Greebler et al. [3] from General Electric

estimated that the uncertainty in fuel COP', of 0.13 miil/KW(e)h in 1970

due to uncertainties in nuclear data .' equivalent to an uncertainty of

US t 900 OOO/year in the operating cost of a single 1000 HW fast reactor..

Simultaneously they requested an improvement in the accuracy of nuclear

data to achieve eventually a tolerable fuel cost uncertainty of 0.03

mill/KW(e)h. This goal is still not reached; the present achievement

is about 0,10 mill/KW(e)h.

The IAEA Nuclear Data Section publishes biannually a list of re-

quirements for non-existent or improved nuclear data needed for fission

reactor design from input provided by about 20 Member States of the IAEA;

this list is called WREHBA. In the most recent edition, WRENDA 76/77

[2], about 30* of the 1200 individual requests are high priority requests

for improved capture, fission and scattering cross section data for the

major fissile, fertile, structural and coolant materials of fast and ther-

mal reactors.

As a typical example figure 3 shows the requests for improved fast

reactor capture cross sections for 238tj contained in WHENM 76/77.

Each individual request provides information on the requested iso-

tope and quantity, the neutron energy range, the required accuracy

and priority, and the origination and purpose of the request. Re-

quest lists like NRENDA have proven to be very useful means to sti-

mulate and coordinate required nuclear data measurements.

3.2 Fission product and actinide nuclear data

More recently, due to the growing development of nuclear in-

dustries in many countries, which comprise few to many reactor sta-

tions, plants for fuel fabrication and chemical reprocessing, trans-

port cf fresh and spent nuclear fuel etc., the problem of accumula-

tion of fission products and actinideB produced in the reactors be-

comes more and more severe. Both groups of nuclides arc highly radio-
active; due to larger half lives the life time of actinides i s much
longer than that of fiBsion products so that actinides present the
stronger long-term radioactivity hazard. With the exception of some
specific applications such as the use of the o-decay of 238pu and
244cu as a heat source in nuclear batteries of earth sate l l i tes , both
fission products and actinides can no more be used in the reactor i t -
self (except potential incineration of actinides in special purpose
reactors) and have to be disposed of. To give an idea nf the size of
the future vaste disposal problems a forecast made in the United States
[^] two years ago estimates the cumulative amount of actinide production
in US reactors until the year 2000 at about 1300 metric tons and the
annual discharge of actinides in the USA around the year 2000 at about
110 metric tons. These estimates are based on a projection thai in the
year 2000 1200 reactors of 1000 MH(e) each will be in operation in the
USA. This may be an overestimate, but i l lustrates the order of magnitude
of the problem. The production of fission products will be several times
higher.

The following experimental and theoretical investigations are thus
imperative and are currently being pursued in Ifember States by short-
and long-term projects:

f y build-up of fission products and actinides in reactors and their
influence on reactor operation;

f 5 j release of heat after reactor shut-down, so-called afterheat,
caused by a, p and y-decay of fission product and actinide nuc-
lides and by fissions induced by delayed, spontaneous fission
and (a,n) neutrons;

Ql^ short-term shielding problems of fission products and actinides
during fuel handling, reprocessing and transport; and

/ 7 ) long-term radioactivity hazards of fission product and actinide
waster and eri t icali ty hazard of actinide waste, which repre-
sents a neutron source due to spontaneous fissions, (y,n) and
(<x,n)-re actions.

For al l of these investigations a large amount of nuclear data is
needed, many of which are s t i l l unknown or only poorly known. The size
of the requirements can be partially illustrated by the number of iso-
topes involved as seen from the table below.

Nuclide species

Fission product?

Actinides

Total number occurring

800

200

Important

55 50

S 30

J



Long half—lives, high yields and high capture and fission cross
sections were used as criteria in this selection. The many nuclides
with short half-lives have only short-term importance, such as short-
lived fission products in afterheat calculations, and are omitted from
the important.

The size of the requirements is furthermore demonstrated by the fact
that about 3OJ5 of the nuclear data requests for fission reactors con-
tained in HHEHQA 76/77 are for various nuclear data for fisBion product
and actinide nuclei.

In sumaary the nuclear data needs are

inside the reactor: all neutron cross sections, especially cap-
ture, yields, and delayed neutron data for

{y fission products; all neutron cross sections,
especially fission and capture, for actinidesj
neutron energy range: 0-15 SfeV;

outside the reactors «-, P-t 1-t and spontaneous fission decay cha-

racteristics, half lives, radiation energies

and intensities for both fission products and

actinides; (y,n) and (a,n) reactions particu-

larly in low Z materials.

In response to the requirements and in assistance to the current

national efforts the IAEA Nuclear Data Section has recently started a

rather intensive long-term programme by which the needs and status of

nuclear data for fission products and actinides are continuously being

assessed, the major gaps and discrepancies in the data determined, and

national efforts coordinated to avoid unnecessary duplication. This

programme is currently being pursued in cooperation with the Huclear

Energy Agency of the OECD by a series of larger specialist meetings of

users and producers of fission product and actinide nuclear data [5-7],

by issuing bulletins informing the community concerned about work needed,

completed and in progress [8,9], by stimulation of sensitivity studies

to determine nuclear data priorities, and by initiating and supporting

cooperative research projects for the measurement and evaluation of the

required data.

For many highly radioactive fission product and actinide isotopes

with short to medium half lives the required neutron cross sections can-

not be obtained by experiment or only under extreme conditions and have

therefore to be calculated frcm nuclear theory and systematics. In fact

the prediction of fission product and actinide cross sections belongs to

the major applications of low-energy nuclear reaction theory. The lec-

tures during this course will show how important the fundamental under-

standing of the nuclear reaction mechanisms is, as well as the appropriate

parameterisation of nuclear reaction theories, for satisfactorily accu-
rate predictions of neutron fission, capture and scattering data.

3.3 Other selected nuclear energy applications

In the context of nuclear energy development several other appli-
cation areas with sometimes important nuclear data requirements should
be mentioned, in particular:

(i) Shielding of neutrons, other nuclear particles and y-radia—
tion in reactors, particle accelerators and space crafts;

( i i ) reactor neutron dosimetry, i . e . in-pile activation neasure-
ments of neutron fluency and flux needed e.g. to estimate the
radiation damage caused to reactor materials by neutron irra-
diation; and

( i i i ) nuclear materials safeguards.

Fcr ehielding one needs specifically for a number of reactor and
shielding materials the cross sections for the production of y-raya by
neutron fission, capture and inelastic scattering and the energy spectra
of the produced y-radiation. The most recent review of the nuclear
data requirements for shielding was performed by a Technical Coznmj ttee
Meeting convened jointly by the IAEA and the Nuclear Energy Agency of
the OECB [10].

For reactor neutron dosimetry very accurate data for several dozen
activation reactions, mostly threshold reactions ((n,p), (n,a), (n,2n),
n,n')), but also (n,y) and (n,f) data are required. JTeutron energy
spectra are obtained by unfolding measured activation rates

j i-i (E) <{>(E) dE

where i denotes the neutron activation reaction, i_j(E) its macroscopic .

cross section as a function of neutron energy E, and <£(E) t h e neutron

energy spectrum. For N measured reaction rates, one gets a syBtem of N

integral equations of the Fredholm first order type, which, for known A^

and^"^, can be solved to obtain the desired energy spectrum <J> . With-

out going into mathematical detail (see e.g. reference [11]) it can be

stated that the results for <j> are the more accurate, the Bore activation

rates are measured, the more the responses of the activation reactions

used complement each other to cover the full energy range of 4 1 and

the more accurate the cross sections are for these reactions. The current

status of the knowledge of reactor dosimetry neutron cross sections is re-

viewed in reference [12]. In cooperation with the USA and other countries

the IAEA Nucleav Data Sect j on is currently pursuing a cooperative measure-



aent, evaluation and testing programme to establish one single interna-

tionally accepted neutron cross section file for reactor neutron dosimetry

[13].

Research in nuclear materials safeguards is for instance interested

in accurate determinations of nuclear fuel composition e.g. by fuel burn-

up measurements for which yieldB and decay characteristics of selected

fission product-; are needed. As another typical example for data require-

ments, best values for the masses and half lives of the major V- and Pu-

isotopea are needed for the correction of analytical and accountability

data for radioactive decay.

These few examples must suffice to illustrate the spread of the data

needs for some of the field3 related to present-day nuclear energy.

3.4 Huclear fusion

While the production of nuclear energy from nuclear fusion is a

long-tern challenge, efforts have already been started in various labo-

ratories to aeasure nuclear data needed for fusion research and techno-

logy. In 1976 the Nuclear Data Section published, as part of HEEUIW

76/77 [2] a request list for fusion nuclear data which contains more

than 300 individual data requests from France, the Federal Republic of

Germany, Japan, the UK, USA and USSR.

The requirements can be subdivided into three categories:

- atomic and selected molecular data;

- charged particle nuclear data; and

- neutron cross sections*

The area of atomic data for fusion is outside the Bcope of these

lectures and is therefore only briefly mentioned. The volume of re-

quired data is comparable to that of neutron data required for fission

reactors, however, much more serious gaps exist in the present know-

ledge, compilation, dissemination and uBe of atomic data. The needs

are urgent as many of the required data, such as charge exchange reac-

tions between plasma particles and impurities with the effect of plasma

cooling,are intimately connected with the realizability of fusion. The

IAEA Nuclear Data Section has started a new programme in this most

challenging field.

Let me turn to the nuclear data needs for fusion. Fusion reactions

are charged particle nuclear reactions between light nuclei. The most

common reaction considered in present fusion reactor concepts is the

the cross section, i.e. at 100 keV deuteron 'energy, and thus with the

lowest temperature for a nuclear plasma to fuse. Many investigations

have resulted in an accurate knowledge of the energy dependence of the

cross section for this reaction. Only for low energies below 10 keV

where data are needed to calculate the ignition phase of the fusion re-

actions, measurements are missing. In fusion devices based on the D(T,n)

reaction the T-T reaction can not be neglected, but is only very poorly

known at present [14].

For potential future more exotic fusion design a selection of about

SO charged particle reactions for nuclides between H and Li is available

[1^]. Some of them have the advantage of producing no secondary neutrons,

all of them the disadvantage to require higher plasma temperatures to

reach fusion conditions. Work on these reactions lias already started in

some laboratories.

The neutron data requirements by far exceed those for charged

particle data. With the use of the T(d,n) reaction the fusion reactor

is actually a strong source of 14 JfeV neutrons with fluxes at the inner

plasma wall estimated to about 10^5 neutrons/cm2 sec. These neutrons

are gradually sloHod down when penetrating the Li blanket and assume- an

energy distribution which is centered in the MeV range as qualita-

tively shown in figure 2. This energy range becomes thus of major in-

terest regarding required neutron data. Because these energies are only

of limited interest for fast breeder reactors, gaps xare left mainly in

partial neutron cross sections which now have to be filled. (n,p),

(n,d), (n,a), (n,T), (n.^He), (n,2n) reactions as well as the angular

and energy distributions of the emitted secondary particles become im-

portant. T."ie materials for which these and other data are needed are

mostly structural materials suggested for use in a fusion reactor such

as Ti, V, Cr, (fa, Fe, Ni, Zr, Nb, Mo and W. Of particular interest is

the (n,2n) reaction in first wall materials because it leads to a multi-

plication of the neutrons available for tritium breeding in the Li blan-

ket of a fusion reactor. Tritium is produced in the blanket by the re-

actions

Li6(n,a)T and

Li7(n,n'oc)T.

Much work is going on to accurately determine the neutron energy
dependence of these and competing neutron-lithium reactions in the MeV
range.

Comprehensive surveys of the requirements and status of nuclear
data for fusion reactor design have been reported in reference [16],

reaction. Ii is the fusion reaction with the lowest lying maximum of

"Non-energy" applications

With the increasing use of nuclear techniques, isotopes and radi-
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ations for a large variety of scientific, societal and other purposes,

the requirements for accurate nuclear data for "non-energy" applications

are continuously growing. This fact was for the first tine comprehen-

sively brought out by the Symposium on Nuclear Data in Science and Tech-

nology held by the IAEA in Paris in 1973 [17].

Contrary to the rather compact requirements for nuclear energy pur-

poses e the requirements for "non-energy" applications are more hetero-

geneous and wide-spread; their size becomes large due to the large va-

riety of applications. Nuclear data requirements have been expressed in

diverse fields such as medical nuclear dosimetry, diagnostics and therapy,

nuclear chemistry, geoscience, archeology, hydrology, environmental re-

search, forensic sciences and astrophysics.

Out of the nuclear methods applied in these fields I shall pick

out the following four which are the most widely used:

~ nuclear activation analysis by neutrons, charged particles

and photons;

— use of radioisotopes as tracers;

— production of radioisotopes; and

— nuclear particle irradiation.

3.5.1 Nuclear activation analysis

For nuclear activation analysis mostly nuclear activation cross

sections for neutrons, charged particles and photons, half lives,

energies and intensities of the emitted secondary radiations have to

be known. As one out of many examples we mention the new IAEA pro-

ject on neutron activation analysis of pollutants in human hair to

measure the degree of environmental pollution caused by poisonous non-

radioactive substances. For this project best values of neutron ac-

tivation cross sections, half lives, and y-ray energies and intensities

are needed for all isotopes of the following elements:

As, Au, Br, Cd, 01, C!u, Hg, K, Mn, Na, Sb, Se and Zn.

3.5.2 Tracer technigues

Tracer techniques require a knowledge of the half lives and cha-
racteristic decay properties of the radioisotopes used as tracers.
From the many examples of applications of these techniques we quote
the use of tritium and other radioisotopes in surface water investi-
gations of nuclear hydrology and the use of iodine radioisotopes in
medical diagnostics.

3.5.3 Radioisotope production

To estimate and optimize the production rate and purity of a de-
sired radioisotope one has to consider and select between all the re-
actions which lead to this isotope with an additional account for cou-
pe ting reactions leading to other unwanted isotopes. A prototype example
is the production of pure 238pu whose ct-radiation is used as a heat
Bource for thermoelectric conversion in a heart pace maker [18]. 236pu
can be produced by neutron irradiation of 23?Np in a reactor according
to the reaction

Competing reactions such as

237Np(n,2n)23%p and

cccur simultaneously and lead through P-decay of 236jlp to
This isocope is an undesirable byproduct because i t emits more
energetic y-radiation of higher intensity than 23°Pu whose y-radi-
ation has mostly energies below I50 keV and can be easily shielded.
The neutron irradiation energy has thus to be optimized so that 23°pu
is produced only at the tolerable minimum. To calculate the optimum
irradiation conditions the cross sections of the above mentioned 23?Np
nuclear reactions as well as the y-ray production cross sections
through neutron reactions with the surrounding reactor materials have
to be known.

3.5.4 Nuclear particle irradiations

In nuclear irradiations the cross sections for the interactions
of the incident nuclear particles with the nuclei of the irradiated
specimen have to >>9 known as well as the angular and energy distribu-
tions of emitted particles and radiations resulting from these inter-
actions. As an example we mention cancer therapy by neutron irradi-
ation of the afflicted tibsue. For the production of the neutrons, for
example the ?Be(d,n) reaction is used with deuterons accelerated in a
cyclotron. In this example one has to know [19]

1. the cross section for the ?Be(d,n) reaction as a function of the
deuteron energy end, to greater accuracy, the energy spectra of
the emitted neutrons for a variety of deuteron energies and target
thicknesses;

2. cross sections and secondary particle distributions for the inter-
action of 15-50 KeV neutrons with the major elements of the human
body (H, 0, H, 0, P, Ca) for calculations of the radiation dose



distributions in the irradiated part of the body. The prime needs

concern the cross sections and angular distributions for elastic-

ally and inelastically scattered neutrons, (n,p), (n,a),and other

nautron reactions which are followed by the emission of several

nuclear particles, and the energy spectra of the emitted secondary

particles.

The required neutron data are almost non-existent.

l.<i.<i Data availability

It is neen that for ••non-energy" applications mostly nuclear

structure and decay data, but also data for specific neutron, photo-

nuclear and charged particle nuclear reactions are needed. For such

applications up-to-date nuclear data handbooks and tabulations are

most appropriate. For example, to satisfy some of the nuclear reaction

data requirements for nuclear activation analysis, the IAEA Nuclear

Data Section, with the cooperation of' several nuclear data physicists,

has published in 1974 a handbook on nuclear activation cross sections

[20] which contains data on neutron, charged particle and photon-in-

duced nuclear activation reactions. Typical nuclear decay data re-

quired for the calculation of radiation doses can be f aund in the

table work reference [21]. The Journal on Atomic Data and Nuclear

Data Tables represents a general source of tabulations of selected

recommended nuclear reaction and nuclear structure and decay data.

Due to the rapid progress in nuclear physics and data research

the contents of handbooks and table works become usually obsolete in

a few yearB time. The iBBUe of reviBed and updated editions is there-

fore important and can most conveniently be performed from the printout

of computer files on which the data are stored and regularly updated.

In the field of nuclear reaction data a cooperation has been

established over the past years between the existing pertinent nuc-

lear data centres, which is being coordinated by the IAEA Nuclear

Data Section, and which involves the continuous compilation, exchange

and dissemination of all neutron and selected charged particle and

photonuclear reaction data in computerized msdium. The mechanism of

such an intercentre cooperation and the associated services are il-

lustrated in chapter 6 by the example of neutron data.

In the field of nuclear structure and decay data a similar inter-

nationally coordinated network of data centres has recently been cre-

ated for the systematic compilation, evaluation and dissemination of

all bibliographic and numerical nuclear mass chain data, which inolude

all nuclear structure and decay data. The participating centres com-

mitted themselves in 1977 to contribute to a continuous and complete

evaluation of nuclear structure and decay data for all isotopes on a

four year cycle. The results will be internationally disseminated in

the form of a computerized evaluated nuclear structure data file and

are continuously being published in the Nuclear Data Sheets Journal

and, for lighter nuclei, in the Journal of Nuclear Physics.

4. EVALUATED NEUTRON NUCLEAR DATA LIBRARIES

From chapter 3 it can be concluded that the most extensive re-

quirements for nuclear data concern neutron nuclear data, primarily

for fission and fusion reactor design, but also for activation ana-

lysis and other "non-energy" purposes. These requirements can only

be met by comprehensive computerised libraries of evaluated data which

can be used as input to nuclear design and other required calculations.

Such libraries have been developed over the past twenty years in several

developed countries pioneering in the development of nuclear energy,

and a large fraction of these data has been made internationally avail-

able.

Experience has shown that a typical evaluated neutron data lib-

rary to be used for nuclear design and other purposes has to fulfil

the following requirements:

(i) It must cover a large range of materials so that it can

be used for all conceivable applications.

(ii) It must cover a neutron energy range from 0 to about 20
AfeV for fission and fusion reactor calculations, and, if
needed to meet for example biomedical requirements, also soaie
specific reactions for neutron energies above 20 MeV to,say,
100 MeV.

(iii) It must cover all neutron nuclear reactions possible for

these energies, i.e. the reactions (n,y), (n,f), (n,n),

(n,n'), (n,p), (n,ce), (n,T), (n.^He), (n,2n), (n,3n) and

other neutron reactions with multiple particle emission

plus the angular and energy distributions of the emitted

secondary radiations and particles, plus, for fissile and

fertile isotopes, the number v and energy spectra of prompt

and delayed fission neutrons, all as a function of the in-

cident neutron energy.

In addition energy-dependsnt composite quantities are needed
such as

°T " £ o (partial) " t o t a l o r o s B section;

°X * °T ~ "n " non-elastic cross section.

J
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(iv) The data should preferably be represented in both point-wise

and parametric forms.For example should the resonance range

be described by resonance cross sections as well as resonance

parameters; the angular distributions by pointwise «£n(E, 8 )

( e - scattering angle) data as well as for example Legendre

polynomial coefficients.

Such double representation is not only required by the

calculations to be performed with these data, but also

to allow a mutual checking of the data.

For checking purposes it is also useful to tabulate "re-

dundant" data such as ay in addition to all partial cross

sections, and a in addition to <jy and of.

(v) The data should be densely tabulated as a function of the

neutron energy, in order bo allow an adequate physical

representation and simple linear or logarithmic inter-

polation between adjacent data points. In this way

the evaluated data become independent of their specific

application and can be UBed e.g. for maltigrcup constant

calculations with varying energy groups and for design

calculations of all types of nuclear fission and fusion

reactors with different energy spectra, material compo-

sitions, geometries etc.

(vi) Very important is the availability of computer codes for

the checking of the correctness and internal consistency

of all data contained in an evaluated data library.

The simplest example is that certain sum rules must be

obeyed by the data such as

<T - *£<*(partial);
rT . 5"r (partial); l"« resonance half width;

on(E) - / o n (E,t>) dO
o

Such checks presuppose that all data ( + o) are tabulated

at the same neutron energies for a given element.

Secondly, since piust of the data are obtained from measure-

ments relative to s;r,e standard reaction, all data ehould

be consistent with unique data sets for these standard re-

actions. If a standard is changed, all data dependent

upon this standard have to be changed to maintain consi-

stency*

Among the checks for physical correctness of the data we

have already mentioned before the conBieter.cy e.g. between

resonance parameters and croas sections. For elastic scat-

tering angular distributions the cross section at zero scat-

tering angle,whish cannot be measured directly and has to be

extrapolated from measurements for O > O ^ has to fulfil

Wick's limit, i.e.

Jo")

where is the wave number of the incident neutron.

Furthermore computer programmes must be available which,
following the modification of a particular date set , per-
form the modifications of all those data dependent upon
this particular data set. The following is one example
for many* In a given energy range the values of on

c had
to be changed, because new experimental data had become
available, different from and more reliable than those
stored on the f i l e . AB a consequence the following cross
E actions have to be changed:

+ aa +

°n .

"tr -
- ox

where IIJ, . mean cosine for elastic scattering in the""'
laboratory system.

(vii) Only recently efforts have been started to include error
estimates in evaluated data libraries, in order to allow
the direct prediction of uncertainties for example in re-
actor design parameters due to errors in the data. Suoh
errors are composed of statistical errors,which are usually
rather small due to the high beam intensities in present-
day nuclear physios experiments,end systematic errors which
are usually larger than the statistical errors and rather
difficult to estimate. Epical systematic errors will be
diBcussed in chapter 5*

(v i i i ) Comparisons of the microscopic evaluated deta with so-
called integral data help to check the reliability of the
microscopic data and can provide some indication for needed
re-evaluation or (re-)meaBurement of certain data*

We can generally discern between so-called "dean" and
"dirty" integral data. "Clean" integral data are simple

J



and well-defined measured integral data such as the infi-
nite dilute resonance integrals for neutron capture, fission
and absorption (x * Ya^ia)

- (
i

0,5 eV
or average cross sectionB measured in(normalized) stan-

dard fission aeutron spectra (N(E)} such as the thermal

neutron induced fission spectruo: of 235u or the neutron

spectrum from spontaneous fission of 252

( a (E) N (E) d E

The integrals are calculated from the microscopic evalu-

ated data and can be compared with the independently mea-

sured integral data.

Older "dirty" integral data we understand data measured

under more complex experimental conditions such as re-

action rateB and spectral indices in research reactors

and critical facilities or other so-called benchmark ex-

periments. Usually evaluated data are tested on a variety

of Buch "dirty" integral data and modified if necessary

before they are applied to xhe calculation of power re-

actors. Such modifications are being performed either

by re-evaluation or by mathematical adjustment of the

microscopic to the integral data.

(ix) Finally, evaluated data libraries must be well documented.

The documentation must give a concise and comprehensive

account of all experimental and theoretical sources, de-

cisions and procedures used to obtain th evaluated data

and their uncertainties, so that all information is

gathered in one reference which is needed for later re-

evaluation and updating by other evaluators. Of equal

importance is the complete documentation of the formats

used for the storage of the evaluated data in computer

medium as well as of all data handling and retrieval pro-

grammes associated with the library.

ixuples of evaluated nuclear data libraries whioh have been built up
in the past, and/or are under continuous developnent, and which fulfil
most of the above requirements exoept (vii) are

ENDF/B •= U.S.'Evaluated Nuclear Data File (most com-

prehensive; addition of errors to the data

under development);

ENDL = Evaluated Nuclear Data Library of the Law-

rence Livermore Laboratory in the U.S.;

UKNDL - U.K. Nuclear Data Library;

JENDL - Japanese Evaluated Nuclear Data Library;

KEDAK - Karlsruhe Nuclear Data Pile (« Kerndatenfile

Karlsruhe ); and

SOKRATOH - Soviet Evaluated Huclear Data Pile.

5. NEUTRON NUCLEAR DATA EVALUATION

ThiB chapter will be devoted first to a short description of

tlie basic sources and procedures used in neutron nuclear data evalu-

ations and then to a more detailed outline of some of the methods

used in the evaluation of major thermal and fast neutron cross sec-

tions. For resonance cross sections we refer to the detailed treat-

ment in the lectures given at this course by M.S. Moore and P. Proeh-

ner.

S.I BaBic sourceB and procedures

Every evaluation starts with the collection of all references

on the available experimental data. The most valuable and compre-

hensive source for neutron data i6 the CINDA handbook [22] which is

periodically published by the IAEA and, which represents an up-to-

date international index to the literature on microscopic neutron

data. Format and content of this handbook are illustrated by the

sample page reproduced in figure A. In CINDA all references per-

taining to the same experiment are grouped together so that an eva-

luator can easily pursue the history of an experiment. CINDA contains

furthermore data index lines which inform the user about the avail-

ability of the data referred to from the existing neutron data centres.

CINDA finally contains also references to evaluations, evaluated data

files and selected theoretical nuclear data articles.

The next step is the collection of all experimental data re-

ferenced in CINDA. Host of these data can be obtained by request

from the existing neutron data centres whose basic task it is to

compile, exchange and disseminate all experimental neutron data (for

details see chapter 6). The centres provide a requestor not only with

the data, but also with physics information associated with the data

13
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such as method! sample characteristics, experimental errors, standards
used, data statue and others which helps in the judgement and critical
comparison of the data.

The evaluation of the experimental data obtained proceeds in the
following steps:

- selection of the data, in particular elimination of data having
unusually large errors and/or lying far outside the bulk of the
data;

- modification of the retained experimental data, e.g. reduction of
the data to common energy scales, renormalization of the data to
common standards;

- appraisal and, if needed, estimate or re-estimate of the sta-
tistical and, more important, systematic errors attributed by
the authors to their data and recalculation of the total error;

- averaging of the data, usually weighted with the inverse square
of the total error. This can be done in several ways, e.g. by
drawing "eye-guide" curves through the data, by linear, para-
bolic, spline function etc. curve fitting, or by fitting the
data with some nuclear theory function (for example resonance
cross sections with appropriate resonance formulae; inelastic
scattering energy distributions with an evaporation formula;
or elastic scattering angular distributions with an appropriate
optical model expression);

- if experimental data are insufficient or non-existant, recourse
must be held to nuclear theory,models or systematics in order
to f i l l toe gaps by interpolation, extrapolation and prediction.
The five most important theoretical tools form the subject of
this course, i . e .

resonance theory;
optical model;
statistical theory;
pre-compound decay theory; and
fission theory;

- tabulation, coding, checking and final storing of the evaluated
data.

*i.2 Evaluation of specific neutron cross section data

The whole range of atomic weights (1 S A S 260) can be subdivided
W in five subranges with the following characteristics:

(i) AS 5

5 S A S 2 0

( i i i ) 20 S A S 100

(iv) 100 ̂  A £ 210

(v) 210 5 A S 260

Very light nuclei.
The cross section behaviour i s smooth up
to about 20 JfeV with a few very broad re-
sonances*

Light nuclei.
The cross sections exhibit a broad re-
sonance structure up to energies J& 10 IfeV.
The total resonance widths are composed of
rn» "n'» ry« rc an^/or rp.

Medium-weight nuclei.
The cross sections exhibit-resonances up
to KeV and sometimes IfeV energies. ry is
composed of rn> P, C^*3" r ) and, above
the threshold for inelastic scattering, rn>.

Heavy nuclei.
Resonances extend in the eV and KeV ranges
of neutron energy. Ij - l"n + r̂ . Generally
r n 2 r~; for rare earth isotopes, however,
rn • « ry.

Very heavy nuclei.
Resonances extend in the eV and KeV ranges.
I"T • rn + Cy (+ Tf for A 2 220). For even
nuclidse generally rj « C r , rn (subthres-
hold fission), for odd nuclides generally
rn«
channels.

and tj. for fully open fission

In the following we restrict ourselves to the discussion of con-
crete evaluation problems for medium, heavy and very heavy nuclei which
are the most important for applications. The examples will show the
mostly complementary role played by experiment and theory.

5.2.1 Tliermal neutron cross sections

(i) Non-fissionable, nuclei

Only neutron elaBtic scattering and capture occur, so that
only the cress sections for these two reactions plus the
sum of both, the total cross section, need to be evaluated
over the range 10"5 eV S E S i eV.

Prom experiment usually oT and <•„ (0.0253 eV) data are avail-
able, where 0.0253 eV is the most probable neutron energy in
a thermal Kaxwellian neutron spectrum at room tenperature.
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Heeded are: «n(E), or(E) and oT(E).

First case. The next (positive or negative) resonance is
far from the thermal range*

It can then easily be derived from resonance
theory that

av » const.

A "beat" value of the experimental Oy (0.0253

eV) data iB determined and the constant fixed

by matching this valui.. Oj{E) ie evaluated

from the experimental data and on(E) obtained

as the difference o^E) - Oy(E).

The next (positive or negative) resonance is

rather close to the thermal range*

(3)
<jy has then to be calculated from resonance

theory by talcing all known positive (s-wave)

resonances and one fictitious "negative" re-

Secpndcase^

sonance into account* For • < Ty >

Third case;

y y
acsunption which is normally justified dus to
the large number of exit channels (« y-decay
possibilities) in neutron capture t the neutron
width and the energy position of the fictitious
"negative" resonance can be derived by matching
the contribution of the negative resonance to
the difference between the known 0.0253 eV va-
lues of Oy and oT and the total contribution of
all positive resonances. Again on

E' follows
from oT(E) - Oy(Gj.
One or more resonances fall into the thermal
range* This case oocurs rather seldom; im-
portant examples sore the fission products ^^Xe
and Wsn.
For those resonances rn « Cy with the conse-
quence that

on St op0-t « potential scattering croBs section

and
or(E) S oT(E) - op0t
where orp(E) is evaluated from experimental data

and o-pot determined from resonance analysis or

nuolear syBtematics.

( i i ) Fissionable^ nuclei

For the more important isotopes experimental energy dependent
and 0.0253 eV data are available fox- the following quantities:

oy, of. <x(orn ), v, occasionally o n .

Needed are energy dependent cross sections for

"T» "ft °y« °n» °i l i v

Hjrmally oT(E), of (E) and sometimes cc(E) (or IJ(E)) can be

evaluated from experimental data. on(E) can either be eva-

luated from experimental data or calculated from resonance

theory. It follows that

Oy(E) - a(E). o f (E)

If a i s not known then

Oy(E) •> (orp - o f - c n ) (E) and

7 can be assumed constant over the thermal energy range ( an

ass'imption which is confirmed by measurements within the

limits of experimental accuracy, and is normally available

from measurements relative to the spontaneous v1 of ^52

used as standard.

i)(E) then follows from

i)(E) - V
1 + a(E)

5.2.2 Fast neutron croas sections

We consider here only crops sections in the so-called "continuum"

range, i.e. cross sections which irary slowly as a function of neutron

incident energy.

(i) Elastics neutron scattering

Needed are "n(E) and o n(Ej©) data for a full description

of neutron elastic scattering. on(s) can be obtained either

from direct measurements and/or integration of experimental

cr(E, O ) data, or from Oip(E) - ox(E), when both can be eva-

luated from measured data, or, in the case of no experimental

data, from optical model predictions.

on(E, 9 ) can be obtained from experimental data with inter-

or extrapolations by e.g. optical model calculations or, if

no experimental data are available, from such calculations

only. In the neighbourhood of rather spherical magic or 15
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half-magic nuclei spherical optical potentials can be used,

for deformed nuclei such as those of rare earth and actinide

isotopes deformed optical potentials have to be used. The

optical model allows to calculate the following cross sections:

ac = compound nucleus formation cross section;

Ô JJ = shape elastic scattering cross section (differential

and integral values); and

Needed aret however,

"n = °sn + °cn

with oon m compound elastic scattering cross section, which
can be calculated from the statistical theory developed by
Hauser and Peshbach [23]. For ES 5 MeV and non-magic nuc-
lei with A 3 30

"en = 0} an = Osn

For the conceptual and mathematical details of optical model

and statistical theory calculations we refer to the pertinent

lectures presented at this course.

In evaluating experimental angular distribution data one has

usually to extrapolate the data to 0° and 180° scattering

angles by hand, by polynomial or* preferably, optical model

fits. At 0° the cross section ie usually close to the Wick

limit.

A further difficulty can arise through differences in the

angular resolution of different on(©) measurements. In the

minima and maxima of oa(0) one has then to rely upon the

best resolved measurement or on optical model calculations.

on(©) measurements may also differ in the energy resolution

with the possible consequence, that inelastic neutron scat-

tering to low-lying levels is not separated from elastic

scattering. One can corx'act the experimental on(o) data by

subtracting evaluated experimental ani data, if available,

or nuclear theory estimates of o ni, with due account for the

usually aniBOtropic angular distributions for inelastic scat-

tering to individual levels.

An evaluator of experimental elastic scattering data has

furthermore to check whether the reported experimental re-

sults haw been corrected for end and wall effects in the

neutron couniert foi neutron bean attenuation and multiple

scattering in the staplev and, in the case of fissionable

and fertile nuclei* for fission neutrons, to mention Beve-

ral of the more important sources of systematic errorB.

(ii) £iel£iF£ic_ neutron scattering

For inelastic neutron scattering data we have to discern

between three different incident neutron energy regions:

Region 1. in which individual energy levels are excited in

the rest nucleus.

In this region the cross sections for inelastic excitation

of individual levels Ej, o n, (E,Ej)jand their angular di-

stributions have to be evaluated. The total inelastic

scattering cross section is the sum of the partial exci-

tation cross sections

13ie energy distribution of the inelastically scattered

neutrons is simply given by a £-function

fni(EfE')dE* = efE-E* - B;j>o)dE
l

where E1 is the energy of the inelastically scattered neutron*

Region 2 in which quasi-continuously distributed energy
levels ara excised ±r the rest ^mcle-us.

Needed are again the total inelastic scattering cross sec-
tion and inelastic scattering angular and energy distribu-
tions. The major contributions to these quantities are due
to the compound raechanismj with increasing energy in the MeV
range direct and pre-compound emission increase.

For not too high energies and/or aa a f irs t approximation
the nuclear evaporation model which corresponds to the com-
pound reaction mechanism may be applied to obtain tlie energy
distribution of the inelastically scattered neutrons.
Accordingly

fn,(E,E») « C(E)E»e ~E I /T for OSE«S S

« 0 f or E' > B

C(E) is a normalization factor which follows from the nor-
malization condition

to be

0(E) =

T(T - e T))

3 J
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The nuclear -temperature T is approximately given by the ex-
pression

T - yVlF , E and T in J&7

with a semi-empirical atomic weight dependence of the co-
efficient y given by

The energy at which fni reaches its majrimum is easily

calculated to be equal to T. The average energy E" of

the inelastically scattered neutrons follows from

lfn,(E,E>)dE' (-1)

2T-

T - e -B/T(E+T)

For heavy nuclei and E » T we get

E> S 2 T
The phape of i*ni as a function of E1 is.qualitatively v i -
sualized in the following figure.

-*
EUx $ E
= r -2T

Region 3 ie a "grey" ares, bet wen regions 1 and 2, in which
there is an overlap between resolved and unresolved rest
nucleus levels excited by inelastic scattering. fni(E,E')
ca.1 be represented approximately as a superposition of the
two expressions valid for regions 1 and 2: evap.
fn,(E,E')dE' - C'(E) il6(E-E' . Ej >o)dE' + fni(E,E') I dE'

' i '
with C'(E) » normalization factor.

Now we discuss Rome detailed problems and procedures connected

with the evaluation of inelastic scattering data in regions

1-3.

The general energy dependence of an, i s visualized in the
following figure.

Above the (n,n') threshold oni rises to a "plateau" and
decreases above the (n(2n) threshold due to competition
with the (n,2n) process.

ani(B,E:j) are experimentally-obtained by counting the neu-
trons or the Y-rays which are emitted upon inelastic scat-
tering. If oni(E,Ej) data are desired, but only oni(E!Ey^)
measurements are available, a case which occurs frequently,
one has to convert them to oni(E|Ej) data according to

as can be seen from the example given in the figure below.

4

3 V0

>

1 I
o 1

n *2 *3l
i

i = X<zK,(ErS.

rest nucleus ground state

If no or only few o ( data are available the Kauser-Feshbach
theory can be applied to calculate the needed data with an
accuracy which is about comparable to the accuracies reached
in experimental determinations (^20$) provided that the spins
and parities of the excited levels are known. Average capture
and, for fissionable isotopes, fission widths are obtained by 17
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extrapolation from known resonance values or from nuclear cap-
ture and fission systeroatics. Average elastic and inelastic
scattering widths or transmission coefficients are obtained
from optical model calculations. This ic only a very short
summary of the theoretical procedures, a detailed account
will be given in the lectures on the stat ist ical theory
and the optical model presented during- this course*

an» for unresolye.d,,rest nucleus levels is usually not di-
rectly raeasured| but can be obtained from measured a%
values by subtracting the other partial reaction cross sec-
tions

( i i i ) Neutron^

.-(.
<7ni(o) is normally assumed iGOtropic for resolved as well
as unresolved rest nucleus levels. This assumption is
neither experimentally nor theoretically always justified:
The scarce experimental data available indicate anisotropy
already at low neutron energies. For pure compound scat-
tering «nt(©) can be shown to be symmetric to 90° scattering
angle, i . e .

o n " ( 9 0 ° - e ) = on ,(90° + © )

not necessarily isotropic. At higher energies (E2 5 MeV)
direct and pre-compound components increase which are fore-
ward peaked. In most present-day evaluated neutron data
libraries these effects are s t i l l not taken into account.

Systematic errors arise first due to normalisation. Typical
standards used are <*n(H); on(C); <*„,(£„ .= 4.43 MeV from
12C); o-ni(Ey = 0.845 ftV from 5eP e). Sometimes "„•(©)
data are normalized to measurements of other authors at fixed
angles (e.g. 95°)» In the error estimates for measured re-
lative ont data the errors of the standards must not be ne-
glected.

Other effects which are sources of typical systematic errors
and which one has to check whether the measured data have
been corrected for, are for example multiple neutron scatter-
ing, v-ray attenuation and neutron self-absorption in the
sample. Often on . is measured only at one angle Oj, and in
order to obtain the total cross section, isotropy is assumed:

n ' fei)

18

Corrections for enisotropy may be necessary and can be ob-
tained from Hauser^eshbach calculations.

The general shape of Cy(E) is visualized in the figure below
in somewhat greater detail than in figure 2.

A K«V •loncv

As a function of energy oy is generally decreasing with
neutron f^srgy due to the increasing competition with neu-
tron elastic scattering. Due to the accumulating contri-
butions of jeveral neutron orbital angular momenta <*v
shows usualiy a plateau or small maximum in the higher keV
range up to about 1 JfeV and then decreases more strongly
due to the onset of inelastic scattering competition.
Above 10 MeV| where o is usually very small of the order
of mb, a slight increase is exhibited due to direct cap-
ture.

For heavy and very heavy nuclei o shows generally a smooth
energy dependence for keV and IfeV energies. Medium-weight
nuclei exhibit resonances in the keV range, p- and higher
1-wave resonances with Pn < r dominate the capture in this
range; they are usually very sharp and can usually not be
resolved in transmission, but only in capture cross section
measurements.

The major methods used to measure o are the following:

- activation method involving the counting of decay p or
Y-rays;

- associated activity method;

- slowing-down time spectrometer method (applicable only

below~50 keV)( a*"*

- sphere transmission from monoenergetic sources such as

the Sb-3e source for the production of/*30 keV neuxrons.

J



The first three methods allow the measurement of a as a

function of the incident neutron energy.

Almost all or measurements are performed relative to a

standard. The most important basic standard reactions

used are the following:

«U(n,a); "*(„,«), 197Au(n,r);
 235u(n,f);

furthermore known thermal ov values for the normalization
of slowing-down Time spectrometer measurements. Jfeasure-
ments are often normalized to a known o^ value of the ele-
ment under investigation at a specific energy, e.g. a re-
lative Oy(E) measurement for 23% is normalized to a known
Oy(238[j) value at 30 keV. It may also occur, that ov is
measured relative to a secondary standard such as I2'l(n,y)
which in turn is normalized to 235u(n,f). Every evaluation
of o~ data involves a careful checking of the normalizations
used, the adoption of unique standard values and the reduc-
tion of the experimental oy data to these standard values.

Other sources of systematic errors can be as follows:

- multiple neutron scattering before neutron capture in
the sample is particularly important for medium-weight
nuclei for which o n » o ~ . The required corrections for
multiple scattering can be very significant and are the
smaller, the thinner the sample ueed i s ;

- -̂background from competing reactions, e.g. (n,n')i has
to be determined and subtracted;

- there may be a bias in the ^-detection so that not all y-
rays are detected, the difference has to be accounted for;

- geometrical resonance self shielding effects in the sample
have to be corrected for;

- the y-ray detection efficiency usually changes with the
incident neutron energy and the data have to be corrected
for these changes

In addition, in the judgement of the reliability of ay mea-
surements the properties of the samples used play an important
role. We mention sample homogeneity and dimensions, sample
backing and/or canning (dimensions and choice of material),
isotopic composition, impurities, chemical compound, tempera-
ture (particularly in resonance experiments). These proper-
ties and data have to be very well known and/or very carefully
chosen. Usually the corrections to be applied to measured
capture data are the more severe the thicker the sample i s .

If experimental er data are available the usual evaluation
procedures apply. If not,the statistical neutron reaction
theory can be applied up to VleV energies with an additional
account for direct capture at higher energies.

(iv) Neutron fission^

The fundamentals of the fission process and the application
of fission theory to the calculation of fission crocs sec-
tions and other fission data will be discussed in detail
in the fission lectures given by Brack and Iynn at thiB
course. Therefore we restrict ourselves to a few remarks
only.

Odd-A actinides usually have the fission threshold below,
even-A actinides above neutron binding energy* Odd-A ac-
tinides therefore exhibit a strong fission component at all
neutron energies, even-A actinides only above the fission
threshold with sonc sub-threshold fission at lower energies.
The general energy dependence for both cases is very roughly
visualized in the figures below (see also figure 2).

MeV

(evew A)

•, f*\ n. to *
v ' ttev* MeV

At about 6 and 12 iteV are the thresholds for the (n.n'f)
and (n,2nff) reactions respectively, which lead to a step-
wise increase of ar. 19



The "tunneling" through the fission barrier allows some
subthreshold fission to occur ana is responsible for the
rather slow rise of o f in the vicinity of the fission
threshold as seen in the threshold behaviour of o f of
even-A aotinides. If the fission barrier would have the
one-hump shape predicted by the liquid drop model as de-
veloped by Bohr and Wheeler [24] (see figure 5) then the
subthreshold fission cross sections would vary smoothly
as a function of energy. Strutinsky [25] was the first
to modify the liquid drop model prediction by taking the
shell structure of the nucleus into account; he obtained
for most actinides a double-hump-shaped fission barrier
(see figure 5) . This leads to characteristic modifica-
tions of the subthreshold fission cross sections as shown
in the above figure for Of of even-A actinides* This is
due to interaction of the resonance states in the f irs t
well with the so-called intermediate states in the second
well which lead to an enhancement of resonance subthres-
hold fission in the neighbourhood of these intermediate
states and to very small or zero fission cross sections
for resonances lying between the intermediate states. Be-
cause of i t s dependence on these intermediate states this
phenomenon is called "intermediate subthreshold fission".
It has been experimentally observed in all major even-A
actinide isotopesjand these observations represent one of
the best proofs for Strutinsky's theoryt apart from direct
investigations of the properties of these intermediate
states. We will come back to this phenomenon in the next
section where we discuss the energy dependence of a (239pu),

Host fission cross section measurements are made relative
to o f (235u), but also on(H). 6Li(n,<x) and 10B(n,ct) are
used as standards. In the measurements made relative to o f
(235u) usually fission chambers with back-to-back foilB of
235lT and the f issi le isotope to be investigated are used
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for counting the fission fragments. As a l l fissile isotopes
show a more or less intensive a-decay one has to use very
thin foils to minimize the a—backgroundy as is illustrated
in the figure below. The lower the a—background the more
accurate is the extrapolation of the measured fission frag-
ment distribution in the area shadowed by the a-decay.

In the absence of experimental data stat is t ical theory
with appropriate parameterisation can be used to predict
Of(E). Without theoretical foundation, a few empirical
laws have been observed in the JfeV range whose parameters
are obtained from known experimental data and which can be
used to calculate unknown o f as a function of Z and A of
the fissionable nuclide. For example in the region of the.
f irs t plateau of °f at a few MeV i t has been observed that
Of follows a straight line as a function of the parameter
Zm /kl

of - af(Z4/3/A) - a + b Z*'3a + b Z*
A

With known (n.n'f) and (n.2n'f) thresholds and known ratios
of of (2n* plateau)/of(l3t plateau) and an average estimate
of the slope of Of through the thresholds rough estimates
of of(E) can be obtained in the SfeV range.

(v) a-_23?Pu

In thiB section we would like to discuss the example of
the evaluation of one of the most important fast reactor
neutron data, the energy dependence of a(239pu) in the
lower keV neutron energy range. As has been shown in
chapter 2| the breeding ratio for 239Pu which is a neasure
of the speed of generation of new fissile material ?39pn
depends critically upon a. The whole nuclear fuel strategy
depends essentially upon the fuel doubling tine which iB in-
versely proportional to the breeding gair. (BR-l), and thus
upon oc(239pu). On the other hand, as will be Bhown below.
the hiBtory of the evaluation of <x(239pu) presents an ex-
cellent example for the crucial need for correct physical
understanding of the fission process in order to obtain re-
liable data whose behaviour can be physically understood.

Figure 6 shows the status of mostly experimental
values as available in 1970. The most recent data in this
figure due to Gwin et al. [29] and Schomberg et al. [30]
have in the seventies been confirmed within experimental
error limits and are still representative for the present
statUB of knowledge of a.
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Before the development of more sophisticated techniques
which allowed the much more detailed measurement of the
energy dependence of a and the development of Strutinsky's
theory in the second half of the sixties, the only a-values
known in the lower keV range were a few integral values ob-
tained at the Knolls Atomic Power Laboratory (KAPL) in the
U.S. in the mid fift ies [26-28]. These values resulted
from many years of sample irradiation in Hanford reactors
and from reactivity coefficient measurements in different
neutron energy spectra of intermediate critical assemblies.
These values were considered very reliable and the rather
poor knowledge of the fission and capture widths of re-
solved resonances did not allow an Independent check of
the KAPL values by extrapolation to higher energies. The
low KAPL values led to the prediction of rather high breeding
ratios of the order of 1.4 - 1.5 for fast reactors. With such
high breeding ratios fast reactor neutron spectra with
rather low energies in the keV range could s t i l l be p-.cepted
as shown e.g. by steam-cooled fast reactors which, apart
from corrosion problems, promised to offer some technical
advantages over the Na-cooled fast reactor which has a some-
what harder neutron energy spectrum in regions of lower De-
values.

Without going into the detail of all the later experimental
[29-31, 34, 35] and evaluated data [32, 33] two important
conclusions can immediately be drawn from figure 6»

(i) 3h the energy range 0.1 - 10 keV the "true" <x-239pu
values as determined by Gwin et al [29] and Schom-
berg et al [30] are almost a faexor 2 higher than the
KAFL-values.

Taking the new data into account reduced the breeding
ratio to unacoeptably low values for steam-cooled fast
reactors which, beside technical shortcomings, was one
of the reasons which killed such reactor projects and
let only the reactor projects with Na- or He-cooling
survive up to the present.

( i i ) The recent experimental data [29, 30] show quasi-peri-
odical fluctuations in a as a function of neutron
energy.

After the development of StrutinBky's theory in 1967 and more
extensive investigations at Saclay [36, 37] and Harwell [38]
of the properties of individual resonances of 239pu in the
•acond half of the sixties this fluctuating behaviour could
ba well understood, as i s shown below.

Th the lower keV-range the influence.of s-wave resonances is
rt j we need therefore only to consider the properties

of the "^Pu s-wave resonances as measured in the Saclay [36,
37] and Harwell [38] experiments. The 239pu ground state has
the spin 1/2, the s-wave resonances of 239pu fall therefore
into two groups with spins J • 0 and J = 1. In summary
the resonance measurements disclosed the J - 0 resonances
as very broad states with fission widths of eV Bize
and an average spacing of about 9 eV, superimposed by
three times closer spaced sharp J « 1 resonances with
much smaller fission widths ranging from 0 to about 100
meV. One would therefore expect that the threshold for
J « 0 fission l ies below and that for J « 1 fission above
neutron binding energy. This expectation has indeed been
confirmed by independent investigations of both fission
thresholds. K-om (d,pf) measurements Horthrop et al [39]
deduced the position of the J =• 0 fission threshold to be
1.6 IfeV below neutron binding energy. Prom the very steep
descent of a above about 20 keV (see figure 6̂  [40, 41]
and from collective model calculations [42] a l - l fission
threshold energy of the order of 100 keV above neutron bin-
ding energy was derived.

A closer examination of the oj. measurements and the deduced
J = 1 fission widths shows the typical intermediate sub-
threshold behaviour of the J •= 1 fission component, with
fluctuations in*f due to fluctuations in J •= 1 fission
widths. In figure 7 which displays a sample of the Saolay
"j> measurements on 2.39pu [37] for neutron energies between
0*5 and 4 keV one can for example easily discern maxima
around 0.5 and 1 keV and a minimum between 0.6 and 0.9 keV
corresponding to large and small J • 1 fission widths.
Figure 6 shows at the same energies the inverse behaviour
of a, i . e . minima in a around 0.5 and 1 keV and a maximum
around 0.7 keV. That this behaviour of oc is indeed due to
the fluctuations in the J = 1 component of Of can easily be
proven by statistical theory [43]. <x i s given by

<OfO>-J-<afl>

where <«•• > denotes an average over many neighbouring
resonances, 0 and 1 the spins J; J! > 0 contributions can
be neglected. Neglecting for simplicity the half^width 21
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fluctuation factor, considering that

rn°>'«: r°.', rfo,' ^
V , ry<> « rf- s rT»

assuming J- independence of the s-wave strength function

and with

statistical weight factor for spin 0 (=
spin 1 resonances (» 3M) respectively

and

one gets f

1 + 3 )
<rT>+<rf>/i

For very small<ff>.,a becomes very large (o S 1.5 for
<ff ">•% • 10 meV and <Fy>., = 40 meV) and vice versa
(<x a 0.3 for < r f >, . 100 meV and again < ry>A - 40 meV).

This proves that at least for energies between about 0.5 and
1 keV the fluctuations in a (239pu) and in particular the
high values of a can be quantitatively understood as a con-
sequence of the "intermediate" subthreshold fission in the
spin 1 resonances of 239pu. The numerical values for<rf>,
and<Ty> 1 used in the above estimates correspond to
measurements on individual resonances below about
400 eV [44]. The maximum of a near 300 eV (see figure 6)
is in addition explained by the low Tf^ values observed in
these measurements around 300 eV.
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6. Nuclear data centres as a link between nuclear data producers and users

Nuclear data are produced by nuclear physicists. Obviously also
nuclear physicists need nuclear daxa for the comparison of the resultB
of other physicists with their own results and for judging the need
for the performance of new measurements and the development of new ex-
perimental techniques and theories. The link between nuclear physicists
as users and producers of nuclear data is a natural byproduct of the
development of the science itself.

The transfer of the nuclear data from nuclear physicists to userB
in applied fields, however, is a much more difficult problem which,
because of the volume of data involved, needs a systematic and coordi-
nated approach for its solution: the data produced have -to be
systematically coiqiiled, their qu.ility assessed and selections made,
their formats unified according to the users*neede, and eventually the
data disseminated *l;o the users in convenient medium.

A systematic continuous link between data users and producers is
thus required. This is schematically represented in figure 8; the
bracketed numbers in the following text are the numbers attached to
the arrows in figure 8. This link is in general provided by data
centres whose twa basic functions are to compile the available data
from the producers (l), to collate and disseminate them upon request to
users (2), and, in the opposite direction, to compile the users'require-
ments for new or improved data (3), to assess them and to transfer them
to the producers (4). For both functions computer storage and retrieval,
techniques are required in order to cope adequately and economically with
the large amount of data to be handled.

The transfer of the data requirements and the compilation and
dissemination of the data have to be appropriately organized. If this
work is shared among several data centres, it has to be coordinated by
regular meetings between the data centres' staff (5). Meetings are
held by data centres also between data users and producers to compare
data requirements with their status and availability and to derive
recommendations for further work needed (6). The data users are assisted
by data centres in the adequate use of the data (7), the data producers
are an Bis ted in experiment planning (8). Data centre staff and data pro-
ducers and users visit each other on training and learning missions,
(6)-(8). Data centres and producers work together in the production of
special data files, handbooks and other publications, (8) and (6).
National data centres have often the task of coordinating the evaluation
of experimental data among several institutions, (7) and (6).

Implicit to all these partial functions is the third major function
of a data centre, which is coordination. This function is essentially
performed in an executive way, while the initiation (9) and review (10)
of the coordination between data centres, data users and producers
normally rests with national, regional and international data committees.

While the flow chart displayed in figure 8 i3 generally valid,
it applies directly to the three data fields with which the Nuclear
Data Section is concerned, i.e. nuclear reaction data, nuclear
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structure and decay data and atomic data. The similarity of the
requirements in many countries, the impossibility to measure all
the required data in one or a few countries only, the need to avoid
unnecessary multiplication of work, and the large amount of the data
involved made it imperative to share the work among various regional
data centres, while the overall coordination of the data centres
rests with the IAEA Nuclear Data Section.

Its work follows largely the recommendations of the International
Nuclear Data Committee and its performance is continuously reviewed
by this committee. Similar functions with respect to the cooperating
nuclear data centres are performed by national and regional data
comnittees such aB the NBA Huclear Data Committee.

Figure 9 BhowB the world-wide data flow from producers through
data centres to users as organized and coordinated hy the Nuclear
Data Section in the field of neutron nuclear data. A similar flow
of data has teen organized' with these and other data centres in the
fields of charged particle and photonuclear reaction data, and of
nuclear structure and decay data.

In the neutron data field the Huclear Data Section (NDS) co-
operates with the following three national and regional data centres:

- the National Nuclear Data Center (NNDC) at the Brookhaven
National Laboratory in the United States;

- the Centr po Jadernym Dannym (CJD = Nuclear Data Centre) at the
Institute of Physics and Power Engineering, Obninsk, in the
Soviet Union; and

- the Data Baiilc of the OECD Nuclear Energy Agency (NEA-DB) at
Saclay in Trance.

Each of these centres services one part of the world. These
service areas are:

for NNDC: the USA and Canada (area l);

for HEA-DB: all Member States of the OECD/NEA including
West Europe and Japan (area'2;;

for HDS: all countries in East Europe, Asia, Australia
and Hev Zealand, Africa, Central and South America
(area 3); and

for CJD: the USSR (area 4 ) .

Each of the four neutron data centres compiles all experimental
neutron data from itB service area (arrows (l) in figure 9)i exchanges
these data with the other centres in an agreed and jointly used format
called EXFOR (arrows (2)), and satisfies requests for such data from
users in its service area (arrowE (3)). All three operations are
fully computerized. The experimental neutron data exchange which has
been firmly established in 1970 assures that every user in the world
has access to all available data. A similar computer-based flow of

of the available evaluated
data centres cooperate in the
master file is held at Saclay,
by the IAEA on behalf of the
A final item of cooperation
HREHDA, the World Request List
is maintained in Vienna and
the IAEA on behalf of the four

information has been developed for most
neutron data. Thirdly the four neutron
compilation of CINDA entries; the CINDA
the CHIDA publication [22] is performed
four cooperating neutron data centres,
concerns the compilation of entries for
for Nuclear Data [2], whose master file
which is also periodically published by
cooperating neutron data centres.
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FIGURE CAPTIONS

FIGURE 1

FIGURE 2

FIGURE 3

FIGURE 4

FIGURE 5
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FIGURE 7

FIGURE 8

Schematic representation of neutron nuclear
reactions.

Schematic representation of the energy dependence
of neutron cross sections and of the neutron energy
spectra of fission and fusion reactors.

Requests for improved neutron capture cross sections
of 238u for fast reactor calculations taken from
WHEUDA 76/77 M .

Sample page from tl>e CINTA publication.

Schematic representation of the fission Barrier in
the liquid drop and the shell model.

Of (2^9pu) measurements ty Blons et al. [37].

Data flow («ft and data coordination links (—»)
oetween data users and producers, centres and committe

FIGURE 9 World-wide data flow between neutron data producers,
centres and users. Figure 1

Schematic representation of neutron
nuclear reactions
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- Schematic representation of the
energy dependence of neutron cross
sections and of the neutron energy
spectra of fission and fusion reac-
tors.
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Figure 3

Requests for improved neutron capture cross sections of 23ou f Q r fast reactor

calculations taken from WREHBA 76/77 [2]

Energy range
Accuracy

ffl Priority Requestor Organization

500 eV - 10 UeV 4-10

L •• 10 - 300 KeV 1.5

P 300 KeV - 10 MeV 7

( r a t i o o y
8 / o f

5 )

500 eV - 800 KeV 2-3

500 eV - 1 IteV 5

10 KeV - 3 KBV 3

5 KeV - 1 HeV 3

S 3 0 KeV 3

1 KeV - 1 MeV <5

500 eV - 1.4 MaV

(rati /o f
5)o Y

8/o f

1 KeV - 3 MeV

•5 KeV - 10 f&V

JC.E.

<B. H

IP.B.

Till

Hutchins

Eemmig

C.E. Till

B. Hutchins

P.B. Hemmig

A.M. Perry

H. Gerwin

H. Tel l ier

C.G. Campbell

H. Haeggblom

H.M. Islam

S. Iijima

Argonne

General Electric

US Atomic Energy

Conmission

Argorne

General Electric

US Atomic Energy

Commission

Oak Ridge

Juelich

Saclay

Winfrith

Studsvik

Dacca

Nippon Atomic

Industry Group

K.H. Nikolaev Obninsk

Country

.USA

E'RG

Prance

UK

Sweden

Bangladesh

Japan

USSR

5-10

M. Soleilhac Bruyeres-le-Chatel Prance

L.N. Ueaehev Obninsk USSR
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Evaluation
Evaluaiion
Total

Tout
Tout
Tout
Toul
Tout
Tout

Elastic

Etastic

Ditf Elastic
DitT Elastic

Dili Elastic
Diff Elate
Ditf Elastic
Dilf Elastic

Energy (ev) Lib Type
Min Mai

Sample Page from the CIHDA Publication

1 Hydrogen 1
Documentation Auihoi. Commend
Ret Vol Page Date

D,(f Elastic
Pollination
Paluintion

folauiatioa
Polarization
Polatixatkn
Polarization
Thermal Seal
Thermal Sat
Theinul Sat

-3 +7
10-S 1.0+7
1.4+7
1.4+7
4.0+5 L3+9
4 0+5 5-0+6
4.0+5 5-2+6
15+6
10+5 10+7
5.0+5 2.0+7
1.0+6 2.0+7
5.0+5 15+7
1J+2

U+2
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1.1+7 15+9
1.0+3 2.0+6
5.0+4 5.0+7
S.0+4 S.0+6
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5.0+7 1.5+1
U+2
1J+2
Cold
U-4 4J-3
1.0-3 1.5+7
5.6-2
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37+6 5J+6
3.7+6 5.2+6
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1.0+7
3.5+6 2.1+6
1.4+7
3J+7 4 J + I
5J+7 4.3+1
3J+7 3.9+7
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17+7 17+7
17+7

1.4+7 11+7
6J+I
4.6+1 8.0+t
6.4+1
11+7
14+7
3.0+7
3.0+
SA+
3.0+
1.4+
1J+
File 2J>-2
Pile 15-3
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1.6+7

M a n ]
COM

p
Abmptioa None

KFKEval Rept KFK-2233 1
LAS Eva) Re;* LA- 6518
LAS Expl {our NP 12 291

Data EXFOR11KI.
K n ExTh Rept KFK1-69-1D

Jour PL/fi 11 515
Expt DaU EXFOR303400Q2

W1S Expl Jour PR/C 4 1061
RPI Ex£ Jour NP/A 183 51

Con! 71Knoxvill 311
AbH BAP IS 494
Data EXFOR10I73.003

MUNExpt Jour PH/C II 103
Proi NEANDC1E)-16IU
DaU EXFOR20597.00J

KFKEvil Rcpt KFK-2233 1
ITY Complour NIM 135 337
GEL Expl Prof NEANDC<E)172 3
LAS Expl Prof ERDA-NDC-3 39
LRL Expl Piog ERDA-NDC- 3 82
KAREvil Coal 76Lowell 1238

Expl Prof AERE-PR/NP22
MUNExpt Jour PR/C It 103

Dtu EXFOR20597.002
MUNExpt Jour ZP/A 272 189

DaU EXFOR20609CQ?
KFK Evil Rcpt KFK-2233 1
LNDExpl Jour ACRB 32 2163
GEL Revw Proi NEANDCIEM82 3
KFI Expt Rept KFKJ-69-10
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KFI Expt Jour PL/B 29 105
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DaU EXFOR30327 002

HAMExpt Dm KIENLE SO
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DaU EXFOR10392.002
LAS Expt Pr^c ERDA-NDC-3 101
DAVTxj* coot ISlowell 1356
IRK. Expt Coaf 76'^vrell 1313
HAREapt Prof NEANDC(E)172 8
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Plot UKNDC(75)P7t
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Data flow (••••̂ ) and coordination
linkB ( > ) between data users,
producers, centres and committees. World-wide data flow between neutron data producers, centres and users.
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FUNDAMENTALS AND APPROXIMATIONS OF
MULTILEVEL RESONANCE THEORY FOR
REACTOR PHYSICS APPLICATIONS

M.S. MOORE
Los Alamos Scientific Laboratory,
University of California,
Los Alamos, NM,
United States of America

ABSTRACT

The formal theory of nuclear reactions leads to any of a niunije"
of alternative representations for describing resonance behavior.
None of these is satisfactory for applications, and, depending on the
problem to be addressed, approximate expressions are used. The
specializations and approximations found to be most useful by
evaluators are derived from R-matrix theory and are discussed from the
viewpoint of convenience in numerical calculations. Finally, we
Illustrate the application of the thaory by reviewing a particular;
example: the spin-separated neutron-induced cross sections of U in
the resolved and unresolved resonance regions and the use of these
results in the U.S. evaluated nuclear data file ENDF/B.

1. INTRODUCTION

1.1. Requirements of frpe resonance treatment for application.

It can be estimated that any code which provides an accurate and
detailed treatment of resonance cross sections for reactor calcula-
tions spends the largest fraction of time on the resolved and unre-
solved resonance region. For gxatnple, in 1973 Hwang [1] noted that
the then current version of MC , a code that oaloulated multigroup
cross sections from the ENDF/B library, required H5 minutes of running
time on an IBM-360/75 computer for a typloal fast roaotor problem, and
that 90J of the time was spent on the resolved resonance region alone.
In this paper, Hwang described revised calculational methods used In
an option for approximating the resonance treatment for routine
calculations. This option was to be Incorporated in a second version
of MC that resulted in significant tine savings (up to a facto." of
100 for the resolved range). This example is olted to show the
importance of using approximate methods whenever possible. Approx-
imate treatments are based on use of psi and chi-funotions (con-
volutions of a Doppler function, represented by a Gaussian, with a
Ereit-Wigner line shape). These are also known as Voigt profiles; see
Hwang's 1969 review [2] and material in this series to be covered by
Frohner [33. If a resonance parameterization can be cast In the form

of a 3u-erposltion of symmetric and asymmetric Brelt-Wgner profiles
with ren coefficients, and if one can use the psi-chl approximations
for Doppler broadening of these resonances, then the calculations can
be done reasonably efficiently. If one or both of thise approxi-
mations is not adequate, then one must reurt to kernel broadening of
tabulated cross sections; the most efficient technique is perhaps that
described by Cullen and Weisbin [14], which requires a factor of 5 to 7
longer In computation tine.

The important point to be made la that resonance treatments a>.st
be kept simple, commensurate with the accuracy required of the calcu-
lation to be performed. All methods involve approximations of one
form or another. The evaluated data set is based on one or more ex-
perimental measurements; the best of these measurements are approxi-
: ate representations of the nuclear cross sections. The question the
user must answer is whether the approximate method he has chosen to
use is good enoi.Th to yield the accuracy required of the calculation.

In prirjlole, the data base consisting of the evaluated set of
neutron err>» sections should be provided with adequate detail to
permit any problea to be addressed to whatever level of accuracy is
required. In practice, the data base is a compromise, the most
important materials being given the most attention in the evaluation
process. For tne least Important materials, e.g., the heaviest
actinides, for which experimental measurements are very limited or
nonexistent, the evaluated data base might consist completely of model
calculations, based on extrapolations of average parameters, adjusted
to give agreement with whatever experimental information might exist.
Because in any practical situation the least important materials are
present in only trace amounts, it matters very little that the data
base is obviously inadequate to calculate neutronioa properties in
bulk quantities of the material. Only for & few materials is It
important to be able to treat temperature effects and calculate
Doppler coefficients accurately, to calculate resonance self shielding
In heterogeneous systems in deep pinetration situations, or to treat
accurately tne detailed energy and angular dependence of the emitted
neutron In inelastic scattering or multiple neutron emission
processes.

In short, it is neither necessary nor desirable that the reson-
ance prescription be given with the same degree of accuracy for all
materials in the evaluated data base. The simplest representation
should always be used if its use is warranted. However, the atteupt
to use a simple representation when it is unwarranted leads to prob-
lems. For example, the evaluator may include a smooth background file
of pointwise data to correct the deficiencies of an oversimplified
resonance approximation. When this "smooth background" file Is not
smooth and not small, virtually all the advantages of the oversimpli-
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fied resonance treatment are lost. The evaluator might, at this
point, consider whether a more complicated resonance prescription may
be preferred.

1.2. Limitations Inrooaed by the experimental data.

Even in cases for whiih the evaluated data base should contain
the best and most accurate representation one knows how to provide,
the evaluation is a compromise. This is so because the experimental
data on which the evaluation is based are inadequate, inconsistent,
and incompletely documented. I suspect that this holds to some extent
for integral experiments, used as a basis of comparison of eigen-
values, reactivity worths, and reaction-rate ratios in benchmark data-
testing calculations of an evaluated library, and which form the basis
for data adjustment. It is invariably true for the microscopic
cross-section measurements on which the library is based.

In a microscopic or differential measurement, one attempts to
observe the "observables" in scattering and reaction theory, i.e., to
measure, at infinite separation of a pair of nuclei, the interaction
probabilities or cross sections for a particular process to occur.
One measures the energy of the incident particle and the reaction rate
at that energy; he may measure or.e or more of several other obser-
vables: the energy of the emitted particle or particles, the angle
between the incident and emitted particle; if there are two or more
emitted particles or radiations, he may measure the angle between them
and the energy and intensity of each. He may measure the orientation
dependence of the reaction rate by polarizing or aligning ths Incident
particle and/or target nuclei.

polai
We shall consider the specific example of a polarized-neutron and
rized-target measurement on 3 U later. At this point it is

instructive to look at a typical differential measurement from the
point of view of listing the approximations and corrections that may
be involved before the evaluator ever st?s the experimental data set.
If the experiment involves a neutron-induced reaction in the resonance
range, one typically measures the count rate of the reaction as a
function of neutron time-of-flight over a known flight path, and
infers the neutron energy distribution from the time-c^-flight spec-
trum. One might also measure the pulse height or energy of one or
more of the reaction products and the angle of emission. To reduce
the count-rate data to cross-section, one also needs to measure the
neutron flux; generally this is done by placing a material whose cross
section is assumed to be known in the neutron beam, and measuring
another spectrum of reaction rate vs. time of flight. Finally, one
needs to know what the backgrounds are: these generally consist of

two components: 1) counts from sources or neutrons interacting with
materials other than the target material of interest or the flux
monitor, and 2) counts from the target material or flux monitor
arising from off-energy neutrons that may be present in the beam.
While the method of collecting background data depends on the experi-
ment, the notch-filter method is common. In the beam, one interposes
a Material that removes all the neutrons at some given energy and
perturbs the beam only slightly at other energies. He then infers the
background by observing the count rate at the energy at which the
neutron flux is zero. By using a series of notch filters, he can
infer the background at several energy points in the range of
interest.

There are several approximations and/or corrections made in the
reduction of experimental data. Only rarely is the documentation
adequate to permit an evaluator to judge between two such data sets if
they happen to disagree outside the quoted uncertainties. Typical
approximations or corrections that might be addressed are listed as
follows:

1) The neutron energy scale. Is it absolute or relative to
other work? If the energies are determined by tine-of-flight, what is
the time spread, delay, and uncertainty introduced by the neutron
moderator and by the detector? How does one best rjorreot the dis-
crepant energy scales of two or more measurements to be averaged?

2) How were the detector efficiencies and number of target atoms
in the sacplc determined and how large are potential systematic
uncertainties? If several measurements are made relative to a common
standard, are the correlated uncertainties properly treated?

3) The sample is generally not of negligible thickness; the flux
monitor In this case does not experience the same resonance self
shielding as does the average target nucleus. Has an appropriate
correction been applied to take account of the difference?

4) Multiple-scattering corrections in the sample and flux
monitor are often important but rarely discussed in detail.

5) The energy resolution associated with the measurement is
often underestimated by the experimenter; the effects of resolution
broadening of the data set are rarely studied and documented.

6) The sample temperature is never zero degrees K; the zero-
point motion of the target nuclei is dependent on the chemical
composition of the sample; and experimentalists also use approximate
methods of calculating Doppler-broadenlng corrections.
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The final point to be made in considering experimental limita-
tions on resonance prescriptions is the following: as far as
parameterizing experimental data for applications is concerned,
resonance analysis is a "black-box" procedure. The experimentalist
induces resonance interactions by allowing a neutron beam with known
characteristics to strike a sample that also has known character-
istics. He observes the interaction products and obtains a spectrum
of the reaction rate vs. energy, which he then reduces to cross-
section. He then characterizea the bumps and wiggles in the spectrum
by a set of parameters, which, when used in a prescribed equation, can
be expected to provide a more-or-less accurate representation of the
observed spectrum. He may attempt to infer, by studying the distri-
butions of the various parameters, what the properties of the nuclear
interaction might be, in order to give some phenomenologlcal means of
calculating what he is unable to observe experimentally. However, the
methods the experimentalist generally uses to reduce and analyze the
measurement, or those the evaluator uses to provide an evaluated data
base, are not very different from those used in applied computations.
All involve approximations.

2. FUNDAMENTALS

2.1. Assumptions

It is basic to nuclear reaction theory that one observes only
quantities at infinite separation; from such observations, one infers
the properties of the nuclear interaction that occurred. One funda-
mental assumption is that the nuclear interaction obeys the laws of
quantum mechanics, in particular the time-independent Sohrodinger
equation. A second is that the interaction is localized in space to
the vicinity of the interacting particles, and is representable by
some kind of collision operator. This may be a collision matrix if
any of the properties of the nuclear species observed at infinity are
changed as a result of the interaction, or a collision function if
they are net (i.e., if only elastic scattering can occur). We have
listed some of the quantities that may reveal whether changes can
occur: in addition to determining what nuclear species are involved
as a result of the interaction, one can measure the energies, angles,
and orientations of the exiting species relative to the incident ones.

The idea of associating a qualitatively different time dependence
with different types of nuclear interaction is attributed to Friedman
and Weisskopf [5], who in particular, differentiated between shape-
alastic scattering and compound-elastic scattering as examples of fast
and slow processes that could be distinguished because of the dif-
ferent time delays associated with the two processes. At the present
time, one distinguishes at least three such categories. Fast pro-
cesses generally include direct interactions, the formation and
immediate decay into the entrance channel of single particle resonance

states, Coulomb excitation if both nuclear species are charged, etc.
The second category contains intermediate processes: pre-equilibrium
decay, isobaric analogue states, doorway-hallway states. The slow
processes are generally assumed to be restricted to compound nucleus
formation fulfilling the Bohr hypothesis that the decay probabilities
are independent of the formation mechanism, and leading to sharp
resonance structure in the interaction probabilities or measured cross
sections. In actuality, one knows that this picture is oversimpli-
fied: the time spectrum of reaction processes is a continuous one.
As a result of the uncertainty principle, one can also associate the
width of observed structure with the time dependence of the process:
slow processes lead to sharp resonance structure, fast or direct
processes to slowly varying or smooth cross sections.

In this series of lectures, we have been asked to treat parti-
cularly the category of slow processes in the framework of the Jl-matrix
theory of Viigner and Eisenbud [6]. In this context, the restriction
of the treatment to two-body interactions (for which the reaction pro-
ducts observable at infinite separation consist of only a pair of
particles) or of sequences of two-body interactions is perhaps
adequate for most purposes.

All formulations of reaction theory that contain the basic common
assumptions have been shown to be equivalent, in the sense that they
are derivable from one of the general unified theories. Ir. the next
section, we shall review briefly the various approaches used to de-
monstrate this equivalency of reaction formalisms. However, at this
stage, we should like to note particularly the significant features
and relative advantages of particular reaction formalisms for reso-
nance calculations, those of Kapur and Peierls [7], Wigner and
Eisenbud [6], and Siegert, Humblet, and Rosenfeld [8,9]. At infinity,
the wave function describing the reaction consists of incoming and
outgoing waves; the radial parts are spherical Hankel functions, and
are complex. If these same functions are used to represent the inter-
action and the resonance structure, the collision matrix is found to
consist of a single-sum expansion with complex and Implicitly energy-
dependent parameters—the Kapur-Peierls formulation. Adler and
Adler [10,11] showed that separating the expansion into real and
imaginary part3 gives a real expansion that is of the same form as a
superposition of single-level terms of the formula of Breit and
Wigner [12], and that in certain cases, the parameters are approxi-
mately energy independent. This turns out to be very useful in
applications, because essentially all the methods of resonance treat-
ment in reactor applications can be used without change.

In other cases, the energy-dependent Kapur-Peierls parameter-
ization is not useful; to obtain an expansion that is both real and
energy independent, one must use Wigner and Elsenbud's R-matrix
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theory. One introduces the R-matrix as a ratio cf value and deri-
vative at the boundary between the Interaction region and the external
region, and expands the R-matrix in terns of real eigenfunctions and
over real eigenvalues. He then must perform a matrix inversion in
channel space to obtain the collision matrix expansion. What he has
bought with this procedure is simplicity in the parameterization, but
the price paid Is that the representation cannot readily be put Into a
form convenient for most calculations. Both these formulations are
most often used as "black-box" representations: the compound nucleus
is thought of as a black box and the parameters are obtained as a fit
to measured cross-section curves.

The Humblet-Rosenfeld formulation is an expansion over outgoing
waves. The parameters are complex but energy independent; there is,
however, an energy-dependent background that enters. If the expansion
is considered as a "black-box" representation, it becomes formally the
same as that of Xapur and Peierls. Its greatest strength would appear
to come if it is used as a basis of comparison of data to model calcu-
lations rather than as a black-box parameterization in Its own right,
as the elgenfunctions and eigenvalues corresponding to the decaying
states (outgoing waves) are those which one would expect to obtain as
the natural states in a calculation of quasistationary shell model
levels above a finite potential well. This connection was noted by
Weidenmuller [13] in his first paper on the shell-model theory of
nuclear reactions, and was implicit in the monograph by Mahaax and
Weidenrauller [11] on the same subject. However, this approach does
not seem to have been exploited; at about the same time, Lane and
Robson [15-17] and Toborman and Nagarajan, et al. [18,19] provided the
formalism for addressing the same problem with R-matrix theory. Re-
cently, Garola-Calderon and Peierls [20-21] reviewed the problem from
the viewpoint of the kapur-Peierls expansion.

The development of R-oatrix theory, as reviewed by Lane and
Thomas [22] is given in Appendix A. Relations to other resonance
formalisms, and in particular to the approximations used in appli-
cations, are illustrated in Appendix B.

2.2. Equlvalannv of the Formulations of Hgant.ton Theory

The earliest treatment of resonance structure in low-energy
neutron-induced reactions, in the formula given by Breic and
Wlgner [12] and by Bethe and Placzek [23-25] was based on the observed
similarity in shape of neutron resonances to that in light dispersion.
The formal theory of resonance reactions followed two approaches, 1)
the real eigenvalue expansion of the R-matrix of Wigner and
Eisenbud [6], and 2) the complex eigenvalue expansion of the collision
or S-matrix by Kapur and Peierls [7], In 1950, Llppmann and
Schwinger [26] provided an integral-equation representation of the
general two-body scattering problem, which formed the foundation for

theoretical treatments in many-body scattering theory. Although the
Lippmann-Schwinger approach rested on the same basic assumptions as
R-matrix and S-matrlx resonance theory (i.e., the validity of quantum
mechanics, the existence of a localized interaction volume, the
restriction to two-body interactions), the aim was rather different:
to provide the foundation for a variatlonal approach to nuclear re-
action theory. They developed variational principles for the col-
lision operator (S-matrix) and noted problems of unitarity in the
results, and then provided a variational method for evaluating the
reactance operator (K-matrix) and transition operator (T-matrix) that
did satisfy the unitarity requirements. It was not readily apparent
how one might reconcile the differences in approach between the
general scattering theory of Lippmann and Schwinger and the resonance
theories of Kapur-Peierls and Wigner-Eisenbud. This problem was
addressed in 1957 by Bloeh [27], who introduced a generalized boundary
operator based on a Green's function approach, showed the equivalence
to the Lippmann-Schwinger treatment, and showed that the Kapur-Peierls
and 'riigner-Eisenbud dispersion theories can be derived as consequences
of this approach in which specified boundary conditions are Imposed.

The unified reaction theory of Feshbach [28,29] is rather dif-
ferent from that of Bloch [27]. Feshbach introduced projection
operators to modiry the Hamiltonian. In effect, the projection
operator divides the configuration space into two subsets corres-
ponding to open and closed channels; one then obtains a set of coupled
equations, the solution of which gives the modified Hamiltonian. For
example, in his 1962 paper Feshbach uses the projection operator
formalism to derive the results of R-matrix theory, by choosing P, the
projection operator fcr opcr. channels, to I)-? jnity OMislue tr:e
boundary r = a, and aero inside, MacDo-iald [30-32] biioved ~-ov
Feshbaeh's th'o.-y ?ou:d ise d?-ived JVcc ifie Llppmar.n-Schwir.ge.-
integral equation for the transition matrix, and lobcooaTi £33]
recently generalized Ffishbach's theory to perult ouliidlSMsior.al
projection in configuration tpace.

In 1966, Lane and Hobaon [i5] showed hon the generalized boundary
operator Bloch [273 had introduced in 1957 could be used to derive all
the reaction theories th*»n in existence. . Tobocman i3cJ later showed
how the Bloch operator cou^d :M generalized to describe tbve.;-body
channels. In 1969, Lane arid Kobson [16,17] showed the connection be-
tveen R-matrix theory aid Kcdel calculations with a shell-iaodei
HamiKo.-iian.

3. irPROXIMMICHS

3.1. Constraints Introduced bv the Doppler-broadening treatgent

For reactor physics calculations involving neutronics calcula-
tions, all the rigorous formulations of resonance theory are found to

34 20

J



be too cumbersome. This is primarily because reactor codes for
routine calculations (i.e., all except those Involving Monte-Carlo
techniques) are invariably built around a resonance treatment that
involves the use or Voigt profiles to take account of Dopple.-
broadening. These functions are defined aa follows:

•fin j i + P

_ _5_ I 2p exp[-(q
^ir / 1 +

• d p

The psi- and chi-functions are tabulated, or can be calculated
rapidly; the cross section itself is never calculated in a fine mesh
such as would be required if the convolution were to be evaluated
numerically. The treatment is an approximation; it does not preserve
reaction rates or leave a 1/v cross section invariant, as was noted by
Solbrig [35,36] and more recently by Cullen [37]. The accuracy of the
approximation has been discussed by Hinman et al. [38], and by Cullen
and Weisbin [4] who provide alternate expressions for an exact treat-
ment where it is warranted. In most cases of practical interest,
except for very low-energy resonances where the validity of the gas
model is also questionable, the approximation is adequate.

The implication is dear, however. Only those resonance repre-
sentations that can be put into a form suitable for a Boppler-broaden-
ing treatment by the use of Voigt profiles will find general accept-
ance and will be generally U3ed by the reactor community. Three of
the four formulations in Appendix B fulfill this requirement.

Using the notation of Appendix B, the total and reaction cross
sections using the iingle-level Breit-Wigner formula are written as
follows, for I = 0 neutrons:

3.2. Discussion ENDF/B

sin

and

r r
,_. IT nt »r

k (E-Ep~ + f£/A
<In these expressions, we hive simplified the formulas of t'lpendlx B
by selectiig one ievei, and by using t;:a identity 1-2 sin (>o -• cos 24
The reaction x civ. represent either fission or capture.!

One makes the identifications

q = 2(E-Ep/I"r, C = ̂ /A ,

where A = /SEkT/A is the Doppler width, with E the energy: T the
absolute temperature, A the reduced mass of the target nucleus; and k
the Boltzmann constant in this definition only. (In the cross section
equations k is the neutron wave number as defined in the appendices.)

If this is done, then the single-level Breit-Wigner formula for
the cross section, convoluted with a Maxwell-Boltzmann distribution
assumed to represent the motion of the target nuclei at the tempera-
ture T, can be written approximately in terms of the Voigt profiles iji
and x# multiplied by factors which are only slowly energy dependent.

The approximations found to be most useful for applications in-
volving the ENDF/B data file are described in a formats and procedures
manual by Garber et al. [39]; the formulas are summarized in Appendix
J3. A revision of the resonance region portion of the manual is in
preparation [40]; some of the changes and additions are included in
Appendix B. The relations between the approximations and the formal
theory are also treated in Appendix B.

The simplest, most often encountered approximation i3 the
single-level formula given by Breit and Wigner (SLBW). When one
attempts to represent cross sections by a superposition of single-
level terms, according to the prescription given in Appendix B, he
occasionally finds that at certain energies the calculated scattering
and total cross sections become negative. This unsatisfactory
situation is often remedied by including a "smooth file" to be added
to the resonance calculation. However, de Saussure et al. [41] have
shown that for 23°n the SLBW formula is not satisfactory in a strongly
self-shielded situation; they recommend the use of the multilevel
Breit-Wigner formula introduced by Bethe and Placzek [24] (MLBU,
occasionally also called the Gregson formula [42] or the FFW formula,
having been derived by Feshbach, Porter and Weisskopf [43] in con-
nection with their formulation of the optical model). The formula
takes explicit account of level-level interference; it is derived from
an amplitude-squared expression and cannot go negative; and it is
valid for <r> « D. It was shown by de Saussure et al. [41] that this
approximation gives quite satisfactory results for a description of
the resonance cross sections of ( U + n) even in strongly self-
shielded cases; these authors also provided a parameterization suit-
able for use with Voigt profiles, included in Appendix B.
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The next approximation described in Appendix B is not suitable
for Yoigt-profile broadening. In 1958, Reich and Moore [11] wrote
down an expression to be used for s-wave neutron-induced fission. The
approach uses the channel-elimination method introduced in 1952 by
Teichmann and Wigner [U5] to eliminate certain open channels uhose
off-diagonal matrix elements have random signs; this approach was
described In general by Thomas in 1955 [16]. The Reich-Moore
specialization of this approach eliminates the open radiative capture
channels to give a reduced R-matrix. The further specialization to
the case that fission does not occur leads to a reduced R-function
treatment of elastic scattering and radiative^capture that is also
known as the ML formula [11]. Use of the Reich-Moore parameterization
for fission has been discontinued in ENDF/B, primarily as a result of
the difficulties encountered with processing codes. However, it
appears that the simplicity of parameterization permitted in resonance
descriptions with higher angular momenta with the reduced R-function
or ML formula will lead to its being recommended in the future as an
acceptable ENDF/B format in spite of the processing difficulties, in
particular for isotopes In the Fe and Ni region.

Moldauer [17] and Adler and Adler [18] have provided computer
programs to convert R-matrix parameters to Kapur-Peierla parameters by
diagonalizing the level matrix (discussed in Appendix B); de Saussure
and Perez [19] showed how the same task could be accomplished by a
partial fraction expansion. The Mler-Adler formula as given in
Appendix B Is found to be a very useful representation for s-wave
neutron-induced fission, as the Doppler broadening can be accomplished
by Voigt profiles; however, for treating wide energy ranges and higher
angular momenta, such as is required for isotopes in the region of
iron and nickel, the approximation that the energy dependence of the
parameters can be Ignored appears to limit the usefulness of the
Kapur-Peierls or Adler-Adler representation. The problem of unique-
ness of R-matrix parameters has been considered by Adler and
Adler [50]; this subject is perhaps best understood by referring to a
specific example, and will be deferred to the end of the next section.

1. ANALYSIS AND EVALUATION OF RESONANCE MEASUREMENTS:
APPLICATION TO r 3 b D + n)

38

1.1. The resolved resonances.

In this section we address specific techniques for analysis and
evaluation of the resolved and unresolved resonance region, using the
cross sections of (23% + „) as the example. There has been a great
deal of attention give.i to (235U + n), and recently there was what we
might consider a oajor breakthrough in contributing to our under-
standing of the problem: the obtaining of exceptionally high quality
fission cross section data by Keyworth et al. [51] with a polarized
beam and polarized target. It is the analysis [52] of these data that
provides new insight to the general problem of evaluating data in the
resonance region, and which is of interest to this review.

The measurement by Keyworth et al. was a second measurement
carried out on the Oak Ridge Electron Linear Accelerator (ORELA); it
was an extension of an earlier set of data previously analyzed and
reported by Keyworth et al.[53,51] The data consisted of time-of-
fllght spectra of fission events obtained with the polarization vector
of the neutron beam oriented both parallel and antiparallel to that of
the U target, &nd tloe-of-fllght spectra of the transmitted flux
with the same polarizations. If the beam and target polarizations had
been complete (i,100J), the data could have been readily reduced to
obtain a J=3 fission cross section and a J=1 fission cross seotion
with essentially no sacrifice of statistical accuracy. Even though
these polarizations were not exceptionally high (the product f f,, of
the beam and target polarizations was ^8J), the spectra that Sere
obtained had sufficient statistical accuracy that this could still be
done; typical data obtained are shown in Fig. 1 and 2. In these
figures, the lower curve is the J=3 fission cross section, the middle
curve is the J=1 fission cross section, and the top curve is the sum
of the two; I.e., the fission cross section one would measure with an
unpolarized bean and/or unpolarized target.

The analysis of these data in the resolved-resonance region has
three objectives, which we should note: 1) one wants to provide the
user with a set of resonance parameters that will more accurately
represent the cross sections in reactor calculations, 2) one wants to
derive better average parameters in order to be able to give a more
accurate representation in the unresolved resonance region and at
higher energies, and 3) one wants to compare the results obtained with
other analyses and evaluations, to see if the Insight gained for ( U
+ n) can be applied in a more general way.

, „ Even a casual inspection of the spin-separated fission data on
( U + n) shows that a great many of the resonances previously
observed and analyzed as single resonances (i.e., the top curves in
these figures) are actually doublets of different spin. Some may even
be 'riplets. However, these data are not good enough to give a
cospletely definitive answer to the question, "What is the resonance
spacing In ( 3SU + n)7" No data set by itself can answer this
question; the most probable value for the neutron width is zero, and,
unless there Is strong interference in another channel, such a reso-
nance will not be observed. One must resort to assumptions about the
statistical distributions of widths and spacings to arrive at an
answer.

We began by dividing the resonances into three categories: those
whose existence is 1) definite, 2) probable, and 3) possible or
unlikely. Below 62 eV, there are 126 resonances of the first
category, IS of the second, and 20 of the third. Me then attempted to
use the A, statistic of Dyson and Mehta [55], in connection with
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Dyson's F-atatisti.es[56], to decide which of the resonances of
categories 2 and 3 should be included in the set of resonances that
actually exist. These statistical tests are to be discussed in detail
by Frohner [3], but their use may be described briefly. Both the
A- and F-statistics are derived under the assumption that the
eigenvalues follow a Gaussian orthogonal ensemble. To obtain the
A-statisticsone calculates the best linear least-squares fit to the
stairstep distribution of the number of levels below a given energy
versus energy (i.e., the region below ^ 60 eV in Fig. 3) and compares
the observed root-mean-square deviation of the stairstep from the
straight line with the theoretical expectation value. The F-statistios
considers the spacing of neighboring levels in an interval about the
i level. It is thus a running statisticsand is used to point to
levels which may be spurious, or to regions in which a level may be
missing.

Dyson and Hehta studied the properties of the A-statisties and
concluded that using the A statistics (which has no constraints on
slope or intercept), one snould be able, in principle, to determine
the number of resonances in a given energy region to within ± 1
resonance, provided that the sample is reasonably pure. Unfortun-
ately, this does not appear to be the case in ( U + n), even with
spin-separated cross sections. Satisfactory agreement was obtained
with the expectation value of the A statisticswith the 126 resonances
of category 1, with the 145 of categories 1 and 2 plus 7 of category 3
for a total of 152, and for a selected set of 139 consisting of the
126 of category 1 and 13 others from categories 2 and 3. One can only
conclude that in studying a sample of resonances with this degree of
purity, the A statistics is not useful.

A comparison of the spacing distribution of the levels of
category 1 with that of a Wigner distribution for a mixed sequence
(Fig. 1) suggests that there is a significant number of missing levels
with small spacing ( %10}). A calculation of the expected peak cross
section distribution with the level at which one might expect reso-
nance peaks to be observable (> 2b) is roughly consistent with this
estimate. Finally, we devised a missing-level estimator [52] based nn
the moments of an assumed truncated Porter-Thomas distribution, which
led to a recommended average spacing of 0.438 ± 0.038 eV for the mixed
sequence. This is to be compared with the 0.38 eV ± 10* estimated by
Garrison [57] on the basis of counting observed peaks in computer-
generated cross sections.

The second question we should like to address is, "What are the
average partial widths for the resolved resonances?" The moat direct
way of arriving at the answer is to carry out a simultaneous multi-
level analysis of these data with other reevaluated total and partial
cross section measurements, similar to the approach taken by Smith

[58] or by de Saussure et al. [59] This was not done. The approach
taken was instead that of an evaluation of evaluations: from various
sets of resonance parameters, one can calculate a common set of
obscrvables, in this case the total, fission, and capture areas for
the resonance structure. These resonance areas were then
intercompared, averaged, adjusted as necessary by comparison with the
polarization measurements, and eventually an internally consistent set
of parameters was obtained. These parameters are those which describe
the unpolarized beam, unpolarized sample data on the total, fission,
and capture cross sections of (235u + n) in the resonance range, and
the polarized beam, polarized sample data on the fission cross
section. They were then used to determine the relative average
partial widths.

In carrying out an evaluation of this type in the resonance
region, one finds parameter sets consisting of H-matrix multilevel
results, Kapur-Peierls multilevel results, Breit-Wigner single-level
results, and occasionally total and partial resonance areas that may
have been determined by using a planimeter and a piece of graph paper.
To a first approximation, in comparing such data sets one can assume
that the asymmetric term is of equal size and of opposite sign above
and below the resonance energy, and that the net area can be calcu-
lated from the contribution of the symmetric terms. The appropriate
formalism is that given by de Saussure and Perez [60], who note that
the assumption is strictly valid only on the average over the entire
region spanned by the parameter set.

One recurrent problem, of which evaluators are rarely aware, is
that experimentalists are frequently overly optimistic in making
corrections and in assigning uncertainties to their measurements,,-
When one compares tho various sets of parameters obtained for ( " u +
n) resonances, it becomes obvious that the resolution functions asso-
ciated with the experimental data sets are poorly known. While the
ratio of capture to fission generally shows good agreement in com-
parisons of the results from different evaluators, the absolute values
of the capture and fission widths are found to be in rather poor
agreement because of this resolution problem. We eventually decided
to address the problem by using a model calculation of the average
radiative capture width, normalized to nonfissile actinide nuclides,
and to compute the fission and neutron widths of each resonance from
the measured capture-to-fission ratios and fission and/or total areas.

The next step in the evaluation is to establish the statistical
distribution of the partial widths, in order to use the results in a
calculation of the unresolved region. By considering data obtained by
Pattenden and Postma[61] on the angular distribution of fission frag-
ments from aligned nuclei, and in particular the correlation of these
data with spin, a3 shown.in Fig. 5. one can conclude that the fission

r"\l + n) is similar towidth distribution for the neutron width dis-
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tribution; i.e., it is a ohi-squared distribution with two to three
degrees of freedom, for both spin-spin states. The distribution of
fission widths and the existence of pronounced interference in fission
are consistent with this estimate.

4.2. The unresolved resonance region.

As shown in Fig. 6. the neutron cross sections c-f (235U + n) show
pronounced fluctuations.-which extend to 200 keV or higher. The total
cross section [62] of ( i9U • n) shows similar structure to the
absorption; both are strongly correlated with the fission cross
section. It has been suggested that the fluctuations in the fission
cross section arise because of second-well enhancement: states in the
second well are mixed with the usual compound nucleus states in the
first veil. Others maintained that the fluctuations may be primarily
an entrance channel phenomenon.

One would expect the cross sections to be qualitatively different
if fluctuations arose from: 1) fluctuations in the average neutron
width, or 2) fluctuations in the average fission width. In the first
case, fluctuations in radiative capture and fission would be corre-
lated; in the second they would be antioorrelated. One might expect a
qualitative difference in the Ooppler coefficient, for example, In a
highly self-shielded situation. Data presented by Beec.and
Kappeler [63] on the ratio of fission to capture in ( 3 1 + n) from 25
to 60 keV neutron energy strongly support the view that the average
fission and capture cross sections are anticorrelated.

Also shown In Fig. 6 are the spin-separated fission cross
sections of ( U • n). The evaluated data file in the unresolved
region consists of a set of energy dependent unresolved average
resonance parameters; from such a table, the partial cross sections
can be reconstructed by performing Hauser-Feshbach calculations with
width-fluctuation corrections. The energy-dependent average para-
meters are also of interest in that they permit statistical tests to
be Bade for possible Intermediate structure. Several such tests have
been described and applied by Baudlnet-Roblnet and Mahaux [64],
Perhaps the most popular test Is the distribution-free runs test of
Hald and Wolfowitz [65], suggested by Janes [66], If one uses this
test on the average fission widths for ' U it in easy to conclude
that the average spln-4 fission component shows strong evidenoe of
intermediate structure in fission; as shown In Flfts. 7 and 8. the
fluctuations in the other spin component are nearly as pronounced.
The general conclusions are in qualitative agreement with calculations
by James [67], who found that the observed effeot could be explained
by assuming intermediate structure in one of the two fission
components. In this latter paper, James studied two other tests
described by Baudinet-Robinet and Mahaux, the Wald-Wolfowitz correla-
tion test [68], and the Levene-Wolfowitz runs-up-and-down test [69].
James concluded that the Levene-Holfowitz test was not powerful enough
to be reliable; Baudlnet-Roblnet and Mahaux noted In their study that
the Wald-Wolfowitz correlation test is perhaps too powerful to be
generally useful, as it Is therefore very subjeot to experimental
error.

4.3. UnlQucness of multllftvni parameters.

The definitive study on the problem of uniqueness of R-matrlx
parameters of the low-energy cross sections of fissile nuclei is that
of Adler and Adler [50]. To understand what the problem is, one needs
to be familiar with the ideas Involved in developing the various
approximations. The reduced R-matrix formulation involves, at each
energy point, a summation over resonance amplitudes for however many
resonances one needs to consider and a matrix inverslon.QY.er however
many channels one needs to consider. For fission of < U • n) the
number of channels Involved is known to be small, but more than one.
The fission-width amplitudes can be thought of as a set of vectors In
a multidimensional channel space. It is the orientation of these
vectors relative to one another that describes the interference
observed in the fission cross sections; e.g., if two such
fission-width vectors are parallel or antiparallel, the interference
is strong; if the vectors are perpendicular, there is no interference.
One can, in principle, use this property to assign resonance spins:
if the resonances fall into two groups, the fission-width vectors of
one group being all mutually perpendicular to those of tin. other, one
infers that these two groups of resonances are characterized by dif-
ferent spins. In practice this method turns out not to be useful,
because the parameters are not unique.

If the number of levels to be considered is not very large, then
one can use the Wigner level matrix [70] to transform the problem of
inverting the R-matrix into one of inverting a level matrix whose rank
is equal to the number of levels. (See Appendix B.) This method was
used by Vogt [71,72] in analyzing resonance data on fissile nuclldes.
The parameterization in this case Is exactly the same, except that the
number of channels is unspecified. What one does is to give the
orientation of each fission-width vector relative to each of the
others as part of the parameterization. Vogt noted that the number of
channels required could be as high as the number of levels treated.
One can also think of the Vogt parameterization as an intermediate
step in the Kapur-Pelerls complex summation over levels; formally all
one does to obtain these parameters Is to diagonalize the level
matrix [10,11], The problem, therefore, is that there may be several
possible sets of off-diagonal elements that give the same
eigenvectors.

The problem was first pointed out by Auchampaugh [73], who was
addressing the feasibility of making spin assignments by multilevel
analysis, and who studied the analysis of computer-generated cross
sections with a reduced R-matrix search code MULTI that he had
developed [74]. Auchampaugh noted that certain of the multiple
solutions he found were simply related to the set used to generate tiie
cross sections, while others were not; the total fission width was
always preserved. Adler and Adler [50] solved the general problem,
noting that for the case studied by Auchampaugh (two-fission channels
permitted), one expects 1 + (N-1)(N-2)/2 possible solutions, where N
is the number of resonances in the study.
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Finally, it should be noted that the degeneracy is removable if
one has additional data. If there are only two fission channels which
have different K quantum numbers, then data such as those of Fattenden
and Postma [61] are sufficient to determine the reduced R-matrix para-
•eter set uniquely. If more than two channels obtain, one needs
additional data.

0. B. Adler [75] has also recently addressed the problem of
unitarity of the Kapur-Felerls formulation, in the context of the
contraints that exist in the parameterization. She showed that the
nunber of independent parameters is the same as In the R-matrix
representation, the remaining parameters being fixed by the re-
quirement that the collision matrix be unitary.

APPENDIX A. FOUNDATIONS OF R-MATRIX THEORY

Al. Introduction

The basis of the R-matrix theory of nuclear reactions has been sum-
marized by ThoMs [46] is follows: R-iratrix theory is based on Che standing-
wave Green's function method, and, in fact, the components of the R matrix
are the values cf the Orcc-n's function at the entrances to the various pairs
of channels. The definitive review or the R-matrix theory of nuclear reac-
tions is that of Lane .md Tlicuas [22]; the notation used here follows that
review, as does the basic development. The scheme of the fonr.3l theory is
as follows: I) Or.s defines cros3 sections 3 C C' for the production of a pair
of auclei of type c* when two nuclei cf type c are bombarded against each
other with energy E. 2) A collision matrix is defined from which one can
calculate tho cross sections. (In S-aatrix theory, the collision ratriK is
designated by U, with elercents Ucc>.) 3) The collision mitiix U Is related to
diagonal matrices L°, P and ft as well as to a nondiagcnal matrix R, the
relation being

5? - 3 ?1/2 V 1 cl - it0*) r 1 / 2 3

The L , P and ft matrices take account of long-range nonpolarizing inter-
actions between the separated nuclei; the R matrix is the unknown quantity
describing the nuclear interaction. All three matrices depend on parameters
ac, the boundaries outside which the wave functions from each channel c are
assumed to be known, and on boundary conditions Bc. 4i Th« energy depenaence
of any element of the R matrix is expressible as

are real and the Y>c "re energy independent. The heraiticity of P. guaran-
tees the unitarity of the collision matrix. (It is easy to show that if

0 - e"21* (1 - iK)" 1 (1 + IX)

and if K is hermitian (Kab » Ki,a*). then U is unitary, i.e., Ual) Uba* - 4ab.)

A2« Assumptions and notations.

Lane and Thomas [12] reviewed the assumptions that are at the basis of
R-matrix theory as follows:

1) Applicability of nor.relativistic quantua mechanics as implied by
the time-independent Schroedinger equation.

2) Restriction to two-body processes. A treatment of many-body
processes can be given insofar as these can be described as a
succession of two-body processes.

3) Absence of processes of creation or destruct.cn (although Mahaux
[74] showed how this restriction could be removed for photon chan-
cels).

4) The existence, for any pair c, of some finite radial distance of
separation ac, beyond which neither nucleus experiences any
polarizing potential field from the other.

Lane and Thomas begin by Introducing the following channel characterizations,
In addition to a. » a :c a

E c = Ea, the energy of re'.ative motion of the particles of the pair c;

ala2
H£ = Ma * H ^ * — , the reduced mass;

('2M IE I V s

af^i-1 , the wave number;
, h2 7

a, the relative velocity;
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the Coulomb field parameter;

where \ labels the members of a complete set of states with energy eigen-
values Ej; the Y\c are "reduced width amplitudes." (In the following
development, the' tour steps are derived in reverse order.) The elements of R

°c S aa'- = arsr(l+ s
c
+ i nc^ > t h e C o u l o m b Phase shift;
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Throughout the whole of configuration space, the wave fraction of the total
system is assumed to satisfy the time-independent Schroeiinger equation

One also needs the positive energy solutions for iicoraing and outgoing
waves, I + and 0 +. These have asymptotic forms

Hf - E* (Al)

where E is the total energy, and H » T + V is the Hamiltonian operator.

Preliminary manipulations are carried out to allow one to treat explic-
itly only that part of the Hamiltonian describing the relative motion of the
channel pairs. The wave function describing the relative motion can be
expressed as a product of a radial and an angular part:

and the u «(*_) satisfy the radial Schrodinger equation

[ d 2 _ (•((••I) _ 2M

=7 "V 1? (A2)

One immediately sees that the value of the wronskian for this pair Is 2i.
The relation between the two sets of solutions is

' c * ( G c -

CGc

where

• I t

r.=l

A3. Standing waves, incoming and outgoing waves, and the Wronskian.

If the interaction in the external region is a Coulomb interaction,
Eq. (A2) can be rewritten as

(Pn) - [i tt +a
-2 ; l J u a 0,

A4. The matching conditions at the boundary.

The next stage in the development of R-matrix theory is to match the
internal and external wave functions at the nuclear surf are. In the internal
region, one assumes the existence of a complete orthogonal set of eigen-
functions ^XJH' w n e r e J a n d M are the angular momenta and projections, such
that the wave function ¥ J M in the internal region, satisfying the equation
Hf EfjH at a particular excitation E, can be expanded as

where the prime denotes differentiation with respect to f^, and where the
upper sign denotes positive energy channels (E^'Vj, g), the lower n a t i v e
energy channels- If F and G are any two linearly independent solutions,
one can show that the Wconskian FG' - GF1 is independent or 03. (From the
differential equation FG" - GF" - (FG' - GF 1) 1 - 0.) If, in particular, Fc

and Gc are the two real solutions which are regular and Irregular at the
origin, respectively, and whose asymptotic forms at large p a are

Fot'v'

G c E

then the Wronskian of this pair is

TJM AAJ (A3)

the XJJJJ satisfying the equation HXJJH » E^ X A J M.

The functions discussed so far in the external region have been only
radial functions I n K

+ and 0a!+; the angular part and internal part vere
eplit off initially. The complete channel functions, normalized to unit
flux crossing any sphere centered at the origin, are written by Lane and
Thomas as

asfem (A4a)
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"al

where the notation can be simplified by writing

-1 * (fy (JtA
asv\ m /

CA4b)

(A5>

for the terms which multiply the radial function u ^ to give the total
channel wave function. One also wants to express the saxe functions in a
different basis (corresponding to the quantum representation of the internal
wave functions), as

"asJUM
v+ra=M

(s£vm|JM) 6
(A6)

where the (s£vt&|jM) are vector addition coefficients. Both representations
are orthogonal and normalized on the channel surface S, I.e., in either
representation,

1/2
«c* gradn ¥ dS ,

(A7b)

'where 'V is the complete wave function of the system and S"*<in is the noroal
gradient.

In the Internal region, the internal functions X , _ , evaluated on
the surface rc - a c satisfy the sane form of equation °"

1/2
AXJM dS (A3a)

and

DXc
1/2 (A8b)

The quantities Y^ are the reduced level widths; the ratio of derivative
and value has to So with the specification of the boundary conditions to be
satisfied on S. The normalization of the value and derivative quantities
on the surface are chosen for later convenience.

The value and derivative of the radial function at r • a are
chosen such that

1/2
V. = (ft'/2Mcac) uc(acl

1/2
(A7a)

4-dS

and

Lane and Thoaas provide special sycbols for the re
the logarithnic derivative in the external region. They

n"1

iPc

Sc * Pc <FcFc' + Gc Gc' J / C Fc 2 + Gc

ic - tan"
1 (Fc/Gc) ,

(A9a)

(A9b)

(A9c)

1/2
all of these being evaluated at r - a , and

1/2
*c* gradn (rjl dS - V'e " 2i •

(A9d)
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A5. A sinpllfied case: definition of the R function.

To make the formal derivation more transparent, it is usual to begin
by considering a one-channel interaction between spinless particles in which
Coulomb interactions rre assumed to vanish.

If uj and u 2 are tvo solutions of the Internal radial equation, then
one vrltee

(A13)

One has, therefore, if u_(r) is the arbitrary solution

Cd2ux/dr
2) • (2H/hZ) (Ej-V) U j * 0

(d2u2/dr
2) • (2M/h2) fe -V) u2 • 0 .

(A10)

X

where A, * f u u, dr. Use of Green's theoreo on u_ and u. gives
A J E A c A

0

(A14)

The first: of these Is then multiplied by u,, the second by u,, and the
difference is Integrated from 0 to a, giving

- ux(a) CduE/dr)a x-E) f V x dr

(All)
(A15)

The requirement that u(r)/r be finite as r + 0 allows the first term to be
evaluated at r « a. One obtains

Substituting this in Eq. (All) gives

h2 u,ta)u,(r) . diig l

X A
(A16)

,dr = 0 (A12)

At certain energies E,, where (du^/dr)r:-a <• 0, the solutions are eigen-
he energies are eigenvalues of the internal region.functions and the

One can then expand the solution at any energy in terms of these
functions, which are also assumed to be normalized, such that

The dimensionless logarithmicderivative is the R function:

(A17)

E -E
*

E.-E (A18)
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A6. The general case: the R-tuatrlx,

In the general case* one goes through exactly the same notions in
Che derivation, the surface term being replaced by the sum of surface terms
for the various channels. The general solutions at two energies E. and E2*
corresponding to Eq. (A10), are

(A101)

The first of these is multiplied by ¥- , the complex conjugate of the second
by fj, and the difference is integrated over the internal region T to give

dx dx (All')

If the Interaction term V is self-adjoint (V+ - V), then

J f(Vi'2) ?, - V, V¥.J dx = 0
•* * * * X

Applying Eq. (A12*) to two proper solutions X} and X^,, belonging
to energy values E^, E^>, the right-hand senber vanishes with such a
boundary condition. The solutions X^ and X^> are thus orthogonal, and
they are assumed to be normalized

(A131)

One then uses these solutions to expand an arbitrary function 4! as

h - (AW)

where the coefficients A, = / X,*¥ dx. One uses Green's theorem on 1
and X, to obtain A

 T
 A

Ptf-tB*, X,*)dS

and the volume integral of the kinetic energy terms is integrated by Green's
theorem to give

(A121)

where the value and derivative on the surface are defined by Eqs. (A7) and
<A8).

Ihc generalized bo.mdary condition is Dj<,/VJlc S
du/dr • 0, as iv the one-channel case).

(rather than

where D° = D - 6 V
e c c c

Substituting this in Eq. (A141) gives the result

(A151)

(A16*)
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It la the necessary relation between the value V and generalized
derivatives D?, on the surface S, find can be considered as the defining
equation for Rcc'.

!c - I "cc. 6c- • (A21)

(A171)

On the boundary, the value and derivative in channel c are given
by Eq. <A7) as

1 / 2 ~ 1/2
where the quantity in square brackets *n Eq. (A161) is the Green's
function. The only step remaining is to evaluate ¥ on the surface S,
which is done by operating on Eq. (A16() with /g$c^ dS and using
Eqs. (A7)and (A3). This gives (h /2 ) 1 / 2 P c - l / 2 COcXc * (A22a)

l ^ - r ^ • we')

A.7 The collision matrix.

Let us summarize briefly what has been done so far. The radial
configuration space was divided into two regionss an internal region and
an external region in which it was assumed that no nuclear or polarizing
interactions take place. The boundary between these two regions plays a
crucial role in R-matrix theory: the R natrix Is define-i as a relation
between the value and generalized derivative of the standing wave solutions
on this boundary. The .-.ross sections and collision matrix, however, are
defined in terms of 'inconing ar.d outgoing traveling waves. The next stop
Is to express the collision matrix IS in terns of the S-sutrix.

The most general representation of the wave function in the
external region is

* = I x-6= <A19)

where the xc and yc are amplitudes of the outgoing and incoming waves
in channel c. The collision matrix Ucc' is defined by the relationship
between these amplitudes; <is

and

Dc = (ach
2/2Mc) v c " 1 / 2 d/drc (0

(A22b)

vhete the velocity factors are introduced through the usual method of
normalizing inconing and outgoing waves to unit flux.

These must satisfy Che fundamental R-matrix Eq. (A17')

vc.-Z Rc.c(V
BcV

(A20) -1/2,,

-1/2,

It is noted that the usual treatment assumes incident waves in one channel
only; if one puts yc < 1 for th.»t channel, then

<A23)
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The procedure is to solve for the coefficients of xc and yc in this
expression, and to define the collision matrix in terms of the R matrix byexpression, and to define the co
using the definition given by Eq
acd (A23) in matrix notation, as

ision matrix in terms of the R a t i by
(A20). To do this, one rewrites Eqs. (A20)

* Sc " iPc '

x * -Uy (A201)

and
So

CA231)

-
(p - Rpl° or t equtvalently,

where
(A24)

From Eq. (A2C/,

A8. The cross sections.

The final step in the formal derivation is the definition of the
cross section in terms of the collision matrix. Here, one again finds that
the physical principles are obscured by the notational complexity• Even
when one restricts the discussion to neutron-induced reactions, notational
problems arise because the discussion so far has used J and H, the compound
nucleus spin and £-axls projection, whereas the appropriate quantities to
use In deriving the cross section formulas are the channel spins s,s', the
orbiral angular noner.ta,«.,{.',and their respective projections! v,v' and m,m'.
The collision matrix can be written in either representation, the relation-
ship is

am

where

1J - (I 10 ) 1 / 2 = exp iCu -• )
c c

It is cor.venier.r. to recall the Lane and Thomas definitions of these

quantities,

W|JM)
(A25)

where the (s£\>m|JM) are vector addition coefficients.

Following Lane and Thomas, we again consider elastic scattering of
spinless particles by a central potential. The method one uses to solve the
problem is to express the solution for relative motion in a form which
asymptotically is JC

J



[exp(i)cz) •A(0)] (A26)
vhich has che asymptotic form (A26), where

The cross section cr(0) for scattering at an angle 0 is defined such that
Na(9)dQ is the number of particles scattered per unit time into the solid
angle d!2 at an angle 9 to the incident beam, where N is the particle density
in the incident beam. Thus a(6) «• |A(9)|2, -when the solution has the
asymptotic form (A26).

In order to construct a solution with the appropriate asymptotic
form, one forms the following linear combination of solutions [cf. Eq. (A21)]:

(A27)

0oe then adds And subtracts a vave function of the form

Ihe scattering cross section is given by

0(6)= |A(8)|2= -^-| £ (2**lHl-lOP,(cose)l
4k* I % X •'4k*

OP,(
% X

<A30)

and the total elastic cross section by

> /
J k* 4 (A31)

The derivation of the general expressions for the cross sections follows the
same procedure, bur the resulting expressions are very much more complicated.
In particular, the collision matrix tVs'fcVn'.osJiVO l s t h e representation
for which the cross sections are defined, but the collision matrix Uaisiot
„ f] Is that which is related to the K-matrix and to the resonance parameters,
so that the transformation of Eq. (A25) ls generally required. Inte-
grating the cross sections over all angles, adding over final channel spins
a', and averaging over initial channel spins s, the transformations of
Eq. (A25) result in the usual spin statistical factors, such that

(A28)

where we have used the usual Legendre expansion of Che plane wave in polar
coordinates, F^(p) being the regular spherical Bessel function of order £,
ty the internal wave function product of the pair of nuclides, and where
the last equality follows from the relations between standing wave solutions
and Incoming and outgoing waves (subsection 3), and the relationship

(2i*l/4ir)1/2P4(cos8).

Ihe solution (A2?> thus takes the form

a,a
k o 2 Ji.f.s.a1

gJ| exp (2iUa,i <A32)

where gj - (2

Ihe notation can be simplified somewhat by using c. » ast, c' - o*s'£'.
In this case, the elastic cross section is

cc ' (a'=a) I l'cc'J!"}
(A33)

The cross section for a particular reaction a' j* a is

v"1/2exp(iki) (A29) .- £ S sJlu-J|2 (A34)

s't1
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The non-elastic is the sum of all processes a' 5* a is the penetration factor,

(nonel) * 2^ o ,
a'*a aa <A35)

1 +

and the total cross section is the sum of the elastic and non-elastic,
which, from the unitary nature of the collision matrix, can also be written

2 ' 9 + 3p2
 + p4

(total) = —5— 5 3 2gJ(l-Re U .J)
where p = ka and "a" is the channel radius (in units of 10 cm) and is

(A36) defined as

a = [1.23(AWRI)1/3 + 0.8] x 10"1

<j>« is the phase shift,

APPENDIX B. APPROXIMATIONS FOR REACTOR PHYSICS APPLICATIONS

Bl. The single-level Breit-Wigner formula (SLBVJ)

The use of the formal theory in practical applications Is done by
approximations. The simplest is to assume that there is only one level,
such that Eq. (A181) defining the R matrix contains only one term. If the
incident particle is a neutron, the Coulomb phase shift ac vanishes. The
channel parameters Sc, Pc, and <f>c of Lq. A24 depend on the energy and
orbital angular momentum of the incident neutron. In the U.S. evaluated
nuclear data file, the following definitions are used [39]:

-1.

= p - tan
-1 38

3 - P

where p = k3 and a is the effective scattering radius. These are the first
few terms of the recursion relations provided by Lane and Thomas:

k = 2.196771
AHRI

AWRI + 1.0
x 10" (Bl)

where k is the neutron wave number, AWRI is the ratio of the mass of the
particular isotope to that of the neutron, and E is the incident neutron
energy (laboratory system) in eV.

(B2)

where

1 + p'

18 + 3p

9 + 3P2
 +

= p2 +

= I + (pn/i)

It is customary to define an energy dependent partial level width as f^ =
2(P a

1' 2Y^) 2. In the vicinity of a given resonance r (A = r) the single-

J



level formula for clastic scattering and reactions of interest can be
derived from Eqs. A18', A24, and A32-A35. The single-level approximation
consists of performing a simulation over the levels r in the cross section
expression, instead of in the R matrix. The resulting formulas are taken
from Garber et al. [39], who adopted them from Gregson et al. [42]:

a) Elastic scattering cross section

HLS-1

fc-0

where

/ (E) = (28.+1) ̂  sin 2

n,n fc2
(B3)

k

S r2
rcos2V2rnr

r=l
(E-E')2 + 1/4 f2

b) Reaction cross section

NLS-1

X) V
£-0

where

r r
nr xr

(E-E')2 + 1/4 T2

(B4)

where the subscript x refers to either radiative capture or fission. The
summation on i, extends over all £-states to be described (there will be
NLS terms in the summation), and the summation on J over all J-states for
a particular value of £- NRj is the number of resonances for a given pair
of £ and J values.

It is also customary i-o redefine the resonance energy to remove the
shift term in the denominator, as

S«C|E I) - S (E)
(B5)

48

Usually, one can ignore all energy dependences of the various partial
widths except the neutron width. This is specified at a given neutron
energyf either at the resonance energy Er (for bound levels, the absolute
value JEr| is used), or at 1 eV. The special notation Fnr is used for the
s-wave neutron width of the r'th resonance at 1 eV. Neutron physicists

often refer to T n r instead of Ynr
 a s t h e reduced neutronwidth of the r'th

level. (It differs from YJr by a constant factor k evaluated at 1 eV.)
Neglecting all other energy dependences in the partial widths leads to the
definition of the total width as

r. = r_ (B6)

where the quantity x refers to a given reaction channel—fission or capture.

Occasionally in an evaluated data file, partial cross sections are
tabulated in the resonance region for reactions for which no explicit
resonance parameterization is given. In such cases, one nay wish to include
in the total width definition a "competitive width" that allc*7S for the
competition of the tabulated cross sections with those described by resonance
parameters. In this case the sum over x in Eq. B6 includes the competitive
width.

Lane and Thomas provided a way of generalizing the single-level formula,
by splitting the R matrix into a single-level term plus a smoothly varying
non-resonant background term that contains the contributions <jf all the
other levels. One splits the R matrix in£o two parts: R=R°-i-Rl. Consider
the matrix inveision implied by (1-RL")"1R. It can be shown that

(l-RLV1? - (T-S't'-R'L')"1 (S'-W1)

can be written as

(t-R'LV1?* + (l-R"oL°r1(l-R1Lir1R'(l-I>RT1

where Z' is defined as L1 - L°(T-R°L°)~ . In order to show this, one can
write

(1-ROL*-R'L'>)~1(RO+R"') as (l-R't'^CR'+h and solve for A.

Find (T-R'L')A - R'[1+L1>(1-R°L°)"1R0], which is nearly the required form.

Hote that i'd-i'h')'1!' - [R-~1(T-R°£l>)£'1~IrI - (5.'~1t°~i-t)~l.

Also d-t't'^t't' - [R°'1L1>~1(l-i:oR»)r1 ' (R'"1?""1-!)"1.

Finally, writing (l-t°R°)~ - 1+B, one solves for B - Ci-L"R°)"'1L=RS, which
completes the proof.

At this stage, it is not obvious that this development leads to any
kind of improved representation. However, as Lane and Thooas note (p. 321ff
of Ref. [22]), the collision matrix obtained from the split R matrix is of
the form

(B7)
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where and when all level-level interference in the reaction channels vanishes.
deSaussure et al. [41] show that such problems can be effectively circum-
vented by including the level-level interference term of Bethe and Placzek
[24] in the elastic scattering expression, as

NRT r-1

r-2 s-1

2rnrrns \^K> (E"Es> + 1M rrFs]
i/4 r2j + 1/4 r2]

(BIO)

In particular, if the background matrix R° is diagonal, then this formalism
leads to a single-level formula with modified parameters and a modified
phase shift:

This expression contains a double sum, the evaluation of which is very
tedious. deSaussure et al. show that one can make a partial fraction
expansion, in the same way as that done by Adler and Adler (to be discussed
below). The interference term can then be rewritten in a form that avoids
the double sum and permits evaluation of the expression by Voigt profiles:
the interference term becomes

,2 2-r
• H - ( E - " E >

(E'-E)2
(BID

Ac

'dc

r\c

where G
r r (
nr nsv

(r +r )V4

and D

and where

(B8)

+ (R.c°
p
c>

2

Equivalently, one can consider this modification as a modification of the
shift and penetration factors, in a form rather similar to that of the
recursion relations of Eq. B2.

and S '
X-Rcc Sc ) Rcc Pc

(B9)

*-f (E^r + (rr+rar/4

Occasionally, one finds MLBH used in describing interference in a
reaction channel x. (To do this, one replaces FnrFns in the numerator of
BIO or Bll by iTnrFxrrosrxg. This procedure is not as satisfactory as it
was found to be in describing elastic channel interference, the reason
being that MLBW is valid if <Fr> « D, but strong reaction channel inter-
ference implies K Fr) ̂  D.

B3. The reduced R matrix (RM. ML formulas)

a) The level matrix A

As we have noted, the basic difficulty with applying Che formal R-matrix
theory lies in the inversion of the matrix (1-RL°), whose dimensions equals
the number of channels. Wigner [70] showed how one can introduce another
matrix (the Vigner level matrix A), and convert the problem into one of
inverting a matrix of dimensions equal to the number of levels.

The collision matrix is written, according to Eq. A24, as

B2. The multilevel Breit-Wigner formula (MLBW)

Taking the summation over the various levels r in the cross
formula rather than in the R-matrix leads to problems even when

ction
« D

8(1

and one wants to invert (1-RLC).
an expansion of the form

Wigner1s inversion procedure is to assume 49
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(BIZ)

Hheve ̂  - ̂ "Vx a n a where the A^v are the elements of the level matrix. I£

the expansion (B12) is valid, the elements can be found by multiplying by

E. - E

This gives

The definition of the outer product of Jjwŝ  column ventor3 x and y,
(x X y>cc " ^c'c' > a n d tlle inner product, (x,y)c - |xcyc, leads to the
general property that

(x X y)U | » ) . (y,z)(x X") •

Thus the last term in Eq. (B13) can lie written

" Z-r (E - E)

and the entire equation rearranged to give

E rf(YX + AXv(Ex - E)
 + AXv

This ie satisfied it for all X",v the bracket is zero, or

AXv<EX " E> - Y i (IV%)AUV " SAv

(B14)

The quantity one really wants to evaluate is

\i * Yi% x

- E) (E. - E)

?(Ej - E) + <Ll (.Z, - E) 2-1
A uX A v

The collision matrix is then written

where the level matrix A is defined in terms of its inverse

Since

where

(B16)

(B17)

(B18)
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1
If thero are only a few levels of interest, then one can Invert the

matrix A"1 and calculate the elements of the collision matrix and the cross
sections. This was the approach of Vogt [71, 72] in analyzing a few
resonances in the fission cross sections of " 3 ^ 235n, and 23*pu. in
general, the number of resonances Is far too large for the direct inversion
of A to be practical. However, it may be noted that the inversion of
A~^ is particularly easy if it happens to be diagonal; then

where

- R L °)"1R
ee e er

PcYcY A c

both of which can then be expressed In terms of the level matrix A for the
eliminated channels

(B22)

(B19)

b) Channel elimination and the reduced R-matrix

The channel elimination method of Teichmann and Higner [43] was devised
to eliminate negative-energy or closed channels. Thomas [46] noted that if
the signs and sizes of the off-diagonal elements in the A"1 matrix are
random, then the above approximation for the elements of A\v could be used
to eliminate positive energy channels as well. One partitions the R-matrix
into subinatrices

t- (B20)

where the r subscript denotes retained channels, the e subscript eliminated
channels. The eliminated channels will be assumed to have outgoing waves
only; one then writes Eq. (A17T) in the form

•KA° + hA°

The reduced R-matrix is complex if the eliminated group contains
positive-energy (open) channels; the corresponding collision matrix is
symmetric but not unitary in this case. The expression for the reduced R-
matrix takes a particularly simple form if A, is diagonal; in this case

Ay

X <EX " E "
(B23)

where E^ - E^ + A^e and where r^e is the partial width for all eliminated
channels. Reich and Moore [44] arrived at the same result by partitioning
the matrix (1-RL0)"1 and carrying through the matrix multiplications
explicitly under the assumption that A\^ for the eliminated channels
(radiative capture channels, in this case) was diagonal. The advantage of
using the reduced R-matrix is, of course, that all the fundamental R-matrix
equations (A24, A32-36) are valid. All one does is to replace the R-matrix
of Eq. A181 with the reduced R-matrix of Eq. B21, and then carry out the
inversion of A24 with the much smaller reduced R-matrix having dimensions
r X r.

The explicit use of the reduced R-matrix equations has been summarized
by Garber et al. [39] as follows:

with the auxiliary equation

This leads to the definition of the "reduced" R matrix, by

(B21)

Neutron cross sections with an exit channel c are given by

'?
' 2|[l-K|~iL--o_..l , (B25)

a.. - IT *; v 8 j i « n c - "ncl
2 . (B24)
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where

2. 1/2

(B26)

where the summation in Eq. (B26) Is over the resonance levels A; K\ is the
resonance energy; T w , the corresponding radiation widths; and rXc and rXc,
are the widths for the A-th level and channels c and c', respectively.

If we define

p - 6 - [(I-K)"1] - S
Knc nc Lv 'nc nc

where A - |I-K| is the determinant of the matrix I-K and mnc is the cofactor
of the element (I-K)nc of the matrix I-K, we obtain

"nT

where a n n and b n n are the real and imaginary parts of Zx ^ y y ^
respectively. We note that this is not formally the sum of single-level
Breit-Wigner terms, although when < Tn > « T , the single-level formula is a
good approximation.

B4. The Adler-Adler multilevel formula

a) Diagonalizing the level matrix: the Kapur-Peierls expansion

The use of the Hlgner level matrix A has converted the problem of
inverting a very large matrix (1 - RL0) in channel space into that of in-
verting a very large matrix A**- in level space. If the matrix A"̂ - were
diagonal, then the problem of inverting it would be trivial. In the pre-
vious section, what was done was to reduce the R-matrix by eliminating
that part for which the A matrix could be treated as diagonal. In this
section, the approach is to diagonalize the A matrix by a similarity
transformation w^th the complex orthogonal matrix T to form a diagonal
matrix C - y + iv (the notation is that of Adler and Adler [10, 11]).

In matrix notation, the A matrix can be written, in terms of its
inverse, as

r1 = a -1 - f)

Viss

°nT " on» " *"

(

J X c

" °nAbs anFiss

(B27)

(B28)

(B29)

(B30)

<B31)

where the elements of ? are E^, those of % are the shift and width terms
of Eq. B18, the elements of £ being given by

£.., ' V (S ° + I P ) Y, y,,
AA L~* c c 'Ac A c

c

The energy matrix E ^ already diagonal (it is just E times the unit matrix),
so the similarity transformation is applied to (e - % ) . This gives

t - v + i v - * a -1)*-1 -1 a - trf*

vhere T is the transpose of T. Thus

(B33)

In these expressions * n - 1/k, where k, fe have the same definitions as in
the previous sections. The summation over c in Eq. (B30) refers to fission
channels.

t -
or, from Eq. (B7)

(B34)

The R-matrix reduces to a complex R-function if only radiative capture
and neutron elastic scattering exist; this equation is known as the ML
formula [41], and can be written explicitly as

(t - (Sx X SA)/(CX - E) (B35)

where o), = ^ ' T ^ ty^t are complex and energy dependent.
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(B32)

Using the definitions (B7), the complex eigenvalue expansion (that of
Kapur and Feierls) becomes

J



"*" ?" n S .

b) The Adler-Adler formula

W» ,.ViLtAl, (B38,

Let us consider the case of II » 0 neutron-induced reactions for which
Pn - k. If the other Pc are constants one can show that the appropriate
expression to use for the reaction cross section from Eq. (B36) is

c
"reaction" 7E

and Cfc - Pk + iv. leads to Eq. (B37).

The total and scattering cross sections can also be put in a form suitable
for Voigt profile broadening. Garter et al. [39] give the following

(B37) explicit formulation for ENDF/B:

This expression is compatible with Doppler broadening by Voigt profiles.
In order to derive Eq. (B37) from (B36) one explicitly carries out the
absolute squaring procedure, obtaining

Total Cross Section:

oT(E) - -Y (1 - cosui)

eaction" ̂ T~ PnPx I 2^ 3LI (ux - E + iMx)
(V " E " ^ v

One notes that an expression of the form

- EXCJ - E)

- E )

<CJ -

(OJ-B)(C t-CJ)

' E)

- CJ)

sinj

+ — (ATĵ  + AT2/E + ATj/E
2 + AT^/E3 + BTĵ  * E + BT2 * E

2)
E

Capture or Fission Cross Section:

COSM * Ĥ  sinjj + (p* -

E-l

(B39)

(B40)

Making the identifications * E

In these formulas, U) » 2ka, C/E » ir/k , and uR =

S3

J
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FIGURE CAPTIONS

Fig. 1. Fission cross sections of ( 3 U+n) from 0 to 12 eV. The
lower curve is the spin-3 fission cross section; the center
curve is the spin-4 fission cross section; the top curve is
the sum of the two lower curves, corresponding to the fission
cross section measured with an unpolarized beam and target.
The spin-3 fission cross section contains a significant
amount of apparent structure that was previously unobserved.

Fig. 2. Fission cross sections of (235U+n) from 48 to 60 eV, The
lower curve is the spin-3 fission cross section; the center
curve is the spin-4 fission cross section; the top curve is
the sum of the two lower curves, corresponding to the fission
cross section measured with an unpolarized beam and target.
Previously unobserved resonance structure is apparent in both
the spin-3eparated curves.

Fig. 3. The number of observed and probable resonances of each spin
having EQ < E as a function of neutron energy balow 360 eV.
The top curve represents spin-4 resonances; the bottom curve
spin-3 resonances. The fraction cf missing resonances is
independent of neutron energy below '%, 60 eV.

Fig. 4. The resonance spacing distribution for ( U+n) below 62 eV.
The histogram shows the spacings obtained from the analysis
of Ref. [52]; the curve shows the spacing distribution
calculated from a Wigner distribution of a mixetUsequence
having the relative densities appropriate for ( 3 U+n).
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Fig. 5. The variation of A., the
angular distribution

term in the

Fig. 6.

Fig. 7.

Fig. 6.

—1000

coefficient of the P, term in
of ( 3 U+n) fragments obtained by

Pattenden and Postma [61], versus J ,. , = 3 + J,,/
(J, + Jj,). The straight line shows a linear least-squares
fit to these data. The open circles show A, data for
resonance structure, the closed circles data for the
unresolved region below 2 keV, and the plus signs data for
the between-resonance background regions reported by
Pattenden and Postma.

Partial cross sections and <oc>. the average capture-to-
fission ratio for ("sU+n) from 0.1 to 30 keV, from ENDF/B-V.
The spin-separated fission cross sections shown in the middle
two curves were obtained by renormalizing in each bin such
that the sum gives the ENDF/B-V recommended fission cross
section.

Average spin-3 fission width for (235U+n) from 0.1 to 25 keV
obtained from the unresolved resonance analysis described in
Hef. [52]. The curve has no theoretical significance; it la
simply the authors1 eyeguide.

Average spin-4 fission width for (2^u+n) from o.1 to 25 keV
obtained from the unresolved resonance analysis described in
Ref. [52]. The curve has no theoretical significance; it is
siaply the authors1 eyeguide.
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ABSTRACT

Utilisation of resonance theory in basic and applications-oriented

neutron cross section work is reviewed. The technically important

resonance formalisms, principal concepts and methods as well as

representative computer programs for resonance parameter extraction

from measured data, evaluation of resonance data, calculation of

Doppler-broadened cross sections and estimation of level-statistical

quantities from resonance parameters are described.

1. INTRODUCTION

In contrast to the preceding lectures (Ref. 1) on the formal apparatus of
resonance theory we shall now discuss mainly its practical applications.
The basic reaction formalism, in particular R-matrix theory, will be assumed
to be known but we shall not hesitate to retrace the practically important
parts of the theory. Although the basic principles of resonance theory are
rather simple the general expressions can look quite formidable. A certain
amount of repetition may help the reader to overcome this initial barrier
and to realize that for practical work only few but thoroughly understood
key formulae are needed.

We shall be concerned mainly with compound resonances, those prominent
features of particle- and phonon-indueed nuclear reactions which are due to
excitation of relatively long-lived (quasi-stationary) states of the compound
system. At low bombarding energies they appear fairly well separated, hut
as the energy increases their spacings decrease and their width3 increase.
Finally the overlap washes out all compound resonance structure and only
broader structures like the sir»le-particle or size resonances described by
the optical model survive.

The more nucleons belong to the compound system the finer is the compound
resonance structure. Typical level spacings observed in neutron reactions
are of the order

- MaV for the lightest,
- keV for medium-mass and
- eV for the heaviest nuclei.

2. ANALYSIS OF RESONANCE DATA

The importance of resonance reactions for nuclear technology is obvious.
Interpretation and prediction of reactor properties such as

- resonance absorption,
- resonance escape probability,
- resonance self-shi3lding,
- temperature-dependent reactivity (Doppler coefficient)

require both a detailed understanding of resonance cross sections and
comprehensive, machine-readable resonance data files.

2.1 The various steps in the preparation of resonance data for applications

The resonance data for reactor calculations and other applications (e.R. as
cross section standards) are usually produced in several steps.

(1) Measurement: Experimenters take data at pulsed accelerators or with the
help of nuclear explosions. The time-of-flight technique is employed to
cover broad energy ranges vith high resolution and under exactly the same
experimental conditions for all energies, isotopically pure or highly
enriched samples to get reliable isotopic assignments and, in the most
advanced experiments, polarized neutrons and targets to get reliable spin
assignments for the observed resonances.

(2) Reduction of raw data: Constant and time-dependent backgrounds are
subtracted, sample impurities are corrected for, and, in the case of
partial cross section (yield) data, flux and detector efficiency are
factorised out.

(3) Analysis of clean data: Resonance parameters (Eo, rn, Ty, Tf,...Jn) and
potential-scattering parameters (R',...) are extracted. At the same time
instrumental resolution and (except for transmission data) multiple
scattering are accounted for.

(It) Data evaluation: Resonance parameters from all available sources are
collected by evaluators who try to understand and to reconcile the
discrepancies. Gaps are filled with the help of level statistics,
nuclear models and systematics. The complete sets of recommended cross
section parameters !EO, rn, 1" , !>,....JI!; R

1,...) and the deduced level
statistical parameters (Dj, S,, Rj, I"Y ,, rf ,_,...) are put into a
machine-readable (card, tape or disk) file. '

(5) Generation of group constants: Doppler-broadened point cross sections
for various temperatures and all energetically possible reactions can
now be calculated from the evaluated cross section parameters and
sveraged in a special way over relatively large energy intervals. The
result is a set of group cross sections and self-shielding factors
suitable as input for reactor codes.

International coordination

All these steps require time and years may pass before resonance date, needed
for technological applications become available in the required form of

' machine-readable evaluated data files. The great effort to speed up this 59
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process and to coordinate the work on an international scale was described
earlier in the course (Ref. 2). It may suffice here to mention that regional
and international nuclear data committees (INDC, NEANDC,...) collect and
screen formal requests for data which are periodically published by IAEA/NDS
in WHENDA, the World Request List for IJuclear Data. Measured data are
collected by data centres, neutron data in particular by the four-centre
network consisting of

- N1JDC (National Nuclear Data Centre)
at Brookhaven, servicing the US and Canada,

- CCDN (Centre de Compilation de Donnees Neutroniques, now part of the
SEA Data Bank)
at Saclay, France, servicing the non-American OECD
countries,

- CJD (Centr po Jadernym Dannym)
at Obninsk, servicing the Soviet Union, and

- NDS (Nuclear Data Section, IAEA)
in Vienna, servicing all other countries.

Regular data exchange ensures that the data base is essentially the same at
all four centres. Evaluated data are also collected, the most important
evaluated files being

- ENDF, the US Evaluated Nuclear Data File,
- UKNDL, the UK~Nuclear Data Library,
- KEDAK, the German l'ile Kerndaten Karlsiuhe,
- SOKHATOR, the USSR file.

Moreover, the Four Centres produce periodically such widely used handbooits
as the (Jomputer Jtndex of JKeutron Data (CMDA) (Ref. 3) or the "barn book"
BNL 325 (Ref. k) which contains resonance parameters and cross section plots.

Associated computer programs, for instance resonance analysis programs or
codes generating cross sections from resonance parameters, are collected
and distributed to requestors by the

- US Code Center at ANL, USA;

- CPL, the Computer Program Library of NEA/OECD at Iapra, Italy
(now part of the NEA Data Bank);

- RSIC, the Radiation Shielding Information Center at
Oak Ridge, USA.

Information as to where other types of data and programs are available can
be obtained from HDS/IAEA, Vienna.

2.2 Why parametrize?

Practically all resonance cross section data that go into reactor calculations
(in group constant form or directly, e.g. in Monte Carlo calculations) are
generated from resonance parameters. It might be asked why one cannot use
the best measured high-resolution cross sections directly and thus eliminate
the need for resonance parameter extraction. There are several reasons:

(1) Resonance parameters along with consequent utilisation of resonance
theory enable us to represent the often staggering detail of cross
section structure by relatively few numbers.

Example: The U00 presently known resonances of the compound system U+n
are specified by 1600 parameters (Eo, rn, T-y, JII for each level) whereas
a reasonably accurate point-wise representation of the capture and the
scattering cross section requires about 2*10* data points, i.e. li*1(r*
numbers. If one considers also angular distributions and different
temperatures one gets easily several 10^ cross section points that would
be needed to describe the behaviour of 238u £ a a fast reactor.

(2) Temperature broadening of resonances is often more easily calculated in
terms of resonance parameters than from point data.

(3) Resonance parameters and an inherently unitary cross section formalism
such as R-matrix theory guarantee consistency with physical limits such
as the unitarity limits for the total cross section in each reaction
channel (0<oc<U¥*§gc where gc is the spin factor, see fcelow) or Wick's
limit for scattering in the forward direction (dacc(0)/dflc i o^/{UvXc)

z).

Another consistency is more subtle but practically at least equally
important, especially for the calculation of self-shielded group cross
sections. Theory tells us that there is a very rigid relationship between
the line shape in one reaction channel and the line shape corresponding
to the same compound level in other channels. This relationship is
guaranteed if cross sections are generated from a coherent set of resonance
parameters, but not with measured data.

(U) At least equally important is the fact that even the best measured
resonance data are affected by resolution and Doppler broadening and
(except transmission data) by multiple scattering. The most reliable
way to correct for these effects is full-scale resonance parameter
analysis of the data.

(5) Extrapolation into the region of non-raeasured or unresolved resonances
by level-statistical (Hauser-Feshbach) cross section calcinations
require statistical parameters such as average level spacings and
strength functions. These in turn must be estimated from resonance
parameters.

2.3 Practical resonance formalisms

In applications-oriented neutron resonance work and especially in evaluated
neutron data files the following formalisms are used almost exclusively.

- BB (Blatt- Biedenharn formalism),
- SIiBW (single-level Breit-Wigner formulae), ,
- MLBW (multi- " " " " ), ^
- RM ( " " Reich-Moore " ) ,
- AA ( " " Adler-Adler " ),

The first one is quite general. It shows how cross sections can be expressed
in terms of the unitary 1 symmetric collision matrix with special emphasis on
angular distributions and the influence of particle spins. It can be combined
with any of the other four which provide different approximations to the
collision matrix.
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In the following sections the notation of the comprehensive review written
by Lane and Thomas (Ref. 5) will be used.

2.3.1 The Blatt- Biedenharn formalism

We remember that in reaction theory one employs the concept of reaction
channels which are fully specified by

a, the partition into reaction partners, e.g. U+n or '
J, the total angular momentum in units of h,
I, the orbital " " " " " 1 1 ,
s, the channel spin " " " ft,

with 3 » t+s, i . e . | i - s | < J < X+s >

s = f+f, i . e . |X—ij < s < I+i,

U+Y.

(1)

(2)

where I and i are the spins of the (two) collision partners. Because of the
invariance properties of the Hamilton operator total energy, total angular
momentum and parity are conserved quantities in nuclear reactions.

(8)

where Wt^J.lgJ.jSL} is a Racah coefficient (see e.g. Eef. 7). Our phase
convention for the Z is that of Ref. 5, a slightly different convention is
used in the Z-coefficient tabulation Ref. 8. The Z coefficients vanish unless
the triangle conditions for the vector sums

t, i, = t; (i = 1,2)

(9)

(10)

We further remember that for spinless, neutral particles one can solve the
Schrodinger equation for the boundary condition "ingoing plane wave + out-
going spherical wave" with the result that the differential cross section
for elastic scattering is given by

where P- is the £-th order Legendre polynomial (angular-momentum eigenfunction).
The sum terms with 1=0,1,2,3,... are said to belong to the s-, p-, d-, f-,...
wave, a nomenclature taken over from atomic spectroscopy. The collision
function U. describes the modification of the Jl-th outgoing partial wave
relative to the case without interaction, its absolute value giving the re-
duction in amplitude, its argument the phase shift. With P.P.i = (WOO.LO) P.,
where (M'OO.LO) is a Clebjch-Gordan coefficient (vanishing unless
|i-t'| < L < t+V and (-) « (-) ), one can write this as a simple expansion
in Legendre polynomials,

da
a

*2 BTP. (eose)dSl, with
o L L

W

are fulfilled. Parity conservation in nuclear reactions demands that
(-) in = IIj = (-) in ,, where no, n , are the eigen-parities of the in-
and outgoing particles (positive for neutrons, protons and alpha-particles)
and n. is the parity of the compound system with total angular momentum J;
(i=},2).

If there is Coulomb interaction between the collision partners additional
terms must be included (see Ref. 5). .

Let us now integrate Eq. 6 over all angles. Because all terms with L > 0
vanish due to the orthogonality of the PT and because of

(11)

(ef. fief. 7) one finds

I (5)

Blatt and Biedenharn (Ref. 6) worked out the generalisation for particles
with spins and for partition-changing (rearrangement) collisions. For zero
Coulomb interaction they obtained

s,s' L=0
(6)

t-) S

where

2J+1

B^as.o'sM I I I ) Z(«1J1taJ2BL)Z(tJJ1*2J2,s' L)

(13)

is the so-called spin factor.

We shall not go into the details of angular distributions but point out that
they show interference between different partial waves, e.g. s- and p-wave
interference, whereas angle-integrated cross sections do not. The latter are
simple sums over terms with given i. and s without mixed terms. Nevertheless, 61



a certain connexion exists betveen different partial waves provided they can
excite the Bame compound states. As mentioned already the compound system
and its quasi-stationary states are characterised, apart from energy, by
the total angular momentum J and the parity n. Table 1 shows, for given
target spin I and positive target parity, the possible combinations of t, s
and J if the incident particles have spin i * 1/2. (If the target parity is
negative all signs in the table must be reversed.)

Table 1: Possible combinations of target spin I, orbital angular momentum (
and channel spin s resulting in total spin and parity JIT and spin
factor g for positive target parity no and incident particles with
spin 1/2:
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Ino

0+

1/2+

1+

I

0

1

2

0

1

2

0

1

2

s

1/2

1/2

1/2

etc.

0

1

0

1

0

1

etc.

1/2

3/2

1/2

3/2

1/2

3/2

etc.

jn

1/2+

1/2-, 3/2-

3/2+, 5/2+

0+

1+

1-

0- 1- 2-

2+

1+ 2+ 3+

1/2+

3/2+

1/2-, 3/2-

1/2-, 3/2", 5/2-

3/2+, 5/2+

1/2+, 3/2+, 5/2+, 7/2+

g

1

1, 2

2, 3

1A
3A

3A
1A, 3A, 5A

5A
3A, 5A, 7A

1/3

2/3

1/3, 2/3

1/3, 2/3, 3/3

2/3, 3/3

1/3, 2/3, 3/3, lt/3

1

3

5

{•

h

)

r

\'

spectroscopic
symbol

s

P

d

6

P

d

8

p

d

J

We see that certain jn values can be formed through more than one channel
if l>0 and I>0. If Mo"1/2+, for instance, resonances vith JI!«1- can bs excited
by the two p-waves (1*1) with s*0 and s*1, and tha 2+ levels can be excited
by the two a-wave3 (i«2) with 3=0 and s=1. The SLBW neutron widths (see below)
of 1- and 2+ levels are therefore sums of two partial widths, for s*0 and s»1.
For III *1+ the 1/2+ levels can even be exeited by two partial waves with
different I (s-wave with t-0, d-wave with 4*2) while the 3/2+ levels are
accessible to three partial waves, the s-wave with s'3/2 and the two d-waves
with s-1/2 and s»3/2, etc.

This means that the same resonances (with the same total widths) may show
up in channels with different I and s if the spin and parity selection rules
allow this. In this context it should be understood that the term s- or p-wave
resonance actually means that the resonance can be excited by the s- or p-wave
but possibly also by the next higher partial wave with the same parity. As an
example the 3/2+ s-wave resonance peaks of a target nucleus with ino*1+

contain also a d-wave component. The fact that certain d-, f- etc. resonance
sequences are masked by s-, p- etc. sequences, respectively, must be kept in
mind if the J-dependence of level densities is discussed and compared to
resonance data. Finally we note that the sum of all spin factors for a given
t is always equal to 21+1 as shown in the table.

2.3.2 The practicall B-matrix formulae

The angle-integrated cross section o ,, Eq. 12, is a sum over partial cross
sections o c c •, summed over all those entrance channels c *• {aJJ.s} and exit
channels ci • {o'Jl's1} which lead from partition a to partition a". In slightly
simplified notation we can write

(15)

Due to the unitarity of U one gets for the total cross section

I.'- 1-He U c o)

while the symmetry of U yields the reciprocity relation for the cross section
°e'c descr*t>ing the inverse reaction,

o_,_ a .

(16)

These equations are quite general. The wave length 2**c is that corresponding
to the total kinetic energy in the eentre-of-mass system, it « * » 1I/(uc'*rel) •
where ue is the reduced mass and v the relative speed. It should be noted
that <!„ being a linear function of 5 i» easier to calculate and to average etc.

Next we invoke B-matrix theory. It teaches us that one can express the collision
matrix either in terms of the channel matrix (resonance parameter matrix) R,

Ro,.

-i(•„+•„.)

TXcT>c'

a{ [i-B(L-B)]"1 [1-B(L»-B)3 }cc,P~l
/

(17)

(18)

J

where



Lcc- =-

or, alternatively, in terms of the level matrix A,

cc1 cc1 .*• Ac A

<Sc+iVBc>«ec- t19)

(20)

(21)

(22)

Here • is the potential-scattering phase, S and P are level shift factor and
centrifugal-barrier penetrability, B is the arbitrary boundary constant at
the channel radius, E, an energy eigenvalue (resonance energy), y, a reduced
width amplitude and r^ the corresponding partial width. Roman subscripts refer
to reaction channels, Greek subscripts to compound levels. We mention here that
in applied vork all energies, resonance vidths etc. are given in the laboratory
system, i. e. in the reference frame in which the target nucleus is at rest.

It is useful to remember that <t0 and 1>C depend only on the values of the
precisely known in- or outgoing radial vave functions Ie and 0c at the channel
radius a ,

Table 2: Channel wave functions and related quantities for neutral particles
(p = k r , oi = k aJ

arg 0e(ao>
In 0e(ae)

Re 0c(ae)

For neutral particles one has , with k = 1 /* ,

v^-Vo^Vc'^'

(23)

(2U)

for kerc».i(l+1)), (25)

where h' ' is a spherical Hansel function of the first kind. With the recursion
relations for spherical cylinder functions (of. e.g. Ref. 5) one gets Table 2.

*

0

1

2

e i 0

etc .

°c

- - D

a

n-arc

o-arc

c

tan a

tan — 2

" S c

0

a^+3o'!+9

a

a
a*

a5

Pc

3
+T

+3a2+9

Note that S *0 for t=0, so that one can choose B =S *0 which simplifies all
s-wave formulae. S and P for photon and fission channels are usually taken
as constant.

The basic resonance parameters E^, Yj c depend on the very complicated nuclear
interaction and can therefore normally not be calculated. In most technological
applications they are just fit parameters of the theory. Depending on the choice
of Bcthey can be real and constant or complex and enersy-dependent.

The Wigner-Sisenbud version of R-matrix theory (Ref. 9) is obtained if the
boundary quantities B are chosen as real constants. Then the resonance para-
meters E. and Y-i- are also real and constant, and the energy dependence of U
is exclusively due to •c and h°, i.e. it is explicitly specified. This renders
the Wigner-Eisenbud version the most suitable formalism for most purposes. A

j i i i i matrix
q p overcome

by various approximations to the level matrix A~ as we shall see below.

the Wigner-Eisenbud version the most suitable formalism for most purpos
major problem, however, is the required.inversion of either a channel m
(1-RL in Eq. 17) or a level matrix (A in Eq. 22). In practice it is
by various approximations to the level matrix A~ as we shall see below

The Kapur-Peierls version of R-matrix theory (Ref. 10) is obtained with the
choice B =LC, i.e. L°=0. This removes the matrix inversion problem completely
{1-RL°*1J but leads to complex E^, y ^ which implicitly depend on energy in
a rather obscure way. Nevertheless formulae of the Kapur-Peierls type are
convenient in narrow energy ranges, for instance for Doppler broadening.

The R-matrix equations reviewed so far are practically all that is needed in
applied work from the whole apparatus of resonance theory. They should be
thoroughly understood, however, and experience shows that this is not easy
for the beginner. He might therefore wish to lock at a simple illustration
which shows the essential steps in the development of R-matrix theory and
exhibits the meaning of the various quantities without the complexities of
spin algebra and matrix notation. The more experienced reader can immediately
go to Sect. 2.3.'t.
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2.3.3 Illustration: R-matrix formulation of single-particle interaction with
a complex^gotential

(1) Schroqinger equation and boundary conditions:

Consider the interaction of a spinless, neutral particle with a spherical complex
potential V+iW. From the Schrodinger equation

V

w(

—

— - ,

/

J

r

r

one finds with the usual partial-wave
expansion in Legendre polynomials,

* * ^1 ut(r)Pt(coB6)/r, the radial wave

equation

(E=R2kz/(2m)). The boundary conditions

ut(o)=o, u for

( 2 7 )

(28)(29)

follow from the requirements that probabilities,
i.e. |t|j[2» remain finite and that outside the
range of the potential (which is assumed to
vanish for radial separations r£ag) one has in-

pi- j going and outgoing spherical waves I , 0^, where
the outgoing wave 0. is modified, relative to

the case without interaction, by a complex factor U , the collision function.
The channel wave functions 1^, 0 are given by Eq. 25- Note that in our example
a channel is completely specified by the orbital (or, since £EJ, the total)
angular momentum.

(2) Orthogonal base in the internal region (rsa^)

Next we introduce, for each t, a base of real, orthogonal functions u by de-
manding

]»»•«>. (30)

.to)

where B,, the boundary parameter, is seen to be essentially the logarithmic
derivative of the internal eigenfunctions u, at the channel radius a^.
Compare the similar definition of L. in terms of external wave functions,
Eq. 2lt. Since we omitted the imaginary part of the potential in the differential
equation (30) everything becomes real, including the eigenfunctions, if we
choose B, real. (Similarly the self-adjoint Hamiltonian in the general theory
leads to real eigenfunctions for real Bc.) The orthogonality of the eigenfunctions
is cheeked as follows. The wave equation (30) yields

64 u' (a (a ) - u. (a )u' (a ) . (33)

The integration by parts leading to the last line corresponds to the application
of Green's theorem in the general R-matrix case. The whole expression vanishes
because of the boundary condition (32). This proves the orthogonality, i.e.

V
(3k)

where the normalisation constant a.^ ensures the correct dimensions.

(3) Surface equation

We can now expand the true wave function inside the interaction sphere as follows

(r<aj (35)

with . _ 1 & , (36)

Specific information about the last integral, i.e. about the expansion coefficients
c,.» must come from the wave equations and boundary conditions. We employ the
same procedure that we just used to study the quite similar orthogonality integral.
From the wave equations (27l» (30) we get

o
(37)

(38)

is a volume average over the absorptive potential. Integrating by parts ("Green's
theorem") and using the boundary conditions (Eqs. 28, 31, 32) one finds

where E,*n2k|/(2m). Inserting c, from this equation in the expansion (35) one
obtains

(3D (32) where

for r=a.,

"*5»z¥^7* (Ui)

with v u

The "surface equation" (I4O) is the analogue of the matrix equation V«R(D-BV) of
the general theory which connects the "value" and "derivative quantities" V and
D at the surface by means of the R matrix. Eq. (b2) shoVB that the reduced
width amplitudes y^ are essentially the values of the eigenfunctions at the
channel radius.

(U) R-function expression for the collision function

Our ultimate goal is an expression of the collision function U. (from which
the cross sections can be calculated) free of the unknown quantities u' and u,.
In general this requires matching of the external and internal wave functions

J



at ?•&*• With the surface equation this is surprisingly easy. We simply replare
the internal quantities in Eq. 1*0 by the channel quantities I. and 0^ with the
help of the matching conditions,

and solve for U . The final result.

(1*5)

(U6)

with R. given by Eg.. 1*1, is the analogue of the general Eqs. 17, 18.

In contrast to the Wigner-Eisenbud R-matrix, Eq. 18, our R-function, Eq. Ii1, is
complex. It looks, in fact, exactly like the reduced R-matrix of the Reich-Moore
approximation (see below) where F. is the radiation width and originates from
elimination of all photon channels l>y means of the Teiehmann-Wigner prescription
(Ref. 11) if the width amplitudes y of the eliminated channels are relatively
small and have random signs. The absorptive potential W is thus equivalent to
reactions leading from the entrance channel to other eliminated channels.

A more rigorous conntsion with the theory of compound resonances is established
as follows. One averages the collision matrix element U c over an energy interval
that is so wide that it contains many compound levels bu? small enough that weak
energy dependences (of ft, $., Lfc end of level statistics) can be neglected.
With a Lorentzian weight function centered at E and having the width I (FWHM)

The important fact for us is that level-statistical quantities such as Y^/D C c
be used to adjust the parameters of the optical potential.

(5) Square-well optical potential

For a little numerical exercise let us specialise to a three-dimensional
complex square-well potential as in
Fig. 2, with the same well radius a
for the real and the imaginary part.
The natural choice for the channel radii
is a =a for all 1.

Fig. 2

The eigenfunctions for r<a can now be expressed in terms of the spherical Bessel
functions j e :

w i t h (55)

Ut(E) with R4(E) R (E+il).

Thu3 U is given by the optical-model expression (h6), with Ro replaced by R
evaluated at the complex energy E+il. This means that the average total cross
section can be calculated from the optical model. If in Rce the summation over
levels is replaced by an integration, and I is treated as a small quantity, one
gets

with

s (E1)
R"(E) = i dE - f ^ -

(pole strength function), (50)

(distant-level parameter), (51)

where D is the average level spacing and ^ denotes Cauchy's principal value. At
low energies (E-*0) the effective potential-scattering radius that follows from
Eqs. 33 and 36 is

H- > ac(1-Rj). 153)

The strength function S , normally used in applied work is related to sc by

S.T

(uXo(r)=sin

for 1=0

for «>1

etc.)

sin K.a
X

= K.a cos K.a
A A

2

(56)

(57)

The last equation follows from the recursion relations for spherical Bessel
functions. With 3.--£, the choice suggested by Eqs. 56 and 57, °ne finds

for 9.-0 cos

for 1=1 sin

for t=2

0, i.e. E^ = ( g it)2

0, i.e. E. = (AIT)2 2 " V ,

etc.

As could be expected from an optical, i.e. wave-mechanical, model the eigenvalues
correspond to certain simple ratios between the internal wave length K = 2ir/K
and the diameter of the potential:

2a « A/2, 3A/2, 5A/2, ••

2a = A, 2A, 3A, ...

for 1=0,

for 1=1.

The Y? and Y?< for the square well are the same for all \ and depend only on
the range (a) of the real potential. Furthermore, Eqs. I43 and 38 show that

J



Inserting numbers that are compatible with average neutron cross sections,

a « 1.1. fa-A^3, VQ « 50 MeV, WQ « 3 MeV

one gets for a heavy nucleus with A » 238 the resonance parameters of Table 3.

The scattering widths given in Table 3 are defined as usual by

rM(E) - 2Pi(Eh|1 -r^lM^W/Vl^l). (59)

the absolute values ensuring the validity of this definition for subthreshold
("negative") single particle states (E.<0) as well as for continuum states with
E,>0. The levels are rather broad, with total widths r, +r., of about 10 MeV
and spacings of about 30 MeV near threshold (E-0).

Table 3: Resonance parameters for a three-dimensional complex square-well

potential with a - 1.U fm A 1 / 3, A - 238, V+iW = { -<5O+3i)MeV for « a ,

One can also compare with the neutron strength functions and effective radii
observed in the region of resolved resonances (E < 1 MeV) as a function of A
(or a). For E»0 our model yields

(60)

The maxima ("size resonances") of s- are seen to occur where E. (a)*0, i.e. at

."" for 1=0,
/ 2 m Vo (61)

for

With a * l.lt fm A , VQ = 50 MeV one finds the size resonance positions that
are listed in Table h together with the observed positions.

Table U: Size resonance peak positions

t

0

1

spectroscopic
symbol

Is

2s

3s

Its

5s
6s

IP

2P
3p

tp
5P
6p

EX
(MeV)

-1.9.32

-1.3.89
-33.02

-16.73
5.00

32.17
etc.

-1.7.28

-39.11*

-25.55

- 6.5U

17.91
1.7.78

etc.

Y2

YXi(MeV)

0.275
ii

"

"

it

"

0.275

"
II

11

II

2P t( |Ej)

26.77
25.26

21.91

15.59

8.52
21.62

13.03
11.814

9.53
U.68

7.91.
13.10

(MeV)

7.37

6.95

6.03
It. 29

5.95

3.59
3.26

2.62

1.29
2.19

3.61

rXa
(MeV)

6
II

II

II

"

6
"

II

11

II

t

0

1

spectroscopic
symbol

3s

Us

2p

3P
lip

nucleon number at peak
calculated*'

U7

129

21.

81

193

observed

~55
~150

~ 2 5

~ 9 0

~210

Eqs. 61 with a » 1.It fm A1'3, V « - 50 MeV for r<a.

This should suffice to show the use of level-statistical data in the adjustment
of optical-model parameters. Let us now return to the discussion of the various
resonance approximations.

2.3 • U E>S.Eli5£iESi_5EEE2SiS5*i2S5_S2_*!!£_i5YSISS_i£Y5i_52tEi3S

A convenient starting point for the various practically important approximations
is the inverst level matrix:

Wigner-Eisenbud representation (exact)

with Bc real and constant,

(A"1).
'Xc '"c 'uc (20)



Kapur-PeierlB representation (exact)
with Bc » Lc, i .e . L° ' 0,

Eigenvalues 6^ complex, E-dependent).

SLBW approximation

Only one level is retained,

(A-'J^-A" 1 -EO-E-JL°
C

(4: level shift, r » Jl^: total width, both E-dependent, real),
c

MLBW approximation

All off-diagonal elements are neglected,

Eo+fi-E-ir/2

<A~ .U

(62)

(63)

(6k)

(4^: level shift, 1^ « Xrx0
! total width, both E-dependent, real).

Reich-Moore approximation

Off-diagonal contributions from photon channels (csy) are neglected,

(A"1) (65)

(A. : level shift caused by photon channels, P

Adler-Adler approximation

The energy dependence of I»° is neglected:

^ - i r. : radiation width).
y csy c

(66)

It should be remembered that tor 1*0 everywhere, for t>1 locally at a given
energy, ij and A. can be made to vanish in all these expressions, and that
the Po contain (at least) a factor /E for elastic channels (cf. Table l) but
are practically constant for fission and capture channels* ~

2.3.5 Kanur^eierls_cross_section_formulae

The Kapur-Peierls collision matrix is

(67)

where we write e,, G, «2P g? to distinguish the complex eigenvalues and partial
widths from their real Wigner-Eisenbud counterparts E x, I"Xc »

 w^\c-
 T h e

corresponding cross section expressions tre, in a notation that is convenient
f i i di

p
for the discussion of Doppler broadening,

I c I

I f

and

- <*X

R e GX.

x rx

XV

F f - <*X Be CXcc
Re G, Im G,

2+c+Xx s i n

c o s 2 * c ^ ' ( 6 8 )

(69)

<*X
+ X ,

* •„ - arg g._ = * - -jarc tan
"X 'c

C><.o'

ex • V i rx / 2-

Im G, *

„,). (70)

(71)

(72)

G X c " 2

1

xx

HX2 •

zero-teoperature
• Voigt profiles

(73)(7l4)

(75)

(76)

In the derivation of Eqs. 69 and 70 we used the partial-fraction decomposition

(77) 67
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It is thus seen that apart from the potential-scattering term
( )

sin2 4>c allp p ^g^ c

cross sections can be expressed by the symmetric (Lorentzian) and asymmetric
Breit-Wigner lino shape functions iK and Xi HiWl coefficients that contain a
factor Po (which in turn contains a factor E ' ) and are otherwise weakly
energy-dependent. The line shape functions themselves are also slightly distorted

^ £ j | i
sli

£ j G, | in contrastbecause E. and I\ are weakly energy-dependent. Note that I\
to the Wigner-Eisenbud relationship rx = leTXa-

2.3.6 SLBW_and_MLBW_cross_seetign_formulae

Rather than writing down the well-known SLBW formulae we go immediately to the
MLBW case. The collision matrix obtained with Ea. 6U is

*c »e''
.1/2.1/2
'xc *Xc' I . (TS)

Comparison with the Kapur-Peierls collision matrix (67) shows that we can take
over the Kapur-Peierls cross section formulae with the change E.+E.+A. , r,-»j[r. ,
gXc->YXe. The result is

 A * e *c

r
on - ituStJg [Sin2 * + I -— U cos 24+x, sin 24 1] (79)

(81)

" i t n C, , • 1 + X -"— c j . . _u _« . . • / - i - w o „ (82)

The SLBW formulae are obtained by specialisation to a single level, with C X c c=1.
(The sum in Eq. 82 describes level-level interference.)

In contrast to the Kapur-Peierls and the SLBW collision matrices the MLBW collision
matrix is not unitary. Therefore non-physical cross sections (o <0 or oc>ltuSr

2gc)

can occur, but for mild level overlap the MLBW approximation is quite good. In
any case it is better than the very popular but often very bad approximation,
sometimes termed "many-level Breit-Wigner approximation", that results from
omission of the level-level interference sum in Eq. 82 and amounts to simply
adding SLBW resonance terms (plus the potential-scattering term in ao and o c c ) .

The MLBW definition used in the US file ENDF (Ref. 12) XB such that Eq. 80
is used for o but level-level interference is neglected by putting C, -1 for
<Jcc,. The total cross section must then be computed as the sum of all partial
cross sections rather than from Eq. 79* This is often justified because level-
level interference is usually quite weak for capture (if not for fission or
inelastic-scattering) cross sections.

68

The MLBW approximation corresponds to the first term of the expansion

A = (D-U)"1 = D'1 + D"'SD"1 + IT'SD"1™)"1 + . . . (83)

of the level mati ix in powers of the nondiagonal part -H of i t s inverse,

(85)

Retaining also the second term (Ref. 13) one gets an improved collision matrix,

(86)
- i ( * +* ) r1/2w r1/2

Vfc » „ . < ^ y XC XCC' AC' )
cc ' cc ' {• E,+A,-E-ir,/2

A X A A

with WXcc'
(87)

Again one can take over the Kapur-Peierls cross sec t ion expressions l i th
E.+E + a , , T.+l r , G +T W , G. G, ,*r , W2 , r , , . The p a r t i a l widths are
now complex bu? ffie complex poles of tfie improved cSl l i s ion matr ix , Eq. 85, are
s t i l l the same as those of the MLBW co l l i s ion matr ix , Eq. 78. This is no
longer t rue i f higher-order terms of the von Neumann se r i e s Eq. 83 are r e -
tained as in Ref. 11).

2.3.7 Tjie__Reid^^o_ore _cross__s_ection_formulae

The inverse leve l matrix in Reich-Moore approximation, Eq. 65 , i s exactly what
one would derive from a "reduced" R-matrix for p a r t i c l e channels only, with
E, replaced by E +A. - i l \ 12. In f a c t , exactly such a reduced R-matrix r e su l t s
i f one eliminates the photon channels by means of the Teiehmanii-Wigner channel
elimination method which is the usual way t o derive the Reich-Moore formulae
(Ref. 15). One can thus ca lcula te a l l cross sections except t ha t for rad ia t ive
capture from Eqs. 11t, 15 and 17 where R is t o be taken as the reduced R-matrix

Y)

*Lth £xY

(87)

(88)

The capture cross sect ion can be e i ther calculated as difference,

°0 Y ' °c ' c ^ ° c c ' ' <89>

or, by generalisation of a result obtained for 4-0 by Harris (Ref.. 16), as

I l<.-PI/2RL°p-'/V|cc,rx/?
(90)



The calculation is quite fast since douUe sums over levels as in MLBW approxi-
mation (cf. Eq» 81) are not needed. The inversion of the reduced matrix 1-RL°
is unproblematie since it is usually of rank 1, 2 or 3.

In the most frequent case the only open particle channel is the elastic channel
and all matrices reduce to scalar functions. With the definitions

where a is the potential-scattering cross section, the G^x'/(&V^) , H^ /
are sums over all coefficients of t^, x^ in Eqs. 68-70, respectively, with
v = r / 2 and % stemming from PC(E). The X-sums extend over all contributing

ive of JH the spin factors g being absorbed in the coeffici

-iR P
cc c

Re P.

p 1
e X

2 . il
" ReRe P.

(91)

(92) (93)

one gets then expressions which have the formal (and in single-level situations
the factual) SLBW form, v iz .

cos2<(i +x sin2$
a * l*Tr3t2ff (sin^d +v2 £-.... . — -Q- \ (oh)

(95)

For pure elastic scattering, y2=1, one gets, of course, the exact single-channel
R-function with

(96)

The Reich-Moore formalism is thus exact in the limit of one level or one channel
and otherwise very accurate. It is fast. Its (nonreduced) collision matrix is
unitary (as long as the number of levels does not exceed the number of photon
channels which can always be assumed without loss of generality) so that non-
physical cross sections are not produced.

2.3. B The_Adlc£;Adler_cross_section_formulae

The approximation Eq. 66 to the inverse level matrix means essentially that the
energy dependence of level shifts (if any) and total widths is ignored. This
works very well for fissile nuclei in restricted energy ranges where
I\ * I\ + P.£ 3 const, but not for light or medium-mass nuclei for which
r^ « r^" 2PttE!Y? with P,(E) given in Table 1. Diagonalising the inverse
level matrix Fq. 66 by orthogonal transformation one finds a collision matrix
of the Kapur-Peierls form, Eq. 67. Its poles 6, and reduced width amplitudes g,
are energy-independent as in the S-matrix formalism developed by Siegert,
Humblet and Rosenfeld (Refs. 18, 19), but unitarity is not automatically
guaranteed.

The Adler-Adler cross section formulae (Refs. 17, 20, 21) are usually written

not for specific channels (e, c1) but for specific reaction types (total, n,

f, Y , •••) &nd restricted to l«0:

°EcJn°'"V

8*tJ»JLo~<"
.. VHx V ' t97)

• 7 " ( G » X ) * A " H J [ X ) ' < X ) • <x*f>f•"' • (98)
1 X

Inversion of the usually quite high-dimensional matrix A is possible by
brute force on modern computers (Refs. 17, 20, 21) but the orthogonal trans-
formation involved is so complicated that simple conversion formulae giving the
£., gAc (or GJ[*', H| X') in terms of the E^, Y^C are not available except for
the case of a single level (see Sect. 3.2 below). As a consequence the statisti-
cal laws for Adler-Adler or, generally, Kapur-Peierls parameters could not be
derived from the known statistics of the Wigner-Eisenbud parameters. An im-
provement of the conversion with respect to energy-dependent partial vidths
was recently discussed by Segev (Ref. 22).

Further discussion of the advantages and weaknesses of the various approximate
resonance formalisms will be deferred until Doppler broadening has been treated.

2.1i. Theory of Doppler broadening

In most practical applications of resonance cross sections these are needed in
Doppler-broadened form. It is sometimes argued that for light nuclei Doppler
broadening can be neglected. This, however, is true only for the broad s-wave
levels but certainly not for the very narrow p-, d- .. .wave levels of these
nuclei which in the case of structural materials contribute significantly to
resonance absorption and Doppler coefficient in fast reactors.

2. 1*. 1 ^ce-gas_aggrox^mat ion

Doppler broadening is caused by thermal motion of the target nuclei. Consider
a parallel bean of monoenergetii: particles with lab velocity v colliding vith
target nuclei whose velocities u are distributed in such a way that p(u)d3u
is the fraction with velocities in a small three-dimensional region d3u around
u. If p1 and Og are the densities of beam and target particles, respectively,
the number of reactions occurring per unit time and unit volume is

Jd3u p(u) |v-u| o(|v-u|) = P,PgV o(v) (99)

p(u)d 3u ••
1

-3/2 e
(100)

where M is the nuclear mass and kT the r;as temperature in enerfQr units. Integrating
over all possible relative velocities "Ŝ v-Ij and using polar coordinates, d^u =
d3w « w2dw d(cos6i)d<>, with the polar axis parallel to the beam, one finds the
exact free-gas expression for the Doppler-broadened cross section,

-(v+w)2/u2 ,

(101)
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In terms of lab energies, E = mv2/2, this is

o(E) dE'(e (102)

(103)

is called the Doppler width. For E>>A, i.e. v»2u T > which is the case above a few
eV, one can simplify by retaining only the first two terms of the expansion

fEi"1 = E + ̂ E + ... , (101.)

by neglecting the second exponential and by replacing / by / in the first integral.
The result is o -•

-(E'-E)2/A2 _
VE 5(E) = ̂  / dE' e /E'a(E'). (105)

—D»

a.k.2 ?.ubic_crvstal

Lamb (Ref. 23) obtained the same expression for radiative capture by the bound
atoms of a Debye crystal if T+A * It kT , where Tj, is the Debye temperature. The
only difference is that one must use on effective ("Lamb-corrected") temoerature

V T T2

Tt-*<I> | / *x x3 ~th f -TO • |j-f -+...)
DO IT

that is usually only a few percent higher than the actual crystal temperature T.
Using the theory of quasi-free scattering one can extend these results to
scattering and to cubic crystals in general (Ref. 2l»)» It is common practice
to compute Doppler-broadened cross sections with Eq. 105. For very low energies
ix may be better to use Eq. 102, i.e. the exact free-p.as kernel. In any case
the Doppler width, Eq. 10U, must be calculated with the Lamb-corrected tempera-
ture, Eq. 106, for which a curve is given in Ref. 23 (see also Ref. 56, p.26).
2.U.3 yoiQt_grofiles_vsi_numerical_broadenins

Let us now consider Doppler broadening.of resonances. We saw that all resonance
cross sections in SLBW, MLBW and Adler-Adler approximation can be written as suns
of terms of the fora c/(1+x2) or cx/(1+x2) where the coefficients c contain a
factor E~'/2 and otherwise depend only weakly on energy. As a consequence one
needs the convolutions of 1/(1+x2) and x/(l+x2) with a Gaussian, the so-called
Voigt profiles (Ref. 25),

/dx -(x-x')2/B2

with o

•YTT

(107)

(108)

(109)010)

The quantity S is called the Doppler parameter, A,r and possibly a level shift
(here absorbed in Eo) are to be calculated at the energy for which the broadened

70 cross section is needed. These functions, which occur also in the theory of

atomic spectra, are well known (Refs. 25, 26). Fast algorithms are available
for computer calculations (Ref. 27). This explains the popularity of SLEW and
MLBW formulae even in cases of strongly interfering levels where they are quite
inadequate.

An interesting property of both the exact and the approximate free-gas formulae
(Eqs. 102 and 105) is that if one knows the effective cross section for a tempe-
rature T^ one can get that for a higher temperature T2 ̂ V simply broadening with
a Doppler width calculated for the difference T2-T-|, without »oing back to the
unbroadened cross section (Ref. 28). Likewise one can combine Doppler and
resolution broadening (see below) of a cross section if the resolution function
has the same form as the Doppler kernel, e.g. Gaussian. One simply replaces A
by <A2+VJ2 where VI is the resolution width defined analogously to A (Ref. 28).

Cross sections of the Reich-Moore type must he numerically broadened. Once
enough unbroadened cross section points for linear interpolation with a given
accuracy are calculated the problem is reduced to piece-wise convolution of a
straight line and a Gaussian which results in error functions and exponentials,
again well known and rapidly calculated functions (cf. also Ref. 27). With
modern computers these methods can be quite fast, and the Reich-Moore
formalism is so attractive, that the recent decision to strike it from the ENDF
conventions appears ill-considered.

Assessing merits end drawbacks of the various approximate resonance formulae
one should realise that the fastest way to calculate unbroadened cross sections
on a computer is not by way of explicit cross section expressions such as
Eqs. 68-70, 79-81, 97-98. It is much faster to compute the required collision
matrix elements and then to use Eqs. 1U and 15* Use of the explicit cross section
expressions is necessary only if resonance broadening is to be calculated by
means of the Voigt profiles. In other words, the Voigt profiles require con-
siderable preparatory computations that are not needed for numerical broadening.
The convenience of MLBW or Adler-Adler parameters for Doppler broadening should
therefore not be overestimated - in multi-level situations it is at least
partially offset by the need to utilize the explicit cross section expressions
with their time-consuming double sums. Furthermore, the approximations involved
lead to cross sections that differ from the exact R-matrix cross sections. The
difference is sometimes added as a "smooth" cross section which is considered
as unaffected by Doppler broadening (e.g. in the ENDF system). This entails
additional preparatory work and, since the "smooth" component is not really
smooth near strongly interfering resonances (cf. Ref. 20b) still does not
remove all discrepancies for Doppler-broadened cross sections.

In the case of Adler-Adler parameters additional problems exist: If they are
derived from Wigner-Eisenbud (e.g. Reich-Moore) parameters one must invert
large level matrices, if they are directly determined in a fit procedure one
ha3 the consistency problems connected with the unitarity of the collision
matrix. There are twice as many real parameters as in the Wigner-Eisenbud case.

In conclusion it is perhaps fair to say that the real, constant R-matrix
parameters of the Wigner-Eisenbud or Reich-Moore type should be considered as
basic, whereas the complex Kapur-Peierls or Adler-Adler parameters should be
considered as an auxiliary representation for Doppler broadening.

ai0

fcT,

to
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2.U.U

In reactor calculations cross sections are usually not required in the form
of "microscopic" data with the whole detailed resonance structure. Instead one
employs group cross sections. These are defined as flux-weighted averages over
certain energy (or rather lethargy) intervals, the )*roup intervals. In the
widely used narrow-resonance approximation, which is based on the assumption
that the Doppler-broadened resonances are narrow compared to the average
energy loss of a scattered neutron, (A 2+r 2) 1 / s « 2AE/U+1)2, the flux over
a resonance is proportional to the inverse total cross section. The group cross
section of a given nuclide (or element) for the (n,x) reaction can then be written

_\_o+d£_

\ o+d/

(111)

where o and o=£o are the (n,x) and total Doppler-broadened cross sections of the
x x x

nuclide (or element), d is the so-called dilution cross section describing the
admixture of other elements, and

{...} s j dE N(E) ... (112)
AE

is an integral over the group interval AE with the smooth collision function
N(E) as weight function. The dilution cross section d is usually taken as
constant in AE. The self-shielding factors f^ are defined by the factorisation
(T denotes the temperature)

ox(d,T) s 5x(«,T)-fx(d,T), with (113)

The group cross section for infinite dilution is just the (collision-function-
weighted) average cross section in the usual sense. It is independent of d and,
apart from edge effects at the interval boundaries, also of T. Thus fx contains
all d and almost all T dependence. With the usual definition of the covariance,

cov(x.y)

one can write

fx(d,t)

(115)

(516)

Exceptional behaviour may be caused by

- edge effects at the group boundaries, or

- inadequacy of the narrow-resonance approximation near very
broad resonances, or

- pronounced resonance-potential interference dips ("windows")
in the total cross section. These have no counterparts in the
fission or capture cross section and can therefore over-
compensate the influence of the peaks on the covariance.

Ve get more insight with explicit cross section expressions. Neglecting edge
effects, level-level interference and resonance-potential interference we write

a • 7 (o * ) , + a , (120)
X ° X p

r
°x = I ( V r ^ x » (121)

x x o i *
where a = U*X(E )2gP /T is the peak total cross section (unbroadened), ifl> the
symmetric Voigt profile and a the potential scattering cross section. If the
resonances are very narrow ana well separated one can treat their contributions
to 3 independently which results in

(122)

(123)

V.cz

a
v.
u.
c

a
u.
a:
5

31

A A x = /dE(oo* - p ) x - 2n
2X(Ex)

2(g-jH£>1 (peak area),

CO

f(B,K) = f K j dx ;

A(E,)

"oX

(12"*)

(125)

(126)(12T)

It)

How peaks in a coincide usually with dips in l/(o+d) and vice versa. The co-
variance is then negative and

0 < f < 1. (117)

Growing dilution or growing temperature both tend to reduce the eovariance so
that normally

af 3f

The universal function f(B,ic) can be interpreted as the self-shielding factor of
an isolated, symmetric, narrow resonance which depends on the Doppler parameter &
and the dilution parameter e. It obeys the inequalities 117-119 as can be seen
from Fig. 3. With Eqs. 122 and 123 one gets

f(B,

•> 0, > 0 (118X119
(128)
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Fig. 3 - Dependence of the narrow-reaonance self-shielding factor f((J,ic) on

temperature ( 8 = 2A/F ) and dilution ( K = (d+op)/oo ).

Thus f is a weighted average of the individual narrow-resonance self-
shielding factors, the weights being proportional to tlie areas of the (n,x)
cross section peaks A^ x and to the local collision densities H(E^). Eqs. 120-
128 were derived for a single isctope. They are also valid for isotopic
mixtures if o . and A. are taken as containing the isotopic abundance as
a factor. ° *x°
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An important remark concerns the level spins. The SLBW peak area is proportional
to S!"nrx/r. For narrow resonances this quantity is, apart from E Q , usually
the only information one has. For broad resonances one knows freouently also
gP and,mostly for s-wave levels, even g. Now knowledge of E and gF F /F
enables one to calculate ax(«>,T), cf. Eq. 123, but not ax(d,T) or fx°d7T).
The reason is that in order to calculate f(8,iO one must know F and this requires
knowledge of g, sF and gF F /F, In other words, the peak area alone does not
tell whether the peak is broad or narrow, and even the quantity gF n does not
help much. For a given peak area it is mainly the spin that determines the
width and thus the contribution to the self-shielded cross section and
especially to its temperature variation: The narrower a resonance, the stronger
its response to temperature changes.

An illustration is provided by the so-called structural materials (iron, nickel
and other steel components). Their capture cross sections are dominated by very
narrow p-, d-...wave levels for which capture peak areas are measured but not
F or g (excepting very recent data on •>°Fe, Ref. 31). In order to calculate
realistic self-shielded group constants one must resort to Monte Carlo
sampling of spin and neutron widths based on level statistics (Ref. 32). In
a fast reactor the increase of neutron capture with temperature (due to in-
creasing f, see Fig. 3 and Eq. 122) expressed by the so-called Doppler coefficient,

is the only inherent, automatically functioning safety feature. Hence the
practical importance of good data on g (besides gF and gF F /F) is obvious.
Experimental spin determination for p, d,...wave levels isnat present a widely
open field.

2.It.5 Westcott_factors

The energy distribution of the neutrons in a thermal reactor is well described
by the Maxwell-Boltzmann energy distribution obtained from Eq. 100 by integration
over all angles,

§- (129)

and a 1/E tail. The (n,x) reaction rate induced by this spectrum can be written

/dE SX(E) 5 /kT (130)

where_ox^E) is the Doppler-broadened (n,x) cross section for temperature T
and fkT o^fkT) is the result one would get for a 1/v cross section. The factor g w

defined by Eq. 130, the so-called Westcott factor, is thus seen to correct
the reaction rate for deviations from 1/v behaviour of the Doppler-broadened
cross section. Westcott factors are conventient for reaction rate calculations
in thermal fluxes since usually the (Doppler-broadenea) thermal cross sections
a (kT) are well known, and since low-energy reaction cross sections show 1/v
behaviour more or less modified by nearby positive or negative levels. Westcott
factors are normally tabulated for room temperature, kT = 0.0253 eV.

2.5 Observables

Cross section measurements, as a rule, do not yield cross sections directly
but more or less complicated functions or functionals of the cross sections.

2.5.1 Transmission

The simplest measurement is that of the total cross section a. One measures
that fraction of beam particles of a given energy which traverses without inter-
action a sample of given thickness n (atoms/b). This fraction, the trans-
mission, for a very small thickness of material in is 1-oAn. For finite thick-
ness it is

T lim <1-oAn)n/An= e"n0.
n/An*

(131)

The cross section is thus essentially the logarithm of the observable.
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2.5-2 Reaction_jrield

The (n,x) reaction yield Yx (x=f,YB...)» i.e. the fraction of beam particles
that undergoes an (n,x) reaction in t.he sample, is composed of contributions
from multiple-collision events with zero, one, two etc. preceding scattering
collisions,

where 1-T
°v»

(132)

(133)

Y =

etc.

1-1 Z1 '1 ! /^a \ \
~5~ "n \ ~ On1 \ "57 °x2 /2 /1

2.5-3 5iff£i;£ntial_scattering_jrield

Sample thickness effects, i.e. self-shielding and multiple scattering, are also
quite important in scattering measurements. In analogy to Eqs. 132-133 one has

(136)

where

(.J7)

etc.- •

Here di! is a solid-angle element covered by the detector.

The numerical subscript indicates the number of preceding collisions so that 1-T,,
for instance, is the probability that after the first collision the scattered
neutron interacts again in the sample. The brackets (\ , ^ X> e -c • denote
averages over all first, second etc. scattering collisions, which means over
all possible spatial coordinates and scattering; angles. Note that in each elastic
scattering collision the energy of a beam particle changes from E to E ! according
to

E' = E -
Aa+2A|i

(13M

if the target particle is at rest initially. Here 11 is the cosine of the c.i.s.
scattering angle and A the mass ratio (tarpet to beam particle). In the resonance
region this means that the cross sections to be used before and after the collision
can differ dramatically. The multiple-collision yields Y ., Y g etc. are there-
fore very complicated functionals of o , a and 0. If inelastic scattering is
energetically possible a is to be taken as the sum of the elastic and inelastic
scattering cross sections, and { X etc. inclu^-- avera^in^ over all nossible
scattering modes. The thin-saraple approximation3

(135)

is often accurate enough for fission yields (x»f) where the sample must be so
thin that the fission fragments can get out* In capture data analysis, however,
one must usually include multiple-collision terms and'the self-shielding factors
(1-T)/(no) because samples are thicker and the ratios an/o are much greater
than in fission data analysis.

2.5.U §elf;indication_(njxj_data

From our discussion of (n,x) yields it is clear that (except for very thin
samples) extraction of the (n,x) cross section o x from (n,x) yields requires
also the total cross section o. Quite generally one can state that the
availability of good total cross section data is a prerequisite for good partial
cross section data analysis. Another data type which is valuable especially for
area analysis (see below) is obtained with the self-indication method. One uses
two samples of the same material, a filter sample (thickness n,) and a detector
sample (thickness n 2 ) . The probability for a beam particle to undergo an (n,x)
reaction in the second sample is

Sjjln,,^) • T(n,)Yx(n2). (138)

The result is essentially a measurement of the filter-sample transmission with
a detector system (detector sample plus detector) that has enhanced efficiency
across the transmission dips (at the resonance energies).

2.5.5 §£5ir£SSiEi£Si_5s*SS5J55*i2S_2f_25i?;26isl3s*_E2!!E_£ES22_S££ii2S5

An interesting application of the self-indication method is the semi-empirical
determination of self-shielded group cross sections (Ref. 33). Observed data, are
always resolution-broadened. Indicating this broadening by average brackets we
can write self-indication data taken with a thin detector sample

(139)
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Suppose this quantity and also the average transmission was measured with a
sufficient number of different filter samples to permit numerical evaluation
of the integrals

(HO)

(I'll)

(11*2)

-nd
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where e " A vith arbitrary d is applied artificially. Comparison with the definition
of group cross sections, Eq. Ill, shows that this method yields group cross sections
for zero dilution as well as for arbitrary dilution cross section d, for the
temperature of the samples and for a group interval that corresponds to the
resolution width (which can be arbitrarily enlarged by additional numerical
broadening, of course}.

Various types of observable3 are shown in Figs. 10-12, 15-19.

2.6 Experimental complications

We shall nov briefly review the main causes for corrections and uncertainties
in nuclear resonance data measurements •

2.6.1 Backgrounds

In time-of-flight measurements there are always two types of background: constant
and time-dependent. Constant background may be due to radioactivity of the
sample and its environs, time-dependent backgrounds are produced by the accelerator
pulses and the sample. An example is the background caused by resonance-scattered
neutrons in neutron resonance capture measurements (Bef». 3**,35) that reflects
the resonance structure of the scattering cross section and is thus violently
energy-dependent* This influence of the sample on backgrounds makes "sample-oat"
background determinations often quite doubtful. Therefore one uses "notch filters",
special Bamples placed in front of the sample under study. The ideal notch
filter has a few widely spaced resonances and is 30 thick that at their peaks
all beam particles are removed. Counts observed at these notch energies are
then pure background. This allows background measurements at a few points during
the actual run. Of course no "true" data can be measured across the notches,
so one uses a few complementary notch filters.

2.6.2 Resolution broadening

It was already mentioned that observed data are elvays resolution-broadened.
Strictly speaking the observables are

T(E) • JdE1 r(E',E)T(E'), 5X(E) * JdE' r(E'.,E)Yx(E'), ...

where d£'r(E',E) is the probability that an event observed at energy E (or the
corresponding flight time) was actually due to a beam particle with an energy E'
in dE1. The main causes are:

- finite accelerator pu"_se width
- finite time caannel vidth
- electronic drifts, jitter
- uncertain starting joint (e.g. in
moderator slab or bcoster) and
end point (e.g. in sample or
"Li glass detector) of flight path

- finite angular resolution in scattering
experiments

(V,
(tc>,
(td>,

(oL),

The resolution function r(E',E) is normally not well known. Frequently a
Gaussian is assumed in data fitting work,

(H»5)

with, for instance (cf. Refs. 36-38)

W * 2Er2(|^)2 + -^T (t?+t2+t2)]1 / 2 » E/c,+coE . (1U6>
• 1J JUUJ 0 C Q 1 £

Often slight variation of c-, Cp improves the fit but sometimes it is necessary
to .se other, asymmetric resolution functions, e.g. x2 functions (Ref. 3d) or
Gaussians with tails (Ref. 39).

2.6.3 Detector efficiency and flux

In partial cross section measurements the raw data are count rates,

c = ^ e (= *noxe for no « 1). (lU?)

Absolute determination of the flux 4 and the detector efficiency e is difficult
and is therefore almost always avoided. One usually measures relative to a
reference sample (subscript r),

X e no e
t~"xT" (= n o e f°r no « 1, iy, «1), (1U8)

for which Yr is known with good accuracy. This eliminates the need to know the
flux but still one may have problems with n/nr and e/e as the thin-sample
expression shows. Frequently used reference cross sections are listed in Table 5
together with the accuracies achieved at present.

Table 5: Reference cross sections and accuracies
(1 standard deviation, indicative only)

Reaction

Vn.p)

6Li(n,t)

10B(n,OY)

12C(n,n)

19TAu(n,T)

235U(n,f)

Accuracy

± 1 *

± 2 %

± 2 %

± 2 %

t It %

t 3 I

Energies

< 10 MeV

< 100 keV

< 100 keV

< 5 MeV

< 3.5 MeV

< 8 MeV

Detector systems

plastic and liquid scintillators,
counter telescopes

glass scintili'j>tors,
semiconductor detectors

slab camples viewed by
Y-detectors

graphite samples

metal foils viewed by Y-deteetors

fission chambers



If the energy dependence of c/er is known one can determine the absolute value,
i.e. the calibration, by normalising to an accurately known cross section value,
for instance the thermal cross section. If no suitable known value exists one
can often use the saturated-resonance (black-sample) technique: One uses a
special sample which is so thick that at a well known resonance the trans-
mission is practically sero (cf. Fig. 11 below). Quite generally one has

(1-T) < Y < 1-T.

With c»tlj this gives at the resonance peak, E*EO> where the sample is black,

(150)

If a = a (i.e. r = f ) one gets, without further calculation, a quite accurate
value for z$. The U.9T eV resonance of '5"Au+n, for example, was frequently used
for black-sample normalisation of capture data. With the resonance parameters in
the "barn book" (Eef. U) one calculates in SLBW approximation a(Eo)/<j (EQ) = 1.12,
i.e. a ± 6 % uncertainty of et vhich is easily reduced further by a multiple-
scattering calculation which obviously need not be very accurate. Serious
problems are created if the detector efficiency varies from isotope to isotope
or, even worse, from resonance to resonance. This is a persistent source of
difficulties, for example, with capture measurements. Here the detector response
depends on the gamma spectrum (binding energy, transition strength to low-lying
levels etc.) and thus fluctuates from level to level in an unpredictable way,
especially for relatively light nuclei. A reliable estimation of e/e is then
impossible without supplementary data on the gamma spectra of individual reso-
nances (Kef. lio).

2.6.k Self-shielding^and^multip.le_scattering

All partial cross section data are more or less affected by self-shielding and
multiple scattering. The corresponding corrections are practically most important
for neutron capture and scattering data. Fission cross section measurements based
on the observation of fission fragments, on the other hand, require such thin
samples that self-shielding and multiple scattering are much less important than
self-absorption of fission fragments in the sample. The effect of self-shielding
is described by the beam-attenuation factors (1-T)/(no) in Eqs. 133 and 137
whereas multiple scattering leads to the higher-order terms in the collision
expansions Eqs. 132 and 136. As these equations show the two effects are inter-
related and cannot be treated separately* Both together are referred to as
sample-thickness effects.

As mentioned above the multiple-collision yields are complicated functionals
of the cross sections. This means that they depend not simply on the cross
sections for the primary energy but on all cross sections for the whole range of
energies that a neutron can attain successively during a multiple-collision
event (cf. Eq. 13*0. The average brackets {... )^ in Eqs. 133 end 13T denote
averages for the k-th collision over

the distribution of scattering angles 6,

l»r

°nk

don*v
dfl cos 9 (151)

- the distribution of azimuths -4 (uniform for zero polarisation)

| | , o < 4 < Sir (152)

- the distribution of the number 3 of mean free paths
to the next collision,

-s
p(s)ds - — s ~ - , 0 < s < sv s n o (153)

ere n^ is t
ter the k-t:after the k-th collision in order to reach the sample surface and to escape.

Sine* Dy and ov depend on the particulars (spatial coordinates, angles, corres-
ponding energy losses) of all preceding collisions one sees that the multiple-
collision yields are given by multi-dimensional integrals of rapidly increasing
dimensionality. Already the second-collision yield for the simplest sample
geometry, vis. infinite slab, looks fairly complicated:

with t = u •

Jiif'ik !̂°

£21

1-et-t
1

t-t1

(155)056)

The simplest way to calculate such complicated integrals on a computer is to
sample the multi-dimensional integrands at random and then to average, which is
tantamount to simulation of multiple-collision events with the Monte Carlo
technique. For each subsequent collision of such an event one must sample the
distributions (151)-(153) and, if inelastic scattering is energetically allowed,
also the relative probabilities for elastic or inelastic scattering.

Practical sampling methods employ £ random-number generator. This is a function
subroutine that is usually part of the computer software just as exponentials,
sines, cosines etc. Each time it is called it returns a floating-point number
picked at random (i.e. from a uniform distribution) in the interval 0...1. Two
principal methods exist to sample a distribution p(x)dx with the help of a random-
number generator:

(1) Call the random-number generator once. Equate the random number p to the
integral distribution,

x
p * P(x) - / p(x')dx', (157)

o
and solve for x. The frequency distribution of the x values thus obtained is
just p(x)dx. This method is convenient if x can be expressed in closed form
(examples: Eqs. 152, 153, counter-example: Gaussian distribution).

(2) Rejection method (v. Heumann): Rescale, if necessary, so that 0 < x1 < 1,
0 < p d 1 ) < 1. If the range of the distribution i« infinite one can substitute
e.g. x«x»/(1-x") (if 0<x>:-) or x'«(1+tanh x)/2 (if — < x « ) etc. Get two
numbers p,, pg from the random-number generator. Accept x'*pi if o2iP(pj)>
reject otherwise an'd begin again. This works always, even for very complicated
or tabulated p(x).

1

t>2

02

0

Fig. U: Illustration of rejection method
p 1
1
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Usually it is most convenient to sample the c.m.s. scattering angles and then
-o convert to the lab system (cf. Eef. 38). At low energies, for example, s-wave
scattering is isotropie in the c.m.s. system so that p(u_)duc " dve/2 with
Mc * cos 9C (the subscript c indicates c.m.s. quantities). From uc one gets the
energy of the scattered neutron (Eq. 13b) and thus the new cross sections. The
latter must be available in tabulated form for convenient interpolation. The
new total cross section and the distance to the sample surface determine the
total interaction probability (1-T^ in Eqs. 133, 137). A flow diagram for multiple-
collision capture yield calculation is shown in Fig. 5.

i •Start with incident energy_|o

calculate a, a , <sn, T = e
' n

- (once-scattered fraction)

(second-collision yield)

sample s, u, •
calculate E^, a^,a ., O Q 1 , n^, T^e

(1-T) _5. (I-T I) -a! (twice-scattered fraction)

I
sample s,, u.,, *., ~nzaz
calculate Eg, Og, a^2, a^, ng, Tg«e

(third-collision yield)

Terminate if surviving fraction is negligible (or by
Russian roulette based on relative capture probabilities,
Ref. U6). Repeat, keep collecting and averaging capture

- yields until statistics is good enough.
Go to next energy.

Fig. 5: Flow diagram for multiple-collision capture yield calculation
by Monte Carlo simulation
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2.7 Resonance parameter estimation

The ideal resonance parameter analysis is based on data measured with isotopically
pure samples and proceeds as follows.

(1) From transmission data one determines essentially

E O , rn, r, g for 1 0,

for t > 1.

(2) The transmission results permit calculation of sample-thickness corrections
for yield data from which one gets essentially

if g are known,

is known.

(3) If transmission results are not available (p-, d-, ... levels are not easily
observed in transmission experiments) one gets only

V if gfn is not known.

The determination of Jit (and thus g) is usually based on transmission or
scattering data. Apart from complications for fissile nuclei or strong level
overlap one can usually use the interference between resonant and potential
scattering to determine Jt or at least to distinguish between l"0 and l>1, whereas
the resonance peak height (see Eq. 195 below) and level-level interference
ellow determination of J.

The best way to extract resonance parameters from transmission, yield, self-
indication etc. data is by least-squares analysis. Because of its practical
importance and for convenient reference we briefly review the least-squares
formalism with explicit account of statistical and systematic errors.

2.7.1 The least-squares method

Let us consider

observables y^ (i « 1,2,...I),

parameters x (11 « 1,2,...H<I),

and a mathematical model

yi * yi ( l1' I2'"- xM ) - yi (* J ( 1 5 8 )

that allows us to calculate the observables (e.g. resolution-broadened trans-
missions, yields etc.) from the (resonance) parameters. Let us further assume
that all yj were measured with the results n^ ± o; (oj: standard deviation),
which actually means that the true value yj lies in dyj with the probability

if we assume a Gaussian distribution of the errors as is usual in error estimation.
What is the parameter vector x which best explains the observed data n;? It is not
very difficult to see (Ref. Ui) that it is determined by the requirement that the

a certa:
excite
and its
the toti
target
and J i:
negativi

Table 1: P
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joint probability for all the measurements be maximal, or

j;—-) - 0, u » 1,2,...M.

This is the least-squares principle. The M Eqs. 160 for the M unknown parameters x
can be solved immediately if the relationship between y- and J is linear. In our
case it is definitely not linear so we must iterate. Let $' be an approximation
to $ so that

In most cases, however, c? - var(x ) is a sum of squared statistical and
systematic uncertainties. 1The statistical errors are usually uncorrelated but

(160) the systematic errors are not. One has then instead of Eqs. 169, 170

(171)

with

Truncating the Taylor series (161) after the linear term and introducing the
notation

-1

we get the linear system of "normal equations"

Its solution,
M

« x1 + 7 B c
M „£, nv v

or x " x1 + Be

(163)

(1ft)

(165)

(166)

(cf. Eq. 166). The uncertainty to be quoted for x is the square root of
var(x) • <5x 2> where the average brackets indicate the expectation value.
Generalising slightly ve calculate

If the data uncertainties 6n> are mutually independent,

one gets simply

<«xu «xv> - (B B"
1 B ) ^ - Byv.

(168)

(169)

(170)

p
state not just the parameters x and the variances {Sx*
standard deviations but also at least the more important

i ^ S J S ) Th i i

can be improved by iteration until x 2 remains constant. It is seen that in each
step the MxM matrix B~ must be inverted and values for all observables and
their derivatives must be computed.

2.7.2 Error propagation in least-squares fits

What uncertainty in the adjusted parameters x follows from the data uncertainties o^i
If ve denote the unknown errors of the n^ by sK. ve have, in linear approximation,

3x.. y.. .
1. (167)

(172)

(161) where T-- describes the correlation. Let us take* for exaaple, the ti* as time-
of-flig&i count rates all affected fay the same error 6b in background subtraction.

(162) f{^_
experimenters state clearly and in as much detail as possible the statistical
and systematic error components. One might add that it is similarly important
that those who extract cross section parameters from experimental data should

j y or the corresponding
elements of the covariance

nstrix 'jfeSi,) • The uncertainty of & function f of the parameters x , for
instance a calculated cross section or transmission value, is given by the
variance

so tha'. a good error estimation or sensitivity study is not possible without the
covariance matrix or at least its more important elements.

The minimal x2 obtained provides a means to check the consistency of mathematical
aodel (Eq. 156) and data and the goodness of fit. The probability that a measure-
ment of I observables y. results in a x2-value within dx2 is derived as follows:
The range x2 ••• X2 + dx2 corresponds to a "spherical"shell in the I-dimensional
space of the ys/Ot- Replacing the volume element n. ldy./o.) in Eq. 159 by the
volume of this infinitesimal shell and normalising properly one finds the
probability

In practice one does not know the true x2 (relative to the true y-) but only
that relative to the most likely estimate. This can be taken into account if I
is replaced by I-M, the effective degree of freedom (M: number of estimated
parameters), so that

(17f)

or,

with the expectation values

<X2> -I-M, var x 2 * 2(I-M). (178)(179)

It i:
prec

Thus x' can be expected to be about equal to the effective degree of freedom:
X2 • (I-M) 1 ^(I-M). If it is much larger the fit must be considered as bad
because either

- the mathematical model is inadequate, or
- the data are faulty, or 7/
- the data errors were underestimated.

J
wher
rela



Frequently the last explanation is the correct one: systematic errors are often
underestimated or not recognised at all. One should then rescale all errors as
follows,

I-M I-M
Inadequacy of the mathematical model can mean that an unrecognised resonance is
present or a resonance spin is wrong.

2.7.U Area_analx*is

The simplest method to extract resonance parameters from measured data is area
analysis. The fitted quantities (y£ in the least-squares formulae of the preceding
sections) are taken to be the areas of transmission dips

A - JdE(1-e*D0)

(n,x) peaks,

/dx(1
-roj(i,J)

), (182)

(183)

or ratios of such areas, e.g. the (n,x) self-
indication ratio

- ' 1 Atn+n'J-Atn1)

?> fx " A(n)

Fig. 6 5

wbere the bars denote Doppler broadening, • is the Voigt profile, Eq. 75, and

(18U)

E"E_

E-E
x"r7T- (185)086)

Ideally all these quantities are measured vith the same set-up in the same flux.
A capture measurement, for example, is easily extended to yield transmission
and self-indication data, too, by insertion of a filter sample in front of the
capture sample. One can then measure in alternating cycles filter transmission
(capture sample out), self-indication data (both samples in) and capture yield
(filter sample out). In order to optimise the sample thicknesses and choice of
ooservatd.es one considers (Befs. l»2, U3) the SLEW thin- end thick-sample ex-
pressions that follow fron the properties of the Voigt profiles if potential and
sultiple scattering is neglected (or subtracted out),

A • TOO. 172, A • irno I \ / 2
O X OX
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(no « 1),

(no » 1).

(187)088)

(1891(190)

05

03

005

003

00!

WOy

fl=

•?

Fig. T - Idealised area analysis curves derived under the assumption
that the samples are either very thin or very thick for transmission
areas (TA), capture areas (OA) and scattering areas (SA), and that self-
indication ratios (SIR) vere measured with a thick filter and a thin
detector sample, or vice versa. Abscissae and ordinates are calculated
values r' and T^ in units of the true radiation width r , on a log-log
scale. Three cases are shown: strong, intermediate and veak scattering
(F :T • 10, 1, 0.1, respectively). The curves on the left were derived
with the correct spin factor - they are independent of J. The curves on
the right demonstrate what happens if the spin factor is taken three
times too small - this corresponds to an incorrect compound spin J * 0
and a correct spin J * 1. A realistic example is shown in Fig. 9.

J



Sinilarly one gets for thick filter and thin detector sample

1 (n'o » 1, no « 1). (191)

Equating these theoretical expressions to the measured quantities one sees that,
for given level energy E o and spin factor g, each one defines an equation between
the partial widths of the form n. " yj(F,r,r f,...). The most important case
for non-fissile nuclei, r » I"n

+r is represented by 2-dimensional plots (Ref. 1*3)
in Fig. 7 . Each equation defines a curve, for the correct g and zero experimental
errors * n curves intersect in one point. In practice the intersection is not
perfect but usually much better than that for an incorrect spin, so that the
correct spin is readily recognised. One wants the curves to intersect at angles
approaching 90° so that the parameter pair is well defined. For which choice of
observables this is achieved depends on the ratio F_/r , Bee Table 6. Very weak
resonances are difficult to see is transmission data, even with thick samples.

Table 6: Best Combinations of Observables for Area Analysis if r » F +r_

— — — — n r

Resonance Type

Tn* V
rn* V
rn* V
rn « V

strong scattering

intermediate "

weak "

very weak "

Best Combinations

(AT,A),

(Ry,A),

(HT,A),

<VV

(RY,A)

(W(vv

s

5

5

Uncerta:

rn/r

>. 2

*• 5

- 10

- 10

nties (

10

5
10

K

i)

- 20

- 10

- 20

20

The uncertainties Sr for strong resonances are mainly due to those of multiple-
collision calculations while those for weak levels are mostly caused by back-
grounds and statistics.

The principal advantage of area analysis is the insensitivity of areas to resolution
broadening, at least as far as the resonance dips or peaks are well separated.

If adjacent resonances (doublets, triplets etc.) are incompletely resolved
instrumentally and the resolution function is well known shape analysis is superior
to area analysis. The same is true if very many levels oust be analysed. In
general shape analysis is more convenient and utilises all the information
contained in the data.

The yj in our least-squares formulae are now the individual data points. There
is nothing in the formalism that restricts one to a single resonance or a single
set of data points. In a single computer run one can adjust all resonance para-
meters within a given energy range by simultaneously fitting all relevant trans-
mission, capture, fission ... data points irrespective of experiment, sample
thickness, instrumental resolution etc. The only condition is that for all n^
the corresponding theoretical values y^ and their derivatives y^ with respect
to the adjusted parameters can be calculated. Of course this is normally beyond
hand calculation and one relies heavily on computer codes which in turn have their
own limitations as to data types, number ci' data points, number of cross section
parameters that can be handled etc. As mentioned already it is best to analyse
all transmission data before one starts fitting yield data.

2.7.6 Computer_codes

The initially employed graph methods for area analysis of neutron resonances
(Refs. 3T, UU) are no longer needed since least-squares computer codes have
been developped. A widely used area analysis code was written by Atta and Harvey
(Kef. Ii5) for transmission data analysis. The TACASI code (Ref. 1(6) for combined
transmission area, capture area and self-indication ratio analysis contains the
necessary Monte Carlo subroutines for simulation of multiple-collision events.
Both these codes employ the "many-level" Breit-Wigner formalism (simple sums
over SLEW resonance terms), Doppler broadening by means of Voigt profiles and
resolution broadening with a Gaussian. The Atta-Harvey code, however, uses the
approximation 4 « 1 which may cause difficulties with s-vave levels at keV energies.
An area analysis code for scattering data is under development at CBHM Geel
(Ref. l>7). As an example TACASI handles simultaneously

< 20 observed transmission areas, capture areas and/or self-indication ratios,

< 7 resonances, i.e. one main resonance with adjusted r and r , plus up
to 6 3ubresonances with fixed parameters for the calculation of resonance
overlap and sample impurity corrections.

TACASI versions that also handle a single observed quantity and adjust one
parameter, e.g. F , were developped at KfK (Ref. MS) and CBHM Geel (Ref. >i9).

The next generation of codes was developed for shape analysis. Some shape analysis
codes require data reduced to cross section form, the more convenient ones handle
transmission and yield data directly. The following codes fit Doppler- and
resolution-broadened cross sections:

- the Reich-Moore code for 0_ and a, developped by Derrien, described in
Ref. 50j x

- the very flexible Reich-Moore program ACSAP (Ref. 51) for oT,on,o ,of;

- the Adler-Adler program CODILLI (Ref. 52) for 0_, and o_, restricted to
heavy nuclei.

Examples for automatic shape analysis codes for transmission data are

- the Atta-Harvey many-level Breit-Wigner shape code, Ref. U5, restricted to
nonfissile nuclei and cases with T C

< < 1 (below few keV for s-wave levels);

- The MLBW code SIOB ("seven in one Wow", i.e. 7 transmission runs fitted
simultaneously) suited for heavy non-fissile nuclei (Ref. 53);

- the elaborate and ponderous one-chsnnel Reich-Moore code REFIT (Re*. 5b) tbftt
fits up to 20 transmission runs simultaneously by adjustment of up to 100
cross section parameters; suited for heavy as well as for light nuclei;

he FAMAL code (Ref. 36) that was written for light and medium-mass nuclei
below Uoo keV. It employs two-channel Reich-Moore formulae without Doppler
broadening for (1 elastic, 1 inelastic) s-wave channels, SLBW formulae for
p-, d-... wave channels, fits 5 rung simultaneously by adjustment of up to
50 parameters and is very fast due to the hybrid cross section representation.

All these cedes include Poppler-brosSenins (numerical for Reich-Moore cross in
sections, exception: s-wave levels in FANAL) and resolution broadening. l -
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Automatic shape analysis programs for yield data are not so numerous yet. The
multiple-collision yield, usually calculated by Monte Carlo simulation, presents
difficulties in the least-squares formalism because its derivatives axe not
normally available. One operational shape code is

- FANAC (Ref. 38). It is written for light and medium-mass nuclei below liOO keV,
employs the same hybrid cross section formalism as FAHAL (see above) but
contains, in addition, Monte Carlo subroutines for multiple-collision
simulation. It fits up to 5 experimental runs by adjustment of up to 20 resonance
parameters.

- The REFIT program (see above) is being extended to include capture shape analysis,
too.

Illustrations for some of these codes are given in Figs. 9-19.

2.8 Miscellaneous useful resonance-theoretical expressions

2.8.1 Maxima and minima (windows) in the total cross section

Setting the cross section derivative with respect to energy equal to zero one
finds expressions for the energies where the extrema of the cross section occur.
Neglecting slow energy dependences (of * , L , 4 ) one gets in SLBW approximation
for the 1

E+ • ^ tan (192)(193)

and for the minimum ("window") caused by interference between potential and
resonant scattering

r
E. " En " jr cot * ,

whence

« (E+ - E_) sin

(19>O(195)

(196)

(197)

Th232
- 23.52 eV

TA

Insei

one i

The j

the 1
("ne(
E.>0.
and 1

Table

30 meV

Fig. 8 r •
rv

For light and Bediun-weight nuclei, for which Doppler and resolution broadening
are often negligible, these relationships are quite useful to determine g ,
i.e. J (Eq. 193), as well as first guesses for E , r and r (Eqs. 196-198J
directly from the observed extreaa. Rote that the nominal resonance energy, E ,
is different fron the energy at the peak, E.. The interference dip is the deeper
the less absorption one has. For pure elastic scattering (r»rn) one gets
oe(E_) « 0. In the minima the observed total cross section may therefore be
doniaated by other channels (partial waves), other levels and impurities.
Other relationships that can provide starting values for least-squares analysis
are the SLBW area expressions

Fig. 9 - Area analysis curves from transmission areas, capture areas
and self-indication ratios (TA, CA, SIR) measured for a resonance of
232Th*n with different sample thicknesses. The error ellipse illustrates
the final result of a simultaneous fit with the TACASI code, viz. T , T ,
the uncertainties and the correlation (see Ref. I46). v n
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l4110' 2
E (eV)

Fig. 11 - Thick-sample capture peak suitable for ct determination
vitb the saturated-resonance calibration technique. The flat top is
typical for thick-sample yield data and indicates the region vhere
the sample is black so that, apart from multiple scattering, o /o • T IV
(from Bef. 89). T T

190

Fig. 10 - Measured (histograms) and calculated (amooth curves)
capture and self-indication count rates near the I9I* eV resonance
of 93«~b+n. The enhancement around 200 eV is due to multiple scattering:
The low-energy atucimuH of the self-indication curve is higher than
the high-energy one because of the "window" pr&duced by interference
between potential and resonance scattering. The calculated curves
vere obtained vith the TACASI code which actually fits the areas
under the histograms but for checking purposes also prints the
shapes in tabular fora (Ref. 1*6).

Fig. 12 -

Fission and total cross section data for *Pu measured by time of flight.

The smooth curves are least-squares fits obtained with Derrien's three-channel

Beich-Moore shape analysis code (Bef. 50).
81

J



AUTOMATIC CROSS SECTION ANALYSIS PROGRAM

82

fi o w diagram of the shape analysis program
ACSAP. Theoretical cross section data are
computed from initial guess parameters, then
Doppler and resolution broadened, finally
compared with the input data. After adjusting
the desired parameters the program reiterates
a specified numoer of times before producing
an output listing and plot of the results (from Ref. 51).
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Pi..-.:re lU -Ir.jut function cards for a sVjrt ^CPAF run. K*y words &t the first
of each card T,rov;de T.r&Fr£.*"-"j:'.bi ] ity. (Ref. 51)

232.,

Figure 15-A theoretical fit to the 232V cross section using ACSAP. Initial
guess parameters fcere deliberately chosen "far froji correct" to emphasize power
of ACSAP algorithms (from Ref. 51).
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Fig. 16 - Fission and capture cross sections of U from 30
to 60 etf. The curves are obtained in a simultaneous fit with
the Adler-Adler formalism (Hef. 89).
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Fig. IY - Two sets of transmission data on Fe and a simultaneous fit obtained with the transmission
shape analysis code FANAL (Bef. 36). Note the very severe level-level interference caused by the un-
usually broad s-wave resonances at 191 and 2U6 keV. As a consequence the resonance shapes above 120 keV
are quite unlike single-level Breit-Wigner shapes. Nevertheless they are properly described by the
employed Reich-Moore formalism (from Ref. 90),

5TFe+n

Fig. 18 - Two sets of transmission data on Fe and a simultaneous fit obtained with the transmission
shape analysis code FAHAL (Ref. 36). The interpretation here is complicated by the fact that no less
than three s-wave channels are open, two elastic (J » 0 and J « 1) and one inelastic channel (J • 1).
Additional elastic and especially inelastic scattering data would have been helpful to resolve the
many ambiguities (from Ref. 90).
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Fig. 19 - Capture yield data on structural-material isotopes and automatic fits obtained «ith the
capture shape analysis program FANAC (Bef. 38). Moat of the resonances seen here are p- and d-wave
levels. The two curves for the low-energy data on 5ope correspond to the tvo data sets taken with slightly
different resolution. (Prom Ref. UOc)
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(199)

(200)

which do not depend on resolution or Doppler broadening.

2.8.2 Distant_levels

So far »»e glossed over the problems associated with the infinite number of eigen-
values E.. In practice one knows only a finite number A of them and splits the
R-matrix or reduced R-matrix in a smooth part R° due to the "distant" levels
outside a given energy range and a resonant part R' due to the levels explicitly
considered,

^ Y*-Y, -i
Rcc' Ec=

Bcc- Scc-
(20,)

In SLEW approximation the sum contains one term only, in Reich-Moore approximation
E is to be replaced by E^+A, -ir, /2 (see Sect. 2.3.Y). In the resonance region
non-resonant, i.e. "direct" transitions between channels can usually be neglected
and so can off-diagonal elements of R° which represent such transitions. We write
therefore

)Sc

with

and get "ieC. " •"ie°C(W14"1(i-aBL°')Lo)-1]e0l ^

(202)

(2O3)(20li)

(205)

(206)

Inserting this in the expression ( 17 ) for U we see that all R-aatrix equations
are preserved if we redefine as follows,

'Ac affecting R ,, r , A., (A ).„ (207)
"cc" 'Ac' "A Au

•c -

A., (A"')Au"

(208)

(209)

We can use level statistics to estimate R0^. Denoting length and midpoint of the
interval of explicitly given levels by I and I we have

Y? A Y ? S (E 1 ) E+I/2 S (E 1 )

R°- = I r % - I -F^ B ^dE' P H f dE' "•-* • (S10)

c c X Y * A=1 V — A "fi E-I/2
E'-E

vhere we replaced suns by integrals and introduced the strength function s , Eq.50.
With the definition of the distant-level paraiieter R (Eq. $1) and the assumption
that neither H nor s varies significantly over theuinterval I one gets

Q
CC

• 2s, (E) ar tanh (211)

a result vhicb ic practice is only needed for neutron channels (csn). Usually
derived from a picket fencenodel (e.g. in Refs. 36, 95) it is seen to be quite
general. It has the great advantage over expansions in powers of E-E with adjustable
coefficients (e.g. Rcf»i 5lt, 56) that only two paraaeters with a clear physical
meaning are involved, B (or R', of. Eq. 53) and s (or S^, cf. Eq. 5M. Both
are tabulated extensively (e.g. in Ref. U) or can Ee estimated with the optical
model. Only slight adjustment (if any) is usually needed for a very satisfactory
reproduction of potential scattering over very wide energy ranges. As an example
Fig.20 shows R'c vs. A as calculated from an optical model jBef. 59) and ft' values
for medium-mass nuclei obtained empirically by adjusting B (together with s and
the resonance parameters) in shape fits to transmission data in the range 10 to
300 keV (Refs. 57, 58), see also Figs.17.18 ). Since Eq. 211 is valid on the
average but not in cases where untypically weak or strong levels are located just
outside the interval I it is good practice to include such "nearby" levels
explicitly in R and to use Eq. 211 only for the more distant levels. This means
that the interval I is chosen wider than the interval in which one actually wants
to calculate cross sections.

2.8.3 Subthreshold ("negative") levels

An example of the "nearby" levels just mentioned are levels vith E, < 0 ("negative"
levels) corresponding to compound states just below the neutron binding energy.
Although.low-energy cross sections are mainly determined by the "positive" levels
their exact description frequently requires one or at most two additional levels
with E. < 0. Let us assume that for a non-fissile target nucleus (r»rn+ry) w«
know the positive levels up to a certain energy and want to determine thn para-
meters E Q, r , T for one negative level so that the thermal cross sections are
reproduced. At thermal energies the P, for l>1 are so small that only s-wave
interaction need be considered. With the usual choice Bc>0 the Reich-Moore
collision function for a given s-wave channel is given by

> y^V 2
(csn). (212)

I v
The resonance parameters for all positive levels and the one negative level are
contained in the sum, and in this way they enter into all cross section expressions.
The explicit relationship between the sum and the cross sections is obtained if we
solve Eq. 212 for the sum and eliminate U e e by means of

Ur-
(213)(21l4)

which follows from Eqs. tU and 15. The resulting expression can then be specialised
to the thermal energy, E • 25.3 meV, for which T • I B ' • k « (1-R") « 1
(cf. Eqs. 53, 208, 211). Furthermore we assume that no resonance is very close
to E which means o. « lt»X?g_, E « JÊ I and rj « EJ; for all A. Under these Jjto Js which means o « tux'g , E « [Ê l and rf «
conditions we get from the real and imaginary part

J
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(215)

(216)

where a * a - a is the capture cross section for channel c, and where we
placed tne unknown sum terms on the left-hand sides, the known positive-level term3
together with the other known quantities on the right-hand sides. The sign
ambiguity is due to the fact that the cross sections depend on (Im U c c )

2 rather
than Im Ue(,. In most cases the positive sign can be immediately discarded because
it vould make r /£ positive contrary to the assumption E < 0. If this criterion
fails one chooses the sign that gives better overall results in the thermal region.

With only two equations for the three unknown quantities E , r , IV we can choose
one of the three and then calculate the other two. The fact that radiation widths
do not fluctuate much fron level to level suggests to take r as the mean radiation
width obtained from the positive resonances. Note that in Eqs. 215 and 216 all
neutron widths must be calculated at the (thermal) energy E, by specialisation
of the general relationship

P,(E) , /-=- v,(E)

(with v, = P./PQ) to t»0. The energy-independent quantity r, i
neutron width. In many resonance parameter tables it is listed
instead of, the nominal neutron width r " " "

is the reduced
together with, or

r. (
For target spin 1*0 only one elastic s-wave channel (J«1/2) is open, and oc • a,
a » o , a « a . Otherwise one has to consider both elastic channels (J«I±1/2)
separately which lay be problematic since the twn o , ccc, a are usually not
known separately but only their sum a, a , o . Only in rare cases is one negative
level per channel not enough to fit known low-energy cross sections. One can then
replace the left-hand sides of Eqs. 215, 216 by appropriate sums over negative
levels and determine the parameters by a regular shape fit.

3. EVALUATIOI OF RESOHAHCE DATA

We shall now briefly discuss some of the problems encountered by the evaluator. He
has to construct complete resonance parameter sets from published resonance para-
meter data and to determine the level-statistical parameters needed for inter-
pretation and prediction of average cross section data in the region of unresolved
resonances.

3.1 latercooroariaon of resonance T.arameter sets ^

The following discussion will be restricted to the intercomparison of resonance
parameters of the R-matrix type. It is very rare that different authors use the
same potential-scattering parameters (e.g. nuclear radii) in their resonance fit*.
One should therefore put all available resonance parameter information on a common
basis before a detailed comparison and evaluation is started.

3.1.1 Si£ferent_5Otential;scattering_5arameters

Such a common basis can be established by means of the expressions for level
shifts and parti&l widths

'Ac

(B -S +R°
° ° e

°|2), (218)

(219)

which follow frcm Eqs. 6U, 20?, 209. With a given author's information on his
treatment of potential scattering, e.g. his choice of R' as a function of E, we
can calculate •jlk,^) at each resonance and compare it to rj((k a ) where a is
the nuclear radius to which we want to refer all resonance saraaeters, defined
e.g. by ac - l.U fm A

1'3 or (EHDF, Eef. 12) ac » 1.23 fm A
1 7 3 + 0.8 fin. The

difference_between T.Ujti) and T.(k,O can be forn&Uy ascribed to a certain
value of H , i.e. R° , which in turn can be inserted in Eqs. 218, 219. Thus one
gets from the author's resonance energies and widths those which correspond to
the adopted a c convention, with the influence of distant levels removed. These
effects are usually negligible at eV energies but can be important in the higher
keV region.

3.1.2 Different boundary parameters Bg

Less frequent is the choice of different boundary parameters by different authors.
Nevertheless we shall treat this problem in some detail because a very simple
method for conversion between the Vigner-Eisenbud (or Reich-Moore) and the
Kapur-Feierls representation can te derived from it.

Ve consider two choices of the boundary parameters, B and B', and the corresponding
quantities R, L° aui R', L°'. Now the collision matrix does not depend on a
particular choice, so that (cf. Eq. 17)

( I - R L V ' R - Rd-i^Rf1 • (i-a'i»'rV,

(1-R'L°')R « R'(1-L°R)

R1 - (1-«B-K)"'R

6B = B'-B » L°-L01 .

The poles and residues of R are the E, and Y, T, i» those of R' wi

K* ''Jc^Xc'" S<1' 222 ihows tbtA the p ° l e s of « *re *tte solutions
det [i-«B-R(Ep] - 0.

The residues can be obtained as follows. From Eq. 222 we get

whence

or

with

or, denoting differentiation with respect to E by a dot.

(220)

(221)

(222)

(223)

ll be denoted by
of

(22lt)

(225)

(226)

72

J



Multiplying from both sides with B' • (1+R'6B)R, which follows from Eq. 221, and
going so close to the pole E| of K' that R' » YJ[cYJ[ci/(E][-E), E = E,[, we find ent

rXc

Especially simple expressions are obtained from Eqs. 22U and 227 if the boundary
parameter is changed for one channel only, namely

Eq. 230 is convenient for iteration starting from E1 =• E^-ir^/2. Convergence is
rapid even with severe level overlap (Ref. ^" ). Having determined 6. with suffici
accuracy one can caluclate G, as a simple sum over levels (Eq. 231). The method
is formally simpler than the conversion techniques based on matrix inversion (Ref.IT/

or on partial-fraction expansion of the determinant in Eq. 22b (Refs. 20,22).
In particular large numbers of resonances are easily dealt with. Computation of
determinants and matrix inversion are replaced by a perturbation approach which
clearly exhibits the influence of interfering level*. Their importance is
essentially proportional to T /(E "E^). In SLBW approximation the sums in Eqs.
230 and 231 vanish and one gets immediately, for conversion in all channels,

- irA/2, 'Xe
(233)(23U)

VEX
(223)

(229)

In the two-channel case iteration of Eq. 230 produces the continued-fraction
representation of the tangent,

ir p

Eq. 228 can easily be solved for E' by iteration (see below) whereupon Eq. 229
yields YJ • If *B does not depend on energy,as in the Wigner-Eisenbud representation.
SB vanisnes, of course.

3.2 Conversion from Wigner-Eisenbud to Kaqur-Peierls resonance parameters

The results of the preceding section can be applied to the special case Bc = Se>

B , * L , i.e. SB - iP , which corresponds to conversion from Wigner-Eisenbud
(s-wave or locally defined p-, d-...wave) parameters to Kapur-Peierls parameters
or v<ce versa (Ref* &8). With the notation introduced in Sect. 2.3 for Kapur-
Peii.ls parameters (E'=£^, ty =g, , 2P_YJ 2=G, ) we get from Eqs. 228 and 229

• (1 - tan a)

where sin 2a = x = •

r1/2-1/2
Xe ruc

)
(X,p - 1,2).

(235)

(236!

»/2

utx x

•r
-1/2

(230)

(231)

(232)

where the .square root is taken with the positive sign so that for isolated levels
G, • rj • The term with 4B has been omitted since we.consider the dependence
orSB as parametric rather than functional so that the argument of SBe=iPc(E)
coincides only "accidentally" with the bombarding energy. As a consequence all
widths (r , Gx ) are to be calculated at the energy E for which we want to calculate
the Kapur^reierls parameters (rather than at C^).

This is wnat one also obtains
the diagonalisation of the part
Eq. 22. We shall not go further
now that our perturbation approach is most useful ibr many levelt and tet chr/jinelK,
that is for the Reich-Moore formalism. With the Kapur-Peierls choice !•„' » 0 for

al Reich-Moore formulae assume the simpall particle channels the essential

"cc-

..1/2.1/2
lGXc GXe'

J |G^|r>T
* ie»-«'xT/

iSple form

(237)

(238)

l/c V'"V2\S i r»=r"
where E,, G, are the conversion results for the particle channels (£,-ir. /2 =
Ej-il-j/S for relatively isolated levels). T

In this way one can convert Reich-Moore to Kapur-Peierls parameters. The corres-
ponding cross sections can be Doppler broadened by means of the Voigt profiles
(see Sect. 2.U.3), but we stress again that the price for this is heavy: One
must convert parameters for each energy grid point and then calculate complicated
coefficients for the Voigt profiles involving double sums ovee levels (Eqs. 69, 70,
72) which is time-consuming if many levels are involved. Direct numerical broadening
of Reich-Moore cross sections is usually simpler, faster and more accurate.
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3.3 Applied leTel statistics

It was already mentioned that one of the reasons for parametrisation of resonance
cross section data is the need to determine level-statistical parameters such as
mean level spacing*, average widths and strength functions which permit extra-
polation of arerage cross sections and simulation of cross section fluctuations
in the unresolved-resonance region. As in resonance theory we shall need only
very few formulae from the impressire but often still speculating edifice of the
statistical theory of spectra (Refs. 60, 61).

3.3.1 The Porter-Thomas hypothesis

The reduced width amplitudes v. of Wigner-Eisenbud R-matrix theory are essentially
values of the internal wave function taken at the channel radius a., as our
little single-particle exercise (Sect. 2.3.3, Eq. k2) showed. They can be ex-
pressed by the orerlap between the A-th eigenfunction and the channel wave
function at the channel entrance (r •» ). In the multi-channel (A+1 )-nueleon
case this is a (3A*2)-dimensional configuration space integral over the surface
of the interaction sphere. The very complicated integrand oscillates rapidly
so that negative and positive contributions nearly cancel. The integral is thus
almost equal to zero and is positive or negative with presumably equal probabili-
ties depending on the particulars of the X-th eigenstate. Under these circum-
stances a Gaussian distribution of the T, for given c is a reasonable guess.
Omitting the level subscript we write

P<Tc>dYe dx. (239)

This is the Porter-Thomas hypothesis (Ref. 62) which, with iy* • ^T.dY.,
p(Y )dY = p(Y|)dY2 immediately yields the fanous Porter-Thomas distribution

-r Y2

(2kO)

It applies to reduced neutron.widths whenever the resonances are excitable only
via one channel so that I" /<!•*>• Y ^ A Y ? * (e.g. for I"0 or t«0, see Table 1), but
also to partial radiation widths for single radiative transitions not only in
nuclear but also in atomic and molecular resonance spectroscopy. Many observable
widths, however, are sums of single-channel widths, for instance many reduced
neutron widths for I>0 and t>0, or the total radiation width or fission widths.
If the average's ( Y * ) were the same for all v contributing channels one would
get the generalised Porter-Thomas distribution, a x2-distribution with u degrees
of freedom.

0 <

where r(v/2) is the

,2 =

function and

(2b2)(2a.3)

The single-channel Porter-Thomas distribution (v«1) agrees well with observed
distributions cf single-channel reduced neutron widths (Ref. 63) and partial
radiation widths (Bef. 6>i). The general x2 distribution is useful for two-channel
reduced neutron widths (v"2, exponential distribution) and, with an effective
number v of channels, also for fission widths (v small) and total radiation widths
(v very large). That v is large for total radiation widths could be expected

because usually there is a huge number of allowed radiative transitions to
lower-lying compound states, each giving rise to a sum term in Eq. 2k2. That v
is small for fission widths, however, surprises at first sight. The hundreds of
possible pairs of fission fragments, each with many possible excitations, would
seea to imply equally many reaction channels or partial fission widths, and a
correspondingly large v.

The puzzle was solved by A. Bohr (Kef. 65). He pointed out that before scission
can occur the compound system must cross the saddle point of the potential-energy
surface (in deformation parameter space) beyond which Coulomb repulsion prevails
over nuclear cohesion. At the saddle point most energy is tied up as deformation
energy, only little being available for other modes of excitation whose spectrum
resembles somewhat the low-lying (collective) states observed for the ground-
state deformation. Energy, angular momentum and parity requirements allow access
to only very few of these transition states. This introduces quite rigid corre-
lations between partial widths for the many different fission fragment channels
in such a way that the fission width can be approximated aa a sum of terms, one
for each accessible transition state (or "saddle-point channel"), each term
being governed by a single-channel Porter-Thomas distribution (Bef. 66). For
fission, therefore, v is the number of saddle-point channels rather than reaction
channels in the usual sense.

This illustrates that the level-statistical "laws" are nowhere as rigid as the
formal resonance theory discussed in previous sections. They hold mainly for
typical compound levels where all single-particle, collective or other simplicity
has been lost. Reflecting more our ignorance than truly statistical phenomena
they may fail if the states considered are simple and well understood. Thus the
collective transition states of a fissioning nucleus enabled us to modify and,
in fact, to simplify the reaction channel concept. In the single-particle exercise
with square-well complex potential, Sect. 2.3.3, nothing at all was random or
unspecified, and the reduced neutron widths, Eqs. 53, turned out to obey a
6-diatribution instead of the Porter-Thomas "law".

3.3.2 ¥iBSSEl2_SH5i!S_!S3-SSSiiS25J!5^S!SS51S_i&£Orj

To find the distribution p(D)dD of nearest-neighbour spacing:, D."£^ j-E^, in
a Jfl level sequence turned out to be much more difficult than to find the width
distributions. Very early Vigner tried a bold guess("Wigner's surmise" , Ref. 67).
He took issue with the exponential distribution tried by others which is obtained
if the probability to find a level in a small energy interval dD is just dD/ <D) ,
independent of its distance 0 from the preceding level. He asserted that because
of "level repulsion" at least for small D this probability should be- proportional
to DdD end assumed tentatively that (his is true also for large D so that

p(D)dD • exp(-c/D'dD')cDdD • e"°D IZ cDdD
o

Expressing the piuportionality constant c by the mean level spacing ^D
write the Wigner distribution as

p(D)dD • 2e~ x dx. 0 « « ; T<
Wigner illustrated the level repulsion by pointing to the spacing D«/(H11-H12) +UH?,
between the eigenvalues of a two-dimensional (real, symmetric)Eamiltonian matrix H
which can be visualised as the distance of a point with coordinates H ^ - R ^ *nd
2Hj, from the origin. If the Hj. are considered as random variables the probability
to;obtain a given D within dD i8 proportional to the two-dimensional area element

J
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2iDdD, at least in a small domain arround the origin in vhich ronuniformity of
the unknown probability distributions of the H. can be neglected. D*0 is seen
to be infinitely unlikely* vhich is related to the fact that two conditions,
H^'Hgg and H,2"0. nust be fulfilled instead of one as for D+0. This latter
argument is also true for 3-, fc- ... dimensional Hasiltonian matrices, coincidence
of tvo characteristic values alvays requiring two conditions instead of one.

1
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Fig. SO - Effective radii obtained for Cr, Fe and Ni isotopes by shape
fits to transmission data below 300 keV (see Figs. 17 and 18) with the
FANAL code (Ref«. 36, 57, 58). The broken curve was calculated by Moldauer
(Ref. 91) for a complex spherical potential, the solid curve by Jain
(Ref. 59) for a complex potential with vibrational and rotational coupling.
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Fig. 21 - Next-neighbour spacing distributions for the Gau3Sian
orthogonal ensemble. Solid line: very large H«N matrices, limit N*»
(Gaudin, Ref. 69). Broken line: 2x2 matrices (Wigner distribution).
From Ref. 69.

A more rigorous theory of statistical ensembles of Eamiltonians was developpe*
in a brilliant mathematical tour de force by Wigner, Porter, Mehta, Dyson and
others (Refs. 60, 61) in an attempt to establish a kind of statistical thermo-
dynamics of quantum systems. First the so-called Gaussian orthogonal ensemble
was studied which consists of real symmetric Hamiltonian matrices H whose elements
H, are uncorrelated and whose density function p(H) is invariant under rotations
in Hilbert space (so that all representations including the diagonal form are
put on an equal footing). For 2x2 matrices the Wigner distribution was obtained.
For very large matrices Mehta and Gaudin {Refs. 68, 69) found expressions that
are fairly complicated but as Fig.21 shows differ only slightly from the 2x2
curve, i.e. Wigner's surmise.

A major difficulty with the Gaussian ensemble is that it leads to a rather un-
realistic level density formula, viz. Wigner's semi-circle law for NxN matrices
with very large H,

.'»/ ̂ -<%W toT (E-S>2 *i/e
p(E) • \ " I/2 (H large) (2U6)

otherwise
where E and I are midpoint and length of the energy interval in which the eigen-
values occur. This is quite different from the exponentially rising level densities
obtained for instance from the Fermi gas independent-particle model.

Dyson gave up the hypothesis of statistically independent matrix elements H, and
introduced the circular orthogonal ensembles (Ref. TO). He could show that with
these one could reproduce any reasonable energy dependence of the level density p
apparently without changing less global results such as the spacing distribution
obtained with the Gaussian ensembles.

Recently French, Wong and others studied the statistical shell model where not
the elements H, but on\y those of the residual interaction are considered as
random variables (cf. Ref. 71). This model, more physical than the Gaussian and
circular orthogonal ensembles, nevertheless confirmed their results for nearest
neighbor level spacings, whereas p(E) turned out to be Gaussian instead of semi-
circular.

Both the orthogonal ensembles and the statistical shell model indicate that nuclear
(or atomic) level sequences have a nearly "crystalline" regularity in the sense
that the familiar staircase diagram (number of levels vs. energy) follows very
closely the practically straight line with slope p(E), deviations by more than one
unit being extremely unlikely (Ref. 72). This implies that adjacent nearest-
neighbour spacings are correlated in such a way that a large spacing is followed
by a short spacing aore often than not and vice versa. In fact, for orthogonal
ensembles the expected correlation coefficient is

• - 0.27

for large matrices. The exact value (8w-27)/(iin-27)" -0.253 for the simplest case
of 3x3 matrices (Ref. 73) is already a good approximation.Espirical evidence from o
long and pure sequences of s-wave neutron resonances supports these theoretical
results (Ref. Ik).



The Porter-Thomas distribution of single-channel widths, the Wigner distribution
of lerel spacings and the quasi-crystalline long-range regularity of level
sequences is about all the level statistics we need for applications.

3.3.3

Suppose we know all level energies E, and reduced neutron widths F for a pure
jn level sequence in a given energy range. What can we infer about the true mjan
values <(D> and O"*> , and about their ratio,the strength function S^ = ^ r

n^ '
This is the typical statistical problem of parameter estimation. It was tackled
by Slavinskas and Kennett (Ref. 75) with the maximum-likelihood method. Consider
first the reduced neutron widths which we .shall write here simply as F^. The
probability to find F. in dr., F, in dF,, ..., F_ in dF_ is a product of Porter-
Thomas probabilities (we consider here the single-channel case, v«1, e.g. s-wave
i-eeonances),

n p(F, )dF. » (2i <F) ) ' exp(- ,,.. J F.J II V (2U81P !i-1

The value of the true average <F> that leads with greatest probability to the
experimental result obviously maximises the likelihood function L i l P'rx?' F r o B

JL/J <F> • 0 or, more conveniently, from 3 In L/3 <T> "0, one finds the maximum-
likelihood estimator

<F> - i J FA. (2U9)
This is just the sample average F. In She language of mathematical statistics F is
a minimal sufficient statistics, i.e. a quantity that can be calculated from the
sample Fj, ... F^, contains all information about <f> that the sample itself
contains, and has the smallest variance or all possible estimators. It is an
unbiased estimator for < F> because for very large samples it tends towards <r> .

In order to assign confidence limits we i«ed the probability distribution of the
random variable T. This we know already f.-om the discussion of sums of partial
widths to be a x2-distribution with H degrees of freedom (compare Eq. SUi),

p(f)dF y H / 2 M dy. (250)

(25D

Confidence limits y_ and y can now be assigned for instance at the 68 % confidence
level, in analogy to the standard deviation of a Gaussian distribution. One demands
that y lie with erfd/ZJ) • 68 t probability within the interval (y_ ... y + ) , and
wi$h equal probability below and above,

Ftfr 1 f" ."» y"'2"1 dy = F(f)"1 / e T y^ 2' 1 dy E 1 erfc •}
0 y +

The confidence limits v_, y+ thus defined depend only on the sample size X and
can be found e.g. in tables of x2'distributions or numerically from Eqs. 251. One
knows now that with 68 it probability y_ < y < y + and thus

•g£- f < <F> < •£- F. (252)

For very large samples the x 2 distribution is nearly Gaussian so that

y± - <y> ± /rar(y) - §(1*4'
 for " '* 1* (853)

So far we neglected experimental errors 6F. of the F^ which cause an uncertainty
6f » /^(STjJ^/H of f. They are usually accounted for in sufficient approximation
if the confidence limits are extended so that the squares of the statistical and
experimental errors are added,

y ± • y ± * [/var(y) + («f)
z - /var(y)]. (251*)

Slavinskas and Kennett found maximum-likelihood estimators also for < D } and
< r_) / { D ) • S, but we shall not follow their derivation because they neglected
the^.evel-spaeing correlations, Eq. 2l>7, cf. Ref. 76. Dyson acd Mehta (Ref. 72)
shoved that due to the regularity of level sequences the number II of levels in
a given energy interval is already a rather good statisticsfor the estimation of
the average level density, and that the optisrum atatisticsfor the orthogonal
ensemble is

i H / »E.-SiP
(255)

where I and E are length and midpoint of the energy interval from which the
energy sample cones. This statisticsmay be considered as a kind of level count
with semicircle weighting. Its variance is

var p - |(£j)2. (256)

3.3.U Maximum-likelihood estimation of \F / and__^g2 in_the_case_of missed_levels

The estimators for {F ) and 1/ ( D } presented so far are not vety useful in
practice because they are applicable only to perfect samples from which no levels
are missing. In practice the smallest, but according to the Porter-Thosas
distribution most frequent, widths are always missing. As a consequence all
observed width and especially spacing distributions are badly distorted. It is
therefore best to use the width distribution to estimate (T ) which then permits
estimation of the number of missing levels and thus of {D> "and S,.

Let us assume that levels with reduced widths F. <Fo=2x { rj are undetectable and
missing from the sample. The distribution of detectable widths is then the
truncated Porter-Thomas distribution

erfc /Ox
dx, :2<T>' {257)
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properly normalised to unity by the complementary error function. Maximising the
corresponding likelihood function one gets

F. (258)

The term in brackets is clearly a missing-level correction factor depending on {F} .
The equation is readily solved by iteration starting from {F) » F. This simple
approach works well whenever the detectability threshold F can be considered as
constant and is sufficiently well known.

Often F varies significantly over the energy range from which the width sample
is taken. The truncation of the Porter-Thomas distribution is then not sharp
but fuzzy. Fuketa and Harvey (Ref. 77) developed a widely used estimation procedure
for {F^ with an energy dependence of the form F a aE , vhere a is an adjustable
constant and b is determined by the experimental details (b » 2 in many experiments).



1
Of course the observed level density reflects the energy dependence of I* - and
in fact one can devise a procedure which utilises the level energies E., ... E_
s well as the reduced widths T T and obviates the need to know anything

p
as well as the reduced widths T and obviates the need to know anything

t
about the detection threshold and experimental details. This is especially use-
ful if the latter are not known or if the resonance parameter data stem from
many different experiments. Due to the regularity of level sequences and smooth
behaviour of rQ(E) (at least for single experiments) the typical level density
staircase curve (number of levels versus energy) fluctuates but little around
a smooth curve which usually can be taken as a parabola,

N(E)

N(E)

(259)

The coefficients can be determined in a
least-squares fit ana will be considered
as known. The energy derivative is the
apparent level density,

P(E) (260)

which is smaller than the true level
density p = 1/ ̂ D ) , whose energy dependence
we shall neglect as well as that of (r).
The detectable fraction of levels (on the
average) is then

p 1 +2C 2E){D) - erfc/x0, <26i)

where the complementary error function
has the same meaning as in Eq. 255: it is
the integral over the Porter-Thomas
distribution above the detectability
threshold x - T /(2 (r } ). We have thus
found fron the ooserved level energies
the energy ('ependence of P > at least in
implicit form and in terms°of (r) and ^ D ) .

The parabolic fit to the stairease diagram is sec: to be equivalent to a linear
i f ) u(Eg). The probability

E«) the detectable
and u and vanishes

Fe+n
-USQ - (9.1 + 2.8) 10

<D> • (17.0 + 2.0) keV

p g
decrease of the detectable fraction from u1 = ufE,) to u

e interva (that at some unspecified energy within the interval (E-
fraction has the value u is therefore a constant between u. and u« and vanishes
elsewhere. We can thus write the width distribution with fuzzy truncation edge as

57Fe+n

SQ • (5 .2 + 1.3) -10"U

<D> • (5.1* + 0.6) iteV

(262)

where P.dr. is the {a priori) Porter-Thomas probability for a reduced width I\ in
dr^, nnd p_ the conaitional probability that T^, for unspecified E, , exceeds the
defection thresiiold,

1' if erfe ^ < u2

I u^erfc/x^

T u a
i f u 2 <

if erfc

(263)

Fig. 23 - Results of statistical resonance analysis for iron isotopes
obtained with the maximum-likelihood code STARA (Ref. 78). The histograms
are observed integral width distributions for s-wave levels below I4OO keV
(below 200 keV for 5 lFe). The curves are the most likely distributions
and the 68? confidence limits. Note that the curves are no fits to the
histograms but correspond to the solution (r°) of Eqs. 265, 266.



vith (c,+2c2E.) (i-1,2) (26U)

s equal to the average observable
c+CgtEj+Eg)] <D> . The likeli-

and i, = r,/(2 ̂ r> ). The denominator in Eq. 262
fraction in the interval (E, ... Eg), u • u(E) « [ j g j g ]
hood function L « n^p(r^) depends on the (known) fit parameters and the unknown
level-statistical parameters (r) and <D> . Thus its maximum is obtained for
JL/3 ̂ r> • 0 and 3L/3 <^D> » 0, whence

erfc/xl

<265)

(266)

The primes indicate that the sums contain only terms from the "fuzzy edge" of the
width distribution, for which u, < erfc /xt < u, with u- • (c.+eCgE.) ( D ) ,
u, • (c.+2c2E_) <D> , x, • r./(2 (?) ). The equations are again convenient for
iteration, starting e.g. from <r> • ?, <D> « (Eg-E^/H. A program based on
this approach (Itef. 78) yielded the results shown in Fig. g3.

So far we restricted the diacuaaion to pure level sequences for a given jn. Some
of the results remain approximately valid also for mixed sequences. Consider,
for instance, the p-wave levels for target spin I"0. Their spin is either J«1/2
or J"3/2, i.e. they belong to two different sequences. It is consistent with
empirical evidence to consider their strength functions as independent of J, so
that Sg. * S.. The spin dependence of the level densities was derived by Bethe
(Ref. 79, eft also Ref. 80) from the Fermi-Gas model as

The spin cut-off factor a has values around U so that for small spins one has
p. « 2J+1. In this approximation and with S ( J • S, one finds that the gl"̂  values
or the combined p-wave sequences have the Porter-Thomas distribution, the average
being

where < D >, is the average sptsing of all p-wave levels and S, the strength
function of each separate sequence. We can therefore employ .essentislly the same
estimation procedure aa for pure sequences with \>"1, with T conveniently replaced
by gr so that the mostly unknown level spins are not needed.

Generalisation to v«2 (exponential distribution) is straightforward.

3.3.5 Spin assignment for giTen resonance_areas with_Bayes^_theorei

It was already mec&ioned than resonance peak areas are sufficient for the calcu-
lation of average cross sections or zero-dilution group constants but not of
Doppler effect or self-shielding. For these one requires spins. Level statistics
can give us a handle to assign unknown apina if the area parameters gr , g^r^/r
are known, at least in the sense that the resulting average spin distribution
over many levels ii realistic. Let us consider the typical case that enough in-
formation on s-wave resonrace parameters is available to permit estimation (in-
eluding missing-level correction) of { D ) > O and So, and that S,, S_, ... are

92 known from analysis of average cross sections and optical-sodel calculations. All
required mean level spacing* (D-> can then be found from the s-vave spacing with

the help of Eg. 267, and the average neutron widths from 1̂" ,̂  •
V W ^ DJ* s.''?'1eV T

1(
E'> where v M is the number of channel spins (1 or 2)

compatible with t and J. We can now calculate the probabilities

».T _, __ v.T/2-1

»U dx, o * x = • - (269)

with t • 0,1,2,... for an observed value gr in d(gF ). Bayes' theorem (see e.g.
Ref. U1) tells us that we may take the probability for a given U combination
as proportional to p t J if all combinations are equally probable a priori. The
probability for a given spin J is then

I *«<*«>
p. - , (270)

where the sum in the denominator is over all 1 that are compatible vith J. Often
one sees immediately that a certain spin is probably correct, the others being
too unlikely. In general one must make a probabilistic choice, for example with
the Monte Carlo technique.

If: additional types of resonance areas are known one can utilise this information
also. Let us take, for instance, the capture peak areas 2»2Jt(Eo)

2grnr IT with
r » r + I" (non-fissile target nucleus). From gF and gtT/T we get gF , for
which an expression similar to Eq. 277 holds. If we know Chi effective degree
of freedom and the average width for the (n,Y) reaction we can calculate the
probability P , J ( B O an* base the spin selection on the joint probabilities
Pu^fil1 )Prj(£^v^* unfortunately gF is often unknown. One nust then consider
the probaBilitJ (for each allowed IJ)

/ /
in

dn p,(n)

p,(E)

(271)

(271)

where ve omitted the aubscripts i,J and simplified the notation with K = gFn,
n = gI"Y> C a grnrY/r, p1 and p 2 being the x -distributions for grn and grY.

The effective degree of freedom v for a width distribution can again be estimated
wit'h the maximum-likelihood method from a width sample F-, Fg, ... F_ if the
average F ia sufficiently well known. The likelihood function is maximised
if v is chosen as the solution of

*{|) - In | - £ I In ̂  - InF" - In <F> (272)

where t( ) is the logarithmic derivative of the gamma function r( ) and the bar
denotes the aaaple average aa before (Ref. 62). Curves for the function on the
right-hand side and for the asymptotic variance of the maximum-likelihood
estimate v are given in Ref. 56.

3.3.6 Monte_Carlo_genei2tion_of_level_seoauences

There are situations in applied neutron physics vhere the resonance structure
of the cross sections is important but unobservable due to finite instrumental
resolution. For instance the average transmission in a given energy (group)
interval can be written as

L.J
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<e-«"> . ,-•>W<e-nl«- < °>'> . e - » ^ , + 21 T a r ( o ) + . . . ) . (2T3)

The variance and the higher-order terms are mainly due to the resonances in
the interval. The reduction of raw transmission or yield data to average
cross sections requires thus information on the resonance structure, the
corresponding corrections being especially large for thick samples and for
wildly fluctuating cross sections. Enhanced tenperature, i.e. Doppler
broadening, implies less fluctuation, hence less variance, so that average
transmission and self-shielding of yields are reduced, reaction rates in-
creased.

In the region of unresolved resonances (typically above a few keV for heavy,
above a few hundred keV for medium-mass nuclei) these effects must be calcu-
lated from level statistics. One can sample the Wigner distribution to build
up ladders of resonances, then find their widths from the Porter-Thomas or
other appropriate x2 distributions, and finally obtain Doppler-broadened
cross section values at equidistant or randomly chosen energy points along
the ladder. Sorting the results into cross section bins one gets a histogram
representation or tables of the cross section probability distributions
p(o )do , froa which one can calculate the needed cross section functionals,
e.gf the average, the variance etc., e.g.•

< V n a > - / do p(o)e" (27U)

This is the principle of the so-called probability table method (Ref. 81).

A more direct but somewhat slower method is the generation of "resonance
environments" or "mini-ladders" (Bef- 82, 83) for each energy required in
a Monte Carlo calculation (e.g. simulation of multiple-collision events).
One samples, for each relevant JII level sequence, the distribution of "central"
spacings,

p(D)dD « D p (D)dJ>, (275)

where p OD is the Wigner distribution and the extra factor D accounts for the
fact that the probability for a randomly selected energy to fall in a given
energy interval is proportional to the interval size. Then one samples the
(uniformly distributed) actual position of E within the central interval D
which fixes the distance to tbe nearest two levels. Sampling the (bare)
Wigner distribution one can generate further resonance energies above and
below. Then the widths are sampled from the appropriate ^-distributions,
and the cross, section at E i* calculated. With a reasonable level-statistical
representation of distant levels (cf. Sect. 2.8.2) two to three levels below
and above are usually enough to yield adequate cross section distributions.
Addition of more distant levels does not change the results significantly, as
experience with the SESH code (Ref. 82) fo? self-shielding and multiple-
scattering correction of yield data showed (Ref. 83).

It should be noticed that in these Monte Carlo calculations the level spacing
correlations as given by Eq. 2U7 were always neglected because there aeems
to be no simple recipe to produce them. The methods employed in theoretical
studies of level spacings and their correlations, namely diagonalisation of
Ramiltonian matrices belonging to the orthogonal ensemble etc., are by far
too complicated for applied Monte Carlo calculations. The practical importance
of the correlations is not very clear either, no systematic studies being
available.

3.3.7 Test statistics for purity of level sequences

The theory of the orthogonal ensemble predicts that the level-density
staircase curve H(E) of a pure sequence deviates very little from a straight
line with slope p»1/<D> . The mean-square deviation from a best-fit straight
line S(E)»c +c.E in the interval (E....E-), called the A-a statistic by Dyson
and Hehta, ° ' l "Z 3

a , - 5 — / 2 |B(B) -5(E)|2dE,E2 'II,

was shown (Ref. 77) to have the expectation value

(Y • 0.5772 . . . is Euler's constant) and the variance

(276)

(277)

(278)

Absence of mixed levels or presence of spurious levels from other sequences
obviously increases a.. One has therefore tried to use A, as a test statistic
for the purity of levels, see Refs. (A. 86. 3

An optimum statistic for the presence of spurious or missing levels is,
according to Dyson (see Refs. 8U, 85),

ar cosh 1/2 (279)

where u runs through all levels between E,-I/2 and B.+I/2 and I is an
arbitrary fixed interval (for instance 20 times <D> 7. Expectation value and
variance are, with n 3 »I/(2< D> ) ,

- O.656

• In n.

if E, is a true member of the sequence. If E, is the energy of a spurious
level in an otherwise pure sequence one gets

(280)

(281)

9

Px • n, (262)

so that a spurious or missing level produces, on the average, a peak or a dip
i n KX o f m a S n i t u a e * l n »• The catch lies in the words "on the average" (see
Ref. 8U). It should be stressed that none of these tests permits unambiguous
identification of spurious or missed levels but, as the Columbia group
demonstrated (Refs. 8k, 86), by combining all available tests one can purify
almost pure level sequences further, to a degree which is wholly satisfactory
for applied purposes.

U. CONCLUDING REMARKS

We reviewed those aspects of neutron resonance theory, including level
statistics, that are most important for applications in neutron cross section
metrology and nuclear technology. Among the topics which were not treated
are the double-humped fission barrier and its consequences, and resonance-
averaged cross sections. These are treated by J.E. tynn and P. Moldauer in



special parts of this course. For other recent developments in the area of
level statistics or rather limitations of it caused by phenomena such as
doorway states, valence nucleon transitions, precompound reactions ve refer
the reader to Hefs. 87 and 88, We close by restating a few main points:

1. Multi-level cross sections should he calculated from ths collision matrix
rather than from explicit cross section expressions. This avoids double
SUBS over levels that are very time-consuming when many levels are involved.

2. If explicit cross section expressions must be used the total cross
section is the easiest, the elastic-scattering cross section the most
difficult to calculate. The latter is therefore best obtained as difference.

3. The Reich-Moore formalism requires a minimum of real parameters, is
virtually exact and not slower than the other aulti-level approximations.

U. The applicability of the Voigt profiles t and x to Soppier broadening of
HLBH or Adlei—Adler cross sections should not be overestimated in view
of the necessary preparatory work and the inferior accuracy obtained.
Kumerical broadening of Reich-Moore cross sections need not be slower,
on the contrary, and avoids consistency and accuracy problems. Adler-
Adler paranetrisation is restricted to relatively small energy intervals,
i.e. to heavy nuclei.

5. Partial cross section (yield) data cannot be analysed properly without
transmission data of comparable energy resolution and detection power
for narrow levels.

6. Measurers and analysts of resonance data should state the errors as
clearly as possible, with statistical and systematic components separated,
and at least some indication of correlations between deduced resonance
parameters.

7. To state resonance parameters without the corresponding channel radii
and other potential-scattering or distant-level parameters is a cardinal
sin.

8. The Porter-Thomas distribution is the most efficient tool for missing-
level corrections. The Vigner distribution is less important for data
analysis than for generation of artificial (mock) cross sections for
the calculation of resonance effects in the unresolved-resonasce region.
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Abstract

He first recall Che definition of the optical-model poten-

tial for nucleons and the physical interpretation of the main

related quantities. We then survey the recent theoretical pro-

gress towards a reliable calculation of this potential. The

present limitations of the theory and some prospects for future

developments are outlined.

1. INTRODUCTION

The optical-model potential (OMP) is a basic ingredient

of practically any nuclear data evaluation : it enterB in the

analysis of elastic scattering and of total cross sections, of

radiative capture, of compound nuclear as well as of direct

reactions, of strength functions, of potential scattering

lengths, etc. Clearly, a minimal theoretical understanding of

the optical model is a prerequisite to all practitioners, and

its detailed theoretical investigation is fully justified.

Many previous theoretical s. jdies had been focused on

formal aspects of the optical model, or on the qualitative

rendering of rhe gross phenomenological properties of the OMP.

In recent years, however, the theory has made sufficient pro-

gress to yield semi-quantitative results, i.e. to provide mea-

ningful theoretical constraints on the parameters of the poten-

tial. We hope that these lectures will give off a bit of the

flavour of this sprouting.

Our main purpose is twofold. Firstly, we recall the defi-

nition, the practical interest end the physical interpretation

of the OMP. Secondly, we survey some of the recent theoretical

calculations of this potential; we try to indicate not only

their interest but also their present limitation.

In view of our limited aim, we avoid technical details

whenever possible, at the risk of shocking the purists. For

instance, we almost indifferently write r or r , we omit

explicit reference to spin indices, drop Clebsch-Gordan coef-

ficients and spin statistical factors, usually consider only

neutron channels, etc. In the same spirit, we quote only very

few original papers : an exhaustive list of references can be found in

recent books or reviews, e.g. [I—83•

2. PHYSICAL CONTENT

2.1. Scattering matrix

A reaction channel is characterized by a set of quantum

numbers (channel spin s , relative orbital angular momentum

I , ...) that we generically denote by c_ .

The scattering wave function fg at energy E is an

eigenstate of the full Hamiltonian N

H *; - E (2.1)

the upper index c_ specifies the channel in which there exists

an incoming wave. At a large distance r , between the two

fragments in channel c' , one has the asymptotic behaviour

i(kc, rc, -j lc, n)

Here,

(2.2)

(2.3)

is the relative velocity; 4 i essentially denotes the wave

function of the residual nucleus, multiplied by appropriate

spin eigenstates and spherical harmonics, coupled to the total

angular momentum of channel c_ . 97



The scattering matrix S , ia symtnetrie (time reversal

invariance of H) and unitary (conservation of flux) :

Let us cal l S Che scattering matrix that correoponds

to the scattering of a nucleon by the OMP:

S^nCE) 5C,,C,(E) - (2.4) - exp(2ie )« . (2.8)

where the sum runs over the channels which are open at the

energy E .

Because of the existence of compound nuclear resonances,

the scattering matrix is a violent function of energy. It is

usually written i*» the parametric form

8re.CE) - tQre. -1 I

I I

nc nc ] exp(i 6_ + i 6 ,) . (2.S)

V in such a way that SIt is not practical to choose

S : since S is a complicated function of energy (see

Eq. (2.5)), the same would be true for the corresponding OMP.

Hence, one rather requires the OHF to be such that its scatte-

ring function Sc is equal to the energy-average < s
c c

> o £

the diagonal element of the scattering matrix :

(2.9)

Tho quantity Qoct and the potential scattering phase shifts &o , 4 f are smooth
functions of energy. l£_ direct reactions can be neglected, one
has [9]

1

5 c c ' •

- rnc «ec'

(2.6)

(2.7)

where the bar denotes an average over resonances.

2.2. Optical-model phase shift

The success of the shell-model indicates thr.c for many

purposes one can represent the interaction between a bound

nucleon and the rent of the nucleus by an average potential

well, or more precisely by a non-local single particle poten-

tial. By continuity* one expects a similar picture to be ap-

plicable to unbound nucleons. In the latter case, the average

potential well may depend on the nucleon energy, besides being

non-local. Let us denote this "optical-model potential" (OMP)

in channel c and at energy E by Vc(E) ; the spatial va-

riables r , r' are omitted. We shall progressively reach a

specific definition of this OMP.

Since this requirement does not fully determine the OHF, we

shall further refine the definition below.

The energy average, taken over an averaging interval I

centered on E , of a quantity q(E') is conveniently defined

by

<q(E)> • i f " - q ( E ' > d E '
* J_. (E-E1)* + I2

(2.10)

Equations (2.5),(2.10) yield, in the absence of direct reac-

tions (see Eqs. (2.6),(2.7))

*- Fnc
Sc - <Scc> - Scc(E + iI) - (1-n -—••> exp(2i«c) , (2.11)

where <i is the average distance between neighbouring reso-

nances. Since

S e |
2 - I < S C C » I

2 « (2.12)

tne optical-model phase shift £c is complex and the same must

be true for the OMP :

"c " vc + i wc •
One finds that (2.12) implies

(2.13)

Wc < 0 , (2.14)

if W is assumed to be a local potential with standard shape.



2.3. Sources of the imaginary part

The existence of an imaginary (or absorptive) component

U in the OMP is thus directly related to the lack of uni ta-

rity of <S > . We mentioned that the unitarity property

(2.14) of the scattering matrix expresses the conservation of

flux. Correspondingly, the lack of unitarity of S expresses

a loss r,£ flux.

This lack of unitarity mus t exist if channels c* i4 c

are open since the quantity

1 - (2.15)

is larger than l*8^*!2 • However, Eq. (2.11) shows that V^

is complex even if no channel other than c_ is open; the rea-

son is that V involves the quantity <S > , i<e. implies

an average over compound nuclear resonances.

We conclude from these arguments that the origin of the

imaginary component of the OMP is twofold. Part of the inco-

ming flux feeds the compound nuclear resonance9; part of it

goes into the inelastic channels c' f c via direct reactions.

Thus, we mus t be prepared to find these two sources of absorp-

tion in the formal expression for the OMP : we return to this

point in section 3.4.

2.4. Calculable obaervables

We mentioned in section ! that the OMP plays an essential

role in the analysis of many types of reaction data. It is not

possible to discuss these applications in any detail here;

many of them will be reviewed by other lecturers. We first

consider those which only involve the optical-model phase shift!

and then briefly emphasize that the optical-model wave function

ia needed in the evaluation of direct reaction data. We recall

that for the sake of simplicity, we omit spin statistical fac-

tors, Clebach-Gordan coefficients, ...

The total cross section in channel c is given by

c,tot
2 irk;2 (I - Re ScC) (2.16)

Its energy average can thus directly be obtained from the op-

tical-model phase shift :

c.tot" • 2 w k c
(2.17)

For examples, we refer to the reviews by Vilmore and Hodgson

(Ref, [S] vol. 2, p. 131) and by Wiedling, Ramstroem and Holm-

qvist (ibid., p. 205).

The angle-integrated gross section a , reads

, -2
'cc'

(2.18)

Its energy average can be written as A sum of two terms :

The first term is

j S E ,c c ' - 6 c

( 2 . 1 9 )

(2.20a)

It is diagonal in the absence of direct reactions. The quantity

o is called the shape elastic scattering cross Bection and

can be expressed in terms of the optica1-model phase shift :

"II " " k c 2 l^c - 'I 2 i (2.20b)

it usually dominates the cross section for energies larger

than a few MeV (Ref. [2], p. 142).

At low energy, the shape elastic cross section approaches

a constant; the potential acatterinK radius R' is defined by

R1 lim (2 .21)
E->0
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For an example, see Fig. 7.3 of Ref. [8].

The compound nuclear CN
o

ction o , is given by

...H2} • (2.22)

In the absence of direct reactions, the second term in the

curly brackets vanishes for c i c' ; the first term can then

be written in the Hauser-Feshbach form

T T ,

where the transmission coefficient

T , - I - IS I* .

reads

(2.24)

These relations can be extended to the differential cross

sections; significant progress has recently been accomplished

to extend their range of validity by including the effect of

direct and of precompound reactions : see, e.g., the review

by Moldauer (Ref. [5], vol. I page 167).

The strength function in channel c is by definition

E I 7
f Q.2 nc1 E ' d - I eV (2.25a)

100

I ti
the factor (E /E) is introduced in order to render sc

practically independent of E . Equations (2.11) and (2.23)

show that

11 H r " 7 Tc • (2.25b)

For an example, see Fig. 7.2 of Ref. [8],

The optical-model wave function i° calculated from the

OMP plays a fundamental role in the analysis of direct reactions,

including direct radiative capture. The index E refers to the

total energy in channel c :

E . £l k2 + e , (2.26)

where c is the threshold energy. The function u_(r) is
c fc

normalized to unit incoming amplitude at r-"» • In the distor-

ted wave Born approximation, the direct reaction amplitude is

proportional to the quantity

„»!
" C d r (2.27)

where the quantity F ,c(r) represents the operator which ia

responsible for the direct transition from channel c to

channel c' (see, e.g., Ref. [2] p. 67).

The physical interpretation of Eq. (2.27) is that the

probability amplitude for a direct reaction to occur at a

distance r from the target centre is proportional to the

probability amplitude (u°) of finding at that distance a

nucleon on top of the unperturbed target state + , and to

that (u_ ) of finding a nucleon on top of Che residual

nucleus 4 , , at the distance r .

2.5. Mean free path

According to its physical interpretation given at the

end of the preceding section, we expect |u5j(r)| to decrease

with decreasing r . Indeed, when a nucleon penetrates into

the target (see Fig. I(a)), it interacts with other nucleons

and it thereby excites the target. Two types of excitation

are possible. In the first one, all nucleons (including the

incoming one) occupy bound shell-model orbitals after the

interaction : this collision corresponds to the formation of

a quasi-bound state, i.e. of a compound nuclear resonance

(see Fig. 1(b)). In the second type of interaction, one nu-

cleon remains in a scattering orbital : this corresponds to

a direct excitation of an inelastic channel (see Fig. I(c)).

We recognize the two sources of absorption described at the

end of section 2.3.

For simplicity, let us consider the motion of a nueleon

with energy E and momentum k in the z-direction, inside

a "target" of infinite size (nuclear matter). The latter is



characterized by its density

related to the Fermi momentuc

p (nucleona/fm3) , which is

(2.28)

The mean free path plays an important role in the analy-

sis of precoapound reactions [10]. For an illustration, see

Fig. 2.4 of Ref. [II]. The associated "mean life time" T

is given by

The nucleon wave function is a plane wave exp(ikz) . If the

potential energy V * V + iW is complex, the wave number k

is complex :

k - k ( R ) v i k ( I ) - { — (E - V - iW)}? . (2.29)

Let us expand the square root and retain terms of first

order in the ratio W/(E - V) . This yields

i_

k < R ) - {2m (E - V)) 2 / It , k1 - -W / liv , (2.30a)

L/v - K/2H

where

„ k<R)/m (2.30b)

is the velocity. Equation (2.29) shows that the probability of

(R)
finding a nucleon with unperturbed wave number k d e -
creases exponentially; i t s "mean free path" is equal to

{2 - Kv/2W (2.31)

where the factor 2 occurs because we deal with probabilities

rather than amplitudes. In Fig. 2, we sketch the propagation

in the z-direction of a wave-packet associated with

a nucleon with momentum k on top of an infinite

medium. At z»0 , the target is unperturbed : all nucleon

momenta up to k? are filled. On its way from Z"A to

z-D , the incoming nucleon collides with target nucleons and

excites on particle-one hole (B) , two particle-two hole (C)

... target configurations. At z»D , the probability of fin-

ding a nucleon with momentum k on top of the initial ground

(unperturbed) target states has decreased by a factor

exp(- |DA|/L) .

The uncertainty relation

flE . it - n

(2.32)

(2.33)

shows that the energy of the "single-particle state" is not

well defined : the quantity AE • - 2W measures the energy

interval over which its strength is distributed because of

the collisions, It is called the "single-particle spreading

width".

3. NUCLEAR REACTION THEORY

3.]. Introduction

From the physical picture drawn in the preceding section

emerges a definition of ..he OMP which is more specific than

the one given in section 2.2 : the OMP should not yield the

energy-average of Scc but also, in addition, the energy-

of the wave function u_ that describes theaverage u~

relative motion of the nucleon and of the target (or residual

nucleus). This suggests the following theoretical approach

to the problem of calculating the OHP : one should first find

a Schroedinger equation for the radial wave function uf and

then a similar one for its energy average. Feshbach's projec-

tion operator formalism [12] is well suited for this purpose,

but will only be used implicitly below.

Before proceeding, ve mention another theoretical approach,

which is suggested by the content of section 2,5 : it consists

in studying the potential energy and the mean free path of a

nucleon in infinite nuclear matter with density p , and then

to construct the OHP in a finite nucleus by allowing p to

depend on r , namely to be density distribution p(r) of the

target. This line of approach will be discussed in section 4.
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3.2. Coupled channels

The full wave function ¥^ has components in all channels

c * which have same parity and angular momentum as the entrance

channel c_ . We want to derive coupled equations for these

components• vhose asymptotic behaviour is given by Eq. (2.2).

We omit antisymmetrization, and also the spin variables.

The ground aud the excited target states are eigenstates of

the target Hamiltonian j rA) :

Let us write t*l as a sum over its channel components

(3.1)

(3.2)

This full wave function is the solution, with appropriate boun-

dary conditions, of the Schroedinger equation (2.1) which reads,

more explicitly,

(3.3)

u (r ,E) • up\r ) . \i*i)
c c E o

For illustrative purposes, it is convenient to perform this

elimination of the inelastic components in the framework of

second order perturbation theory with respect to the coipling

strengths V , » V , , and to set V , „ - 0 (c' + c"cc c c c c
t c) .We have then

where

lim E + in
n-*+O

(3.6)

(3.9)

insures that u , is purely outgoing for r large. Equations

(3.4) and (3.8) give

$.10)

This result and Eq. (2.11) yield the expression of the OMP in

our simplified model :

V
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We substitute expression (3.2) in Eq. (3.3) and multiply the

result to the left by •" , •", •" . We integrate

over the coordinate

•"
( r of the target nucleons

below, this integration is indicated by round brackets. We

obtain the* following coupled system of equations

Vcc' <)

(3.4)

(3.5)

(3.6)

With matrix notations, it is easy [3,12] to solve the

set of linear equations (3.4) for u°, (c1 i* c) , and to ob-

tain an equation for the elastic radial wave function, i.e. for

V + ) V ,

" « - Vc- • « ' '
(3.11)

3.3. Hartree-Fock approximation

The first O'der contribution to V (Eq. (3.11)) is

V , which reads more explicitly

Vcc<ro>

(3.12)

Since the function r) is antisymmetric and normalized, V

can be written in terms of the density p(r') of the target :

Vcc(r) - f p(r') v(r.r') d3r' ; (3.13)

we recall that we do not bother to distinguish between r'

and r' , unless really useful.
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Expression (3.13) ia the Hartree approximation V (r) .

Following the work of Greenlees and collaborators [13], this

"folding" formula has often been used during the last decade

for estimating the real part of the OHP [14],

The effect of antiaymmetrization should be included : it

is not possible to find out whether the outgoing nucleon is

the same as the incoming one, or whether it is one of the

original nucleons. As well-known from atomic physics, this

leads to replace (3.13) by the Hartree-Fock approximation

V , which is a non-local field* In other words, the value

of fHF Ug at point r depends on the value of Ug(r') at

distances r1 + r : the Schroedinger equation reads

(3.14)

The Hartree-Fock approximation involves the one-body

density matrix p(r,r') (p(r,r) • p(r)) :

F(?.?•) u^(r') d3r' - u°(r") j p(?') vdF.f1)

(3.15)

The quantity p(r,r') is usually evaluated in the framework

of the independent particle model, where the target atate *£

can be represented by a Slater determinant constructed with

single-particle orbitals 8 . Then,

p(r.r') (3.16)

The Hartree-Fock self-consiatent field results from re-

quiring that the single-particle states 6 should be eigen-

states of the calculated optical-model Hamiltonian. Me note

that the Hartree-Fock field is real and independent of energy.

3.4. Second order contribution

The second term on the right-hand side of Eq. (3.11) is

energy-dependent and complex. One can see from Eq. (3.27) below

that these two properties are intrinsically related. We continue

to ignore antisymmetrisation.

In order to obtain a more explicit expression for the

second order term, let us introduce the eigenstates of H , , .

These are of two types, namely bound states (u •) and scatte-
ncring states <u

Etci)
 !

c c nc
Hc'c' uE'c' E' uE,c, . (3.17)

V (CN)
c

The contribution of the bound states reads

(•cl \ v(r,r.)Uc.) unc.(r) unc.(r')

,c'*c E - E + il

(•c. |S vd'.rj)!^) ; (3.18)

it is non-local and energy-dependent. Since the configurations

u t $ » are bound (Fig. I(b)), they correspond to the compound

nuclear resonances. Hence, Vc(CM) arises from the feeding of

the resonances from the entrance channel. This is one of the

two sources of absorption expected from the discussion carried

out in section 2.3. Note that V (CN) is complex only because

an average is performed : it becomus real in the limit I -» 0 .

The contribution of the scattering states reads

V (DR)
cVc J

|vUc.) "E.c.<
E - E'

UEc'(r> UE

dE'

where the integral is a principal value and is thus real. The

imaginary part of "c(DR) arises from the energy-conserving

direct transitions from the entrance channel £ to the confi-

guration u,

Kc)).
Ec' i.e. to the inelastic channel c' (Fig.

3.5. Local equivalent potentials

One can expand uE(r') about the point r' - r : 103
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u=(r') - uc(r) + (r-r') £ u£(r) *| <r-r')2 ~ u|(r) • ... . (3.20)

Taking the derivative d/dr amounts to multiplying by - ip/H •

where p is the momentum. Thus,

u'(r') - u£(r) {1 -ip(r-r')/» - i (r-r1)2 p2/K2 • ...> . (3.21)

3y inserting this expansion in Eq. (3.U), one sees that a non-

local potential formally amounts to a momentum-dependent poten-

tial. This relationship has been investigated in detail by

Perey and collaborators [15-17] and by Frahn [18], in particular

for real "separable" potentials of the fora

VN(r,r"') - irN<r) H(s
2)

where

r' - r

(3.22)

(3.23)

Let us call H(fc2) the Fourier transform of H(s) . It has

been shown that the non-local potential V^d'.r') leads to

practically the same scattering phase shift as the local poten-

tial UL(r) defined by

Note that the local equivalent potential U, depends on

energy even if U^ is energy-independent. We have seen in

section 3.3 that UN depends on energy. Hence, the origin

of the energy dependence of the phenomenological local OMP

is twofold, namely the "true" nonlocality of the OMP on the

one hand, and its "true" (or dynamical) energy dependence on

the other hand. In practice, it is not possible to distinguish

between these two effects in the analysis of the experimental

data. Since the scaling factor m/m arises solely from the

nonlocality, a theoretical calculation of the non-local energy

dependent field is of interest.

Attempts have been made [19] to disentangle non-locality

and energy-dependence on the basis of a dispersion relation.

By integrating (E< - E)~' fc(E') (Eq. (2.11)) along the real

axis and by closing the contour in the upper half of the com-

plex E-plane, one finds

V.(E) (3.27)

UN(r) H [2|'(E - BL(r))] - (3.24)

One practical difficulty with Eq. (3.27) is that it involves

Wc<E') for large values of E' . Another problem is that the

quantities V and W in Eq. (3.27) are the energy-dependent

non-local quantities. This is illustrated by the fact that the

dispersion relation yields

The physical meaning of this relation will become apparent in

section 4.3.

While. V» and U. yield almost the same wave function

outside the target, the corresponding wave function inside the

target differs by a factor

uH ( t ) " (m° 2 uL ( r ) ' O<25)

1 S. y
dE c

> 1 (3.28)

where the "effective nass" m is defined by

a - {I + 2mn" 2 U — H(k2)}"' ;
m dk2

(3.26)

the derivative is evaluated at the momentum given by H2 k2/2m

104 " E " "r • This scaling correction can play a significant role

in some direct reactions. For an illustration, see page 127 of [16].

at low energy, in apparent contradiction with the fact that

the depth of the empirical local OHP decreases in magnitude

with increasing energy.

3.6. Empirical potentials

In the following sections, we sarvey some recent theoretical

calculations of the OHP. Their degree of success should be eva-

luated by considering the number of adjustable parameters that

they involve on the one hand, and their agreement with experi-

mental data on the other hand. The latter part of the discussion

is often side-stepped by comparing theoretical and empirical

OHP, rather than observables proper, e.g. cross sections, strength



functions, ... One must be aware, however, that theoretical

expressions of the OMP may be widely different from the assu-

med empirical ones (non-locality, energy dependence, form fac-

tors, . . . ) • Moreover, the experimental data do not uniquely

determine the empirical OMP. When possible, the comparison

between calculated and empirical OMP is nevertheless quite

instructive, since practitionera are eager to be provided

with theoretical constraints which would restrict the freedom

in the parameter search.

Accurate descriptions of the elastic scattering differen-

tial cross section, of the strength function-, of the scatte-

ring length, etc. can only be obtained if the parameters of

the OMP are allowed to vary in a somewhat scattered manner

froa target to target. One must admit that the theory is not

yet, and will probably never be, able to yield such accurate

predictions. Nevertheless, "global" paraaetrizations which

depend smoothly on mass number, on energy and on neutron excess

are quite useful in providing estimates of the physical obser-

vables* In fact, the existence of such simple parametric forms

is at tile o-rigin of the development of the optical model. By

their very nature, these global OMP average out shell- and many other

finiteness effects; they are probably characteristic of the

nuclear medium* This will be exploited in section A.

A survey of OMP for individual nuclei has recently been

compiled by Perey and Perey [20]. Most parametrizations are

of the following form, for spherical nuclei

exp -[(r - (3.31)

V(r) » - VQ f ( x v ) + (VSQ + i Wg0) [— f ( x s o ) ] o.t

- i [ W f ( x ) - 4 W f .*x)3 , (3.29)

where the second term i s a sp in -o rb i t coupling, while

f ( x . ) - O + e x p [ ( r - r . A 3 ) / a . ] } " ' (3.30)

is the Woods-Saxon form factor. The surface absorption term

(with strength WQ) is sometimes assumed to have a Gaussian

shape :

A popular global set of parameters is due to Becchetti

and Greenlees [21] :

56.3 - 0.32 E - U,(N-Z)/A (3.32a)

- 1.17 , ay - 0.75 , 0 , - 2 4 (3.32b)

- 0.22 E - 1.56 or zero, whichever is larger (3.32c)

- 13 - 0.25 E - W (N-Z)/A or zero, whichever is larger (3.32d)

6.2

- 1 .26

W

- 0.58

• 1.1

U 12 (3.32e)

0 , r - 1.1 , a 0.75 ," s o ' s o
(3.32f)

where units are MeV and fm . This "global" OMP gives fair

results for A > 40 and 10 < E < 24 MeV .

At lower energy, the 0MF of Wilmore and Hodgson [22] appears

somewhat more satisfactory. It is the local equivalent (see

section 3.5) of a non-local potential proposed by Perey and

Buck [15] who adopted the separable expression (3.22), with a

Gaussian non-locality :

H(s2) - exp -(s2/B2) . (3.33)

The existence of several global (or even individual) para-

metric forms illustrates our previous warning that the experi-

mental data do not uniquely determine the OMP. Thus, the set

(3.32) should only be regarded as an example.

Several general remarks can be made :

(a) The effective mass defined by

= 0.68 (3.34)

is smaller than unity, in apparent contradiction with (3.28).

This reflects the fact that the energy dependence of the local

equivalent potential V(r) has little connection with that of

the original non-local potential V(r,r';E) to which (3.28)

refers. One can show [4] that 105
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(3.35) (d) The fits are cons is tent with the assumption
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where m/m is related to Che non-locality of the OMP (see Eqs.

(3.**2) and (3.26)). We conclude Chat the energy dependence of

the depth of the empirical local OMP is mainly due to the non-

locality of the original OMF*

(b) One has separated out in the parametrization of V Q

a term proportional to the neutron excess .

W - 0 (3.38)

N-Z
A

This

(3.36)

ry. Indeed, one could obtain fits of similar
. .1/3quality by modifying the assumed law R - ry A "

J for the

potential radius. However, the introduction in VQ of a term

proportional to a is logical : it can easily be shown theo-

retically that the depths of the OMP for protons and for neu-

trons, respectively, mainly differ by a term proportional to

a , besides the Coulomb term, Thus, it is meaningful to write

the potential depths for protons and for neutrons as follows

V - D - 0.32 E ± H, N-Z
A

(3.37)

This is not exactly the form adopted in the analyses by Bec-

chetti and Greenlees [21]; they take U - 56.3 MeV for neu-

tron* and Uo » 54.0 MeV for protons. However, parametriza-

Cion (3.36) is adopted in more recent work [19]. Note that

the empirical value of U( is sensitive to that of r? ;

moreover, there exist* no theoretical reason vhy the (isovec-

tor) part of the OMF which is proportional to a should have

the *aae fora factor (radius r» , diffusenesa ay) as the

(isoscalar) other component , or why a term proportional to a

should be absent in W and present in W_ •

(c) The absorptive part W(r) is surface peaked for

E t 50 MeV and takes the same ("volume") form as V(r) for

E * 50 MeV . This "observation" should be taken with caution

because it is probably bated on theoretical prejudice : very

good Cits can be obtained with a volume absorption.

this of course does not mean that (3.38) holds : theoretical

work on this topic is still lacking but would be of interest.

(e) He emphasized that a comparison between theoretical

and empirical OMP is difficult. Fortunately, it appears that

the calculated cross sections are mainly sensitive to the first

moments of the OMP, in particular to the volume integrals per

nucleon [3,13,23-25]

Jv/A - - A" 1 I v(r) d3r

Jw/A - - A"1 I W(r) d3r

and to the mean square radii [3,25]

[ j v ( r ) r z d 3 r ] / [ | v ( r ) d 3 r ]

[ f w ( r ) r 2 d 3 r ] / [ f w ( r ) d 3 r ]

(3.39)

(3.A0)

(3.41)

(3.42)

This empirical observation holds for protons as veil as for

neutrons, but has only limited validity for light nuclei. It has

not been checked whether it applies at low energy, and to

strength functions for instance.

3.7. Hartree-Fock calculations

We saw in section 3.3 that the Hartree-Fock field is the

first order contribution to the perturbation expansion of the

OMP in powers of the nucleon-nucleon interaction. Since the

latter is too strong for perturbation theory to converge ra-

pidly, the Hartree-Fock approximation can be meaningful only

if a weak etfective interaction is used. The interest of such

a calculation is somewhat doubtful i£ the effective interac-

tion contains adjustable parameters, since it would then almost

amount to a different fitting procedure. Hence, one should

_l
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ideally Cake Che effective interaction from calculations of

other nuclear properties than the OMP.

Dover and Van Ciai [26] computed the Kartree-Fock self-

consistent potential associated with various three-body con-

tact interactions of the Skyrme-cype, fitted to ground state

properties of nuclei and to low-lying single-particle levels.

The calculated energy dependence of the OMP, i.e. the effective

mass n" (Eq. (3.34)), sensitively depends on the variant of

the Skyrae interaction that is chosen. In Fig. 3, we show a

comparison between the volume integral per nucleon calculated

(dashes) by Dover and Giai [26] and empirical values (dcts),

for the targets l2C , 1 60 , 27A1 , '•"Ca and 208Pb , in

the case of protons. The agreement is fair, in view of the

absence of adjusted parameters; it shows that the same effec-

tive interaction can reproduce bound and low-energy scattering

properties* Similar work has been performed by Manweiler [27].

To our knowledge, these are the only two examples of the

application of the Hartree-Fock approximation to the real part

of the OMP (see, however, section 3.8). It would be of great

interest to perform calculations of the scattering by the

Hartree-Fock field generated by the effective interaction of

Gogny et al. [28], which has proved quite successful in repro-

ducing bound state properties.

A poor nan's version of the Hartree-Fock approximation con-

sists in using the folding formula (3.13). Many calculations

[14] of Chi3 type have been performed, stimulated by the work

of Greenlees et al. [13]. Self-consistency is not required :

p(r') is the experimental density distribution of the target

and v_ is a semi-phenomenological interaction. The usefulness

of this approach is somewhat doubtful. While the number of fit-

ted parameters is indeed reduced as compared to the expression

(3.29), it is not clear at all that the constraints thus impo-

sed have a physical foundation. In particular, it would be

dangerous to draw conclusions on p(r) from this type of ana-

lysis, in view of the number of approximations that are invol-

ved. For instance, any "derivation" of an effective interaction

leads to a non-local, energy-dependent and density-dependent

effective interaction. These complications are usually omitted.

A non-local v̂  would lead to the following non-local Hartree

(not Hartree-Fock !) approximation :

p(ro) v(r-ro,r'-ro) (3.43)

has been foundThe effect of a density-dependence of

significant by various authors [29-31].

Exchange corrections (see Eq. (3.15)) to the Hartree field

have been estimated, usually on the basis of the expression

(3.16) for the density matrix [28,32,33] : they appear able to

reproduce approximately the observed energy-dependence of the

empirical local equivalent OMP, but this may be accidental in

view of the approxinations that are involved (neglect of the

true energy-dependence, of the non-locality of the effective

interaction, of higher order corrections, . . . ) .

We mentioned at the beginning of section 2.2 that the OMP

is the natural extrapolation to positive energy of the shell-

model potential for bound single-particle states* This is illus-

trated by the recent work by Giannini and Ricco [34]. These

authors fit observed single-particle energies, density distri-

butions and elastic scattering cross sections,for nuclei with

N - Z j 20 , with a non-local OMP whose real part has the

Perey-Buck form, Eqs. (3.22) and (3.33). The depth of the local

equivalent potential is shown in Fig. 4, in the energy range

minus 60 MeV < E < plus 130 MeV : we see that it is remar-

kably smooth. The scattering near E - - 10 MeV is probably

due to polarization and rearrangement effects, which are not

contained in the Hartree-Fock approximation and are

more pronounced in finite nuclei [35-37] than in nuclear

matter [4,38]. Similar work has been none by Manweiler [27],

3.S. Second order corrections to the real part

At the end of the preceding section, we alluded to higher

corrections. The second order corrections to the Hartree-Fock

field in 160 have recently been studied by Bassichis et al.

[39], who improved an earlier work by MacKellar et al. [40].

These authors fully include antisymmetrization; they use

Tsbakin's nucleon-uucleon interaction, and calculate the Hartree- '"'
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Focfc field and its second order corrections in the case of 1SO

It turns ouc that the second order corrections to Che real part

almost cancel at low energy. The comparison between the theore-

tical elastic scattering phase shift and the experimental one

(n + 16O below 5 MeV) is poor. This is expected because low

energy scattering by light nuclei is very sensitive to details

of nuclear structure.

Most other authors have calculated part of the second

order contribution without computing the first order Hartree-

Fock field. They were particularly interested in the imaginary

part of these terms (see, however, Ref. [41]), and we therefore

discuss them in the next section.

3.9. Second order contributions to the imaginary part

The main interest of the second order contributions is

that they yield the leading term of the perturbation expansion

of the imaginary part of the OMP. We saw in section 3.4 that

there exist two main types of second order contributions.

The first one corresponds to the feeding of compound nu-

clear states (Eq. (3.18)). The structure of the latter is very

hard to guess. Most of the available calculations (see, how-

ever, [42]) assume that they consist of a particle state (wave

function u , in Eq. (3.18)) coupled to a vibrational excited

state 4 . . The density of these states is rather low, and the

averaging procedure is unable to yield a smooth OMP. Thus,

the imaginary parts calculated in the cases of 58Ni [43,44]

and of 2a8Pb [45-47] are highly non-local and strongly energy-

dependent .

The second type of contribution corresponds to the feeding

of open inelastic channels (see Eq. (3.19)). Vinh Mau and

Bouyssy [48] studied the imaginary part of this contribution

in the case of t*°Ca . They describe the excited states •c,

in the framework of the random phase approximation! and treat

antisymmetrization very carefully. They use a zero-range effec-

tive interaction fitted to the low-lying collective states of
t*°Ca . Figure 5 shows that the main contribution to the calcu-

lated local equivalent imaginary part arises from the excited

target states with odd parity. The main drawback of this work

probably lies in the use of plane waves for the functions

uEc, (Eq. (3.19)). It is found that most of the flux goes to

collective excited states.

The latter observation is expected on physical grounds,

and led Satchler and collaborators [49,50] to evaluate the

matrix elements V , (Eq. (3.6)) in the framework of the

deformed potential model. These authors take into account the

distortion of the wave function u_ , (Eq. (3.19)) by a real

[49] or complex [50] potential v
cici • T n e effect of this dis-

tortion, which had been neglected in Ref. [48], is found to be

significant. A real and local Woods-Saxon potential well simu-

lates the first order contribution. In the case of 208Pb and

of 30 MeV protons, the couplings to 24 open channels (inclu-

ding deuteron channels) yield about 90 per cent of the measured

absorption cross section, but only about one-haIf of the empi-

rical absorptive component of the OMP. It was not found possi-

ble to construct a local OMP which would give the same cross

sections as the calculated non-local potential. This probably

reflects the fact that the separable form (3.22) does not ap-

ply here. The authors conclude that the equivalent "local" OMP

should at least depend on angular momentum. The second order

contribution to the real part of the OMP turns out to be posi-

tive, but this may be related to the approximations involved

in the calculation.

3,10. Discussion

The main problem encountered by nuclear reaction theory

in evaluating the OMP is that it involves an effective interac-

tion, which is by necessity at best a semi-phenomenological

quantity. In order to obtain meaningful theoretical constraints,

it appears most desirable to adopt a parameter-free effective

interaction, which has for instance been fitted to the proper-

ties of the ground and of the low excited states of the target

nucleus or of neighbouring nuclei.

Besides this drawback, the nuclear reaction approach pre-

sents two advantages over the global one to be described in

J



section 4. Indeed, it enables one to investigate the contribu-

tion of individual open channels to the absorptive part of the

OMP, and to include the collectivity effects.

4. NUCLEAR MATTER APPROACH

clean that had been created at time t • 0 and at point r .

Hence* it contains the information relevant to the optical model.

In an infinite medium, G only depends on the combination

s • [r-r'| of the spatial variables. Let us perform a Fourier

transform and call

1.I. Introduction

The observation that the volume integral per nucleon of the

OMP varies smoothly with mass number and with energy suggests

that useful information on the OMP can be derived from the study

of an infinite nuclear medium. According to the qualitative des-

crlption given in section 2.5, one should in this case calculate

the mean free path and the potential energy of a nucleon with

energy E . The relevant theoretical tools are briefly presen-

ted in section 4.2. We shall see that the investigation of nu-

clear matter also enables one to discuss some details alluded

to in the preceding sections. For instance, one can distinguish

between the contributions of the non-locality or of the true

energy dependence of the theoretical OMP to the energy depen-

dence of the empirical local OMP.

The "local density approximation" offers a simple but crude

way of constructing the OMP in a finite nucleus from the results

obtained in nuclear matter. It consists in assuming that the

value of the OMP at the distance r_ from the nuclear centre,

where the density is p , is the same as in an infinite medium

with density p .

4.2. Theoretical tools

k ~

For time t > 0 , the Green function is defined by

G(rtr';t) (4.1a)

4c is the wave function of the ground state and a , a are

creation and annihilation operators, respectively. The Gre<±n

function gives the probability amplitude of finding on top of

the initial target state at time t and at point r' , a nu-

(4.2)

the variable associated to s . The Fourier transform of G

reads

G(k,t) af(k,O)|*c> (4.1b)

it describes the propagation of a nucleon with momentum k .

For simplicity, we used the same notation to refer to a function

and to its Fourier transform (see also Eqs. (4.I 7),(4.I 8)).

According to the optical model, this nucleon should have a

rather well defined energy E(k) (see Eq. (2.33)) and the

probability amplitude G(k,t) should decrease exponentially

in time. ThusR the optical model consists in making the approxi-

mation (W < 0)

G(k,t) = - i R(k) exp(-l E(k) t/H) exp(W(k)/t) (4.3)

where R(k) is a proportionality constant that may depend on

It . By performing a Fourier transform on t , (4.3) amounts

to assuming that

G(k,E) • R(k)

E - E(k) - i W(k)
(4.4)

In the independent particle model, all nucleons move inde-

pendently of one another in a real common potential U(k)

which may be non-local, as indicated by its dependence on k .

The corresponding Green function has the following simple form

G(0)(k,E) 1
(4.5)

- U(k) 109

_ J



_l

~l
With the help of the quantity

E(k) + i W<k) - |^ k2

iUk)

(4.4) reads

G(k,E)

fi

(4.6)

(4.7)

~ V ( k )

The comparison between (4.5) and (4-7) suggests to identify

the OHP with the momentum-dependent (i.e. non-local) potential

f(k) . We see that R(k) -»• 1 when W -»• 0 , i.e. in the limit

of the independent particle model.

In order to obtain a more general definition of the OHP,

let us introduce the mass operator C(k,E) , which is by defi-

nition related to the Green function as follows

G(k,E) -

E " rz k2 - f(k,E)

(4.8)

Note that V (k,E) is complex, non-local and energy-dependent.

By Fourier transformation, we obtain

V(k.E) (4.9)

Equations (4.5) and (4.8) show chat one can identify f(k,E)

with a complex mean field, i.e. with the OHP.

These considerations can be extended to finite nuclei.

There, the mass operator reads

f(r,f'5E) . (4.10)

The corresponding Schroedinger equation is (cf Eq. (3.14))

- ~ 72 u£(r) + f V(,(r',?
1;E) uE,(r') d

3r' (4.11)

It has been proved by Bell and Squires [51] that u£(r) is

the projection of the full wave function 1f| on the target

u = (r) - (•CI
TE> • (4.12)

We recall (section 3.2) that a round bracket indicates an inte-

gration over all coordinates of the nucleons contained in the

target. The asymptotic form of »g(') for r •* » is given by

Eq. (2.2). Thus, Vc(r,r';E> contains more information than

the OMP which is only required to yield the average ujj+..(r) :

the OHP proper is given by the energy average f(r,r';E+iI)

[52]. In the case of nuclear matter, all quantities depend

smoothly on E , and no average needs to be taken.

4.3. Local equivalent potential

The identification of f(k,E) with a single - particle

field is rigourous. We must, however, keep in mind that

the shell model or the optical model is only an approximation,

i.e. that the concept of a mean field cannot lead to an exact

description of the elastic scattering process, which is obvious-

ly quite complicated : it only aims at describing averages.

The optical model is useful if approximation (4.7) is

reasonably accurate. This approximation is obtained as follows

from the exact relation (4.8). Let

E(k) - k2 + V(k,E(k))

denote the complex pole of G(k,E) . We have

G(k,E) - R(k)

(4.13)

(4.14)

E -

where R(k) is the residue

R(k)
'E-E(k)

The optical model (4.7) consists in neglecting the "rest" in

Eq. (4.15), i.e. to retain only the exponentially decaying

part of the wave packet associated with the nucleon.

Equation (4.13) expresses that the total energy is equal

to the kinetic energy plus the (complex) potential energy.It

I



relates the energy to the momentum or, equivalentlyt the momen-

tum to the energy. In other words* the equation

E . n-K* + v(k>E) (4.16)

defines E(k) or fc<E) . Equation (4.14) shows that the optical

model requires the value of the mass operator V(k,E) only

vhen the energy-momentum relation (4.16) is satisfied, i.e. the

following quantity

W(k) , (4.17)

W(E) . (4.18)

(4.19)

becomes a non-local, energy-independent potential; the quantity

V(E) is a local, energy-dependent potential.

In order to obtain a local potential from l/(k,E) , we

have in fact performed exactly the transformation expressed

by Eq. (3.24). Indeed, no dependence on £ appears in nuclear

mattet and Eq. (3.24) reads

- C(k) - V(k)

which is identical to

V(k(E),E) • V(E) - V(E)

By Fourier transformation,

U?j - H(k2)

for the value of k2 given by

(4.20a)

(4.20b)E • ^— k* + U ,

which is the energy-momentum relation (4.16).

4.4. Calculationul meth ids

There exist three main approaches to Che calculation of

the majs operator in nuclear matter.

(a) The first method consists in expanding f(k,E) in powers

of the nucleon-nucleon interaction v • This is justified only

if the latter is weak enough, i.e. in practice if it is an ef-

fective interaction. The leading term of this perturbation

expansion is the Uartree-Fock approximation. It has been dis-

cussed in section 3.3, and its expression is given by Eqs.

(3.15),(3.16) where, in the case of nuclear matter,

6 (r) - exp(i k.r) (4.21)

in Eq. (3.16), the summation over m extends over all occu-

pied states, i.e. from 0 to the Fermi momentum k? , which

is related to the density by Eq. (2.28). The Hartree-Fock ap-

proximation thus reads

f(k) I <k k|v|k k> + exchange , (4.22a)
km<kF m

or equivalently

f(r,r') • p J v(r') dr' + exchange . (4.22b)

As expected from section 3.3, this approximation yields an OHF

which is non-local (because of exchange), real and independent

of energy. Me note that the direct (Hartree) term is propor-

tional to p end is local. Let us call this term VH(r)

p I v(r') dr1

J V H(r) dr - j p dr [ v(r') dr
1

- A [ v(r') dr'

(4.23a)

(4.23b)

In the Hartree approximation, the volume integral per nucleon

of the OMP (Eq. (3.39)) iB equal to the volume integral of the

effective interaction and is indeDendent of A ; it is also

independent of energy, but the exchange term is non-local and

thun introduces an energy dependence in the local equivalent

OMP. Ill
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(b) The second computational method consist? i:\ writing down

an infinite set of equations which couple the one-, two-, ...-

body Green functions. This set is truncated in a suitable way.

The simp Zest truncation yields the Hartree-Fock approximation.

There exist three variants o£ the next-to-simple one; they

are usually called approximations A«« , A. _ , and A.. , res-

pectively [53]. The results obtained so far from this method

are not as detailed as thone derived from the Brueckner ap-

proach. For a recent list of references, see [54].

(c) In the Brueckner approach, one expands U(k,E) in terms

of a small parameter which is, roughly speaking, proportional

to the density. The leading term of this lew density expansion

is called the Brueckner-Hartree-Fock (BHF) approximation,beeaus

of its close formal analogy with the Hartree-Fock field. It is

obtained from the latter by replacing in Eqs. (4 ,22a),(4.22b)

the effective nucleon-nucleon interaction y_ by an operator

3£(r»r
f) which is non-local, energy- and density-dependent

and complex. This operator is called the "reaction matrix".

It can be calculated from the >ucleon-nucleon interaction by

solving an integral equation (the Bethe-Goldstone equation),

which essentially amounts to summing up the first and a number

of selected higher order terms of the perturbation series [4].

One interest of the 8HF approximation is that it can be used

with a realistic nucleon-nucleon interaction with a strong

repulsive core at small distance.

4.5. Real part of the optical-model potential

The results shown in the present and in the tallowing

sections have been calculated in the framework of the BHF ap-

proximation by Jeukenne, Lejeune and the author [4,25]. Let

us denote the BHF contribution by

V (k»E) . (4.24)
P

thus omitting the BHF label and writing explicitly the density

dependence. The sole input of these calculations is Reid's

Hard core nucleon-nucleon interaction [55].

We mentioned that one can consider V (k,E(k)) either as
P

a function V (k) of momentum or as a function V (E) of the
P P

energy (Eqs. (4.17},(4.18)}. The function V (k) is a non-

local potential, whose Fourier transform is (see Eq. (4.19))

Wp(s) (4.25)

for the Fermi

momentum k« * 1.35 fm (p a 0.166 nucleon/fm ) which clo-

sely corresponds to the density at the centre of a nucleus.

We see that the Perey-Buck Gaussian parametrization (3.33) is

quite well justified; the small difference be twean the dashed

and the full curves can be interpreted as a dependence of the

non-locality range 6 (= 0.9 fm) upon energy.

Most empirical forms of the OHP are local and energy-

dependent. I.e. correspond to Eq. (4.!8) :

Vp(E) Wp(E) (A.26)

In FIR. 7, ve plot versus energy the quantity V

for three values of the density, namely p 0.166 fm"3 (k

1.35 fm~l) , p » 0.090 fm"3 (kw - I.10 fm"
1) and p 0.037

fm-3 (kj, » 0.82 fa ) . These are typical of the nuclear

interior, surface and tail, respectively. Although the poten-

tial depth decreases with the density, these two quantities

are not proportional to one another : one has

p (1 - ti d = 2 in

If we compare this result with Che Hartree approximation (4.23a),

we conclude that the dependence of the "effective interaction"

on the density is close to that proposed by Myers [30]. An

algebraic form of V (E) can be found in Ref. [25].

In order to construct the OHP in a finite nucleus, f(r,E) ,

we use the local density approximation (section 4.1) which con-

sia ts in writing

l*(r,E) - 1/ . .(R) , (4.27)
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where p(r) is the experimental density distribution. In the

example of 208pb , this leads to the potential wells which are

drawn in Fig. 8 for several energies . The arrow indicates the

half-density radius (Eq. (4.31)). In Fig. 9, we compare the

theoretical (full cuives) and the empirical (dots) values of

the volume integral per nucleon and of the potential root

mean square radius, in the case of protons (see Eqs. (3.39),

(3.41)). Corrections have been made for the effects of the

Coulomb field and of neutron excess (section 4.7). Me see

that the calculated volume integral pec nucleon is in good

agreement with the data (up to 170 MeV !) tbut that the root

mean square radius is too small. The latter defect can De

corrected if one assumes that the distribution of the neutrons

extends beyond that of the protons (see short dashes), but by

a fairly large and unreasonable amount [25]. A more likely ex-

planation lies in the inaccuracy of the local density approxi-

mation, as we now explain.

For simplicity, let us consider the Hartree approximation

(4.23a). The local density approximation leads tc

VH(r,E) - p(r) f v(r') dr1 (4.28)

while the correct Hartree approximation in a finite system is

;iven by Eq. (3.13) :

Vr.E) " p(r') v(r-r') dr' (4.29)

The simplified form (4.28) is correct in two limiting cases,

namely a uniform medium (p constant : nuclear matter), or a

zero-range effective interaction. Hence, we see th^t in the

local densicy approximation one starts from an expression which

V(r,E) (t /ir)~3 f V(r\E) exp(- ir-r'-l2) dr1
' t2

(4.30)

which amounts to giving a Gaussian form factoi to the effective

interaction. The value t = 1.2. fm for the range, parameter

yields fair agreement between the theoretical and the empirical

root mean square radii; the volume integral per nucleon of V

and V are practically equal, and the good agreement obtained

in this case remains unaffected.

Similar results have been obtained for protons on the

targets 12C , 160 , 27A1 , ""Ca , 58Ni and 12°Sn [25].

The density distributions used in the calculations are taken

from Ref. [ 5 6 ] : t he d i f f u s e r t e s s i s a - 0 .S4 fm and t h e
p

half-maximum radius is equal to

Rp » (0.978 + 0.0206 A3) fm (4.31)

It turns out that the diffuseness of the OMF computed from Eq.

(4.30) is 0.62 fm , while its half-depth radius is

1.21 AJ (4.32)

The simple law (4.32) is striking in view of the fact that R
1/3is not proportional to A (see Fig. 8 of Ref. [57]).

One drawback of this procedure is that it introduces an

adjustable parameter t_ . A more satisfactory approach would

consist in constructing a finite-range effective interaction

from the nuclear matter data, and then to introduce it in the

Hartree-Fock expression. Progress in this direction has recently

been accomplished by Brieva and Rook [58], This method unfor-

tunately does not lead to analytic expressions for the OMF.

4.6. Imaginar- part of the potential

Figure 10 shows the dependence on energy of the quantity

|W CE)| , for p - 0.166 fm"3 (short dashes), 0.090 fm"

(long dashes) and 0.037 fm" (full curve), respectively.

For E < 50 MeV , the absorption is largest at the smallest

density, while the opposite is true for E > 50 MeV . This

leads to the fact that the absorptive part is surface-peaked

at low energy and takes a volume form factor for E > 50 MeV ,

as confirmed by Fig. II. 113

Tn " » » " • • The latter arises from the fact that the OMP fo
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In Fig. 12. we show the volume integral per nucleon and

the root mean square radius of the imaginary part of the OMF

(Eqs. (3.40),(3.42)), in the case of protons on 208Pb . The

agreement with empirical values is fair for •'u^ » ̂ ut t n e

calculated <Ry> is too small.

The nuclei 12C , 160 , 27A1 , 5aNi and >20Sn

have also been investigated, and the calculated J /A are

found to be too large. This might be due to the fact that these

nuclei are close to magic [59] or have important vibrational

or rotational excited states. However, it is not clear why

these effects would not show up even more strongly in the case

of 20ePb , unless we admit that this is a consequence of the

large density of states in this case; this appears doubtful.

4.7. Symmetry and Coulomb components

The depths (3.32a) and (3.32d) of the real and of the ima-

ginary parts of the OMP contain a "symmetry" component, which

is proportional to the neutron excess parameter a (Eq. (3.36)).

This component can be computed from the nuclear matter approach

by introducing a difference p - p between neutron and pro-

ton densities [57]. The calculated U. turns out to be 11.5

MeV , i.e. two times smaller than the empirical value (3.32b).

On the other hand, the calculated half-depth radius is larger

(rD,
1.31 fm) for this symmetry component than that (rB

1.17 fm) assumed in the empirical analyses. As a consequence,

the calculated volume integral per nucleon of the symmetry

potential is in good agreement with experimental evidence. This

is shown in Fig. 13, where calculated values of Jv/A (crosses

in the case of 11 MeV neutrons are compared with empirical

ones (full and open dots; full straight line).

We note that many phenomenological analyses of neutron

scattering data yield values for Uj which are typically

about 13 MeV [60], i.e. smaller than the value 24 MeV (Eq.

(3.32b)) given by Becchetti and Greenlees [21], and also smal-

ler than the value (* 24 MeV) derived from proton scattering

data [21], It has been suggested that the latter discrepancy

may reflect an underestimate of the Coulomb correction [57],

The latter arises from the fact that the OMP for protons

with energy E is given by

V(r,E - Vc(r) (4.33)

where v
c(r) is the value of the Coulomb potential at distance

r from the nuclear centre. Expanding (4.33), we find

Vc(r)

- Vc(r) ~ V(r,E)

- 1) V (4.34)

where m"(r) is the effective mass (Eq. (3.34)) at location

i.e. at the density p(r) . The density dependence of m!! is

impossible to determine empirically. The calculation carried

out in Ref. [57] leads to a Coulomb correction

&c - Vc (I - ™̂ -) (4.35)

vtiooe volume integral is larger than the assumed empirical

value. The latter is obtained by adding the estimate

0.4 Z A (4.36)

to the depth of the OMF [21].

Very little theoretical work has been accomplished concer-

ning the spin-orbit component at low energy. It would be of

interest* in particular, to compute its imaginary strength

V , and to see whether it contains a significant dependence

on the asymmetry parameter a or on energy.

There should exist other components of the OMF that depend
•>

on the target spin I . The simplest is the spin-spin component
•+• -*•

I . o > which has been evaluated by Dabrowski and Haensel [61]
in the case of nuclear matter. The application of their result

to finite nuclei is rather delicate.

In the preceding and in the present section, ws compared

calculated and empirical OMP, and concluded to fair agreement.

Ibis is confirmed by recent work by Hodgson 124] and by Kailas

and Gupta [62]. A more detailed discussion requires the compa-

rison between experimental and theoretical cross sections. This

is discussed in the next section.

J



4.8. Elastic scattering cross sections

Lejeune and Hodgson [63] have recently computed the elastic

differential cross sections for the OMF obtained from the nu-

clear matter approach (Eq. (4.30)), in the case of 10-70 MeV

protons on

l l 6

7A1 t°Ca , 9Ni 68Zn , 90Zr

Sn , z08?b , as wall as of 1-15 MeV neutrons on 12C ,
Z7A1 , "Oca , 58Ni , ll6Sn . 208Pb and 2°9Bi . They

found that the agreement with the experimental data is not

very good (full curves in Fijj. 14) but becomes quite satis-

factory (dashed curves) if one multiplies the calculated

depths by correction factors. Let us call these C_ and Cy

for the real and the imaginary parts, respectively. It turns

out that C,, = 1.1 and

1 .0
"V
and

CH » 0.85 for 60 MeV protons;

C * 0.8 for 30 MeV protons. In the case of

1-15 MeV neutrons, C» remains close to unity : it varies

between 0.96 (209Bi) and 1.03 (I2C) . In contrast, Cw

ranges from 0.38 (ll0Ca) to 0.97 (27A1) . In general, the

calculated imaginary part is thus significantly too large, et-

pecially at low energy. We mentioned in section 4.6 that this

might be due to the fact that most of the studied nuclei have

a closed shell [59] or are strongly deformed, but it is also

likely that the local density approximation is a poor one in

the case of the imaginary part.

5. CONCLUSIONS

We hope that the reader has been convinced that signifi-

cant progress has recently been achieved in the physical under-

standing of the optical model and in the calculation of the

optical-model potential. One must of course remain aware that

theoretical considerations are only able to yield rather inac-

curate cross sections.We believe that their main interest con-

sists in providing information on properties that are very

difficult to reach experimentally, for instance the non-loca-

lity of the OMF, its symmetry component, the Coulomb correc-

tion, the density and the energy dependence of the effective

mass, etc.
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FIGURE CAPTIONS

Fig. I. Part (a) represents the entrance channel configuration

uc + .In (b) and (c), we show configuratious that can be

reached from (a) by a collision with one of the target nuc-

leons : configuration (b) is bound and given by u , • , ;

configuration (c) is unbound and of the t?pe uEc'

FIR. 2. Schematic representation of the propagation from A to

D of a wave packet through an infinite medium. It* amplitude

gives the probability of finding a nucleon with momentum k

on top of the target ground state. It decreases because on its

way the propagating nucleon excites one particle-one hole,

two particle-two hole, ... target configurations.

Fig. 3. Comparison between empirical (dots and full straight

lines) volume integrals per nucleon and theoretical (dashes)

values calculated by Dover and Giai from the Hartree-Fock

approximation with a Skyrme interaction; T is the proton

kinetic energy (from Ref. [64]).

Fig. 4. The full dots (protons) and the crosses (neutrons) re-

present the depth of the potential that reproduces single-pir-

ticle properties of bound and unbound orbitals, for nuclei

with N - Z and A £ 40 . The full curve is drawn through

these points (from Ref. [34]).

I J



r
Fig. 5• Contributions of the odd parity states and of all

states to the local equivalent of the imaginary part of the

OHP calculated by Vinh Hau and Bouyssy (from Ref. [48]).

Pig, 6. Comparison with a Gaussian (full curve) of the calcu-

lated (dashes) dependence upon s • fr-r'| of the real part

of the OMP, for 1.35 frn-1 (from Ref. [ 4 ] ) .

K7 . Depende rgy of the modulus of the real pare

of the OHP, for the Fermi momenta V

fm , respectively (from Kef. [6]),

1.35 1.10 and 0.82

Fig. 6. Real part of the OMP in 208Pb , for the energies

I , 50 , 100 and 200 MeV , respectively (from Ref. [6]).

Fig. 13. Plot versus the asymmetry parameter (H-Z)/A of the

volume integral per nucleon. The open and the full dots repre-

sent empirical values for 11 MeV neutrons [65], the crosses

are the corresponding calculated values; the full line is a

fit to empirical values for 8 MeV neutrons [60] (from Ref.

[25]).

Fig. 14. Comparison between experimental neutron differential

cross sections on 120Sn , 2OaPb and 209Bi with the values cal-

culated from the theoretical OMP without renormalization correc-

tions (full curves) and with the following renormalization cor-

rections i&sshei, see section 4.8)

(120Sn at 11 MeV) ; Cy - 0.98 , Cw

and Cv 0.96

C_ • 0.97 , C • 0.87

y w 0.68 (z08Pb at 14.5 MeV)

0.72 (209Bi at 11 MeV) (from Ref. [63]).

Fig. 9. Comparison between calculated and empirical (dots)

values of Jy/A and <R 2>'" (Eqs. (3.39), (3.41)), in the
208ccase of protons on zoePb . The full curves correspond to the

local density approximation, the short dashes to the assump-

tion that there exists a neutron-rich skin and the long

dashes to the expression (4.30); these coincide with the full

curve in the case of J../A (from Ref. [35]).

Fig. 10. Dependence on energy of the modulus of the imaginary

part of the OMP, for the Fermi momenta fc? - 1.35 , 1.10

and 0.82 fm"1 , respectively (from Ref. [6]).

Fig. 11. Imaginary part of the OMP in 2"8Pb f £or the energies

E - I , 25 , 50 and 100 MeV , respectively (from Ref. [6]).

Fig. 12. Comparison between calculated and empirical (dots)

values of Jw/A and of <R 2>" 2 (Eqs . (3 .40) , (3 .42)) , in the

case of protons on 20E>Fb a The conventions are the same as in

Fig. 9. The dash-dotted curve represents a Coulomb correction

(see section 4.7) (from Ref. [25]).
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MATRIX METHODS IN THE OPTICAL MODEL
Spherical nuclei

J. SALVY
Service de physique nucleaire,
CEA, Centre d'etudes de Bruyeres-le-Chatel,
Montrouge, France

The calculable R matrix theory developed by Lane and Robson by using
the Bloch boundary condition operator cC is shown to be useful in the frame
of practical aspects of the optical model. We first recall the general
formalism. We then apply it to spherical nuclei and develop practical
methods for constructing all the elements of the matrices which are to be
inverted. A non local nuclear potential of the folding type is examined
as a possible alternative or improvement of the conventiona."i. phenomenclo-
gical Woods-Saxon potential. From a more fundamental point of view,
matrix methods are also shown to be adapted to the treatment of Hartree-
Fock type real parts. Finally the applicability of such matrix methods for
practical evaluation purposes is illustrated with some simple examples.
Other possible developments are suggested.

1. INTRODUCTION

Conventional optical model codes generally use numerical integration
methods to solve the Schrodinger equation describing the scattering of a
nucleon from a complex potential. In this way very general potential shapes
can in principle be treated. However, from a practical viewpoint, such
methods encounter for example particular difficulties in directly dealing
with non local potentials. The subterfuge of an approximate equivalent
local potential has been useful in the frame of global and phenomenological
cross section analyses, but it introduces extra energy-dependences in the
parametrology and its use is not always suitable. The presence of non loca-
lity in the numerical integration methods leads to solve iitegro-differen-
tial equations [l] by generally using iteration procedures with storage
at each step of numerical wave functions to generate approximate expres-
sions for the non local term. Besides, large part of the calculation is
usually performed again when any parameter or the neutron energy changes.
In view of evaluation purposes, coherent and accurate enough calculations
of various neutron cross sections for a given target over a wide energy
range generally involve at first a specific optimization of optical para-
meters [2] . Thus computer time problems arise. It may also be desirable to
try and limit the number of free parameters or understand physical aspects
of the model by using potentials, generally non local, suggested by micros-
copic studies of nuclear structure. In these lectures we intend to point
out some possible advantages brought up by matrix methods, instead of nume-
rical ones, for treating generalized neutron optical potentials. After

2. SUMMARY OF THE FORMALISM

The method to be employed is based on the so-called generalized or
extended R-matrix theory. Following an initial work by Tobocman and
Kagarajan [5] this theory has further been developed "by Lane and Robson [6]
by using the boundary operator method of Bloch [7] which allows to include
different nuclear reaction theories into the same framework.

As usual in R-matrix methods, the configuration space of the global
system is assumed to be divided into internal and external regions by a
certain finite domain D. The systems of interest here are described by a
total Hamiltonian H which commutes with the total angular moment'iin J, the
third component of the total angular momentum M and the parity - . All the
physical quantities to be calculated depend only on collision matrix
elements obtained for each (JTT) set separately. Hence, even though these
labels are omitted, the following considerations hold for a given (JMn)
set. The total wave-function ¥, that is "?JMT, to be found for the total
center of mass energy E is solution of the Schrodinger equation :

(H - E) * = (1)

subject to appropriate boundary conditions. Given a set of practical basis
functions {*i), it is assumed that ¥ can be expanded with sufficient ac-
curacy over a finite set of them (i = 1,2,...,NMAX) within and at the
boundary D. From a practical viewpoint, the so-called "calculable" R-matrix
theory [6] introduces as &i energy independent functions which do not need
also to be orthogonal within D. So, convenient such functions can be chosen
to be those used for nuclear structure calculations and orthogonal over
all space. In practice it must also be possible to impose the appropriate
boundary conditions for ¥ at the surface of D. These surfaces are defined
by a set of channel radii, aci, associated to channel or surface functions
4>c 1 in the sense of Lane and Thomas [8] . For the elastic and inelastic
neutron processes considered here, these surface functions have the struc-
ture fci % 0tn 3(j , Y

 c'(r)} (2) where 3fn are the internal wave functions
of different excixation states of the target, y.\ , the spin wave function
of the incident or scattered neutron, and Y^(r) is a spherical harmonic.
The braces in (2) symbolize the chosen angular momentum coupling which is
required to complete the description of $c». The indices c, instead of c',
will be preferentially used to specify only entrance channels
$c ^ {y,\ X1/2 Y (r)}. The functions $ci are chosen to be orthogonal with
respect to integrations over the intrinsic coordinates and relative angles :

= 5c!c" (2)
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As usual the channel radii have to be chosen so that beyond them there are
negligible nuclear interactions between the neutron and the target nucleus.
So, in the regions external to D, the wave function Yc associated to an
entrance channel c has the asymptotic form :

scc'°c'»c') (3)

where I c and 0c are unit-flux ingoing and outgoing radial functions, and
the coefficients Scct are related to the collision matrix elements needed
to calculate the cross sections occ'«

In the possible case when a channel c1 is closed at the energy E, the
corresponding function rOc becomes essentially a decaying exponential at
large distance.

Following Lane and Robson [6], the Schrodinger equation (l) satisfied
by ¥ within and at the surface of D is conveniently modified as :

(H - E) w

Although the functions *i are actually rather arbitrary, given the
channel radii rc», they must in practice be chosen so that the representa-
tion (7) ensures a sufficient convergence of the results with a relatively
small number NMAX of them. In view of practical applications, it is impor-
tant to notice, as indicated in (8), that the use of a R-matrix theory
implies that the integrations involved in the matrix elements A^j and in
the operator <*jj in (7) have to be performed over the full range of the
angular and internal coordinates but over the radial variable r only up to
r = act + e (e -•• o). In this manner the delta functions in •£ (b) are in-
cluded within the integration domain.

Substituting (7) in (6) gives the approximate expansion of ¥ within

NMAX
S (b) ] ¥ (9)

Using (3) and (5), the matrix element of i£(b) in (9) can be expressed as e
sum over the channels c', for which, specializing to scattering processes,
we shall choose for convenience the same values mct = m and aci = P = EMAX :

The Bloch [7] operator «C (b) is defined as :

c' 2mcia' drci
(5)

re the constants bct have to be chosen later. In (5) mc, is the reduced
mass in channel c' and the round bracket | if>c 1) C or ($c 11) means that the
relative coordinate r i s not concerned. The introduction of the operator
Jj (b) into equation (U) allows to get more easily f as an expansion over
the interior basis states |*i> (the angular brackets here are used to denote
functions defined only within and at the boundary of D). By formally opera-
ting on equation (U) from the left with the operator [H + «?(b) - E ] - 1 ,
41 turns out to be expressed in terms of i t s asymptotic value (3) to be
taken at r = ac1 because of the delta "functions" in (5) •

0 > 0 ' O c . ) ] r

(10)

where the prime means derivative with respect to r.

The unknown elements Scci can be calculated from a system of linear
equations obtained by projecting onto the surface functions 4>c' *be
continuity condition of ¥ at the boundary of D. From (3) and (9), (10), for
given c' :

S C , C '°=']R =
NMAX

[H - E]" (6)

A variational form of * [6,7] is obtained by representing within D
he operator [H + c(5(t>) - E]~l in terms of the basis functions »^ as :

NMAX
[H + *3?(b) - E ] " x s t | * J > A?! < » . |

In (7) A is the inverse of the matrix A whose elemerts are :

that is, using (10)

''6c,c" + Scc"

c («
 + scc» °c

(12)

where it is a channel matrix with the elements :

-E
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The number of equations (12) i s equal to the number of open and closed
channels being considered. They contain the same dynamical information as
the conventional coupled channel equations but they appear to be much easier
to deal with. The converged solutions of (12) with respect to the choices
of R ana NMAX should be identical to the converged solutions of the equiva-
lent generally integro-differential coupled equations. After having solved
(12) for the elements Soc>, the substitution of (10) into (9) gives the
wave function V (that i s each yJMn) in the convenient form of an expansion
over a limited number of the basis functions * i . However th i s representa-
t ion , even after convergence, holds only for r 4 B. Following the above
formulas, i t appears that an obvious choice for 4^ i s to express them in
terms of channel s ta tes <j>ci :

*n,c' (n = 1 ,S,.. ,NMAX0,

£ NMAX. = NMAX

where a set of suitable radial functions * n , c ' ( r ' has t 0 b e chosen for
each channel c ' .

In the following, the above general formalism will f i r s t be applied
to the simple case of the elast ic scattering of neutrons from spherical
nuclei with an optical model Hamiltonian H = T + U, , where T i s the kine-
t i c operator and U. the complex, possibly non loca l , optical potential . We
shall assume as usual that XL contains no terms depending on the spin of
the target nucleus. So, choosing b o i * b0 = o and sett ing c« a = ( i j ) where
1 and j = £ ± | are the orbi tal and to t a l angular momentum associated to
the re la t ive motion neutron-nucleus, the following simplified relations will
be vsed.

<a|T +U - E|C>

•fc2 d
Z | o ) — - S(r-R) — r (a|

=U, j ) 2mR dr

(8M

(51)

t ion .*
Setting fta = & a (H,E), the elements SQ are calculated from the re la -

6la[(rlt)' + S a (121)

For such a matrix method to be practical from a computational point of
view, the following objectives must be achieved :

a) carrying out easy procedures to calculate a l l the matrix elements
needed in (81) and especially for every term of a r ea l i s t i c enough nuclear
potential t l ,

b) obtaining a quick enough convergence of the physical quantities of
interest as a function of increasing values of the order NMAX of the
matrix A.

The following chapters are intended to give preliminary answers to
these practical constraints.

3. CHOICE OP BASIS RUCTIONS

The Hartree-Fock methods which carry out matrix diagonalisations to
determine the best average f ield undergone by a bound nucleon inside a
nucleus make currently use of the so-called harmonic osci l la tor functions
as basis s ta tes . I t i s known thot these functions are indeed good f i r s t
approximations to describe bound s ta te wave functions in actual nuclei .
Moreover, due to their remarkable property es , they lend themselves to un-
expected easy construction of two-body matrix elements even in presence
of a f in i t e range two-body interaction [9] . One of the purposes of these
lectures i s to show how much useful are these basis s ta tes i ) to construct
a l l the matrix elements needed in matrix procedures of optical model, and
i i ) to describe the corresponding continuum wave functions within the
sphere (0BR) as a l inear combination of a very limited number of them.

Leaving aside for the moment any spin consideration, the spherical
harmonic osci l la tor functions are the normalized eigen-functions of the
single par t ic le Hamiltonian

Setting :

(rjE>£ $-2- 4>AT).
2m

, - 1 (15)

(16)

They can be written as :

where 4j, is the one-column matrix consisting of the NsNMAX independent
radial basis functions *nfc(n ~ 1*2,— ,N) chosen to calculate the matrix A
(8*), the "o"-projected radial wave functions Va are connected to their
asymptotic form [ i j + Sa OjJ in the expansion over the functions * n j(r) : (na = 1 , 2 . . . i «a = 0,1, . . . )

(17)

fo(r) (r < R) ( 9 1 ) where N(na Ha, S) i s the normalization factor :
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(18)
(orthogonality relation) (26)
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and $ a (r) the "reduced" radial function :

•a(r) = r'a- ,"
na-l'

(19)

Writing (IT) as *na2aW' ^ ^ (?), t n e complete radial function
*naaa(r)= -i- <J>n 3. (r) is depending on the oscillator parameter 8 which will
have to be conveniently chosen.
According to the relation :

hosc •naiaina( ') = ^2(na " l j * "a + "fl *"» *naJ.ama<?' (20)

<Jia, for example, is solution of the second order differential equation :

= " eaTa (21)

where

2B(2na + 4 a - i) (22)

The presence of Laguerre polynomials in the above radial functions
allows one to use remarkable properties such as the following ones :

n l£(z) = (2n + a - 1 - z) L ^ U ) - (n + a - 1) L°_2(z)

l£(z) = 1 , LJ(Z) = 1 + a - z (23) .

dLg(z)
z = n L°(a) - (n + c)La (z)

dz n n- 1

(21*)

(25)

When n a is increasing, the functions <!•_ jia(r) are readily calculated
by recurrence using (23). The following useful relations can be deduced
from (23) and (25) (with { = | | ) :

+ ( 2 na

a-i ,ta

i (27)
2

(28)

ll. CONSTRUCTION OF SOME MATRIX ELEMENTS

We suppose here that the potentials are spherical. So, no couplings
exist between two different angular momenta £ and all the matrix elements
needed in (8') are of the form <na)l|0'|nt,H>.

1 - Case 0 = f(r)

At first, let us give a general recurrence procedure to construct
matrix elements of the form <naH|f(r) |no£> (na,nc = 1 to NMAX) , where
f(r) represents for example any local spherical potential.

Given Jl and leaving aside normalization factors, we have to calculate

R _. ~
<na|f(r)|n0> dr (n0 i- na) (29)

Two different expressions of <na|Br2f(r)|e> can be obtained by using
(23) to express either Br2^ or Br2$a. Their equality leads to the relation

(30)

na < na+l|f|nc> • -(na+H-|-)<na-l|f|nc> + (no+i-|)<na | f |nc-l

- 2<nc"'?a ) < nal f lnc> + nc< nal f lnc+ 1 >

As can be seen (30) defines a "parachute" recurrence from (2NMAX-1)
matrix elements "belonging only to the first row and to be separately cal-
culated. For I ?* o these first rov matrix elements can be deduced from
their 2NMAX in number homologous in the matrix associated to (JL - l) owing
to the general relation :

i



8(<na,4|r|nB,4> - <na,i

(31)

i-l| f |nc ,*-!

This recurrence for obtaining "£" elements from "Jl - 1" elements can
be easily deduced from properties (23) and (2i+) of Laguerre polynomials.
Finally, i f use is made of (30) and (31) to construct the elements of
Umax + *) different matrices associated to f(r) , a separate calculation
of (2NMAX + Ĵ niax '" 1) integrals (27) is needed for I - o, na = 1 and
nc - 1 to (2NMAX + £max ~ 1)- If numerical integrations are necessary a
single set of r-values within the range [O,R] can be advantageously
employed, for example in a Gauss-Legendre integration procedure. Examples
of such calculations will be given later.

2 - Case &-_ E
Let

obtained

tion 1j>£ is solution of :

(32)

and (31) are of interest.

3 - Case &= T

The matrix elements <aJT|c> needed in (8 1), i.e associated to the
complete "basis funcxions (17) ana to the limited integration range [ O , R ] ,
are easily deduced from the relation :

+ [(nc-l)(nc+JL-|jj2|nc-l>

• [nc(n0+*4)]2lnc-KL>}

(36)

In fact, multiplying (36) from the left by <a| and integrating from o to
R, <a|lfc>^ is obtained in terms of the elements Ina,nc previously deter-
mined :

^[(nc-lHnc+l-g)] Ina,nc-1

t-[nc(nc+t+|)] Ina,nc+1}
(37)

Subtracting (3^] multiplied from the left by "^a and
(20) multiplied from the left by ij)c, and then integrating from o to R
gives :

(33)

Denoting by Ina,nc the corresponding matrix elements needed in (81)
which involve the complete radial functions (17), (33) and (22) lead '-u
the result :

^a.nc i l i ^ l ^ ' na' ^-'

whera $ and $ are generated from (27) and (28).
For na = nc = 1, the first diagonal element car. be determined as :

I, ,=62 —̂ — /R(6r £)V 6 r 2r 2dr-- i— vU+I,8R2) (35)
" r(w|)° r(i+|)

In order to determine the other diagonal elements parachute recurrences (30)

The leading relation (36) is a consequence of (20), i.e :

<a|hosc |c >= <a|T|c> + <a|gWi>2r2|c> = 6a c(2nc+£-j)!iu (38)

where, using (23) to express* Br2.L^a_( and then (26), the matrix of ^uoi2r2 is
easily found to be tridiago.*al with the elements :

for na=nc=n

for the two cases

nc=na-l=n and nn=n

(39)

li - Case g = a:

According to the definition (5) of " :
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~\\ r
<na|<£(b)|nc> =*

R+e
dr

Co)

Once more relations (27) and (28) are of interest in order to conveniently
generate these "•£ " matrices.

5. MATRIX ELEMENTS OF A PHENOMENOLOGICAL NON LOCAL NUCLEAR POTENTIAL OF
THE FOLDING TYPE

5.1. Real central term

Our main purpose here will be to define realistic enough phenomenolo-
gical potentials that lend themselves to practical calculations of matrix
elements. As an illustration of such a possibility, let us consider at
first only the real part of a local nuclear potential vritten as :

U (?) = - v V(?) (in)

where V i s the strength of this real part and the form factor V ( r ) is of
the folding type :

U

In (UU) v^ is the Gaussian function (1»3) where the diffuseness u is
replaced by the non locality range A.

For such a potential [kk) to "be treated by matrix method., it is neces-
sary to calculate its matrix elements of the form :

<a|u|c> = It 3? d?' *l{r) Il(^) (1*5)

where, i- principle, the integration domains for r and r1 are the sphere
(O.RMAX). However, because the nuclear terms have to be negligible beyond
RMAX, it has been verified that these integrations may practically be
extended up to infinity. Anyway, in order to calculate (1+5) it is convenient
to use the following (fo'.'jinsky transformation of a product of two oscilla-
tor functions :

C6)

where

(najama), b • (N,L,M), c = (noecmo),a = (nlm)

The normalized "two-body" function v will be taken to be a Gaussian
function of range u, namely : and all the oscillator functions 4 have the same parameter B.

The main property of the sum in (1*6), where the numerical coefficients
Fajc a r e n o t dependent on 6* is ita limitation by the energy conservation
condition :

12S

In the simplest case, the "density" function p(ri) in (Ua) will be chosen
to be constant, and equal to 1, only inside a sphere (0,RR) of radius RR.
Thus RR v i l l be the radius parameter of this real potential XL-

Making this choice it clearly appears that the finite range u of Ĵ,
stands for the diffuseness of \L . Indeed, for v • 0, % ia a representation
of the delta "function" S(|r-r"iJ) andHhas the same square form as p with
a discontinuity at r « Rfl. When u is increasing the diffuseness of V. around
r • RR is increasing too. So,the representation (1.1) can be considered at
least as a means to generate a potential which has geometrical characteris-
tics a.uite analogous to those of the more common Saxon-Woods potential.
Now, using the ncn localization procedure of Perey and Buck [l] , we shall
consider, instead of the local form (1.1), the generalized non local one :

(2N+L)

This condition is due to the fact that (1*5) turns out to be a relation
between eigenfunctions of the same two-oscillator Hamiltonian :

Substituting (^6) into (1*5) gives <a|U.|c> in the factorized form :



<a|tl|c> = -V z' (4)

= / dR

and

Cd(fl) = / du (u)

(50)

(51)

(52)

So, all the non locality effects are included only in the factors C^,
whereas the geometric characteristics of the potential are brought up by the
factors C^. According to the scalar form of vj and V (spherical nuclei),
these integrals imply :

L = M = H = m = o (53)

tion domain over u is taken to be limited is given in Appendix 1.

Because of the folding form (1*2) of V , CJJ(V) given by (51) involves
a six-dimensional integration. However we will show that a complet&ly ana-
lytical result may be obtained when use is made of the following separable
expansion of the Gaussian function (Mehler's expansion) :

^ Z ^ > a r 2 ) Z Y * < r > m < V

with :

a = l + mi2

(56)

(56')

(56")

(56'")

Therefore Ĉ  and Ca will also be denoted (cf W>') as respectively Cu and
Cn.

Using (17) with a = o and (U3), one obtains ;

1 , , 2u2 Bu2 I
/ e " i 2 e 2 L2

n_x( 6u2)u2du / Y° (u) du

where the last integral gives an extra factor /Sir. By putting x = Bu2 and
making use of the result :

«>-!, «es>o)

Cn(A) has the final form :

CnU) - Cn(o) (

Cn(o, - S^ _|_

( 5 5 )

and a is an arbitrary real parameter to be chosen la te r .

This separable expansion has recently "been proved very convenient, in
the framework of Hartree-Fock calculations [9] , for expressing the two
body matrix elements cf a two-body effective force with f ini te ranges of
the Gaussian type. Obviously another expansion for v£ exists which is ob-
tained by inverting r\ and r2 in (56), but the one written above will be
proved much more useful. An interesting property of such expansions
consists in concentrating the dependence on the "diffuseness" y (actually
on au^) only into one of the factors f and g, i . e . over one of the two
variables r i and rg.

In case 0 (rn) in (U2) has the spherical symmetry, only the part
S. - 0 in (56) is useful, namely :

(57)

The analytical but more complicated result obtained when the integra-

2" k-i r(k+jo ^ 1 &+V2 V l G

leading to the following infinite expansion of the form factor (1(2) :

<° V2
V ( r ) = Z 1Uk(a,G) L Corf)

k=l k ~ 1

where :

(58)

12?

If the limitation of the integration domain hns to be 1-.nltf»n i n r»nnsi —



(58')

In these coefficients •'- ^ are concentrated a l l the geometric charac-
t e r i s t i c s of the nuclear form factor.

Finally C[j(V), of (51), i s written as follows :

. ?R? V2 IS • ) - -
N(Ho,6) t TCly. fe 2 L,, A^)L. ,(—-)R2 dR / Y ! (R)OR

k=l ™~1 K 1 -
(59)

Putting u = "^p , hence R2dR = ̂ fs> u du, for l a te r convenience we
shall write (59) in the following form which defines the quantity ^jjC^')

If the limitation of the integration domain has to be taken in consi-
deration in (611), more general formulae for j u(X^) and ^ [](k

 a r e given in
Appendix 1. ( C

£5i£!JiSSi°S°IS5S£2S£Jisi™*S Fa \ c

C

Bearing in mind the condition (53) giving I = o, the relation C46) can
be written in the particular case 3 = 0, because :

oV k
with, cf (Al),

{6h)

(65)

CgCV) = c £ N (W = c 1 W k ( o , o ) QN)k (60) Noting S = V? r = ^2 r1 , multiplying (53) from the right by *t(R) and
integrating over H, F^>^ is given by :

(61)
F | o ( o )

YM

(66)

1.6V)

Taking account of the expansion :

a. n + a
Ifcdiz) = E ( m°)»n"m(l-ii)11' Ln_m(z) (62)

m=o

.d the orthogonality property (26) , it is evident that j j j ^ = o for
> N when the choice a = 6 is mads In this case the sum over k in (6k > N when the choice a = 6

is limited to k = N :
(60)

In (66) the angular integration gives :

1 1 t
dR = (-) o o -ma mc M (67)

where l = (S£ + l ) 1 / a and ( l l ls L .J i s a Wigner 3j-coefficient.

As for the radial integration, use can be made of the general result :

B

(60')

with

na+n0-2
£ a , n c i C ) U ) / x 2 (68)
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r(k)r(N+i-k)
for k ^ N

(63)
2r(na)2r(n0)2r(N)

[ — J
r(na+ia+10 r (nc+iic+^) r (H+L+|)



r
and the coefficients C are defined by the expansion (of Al-1) :

na-l

In (68) the integral can be evaluated by using the result :

(69)

(70)

( Be B > - 1 , *; s > o)

Gathering the above results and noting that *'S'(R//2)a 2 3' (
the use of (68) with B\ = 0/2 and Sg = 6 leads to the final form of
pb ,d = PNL .no .
a;c-*a,c

na+nc-2 f ^
(71)

e a c

o o)(-ma mc
 M

(73)
na+nn-2

Z rU+u-K+2)

with uc = maximum of o or (n-H-l)

and C(naJi,nc.ll,w) is defined in (69)

- Final form of the matrix element of the non'-local real central term

Taking into account the partial results (72), (60), (601) and (55),
the matrix element (50) takes the simple separable form :

<a|ll|c>=-V

where

( 1 -
[

K = na+nc+Jl-n

f(H,na>nc,a) is a "geometrical" factor given by (73), and ^fi(lJ') has the
simple expression (60') which includes the geometric characteristics of
the form factor I*" "by the intermediate of a limited number of the coef-
ficients "ftlj^BjG) given by (580. In addition to i t s convenient separable
form, the remarkable property 01 the main optical potential term (7'0
consists of the exact limitation of "the sum over n, together vith that
over k in ^JJ(!*")» cf (60). For a local potential (A = o) the same simpli-
fied expression (jh) is also useful.

[• r(n2r(na)r(nc)

i
According to the conditions (53) the only coefficients needed are of

the form F^o-no . When L = o, D2 becomes independent of na , and S,a and J£c
must be equal to a same value we shall denote (without confusion) by 2..
In this particular case, (71) reduces to :

)

where, following (!<8)

n + H = na+nc.+!i

(78)

(72')

- Determination of the coefficients Ply (B,G)

In the most general cases, the nuclear density function p(rj_) will
be given by points in a finite range of r^. A practical method for deter-
mining the corresponding i>\ k coefficients will perform a l l the necessary
incegrations (581) by using a single net of integration points. Such a
procedure has been proved helpful even when p(i"i) oan be expressed in an
analytical form, for example in the form of a finite sum of products of
essentially two harmonic oscillators as given for example from Hartree-Fock
type calculations. In these cases p(ri) is generally normalized so that
fo(r\)(&i - A, say, and the strength V in front of (1*1) has to be expressed
in units of say, MeV-fm .̂

In the simplest case when p is taken to be equal to 1 inside a sphere
of radius RR, the corresponding diffuse well ''1^(8,0) have particularly
simple forms.

a^ For k = 1, putting x = —G~ and using the definition

Y(a,x)~/ e'"tta"1dt and r (3/2) ~ Jrtf2% (58') gives the simple result :
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" 1 1 ( -
b) For k > g , the property L?(x) = i , e

leads to the final result :
easily

2'-

5.2. Spin-orbit term

In the spirit of a folding phenomenological nucleon-nucleus potential,
and in analogy with the Saxon-Woo dŝ fô rm factor, a local spin-orbit term
proportional to the scalar product S.,s9 where X is the angular momentum
of the incident nucleon and s i t s spin operator, will be chosen as :

(77)

where the "folding" form factor tyso(r) is given by (U2) with i ts appro-
priate geometry characteristics : the "diffuseness" Vso &&&•* if the sphe-
rical density function p(r) is taken to be square, a spin-orbit radius
Bso-

Using now the spin coupled harmonic oscillator basis states :

<r,o|i=aHjjz>= *i(r,o) (78)

which are eigen-states of 2i .s for the eigen-values, respectively, + I
and - (i + 1), the matrix elements of (77) are :

(79)

-» • /§ ,where only the factor % = /dR *b —g- d I
evaluated. Using the relation :

n-1

this factor cb is written as :

BRa

H(Ho,B)
k=l

k - 1 j . 2

(6R2)2a[- I W-l(^T
t=l *

remains to be

(81)

(82)

By comparison of (82) with (59), the choice a = B directly leads to
the result :

(83)

(814)

where C is the constant (6l) and :

°° Mm[k-1 ,N]
1 7 ) 1 " (B.o) 1 C

k-2 k t=l (N

with W l k given by (58'), or (75) and (7o), and the factors C „ t are the
same as used in (63). I '

The final form of (80) has the same structure as

(85,

where t is obviously the non-locality range associated to the spin-orbit
term.

When A « o, i t can he shown that there are no longer contributions in
(85) arising from k > na + nc + I - 1 in (8l»). In practical calculations,
where generally A^o and th*» coefficients ^N are separately calculated once
for a l l , it has been proved to be sufficient to take the sum over k in (8U)
up to the available maximum value W1AX = 2NMAX + ilMAX - 1.
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A procedure to construct a non-local spin orbit term from tin local
form (77) is quite analogous to that described before for the re-J. term,
but with an appropriate A sE As0 non-locality range.

Following (50) and (77), i ts matrix elements will have the similar
factorized form :

V
b,d

(80)

5.3. Absorptive terms

Several kinds of imaginary absorptive terms of a folding optical poten-
t i a l can be constructed,

5.3.1. Volume absorptive term
Such a term is simply given by (Ul) where the re&l strength Vp is

replaced by the purely imaginary strength iW\% Following (7*0, i t s matrix
elements are :

J



1 1 I -
<a|Uv|=>=-iwT [X__] (86)

°,(<.,G

"0 2

(91)

whers the parameters A, u and R can be chosen to be different
from those associated to the real term (namely AR,pR,RR).

5.3.2. Gaussian_absorj>tive_term

I t i s defined as :

VUr) = - iwn e-(r-R)2/a2

(87)

where Wg is the strength parameter, and R and a (actually RQ and a^) are
respectively radius and diffuseness parameters.

The matrix elements of this term can be constructed by using a sepa-
rable expansion of the Gaussian function in (87) analogous to (56) but for
one dimension :

n ' - l
= ( - ) a ' / 2 . •§•'! for n1 even and {-)T~. ^ ! for n' odd)

L2 t"*2-'-^ K >
2 2

(n.even)

(n'odd)

(92)

Thus a Perey-Buck non-localization procedure leads to the following
structure of the corresponding matrix elements (compare to (7U)) :

(9?)

I
n'=o 2 n n1! Gn '
(G = 1 + aa2)

vhere Hnt is an Hermite polynomial and a an arbitrary real constant. For
later convenience we shall make use of the following relations between
these functions and the Laguerre polynomials :

where A 5 AQ is the corresponding non-locality range. Following (60) and

(61-) with u = ^ ,

(910

with :

n'-l

(-) t 3^ 1)! 2n'

(n' even)

(n1 odd)

(89)

(95)

Two cases have to be examined for calculating this last integral :

a) n'even - Comparison of (95) with (6l ' ) in this case leads to the

Substituting into (87), the form factor of the absorptive term can be
written in a manner similar to (58) :

WG(r)/-iWG - Z (90)

(96)

Besides, the choice o * B implies '-I j,>ni - o for n' > 2 N

b) n'odd - In this case, (92) gives, with a • S :

where only the coefficients W t
G
n ' contain the geometry parameters :

-;.V'-'"j a"
(97)
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Following (97), the integrals

N,k
/ x e "• LN_1(2x)L~2(x) dx (98)

Applying the following relation (cf (23)) :

- n Ln U)

I^if(first to 2x.I^_^(2x) and then to x.I^if(x) in (98), leads respectively to
the results :

lJH,k :

or -(k-l)KH)k+1 + (Sk-ljKj, k - (k-|)K

(99)

(100)

( - ^ ) Cd (A) (103)

where only the factor Ĉ  = /dR »0 d(R/»^2) r e m a^n s h e r e t o t e evaluated.

Using the relation —LJ[(Z) = - LgiJ(z), this factor CjjtdVij/dr) is :

B(Bo,B) tt.

that i s , putting u = ~ , R3dS

CN( - ) = C

dr
where C is the constant (6l), and :

( ")
dr

du

(10U)

(105)

(106)
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where the integrals 1% ̂  are defined by :

(2x) (101)

L=oAs shown in Appendix 2 these quantities KusksKu n=x =an easily be
calculated by means of simple recurrence properties. After having gene-
rated a sufficient number of K[j,k, Ju,k i s obtained from (99) for k = 2
and from (100) for k > 2.

5.3.3. Derivative absorp_tive_term

This kind of absorptive term is more commonly used. In the spirit of
a folding type optical potential, such a term, in analogy with i ts
Saxon-Woods form factor, will be taken, if local, in the form :

UD(r) - -iY (102)

where the folding form factor V j l r ) is given by (U2) with the geometry
characteristics PQ and Hp appropriate to this potential term. In (102)
the strength parameter WD is multiplied by a correction factor y in order
to make - i Wj equal, as usual, to the value of t.:is absorptive potential
at the radius Rj) (if p(r) in VD(r) is taken to be square).

If the Perey-Buek non-localization procedure is chosen to construct a
more general non-local absorptive potential from (102) and (Uli) with the
appropriate non-locality range A (Asip), the corresponding matrix elements
have the factorized form (cf (50)) :

Making the choice a = ts, the integral
i j

in (106) is identical to theMaking the choice a ts, the integral IJJ ̂  in (106) is identical to the
integral ijj " ° ^ , a practical calculation of which is described in
Appendix g. 'Finally, the matrix element (103) takes the final form simil

d r
(107)

(108)

(a=B)

In practical calculations, it has been found very sufficient to take
the sum over k in (108) up to the available maximum value of k necessary
for calculating the matrix elements (7^) of the real term, namely
kMAX = 2HMAX + iMAX - 1.

An estimation of the correction factor y can be made in the local case
A = o.

For a square density p of radius R the "Gaussian" folding integral
(!42) has the analytical result :
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erf(^) + erf(^)

(109)

Finally, adopting (ill) and (112) the model parameters are the fol-
loving ones :

_ e-(R-r)
2/y2-] 3 strengths : vR, Wp, Vs0

3 diffuseness parameters : MR, UD, •'so

3 "reduced" radii : TR (or r ) , r j , r s o ,
(113)

where erf(x) is the "error" function :

erf(x) =Ar
KIT

which a l l have their analogues in the local Saxon-Woods type potentials.
Nevertheless, t t t present formulation allows one to add, without extra
computational difficulty, the corresponding and possibly different non-
locality range parameters :

Consequently, from direct differentiation :

" " I 2R2dr 'r=R 2R2
(110)

This value of y has been adopted even for A f o . In case when the
density function p is not square, an equivalent radius, to be specified,
can be introduced in (110), but the choice y =-1 is always possible if
comparisons with more conventions! potentials are out of interest.

(113')

Remarks

1- Let J-y.be the volume integral SyySf TAr) .Uin^dr of the spherical
distribution Vir). Taking account of i t s folding form (1(2), one obtains :

5.H. Total pheflomenological folding potential

Gathering the above partial terms and leaving aside some of them
judged to be non-important in the scattering of low energy neutrons, a
common total phenomenological folding potential will be written, with
evident notations, as

(lilt)

U(r) + 2 *

If the density function p(r) is normalized to the number of nucleons,
that is Jp = A, the strength -V in (Ul) is nothing but the volume integral
of the potential. l i ( r ) per nucleon (generally in units of MeV-fm3).

• 7jTiR3 (ease of a square density), the potential strength VIf J

(111)
which gives the same volume integral as a Woods-Saxon potential of
strength Vws, diffuseness a and same radius R is equal to :

The successive terms describe respectively the real central (R), surface
derivative imaginary (D) and the real spin-orbit (so) potentials. The matrix
elements of all these terms have been shown to have the same structure :
they are given respectively by the formulas (7M, (107) and (85) where,
apart from the corresponding strength factors, only the factors 4 N are
different and given respectively in (60') and (63), (108) and (81().
These quantities contain the corresponding geometry parameters only by
means of the coefficients )tl ̂ given generally by (581) and which reduce
to the very simple forms (75) and (76) when constant densities p are
limited by corresponding radii R. In this case such radii can be general-
ly expressed as a function of the mass number A by the common relation

(115)

Let <r̂ >v be the mean square radius <r^^.^ -r^ fx^ls'(r)k'nr^Ar of the
distribution t*tr). Following the folding form {%2) of iu :

<r2> = <r2> + <r2> (116)

n A (i = R,D,so) (112)
(116-)
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This last quantity is to be compared to the corresponding value of the
Woods-Saxon form factor :

(117)

2- In the case of the proton-nucleus sca t t e r ing , a Coulomb potent ia l
*C should be added to the nuclear potent ia l (111). Such a term can be

eas i l y introduced in different ways in to the formalism developed above.
For example, by remarking tha t :

du (118)

folding potential. However the only aim of this chapter will be to point out
that the spherical Hartree-Fock potentials can easily be taken into account
directly in the frame of matrix methods.

For sake of definiteness, let us choose the following density-dependent
and finite range two-body interaction carried out by D. Gogny (Dl interac-
tion [io]) :

e-1*1-121 /"ifWi+BjPn - HJEJ - M i P ^ ) + i W (?j4«2).%

(119)

where "vj, Is the normalized Gaussian function (>»3), 1L can be written in
the local folding form (U2) where p becomes a charge density and an
extra integration over u is involved. Such a u (or G)-integration is
only to be performed in the JJtj, (a,G) coefficients, and leads to prac-
t ical results especially when applied to the case of a uniform charge
inside a sphere of radius Re. However, due to the long range of the
Coulomb potential, the corresponding GJJ ̂  integrals (611) have to be
limited (cf Appendix 1). We shall say'no'more here about the case of
charged particles.

3- Instead of a Gaussian folding potential, a Yukawa folding poten-
t i a l can also be developed along the same formal ism. In this case it is
possible to take advantage of recursion relations for evaluating the
integrals CJJ(W.

U- The construction obtained here for the real terms (central and
spin-orbit) of the-non—local potential ( i l l ) can advantageously be
UBed for determining the energies and wave functions of bound states.
In this case, the only diagonalization of the matrices T + TX, with
consideration of HMAX = °°, provides simultaneously all the bound states
for each i value. Moreover the corresponding eigenfunctions automatically
are obtained in the very convenient form of an expansion over a limited
number of oscillator basis functions.

Such a two-body potential is seen to contain successively central,
spin-orbit and density-dependent terms. The values of the different con-
stants are given in Table I. The following radial terms of the Hartree-Fock
potential can be deduced |_ll] for a given (Jlj) set.

6.1.Direct term

It is of the local folding form, with q. = neutron or proton :

D

where

= Z
, B

(120)

8 6
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6. MATRIX ELEMENTS OF A HARTREE-FOCK TYPE REAL POTENTIAL

Sing le - sa r t i e l e average f i e lds calculated from Hartree-Fock type
microscopic uethods a re expected t o represent a good f i r s t approximation
for the r e a l par t of the op t ica l po t en t i a l . Such f ie ld? _.'ce depending
only on a fundamental two-body force chosen for example so as to reproduce
bulk proper t ies of the bound s t a t e s of the actual nucle i . I t has been
shown [ldj t h a t new computation techniques allowing the use of a well adap-
ted effect ive two-body force are able t o y i e ld a sa t i s fac tory descrip-
t ion of t h e nuclear proper t ies such as nuclear masses, density d i s t r i bu -
t i o n s , equilibrium deformations over a large range of spherical as

well as deformed nuc l e i . So,a p rac t i ca l u t i l i z a t i o n of such non-J.ocal
po ten t i a l s in op t i ca l model calcula t ions would be sui table in order to
t e s t t h e i r usefulness to decrease the number of free parameters. Hartree-
Fock dens i t i e s can be introduced in t h e coeff ic ients W ^ (T31) of the above

In (120) the coefficients
expansion of the Gaussian

e-!V?2|
2

:U.:-+ion
are the rad ia l pa r t s of the multipole

(121)

In (120') the functions «nj are the same radial oscillator functions as
described in chapter 3, with specification of the value of the parameter
used in the HF calculations. Given a set U'.j'.a.') the density matrix
elements o n

n n

S 5

nBn6

120

i
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where the u's are the coefficients of the expansion of the HF occupied
orbitals over the oscillator basis functions, and I' is a sum over these
occupied orbitals of the type (fc'.j'.q1). *

Prom (56) to (56'") where ri and r2 can be inverted, we shall write here,
following (121) :

2

with

0i= 1 + a uf

In view of op t ica l model appl ica t ions , matrix elements of the type
<a| T D ^ Y * have t o be calcula ted, where the basis o sc i l l a t o r functions
*na I a n d * n I a r e a s s o c i a t e i i t o a "scat ter ing" o s c i l l a t o r parameter B.
Subst i tut ing (122) in to (120) leads t o the form :

W + f - ( H + f ) 6q>q,
(123)

z J (r+i)p
l'j;5' + i-prJ^' [ 1

where, for later convenience, the following more general definitions are
adopted :

Using the formulas (69) , (Al-1) , and the resu l t :

the coeff icients I take the following form :

na+nc-2 n-1 f (fcaJlf,knti}m) _ n-m-1
I ^ z

w=o
(127)

As the quantity f remains f i n i t e contrary to the r-function
in the denominator when i t s integer argument i s no longer p o s i t i v e , i t i s
c lear ly seen tha t the choice a = B1 , tha t i s m - o , l imi t s the possible
values of n. Hence the very p rac t i ca l l imi ta t ion of the sum over n in the
matrix element (123). Choosing a = B ' , the simple resu l t obtained for I i s

•"""t-:
r(na)r(n0) na+n0-2

Z ( - ) " C(n aSa,n c i c , i«).

• r ( ^ y + a + j). —r
2

(128)

with the l imi ta t ion

a c

with
(1210

n i U a +t c -k ) /2 + n a +n c - l (128-)

As for the coefficients J , analogous exp l ic i t expansions could be
deduced. However, a l l those coefficients can advantageously be calculated
only from the coefficients I by means of the following re la t ion va l id
for B'»0:

and

nancn
-z C l 7 gnm) du

n - 1 B 1

(125)

* * k
nanon

fi. 9 itI^a^c^
I n a n c ^

(129)

(n-1)! I
G = 1 + 6u

135
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6.2. Exchange terms

The antisymetrization effects lead to the following non-local and
Jl-dependent radial potential :

(130)

6.3. Local central term arising from two-body spin-orbit interaction

The spin-orbit potential in (119) is taken to have a zero range. In
this case, like for the so-called Skyrme two-body interaction [12J i t is
shown that a local central term is generated in the HF average field with
the following expression :

(13"O

(130')
where

k=(2k + 1) and the "3J" coefficient (o o o ) permits contributions
from multipoles satisfying \l - 21 \$ k « Jl + V and (k+JW) even.

In order to take into account such non-local terms, which are very
different in structure from Perey and Buck type ones, in optical model
matrix methods, their matrix elements «*| rE4J-y> are to be calculated as
linear combinations of integrals of the type :

(r)v'i)(r,r')Sl3;'l'(r,r';B')*(f!'(r1)r2clr r'2dr-
s. a n *

(131)

The separation of the two variables r and r1 in such integrals leads
to nothing but products of the type J.I where the coefficients J and I
are given by (12U) and (125). However this simple result implies & = B1.
The final form is :

,1

(132)

I k JU'k 42'k
nansn nff

<H's> =
V/2 for j 1

2'+l-g- for j ' = y_

and the partial density distributions :

^ "I n S l r ) *^ Jl'j'q)

The construction of the matrix elements <a| I*C§O|Y> -̂n v i e v of opti-
cal nKidel calculations is facilitated by the methods stressed in chapter
U.I.

6,h. Spin-orbit terms

The matrix elements of the above three terms depend on the value of
the orbital angular momentum 8, but not on the total angular momentum j .
Other terms, that is the so-called "spin-orbit" ones, can arise from the
first two terms in the two-body interaction (119) and depend on both t
and j .

6.U.I. Non-local_s£in2orbit_term_arisi^^

This term can be written in the following radial form :

In the following, as suggested up to now, we shall take S • B1. Using
\is • U1.813T MeV-fî -amu (l^O) and, for not too low masB numbers A, the
approximations u ~ l amu (^0) and BIDS hi A"1^ MeV, the values of B' are
expected to be : where

(135)

3 ~ A (133)

Hence, as examples, B'~ 0.22 for 93Nb and S'~0.I7 for Pb. So, the
convenience of such values for B will have to be tested in the optical
model matrix methods.

138 I =



The structure of the expression (135) is very analogous to that of the
main exchange terra (130). Thus the matrix elements <ct! r^j^. \y> needed for
optical model matrix methods resemble those given in (1327. However, as
seen from (135), only high lying ( i ' j ' q 1 ) HF orbitals contribute in such
a term and on the condition (I'j+q.1) is occupied but not U ' j - i ' ) (spin-non-
saturations). Thus this non-local term is generally negligible.

6.U.2, Local sp_in-orbit_term_arising_from sgin-orbit two-body__interaction

This term can be expressed as follows :

(136)

V) = S
Vj'

p(r) = Z
4

(136')

Once again i t has been proved very efficient to use the method des-
cribed in chapter b.l to construct the corresponding <a] r^>(l|Y> matrix
elements.

6.5. Density-dependent term

Taking account of exchange effects and of an energy-rearrangement term
due to the density dependence of the two-body interaction, the last terra
in (119) induces a density-dependent contribution rp in the HF average
field. For neutrons for example, this central and local repulsive contri-
bution i s [12] :

PP(r)[o(r) + V3pn(r)]
(137)

The matrix elements <a| rp!Y> of such terras can also be generated
according to the method given in chapter U,l.

All the components of the HF potential described above are shown as a
function of r in figures 1 and 2, for the two nuclei 2O8pt and 9%b. ̂ he
density-matrix elements pjL n^ have been generated from self-consistent
HF calculations [ll] using, respectively, the values 3' = 0.175 fm~2 and
S1 = 0.21U fm"2, to be compared to the approximation (133). In figures
1 and 2. the non-local terms are represented only in relative values of
their diagonal components defined by r = r ' . It can be seen that such HF
potentials, essentially non-local, are difficult to compare to the pheno-
menological Woods-Saxon form factors. Given the practical possibility to
construct matrix elements of folding as well as Hartree-Fock type poten-
t i a l s , we have just stressed the ability of matrix methods to take account,
without particular difficulty of relatively general potentials.

is mo:

7. SOME TESTS OF THE MATRIX METHOD AND APPLICATIONS

Several p r ac t i ca l applicat ions have recent ly been performed in the
frame of the calculable R-matrix theory by a number of authors . Only some
of these calcula t ions are given in reference [13J• They are dealing with
the applicat ion of the method in the case of low-energy sca t t e r ing between
l igh t systems (exp: a + a , n + "^C, n + l " 0 , ' - - ) due to r ea l and generally
local Woods-Saxon in t e rac t ions . Here the usefulness of the method i s inve-
st igated £3,1*3 in the s p i r i t of the applicat ion of the op t i ca l model t o a
large range of t a rge t mass-numbers and over a r e l a t i v e l y wide range of
incident neutron energy. Bes ides ,essent ia l ly folding type p o t e n t i a l s , as
described above,are intended to be used for evaluation purposes.

For preliminary calculat ions i t appeared tha t suff ic ient convergence
)re d i f f i cu l t t o achieve when the matching radius R=RMAX i s l a r g e ,

mm therefore in cases of heavy t a r g e t s . I t was found also tha t the choice
of a convenient range of values for the o s c i l l a t o r parameter 0 i s l ess
crucia l than tha t of RMAX, We sha l l f i r s t i l l u s t r a t e the convergence pro-
pe r t i e s in some of such d i f f i cu l t s i t u a t i o n s .

7 . 1 . Convergence of phase sh i f t s

The matrix methods can ea s i l y be t e s t e d in comparison with numerical
in tegra t ion ones when folding po ten t i a l terms are taken to be l o c a l . Indeed
simple ana ly t i ca l expressions of such terms are avai lable following the
resu l t (109). Table I I gives comparisons between r e a l or imaginary par t s of
sca t t e r ing matrix elements S^ as obtained from conventional and matrix
methods applied t o neutron sca t te r ing from a spherical 238y t a r g e t . Some
incident, neutron energies have been chosen within the range 1 MeV - 20 MeV
and the r e s u l t s a re given for the angular momenta H = o to It. The values
of the joining radius RMAX have been taken t o be l a rge . The corresponding
numbers N of o s c i l l a t o r basis s t a t e s needed to ensure the s t a b i l i z a t i o n of
the phase-shif ts indicated are given in parentheses.

Despite la rge values of RMAX, a reasonable convergence i s obtained
for N ^ 18. The presence of non- local i ty and spin-orbi t terms does not
modify t h i s conclusion. I t has been found the convergence i s general ly
l e s s easy t o achieve in case I - o compared to S. # o. Figure 3 shows how
convergence i s obtained as a function of N for the s-wave phase s h i f t ,
ac tual ly Kte S o , of the neutron sca t t e r ing from the t a r g e t s 40ca and 238u
at 2 MeV and 20 MeV. The simple r ea l folding po ten t i a l refered to as (a)
in Table I I has been employed. The convergence r e s u l t s are shown for dif-
ferent values of the o s c i l l a t o r parameter 8. I t i s seen tha t 0 values
smaller than the "nuclear s t ruc tu re" 6* values (133) are preferable to
achieve an improved convergence in these " sca t t e r ing" ca lcu la t ions . When
6 i s chosen within reasonable l i m i t s , the same value has been proved to
be convenient over a very la rge energy range.

7.2. Convergence of wave-functions

After having determined the elements S a , the corresponding wave func-
t ion Uo(r)=r \{r) calculated following (91) as a l i nea r combination of the H
basis o s c i l l a t o r functions $ a ( r ) , can be compared for r 4 RMAX to i t s
analogous )( n ( r ) from the numerical in tegrat ion method. Put t ing in to (91)
U " r ( F £ + i G0 a n ^ °a =

 r (FJL ~ i GE_),where Fa and Gj. are the regular
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and irregular Coulomb functions, the commonly adopted asymptotic form

Xa<r) * Fl + ca (°A + iFJl) * e i ° a sin(kr - A J + 6a) where

C a=^(e2 i5o - 1) = ^ ( S Q - 1), leads to the relation uo(r) = 2 ^ ( r ) .

As an il lustration, such a comparison is shown in figure ,14 (and 5) as
regards the I - o (and £ = h) neutron scattering from ^Ca at En = 20 MeV
and in presence of satisfactory convergence onto the phase-shifts. The
relative difference D=i da - JJa) i s represented as a percentage versus
the radial distance r . Apart from the immediate vicinity of zeros of the
wave function Xâ 1*) where D is normally large, this difference is seen to
be very small. Similar conclusions remain valid in cases of a heavy target
such as 238U as illustrated in figures 6 (for £ = o) and 1 (for I = 8).
Thus the matrix methods seem to be able to provide a satisfactory and
practical representation of the wave functions in the internal region.
However,xt is important to notice that this representation becomes rapidly
bad as r increases beyond the matching radius.

7.3. Convergence tests for practical calculations

In view of practical applications whose purposes are centred on cross-
section evaluations, i t seems to be possible to improve the convergence of
the present matrix method by choosing the least matching radius RMAX com-
patible with sufficient accuracy of the calculated physical quantities of
interest. The use of some folding type potentials as given by ( i l l ) has
pointed out that reasonable RMAX values should be RMAX̂-Rfj + 2 HR. AS an
example, in figure 8 are compared results obtained for different choices
of RMAX, 6 and NMAX, concerning the interaction neutron - 93fjb at relatively
low neutron energy. The physical quantities examined are : s and p-wave
strength functions (SQ,S^) , elastic scattering radius (R*) (all calculated
at 10 keV), and elastic scattering (oej,), reaction (ap) and total (a-p)
cross-sections at 10 keV and 1 MeV. For B values of the order of 0.12 fm~2

reasonable results are obtained with NMAX = 8 for RMAX = 10 fm (that is
RMAX^RR + 2UR) as 'can be verified by comparison to converged results
obtained with NMAX = lU and RMAX = 13 fm. It is seen also that the use of
the B-value employed in Hartree-Fock calculations [ll] to generate the
average potential of 93flb (that is B1 = 0.211* fm~2, to be compared to (133))
i s possible in scattering calculations at the expense of a slightly larger
value of UMAX, namely NMAX = 10. From similar calculations performed in the
case of a heavy target such as 20°Pb, the choice RMAX = 11 I'm has been seen
to ensure reasonable convergence of analogous physical quantities with
NMAX = 9, even with the "Hartree-Fock" value 6 = 0.175 (to be compared to
(133)). In conclusion, optical model calculations using tentative but
realist ic folding type potentials suggest that a practical number of basis
states not exceeding 10 should be convenient within a wide range of mass-
numbers A. Moreover the choice of B values particularly helpful (cf chapter
6) for testing Hartree-Fock type potentials remains probably compatible with
practical calculations.

7.1*. An example of practical application

In view of describing the interaction n-9%b, a folding type potential
(111) has been determined in the frame of the SPRT method [2] so as to ob-
tain a good overall agreement with measured low-energy physical quantities
(So* S]_, R') and the energy variation of the experimental total cross-
section in the MeV region. For that , practical choices of RMAX, B and NMAX

have been made according to the tests described above, Without^for the
present time,introducing non-locality but using strengths linearly depen-
dent on energy as usual, the following parameter set (cf 112) has been
obtained, with energies in MeV and lengths in fm :

VR = 5U.51 - 0.3 En , yp = 1.882 , rR = 1.21

WD = 2.118 + 0.3 En » D̂ = 1-76 , rD = 1.26 (138)

Vso = 6.73 , PSO = 1.1*3 , r s o = 1.12

This "folding" set can be compared to the "Woods-Saxon" one which has
been determined in the same spirit by Ch. Lagrange in ref, [lh] '•

VR = U9.5 - 0.28 En , aR = 0.62 , rR = 1.2U

WD = 3.U + 0.37 En , ap = O.58 , rD = 1.26 (139)

Vso = 6.2 , aso = 0.1*7 , r s o = 1.12

Concerning the comparison between the respective diffusenesses y and
a, compare (116*) and (117).

111 III-a the calculated values of SQ, S1S R1 and a? at 0.01, 0.2
i ( 3 8 ) i

Q, 1 ? ,
and 1 MeV from the potential (138) can be compared to the corresponding
experimental (or recommended) values. The calculated total cross section
over the energy range 10 keV - 3 MeV is compared to experimental values
[15] in figure 9. The fit obtained in this low energy region is quite ana-

. logous to that resulting from the Woods-Saxon potential (139). The values
calculated in this case for SQ, S]_ and R' are respectively 0.U33, 5.26 and
6.63. Thus the folding type potential ( i l l ) , when considered as a local
phenomenological one, seems to be able to reproduce experimental data with
results comparable to those of conventional Woods-Saxon potentials, but not
significantly better. The suitability of some non-locality remains an open
problem which the matrix methods are particularly convenient for. For
example, i t is not yet clear if the introduction of non-locality is able
to replace the energy dependence of parametrizationfi such as (138) or (139)
when an overall agreement is searched for with a maximum of nuclear data
of a given nucleus as required by locally adapted parametrizations.

As suggested from the application of the SPRT method in case of this
target 93fTb [lU] , a comparison between calculated and experimental elastic
scattering angular distributions is of interest. In figure 10 such a com-
parison is shown at 8.05 MeV between calculations from the folding potential
(138) and measurements from ref. [16]. A good, but perhaps fortuitous,
agreement is obtained. It is worth-while to notice that at such an energy
only shape-elastic scattering is expected to occur.

7.5. On some other advantages of the matrix methods

Apart from the convergence properties described above, we summarize
here some advantages of these methods :

a/ Change of parameters

In the folding-potential formulation we have already noticed that the
geometry parameters are concentrated only in a limited number of the factors



Tfftfc (58 1 ) . The non-locali ty ranges A appear also only in separated factors .
Concerning changes of mult ipl icat ive factors in front of different terms of
the matrix A given by (8) or ( 8 f ) , t h i s formalism appears to be advantageous
because the corresponding p a r t i a l matiices can be constructed once for a l l .
This property concerns changes of potent ia l strengths such as VR, WV, Wp,
WQ or Vso but also of the energy E. So, given a parameter s e t , matrix
methods are par t i cu la r ly adapted to the exploration of a large number of
energies. At each energy the A matrix i s simply rebui l t as a new l inear
combination of two unchanged matrices and then inverted.

b / Calculation of s ens i t i v i t i e s

The derivat ives of the physical quant i t ies with respect to any para-
meter p (ex . : energy, potent ia l parameters) of the model are simple
functions of the corresponding derivatives of the ̂  matrix elements. Fol-
lowing (15) and the definit ion "fia= ifia (HjE), t h i s derivative can be
written as :

c) Extension to deformed nuclei

Deformed potent ia l s can be generated for example by introducing non-
spherical density functions pCr^) in the folding form factor (h2). The
methods described in Chapter 5 for spherical nuclei can eas i ly be extended
for calculat ing the matrix elements of such deformed potent ia l s even in
the presence of non- local i ty . However^the existence of deformation terms
coupling the col lec t ive s t a tes of the ta rge t which are exp l i c i t l y taken
into account increases notably the order of the matrices A to be inverted,
cf (8) and (13). Problems re la ted to such a d i f f icu l ty are dealt with
elsewhere in t h i s Course [17] in the general frame of the B-matrix methods
applied to ine l a s t i c scat ter ing from l igh t nuc le i . Concerning the t r e a t -
ment of deformed opt ica l potent ia l s even in case of heavy t a r g e t s , the prac-
t i c a l appl icab i l i ty of such matrix methods remains an open problem to be
investigated for evaluation purposes.

dp — 9 * 0 V " / • \A
-1 dA.-l,

A (lUO)

This expression involves the replace
-A"-1-. 3n*A~̂ - . The matrix ^ is automatic

i i i

cement of A infaa by the product
-A"-1-. 3n*A~̂ - . The matrix ^ is automatically known when the derivative is
taken with respect to any multiplicative parameter of different terms of
A (that i s p - E, VR, WD,«»*). On the contrary ^ is to be constructed
when p is a geometry parameter (u,R) or the non-locality range A by deri-
vating the only factors which contain these parameters. In particular,
very simple expressions can be obtained for the derivatives with respect
to v or R of the "square-density" coefficients ?)!]<• given by (75) and (76).

Given a set of sensitivities calculated in a single computer run,
fitting limitations or improvements can generally be easily inferred from
simple examination. As illustrative results, a number of so calculated
sensitivities are shown in Table III for various physical quantities as-
sociated to the interaction n-^Nb. These quantities are those described
in Chapter 7.3 and calculated from the folding potential (138). The exami-
nation of such results is very instructive on how to progress or not
towards a better overall agreement. Another example is given in Table IV
concerning the sensitivities of the elastic scattering angular distribu-
tions n + 208pt at lU.6 MeV to the parameters of two folding non-local
optical potentials whose results are compared in figure 11 to experimental
data. These potentials referred to as (l) and (2) have the following
parameters :

69.
6

8.

66

55

VR

PD

*sc

and

= 1.62U

= 1.621*

, = 1.621*

(1 ) AR = A

(2) An = A

rR =

TR =

rR =

D = 0 .

n = 0 .

1 .

1 ,

1 .

91*7

85

235

235

235

The version (l) above has been adjusted onto the neutron bound state
energies and root mean sqyare radius obtained from Hartree-Fock calcula-
tions [llj for the nucleus ^^°Pb. In this sense i t can be considered as an
"equivalent" Hartree-Fock potential. It is seen in Figure 11 that such a
potential gives an improved agreement when the non-locality ranges are
decreased by about 1OJS. Tables such as Ill-b and IV show clearly the angu-
lar and non-locality dependences of most of the calculated sensitivities.

[1]

[a]'

[31

M
[5]

[6]

11

[is
[13]

[3*1

[15]

[16
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M

-23.56

-68.81

01=1/3 Xo=l WLS=115 MeV-fln5 to=1350 MeV-fm6

(a)

TABLE I - Parameters of the Dl interaction

(Units : MeV and fm)

ENSESI (HeV) (a) (b) ( c ) U) (a )

exp.vnl

calcvai

d/dE
d / d V B
d/dER

4/dftl
a/dwD

d/dR])

d/d/'D
a / d v

3 .

0.36-0.06

0.39
-0.29
-0.019
-0.328
0.222
0.175
0.00B
0.214
0.
0.
0.

5.16*0.24
5.01
9.09
1.645

30.6
3.635
1.097
1.765
2.347
0.075
0.081
0.220

7.io.2

6.82

-4.74

•0.159
-2.2
0.67

•0.028

0.016'

0.004
0.3 10"'
0.3 10"'
0.9 10"'

(/.(O.Ol)

7800Ibl

8377
-48201

-66.61
532

2724
881.2
370

1320
13.18
H.J3
38.81

,,(0.2)

9430""

9064

2073

992.7
S1127
4107

167
474.7
674.9
46.49
58.59

137.3

65001"1

6463
-3005

599.7
12367
1673
-136.1

19.63
3J.26
23.42
37.44
35.95

PHAS3-SHIPTS Re S, Re S,

t • 2

1 = 3

1 - 4

- 0.2569

0.7441

0.7946

- 0.9418

0.999998

0.5570

0.2107

0.1723

0.5398

0.9445

1m S, H« Se Rs So Re S£

0.4073

0.1424

0.7357

0.3828

0.029S

0.1690
0.0302
0.2603
0.7707
0.9623

0.9986
0.9728
0.9347
0.7371
0.4119

(a) BKL-325.TO1.I (1973) - (b) BHL-325.auppl.n°2,TOl.IIB (1966)

(t)

1 90 135 179

1 - 0

1 - 1

1 * 2

1 - 3

1 • 4

0.2568 (14)

0.744 ( U )

0.794 (12)

0.9417 (18)

0.999998(11)

0.5571 (IV)

0.2107 (16)

P.1723 (15)

C.5396 (15)

0.9444 (14)

0.4073 (17)

0.1424 (16)

- 0.7357 (15)

- 0.3829 (16)

- 0.0294 (15)

-0.7934 (18)

-0.99919(16)

-0.90418(17)

0.96708(16)

0.9639 (16)

0.1688 (17)

0.0300 (16)

0.2604 (16)

0.7708 («5)

0.9623 (17)

0.9986 (18)

0.9728 (18)

C.9347 (17)

0.7371 (17)

0.411B (16)

rr(0)abarn/.<r

d/dS

d/dVR

d/dRB

Raax (fa) 15

D

d/dRD

(a) R«al foldinc pottnU.al Kith the paran*t«r> rR- l.374f«. Jlg» 1 .5fa. » , - 4t.1H«V and i l R . 0

(b) Pot.atial (a) + tha gauaaiaa laaflaary t a n -81 l ip l-(r-B.S15)2 / K 5 2 j HaV

(c) Pot .a t i . l (a) but Kith AR- 0.9f»

d / 4 V .
d/dR,

4581
711.9
-73.02

1082

1167
-40.74
636.5
709.5
-31.83

-127.1
93.91

25.42
7.946
0.463

*3.93
38.29

-14.92
-27.53
-41.19

1.259
2.151

-3.320

17.05
-8.012
-1.453

-32.58
-6.519
-7.254

-12.80
-31.37
-0.433
1-349

-1.289

23.44
-4.319
0.468

10.20
-7.245
-6.975
-6.321

-26.32
-3.144
-0.241
-0.156

36.88
9.356
4.171

114.5

17.33
-19.17
-15.99
-45.13
-13.07

-2.225
-1.963

TABLE II - Comparison between scattering phase-shifts from matrix and conventional methods
(case n+238u). In parentheses are the val',=s of the number of basis states N for which the
given phase-shifts are converged, with the choice S » 0.123 fm"2.

TABLE III - Values of sone physical quantities of n + TJb interaction
and their sens i t iv i t i es to the parameters of the folding optical poten-
t i a l (138). (units ; mbarn, HeV, fm).
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1

d/dRR

d/dED

d/dp,

d/dA,,

d / d T
ao

16799
14627
-190.4
-274.2

3373
1806
2840
2195

18067
24427
-19.29
-0.034

1308
1607
1824
2130

280.7
229.6

-2.056
-110.8

10.94
-16.96
460.8
423.9

5613
4107

-169
-204.3

-1974
-2948

15.06
-104.9
13700
15276

-114.5
-16.16

-102.5
113.1

-300.8
96.39
511.4

67.55
-11.03
-26.92

5.576
-31.60

67.53
13.03

25

391.1
131.9
-35.44
-26.82
-600.3
-431.7
-36.36

94.02
2788
t976

-57.28
-31.80

-213.9
-115.4
-324.4
-162.4

225.6
109.6

-5.180
-2.457

-21.61
-22.84
-31.73
-12.49

55

75.13
59.23
-3.075

1.371
-82.61
48.89

-45.70
23.14

249.6
-74.23-
-16.13
-16.40
-50.22
-54.43
-99.13
-86.38

70.16
63.08
0.497
0.832

-1.055
-3.620
-8 .900
-0'.788

65

51.53
96.93
5.575
8.245

121.1
182.5

23.90
19.98

-412.7
-569.3
-5.992
-6.933
-3.810
-6.202
-20.48
-31.34

30.64
35.22
2.762
1.S73

a.433
5.948

8.523
B.196

-0.686
-1.254
-10.6
-34.0
-33.85
-36.80
88.73
115.8

-112.2
-12.23

-20.69
-30.16
-60.l t
-67.35
53.77
51.72

-0.330
-0.153

4.073
1.409

-4.039
-5.509

105

43.79
47.14
1.750
1.195
69.02
43.06

-0.084
-17.48
-90.49
-45.66
-6.893
-8.903
-9.314
-13.92
-29.01
-39.53
33.70
19.99

-0.750
-1.031

5.164
4 .166

3.790
-0.228

18.96
16.95
0.228
0.348

7.633
4.990
25.34
24.09

-10.22
-20.4)
-3.302
-4.297
-8.082
r13.16
-18.90
-24.77

1 5.65
17.18

-0.926
-0.372

-5.004
-2.989

2.270
5.739

23.70
28.81

2.375
2.036
101.1
91.39
15.54

-16.54
-104.4
-48.91
-5.296
-5.758
-16.80
-17.19
-38.48
-38.97
22.63
23.19

-12.26
-17.89

-40.98
-41.48
-24.68
-19.30

TABLE IV - Values of differential elastic scattering cross sections for n +
at lU.6 MeV (cf fig.11) and their calculated sensitivities to the parameters of
the folding non-local optical potentials (llO), 1 and 2. (units : mbarn, MeV, fin).

FIGURE CAPTIONS

Fig. 1 . Different Semis of the Hartree-Fock neutron potent ia l in Pb
as a function of the radia l distance r . The different terras are
described in chapter 6.

Fig. 2 . Different terms of the Hartree-Fock neutron po ten t ia l in ^Nb as
a function of the radia l distance r . The different terms are
described in chapter 6.

Fig. 3 . Real part of the " s " wave e l a s t i c sca t te r ing matrix element So .
The convergence i s shown versus the number N of basis o s c i l -
l a t o r functions, for different values of the o s c i l l a t o r para-
meter 6 (in f u r 2 ) . Calculations are shown at 2 MeV and 20 MeV
for '•OCa and 238u. p o r bo-th o f them j . sphei-ical shape i s assumed.
RMAX (RJJ) i s the matching (nuclear) rad ius , in fermi. Results of
numerical integrat ion are also indicated (dsshed l i n e s ) . The
folding po ten t ia l i s that refered to as (a) in Table I I .

Fig, k . Relative difference (upper par t ) in percentage between the
numerical wave-function (lower par t ) and the matrix method
one for the I = o sca t ter ing n + Wca (RMAX = 10 fm and
potent ia l (a) from Table I I ) .

Fig. 5 . Relative difference in percentage between the numerical wave-
function (dashed curve and r ight scale) and the matrix method
one for the "Z = !i" scat ter ing n + '•Oca (RMflX = 10 fm and
poten t ia l (a) from Table I I ) .

Fig. 6 . Relative difference in percentage between the sca t te r ing "s"
wave-functions from numerical (dashed curve ana r ight scale)
and matrix methods for n + 236u. (RMAX = 18 flu and folding
potent ia l (a) from Table I I ) .

Fig. 7 . Relative difference in percentage (upper par t ) between the
"9. = 8" wave-functions from numerical (lower par t ) and matrix
methods for n + 238u. (RMAX = 18 fm and folding po ten t i a l (a)
from Table I I ) .

Fig. 8 . Convergence propert ies of some calculated quant i t ies for n + 93jib
interact ion as a function of the number UMAX of basis s t a tes
and for different choices of RMAX and 6. Units are barn for the
t o t a l (o^) , shape e l a s t i c iaes.) and react ion (op) cross sec t ions ,
and fermi for the po ten t ia l sca t te r ing radius (R 1) . So e t Si
are the s and p-wave strength functions calculated at 10 keV.

Fig. 9 . Adjustment theory-experiment [l5j for the neutron t o t a l cross-
section of ' 3 Sb (calculat ions are from the folding potent ia l
(138)).

Fig. 10 . CoBiparison theory-experiment [l6\ for neutron d i f fe ren t i a l
e l a s t i c sca t te r ing from 93wb at 8.05 MeV. Calculates values are
from the folding opt ical potent ia l (138).

Fig. 11 . Neutron e l a s t i c scat ter ing from 20^Pb a t lU.6 MeV : comparison
between experimental data and calculat ions uaag the folding non
local opt ica l po ten t ia l s ( l )*l) , 1 and 2. Corresponding sensi -
t i v i t i e s to the parameters are given in Table IV at the nine
angles indicated. 141
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Fig. 1 . Different terms of the Hartree-Fock neutron potential in Pb
as a function of the radial distance r . The different terms are
described in chapter 6.
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between experimental data and calculations using the folding non-
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tivities to the parameters are given in Table IV at the nine
angles indicated.

APPENDIX 1

- FORMULAS FOR LIMITED INTEGRATION DOMAINS -

1/ Calculation o f t , (A) when o j lul < /2 HMAX

In this case the integral (5M is limited to x s 2B.RMAX2. Using the
expansion :

(a > - 1)

and the definition of the incomplete y function :

Tf(a,x) = / e~ t dt

the result for Cn (A) can be written as :

(Al-1)

(Al-2)

4
It

(Al-3)

In case when A = o, thifs expression has the limit value Cn(o) given
by (55).

2/ Calculation of CM(V) when o < l5l < /zT.RMAX

By putting x = BR2, and expanding the two Laguerre polynomials of
(59) according to (Al-1), the f i rs t integral in (59) becomes :

. 2BRMAX2
 v , x y, fe

58*!
o

1 k-1

(Al-U)
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Using (Al-2) , CJSM takes the general form :

k= l Q,=o • t=o
(Al-5)

where C i s the factor (6l) and, even for a-&, the sum over k has p r a c t i c a l -
ly t o he l imi ted .

by :
Following (60), in the case of the real term, (?N fc has to be replaced

: 0 *

b) The relation L?+1(x) = L?+hx) + L°(x) applied to LL+*(x) in
(A2-1) leads to : ^ k-1 ~k n-2

L L L
N,n •'•H.n-l N, (A2-7)

c) Performing the integration by parts (A2-2) and applying (A2-5)
to 2X.LJ|+36(2X) give the relation :

1-6)

Concerning the spin-orbit matrix element,
calculated following (Al-5).

in (81t) has to be

( L + N )

which, changing n into n-1, and using (A2-7) leads to :

APPENDIX 2
(A2-8)

- CALCULATION OF SOME INTEGRALS INVOLVING LAGUEREE POLYNOMIALS -

Let us define the following integrals (with IT » 1 and n » 2) :

I = / e x x LH (Sx) Ln_2 (x) dx (A2-1)

(A2-2)

(A2-3)

(A2-M

, 1 * * ,a) By expanding x LJJ_J (x) in (A2-1) according to the relation :

-z l £ ^ U ) = k l£U> - (k+«) ̂ ( z ) (A2-5)

one obtains em expression of I in terms of K :

148
(A2-6)

The relations (A2-6) or (A2-8) permit to calculate the integrals I
from the knowledge of only the integrals K. From comparison of these two
relations, the following recurrence property is obtained for the inte-
grals K :

Together vith (A2-9) the values of K?1 and K^ „ have to be eva
in order to start the recurrence. Making uSe of the'general result :

aluated

7 e' (X) dx = (-)

g uSe of the'gen

r(v)r(T-n)
n! r(y-w-n)

and r(^-n) = i.7 ̂iT) > one simply obtains for K7 :

(A2-10)

(A2-11)

As for the integrals K^ g= 7 e~x x L *^2(2x) , analytical expressions

slightly more complicated can be obtained, but their accurate evaluation
by Gauss-Laguerre type numerical integration is also very practical.
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ABSTRACT

A. Theoretical Description

An introduction to the Optical Model is presented. Starting with
the purpose and nature of the physical problems to be analyzed, a general
formulation and the various phenomenological methodB of solution are dis-
cussed. This includes the calculation of observables based on assumed
potentials such as local and non—local and their foncs>e«g» Woods-Saxon,
folded model etc.

Also discussed are the various calculational methods and model codes
employed to describe nuclear reactions in the spherical and deformed
regions (e.g. coupled-channel analysis).

An examination of the numerical solutions and minimization techniques
associated with the various codes, is briefly touched upon.

B. Workshop (Problem Session)

Several computer programs are described for carrying out the calcula-
tions. The preparation of input, (formats and options), determination of
model parameters and analysis of output are described.

The class is given a series of problems to carry out using the
available computer.

Interpretation and evaluation of the samples includes the effect of
varying parameters, and comparison of calculations with the experimental
data. Also included is an intercomparison of the results from the various
nodel codes, along with their advantages and limitations.

A. Introduction

1.0 Purpose and Nature of Physical Problems

The strong fluctuations of neutron cross sections with energy are commonly

referred to as resonances. The widths of these resonances increase with

energy. For nuclei of intermediate mass these widths approach or become

larger than the level spacings above a few MeV. At these higher energies,

therefore, the cross sections are rather smooth functions of energy. The

lower energy interval is generally called the "resonance region," the upper

the "continuum region."

The behavior of cross sections in the resonance region does not Immediately

lend itBelf to a description by a simple model with few parameters because of

the rapid fluctuations with energy, which, moreover, depend upon the nature of

the particular compound nuclear state at each resonance. The averages of the

cross sections over an interval which includes many resonances, (as

shown by Feshbach, Porcer, and Weisskopf (FPW) ) are those corresponding to a

new scattering problem with slowly varying amplitudes, called the "gross-

structure" problem. Making the assumption that one can average over the

fluctuations, FPW defined an average reflection factorOf^which is a function

of the energy of the incident particle given by

-k-Ji 1.1

The width of the energy interval fl contains many resonances but is small

enough to be a smooth function of energy.

The model proposed by FPW replaced the many-body problem with a one-body

potential which acts upon the incident nucleon.

The potential is complex of the form

V- Vo1"i W 1.2

where the real part represents the average potential, causing scattering, and

the imaginary part the absorption, which describes the formation of the com-

pound nucleus.

The quantity Y)x in Equation 1.1 is related to the phase shift ^ by /f -

e J, where $^ is derived from the solution of the radial part of the

Schrodinger equation using the potential given in 1.2.

1.1 General Formulation

The scattering and reaction processes that result from nucleon-nucleus

interactions have generated an enormous amount of experimental data. The

variety of nuclear reactions that occur is large and attempts to explain them

concisely have not been completely successful due to the properties inherent

in the nuclear many-body system. However, quantum mechanics has provided a

means whereby a formalism for describing nuclear reactions exists through 149
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parameters which have a fundamental relationship with the properties o£ the

many-body system.

The foundation for this approach is manifested in the so-called Optical

Model of the nucleus where It is assumed that the nucleons are scattered by

nuclei in much the same way as light Is scattered by a semi-transparent optical

medium. The essence of the model conforms to the notion that the scattering of

nucleons by complex nuclei may be described as a solution to the problem of

diffraction of the nucleon wave by a particular type potential. Thus, the

scattering problem is analyzed not as a many-body problem, but as one of the

motion of a nucleon in a certain time-independent field produced by the target

nucleus.

The nucleon's motion in this potential or, correspondingly, its wave

function <f(r) Is determined by the radial Schro'dinger equation

J

1.3

where, the various terms In Eq. (1.3), which depend only on the distance r

between the incident and the target particles, represent, respectively, the

Coulomb, central real, central Imaginary, spin-orbit real, and spin-orbit

Imaginary potentials.

The wave function^ (r) is the radial wave function for -the angular momentum

quantum number j,which is composed of orbital angular momentum ./and Intrinsic

spin s of che Incident particle (neutrons 3-h):

The wave number in Eq. 1.3 is defined by

111 1.4

where u. and E are reduced mass and relative energy between an incident particle

and a target nucleus, respectively. They are given as follows:

1.5
2 _
DtlH

where m and M are masses of incident particle and target nucleus, and E the

energy in the laboratory system.

The radial wave function 4* (r) must satisfy certain boundary conditions,

namely (a) it must vanish at the origin and (b) the asymptotic form In the

region where the nucleus potential becomes small should be matched to a plane

wave plus an outgoing wave. This asymptotic form Is written as

The wave functions Ojfff) and V^ '(e) represent the incoming and outgoing

waves, respectively, and are written as r

G>xLf) * i te
(f) 1.8

Ebr neutrons, the wave functions Gg(p) and F,(p) are the spherical Neumann function

and the spherical Bessel function multiplied by their argument (p (>kr), re-

spectively.

The coefficient of the outgoing wave.fq , Is related to the scattering

phase shift

The values of

by

1.9

are determined by integrating Eg. (1.3) from the origin

to a point where the nuclear potential becomes negligibly small and then match-

ing the logarithmic derivative of fix

1.10

at the matching radius <-„•

For neutrons (8-S5) the shape elastic scattering cross section is written in

terms of ^ ^ ' as

1.11

and and the differential cross section is given by

150 m+M
l.G
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where

(s-> \

This sljnple potential reproduced the overall features of the tDtal cross

sections for a wide range of nuclei, however it resulted in too little

absorption and excessive scattering cross sections at large angles.

and

1.14

Legendre function P, (cosQ) and its associated function P. (cos6) are used. The

cross section for compound nucleus formation is given by

1.15

Further investigations based on the observed properties of nuclear matter

and the nucleon-nucleon interaction showed that a diffuse potential is prefer-

able.

The shape of this diffuseness has taken many forms as seen in Refs. 6&7,

however, the most extensively used central complex potential is written as

V r > • VCR(r)+ 1WCI(r>
2.1

and the total cross section by

1.16

(J)where the quantity Tt l s called transmission coefficient and is related to

the quantitytf^J •

(>)\ 1.17

For protons or charged particles (̂ H, ^He etc.) the potential must

include the Coulomb interaction, and the various quantities used in describing

the cross section oust take the phase shift of Coulomb scattering into

consideration.

2.0 FhenomenoloKical Method of Solution

One of the earliest quantum-mechanical calculations of the elastic scatter-

ing cross section using a complex central potential was carried out by Le Levier

and Saxon »

Subsequent experiments by Barschall ' were analyzed by Feshbach et al.

who assumed a complex square well potential

Vo + iW

where VCR(r) is the real part and^CI(r) the Imaginary part. The real

potential VcR(r) is assumed to have Woods-Saxon form factor and ls represented

as follows:

where /CR(r) ±s Che Woods-Saxon form factor and is written as

2.2

2.3

and V is the potential strength (or sotential well depth) parameter, which is
" i/3

negative for an attractive potential, and S ~ r^ A .

The imaginary potentialVci(r) consists of nuclear surface part and nuclear

interior part, and is expressed as

2.4

The form factor of the surface part, / c s W > l s assumed to be Gaussian type or

derivative Woods-Saxon type. On the other hand, the form factor of the in-

terior part, rci(r), is assumed to be Hoods-Saxon form. These three types of

the form factor are given by the following expressions: 151

_ J



~]
Surface absorption;

(1) Gaussian absorption:

W (r) * W

(ii) Derivative absorption:

wCI(D - 4 ̂W^-i-C"-7777-^.-^5)] 2.6
,1/3

where W and W are negative for an absorptive potential and Rj. " rx A

Both forms of surface absorption have also been combined with a volume absorp-

tion.

Volume absorption (Woods-Saxon form factor);

V CI
< r ) • W v / [ l + <**((-*lY«T )J 2.7

The spin-orbit potential is usually assigned a Thomas form factor such as

The Coulomb potential V , (r) is usually taken to correspond to a constant
'coul

charge density within the nucleus extending to a distance rc - R£ A'
1/3

Thus

2.10

Dynamic parameters:

V • real potential depth

V • volume absorption potential depth

V • surface absorption potential depth

V - real spin-orbit potential depth

W s o« imaginary spin-orbit potential depth.

The large amount of experimental data accumulated in recent years has

demonstrated that many Important properties of nuclei in regions 90? N f 112

and 88^ Z and Z%13 may be correlated by the strong-coupling unified model

which assumed that various nuclei and their related average potential fields

possess large equilibrium deformations. These large deformations have been

shown to exert strong Influence on the scattering and absorption of neutrons

when analyzed by an optical model. Thus any attempt to describe differential

elastic scattering cross sections, penetrabilities, and all other subsequent

scattering and reaction characteristics must consider the deformation.

The theory of explaining the scattering mechanism vhen the collective

levels are directly excited by Inelastic scattering without formation of a

compound nucleus, and the effect of level excitation by formation and decay

of a compound nucleus was first pointed out by Bohr and Mottelson. The
g.

earliest application of this coupled-channel analysis was by Hargolis, et al.,

and Chase, et al., who applied the idea to the calculation of low-energy

neutron strength functions. Yoshida, also around the same time, described

elastic and inelastic scattering of higher-energy neutrons with the same concept.

The Hamiltonian for the Interaction of a deformed, target nucleus with
12

an incident particle is given as

2O1

152

Thus the parameters of the model are as follows:

Geometrical parameters:

R • Coulomb radluB parameter

R > real potential radius parameter

Rj. » imaginary potential radius parameter

q - real potential surface parameter

ISJ - imaginary potential surface parameter

b - Gaussian absorption width

The optical potential V(r,0,4) used is assumed to be, in general, non-

spherical and is defined in Ref. (12) as

When R and R are assumed to be independent of angle, Eq. (2.12) becomes the

usual optical model potential. When R and 5 are made to be dependent on 9

_J



and f according to the collective nature of the target nucleus, then the

following relationships hold.

If the target nucleus is spherically symmetric but is capable of vibration

about that shape, then the vibrational deformity is described by

2.13

However, if the nucleus is characterized by a permanently deformed surface of

cylindrical symmetry (axial symmetric), then the rotational deformity is

defined as

2.14

where (J is the usual nuclear deformation parameter.

formation; ft 4 0 for oblate deformation).

for prolate da-

An alternative method of analyzing nuclear scattering from deformed nuclei

is the distorted wave Born approximation (DHBA), and has been used very ex-

tensively 0 especially in those areas where the deformation is small (As: 0.1).

For values of ft? 0.2 the shape for the differential inelastic scattering Is

adequately described, but Its magnitude is greatly overemphasized.

The differential elastic cross section is even more difficult to describe

for large deformation, and it is more feasible to use the conventional coupled-

channels approach than ]
12-15

Other methods for handling inelastic scattering based on the shell model

have also been Investigated as a means of microscopic descriptions of collec-

tive motion in nuclei, however, they have not been used as often as an eval-

uation tool, so their significance cannot be commented on at this time.

J. Raynal has reported the development of a "sequential iteration method

for coupled equations" called ECIS, which Is an approximation between CUBA

and coupled channel computations.

Using the phenomenological potential V(r) the computational methods for

solving the radial wave equations must be carried out numerically with the aid

of computers. Many automatic techniques have been developed in the form of

computer programs, for calculating the differential elastic scattering cross

sections f(&) , the total reaction cross section 6"- and the polarization B^d) ,

for particles of spin 0, 1/2 and 1.

These calculations involve the numerical integration of the radial

Schrodinger equations for the effective partial waves, where as previously

mentioned the scattering complex phase shifts are obtained by matching the

logarithmic derivatives of the numerically obtained wave functions to those

of the Coulomb or spherical Bessel functions.

There are several possible numerical procedures used for finding the radial

Schrodinger function.

The most often used are the Runge-Kutta method, (sometimes referred to as

the Fox-Goodman method), the Cowell and the Noumerov method (a modification of

the Cowell method).

The numerical integration is determined primarily by three parameters:

a) Matching radius B.

b) The step length A

c) Number of partial waves Cf,™,)

In general most computer programs have certain parameter criteria built in,

however, if more accuracy is desired then the option to vary them is necessary.

A very detailed treatment of numerical methods used in the optical model

analysis may be found In Ref. (17).

3,0 Determination of Model Parameters

The preceding sections have outlined the optical model formalism and have

set the stage for determining its role in the evaluation of nuclear data

necessary for fission and fusion applications.

1S3
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There now exists a vase body of experimental data for elastic scattering of

nucleons and other reactions. Yet, in spite of this abundance, there are many

gaps which must be filled by model calculations.

Extensive studies have provided adequate confidence that the optical model

can be employed to give precision fits, in the non-fluctuating region, to

elastic scattering differential cross sections, reaction cross sections,

total cross sections,and polarizations provided the phenomenological parameters

are optimized for each nucleus at every energy.

In general it is not possible to determine the best potential for a par-

ticular set of data by direct calculation. The usual procedure is to assume

a starting potential and then vary the parameters systematically, until an

optimum fit to the data is achieved. When realistic potentials are used the

calculations require rather complicated computer programs.

These potentials have several disadvantages in that they usually axe over-

parametrized such that many different potentials exist that give equally good

fits to the data. This potential ambiguity raises the questions regarding

the physics of the situation. The following section discusses these ambig-

uities along with ways that have been used to either overcome then or at least

dnimize them.

3.1 Non-local Potential

A method for acquiring a somewhat consistent set of parameters over a wide

range of nuclides and energies hai been introduced, in which the local potential

is replaced by a non-local potential. This method for computing the various

cross sections from an optical model code was first Introduced by Perey and

Buck. Whereas the optical model potential given sarlier is both energy de-

pendent and local, I.e.,

V(r', r) « V(r)5"(r' - f), 3.1

the optical potential of Percy and Buck Is energy independent and non-local.

The Interpretation is that the potential acting on a particle centered at

position r does not only depend on r, but also on the value of the wave func-

tion over all space and thus takes Into account the finite slie of the incident

particle and the di&persive properties of the nucleus. The non-locality enters

through the application of a potential term which leads to an integro-differ-

ential Schr'ddlnger equation

3.2

where V(r, r1) is the non-local potential. This potential may ie represented

phenomenologlcally by

3.3

where £• is the range of the non-locality.

As @ approaches zero the non-local potential tends toward a local potential.

The forms of the shape factors are analogous to those of the local potential.

Perey and Buck found that the scattering cross sections given by the non-

local potential could also be adequately fitted by a local potential, and vice

versa, which led to a single non-local potential that produced satisfactory

agreement over an energy range of 1 to 25 HeV. The relation between the equiv-

alent local and non-local potentials may be expressed as

3.4

19 1.8

Wllmore and Hodgson, following the work of Perey and Buck, produced an

analytical set of equivalent local potentials based on energy and mass number

which yielded very good cross section results from 1 to 15 HeV for medium and

heavy nuclei. This method of using an equivalent non-local potential has also

been used by Lane, et al., and Engelbrecht and Fiedeldey.

3.2 Folding Model

The use of the equivalent-local potential,while yielding good fits to a

wide range of nuclei, still does not quite overcome the ambiguities derived

from the Inter-relationship between various potential parameters.

One method for overcoming this difficulty was offered by Feshbach who

suggested using a volume Integral of the potential

3.5
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which is a better measure of the potential strength. This is due to the in-

clusion of the contributions from the well depths along with the geometry.
22 23

Such an approach was made by Greenlees, et al. ' who analyzed the real

part of the optical model potential in terms of an overlap integral of the

nuclear density distribution with an assumed nucleon-nucleon interaction.

22 23
This folding procedure manifested it.jelf in what Greenlees et al. *

called the Reformulated Optical Model (ROM).

Greenlees and his collaborators expressed the optical model potential in

the following form

3.6

where V (r) is the potential due to a uniformly charged sphere of radius

R « r A , f(r.r.,a.) is a Woods-Saxon form factor, and f (r) is related to
C C J . J . ID

the matter distribution,

3.7

The Woods-Paxon form factor is given by

The folded potential I(r) is represented as

3.8

where p , o , and p are the proton, neutron, and matter distributions

of the target nucleus.

o (v)-9 (r)-p W ^ s the neutron excess distribution and ^ = +1

for protons, -1 for neutrons.

A Yukawa form was chosen to describe the central potential

U dCr) - exp <-ur)/ur 3.9

As a first approximation, it was assumed that the protons and neutrons had

the same density distribution, such that

3.10

and being a constant)

Thus, the real central potential given by Eq.(3.6) may now be expressed as

3.11

where £ - (N - Z)/A.

In order to overcome the various ambiguities inherent in a multiparameter

search procedure, Greenlees, et al. following Feshbach derived a volume in-

tegral for this real part of the potential. The volume integral of U,g is

designated by J_c and is related to J., the volume Integral of the two-body

interaction by

A

3.12

3.13

The strength V R g of the central potential U R S was treated as a parameter

and the radial parameters for the epin-orbit potential were taken to be the

same as the central potential. This reduced the number of parameters from

the conventional ten to eight.

The model was applied to proton elastic scattering data at 14.5, 30.3, and
22 23

40.0 MeV and neutron scattering at 14.5 HeV and yields results comparable

to the conventional phenomenological analyses, although the number of adjustable

parameters have been decreased by two.

Further investigation, using a Gaussian effective interaction

ud(r) » exp(-kr ) in Eq. (3.6) reduced the number of adjustable parameters to

six (V, Wv, HD, and 155

d/dV,

d/dRj

d/d̂ u

TABU
at 1
the

J

while not fully tested The number of variable parameters given on page (8) can be reduced by



The reasonable success of the folding model concept, while not fully tested

at lower energies, e.g., E < 10 MeV, does provide a means for relating some of

the nuclear structure characteristics such as the range of the two-body forces

and the geometrical properties of the nucleus to the scattering data by means

of the optical model. Thus, the folding integral given by Eq. (3.12) con-

stitutes a rather meaningful approach to parametrizing the optical model.

Further details concerning this approach not only for neutrons and protons,

but also In the analysis of the scattering of composite projectiles, may be
27 28

found in Jackson and Hodgson.

4.0 Minimization Technique

In order to determine an optimum set of parameters for the calculation of

cross sections, the usual procedure is to carry out a least squares fit and to

minimize the quantity X given by

4.1

.,+W,+2 TT',1,+2 1

wheref T>tf~el. <Tj are. the total, elastic and inelastic cross sections, and

the corresponding differential scattering cross sections, no is the

+W...2J-

error and Wi the weighting factors. Most analyses consider only the differ-

ential scattering cross sections. When polarization data exists, this is also

taken into account by

•pel ?(&)*** r 4.2
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The search is made on any number of the parameters given in Eq. 4.1.

Often when one ia attempting to define a "global" set of parameters the

data for one type of target nucleus at various energies will produce a set of

parameters which exhibit wide fluctuations. This is also true for different

target nuclei at a single energy. The usual procedure is to hold one set

constant or limit the range and then calculate optimum values for those

remaining.

The number of variable parameters given on page (8 ) can be reduced by

n constant where n Xs 2 will produce equivalent fits for

R D ^ - constant where

m * 0 . 8 ) .

different values of V and rR (the same holds true for

Thus, by holding r_ and a_ constant only V_, a_, W_, r_ need be varied,

where it is assumed that r_»r *r_ and a_"a *a_. In the cast of a coupled-
1} SO K U SO A

channel calculation, the deformation A may also be varied.

2
It should be mentioned that the X method is merely a selection procedure

with no absolute significance and comparing values of x with different ex-

periments has no real meaning. This non-uniqueness manifests itself usually

in attempts to calculate the inelastic cross section. While a set of para-

meters from a X test might produce excellent agreement with the elastic

cross section, it might fall totally in reproducing an acceptable value for

the inelastic.

A typical example of the X fitting procedure was carried out fcr both
29

neutrons and protons by Becchetti and Greenlees to determine an optimum se*"

of nucleon-micleus OH parameters for A > 40 and for energies less than 50 MeV.

The criterion function F of the theoretical fit was taken to be

where

X /NA-/fti " the A per point value of the differential cross sections

iff*) for the nth data set

2 2
X /"p/a\ " theX per point value of the polarization data P(<S) for

the nth data set;

and

~K f^ " theX value of the reaction (protons) or total (neutrons)

cross section for the nth data set.

A quantity "K2/ff is defined by

4.4

where g O M(d), g o b s(e), and 4g o b s (0) are the OM prediction,



the experimental value and the error tn g(P), where gC*) was taken to be

(differential elastic scattering),<TR (reaction cross section), <J*T (total cross

section) and P(«) (polarization).

Further details of the fits may be found in Reference (29).

Many other systematic studies have also been made to produce a "best set"

of optical model parameters. The most complete compilation of these sets has
30

been tabulated by Perey and Perey.

In addition, Aver'yanov and Purtseladze have analyzed experimental data

on neutrons and protons having energies ranging from 2.5 to 96 MeV, and have

described a set of parameters for nuclei ranging from C to Fb.

21
Englebrecht and Fiedeidey have also proposed a set of OM parameters for

energies between 1 and 100 MeV.

In another attempt to avoid the ambiguity of the real and imaginary potentials,

the mean values for the volume integrals of U and W were determined, using the

least squares procedure for a range of nuclei of mass 20 to 210| by Holmqvist and
32

Uiedling. these generalized OM potentials provided fits that were almost as

good as those from a five parameter best fit set.
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B. Workshop (Problem Session)

Code Description

In order to gain experience and obtain a real fueling for carrying out
optical model calculations, a series of optical model computer programs will
be examined.

The sample codes that have been chosen are:

1. ABACUS-2 E.H. Auerbach, M L 6592 (1964)

2. CERBERC-2 G. Reffo et al., RT/Pl(77) 6

3. CRAPOSE Fabbri et al., Hl/FI(77) 3

4. RAROMP O.J. Pyle (unpublished), Uni. of Minnesota

5. JUPITOR T. Tamura, OHHL 4152 (1967)

1. ABACUS-2

NAME OP PROGRAM: ABACUS-2 (revised)

AUTHOR: E.H. Auerbach

INSTITUTION: Brookhaven National Laboratory

DOCUMENTATION: BNL-6562 (unpublished), 1964

MATURE OP PHYSICAL PROBLEM: ABACUS is one of the oldest optical model programs
still in use. ABACUS-2 is a combination of the Optical Model and the
Hauser-Feshbach .formalism. It is designed to carry out four classes of
calculations, each one based or. generating an optical potential and the
integration of the radial Schro'dinger equation.

Class 1 - Scattering by an optical potential: gives 0T, og_, and o_ only.

Class 2 - Computes the bound state radial wave function for a specific
A. and j.

Class 3 - Uses method and information from Class 1 to generate transmission
coefficients for use in Hauser—Feshbach calculations. Computes
Oip, 033, °CZ* a n^ °nn* (see my lecture on Statistical Theory
Applications and Associated Computer Codes).

Class 4 — Calculates radial integrals from partial waves generated by
Classes 1 and 2.

A multidimensional search procedure is included for obtaining best
optical model parameters.

PROSRAM LANGUAGE: Fortran IV

SIZE: 32 K

STATUS: Converted f o r PDP-1O, CDC 6600, IBM-360

Introduction

Class 1: Scattering and Reaction Cross Sections

A potential well is generated and the Schrodlnger equation solved by

partial waves. Phase shifts (more precisely, *?.. - e -fj), transmission
2

coefficients, T«. (T,. - 1 - \ri At, anil partial reaction cross sections, 6~oy

are calculated for each j(,J up to an^> which Is either given as input or

determined by an Internal criterion. The reaction cross section,(Tr, is

calculated; for neutral Incident particles, tf"totaj ami <J^nape elastic
 a r e a^s°

given. Where an angular distribution Is desired, d*7dJ>- and the polarization

P(S), are calculated; results are given in both the lab and center of mass

system. For charged particle interactions, the ratio d<!7d5"ruthetford
 i 9 a* 8 0

given. The Incident particle may have either a spin of 0 or a spin of *s.

There are several well forms available in the program and cover the range

of those currently of Interest. In addition, provision Is made for addition,

by special subroutine, of new forms; the wells may also be given point-by-point

for each point of the integration mesh. In ABACUS the real and Imaginary wells

are given as:

Vc(r) - -Vof(r)

so so'

o<f(r) - (1 -°Og(r> ;

df(r)\2 1 df(

J 7 ~o7

1.0

1.1

f(r)

1 + e
(r-Rs)/a

gCr) - e

* Rc Re

1.3

ZZ'e2

r
rill.

The central potential is an imaginary part of both the same and different

functional form as the real part, and it 1B assumed, as is customary, that the

spin-orbit potential is that of the Thomas form, and V , Vg, V 8 o, and W are
so
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imagiaary spln-orblt potentials. The mixing parameter,*, defines the relative

amount of volume and surface imaginary components ( <* £0). All of the potential

well Btrengths are taken to tie positive. The ranges are defined as follows: Rg,

Saxon radius; R , Gaussian radius; a, Is the dlffuaeness parameter; b, Gaussian

width; R,,, Coulomb Potential radius.

2. CEHBERO-II

Name of Code: CERBERO-II: Improved Version of the CERBERO Code for Calculating

Nuclear Reaction Cross Sections,CHEN Rpt. RT/FI(77)6

Authors: F. Fabbrif G* Fratamico, G. Reffo

Establishment: CNEN, Bologna, Italy

Nature of Problem Solved: Using an optical model to generate the transmission

coefficients, reaction cross sections for discrete and continuous states may be

calculated.

Program Language: Fortran IV (IBM 370/165)

Program Size: Less than 240k bytes using an overlay structure.

Introduction

This code is an extension of CERBERO, (RT/FI(74)36) which uses the optical

and statistical sicdels in a theoretical calculation of cross sections.

Optical Potential Forms

The optical potential has the conventional form

- -V fy(r) -i ej 2.0

where V and W are the depths of the real and imaginary parts of the central

nuclear potential, Vo- the spin orbit strength and f(r), g(r), h(r) their

corresponding nuclear form factors, while Vc<r) is the Coulomb potential.

Real Potential

The real part of the potential is given In energy-dependent (non-local

characteristic) form and with a symmetry term as
2 z z, (N-Z) (N'-Z1)

V " V O + V1 E + V 2 E "V3-j73 + V4 ATA: 2-1

A 1 "

VQ, V^, V2, V,, V^ being Input parameters. The corresponding form factor fv(r)

is Woods-Saxon.

Imaginary Potential

The imaginary term in 2.1 is assumed to consist of a volume and

surface form given as:

WI0 2 - 2

WI0» WI1» WI2' MS0» HS1» WS2' WS3 'beinS i nP u t parameters.

The form factor of the volume term is assumed to be Woods-Saxon's

fjCr) = [1 + erp(r-flI)/air
1

2.4

while the form factor for the surface part may be of either Gaussian

or derivative Woods-Saxon type

es(r) = 2.5

4 exp

[1 + exp(r-Rs)/as]
2

the radial parametorB R_ and Rs are defined as

Rj = Tj. A1'3 + Kj

the constants K. and Kg, tho nuclcon radii r̂ ., rg and the diffu-

senesses a^, as are input parameters.

2.6

2.7
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Spin orbit potential

The spin orbit potential general form is assumed to be of the Thomas
Fermi type, characterized by a Hoods-Saxon derivative form factor

( v 5 •

(r-S

aS0
2.8

and Kso provided aso • rso • Kso
are input paraaeters.

The strength of the spin orbit potential Vgo is assumed to be a real
and energy—independent quantity to be given in lnpu'ta

Coulomb potential

The strength of the Coulomb repulsion is that of a uniform charge
distribution

-\ O — D y) in the interior region r < Rn
C C

2ZZ'
2.9

in the external region r >

e being the electron charge, Rg = rc A ' the charge distribution radius
and r~ an input parameter.

Compound Nucleus Reactions

CERBERO II utilizes the transmission coefficients generated from the
optical potential to calculate both discrete and continuum level excitation
as well as capture*

The formalism is based on the Hauser-Peshbach treatment (Phys. Rev. 37,
366 (1952)) as modified by Moldauer (Rev. Hod. Phys. 36, 1079 (1964), Phys.
Rev. 135B, 642 (1964), and Phys. Rev. Oil, 426 (1975)7?

The compound nucleus is formed by an incident particle of Energy E,
leaving the residual nucleus a.t an excitation Ef and proceeding through
channels G, C with the same total angular momentum J and parity TI.

The 1 ctlon Is represented as:

|(K)

3. CKAPOHB

Name of Program - CRAPONE: A Fortran IV Code for the Automatic Search for

Local and Non-Local Optical Potential Parameters for Neutrons. CHEN Rpt.

RT/FI (77) 3 . The fitting procedure is described in detail in this report.

Authors: F. Fabbri, G. Fratamico, G. Reffo

Establishment: CHEN, Bologna, Italy

Nature of Problem Solved: CRAPONE is an automatic search program designed to

produce neutron optical model parameters. The fitting procedure may be applied

to various sets of experimental data using either local or non-local potentials.

Program Language: Fortran IV (IBM 360/175)

Program Size: Not specified

Introduction

CRAPONE employs the same optical model potentials as described in CERBERO-II

(RT/FI (77) 6).

All experimental data forms that can be analyzed by CERBERO-II may be used.

In addition S & P wave strength functions and scattering radii may be considered.

4. RAROMP

Name of Code: RAROMP (Regular and Reformulated Optical Model Program)

Author: G.J. Pyle

Establishment: University of Minnesota, Minneapolis, Minnesota

Present Address - Phys. Dept., Univ. of Birmingham, England.

Nature of Problem Solved: RAROMP is a general purpose search code, which

performs optical model calculations using the reformulated optical

model of Greenlees et al.

Program Language: FORTRAN II (CDC-6600)

Size: 32 K



Introduction

RAROMP (Regular tod Reformulated Optical Hodel program) Is a general

purpose search code vhich performs optical model calculations using the

reformulated optical model of Greenlees, Pyle and Tang (Phys. Rev. 171, 1115

(1968} and also the standard form of the optical model. A brief discussion of

the formalism was presented in section ( 3 ) of the main paper.

When the neutron and matter distributions are parameterized in terms of

Hoods-Saxon distributions and a Yukawa shape is used to describe the two-body

potentials, the integrals are of the form:

potential only 3 parameters of the spin-orbit potential are treated as search

parameters. These are Vg, R^ and a^if the matter distribution is parameterized,

and Vg, Rn and anJif the neutron distribution is parameterized.

The folding integrals for the real central potential Eq. (4.0) and the spin-

orbit folding integral Eq. (4.2) involve numerical evaluation of integrals of the

form,

r- 4.5

vhsre n assumes the values 1, 2 and jf can take positive or negative values.

Where the subscript j refers to the neutron (n), proton (p) or matter (m)

distribution.

The spin-orbit potential is given by:

M r ) - -V. I (r),

where

IB(r) -2-ITj G 6 V

The quantity G(r,j<) is given by

where

4.1

4.2

The speed and accuracy of the numerical evaluation of Eq. (4.5) can be

greatly Increased by expanding | 1 -t cKpC^rr)] for parts of the range of

integration, using

4.6

a - r + 4.4

Potential Options

RAROMP will carry out searches using the Regular Optical Model or the

Reformulated Hodel.

The Optical Hodel Potential is given as usual as the sum of the various

interacting potentials:

In Eq. (4.1) the strength Vs is left as an adjustable parameter to

compensate for minor effects Ignored in the model. As with the real central

Uop ( r ) " °c(r) + UR ( r ) 4.7
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Coulomb Potential

Two forms of the Coulomb potential are available:

(a) The Coulomb potential Is that due to a uniformly charged sphere of

radius R .

2 R c
4.8

it due

form fl + exp r"Rc 1L "=rJ
(b) The Coulomb potential may also be taken as that due to a Woods-Saxon

charge distribution of the form fl + exp r~Rc "| ' 4.9

Imaginary Potential

The Imaginary potential has the usual mixture of volume and surface parts

given by

with

- V v f (r.Rj.qj) + 4 ^ Wfl d_ f (r.Rj,
dr

4.10

4.11

Regular Optical Model

(a) Real Potential

For the regular optical model calculations the real potential is

written In the conventional form

- I
4.12

162

with a radius parameter r defined as R^ A ' .

(b) Spin-orbit potential

This is given by the usual Thomas form

with
f (r,R8, *„> - 1 + exp ^% 1

qa J

- I

4.13

4.14

radius parameter

Reformulated Optical Model

(a) Real potential

For Incident protons or neutrons the real potential can be written In

the form

Vr) m~\ —

where I (r,R ,a ) is given by

Kr)

with,

r- r'l)

V*>

4.15

4.16

4.17

4.18

and T has the eigen value +1 for incident protons and -1 for Incident neutrons.



f P« " I ?«<*>•

p m(r) - matter density.

The code will also evaluate the real potential using the alternate form

UH(r) - -
 VR V r ' V V 4.19

4.20

Sptn-orblt potential

Two forms of the spin orbit potential are possible.

For Incident neutrons or protons the spin orbit potential can be of the

form (eq. 2.1)

U8(r) I8(r.Rn,an) 4.21

with I (r,R ,a_) given by equation 4.2. Note that this form of the spin-orbit

potential can only be used for incident protons or neutrons and the real potential

must be of the form given by 4.15. Again there are four search parameters V_, W_,

rn* an fey*013 v s» "Si R H > a n d m ) ^ t h e parameters r^,Bp and < r > g (symbol

KSQS) are also required to evaluate 4.2.

For Incident protons, neutrons or complex particles requiring a spin-orbit

potential an alternate form can be used given by

- (VS ¥ 7

with

v-vv Pm<r>
f m ^

4.22

4.23

5. JUPITOR

Name of Program: JUPITOR

Author: T. Tamura

EstabllsbT"*Mif T Oak Ridge National Laboratory, USA

Documentation: ORNL 4152 (1967)

Nature of Physical Problem: A coupled-channel code that may be used for incident

particles of spin 0, 1/2, or 1, interacting with vibrational or rotational nuclei.

Both non-adiabatic or adiabatic approximations may be performed. Up to six states

can be coupled at one time. Calculates shape-elastic, total, and reaction cross

sections and polarizations. (Also spin-spin Interactions.)

Program Language: Fortran IV

Program Size: Approx. 72K

Status: Converted for FDP-10 (overlay version), CDC 6600, IBM 360.

Introduction:

The formalism and equations necessary to describe the contents of JUPITOR

are explained in detail in T. Tamura, Rev. Hod, Phys. 37f 679 (1965).

The interaction to which the incident particle Is subjected is described

by generalized optical model potential V(r,@, jf). The potential includes spin~

orbit and Coulomb Interactions and has a Saxon-Woods radial dependence:

V(r,6 ,f) - -(V + iW) (1 + e ) " 1 -4i WD I (1 + S ) "
2

-\oa.l) <*2/ar)e (1 + e)"2 + V ^

with e - exp [ (r-R)/a] , e - exp [(r-R)/ a j 5.1
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If R and R are taken as independent of angle, equ. 5.1 becomes the

usual spherical optical model potential. R and R are, however, chosen as

functions of the polar angles & and 0 and provide a phenomenological description

of the collective nature of the target nucleus.

If the target Is spherical, but able to undergo vibrations about its

spherical shape, R and R is coma

(i) Spin s of the projectile can be either 0, —, or 1 (s = 0 or —

5.2

where the °Sj*s are operators of rank Xand the X,(0,ff) are spherical harmonics.

The Boson creation and annihilation operators, b. and t , can be introduced
i ^ A*-

and d(. may be written

If, however, the target is permanently deformed (with axial symmetry), R

and R may be expressed as

)- ft)*
where 6' refers to the body-fixed coordinate system and the Q ' s become

parameters. R and E areo o

: \ f v 1 ,1/3

5.4

5.5

164

where r and r are parameters and A is the mass of the target.

The various possibilities afforded by JUPITOR are many and a brief

description is given below. (Abbreviations used - see T. Tamura, ORNL 4152,

1967,and T. Tamura, Rev. Hod. Phys. 3J, 679 (1965)).

CC - coupled-channel calculations

ACC - adiabatic coupled-channel calculations

tttCC » non-adiabatic coupled-channel calculations

RFF * real form factor

CFF = complex form factor.

for ACC).

(ii) Targets can be anything, though those with some collectivity

are of primary interest. They can be either vibrational (spherical)

or rotational (permanently deformed), ana of either even or odd A.

(iii) When the target is deformed, either NACC or ACC can be made.

(iv) When the target is deformed, excitation of states belonging to higher

(vibrational) bands can be considered, (of course, NACC is to be

used in this case.)

(v) Coulomb excitation can be included.

(vi) The form factor can be either real (BFF) or complex (CFF).

(vii) Up to six stares can be coupled at one tims.

(viii) Up to thirty partial waves can be coupled at one time. (Up to

twenty-five partial waves, if the projectile energy becomes negative

in some excited channels.)

(ix)

(x)

though it is not difficult to modify the program so as to make I

larger.

Can compute the differential cross sections for up to 100 angles for

any number of states (Up to 35 angles if a polarized beam or target

is considered.). Total and reaction cross sections and s- and p-wave

strength functions can also be computed (Only differential and

total cross sections for A C C ) .

(xi) If the projectile is a neutron, its energy in some excited channels

can be negative.

(xli) Automatic plot of the theoretical and experimental differential

cross sections and polarizations can be made, (tip to six states

for cross sections and up to two states for polarizations.)

_ J
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STATISTICAL THEORY
OF NEUTRON NUCLEAR REACTIONS*

P.A. MOLDAUER
Argonne National Laboratory,
Argonne, IL,
United States of America

ABSTRACT ne s t a t i s t i c a l theory o f average neutron nucleus

react ion cross sections i s reviewed wi th emphasis on the

j u s t i f i c a t i o n of the Hauser Feshbach formula and i t s

modi f icat ions f o r s i tua t ions inc lud ing i so la ted compound

nucleus resonances, overlapping and i n t e r f e r i n g resonances,

the competit ion o f compound and d i rec t react ions, and

continuous treatment o f residual nuclear s ta tes .

1. STATISTICS

We shall review theories of certain s tat is t ica l properties of neutron

reaction cross section data. Stat ist ics is a method for the p_art1al_ de-

scription of sets of data. Specifically i t rel ies on averages of the data

and of functions of the data. I f fa^), 1 , 2, . . . N is a set of cross sec-

t ion data, then one famil iar set of s tat is t ics is the average l o ) ° s.o./N

and the central moments m(g) = ^ ( o ^ - ^ o ^ ) v / N where m2(a) is the

square of variance s of {<^h For two sets of data (a-}, ( T ^ ) one has a

matrix of central moments mvv(a,-t) = ^-(a^ - ^o>)" (» . ( - < T > ) V / N where

m,, is the covariance of o and T and the correlation of o and T is

p = m,,(o,T)/(s(o)s(T)). One obtains the autocovariance and the autocor-

relation p_ for a single set of data {o} by subs t i tu t ing in the above

expression o.+ for T . . These stat is t ics are, of course, also applied to

continuous variables by substituting integrals for the summations.

The basic s ta t is t ics that we w i l l be interested in w i l l be the en-

ergy averages of f luctuating neutron cross sections. Fig. 1 shows an

example of such a cross section and i t s energy average. Clearly, the

value of an energy averaged cross section depends upon the averaging i n -
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terval , both i t s size and i t s location. Each point in the average cross

section curve in Fig. 1 represents the average obtained over an interval

of 200 keV which is centered on the point in question. This is how we

interpret an energy-dependent average cross section. Clearly one can d is-

cuss also the variance of such a cross section curve, i t s autocorrelation,

or other s ta t is t ics which describe the fluctuations about the average. In

addition one can discuss the correlation between dif ferent cross sections,

such as the elast ic and inelast ic cross section, or the cross sections for

scattering at di f ferent angles, etc. These fluctuation s ta t is t ics are,

however, of minor interest in applications.

Reaction theory describes the complicated energy fluctuations of

cross sections in terns of discrete sets of parameters, the "resonance"

or "pole" parameters. The aims of s ta t is t ica l theory are to relate the

average cross sections and their fluctuations to the stat is t ics of reso-

nance or pole parameters, and to further relate the la t te r to physical

models and to basic principles. Some of these basic principles on the

distributions and correlations of resonance spacing and the distr ibutions

of part ial resonance widths were already discussed in the lectures of

Sec. I I . 6 . And the relations of resonance s tat is t ics to physical models

were discussed in Sec. I l l on the optical model. We w i l l br ie f ly review

these matters as we need to .

2. NOTATION

A neutron nuclear reaction proceeds by the interaction of an incident

neutron of a certain energy with a target nucleus (Z,A) which together

comprise a compound system (Z.A+1). Following the interaction the system

breaks up into one of several possible reaction channels consisting of

one, two, or more nuclei or nuclides having various internal and relative

states. A Roman lower case subscript a,b,c, etc. w i l l be used to label a

specific such channel, that is the fragments present, their internal

states, and their relat ive states. In the case of a two-product channel,

e .g . , neutron scattering, the channel index incorporates the relat ive or-

b i ta l angular momentum i of the fragments, the total angular momentum

j = £ + s of one (usually the l ighter) fragment, where s is that frag-

ment's spin angular momentum and the sum i s , of course, the quantitized

vector sum, and the total angular momentum J = j + I where I 1s the spin

angular momentum of the heavier fragment. The relat ive energy of frag-
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ments is not included in the channel index as i t w i l l usually be the pa-

rameter to be averaged over. The Greek subscript y w i l l be reserved for

garnna-ray channels in which a l l possible gamma rays are lumped together.

The Greek subscripts a,e w i l l be reserved to indicate the alternatives

specifying only the fragments and the i r internal states.

States of the compound system (Z.A+1) w i l l be labeled by lower case

Greek subscripts u,v, etc. These incorporate a l l internal quantum numbers

including the tota l angular momentum J and parity n.

3. ISOLATED RESONANCES [1]

When a low energy neutron interacts with a nucleus, one of two types

of things can happen. Either the neutron is scattered e last ica l ly with-

out involving the internal degrees of freedom of the target nucleus. This

is potential scattering. Or the neutron is absorbed by the target, form-

ing a compound system in one of a number of metastable resonance states.

These are states consisting primarily of bound single part icle

configurations whose total energy is above the neutron threshold at the

energy of the scattering system. However, because of i t s coupling to the

neutron scattering channel and possible other open channels, having posi-

t i ve channel energies, these resonance states do decay with a mean l i f e -

time which is T for the pth such state. The inverse of this l i fet ime

1/T 5 2nr /h i s the probabil i ty of decay of the state per unit time.

Here ii is Planck's constant. The width r is the energy uncertainty of

the nth state in accordance with Heisenberg's uncertainty principle and

I t i s proportional to the decay probabil i ty per unit time of the nth state.

I f this state can decay into any one of several channels a,b,c, e tc . , then

there w i l l be decay probabil i t ies proportional to part ial widths r a> r b ,

r , etc. for each of these channels so that r
pc y

+r
U

By reciprocity, the probabil i ty of formation of the compound state u
by absorption of an incident neutron i n , say, channel a is also propor-
tional to r . , and the relat ive probabil i ty for decay into channel b is

pa

clearly r b / r . The cross section for the reaction proceeding from inc i -

dent channel a to ex i t channel b through the compound state u is then pro-

portional to the product of r aand r b / r and is in units of n/ka

ab

166
pa lib u

(3.1)

From this i t is clear that the average compound nuclear cross section for

the reaction a,b within the energy interval A is

(3.2)

Where D is the mean energy spacing of compound states with correct J and n

in a and the bracket signif ies the average over compound states within &.

The average absorption cross section into the compound system from chan-

nel a is called the transmission coeff icient T .

- c . n . - c . n .
°a " Vab pa /v a (3.3)

These transmission coefficients are specified by various physical

models for di f ferent types of channels, the optical model for neutron,

proton and other nuclear channels, and corresponding models for f ission

and capture channels. These models are discussed elsewhere in these lec-

tures. We shall return to the optical model la ter .

With the def ini t ion (3.3) , Eq. (3.2) can be rewritten as

- c . n . , H.F.U
uab °ab Wab

where the well-known Hauser-Feshbach formjla

'aY^WVc

(3.4)

(3.5)

1s completely specified by the transmission coefficients of a l l open chan-

nels, and hence by the physical models for *hese channels. The second

factor in (3.4) is the width f luctuation correction

(3.6)

This factor depends upon the distr ibutions and correlations of the

part ia l widths and we shall discuss i t further in the next section.

The total average reaction cross section consists of the sum of the

potential or direct scattering cross section and the average compound

cross section. In the absence of direct reactions, which w i l l be treated

later , the only potential cross section is the shape elast ic contribution



°ab °ab°a °ab
(3.6)

os 'e* = a d l r " is
3 33

seen below.
4. WIDTH FLUCTUATION CORRECTION

I t has become well established that the distr ibution of part ial

widths for a channel as defined in Sec. 2 is given by the Porter-Thomas

distr ibut ion law. According to i t the probabil i ty that for some state v

the quantity r j t i "S has a value between x and x + dx 1s
pa \ lla/lJ

Fp_T_(x)dx = (4.1)

This Porter-Thomas distr ibut ion belongs to the class of ch1-squared dis-

tr ibutions with v degrees of freedom

w-1 e - ^ x ( 4 2 )

where Fp T (x) = F^(x) is the chi-squared distr ibut ion with one degree of

freedom. In Eq. (4.2) v can have any real positive value. I f the states

of a given J , n can decay into n channels, a l l having the same / r ^ ,
i

then we can consider the part ial widths for decay into the alternative n
consisting of any one of these n channels. Clearly \? ^} = n V a " ^

and the r are distr ibuted according to the chi-squared distr ibut ion with

n degrees of freedom F . For example, i f neutrons are scattered by a S+

target nucleus, then compound states of total angular momentum and pari ty

1- can be formed by the absorption of either a Pj. or a Pj.g neutron. I f

the average par t ia l widths for these two channels were the same, then the

total neutron widths for these 1- states would be distributed according

to the chi-squared distr ibut ion with two degrees of freedom F,(x) = *se~ .

I f the transmission coefficients for p. and p , , , neutrons were not equal,

the neutron widths of 1- states would not have exactly any chi-squared

distr ibut ion but could s t i l l be well approximated by F (x) with v some-

where between 1 and 2.

Analyses of f ission widths have shown that their distributions can

be approximated by chi-squared distributions with between one and four

degrees of freedom, depending on isotope and J. The gamma-ray radiation

alternative consists generally of a large number of possible gamma-ray

transit ion channels and is therefore best represented by a chi-squared

distr ibut ion of perhaps 10 or 20 or more. Since such distr ibutions i n -

volve only very small fluctuations about the average value, the total

radiation width is often assumed not to be fluctuating at a l l .

From Eq. (4.2) i t follows that i f x is distributed according to Fv(x)

r(fc

then

and the variance of x is (2/v)a.

I t is useful to factor the width fluctuation correction into

"ab GabCab'

where

and

uab

ab

<

Here Gab arises from the correlation between r

to the fact that both contain r „ and r

r k andnb
,-1

(4.3)

(4.4)

(4.5)

(4.6)

which is due

i . . I t is easily shown that 1f the

r are distributed according to the chi-squared distr ibut ion with vc de-

grees of freedom, then Gab can be expressed as the following single

integral

(4.7)

A capture channel which is assumed to have a non-fluctuating par t ia l width

" ) to the integral of Eq. (4.7).r w i l l contribute a factor exp(-tr / ( ^

Some examples of numerical values are shown in Fi 2. The factor Cab which
arises from correlations between the part ial widths of channels a and b

for chi-squared distributions can be expressed in terms of the part ial icy
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-if
system. A complex energy state at a s ingular i ty of the S-matrix w i l l have

an exponentially growing time dependence for a singulari ty in the upper

hal f p i Me and an exponentially decaying behavior in the lower half

plane. The causality principle requires us to exclude exponentially grow-

ing states.

and

In the absence of any scattering S = 6 , and
aC 3C

we can write (5.2) in the general case as

Then

where tha f i r s t parentheses represent the unscattered wave and the sum

represents the scattered wave. The cross section for the process a -> b

is now jus t the scattered f lux in channel b for incident unit f lux in

channel a which in our units is

,2
°ab = '6ab ~ Sab' (5.5)

I w i l l generally discuss this cross section (5.5) because i t is the

simplest example of the kind of b i l inear expression in the S-matrix e le-

ments that occurs in a l l observable cross sections. On the other hand, i t

1s important to renember that the expression (5.5) which represents a re-

action proceeding from one part icular part ia l wave to another is seldom

of practical in terest . The quantities that are of practical interest are

the fol lowing.

The d i f fe ren t ia l cross section for the process originat ing with an

incident wave in the alternative o and a scattered wave in the d i f ferent ia l

sol id angle dn at scattaring angle e in the alternative B is given by

*LBLPL!cos e) (5.5a)

where the PL a>e the Legendre polynomials of integer order L. For the case

where the pro ject i le in both alternatives a or 8 has either spin 0 or

spin \ , B. can be wri t ten

B,

SJV* (5.6b)

s +1 +j *i' . « h j L \ Ci'i L*\

)« • « • « -J1;,; \
and the karet means k = (2k + I)*5. The round bracket in (5.6c) 1s a Wigrer

3j coeff ic ient, the curly bracket is a 6j coef f ic ient , and the sum in (5.6b)

is over tota l angular momenta J ,J ' and pari t ies n.n1 as well as over a l l

four orbi ta l angular momenta fc and a l l four pro ject i le angular momenta j ,

primed, unprimed, a, and e. s and I are the pro ject i le and target spins

In a.

Integrating Eq. (5.6) over a l l so l id angles, we obtain the integrated

cross section

which is a sum over terms (5.5) with coefficients

Summing (5.7) over a l l B yields the to ta l cross section

(5.7)

(5.9)

which depends l inear ly on the real part of the diagonal S-matrix elements.

6. S-MATRIX PARAMETERS AND THE OPTICAL MODEL

The energy variations of the S-matrix elements arise from two types

of singular i t ies in the f i n i t e energy plane: Branch points at the thresh-

olds of channels and poles or other s ingular i t ies in the lower half plane.

The threshold branch points won't concern us here. We can always arrange

a l l branch cuts so that they do not f a l l along our averaging In terva l .

Also the energy dependences produced by these branch points ate generally

very weak. Only in the immediate v i c in i t y of an s or p-wave neutron

threshold is i t generally necessary to be cautious. Similar statements

apply to the contribution of entire functions to the S-matrix elements.

Among singulari t ies in the lower half plane, single poles are of greatest

interest to us because, as we shall see, they correspond to the compound 163
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state resonances of Sec, 3. Accordingly we write the S-matrix for a given
J, n in the form of the pole expansion

ab

4

sab

(6.1)

This formula requires some discussion. The justification for the factor-
ized form of the pole residues will emerge later. The background term
sjjb is smoothly varying in the energy interval of interest and arises from
distant singularities as well as the contribution of entire functions.
Generally we shall assume that S can be approximated by an energy-inde-
pendent constant matrix in our energy interval. For purposes of stat ist i -
cal analysis i t wil l be useful to be able to consider the poles of S to
consist of an infinite ergodic sequence extending from ReE = -«° to +» with
constant statistical properties, i.e. constant averages, distributions and
correlations of the pole parameters E , r and g . This can be done by
defining a region in the energy plane such that poles within that region
(near poles) contribute to the energy variation in our interval, but singu-
larities outside that region (distant poles) do not contribute signif i-
cantly to that energy variation. Then we define a statistical S-matrix
which has the form (6.1), where the pole parameters form an infinite
ergodic extension of the actual parameters of the near poles. Then S
contains the contribution within the energy interval of interest of the
difference between the actual distant poies and the distant poles belonging
to the ergodic sequence. In what follows I shall always assume such a
statistical S-matrix [3].

He f i rs t confirm that the S-matr1x (6.1) yields isolated resonances
as in Sec. 3. Considering only the simplest situation where Sab = 6a)j, we
obtain from Eqs. (5.5) and (6.1) for the yth isolated resonance

>°ab (E) a f b

and integrating this over energy the total contribution of the pth reso-
nance to the cross section is

'ab' = z " \ \ / \ % / ' \

which by comparison with Eq. (3.1) yields

!•„„ • \ % h \ 2 .

I t is also easily verified that this identification with r = r + r k +
v pa pb

.. . guarantees the unitarity of the S-matrix when only a single resonance
term is Included.

When more than one resonance term is included 1n the sum of Eq. (6.1),
and in particular when the widths of such resonances are comparable or
greater than their spacing, the conditions which unitarity of S Imposes
on al l the resonance parameters become exceedingly complex. We return to
that problem later. Of course the S-n»tr1x of Eq. 6.1 1s symmetric pro-
vided S is symmetric and i t is causal i f all r are non-negative.

In order to calculate the average cross sections from the S-matrix
(6.1) we write

+ S•ft (6.2)

where 5" Is the energy averaged S-matrix and since we regard S as constant
we have

and averaging Eq. (5.5) we have

diraab- -.fi"-2

dir.
"ab

|<;f*|2
|sabl •

(6.3)

(6.4)

(6.5)

(6.6)

The problem has evidently been split Into two parts, finding the average
S-matrix for Eq. (6.5) and finding the average absolute square of Sf* for
Eq. (6.6).

_l
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Considering f i r s t the problem of the average S-matrix we have from

Eqs. (6.3) and (6.1)

b̂ • i^a^M <6-7>

where now D 1s the mean spacing of the E and the bracket ( / Indicates
v > /y n

an average with respect to u. We now demonstrate a'result [4] about y by

means of integration around the two contours in Fig. 4. The contour 1n

F1g. 4a encloses no singularities and therefore the Integral of S(E) around

this contour vanishes. I f we assume that on the average the contributions

from the two vertical members of the contour cancel and that S(E + 1W) on

the upper horizontal member is sufficiently constant for sufficiently

large W, then we have
S=S(E+ iW) (6.8)

where in fact W Is of order of the averaging interval for F. The contour

of Fig. 4b encloses ths poles in the interval AE. Assuming again that the

contributions from the vertical members cancel, we have

which together with the analytic continuation of the unitarity relation

S(E*) = S*"1^),

gives using Eq. (6.7)

f = h(S-'5*~'1), (6.9a)

from which

(6.9b)

This allows us to express each part of 5" in Eq. (6.7) in terms of 5" i tse l f .

Next we note tha" Eq. (6.S) looks just l ike the cross section formula

(5.5). We may suppose therefore that there exists an interaction Hamil-

tonian «"•"• that gives rise to 5" in the same way that H of Eq.. (5.1) gives

rise to S. This optical model Hamiltonian H produces then the direct

cross section o in the same way that H produces a. Provided the fluc-

tuation cross section a does not vanish, T cannot exhaust the incident

flux and is therefore non-unitary and hence f r must be non-Hermitean,

causing absorption of f lux. Subtracting

(6.10)

from the sum over b of Eq. (6.6) we find that the unitarity defect of 3"

gives

Vab 'z V (6.11)

By the unitarity of S, the optical model transmission coefficients T

cannot exceed unity

T < 1 (unitarity). (6.12a)

Similarly causality, which limits absorption into decaying states only,

requires that 5" be absorptive rather than emissive, thus l imiting Tfl to be

positive

(causality). (6.12b)

For the present we w i l l restr ict ourselves to the case where J is d i -

agonal. Then the optical model is a separate scattering model In each chan-

nel a with an absorptive-complex potential. Then there are also no direct

reactions "^.r't only an elastic potential scattering cross section

Ta = 1 - \$aa\ , (5 diagonal).

From this and Eqs. (6.7) and (6.8) we have [4j

Another relationship valid for diagonal ? is

For the isolated resonance l imi t Eqs. (6.14) and (6.15) reduce to

(6.13)

(6.14)

(6.15)

(6.16)

which verifies Eq. (3.3). 171
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We give the proof of Eq. (6.15) in the form given by S1mon1us [5].

Since S 1s unitary, det S 1s unimodular and since i t 1s assumed to have

only simple poles and the pole residues factor, forming a rank 1 matrix,

we can write i t in the form

then to f i rs t order in the inverse averaging interval W

-ir

r l

In = In det S(E + iW) = g - F 21<tl

The last sum vanishes for the case of the statistical S-matrix because the

terms are odd in (E - E ) and from the real part of this equation the

channel sum of Eq. (6.15) follows.

Eqs. (6.11), (6.14) and (6.15) relate averages of S-matrix param-

eters to the optical model. To evaluate the fluctuation cross section re-

quires also knowledge about the distributions of these parameters. We now

turn to this question.

7. R-MATRIX THEORY

The unitarity condition imposes severe restrictions on the S-matrix

parameters. This can be seen from the fact that a unitary symmetric matrix

has only half as many Independent components as a general complex symmetric

matrix. Since S(E) must be unitary for each value of the energy E and since

some r/D resonance terms contribute to S at each energy, i t 1s clear that

unitarity must impose complicated correlations upon the resonance parameters.

One way of avoiding this difficulty is by defining the S-matr1x 1n terms of

R-matrix states. The R-matrix states are solutions of the Schrb'dinger equa-

tion (5.1) , subject to a boundary condition at the nuclear surface so that

the solutions are stationary, real states ^ with real energies E .̂ The

real symmetric R-matrix formed with these states is

(7.1)

where

• X
is the real overlap on the nuclear surface of the solution * with the

n M
channel wave function A . The background R-matrix R is assumed to be

D

constant in a statistical R-matr1x 1n the same way that S was constant

in the statistical S-matrix.

I t 1s generally expected that the statistical distributions of the F

and the y are represented by the distributions of the eigenvalues and

.he eigenvectors of the orthogonal matrix ensemble as discussed 1n

Sec. I I . 6 . Therefore the spacings of the E follow the Wigner distribu-

tion and the vua are normally distributed with zero mean for varying

state index v and given channel a. The y „ for different channels are ex-
ya

pected to be statistically independent.

A relation between the R and the S-matrices is obtained by expanding

the solution of the Schrodinger equation with scattering boundary condi-

tions (5.2) 1n terms of the R-matrix states with boundary conditions at

the nuclear surface. This expansion inside the nuclear surface Is then

fitted to the known channel wave functions in the exterior. In this

procedure the channel wave functions are described by channel phase shift

x. and by channel shift and penetration factors S, and P.. These make up

the two complex diagonal channel matrices

R = iP. (7.2)

With the help of these the relationship between R and S is expressed by
the following channel matrix equation

S = BP%(1 - RL°)"](1 - RL°*)P"S> (7.3)

we can establish the connection between the R-matrix parameter statistics

and the optical model by evaluating Eq. (7.3) at the energy E + 1H and

assuming ft and L to be constant within the averaging interval W. Then

we get for diagonal 5"



(7.4) 'abYvb (7.6)

where

(7.5)

and where D is the mean spacing of R-matrix states E . Since x c and L" are

known functions of the energy in channel c, Eqs. (7.4) and (7.5) uniquely

determine the two s ta t i s t i ca l R-matrix parameters R a n d / y c ^ / " ^n

terms of the real and imaginary parts of the optical model S-matr1x T ,

This, together with the s ta t i s t i ca l assumptions discussed above, and an

appropriate choice of the level density D makes i t possible to construct

a unitary s ta t i s t i ca l S-matrix and cross sections from the optical models

fo r any number of competing channels with a rb i t ra r i l y large values of r/D.

the steps i n such a procedure are outlined in Fig. 5. F i rs t the

Schrodinger equations with the optical model potentials are integrated to

give the optical model S-matrices 5_ in a l l channels. Then Eqs..(7.4)

and (7.5) are solved for R^c and ^ Y V C 2 ^ / D for a l l channels. Then

R-matrix parameters E and y c are selected by a random number generator,

so as to agree with the above value of ^ y C
2 ^ / D a n d t 0 y ie ld the appro-

priate level density and distr ibut ion laws. From these parameters an

energy dependent R-matrix is constructed, using Eq. (7.1) from which our

energy dependent S-matrix is calculated using Eq. (7.3). Energy-dependent

cross sections are then calculated using Eqs. ^5.5) to (5.9) . These en-

ergy-dependent cross sections can then be compared with experimental high

energy resolution measurements, or they can be averaged and s ta t i s t i ca l l y

analyzed to compare with theoretical predictions. A computer program

STASIG has been wri t ten to perform such calculations [61. Fig. 6 shows

an example of d i f fe r ing cross section fluctuations obtained with two

optical models which y ie ld equivalent average total cross sections.

With the help of the R-matrix formalism i t is also possible to deter-

mine numerically the pole parameters E and g a of a unitary S-matrix.

This is done with the aid of the level matrix t with components

whose eigenvalues are the S-matrix poles E - y r and whose eigenvectors
T ' " ' specify the S-matrix pole amplitudes by

- ix.
2Pa • W v b •

(7.7)

One important parameter that arises in the level matrix formalism is
the level normalization

| T ( M ) | 2 > 1
V1 V ' —

(7.8)

which enters into a relationship between the pole width r and the pole

amplitudes g a

r u = Ea 19ua 12yfNu ^ " ^

for every pole u. This formula permits the def in i t ion of part ial widths

rua = l9ualZ/Nu ' 7 ' 1 0 '

which add up to the total width.

The d i f f i cu l t y encountered in using th is level matrix formalism nu-

merically arises from the fact that i t cannot be appn'ed to a s ta t is t i ca l

S-matrix, but only to one with a f i n i t e set of poles. Here one encounters

systematic end effects and large level matrices must be constructed in

order to y ie ld a satisfactory sample of poles in the middle of the energy

interval where they are not disturbed by end effects [71. However the

method has been successfully applied in the computer program MATDIAG to

confirm the relations (6.14) and (6.15) over a wide range of parameters

[8 ] , I t has also been learned from such studies that for large r/D, the

level correlations of the Vligner distr ibut ion tend to disappear and the E

tend to be distributed only with an exponential spacing distr ibut ion

173
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(see f ig . 7). On the other hand the widths in such cases tend to have a
broader distribution than would be expected from sums of partial widths,
each having the Porter-Thomas distribution law (see Fig. B). I t was also
found that the average of N increases with increasing r/D. We shall re-
turn to further applications of this method in the next section.

with

8. THE FLUCTUATION CROSS SECTION

Our aim here is to evaluate the average reaction cross section in

terms of optical model transmission coefficients and general statistical

laws. Since the direct cross section (6.5) i s , for diagonal ?, already

given by the optical model, we turn to the fluctuation cross section (6.6) .

By Eqs. (6 .1) , (6.3) and (6.7) we find that [3]

°ab

Mab •

- Mab

2*1

vfv
(8.1)

with the definition

a = | i N |g | 2 , (8.2)

where Nn is the normalization parameter of Eq. (7 .8) , we can rewrite (8.1)

(8.3)

where

and

ab (8.4)

(8.5)

The similarity of the f i rs t term in Eq. (8.3) with Eq. (3.2) suggests

that we use ths notation of Sec. 4 to write

aab • GabCab " Hab (8.6)

(8.7)

(8.8)

where we have assumed that the distribution of o a can be described by the

chi-squared distribution with va degrees of freedom and where the channel

correlation coefficient p h is given by

(8.9)

fit this point one might hope that the term Hab might vanish at least

in the l imit of large r/D, leaving again a simple Hauser-Fsshbach formula.

Unfortunately, as was pointed out by Vteidenmuller [ 9 ] , this Is not pos-

sible. For, comparing the average of (8.2) with Eq. (6.14) and substitut-

ing this with Eq, ( 8 . 4 ) , we find that

Eb»ab i (8.10)

which diverges as T, approaches unity,a

To make further progress i t 1s useful to analyze a simple case which

is described by a limited number of parameters and yet has arbi t rar i ly

large r/D. This is the case of n s tat is t ica l ly equivalent channels [10J.

By this we mean that

for a l l c = 1.2,3, . . . n

pcd for a l l c f d.

'so for all distinct c and d from 1 to n

C c c = 1 + 2/v == C

C c d = 1 + 2p/« = D

(8.11)

(8.12)

G .cd
n

c + (n - 1)D



Upon substitution into Eqs. (8.7) and (8.S) we find that

. * . _ ! (8.13a)

(8.13b)

The actual behavior of these parameters was studied by means of

HATDIAG calculations using channel numbers which varied from 5 up to IS and

using various values of channel transmission coefficient; V distributed be-

tween 0 and 1. In a l l cases the results indicated the relationship [10]

C =. C

which makes the second terms in Eqs. (8.13) vanish and leaves

(8.14)

(8.15)
°cd " V + n - 1

which is precisely the width-fluctuation corrected Hauser-Feshbach formula

for n equivalent channels each having transmission coefficient T and par-

t ia l widths that are uncorrelated between different channels and are dis-

tributed according to a chi-squared distribution with v' degrees of freedom

where

C1 = 1 + 2/v1. (8.16)

Furthermore, the values of v' deduced from the MATDIAG calculations showed

that v1 varied from a value of 1 for small values of T to a value of 2 for

values of T near unity. Tepel, Hofmann and Weidenmiiller [11] have given

the following empirical formula for the dependence of v'Q on Tc

v1 = 1 + ^ " T \ (8.17)

Another sl ightly different graphical relationship is shown in Fig. 9.

The Porter-Thomas distribution v% = 1 characterizes a random variable

which is the square of a real normally distributed variable with zero mean.

The exponential v1 = 2 distribution characterizes a variable that is the

sum of squares of two such real normally distributed variables with equal

dispersions, or in other words the absolute square of a complex number

with normal real and imaginary parts, isotropically distributed 1n the

complex plane about the origin. This suggests that we consider a complex

random variable t a for every channel a, having normally distributed real

and imaginary parts with zero means such that

Ta =

and

I f we now require

1 + x;

(8.18)

(8.19)

(8.20)

then (t a | has the same dispersion as the chi-squared distribution with

\>'a degrees of freedom, and is in fact quite close to i t .

We can now summarize the development which started with the considera-

tion of n competing equivalent channels in Eq. (8.11) by saying that

°ab
c1 y

(8.21)

with the specifications (8.18) through (8.20) and with «' given by (8.17).
a

The f i i a l calculation of Eq. (8.21) proceeds then exactly in the way dis-

cussed in Sec. 4 for the Hauser-Feshbach formula with width fluctuation

correction. Analogously we can evaluate other averages, such as

(8.22)

» a
| , °ab-

while for the case where 7 is diagonal, a l l averages such as
which involve indices that are not repeated vanish. 175



These results have been found consistent with MATDIAG calculated

samples also in cases of inequivalent competing channels. They w i l l be

referred to as the M-cancellation formulas because they depend crucial ly

on the cancellation of the H term in Eq. (8.6) by the channel-channel cor-

relation ef fect as expressed 1n Eq. (8.14).

In evaluating average d i f ferent ia l cross sections, we average

Eqs. (5.6) which requires the evaluation of averages of the type

Sab Salb> (8.23)

According to the above we have three types of nonvanishinq contributions

from (8.23). The f i r s t comes from terms of the type of Eq. (8.21):

The second contribution comes from terms of the type of Eq. (8.22)

Gaa'Ca

(8.24)

(8.25)

The th i rd contribution occurs for compound elast ic scattering of neutrons

from odd-A targets- and arises from sp in- f l ip elast ic scattering

TaTb
(8.26)

Besides the H-cantellation formula of Hauser-Feshbach ttmes width

fluctuation correction, there exists an empirically derived formula based

on calculation of the STASIG type which in many instances gives results

very similar to the M-cancellation formula. According to Tepel, Hofmann

and Weidenraiiller [11]

•X-Vb
Ta = W e

(8.27)

This formula also depends only on the channel transmission coefficients

176 a"d the channel parameters vc which have essentially the same numerical

values as in the width fluctuation correction. Instead of evaluating the

integrals (4.7) of the width f luctuation correction, Eq. (8.27) requires

the solutions of the coupled equations for X, in terms of the transmission
a

coefficients which are then used to evaluate the fluctuation cross sec-

t ion. Numerically there appears to be l i t t l e advantage of either pro-

cedure. The major difference arises in cases such as discussed in

Eqs. (4.10) and (4.11) which give rise to enhanced nonelastic cross sec-

t ions. This ef fect is not predicted by Eqs. (8.27). In the l i m i t of

large r/D when v = 2 for a l l channels, Eq. (8.27) becomes Identical to a

formula proposed by Kawai, Kerman, and HcVoy [12].

9. DIRECT REACTION EFFECTS

We now give up the assumption that ? is diagonal. Then the optical

model becomes a coupled channels model in which, in addition to the com-

plex potential for each channel there are coupling potentials between chan-

nels. Such a generalization is part icular ly important in the excitation

by neutron inelast ic scattering of vibrational or rotational collective

states of the target nucleus.

One immediate effect of a nonvanishing !T. is suggested by Eq. (6.7).

Unless only S°b contributes to Sab , there w i l l also be contributions from

/ q a9
a n d n e n c e t n e P°1e amplitudes g a and g b for the two

channels a and b w i l l be correlated. In the isolated resonance l i m i t this

produces a nonvanishing correlation p . between the part ial widths

r = |g | 2 and r b = |g b | , which, by the width f luctuation correction

factor C . of Eq. (4.8),causes an enhancement of the average compound cross

section between channels a and b. In the isolated resonance l im i t this

enhancement can be calculated from the coupled channels optical model value

of 7. But for appreciable r/D we must again turn to S-matrix theory.

The crucial technique for treating such cases is the Engelbrecht-

Weidenmuller transformation [13] which permits one to transform to the

case of a diagonal S", calculate c for that diagonaiized S in the manner

of Sec. 8, and then transform the result back to the non-diagonal case.

This transformation is best described in terms of Satchler's Hermitean
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penetration matrix P which is a generalization of the optical model trans-

mission coefficient for non-diagonal S 114]

Pab " P = 1 - (9.1)

The transmission coefficients (6.11) are then just the diagonal elements of

the P-matrix. Unitarity st117 requires these transmission coefficients to

be no greater than unity

(unitarity) (9.2)
a aa —

I t can also be shown that causality now requires that

P is positive semidefim'te (causality) (9.3)

which means that al l eigenvalues of P are non-negative. I shall refer to

the case where P is a singular matrix, i . e . , has a vanishing eigenvalue

as the causality l imi t .

The Ehgelbrecht-Weidenmiiller transformation is the unitary transforma-

tion U that diagonalizes P

UPU = P' is diagonal.

I t follows that

USU = S1 is unitary i f S is unitary and symmetric,

and that

UsiT= 5" is diagonal.

In the case of two coupled channels we can write

e1s l f ,e i 03

f3e f33 f2e is2

and

_ /"cose -sineV«"
e"1

and find that

(9.4)

(9.5)

(9.6)

(9.7)

(9.8)

tan 2B
2 f ,

where

"13 = o, - e 3 ,

- o) -

e23 =

(9.9)

For three or more coupled channels the direct effect wi l l in general not

be very significant as we shall see. In such cases numerical diagonaliza-

tion of P is required.

Using Eq. (9.5) the fluctuation cross section o^J can be written in

terms of the elements of S'. In this expression averages of the form

\Sab S c d * * / o c c u r - F r o i n t n e discussion in Sec. 8 we know that the only

non-vanishing such averages are of this form

"'I1 =/|S'^*|2 > (9.10)
ab v / ab /

which is evaluated in terms of the elements T' of P1 by means of the width

fluctuation corrected Hauser-Feshbach formula as in Eq. (8.21), or they

are of the form

(9.11)

by Eq. (8.22). With these results we get [151

'oyc

(T

[u*cau3b«Uc,udb + udaucb>

(9.12)

Hofmann et a l . [16] have evaluated a very similar formula differing

only in the evaluation of the matrix elements (9.11) and employing the

177
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Tepel formula (8.27) for the evaluation of a'Jfi instead of the width

fluctuation corrected Hauser-Feshbach formula. Kawai et a l . [12] have

given the following formula which gives equivalent results only in the

limit when al l v1 = 2

Wba

Pab = XacXcb>'

(9.13)

In addition to the fluctuation cross section (9.12) we will in general

also have a direct contribution to the average reaction cross section due

to Eq. (6 .5) .

For a f b the cross section (9.12) can be enhanced over the value one

would obtain with the ordinary width fluctuation corrected Hauser-Feshbach

furmula. This is because of the occurrence of the correlation-enhanced

elastic fluctuation cross section all1 in the primed channels In the f i r s t
f i

sum of Eq. (9.12). The enhancement of a ' ' will be greatest when the rela-

tive contribution of this f i rs t tern 1s greatest. The maximum effect wi l l

occur when P has only one non-vanishing eigenvalue, for then only one

diagonal primed cross section o i j * can contribute, all others vanishing.

In this case, clearly, the direct enhancement is of the order of the

elastic enhancement, namely 1 + 2/v. The above situation where eigenvalues

of P vanish Is what we have called the causality l imit . I t is l ikely to

be achieved only In the case of two strongly coupled channels.

!.'e have investigated the behavior of the direct enhancement for two

classes of average S-matrices involving only pairs of coupled channels

5 © A,

5 © B. B (5
(9.14)

Here 5 ® A means that ?fl is a 10 x 10 matrix consisting of five identi-

cal 2 « 2 blocks A along the diagonal. Both 3^ and ?B represent two

parameter families of average S-matrues depending on F and D. The non-

tr iv ia l submatrices of the P matrix in tht two cases are

PA " ( -2iFD

P -
P B -

(9.15)

with T = 1 - F2 - D2 1n both cases. In case B the causality l imit

0 and Imposes no separate

However in case A, the causality condi-
det PB = 0 coincides with the usual l imit T
restriction beyond F + Dr <, 1 .
tion requires

F + D <. 1 (case A) (9.16)

and we expect a maximum enhancement of the non-elastic cross sections be-

tween any two directly coupled channels. Fig. 10 shows the parameter space

of the two average S-matrices of Eq. (9.14) and the calculated compound

enhancements over the Hauser-Feshbach formula according to Eq. (9.12). As

expected the enhancements are largest and comparable to elastic enhance-

ments along the causality l imit (9.16) and the enhancements quickly drop

off as one moves away from this l imit . In the case of 5"_ where the caus-

al i ty l imit imposes no restriction on the available parameter space, there

are no appreciable enhancements except along the line F = 0 which case B

shares with case A.

The predictions of the direct enhancement in these and other cases

have been confirmed by computer studies with randomly generated unitary

S-matrices. In Fig. 10 the parameters of such computer studies are Indi-

cated by black dots.

10. CONTINUOUS CHANNELS

With increasing neutron energy the number of open exit channels i n -

creases rapidly until i t is either impossible or undesirable to enumerate

all such channels and discuss their cross sections in detai l . I t then

becomes necessary to discuss the differential cross section for leaving

the residual nucleus with an excitation energy within a differential

interval at Ed"

df*d(cont.)

ar; (10.1)
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where a£d(discr.) is the cross section for excitation of a discrete
channel with residual nuclear excitation Erf, and Pd(Ed) is the level den-
sity at excitation Ed of the residual nucleus 1n channel d for states
having spin and parity specified by the channel index d.

I f the dependence of pd upon the relevant residual spins I d is given

by the factor ( 2 I d + 1 ) , then 1t can be shown that the fluctuation cross

section (10.1) summed over I d is 1sotrop1c. Though this spin dependence

of pd is not correct, the anisotropies of fluctuation cross sections at

such high energies are expected to be small and can often be ignored.

Also, in the presence of large numbers of competing channels, the

width fluctuation correction and direct effect upon non-elastic fluctuation

cross sections becomes negligible. On the other hand for r »D we expect

an elastic width fluctuation correction factor of 2, so that in the present

domain we expect that

a j (discr. ) = (1 + « -J )O j . (10.2)
CO Ca Cu

The transmission factor sum i T which occurs in the denominator of

°cdF ' * Eq" ( 3 - 5 ' « mst a 1 s o b e evaluated statistically

. E.(max)
(10.3)

which involves the level spacings De for the residual nuclei in al l com-

peting channels. Again, i f D£ depends on the residual nucleus spin

through a factor (21e + 1) , then the transmission sum (10.3) is given by

zeTe = * 2 0 + 1*G / i 1

where J is the total angular momentum and G depends only upon excitation

energy of the compound nucleus.

Another empirical method for determining the transmission factor sum

makes use of the relation

EeTe S 2 r r r
c o r r /D (10.4)

where rc o r r is the correlation width and p is the compound nucleus level
spacing for states of the same total angular momentum and paHty as the

channels e that are sunned over. The correlation width can under some
circumstances be estimated from fluctuation experiments 117], The validity
of the relation (1G.4) was recently confirmed by numerical studies 110].
Comparison of Eqs. (6.15) and (10.4) shows that the correlation width 1s
not the same as the average of the widths r

Difficulties remain the reliable treatment of compound nucleus cross

sections at high energies. These are caused by a number of different

circumstances. First, there is the uncertainty regarding the effects of

gamma-ray transitions between highly excited compound nuclear states in

softening the spectrum of emitted neutrons and protons. Secondly, there

are empirical results which disagree with the shapes of the particle

spectra predicted by the above statistical picture. This indicates a

breakdown of our basic statistical assumptions which is dealt with In the

lectures on preequilibrium decay.

Finally, at neutron energies exceeding 10 to 20 MeV, residual nuclear

levels become unstable and emit secondary particles which further add to

the particle flux generated by the reaction. From a theoretical viewpoint,

such physically continuous channels pose a three or more-body problem in

the channel portion of configuration space, not just In the compound

nucleus. While theoretical methods exist now for treating three-body

problems [18], they are complicated and time-consuming and have not yet

been applied to neutron-induced reactions in heavy nuclei. I t Is therefore

generally assumed that above the threshold for three-body breakup, the

breakup proceeds sequentially. That i s , in addition to the particle spec-

trum produced according to Eq. (10.1), there are additional particles pro-

duced by the breakup of the residual nuclei in each channel d which is

given by

; .

Ed(max)

(10.5)

where the channels d1 are decay channels of the residual nucleus of chan-

nel d, considered as a new compound system, etc.
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FIGURE CAPTIONS

1. High resolution neutron total cross section of iron from 0.5 to
1.0 MeV, together with a running 200 keV energy average. (Data and
average courtesy of Dr. A. B. Smith).

2. Width fluctuation correction for two channels having Porter-Thomas
distributed partial widths, when these are the only channels (bottom),
and when they compete with a large number of channels having a lumped
non-fluctuating partial width (top).

3. Enhancement of weak average cross sections for values of \> ranging
from 1 to 2 and various combinations of channels. The Tepel curves
refer to the results obtained from Ref. 11; the points are the results
of STASIG calculations.

4. Integration contours used in deriving Eqs. (6.8) and (6.9).

5. Method used in STASIG to generate statistical cross sections.

6. Example of STASIG generated cross sections for inelastic neutron scat-
tering in titanium. The top curve is the experimental result. The
middle curve was generated from a coupled channels optical model, the
bottom for a single channel optical model.

7. MATDIAG-generated changes in the level spacing distribution with in-
creasing numbers of competing strongly absorbed channels,
(histograms).

8. MATDIAG-generated changes in the total width distribution with In-
creasing numbers of competing strongly absorbed channels, (histo-
grams). The curves are the distributions that would be expected from
Independently Porter-Thomas distributed partial widths.

9. Relation between v and T obtained from numerical calculations (Ref. 15)
compared to the prediction of the formula of Ref. 16 (H).

10. Distribution of enhancements of average compound cross sections due to
competing direct reactions for two classes of average S-matrices.
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THEORIES AND APPROXIMATIONS OF
NUCLEAR LEVEL DENSITIES

V.S. RAMAMURTHY
Bhabha Atomic Research Centre,
Trombay, Bombay,
India

ABSTRACT
Outstanding experimental features of nuclear level densities are

their extremely rapid increase with excitation energy and dependence on
nuclear shell and pairing effects. The rapid increase of the number of
levels with energy is a general characteristic of any system with many
degrees of freedom. In the case of a Fermion system like a nucleus,
these degrees correspond to the elementary excitations with additive ener*
gies. The mathematical formulation of the level density problem for such
a system is well known in statistical mechanics. The first part contains a
detailed discussion of the method of calculation of nuclear level densities
with particular emphasis on the partition function approach. Some of the
recent generalizations of the method to include the effects of residual
interactions between the nucleons such as the pairing interaction are also
discussed. In the second part we give a brief description of some of the
recent calculations of level densities starting from shell model single
particle level schemes. The possible sources of error in such calculations
of absolute level densities are also discussed. In the third part, two
recently developed semiempirical level density formulae are described
which retain the simplicity of approximate analytical formulae but at the
same time include nuclear shell effects in a more realistic manner. A
brief discussion of some of the open problems is also given.

1. GENERAL INTRODUCTION

The rates of many nuclear reactions, except at very low energies
depend on the phase space available after the reaction. A dominating
part in the phase apace is the density of levels in the residual nucleus
[ l , 2 ] . By far the most reliable experimental information on nuclear
level densities comes from a study of neutron resonances. Many groups
have estimated the average level spacing Do of the nucleus from the
rather irregularly located neutron resonance capture peaks [3-9J.
The average level spacing is computed by fitting the first N observed
resonance levels by least squares to the formula En = E + nD , n = 1, 2 . . . , N
where Eo and the average spacing Do are parameters to be determined
and En is the energy of the n-th observed level. The inverse value Do
of the average spacing thus fixed represents the density of the nuclear
levels of the compound nucleus at an excitation energy E and with a given
value of the spin j . The binding energy Bn of the neutron gives with a
good approximation the excitation energy E of the compound nucleus except
for a few nuclides in which the low-lying levelB are extremely rare and

therefore higher levels are n
spin dependent level density
spacing through the relations

D"O = if(E,j = 1) for 1 = 0

sarily included in the analysis. The
, j) is related to the observed level

E,j= I -I)] for

where I is the target spin, E is the excitation energy of the compound
nucleus and j is its spin. Since the initial state has a well defined parity
the observed levels have only one of the two possible parities. This
introduces the factor j in the right hand Bide of the above equations.
For a few cases where the 1 values of the neutron is different from zero
the necessary alterations are to be added. On the assumption that no
levels have been missed or wrongly attributed to the nucleus studied
this method is the best source of information available at present for the
level densities. The number of nuclei for which such an analysis has
been performed is about 200 in and around the beta stability line. Some
information has also been obtained from studies of proton resonances
^10] . Nucleon evaporation spectra also provide information on nuclear

level densities but only relative values and carry with them uncertainties
associated with the reaction theories. Thus, the main experimental
information on absolute nuclear level densities is confined to a narrow
band of nuclei around the beta stability line and almost at one excitation
energy equal to the neutron binding energy.

The type of level density information required in calculations
relevant for nuclear data is however quite varied and can be split into
the following categories:

i) Calculation of decay widths and particle evaporation spectra
The calculation of decay widths and the energy and angular

distribution of the emitted particles involves the knowledge of the
level densities of the daughter nuclei after the emission of the
particles in a wide range of excitation energies. Such informa-
tion is not experimentally available and one has to rely on theo-
retical extrapolation into all excitation energy ranges.

ii) Calculations involving nuclei beyond the beta stability line:
The best examples of this category are the fission product

nuclei and the heavy transuranium nuclei. Of 80 major fission
products causing reactor poisoning, 40% have no measurements.
These involve therefore extrapolation into new regions of nucleon
numbers. 187
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iii) Calculations involving new nuclear configurations:
Such a situation is encountered in the calculation of fission

widths. According to the Bohr-Wheeler theory £ l l ] , the fission
width is proportional to the number of open channels on the top of
the highly deformed fission barrier which in turn is decided by the
density of levels of the highly deformed fission saddle point nucleus.
Direct experimental information on this can not be obtained and one
has to fully rely on extrapolation.

iv) Another requirement which does not directly concern the nucl-
ear data evaluator but all the same is of fundamental importance is
the extrapolation into new regions of angular momentum. The spin
values encountered in neutron resonances are in general quite small
and the experimental information therefore relates to these small
values of j . However there are instances where one would like to
predict the level densities for high angular momentum stat es, as in
the case of reactions involving heavy ions. Here again one has to
rely on theoretical extrapolations.

It is therefore clear that however extensive is the experimental
information on nuclear level densities, there is a need for a reliable
theoretical estimate of the same. The required sophistication of the
theoretical basis of the formula, however, depends on the application
where it is required* For example, in case (i) where an extrapola-
tion into new regions of excitation energy was required it is necessary
to obtain only a reliable functional form of the formula as a function
of the excitation energy. The constants of the formula can then be
obtained by a fit to the level density values at the neutron binding
energy and the formula can be used at higher and lower excitation
energies with reasonable confidence. On the other hand an extrapo-
lation into new regions of ntrleon numbers or deformations as in
cases (ii) and (iii) require a better understanding of the theoretical
basis of the formula since the constants of the formula should also
contain the dependence on the composition of the nucleus and
its shape.

Outstanding experimental features of nuclear level densities
are their extremely rapid increase with excitation energy and depen-
dence on nuclear shell and pairing effects. Any theoretical descrip-
tion of nuclear level densities muit explain and reproduce the
above basic features.

2. MATHEMATICAL. FORMULATION

The rapid increase of the number of levels with excitation
energy is a general characteristic of any system with many degrees
of freedom. In the case of a nucleus which can very roughly be
considered as a gas of A nucleons contained in a volume, these
degrees correspond to elementary excitations which have additive

IW energies. The mathematical formulation of the level density prob-

lem for such a system is well known. A plausible excitation
energy dependence of the level density can be derived purely from
the thermodynamical considerations [12} * For not too large
excitation energies, the nucleons in a nucleus are in a state of
high degeneracy and the third law of thermodynamics demands that
the specific heat of this system is zerojfor T should approach zero
as the temperature of the system tends to zero. Therefore, if an
expansion of the average excitation energy Ex of the nucleus near
T = 0 in powers of T is possible, it must startat least with a
quadratic term. Neglecting higher powers of T one can write
Ex = aT^, where a is a constant. The thermodynamic entropy S
of the nucleus can then be obtained from the relation S = j*dEv/T -
2JaEx = log(w). The level density w is therefore w = C exp(2jaEx),
By a suitable adjustment of the constants C and a, it is possible
to reproduce qualitatively the exponential increase of nuclear level
densities with excitation energy. The above formula should only be
considered as a first rough approximate orientation to the general
features of the density of nuclear levels. A more general approach
can be given on the basis of the thermodynamics of excited Fermi
systems and has been extensively reviewed in literature £13]. An
outline of the approach is given below.

2.1 Dependence on excitation energy and mass number of the nucleus

Consider a system of N noninteracting Fermions with total
energy E. The particles occupy the single particle states £^ of an
average potential. For such a system the following relations hold.

N = S ni (1)
E = E 6 i « i (2)

where nj are the occupation numbers of the single particle states.

For a system of Fermions, n; c a n t a k e or 1.

The level density problem is one of finding the number of ways
in which the nucleons can be distributed among the available single
particle levels for a fixed energy of the system. The very definition
suggests a combinatorial approach, and has been used by a few authors
in limited calculations { 14-18]. While thi s approach has some definite
advantages, the calculations can be performed only with large computers
and are limited to small excitation energies because of the extremely
high values that the level densities can reach especially for heavy nuclei.
The most common method of level density calculation is therefore the
partition function method, a well known tool in statistical mechanics.

Following the general terminology of statistical mechanic s \ 1°J
the grand partition function for this system is defined as

e = (3)
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All the statistical properties of the system are contained in the grand
partition function. Replacing ;the sum by an integral, one gets

6""*=
(4)

here the weighting function P ( E jN ), assumed to be a continuous
function, can be identified with the level density of the system. It is
seen that f (E'IK)1) can be obtained as the inverse Laplace Transform
of the coefficient of expt^N1) in the grand partition function.

(5)

where S =Jl-«tN + (^E . The integrals in eqn. (5) can be calculated
approximately by the method of steepest descent. The exponent S has
a saddle point at

N : E._ - a n .
Then the level density is approximately given by

f --

where

(6)

The saddle point conditions are given by

I

N -- t

E-- X.
. do)

* |+t*
The set of second derivatives in the determinant D are given by

all evaluated at the saddle point. The level density can thus be obtained
if SL is known as a function of oC and & . Combining eqns. (1) - (3),
we get

t -- Z «*P P I 2 *Jk {A" '
" * ' ' " (7)

s --
(8)

(9)

.1
A- (11)

i.1
4- S

Note that the independent variables oC ant^ P a r e related to the
familiar thermodynamical variables Jt, and T by the relations
(̂  = 1 /T and Q(, = f/t- = /^/ T t where T i s the Cher mo dynamic

temperature and /*• is the chemical potential. It can also be seen
that the function

i i

l-t-

which is the Fermi -Dirac weighting function of ordinary statistical
mechanics has the same interpretation of being the probability of a
state of energy 6 S being occupied.

The above formulation of the level density problem can be
easily generalised for two components* protons and neutrons in nuclei.
For a system with N neutrons and Z protons with total energy E, the
following relations analogous to Eqns. (1) and (2) hold

N=.

£= (12) 189

_J



where £n* and €.b« a r e t^ie energies of the single particle states and
IV*and hha a r e t n e occupation numbers for neutrons and protons
respectively. The corresponding grand partition function for the

t _ _ ; _syate m is

(13)

c(nand o(j> are some Lagrange multipliers to be determined by
specifying the number of neutrons, protons and the energy of the
nucleus. Again, replacing the summation over energies by an inte-
gral with a proper weighting function p (E1 , Z*, N1) which is the
level density, one can write

(14)

The level density f (E , Z f N ) can be obtained by taking the
inverse Laplace transform of the coefficient of exp( oCN+ «£p Z) in
the grand partition function. This is

P(.E,N,Z) -_ J -
(15)

Where

S s
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As before the integrals in the above equation can be evaluated approxi-
mately by the method of steepest descent. The exponent S has a saddle
point at

The resulting expression for the level density is

(»6)

where D is the second order partial derivative matrix

all evaluated at the saddle point.

(17)

The level density can thus be obtained if Si. is known as a
function of oi^ , ^ . and p> . Combining equations (12) and (13)

-- I
so that

(18)

St. = T.

It is apparent from the above equation that the proton and neutron
contributions and its derivatives are additive giving rise to some
simplifications.

where E n s -

J



Similarly 2. 2 Dependence on angular momentum

where Sn = -0-r> -«tr \ M

D = £5 *

In addition to the numbers of protons and neutrons and the total
energy, there isat least one other good quantum number for the nucleus,
namely the total angular momentum J. It is actually simpler to deal
with the total magnetic quantum number M; this is just tlie sum of the
single-particle magnetic quantum numbers, whereaB the total angular
momentum has no such simple additive property. The J dependence of
the level density can be obtained in a simple way from its M dependence
as shown below.

In this case, a nuclear level is defined by four constants

where

205

Consequently, until we get to the point of writing the level density as a
function of N, Z and E, we can consider, with no loss of generality, a
system with only one kind of particle. We thus have a complete formu-
lation of the level density problem. In the most general case, the
system of the three equations in the variables djr\ , (tp and p» is
highly non-linear and has to be solved numerically. In a practical
calculation one takes (̂  as an independent variable to which any desired
value can be assigned. Then ^ j . and o(v can be obtained by solving two

uncoupled ^on-linear equations and the energy can be obtained by
knowing efo\ , •(& and P . To evaluate the level density for a given
energy, interpolative techniques are to be used.

At this point it is worthwhile to note that the method used to
i^rive the level density formula is of general use in statistical iTiecha-
dcs. The only difference between the problem considered Were and one

ordinarily encountered in statistical mechanics is the Bmall number of
particles in the nucleus. In the ordinary statistical mechanics,..the parxicle
number is so large that the entropy S is simply given by log f . In
the present situation, the term in the denominator of equations (6) and
(16), although much less important than the exponential, cannot be
neglected. For the same reason, the thermodyn&mic temperature
T( = 1/^) is not identical to the nuclear temperature defined sometimes
as the inverse of 4^£ (log p ). In ordinar t t i t i l hi th
two temperatures would be identical.

de
nics

p a d d sme
y statistical mechanics the

Z
•o

2- =
(20)

where m n s , mpS
 a r e the single-particle magnetic quantum numbers for

protons and neutrons respectively and the other symbols are the same as
in equation (12). We can now define a grand partition function

£ 0 1 l )
The calculation would then proceed just as in the previous section.
The level density has the form

P (E, N, Z, M) = exp(S)/

i = -*L - o(» N —<
and DJ^I is the 4 by 4 determinant of second derivatives of -H* , all
evaluated at the saddle point of S.

Once P is 1'cnown as a function of M, the J dependence is
obtained using the relation

f (E, J) = f(E, M = J) - P(E, M = J + 1)

In the absence of an external magnetic field there is a degeneracy in
the sign of the magnetic quantum numbers; there are pairs of singlf 191
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particle states with the same value of £ B (referring to either protons or
neutrons) and opposite signs of mg. Making use of this fact, it has been
shown [20j that the dependence of the entropy S on M can be written as

S(E, M) = S(E,0) - M (23)

(24)

where

+ similar terms for protons.
The denominator term is given by

where D is the 3 by 3 determinant given by equation (17). Neglecting
terms of order M^ in S and terms of order M2 in Dj^ gives the approxi-
mate expression

P(E,M)
(25)

The J-dependence is then given by

It can be . shown that the semiclassical WKB J approximation applied
to a gas of fermions in a spherical potential leads to a value of ^m }
given by ^*n 2 j = IT/-ft2 , where I is the rigid body moment of inertia
of the nucleus. However, one would expect deviations from this
simple behaviour at low energies?, where the detailed properties of the
single particle spectrum are important. A rigid body with the dimensions
of a heavy nucleus would have a spin dispersion factor ^ m 2 ^ of the
order of 150T. Such high values of /m2Swould render the exponential
factor exp{-J(J+l)/ f£ ^ K 1 ^ ) ) relatively unimportant for the
levels studied in low energy neutron spectroscopy. Thus* the density
of neutron resonances is expected to be very nearly proportional to the
factor (2J+1) according to this model. Lynn has tabulated f 6 ] available
data on the low energy resonances of some nuclei with ground state
angular momentum I = 7 and 3/2. For target nuclei with I = •=> the number
of resonances observed with J = 1 ranges from twice to three times the
number with J = 0. (the expected ratio is 3). For target nuclei with

I = 3/2 the observed ratios of the numbers of J = 2 resonances to J - 1
resonances range from 1 to 3 while the expectation is 1. 67, Thus* the
(2J + l) law seems to be confirmedat least for the lowest values of J.

2.3 Effects of residual interactions anii Odd-even effect in level
densities

In the formulation presented so far, the nucleus is treated as an
assembly of non interacting nucleons confined to the nuclear volume by
an average potential. This is only the first approximation to the beha-
viour of a system of particles interacting via two-body forceb and for a
realistic description one has to include the correlations amongst the
motions of the particles which inevitably arise from the short range
components of the two body forces. A mathematically simple form for
the residual force which has been successfully used in describing the
well known odd-even effects in nuclear ground state masses [ 2 l l is
the so called pairing force, defined by the value of its matrix element
between the initial and the final states of the scattering of a pair of
particles. Qualitatively the introduction of this force also explains
the odd-even effect in the low energy behaviour of nuclear level densi-
ties- The partition function approach described in the previous section
for calculating the statistical properties of the nuclei has been genera-
lized also to include the pairing force f 22-25], As before, the grand
partition function ig first determined and is then restricted to conserve
energy, number of particles and any other constants of motion such as
the angular momentum projection.

We start with a Hamiltonian of the system in the following second
quantization form

H =

The logarithm of the grand partition function in this approxi-
mation (for one component only) is obtained as

where , [

J
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(28)

The level density of the system is as before the inverse Laplace trans-
form of the grand partition function. The saddle point conditions give
for the constants of motion

(29)

(30)
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M =

E =

]

The system of equations (28)-(3l) defines the saddle point values of
& hX and P> • The entropy S is then given by

JL

(32)

Expressions for the second derivative matrix can similarly be
obtained by simple differentiation. The generalization to two
components, protons and neutrons* is also straight forward. A
complete presentation of the formalism can be found, for example,
in reference [24*1 .

The formalism has been recently extended t 26 j to include,
£or the residual interactions* both Hartree-Fock and pairing type
effects also.

3. APPROXIMATION AND SEMI-EMPIKICAL FORMULAE

3. 1 The constant spacing model and the Bethe formula

In the formulation of nuclear level densities presented
above, nuclear structure eater e only through the single particle
stateu £ . The simplest possible model is one in which the densi-
ties of neutrons and protons are constant. We again start with the
grand partition function and replace the sum over single particle
states in equation (19) by integrals

Si--
(33)

+ similar terms for protons
where ( £ ) ( £ ) b fi
and proton single particle stat
of the above equation leads to

+ similar terms for protons
re g n ( £ ) and gp( £ ) are, by riefinitioa. the densities of neutron
proton single particle states respectively. Further modificatio
e above equation leads to

JL =

the nuclear Fermi level /^ is of the order of 30 MeV, whereae the
temperature T is usually of the order of a few MeV. Thus, € " ^ 4 £
and with negligible error
temperature T is usually
and with negligible error
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The first term in the E equation is just the ground state energy Eo.
The excitation energy ie then

where a = TT (gn + gp)/6

Making the approximation (gn + gp) - ^gng leads to the familiar
formula

(36)

It can be shown that even if the density of single particle state B is a
slowly varying functionof energy, the results of the constant spacing
model are still approximately valid if the densities of single particle
states are evaluated at the Fermi level. For nucleons in nuclei with
nearly constant density, the single particle Bpectrum has the form
g(€)«t fc ^ . The Fermi level At is given by

I " * ' I n "" . . f i t

where ro is the radius parameter and mo is the nucleon mass- The
densities of neutron and proton states at the Fermi level are

BpljO

expression of the form given by eqn. (36), by allowing the level density
parameter i to be essentially a free parameter. However, the values
of a/A obtained from these fits show considerable deviations from a
constant value expected on the basis of the Bethe model, especially in
the region of closed rhell. Moreover, in some cases £27, 28'] as in
the analysis of fission excitation functions, it has also been found
necessary to assume the parameter a to be excitation energy dependent.

These anamoliee in the "experimental" values of ^ have been quali-
tatively attributed to the effect of nuclear shell structure on level
densities.

3. 2 The Newton, Cameron, Gilbert-Cameron formulae

It is clear from a comparison of neutron resonance data with
the free gas modelleveldensity expression that such a simple theory
with its one more or less adjustable parameter is an inadequate expla-
nation of nuclear level densities at moderate excitation energies.
Simple study of the data reveals strong correlations with nuclear magic
numbers. Various attempe have been made to improve the situation,
due mainly to Newton. Cameron,and Gilbert and Cameron. All these
authors stayed within the framework of the constant spacing model,
putting all their effort into obtaining effective values of the parameter

Newton's analysis [3 ~\ begins with the realization that the level
density depends mainly on a few states in the neighbourhood of the
Fermi level and the shell model single particle spectrum has gaps at
the magic numbers resulting in a complex energy dependence of the
single particle state density. In the integral approximation for the partition
function and its derivatives, the integrand is a product of the single
particle level density and a function
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The parameter & is thus proportional tc the mass number A of the
nucleus- It has been possible to fit the experimentally derived level
densities of a large number of nuclei over the periodic table to an

which has a sharp maximum at the Fermi energy and is of a width
roughly equal to the temperature T. Therefore, instead of Using the
free gas model single particle level density value in the formula,
Newton suggested the use of an average value, obtained by averaging
the discrete levels of the shell model with the weighing function W ( £ ).
In the spherical shell model, the Fermi energies correspond to the
energy of the last unfilled subshells for neutrons and protons- If the
angular momenta of these subshells are jjj and j z respectively, the
single particle level densities are proportional to (,)N

+Jz+1) at very
low temperature. At higher temperatures this proportionality is
modified by the averaging procedure: the result cl.'i be represented by
using a notation of effective angular momenta j - , and jg. Newton
showed that the spherical shell model calculation results in more
structure in the level density at excitations equivalent to neutron
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separation energies than the resonance data reveal. The structure
between the major shells is removed by using the spheroidal model
of Nile son in the mass number regions where nuclei are known to be
deformed. The effective angular momenta calculated using the
spherical shell model close to magic nucleon numbers and the spher-
oidal model in the deformed region are given in the form of a table
by Newton. Also, for a spherical well potential of radius R, the
energy eigen values have an R dependence which is R"2. Therefore
if the nuclear radius varies as A1 ^3 the density of neutron or proton
states should have the form

J* f l i

(37)

The final formula for the density of levels of zero angular moment-
um and one parity is

( 3 8 )

The dependence of the level density on angular momentum is assumed
to be proportional to 2J+1. The numerical values determined by
Newton for the proportionality constants ot and KB by fitting to the
neutron resonance spacings of 52 nuclei are ot = 0.01886 and
K_ = 3,0/A. Newton has tested the equation by the following statisti-
cal criterion. The quantity fwas defined as the logarithm of the ratio
of the observed level spacing to the calculated spacing:
V = J*lpobs/Dca l] . Then the quantity X2 = (n-l)"1 £ t%

waB formed, where n is ihe number of nuclei for which )p was deter-
mined. For 52 nuclei X was found to be 1.11; this is to be compared
with a value of X = 5 . 4 found in fitting the same data to a Fermi
gas form. The former value is equivalent to an expected error of a
factor of 3. Lynn f 6 j has carried out an analysis of a more
extensive set of data than those that were available to Newton with
the same formula. It was found that most of the data lie above the
theoretical curve by a considerable factor; only at some of the closed
shells and amongst the lighter nuclei is there reasonable agreement.
It was also found that overall agreement cannot be obtained by a
simple adjustment of the constant et • There are, however, some
serious defects with Newton's method. Newton assumes that the
Fermi level ^ always has its ground state value. As we will see,
this is not the case except for constant densities of single particle
states. A more serious flow in Newton's treatment is that it
leaves out the main feature of the shell model, namely the presence
of gaps at closed shell.

To remedy some of those defects, it was suggested by
Cameron \^~\ that one should obtain the single particle spacings
from second differences of nuclear binding energies after removing
the Coulomb and pairing terms rather than get them from the shell
model. If M'(Z|A) is the mass excess after removing the Coulomb
and the pairing terms, the proton orbit bpacing is defined as

A similar relation holds for the neutron spacing d(N). This procedure
would be exact if the single particle spacings were constant as a functi-
on of N or Z: it proves adequate if these spacing! are slowly varying
and the formulae are applied close to the valley of beta stability. Then
there is no adjustable constant as in the case of Newton's formula. In
practice, it was also necessary to smooth out the results in the transi-
tion regions between spherical and deformed nuclei.

Having obtained single particle spacings as a function of N and
Z Cameron proceeds to average them out using the same weighting
function W(£) as Newton. Using these average spacingB in the equa-
tion (38) to calculate neutron resonance spacings, Carrjron achieved
a notable improvement over Newton, the calculated resonance spacings
are off by a factor of 1. 8 on the average, as compared to a factor of
3 for Newton's method.

Both the calculational schemes of Newton and Cameron are
quite complicated. Nevertheless, these results indicate that shell
effects in level densities could be predicted by a proper calculation
based on the shell model.

We will now discuss one other method proposed by Gilbert
and Cameron f 5 ] . This method while being mainly semiempirical
is very simple and has been widely used in nuclear data calculations.
In the free gas model one would expect that the ration/A is a
constant. Since appreciable deviations from the expected constancy
occur near closed shell nuclei, it is reasonable to try to relate shell
effects in resonance spacings to the shell correction to the nuclear
ground state masses. While there is no unique way of doing this,
Gilbert and Cameron demonstrated that a linear relationship exists
between the ratio a/A as obtained from neutron resonances and the
shell correction energy S to the nuclear masses. Specifically, it
was found that two linear relations a/A = 0. 00917S + 0.120 and
a/A = 0. 00917S + 0. 142 can be obtained for the deformed and
spherical nuclei. The average error was a factor of 1. 8 as before. 195
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In a subsequent analysis, Cameron has shown £29 3 that if one takes
into account the deformation energy contribution to the ground state
mass of nuclei it is possible to obtain a single universal linear relat-
ion for all nuclei.

3. 3 Other semiempirical prescriptions

While the prescriptions of Newton, Cameron^and Gilbert -
Cameron described above have stayed within the framework of Bethe
formula, there have also been several studies based on mocked up
shell model level schemes, such as a set of equally spaced levels of
constant degeneracy [30} or a bunched periodic single particle level
spectrum [31-35J in place of the equally spaced single particle level
scheme of the Bethe model. Simple analytical results which could
account for some of the most relevant experimental results were also
derived in most cases. Without going into the details of the calculations,
one of the significant features brought out by all these calculations is
that in the high excitation energy limit, the shell effects manifest
themselves as an energy shift. It was also found £36J that the magni-
tude of the energy shift is correlated with the ground state shell correcti-
on energy. A global fit to the neutron resonance data has also been
attempted by Dilg et al [9~\ incorporating an energy shift and an adjust-
ment of the level density parameter. However, the main problem in all
these calculations is the significance of the parameter and the region
of validity of these. For instance, the energy shift, while being a good
asymptotic approximation, is not guaranteed to be given a good descri-
ption at low excitation energies. The logical way is therefore, to go
directly to a single particle spectrum given by the shell model and to
calculate all *he necessary quantities. The availability o~ high speed
computers and reliable shell model single particle level schemes has
made a procedure practical.

4. NUMERICAL CALCULATIONS OF LEVEL DENSITIES FROM
SHELL MODEL SINGLE PARTICLE LEVELS

In the last few years, several calculations of shell model
single particle level schemes have been carried out both as a function
of nucleon numbers and as a function of nuclear shape in connection
with the studies of nuclear deformation potential energy surfaces
[37, 38 J . Simple global parameters for the underlying shell model
potential have also been estimated on the basis of fits to nuclear ground
state masse* and fission barrier heights [39, 40] . Based on these and
other single particle level schemes and the partition function approach,
several numerical calculations of nuclear level densities have been
carried out and used in nuclear reaction rate calculations [41, S3],
However, only a few systematic comparisons of the level spacings
thus calculated with the available experimental data have been under-

taken. We refer here to two such comparisons carried out by Dossing
and Jensen[54] and Huizenga et al [55, 56] . Starting from a realistic
set of single particle levels generated for a Woods-Saxon potential,
Dossing and Jensen have calculated the level spacings of nuclei in the
mass range 100( A (253, and compared it with the available experimen -
taldata from neutron resonances. It was found that for all nuclei except
in the region of the doubly closed shell nucleus Pb, the calculated
level densities were systematically underestimated by a factor of nearly
100. This discrepancy was partly resolved by noting that most of the
nuclei included in the analysis are deformed in their ground state and
that nuclei having deformed shapes have been predicted earlier to have
an enhanced density of levels due to the available extra collective degrees
of freedom [57, 581. However, the discrepancy for nuclei with A ( 138
whose ground state shapes are spherical remained unresolved.

The analysis of Huizenga et al, on the other hand, included
nuclei in a somewhat wider mass range 50<A<250. Spherical and
deformed nuclei were separately considered for the analysis. Starting
from the single particle level scheme of Seeger and Perisho £39] »
Huizenga et al£55j calculated the level spacings of about 100 spherical
nuclei at neutron binding energy and showed that in more than 66% of
the cases studied, the calculated level spacings agree within a factor of
two with the experimental values. In the case of deformed nuclei, the
single particle level scheme of Nils son et al L5<?J was used for the
calculation of the level spacing s and it was again shown that good
agreement with experimental data could be obtained if one includes
the enhancement due to collective degrees of freedom, It is therefore
believed on the basis of the comparisons of Dossing and Jensen and
Huisenga et al that numerical calculations of level densities starting
from shell model single particle level schemes lead to fairly reliable
estimates of the same and that there is an evidence fcr the enhancement
of the level densities due to collective degrees of freedom for deformed
nuclei.

Two important features of the above comparisons are,however,
worth pointing out here. While in the analysis of Dossing and Jensen
the single particle level scheme used for the level density calculations
is the same for spherical and deformed nuclei, Huizenga et al have
used two different single particle level schemes for the two classes
of nuclei. It was also found that the calculated level densities were
systematically underestimated by an average factor of about 30-40
at excitation energies of the order of neutron binding energies when
the Nils son level scheme was used. Significantly this factor is quite
close to the collective enhancement factor introduced for deformed
nuclei. In the analysis of DOB sing and Jensen, the discrepancy for
nuclei with A(138 is disturbing since the number of spherical nuclei
for which agreement is obtained is quite small. Thus, it is not quite



clear whether one can make reliable estimates of level densities from
single particle levels over the full periodic table. In addition, if two
sets of single particle level schemes yield different results for the
level densities* it is not clear which of the two should be taken as
reliable.

A more intrinsic objection to a direct calculation of level
densities from shell model single particle level schemes is as follows.
It is now well known that a static shell model cannot be expected to
describe adequately the ground state properties and deformation
energies of nuclei. Instead, one replaces the smooth component of
the total nuclear shell model energy by a phenomenological liquid
drop expression to obtain the potential energy of a nucleus. It is
therefore natural that one may doubt the reliability of numerical
calculations of level densities also in the absence of a renormaliza-
tion procedure as in the case of deformation energy calculations. In
particular in any shell model calculation the quantity on which the
calculated level density crucially depends is the density of single
particle states near theFermi level. This is not a quantity which is
crucially adjusted in any calculation of shell model energy level
scheme. In fact, differences to the extent of 10-20% are known to
exist between the calculated average single particle level density near
the Fermi level corresponding to various level schemes currently
being used in literature for the calculation of nuclear shell correcti-
on energies. The major shell spacing is to first order a measure
of this quantity and has a value (35-50J/A1 / 3 in literature. Even
though the ground state shell correction energies evaluated from
different single particle level schemes are found to be appreciably
different* It is therefore necessary to adopt a normalization proced-
ure which ensures that the shell independent parts of the calculated
level densities are consistent with a liquid drop model estimate and
the shell dependent part is consistent with experimental shell correcti-
on energies. In the absence of such a normalization the calculated
level densities from different single particle level schemes are
expected to exhibit appreciable differences.

Another objection which can be raised against the numerical
calculations of level densities is that these calculations are carried
out in. the independent particle model approximation. Some earlier
studies (feoj have shown that if one takes into consideration that the
shell model potential is an effective potential generated by two-body
interactions the calculated level densities as a function of excitation
energy differ significantly from those calculated in the independent
particle approximation.

Based on similar arguments, Gottschalk and Ledergerber JblJ
have proposed an extension of the Strutinsky method in order to des-

cribe the level densities of excited nuclei. Starting from a shell
correction expansion for the Hartree*Fock grand partition function,
the smooth components of the grand partition function are replaced by
a phenomenological expression constructed from the deformation
energy of the liquid drop model nucleus. The remaining Oscillations
are calculated directly from the Bhell model level scheme.

The proposed method has been used for a calculation of the
fission probabilities* More extensive calculations covering a wide
range ofniclei havevhowever.not yet been carried out. In spite of the
above cited uncertainties in direct numerical calculations of level
densities from shell model single particle levels, these calculations
have contributed greatly to our understanding of the excitation energy
dependence of shell effects on the level densities, particularly the
washing out of shell effects on level densities with increasing excitation
energy [62, 63J . One of the important conclusions that has been drawn
from such numerical calculations is that the Bethe form for the level
density is inadequate to satisfactorily describe the influence of shell
effects on level densities even if the level density parameter is
treated as a free parameter since this parameter shows an explicit
excitation energy dependence. In particular it was shown that the
excitation energy dependence of the thermodynamic entropy of a nucleus
with shell effects deviates considerably from the form expected on
the basis of the Bethe model. Instead a behaviour of the form

(39)

was found where A» and Ag are excitation energy dependent
parameters and at01/| is the liquid drop model value of the level
density parameter. The asymptotic behaviour of All and /•£ are
such that, as the excitation energy increases* /^decreases approach-
ing an asymptotic value of zero, while Ag increases approaching an
asymptotic value A , where A is the ground state shell correction
energy of the nucleus. It was also found that these asymptotic values
are reached at excitation energies of the order of 30-40 MeV.

Purely from the point of a mathematical representation
equation (39) can also be written in the equivalent forms

sS
U>N|

(40)
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Equation (40) implies that the deviation of the plot of the square
of the entropy versua the excitation energy from a straight Line
passing through the origin can be represented by a shell and an
excitation energy dependent level density parameter. In other
words, one can take into account the shell effects on nuclear level
densities by introducing an energy dependent shell correction Aa(Ex) in-
to the liquid drop model level density parameter. This procedure
is somewhat similar to the conventional method of taking into
account shell effects on level densities where the level density
parameter ia treated as a free parameter. On the other hand,
equation (41) implies the introduction of an effective excitation
energy to be measured from a reference mass surface which
coincides with the actual ground state for small excitation energies
and with the liquid drop model ground state for small excitation
energies and with the liquid drop model ground state for high
excitation energies. This procedure is quite similar to the

Hurwitz-Bethe empirical prescription £64] where one subtracts
from the excitation energy the ground state shell correction
energy for the calculation of nuclear level densities. Of these
three equivalent expressions, equation (39) is preferred since in
this case, by a proper choice of &Q. and Af: jnot only the
magnitude of S but alao its derivative with respect to the
excitation energy can be correctly represented. Equation (11)
though is not very well suited for low excitation energies, exhibits
the correct asymptotic high energy behaviour, Equation (40) does
not show any asymptotic behaviour and is not suitable to be used
in any excitation energy range.

Similar conclusions have alao been drawn regarding the
excitation energy dependence of pairing effects on nuclear level
densities. At low excitation energies, pairing effects manifest
themselves In all the thermodynamic properties of nuclei. As
the excitation energy increases, the effect of pairing weakens and
at temperature above a critical temperature T c the pairing effects
completely vanish. The only remembrence of pairing at these tempo
eratures i s an energy shift equal to the ground atate condenaation
energy, equal to the ground atate energy difference with and without
pairing. Angular momentum of the nucleus plays a similar role aa
the excitation energy in weakening pairing effects and tend to reduce
the critical temperature at which pairing is fully wiped out.

5. NEW SEMIEMPIRICAL LEVEL DENSITY FORMULAE WITH
SHELL EFFECTS
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It ia clear from the diacuasiona preaented in the previoua
sections that while all the currently available nuclear level density
formulae baaed on the traditional Eethe model with one or more

parameters ia inadequate to satisfactorily deacribe the influence of
nuclear abell effectsi the more recent direct numerical calculations
of level densities starting from shell model single particle level
schemes have not yet achieved the required level of reliability. In
view .of these, attempts have been made in the recent years to
develbp new semiempirical formulae which while retaining the simpli-
city of the earlier analytical formulae take into account nuclear shell
effects in a more realistic manner. We briefly describe some of
these investigations here.

S. 1 Ignatyuk, Smirenkin and Tishin formula

It is known that the experimental values of the level density
parameters of nuclei aa evaluated from neutron resonance density
data show considerable deviations from the predictions of the simple
Bethe model and that these deviations are correlated with the shell
correction energies to the ground state masses of nuclei. Ignatyuk
et al £65^ have proposed, on the baais of the above observations, the
following energy dependence of the level density parameter

LOM
where UL is the asymptotic value of j^at high excitation energies,
and A is the ground state shell correction energy of the nucleus.
The dimeneionleaa function f(Ex) dcterminea the excitation energy
dependence of JL. f(E ) - H as Ex-»>D0and f(E,yEx-*conatant as
Ex-» 0.
The above functional form is choeen on the baais of argumenta aimilar
to our earlier discussion on the excitation energy dependence of the
thermodynamic entropy of a nucleus with shell effects. The following
functional form was chosen for f(Ex) on the basis of the numerically
calculated entropy values veraua the excitation energy for different
nuclei.

In order to allow for possible deviations of the aaymptotic behaviour
of the level density parameter from the Bethe expression a"*Mwaa
expressed in the form [66J "~
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By a least square fit to the experimental level density parameters of
about 200 nuclei the following values for the coefficients w<;re obtained.

ot = 0.114
f = 0.162
X = 0.054 MeV

5.2 Kataria, Ramamurthy and Kapoor formula

Another effort in the same direction is the semiempirical
formula for level densities proposed by Kataria et al. It is known that
the single particle states in nuclei exhibit appreciable fluctuations from
the equidistant level scheme and these fluctuations are the source of
the observed shell effects in nuclear masses and other observables.
It has also been shown [131 that the systematics of shell correction
energies to nuclear ground state masses can be reasonably well under-
stood if the shell fluctuations to the single particle level density are
approximated by a simple cosine term. Ramamurthy et al have shown
[_67j that for the same type of single particle level density, the follow-
ing simple relations for the entropy and excitation energy of a nucleus
ae a function of the temperature can be obtained:

tfWT
(43)

where a is the liquid drop model value of the level density para-
meter, given by a= /. A. A is the ground state shell correction
energy of the nucTeus and W is the fundamental frequency of oscil-
lation of the shell fluctuations to the single particle level density.
By definition U3 is characteristic of the major shell spacing in
nuclei and is represented as w = wQ A*'3, where wo is a mass
independent parameter. A comparison of the calculated level
spacings on the basis of the above equations with the experimental
data for about 100 spherical nuclei yielded the following values for
od and Wo in the least square sense:

dL = 0. 14 MeV "1 and "1

A further analysis of the data showed that the liquid drop model
value of the level density parameter 3, itself exhibits a mass
dependence of the form

.-1 /3

where B is the nuclear surface area relative to spherical shape.
The best values of #~ and |̂  obtained by a least squares fit to the

1
# | y

experimental data are )f = 0.175 MeV-1 and 1.0

it snouia oe pointed out nere tnaij w
for ^ chosen by Ignatyuk et al [65J and K
the same, the coefficients of the A"1 '3 tern

It should be pointed out here_ that, while the functional form
Kataria et al [68] are

rm obtained by them c-n
the basis of a fit to the experimental data are different and are in fact
of opposite sign. While the precise reason for this discrepancy is not
clear, we show in figure 1 a plot of^/A versus A ' obtained by
Kataria et al for various nuclei. The £ values were obtained from the
measured level spacings using equations (42) and (43). The negative
slope is quite apparent.

Further details of the work are found in reference [6E3,Kataria
et al have also shown that the above formula when applied to deformed
nuclei lead to calculated level spacings which are reasonably close to
the experimental data within an average factor of 2-3. Fig. 2 and 3 Bhow
plots of the ratio of the calculated to the experimental level spacings as
obtained by Kataria et al for spherical and deformed nuclei. As can be
seen from the figures, there was no evidence for any significant enhance-
ment of the level densities of deformed nuclei over the corresponding
values obtained for spherical nuclei. As indicated in an earlier section
such an enhancement has been deduced in earlier analysis of Dossing and
Jensen£543 and Huizenga et al [56} and has been interpreted as a conse-
quence of additional rotational degrees of freedom available to deformed
nuclei if one assumes that rotational degrees are totally decoupled from
intrinsic excitation. The results of Kitaria et al may imply that the
assumption of totally decoupled rotational degree is not valid at excita-
tion energies of the order of neutron binding energies.

Another important implication of the proposed two parameter
form for the level density parameter^is that the level density para-
meter for the fission saddle point shape is predicted to be smaller by
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about 5% as compared to that for the spherical shape- a fact which is
important for any reliable analysis of fission excitation functions.
Evidence for such an effect has already been reported by Ramamurthy
and Kapoor [69} in an analysis of the fission excitation function for the alpha
particleinducedfission of 2"8Pb.

6. COLLECTIVE CONTRIBUTIONS TO NUCLEAR LEVEL DENSITIES

It is well known that nuclei exhibit near their ground state many
low energy collective levels, rotational and vibrational. In general, each
intrinsic level may therefore be expected to give rise to a band of collect-
ive levels and the total level spectrum for a given angular momentum is to be
obtained as a sum over a set of intrinsic states. Such an analysis has been
performed by Ericson[_57] and Bjornholm et al £583 and shown that in
nuclei that have static deformations in their ground state the level densities
are enhanced over those for spherical nuclei because of the contri-
butions from the available rotational degrees of freedom. We present
only a summary of the analysis here. For the case of a spherical
nucleus it has been shown earlier that the lev el density considered
as a function of the angular momentum can be written as

B*
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where 0" is the spin cut-off parameter.
In a deformed nucleus each intrinsic state gives rise to a rotational
band and the total level spectrum for a given angular momentum is to
be obtained by summing over a set of intrinsic states. Let us consider
the simple case of a nucleus having aground state deformation shape
with axial symmetry and invariance with respect to a rotationa R of
180° about an axis perpendicular to the symmetry axis. Axial symmetry
implies that the intrinsic states can be specified by a quantum number
K representing the component of I along the symmetry axis. The
intrinsic states are also degenerate with respect to the sign of K as
a result of the R invariance. Decomposing the total level density of
intrinsic states into partial densities with specified K

Ob

P (irN - £ P. . ( E,O

Assuming a normal distribution for Pjntr(E;K) with a variance <T*K
the level density for specified I is obtained by summing over intrinsic
states with IKI ̂  I.

PU.I) = -L P. , K)

where Er0^(K, I) is the rotational energy.

For values of I such that Erot(K, I) is small compared with the
temperature and I 4 0"K one can neglect the dependence of Erot as well
as the exponential factor in P jntr(E, K) to obtain

It is thus seen that the level density in the case of a deformed nucleus
exceeds that for a spherical nucleus by a factor of the order of f \
In general, any further loss of rotational symmetry leads to a corres-
ponding increase in the total level density by a factor of the order of
the total number of states in the collective spectrum with energies less
than the temperature. One can also include in a similar way the vibra-
tional contributions to the level densities.

The above analysis assumes that it is possible to fully decouple
the collective and the intrinsic degrees of freedom of the nucleus.
However, this approximation is expected to break down when the
nuclear temperature becomes comparable to the energies associated
with single particle excitation and it is no longer possible to speak of
fully decoupled collective and intrinsic motion.

The dependence of the absolute level density on the asymmetry
of the nucleus can be quite appreciable since the spin cut-off factors
are about 5 for a heavy nucleus with excitation energies in the region
of a few MeV. It is generally believed that there is experimental
evidence for such a collective enhancement of the level densities on
the basis of the analysis of Dossing and Jensen [54] and Huizenga
et al t56] . However, as mentioned in the earlier section, independent
analyses by Kataria et al [.633 a"d Ignatyuk et al[65] have shown that
such an enhancement is not demanded by the experimental data. It was
also shown that the reason for this contradictory conclusion is the
possible uncertainities in the numerically calculated level densities
from shell model single particle levels with no normalization to liquid
drop model values.



7. MISCELLANEOUS TOPICS

We have so far assumed that the nuclear levels are characteri-
zed by only the energy and the angular momentum. However, in some
cases it may be necessary to specify other constants. One frequently
encountered example is the preequilibrium emission of particles in
nuclear reactions [70] . In describing the hard portion of the
energy spectrum of particles emitted in the decay of a nucleus preequi-
librium models have been extensively used. One of the principal
nuclear inputs to the model is the density of excited states with a
given number of particles and holes. This density is usually calculated
using the simple relations derived from the model of noninteracting
particles for an equispaced single particle level scheme. As was
mentioned earlier it is possible to generalize the partition function
approach to calculate the density of particle - hole states on the
basis of a shell model level scheme. Such a generalization has been
reported by Ignatyuk et alf71, 72]and shown that this approach enables
one to study the manifestation of shell and pairing effects in the par •
ticle-hole densities and also to evaluate the approximations used in
different simplified studies. However, at present no direct experi-
mental data exist to test the predictions of the formulae.

Another similar constraint which is likely to be encountered in
preequilibrium reactions is the isospin constancy. In view of the small
reaction times involved in preequilibrium emission as compared to the
isospinmixing times* it is necessary to include only states of definite
isospin in the calculated level densities. Jensen [73] has recently
reported a calculation of level densities with specified values of
isospin. The expression is given in terms of the ordinary level density
where the total isospin is not specified and therefore contains both the
shell and pairing effects. One of the main conclusions of Jensen's
analysis is that the level density for a given isospin decreases with
increasing value of the isospin itself. Again, for reactions where there
are strong isospin selection rules, an exact decomposition of the
level density into components with specific isospins is necessary.

8. SUMMARY AND OPEN PROBLEMS

A summary of the present state of art in nuclear level density
calculations is as follows. The traditional Bethe expression with
empirical adjustments of the level density parameter and the effec -
tive excitation energy does not fully satisfy our present requirements
especially when extrapolations into new regions of excitation energies
and nucleon numbers are involved. The exact numerical calculations
based on shell model single particle level schemes and the partition
function approach, on the other hand, have not yet reached a level

While a beginning has already been made in this direction with the
development of shell-dependent formulae, more attention is to be

I thank my colleagues Drs. S. S. Kapoor and S. K. Kataria
for many helpful discussions. My thanks are also due to Dr. M. K.
Mehta for hie keen interest in this work.
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FIGURE CAPTIONS

Fig. 1 Plot of jl/A versus A ' . The bars represent the

uncertainty in the deduced values of a_ due to difference»

in the compiled values of D for the same nucleus.

The straight line is the least square fit to the points-

Fig. 2 Plot of the ratio of the theoretical to the experimental

level spacing versus the mass number A for spherical

nuclei. The values of parameters used are «( = 0.14,

r = 0.176, p> = 1. 0 and wo = 0.185.

Fig. 3 Plot of the ratio of the theoretical to the experimental

level spacing versus the mass number A for deformed

nuclei. The values of parameters used are ot = 0.14,

Jf = 0.176, ^ = 1.0 and w = 0.185.
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PARAMETER SYSTEMATICS FOR
STATISTICAL THEORY CALCULATIONS OF
NEUTRON REACTION CROSS-SECTIONS

G. REFFO
Comitato Nazionale per PEnergia Nucleare,
Centro di Calcolo,
Bologna, Italy

Abstract

The problem of determining the parameters relevant to statistical
model calculation of cross sections failing experimental information is
reviewed from the point of view of the evaluation of nuclear data for
reactor needs.

The level density problem in the whole energy range of interest is
considered with emphasis on the systematic behaviour of the level
density parameters "a", nuclear temperature T and matching energy U x.
A consistent determination of spin cut-off parameter is discussed.

The results of radiative decay width calculations according to most
familiar approximations are investigated as well as its energy spin and
parity dependence. Use of tha Brink-Axel hypothesis is suggested and to
this end the systematic trend of giant resonance parameters is shortly
illustrated.

The systematic behaviour of neutron capture cross sections at lower
energies as predicted by the statistical model is shown at 25 keV.

The degree of uncertainty in interpolating parameters on the
systematic curves is given.

INTRODUCTION

There is a gap between the degree of sophistication of the models

adopted in the calculation of cross sections for reactor needs and

the degree of accuracy attached to parameters necessary for the

models themselves.

Where one has no experimental information from which to deduce

parameters or to normalize model calculations of parameters, one has

to resort to model-guided systematics to interpolate or extrapolate
11 II

parameters, or to kitchen recipes coupled with intuition and expetl
ence.

The purpose of these lectures is to illustrate what one can do in

practice when the necessary parameters cannot be deduced from expert

ment and to show the accuracies obtained when the parameters needed

are deduced from systematics.

Chapter 1. LEVEL DENSITY PROBLEM

Sect. 1. LEVEL DENSITY PARAMETERS

1.1. High Energy Level Density

The theoretical assumptions underlying commonly adopted level

density formulae at high energies are based on the Fermi Gas Model

(FGM).

Starting from the analogy which can be established between

nucleon systems and gaseous systems, the model establishes:

a) that single particle states (sps) contributing to nuclear state

excitations are those falling in the neighbourhood of Fermi's

top for the order or thermodynamic temperature (sps)™ ;

b) a relation between (sps)™ density and nuclear state density;

c) a relation between quantum characteristics of nuclear states end

the statistical averages of the corresponding quantities charac

terizing the ensemble of (sps)pT .

It immediately appears that the model can only be valid where

the excitation energies involved are high enough for the systems to

be considered as being of a statistical nature.

Each nuclear state is completely characterized by the set of

quantum numbers (E,J,M,TT) .

In practice, one observes the nuclear levels, each level being

completely determined by the set of quantum numbers (E,J,n) .

Because each nuclear level is (2J+1) times degenerate in M ,

the relation between total density of states p*(E) and total density

of levels p(E) is given by eqs. 1 and 2 below,

p(E) p(E,J,it) (1)

P(E,J,TT) being the density of levels of quantum characteristics

(E.J.IT) and 205



p(E) P(E,J,TT) (2)

Under the assumption of random coupling cf sps parities,

T. Ericson [l} has shown that nuclear states are equally distributed

between the two parities, thus

pCE.J,*) « J p(E,J) . (3)

By means of the central limit theorem of statistics and again

under the assumption of random coupling of the projections m of

sps angular momenta, it can be shown [lj that the distribution law

for spin projections M of nuclear states is a Gaussian one

g(E.M) = e" (4)

Consequently the distribution law for the spins J of nuclear

levels becomes

f(E,J)
exp[-(J+})2/2g2]

(5)

where a'.*- the so-cal?ed spin cut-off factor, a parameter which

characterizes the spin distribution and establishes its energy depen

dence (the most probable value of J is given by J-o-J),

According to the model

a 2 = g t(E) <m2> (6)

t(E) being the thermodynamic temperature and <m2> an average taken

over angular momentum projections of (sps)_T .

From the distribution law (5) one has

P<E,J,ir) - J p(E) f(E,J) (7)

and

p (E) - p(E) E,(2J+1) f(E,J)

- 0 (E) /~2T a
(8)

thus giving the relation t stween total density o€ nuclear states

p(E) and total density of nuclear levels p(E) ,

The recipe for model density calculations most widely adopted

in available codes for neutron cross section evaluation is that given

by Gilbert and Cameron (GC) [Y]. The reasons for this universal

choice are because the GC formula works reasonably well, it is simple

enough to introduce into most sophisticated and time-wasting codes

and it takes account of the description of level density also at low

energies.

For these reasons in what follows all considerations are con

sistent with the GC formula, i.e. at high energies

, . - ̂  exp[2/a(E-fl)]
500 "" >'W'*

p(E,J)
/2ir

f(E,J)

(9)

(10)

where "a" is the level density parameter and A is the pairing ener-

gy correction.

1.2. Experimental Determination of Level Density Parameter "a"

The parameter "a" has a very well-defined physical meaning: it

is proportional to the density of (sps) F T lying in a neighbourhood

of the Fermi level for the order of thermodypamic temperature.

In practice, however, because of rough approximations of the

model, wherever possible "a" is taken as a free parameter to be d£

termined in general frun mean level spacings of neutron resonances

or more rarely from particle spectra analysis as well.

Excluding very exceptional cases (e.g. P b 2 ^ ) only s-wave and

p-wave resonances can be excited. Analysis of s-wave resonances is

much more accurate so in general only s-wave mean sparing of observed

levels is taken into account.

Once the statistical analysis of one resonance scheme has been

made and the value for D Q B S has been obtained, the following equa

tion is solved to give the level density parameter "a".

(11)

OBS

where the factor | comes from considering only one-parity-type reso-

nances, I is the target nucleus spin, s=| is the uautron spin,



_l

B is the neutron binding energy, -^ accounts for the spread of

the resonance energy interval.

On the one hand the procedure outlined is intended to meet the

requirement of an experimental determination of "a" and a normaliza

tion of the model at the excitation energy ^ n + ^ to reproduce the ob

served mean level spacings; on the other hand the effects due to the

model approximations give rise to an increase in the uncertainty in

"a" which cannot be determined.

In addition questions may arise where one is faced with several

variants of the model each of which gives more or less different ex

pressions for p(E,J) . In fact, different expressions for p(E,J)

in eq, (11) obviously give different solutions for -1a" . Further

more even if two formulae are normalized at the same energy point,

they may nevertheless yield divergent predictions for ':he energy be

haviour of the level density, far from the normalization point. As

an example one might mention the various conventions adopted for the

pairing energy A .

According to the Fermi gas model in the elaboration by GC, &

is a quantity to be subtracted from the total excitation energy, and

is given as follows

A = - FA + A 1 even even nucleiL protons neutrons-l

protons

- A

N=odd, Z=even

N=even, Z=odd

odd-odd nuclei,

According to the back-shifted (BS) Fermi gas model, on the con

trary, A is assumed to be added to the excitation energy*

The effects of these two conventions have been investigated in

the case of ho 1 0 0,

A value D-.,- » 670 eV was assumed, while in addition A = 1.28
UBa

MeV and B n = 5.39 MeV were taken.

The spin cut-off parameter was determined consistently with the

adopted conventions. In spite o£ the physical meaning of "a", the

values for the level density parameters were

a = 20.67 Mev"1 G.C. model

a = 13.5 MeV"1 B.S. gas is. del .

In the table below the ratios

_BS r__i n i-,.-]

PGC

rre given for several values of E .

E(MeV) 0 1 2 3 4 5 6

R(E) 1 .45 .25 .16 .104 .069 .048

Similarly, because D g depends on specific spin values of

resonances and because "a" and a are related to each ether, dif

ferent assumptions in the determination of o lead to different dis_

tributi 'as of levels according to spin, and consequently to different

values for "a" .

Because of all these circumstances one must be very careful in

using tabulated data of "a" or o2 and be certain that all adopted

formulae and parameters are consistent.

1.3. Overall Systematic trend of "a"

Where the necessary experimental information is not available

and the determination of "a" is not possible according to eq. (11),

because a model determination of "a" is still affected by too large

uncertainties one has to resort to systematics.

Several types of systematics are available. In all cases they

are obtained by plotting the experimental values of "a" as obtained

from the extensive use of eq. (11) in all cases where reliable reso

nance schemes are available.

EXP
In the literature almost every author has plotted a vs A .

This systematic treatment, which is very rcughj is consis

tent with *iie conclusions of the very simple Free Gas Model \l[ which

predicts an "a"-depeudenee on the mass number A of the type a~const.'A»
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N .

In practice one observes large fluctuations of the experimental

points around this theoretically predicted behaviour. This can be &x

plained in that the model is much too rough to be able to account for

the fluctuations in the density of (sps)FT due to shell and subshell

closures, deformations, etc.

Alternatively one may assume the nucleus is a gas of nucleons of

one typo only (thus distinguishing neutrons and protons only by their

isospin). Due to neutron excess (Tz>>0 for medium and heavy nuclei)

one expects the neighbourhood of the Fermi level for this gas to be

mostly populated by neutron sps.

Accordingly one wouli* expect the level density parameter to de

pend mostly on neutron numbtr, at least for heavier nuclei.

EXfl —1
In fig. 1 the plot a "(MeV ) vs N is shown for neutron num

bers AO<N<1OO typical of fission products .

Owing to the particularly stable configuration of magic nuclei

the number of degrees of freedom of the nucleon gas is progressively

greatly reduced at nearly magic numbers. This produces marked val̂

leys in che fla"-trend (see fig. 1).

The plateau observed between two successive magic numbers is a

deformation effect which will be better understood later on.

The plot given in fig- 1 is called "overall systematic" (OS)

of the level density parameter because it ccn be used to estimate

"a"-values of all nuclei.

The plotted curve fits experimental points to within 15%.

o
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Of course the plot can be extended to higher values until resj)

nance schemes become available. On the contrary, one should not

use data for light nuclei (say N<28*25) . In this case the neii

tron excess tends to vanish and furthermore the number of sps can

be so low that the statistical assumptions implied by eq. (11) do

not hold any longer.

One commonly assumes that a comparable uncertainty may also be

estimated for unknown "a"-values determined by use of the OS.

What appears in statistical model formalism is the level densi^

ty p(E,J) f therefore what one needs to know is the uncertainty in

p . Unfortunately uncertainty in D results from the composition

of

i) uncertainties as to the experimental data used in the O.S.;

ii) uncertainties due to the approximations implicit in the simple

dependence of "a" on N which was assumed in the O.S.;

iii) uncertainties due to the model approximations (which can be en

ergy dependent).

Because it is impossible to estimate all these uncertainties

exactly and partly because they are incorporated in O.S, uncertainty,

all one can do is to investigate how the O.S. uncertainty affects

the ratios ^ Q D S /^QBS (mean level spacings calculated by means of

"a" taken from O.S. over experimental ones). The results are shown

in fig. 2. Error bars are those of D.,.. . Some 85% of cases fall
• ODS

between .5 and 1.5 ; if one takes into consideration the very large

uncertainty of certain points lying outside this range, 50% appears

whento be a reasonable uncertainty over D

O.S., and 100% can be considered an upper limit.

CALC
OBS

is taken from

Greater accuracies than these are needed for cross section

evaluation.

1.4. Local Systematic Trends in "a"

A further improvement in the determination of fla" can "be obtained

by taking into account deformation effects and proton contributions

o The OS given in fig. 1 j s based on experimental data of stable

nuclei. It is very likely that for nuclei far from the stability

valley extrapolated "a"-values are affected by uncertainties

greater than 15%.

J



to the density of (sps) Because the Nilsson model is able to pre

diet sps characteristics (e j m) in principle it appears to be a

valid means of investigation.

To check this assumption a rough application of the model was

carried out. Harmonic oscillator sps were considered. No Coulomb

term was introduced, an approximation which is strictly valid only

for low mass nuclei (say below A~100).

The staircase plot of the cumulative number of sps N( E ) VS Fer

mi energies E in 4Tu)(S) units is shown in fig. 3 for spherical

nuclei (5=0}. gfiu(6) - 41 A~I^3G(6) , G(6) being a function of 5

which is related to deformation parameter (3j.

Introduction of the concept of an average occupation number ac

cording to Fermi statistics allows for a smoothing of the staircase

into a set of curves that are continuous and derivable everywhere,

each characterized by a given thermodynamic temperature t .

The level density parameter, disregarding a constant factor, is

then given by the slope of the curves N(e,t)

. d M(e)
d e

(12)

where

As can be seen in fig. 3 the parameter "a" is very sensitive

to the choice of t . A more thorough application of the model by

use of a proper potential well would show that the parameter "a" is

also very sensitive to the adopted well depth.

In fig. 4 the level density parameter g=»6/TT2*a in -nw(6)

units is plotted for several deformation values $ » .1 ; .2 ; ,3;-.l

as a function of neutron number N or proton number 2 .

In all .30% of the DnT,_ values calculated according to these
' UtJb

curves were in fair agreement with experimental ones within error

bars.

In addition due to the rough approximations adopted, systematic

deviations were observed in the slope of "a" curves•

This result>however>seems encouraging in view of all that can

still be done in order to improve the application of the model.

To this end, a special mention must also be made of the pro-

blem of effective energy determination.

In addition useful information can be drawn from fig. 4 on the

local and overall systematic behaviour of "a" . A glance at the fig

ure allows one to conclude that

i) the typical shell closure effects already seen in the OS are

punctually reproduced;

ii) "a" is a sum of neutron and proton contributions and the latter

in some cases may be of comparable magnitude to the neutron ones.

Accordingly one expects that the "a" tren<̂  for families of

isotopes should be given by families of curves characterized by

the same behaviour, more or less close to each other, with the

amount of the splitting corresponding to the difference in proton

contributions;

iii) the deformation effects can be very large. At high values of de

formation 6 shell effects tend to be washed out (because of a

uniform mixing of sps due to removal of degeneracies). In fact if

one considers the curve 0=,3 one sees that the characteristic

fluctuations due to shell closure have disappeared, whereas the

curves tend to be more consistent with an equidistant sps model

and with predictions of FGM which gives a * A .

Because deformation effects play against shell effects, for

highly deformed nuclei one observes a depression of the OS curve

which results in a plateau-like trend (see fig. 1).

From the above points one may conclude that the OS finds its

most significant explanation from the results of applying the Nilsson

model, but also that deviations from OS are expected in the sense

of local behaviours of "a" for those nuclei where more pronounced

proton and deformation effects are present.

Because the model is not able, in this preliminary rough appli
EXP

cation, to predict D g values, pending a more thorough application

of the model, on the basis of the above conclusions it appearejusti

fied to investigate how the situation is improved by use of local

systematics (LS) for "a".
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"-values are plotted against N for some isotope-

rich families. In this way both proton and deformation effects are

empirically taken into account.

A procedure which can be useful to extrapolate "a" is to no_r

malize the trend of the model curves to experimental data. In prac

tice it can be estimated that LS improve the accuracy in "a" de

termination by -5% s which corresponds to a residual uncertainty in

1.5. Choice of Spin Cut-off Factor at High Energies

In principle the spin cut-off factor could be determined from

experiments e.g. from isomeric ratios of cross sections or by compari-

son of sequences of resonances with different J . Because these

situations occur very seldom and in many cases the accuracies obtain,

able are not satisfactory, one commonly resorts to models.

In the model relation given by eq. (6) a depends on g , <m2>

and t(E) quantities which vary from nucleus to nucleus. Whereas g

and t(E) can be related to each other,

E - A = a t2 - (13)

(H)
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<m2> must be determined independently for each case.

AgainAbecause the Nilsson model provides us with a detailed mi.

croscopic description, its application appears promising in determi-

ning the averages <m2> over (sps)__ , Results are shown in fifl. 6,

where <m2> are plotted against particle number for several deforma

tions. One observed that <m2> depends on N , Z and 0 but it

does not exhibit the usual shell effects. Again fluctuations are

greatly reduced at high deformations.

Most authors adopt the average value for <raz> a .146 A gi-

ven TjyG.C. and represented by the dashed straight line. This value

has been obtained by averaging <m2> over all sps. An average value

consistent with the model prescription to perform averages only over

2/3
(sps)FT is represented by the solid straight line and is =.24 A .

Owing to the large fluctuations in <m2> no average value should be

used for <m2> in determination of ua" . To conclude, this applica

tion of the Nilsson model can be assumed to be only qualitatively va-

lid in order to determine the "a" values. On the contrary, one ex

pects that predicted <m2> are much let: .sensitive to the adopted

approximations. In fact, whereas including or excluding a few sps

from the Fermi neighbourhood can sensibly change sps density, the

same should not appreciably alter the average over m values. It is

also worth noting how the Nilsson model, in principle, provides us

with a consistent way of dealing both with "a" and o 2 determina

tions.

Sect. 2. LOW ENERGY LEVEL DENSITY AND PARAMETERS

2.1. Total Level Density

Formulae (9) and (10) cannot be extrapolated to low energies

because the underlying statistical assumptions cease to be valid and

because,when E<A , the quantity •a(E-A) becomes imaginary.

On the other hand, unfortunately experimental level schemes are

not always known and in most cases even if they are available they

stop below -2 MeV excitation energy.

In practice one is again forced to resort to some more or less

arbitrary recipe. The general philosophy advisable is to account for

all experimental information as far as possible.

GC observed that in a very general way the staircase plot of

low-lying level schemes in a semilog scale can be fitted by straight

lines. They thereby assumed a law of the type

<E-E J/T
N(E) (15)

N(E) being the cumulative number of levels, E and T two free

parameters to be deduced from the fitting conditions.

Let us henceforth give low-lying level density the label 1 and

high-energy level density the label 2.



n r
According Co (15) the total observable level density of low-

lying levels is given hy

. d H(E) _ 1. | (16)

One must observe that from the concepts of classical thermodjr

namics the nuclear temperature is given by

thus assumption (16) implies parameter T has the physical meaning

of a nuclear temperature and is constant in the region of discrete

levels.

One does not know up to what energy law (16) can be extrapolated.

Nonetheless, according to GC, one assumes that a point exists inbe

tween the range of validity of p and p where the two laws match.

It seems reasonable to assume that a satisfactory description of total

level density in the whole energy range is achieved if the following

requirements are met:

i) a good fit of low-lying levels is obtained;

ii) observed resonance level spacing at the neutron binding Bn is

exactly reproduced;

iii) a matching point E is found between E«0 and E»Bn , where

and

d in Pj(E)

E-E

Condition i) is expressed by

N(E )-J - [?(Ej)-Q(l-«o
-E r[E It E!/T]

L? -e J

(18)

(19)

(20)

where E • energy of last level to be fitted

N(E ) » cumulative number of levels at E_
P P

Ej • energy of the first level to be fitted

cumulative number of levels at Ei .

Condition ii) is expressed by eq. (11) if D Q B S is known (alterna

tively one can merely take "a" from the systematics).

The first of conditions iii) implies

(21)

whereas the second of conditions iii) establishes that in E the

constant nuclear temperature T of low-lying excited states is equal

to the Cuergy-dependent nuclear temperature t(E) of high energy ex

cited states

1

where

with 0

-2_
2 Dx

(22)

(23)

Solution of the set of eqs. (11), (20), (21), (22) gives the

values of E o , T, 0 , a, which completely determine the problem.

As an example, fig. 7 shows the fitting of a cumulative- number

of low-lying levels in Mo 9 8.

2.2. Systematic Trends in Nuclear Temperature T and Matching Energy U x

Results of calculations performed in the F.P. range according

to the above outlined procedure are shown in fig. 8. T appears as a

smooth function of N , characterized by small fluctuations repreBen

tative of weak shell effects.

The uncertainty in interpolating unknown T values can be esti

mated to within 157. when using the solid straight line, and reduces

to 10% if the dashed curve is used.

Nuclear temperature is useful for the determination of evapora

tive spectra.

To the extent that the relation between T , "a" and the mat-

ching energy U^

1/T s (a/U ) ' (24)
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is valid, a correlation among the systematic trends of "a" , T and

U is expected. Results of the investigation are shown in fig. 8.

Marked shell closure effects appear as well as the local behaviour

of SN isotopes (represented by dotted circles).

The uncertainty over unknown U taken out of the systematics,

can be estimated to within 25%.

It is important to have a systematicsof Ux because knowledge

of it is sufficient for a complete determination of the total level

density, at low energies.

2.3. Low-Energy Spin Distribution Law

Again not much information is available from models for us to

give the spin distribution law for low-lying levels.

All that one can do is to resort to experimental level schemes

and empirically try to find how experimental levels are distributed

with respect to J .

The level schemes of about 100 isotopes in the fission product

mass range have been analyzed (see as an example fig. 9). From this

analysis it turns out that the spin distribution law at low energies

can be approximately fitted by the law (5), provided a2 is appropri

ately chosen in each case, in order to get the best fit (see fig, 9).

In 40Z of the cases considered a very good fit was obtained.

In the remaining 60% of the cases either discrete level schemes were

not well known, or the extrapolation really failed to work (e.g. Zr90

in fig. 9).

In general the position is harder to hold for even-even nuclei

near shell closures, where it happens that some spin values are not

assigned at all (In Zt^2 J«l does not appear up to 3 MeV), On the

contrary the approximation works reasonably well in deformed nuclei

(e.g. Tb16° in fig. 9).

A very fast procedure for determining the value of O L E V E 1 I S

which better fits experimental spin distribution is given by the maxi-

mum likelihood method.

In fact one has

LEVELS '2Hi<V!>2 (25)

N being the cumulative number of known levels (ground state excluded)

and J^ their spins.

It is interesting to notice that results of the maximum likeli

hood method for a2 do not change much even if a large percentage of

known spin values are randomly skipped. This means that even if many

levels are missed, the resulting <*rvL *s st*-^ meaningful. Of course,

where less than =5 levels are available the method does not apply. In

these cases when possible one could analyse the spin distribution of

isobars with similar characteristics.

2.4. Energy Dependence of Spin Cut-Off Parameter

To investigate a possible energy dependence of the spin di£

tribution i.e. of the spin cut-off parameterr, an analysis was pe£

formed over the most level-rich schemes which spread up in energy as

high as possible.

As an example of this analysis,in fig. 10 the cumulative number

of observed levels of all J vs. E in Zr90 is compared with the cu

mulative number of levels of spin J=-0 and J-2 . As can be seen

all staircases can reasonably be fitted in a semilog scale by parallel

straight lines. This means that in this case, within uncertainties,

"LEVELS c a n b e c c n s i d e r e d t 0 b e energy independent up to 3 MeV.

If one now assumes a2 is constant in the level region and en

ergy dependent as given by (6) at high energies the following questions

may be asked:

i) where shall we assume high energies start?

ii) where shall we assume the level region stops?

iii) how to fill the gap in between, where we do not know anything?

All of these questions have an arbitrary answer. In practice it is

assumed that high energies start above the matching point E ; the

level region stops at &cat > which is the energy where the first le-



vel of unknown characteristics is assumed to be found (E may be

too low to be reasonable). The present writer suggests filling the

gap between E
cut

at E

and E with a linear interpolation of a2 bet—

and a2 = g t(E__) <m2> at E__ . In fig. 11
" " " "LEVELS " "cut

the case of Mo 1 0 0 is considered. The full line illustrates the me-

thod, proposed above for o2(E) determination.

Extrapolation of high-energy formulae below E x down to A

is given by the dotted curve. From the comparison one can see that

the straight-line interpolation is very close to the model extrapo

lation.

Several authors do not consider the information coming from

low-lying level schemes and assume a2 is a constant = o2(E ) below

E (dashed line in fig. 11). As can be seen, this approximation is

very rough and in practice can give rise to serious drawbacks. As an

example let us consider neutron capture in Mo 1 0 0, see fig. 11.

[Fig. 13 gives an idea how well the distribution law (5) fits experi-

mental spin distribution. Figs. 14 and 15 give the result of the

analysis of total level density in MoI0(1 and Mo10*, respectively}.

If below E a constant value a2=26.7 is adopted correspon—

dirgto a spin distribution in the Mo 1 0 0 target nucleus, peaked at

J=4.7 , the corresponding neutron capture cross section is given in

fig. 12 by the dotted curve; whereas linear interpolation between

<72<Ex) and the value °LVL"*' 7 c o r r e sP o n di nS t 0 a m o s t probable

spin value J=1.5 gives the full curve. Because the ground state

target spin is 1*0 , only lower values of compound nucleus spin are

possible. In these conditions inelastic channels are at an advantage

when target level spin distribution is peaked at lower J values.

Thus even if neutron inelastic scattering is a dominant competition

(i.e. to a large extent independent of level density) a small depres

sion in inelastic channels produces a large bump in capture.

2.5. Parity Distribution Law

All that one knows about parity distribution is that at high ex

citation energy levels are equally distributed between the two pari^

ties and at low energies we know only what we can deduce from known

level schemes. Nothing is known at intermediate energies.

From the analysis of a large number of cases it has been seen

that the cumulative number of levels of a given parity too

can be fitted by an exponential law at low energies. This means that

one can assume

where

. p(E,ir)

"E+b"

(26)

(27)P(E,TT) -

i.e. the parity distribution law is energy dependent, behaves expo

nentially and depends on two free parameters a71 and b77 to be de

termined from the fitting condition of low-lying levels.

A median E. of the distribution can be found above which the proba

bility must be taken to be J for both parities.

The best one can do is separately to fit positive parity levels

and negative parity levels and iterate until the medians E. and E.»

as deduced from the two independent fits, converge.

As an example in fig. 16 the case of In1-16 is illustrated,

where the fit of N(E) , N(E,IT=+) , N(E,ir«-) is achieved with a-value

for the median E.=E7=A.433 MeV. Unfortunately this procedure can be

applied only where a sufficient number of levels of both parities are

available, whereas nothing at all can be done where levels of only one

parity are known. In this case any assumption above E is arbi

trary. Nevertheless, Igarasi [3], on the assumption that the proba

bility of unassigned parity should exponentially tend to j , suggests

a law of the type:

p(n,E)
N^+.S exp[(E-E")/S]

l+exp[(E-E*)/i]
(28)

where N stands for the fraction of discrete levels with parity it

and

E* =• (E +E)/2 (29)

6 - (Ex-E)/8 (30)

where E is the energy where continuum is assumed to start; in ge-

neral E' E

cut

E
c u t

not too low.
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Conclusions.

The method of analysis illustrated, though very simple and most

ly empirical, can be very useful in the determination of level densi

ty and its spin and parity distributions. An example is given in

fig. 17, where the neutron inelastic scattering in Zr90 is considered;

the full line was obtained by using the full experimental level scheme

up to 3 MeV» while the dashed line was obtained by replacing the level

scheme by a description of level density according to the above out-

lined methods.

This methodology, besides fitting the gap at intermediate e—

nergies can also be used to some extent to give statistical average

estimates of missing levels and/or of their unknown characteristics.

In a very general way one expects that the level density problem

should not greatly affect dominant competition calculations. On the

contrary it may affect non-dominant process calculations both direct^

ly and indirectly.

In particular, neutron capture calculations and radiative width

calculations can be Btrongly affected by spin and parity distribution

due to £ selection rules.

Heavy-ion reactions can also be strongly influenced by the

distribution of total level density and, owing to the higher angular

momenta involved, also depends on the level spin distribution.

Chapter 2. RADIATIVE WIDTH PROBLEM

Sect. 1. MODELS AND FORMULAE MOST OFTEN USED IN LITERATURE

1.1 Brink-Axel model

Radiative widths have been measured for several stable nuclei in

the alow-neutron resonance region. In spite of the large experimental

uncertainties, these data constitute an important test for the validity

of the various theoretical estimates of the radiative width at the neii

tron binding energies.

Among the various models Brink's estimate, which is also referred

to as "Axel's estimate", and Weisskopf's estimate are those most fre-

quently adopted to account for the statistical contributions to the t£

tal radiative widths, 7(E) .

It is known that Weisskopf's estimate proved to give unsatisfactory

predictions of the absolute magnitude of T for all nuclei.

As far as the energy dependence of r is concerned, it should be

noticed that a realistic energy dependence of the radiative width should

not be expected in the whole range, since Weisskopf's estimate neither

accounts for the photoabsorption giant resonance phenomenon nor satis-

fies any sum rule. For these reasons, the Brink-Axel (B.A.) estimate

is being more and more frequently adopted.

The cross section for the absorption of one photon of electric E

(or magnetic M) character and of multipole order !• by an initial

level i to a final single isolated level f is

i i 2
(1)

where

i and f denote also the quantum numbers of the initial and final

levels (E^J.,*.) and (Ej,Jf,itf) respectively,

e - EJ-EJ is the photon energy

•*• - — is the photon wavelength

r ^ '• (f->i) i8 the partial width for the inverse process of de-exci

tation of the level f via a photon emission of electric E or mag-

netic M character and multipole order 1 .

rf is the total width of the resonance (Ef,Jf,n£) .

The cross section integrated over the whole range containing the

resonance (Ef,J_,irf) is

Ki.f) (2)



By way of definition, the cross section averaged over a photon
energy interval containing n resonances all characterized by the
sane spin and parity, as for f , is

AE te (3)

while the integrated cross section I(i,f) averaged in the same inte£

val Lz is

(4)

We thus have

(5)

—where — is the mean spacing D(Ef,Jf,irf) of the resonances with
spin Jj and parity irf at the energy E£ , while

(6)

By combining Eq. (5) and Eq. (6) one gets

(7)

which connects the average radiative width for the transition (f-n)
to the average photo-cross section for the absorption inverse process
«-»f).

The B-A estimate is based on the result expressed by eq. 7 in the
light of the following assumptions:

i) only electric dipole photo-absorption contributes to the excitation
of the levels in the continuum energy region.

i i ) The average photo-absorption cross section is known and its energy
dependence may be represented by a Lorentzian curve.

i i i ) The average photo-absorption cross section does not depend on the
initial state excitation energy.

Assumptions i ) , i i ) are confirmed by the experimental evidence
that the giant resonance is a general property of the ground state photo-
-absorption cross section which results primarily as built up from elec-
tric dipole absorption and its experimental shape is fairly well fitted
by one or more Lorentzian curves

(8)

oR, Eg>rR being fit parameters corresponding to the peak cross section,
peak energy and half maximum width respectively.

As regards the absorption of photons by nuclei in an excited state
in accordance with assumption i i i ) Rosenzweig [4j has shown that there is
some experimental evidence for the mean energy of the dipole strength
distribution built on an excited state of energy E. (relative to the
ground state) being displaced upwards in energy by an amount E. .

This fact supports the idea that the total photo-abscrption cross
section built up on an excited state E. with one photon of energy c
is related to the ground state photo-absorption by the relation

o(O*Ef-E.) (9)

E£ * Ej+E being the excitation energy of the final state.

According to the above hypothesis summation of eq. (7) over all

final states f related to the initial state i by El selection

rules gives the relation

2^2,

Lc'
(10) 215
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In addition, if the assumption is made that the radiative strength

function <r (f->i)> /D(E£,J£,ir£) does not depend on J£ , the average

radiative width for the transition (f->i) may be written as

e- e
2oL(e)D(Ef,J£,n£)/3(irtrc)

2
(U)

The total radiative width is obtained by assuming eq. (11) over all

the lower states i permitted by the El selection rules

(12)

The summation in eq. (12) was split into two parts to account for

the transitions to the discrete level and to the levels in the continuum,

separately, so that the formula adopted is

r f CUt

+ 3(rtc)2
P(E£,J£) ], ' Ol

(E -E£)

where E. are the energies of the discrete levels.

The first term of the R.H.S. of the above formula derives from a

manipulation of the well known Weisskopf estimate of the radiation

width, whereas the second term takes into account the valency nucleon

contribution. The € is an adjustable parameter, and

3.9 . 10,-3 for s-waves, A<63

3.82 . 10 for p-waves, 88<A<125
-2

4.9 . 10

0

for s-waves,

otherwise

In addition,

E - E + A + n

S" * B + A + n

where A and n are excitation energy corrections for she l l and pairing

ef fec t s , which are assumed to be given by the formulae of Kahn-Rosenzweig

[6] and Nemirovsky-Adamchuk [?] , respectively. The results obtained

with these formulae are multiplied by the constants C^ and C , re-

spectively, which are obtained from a simultaneous best f i t of the ex-

perimental I" s . Thus, formula (5) contains three (adjustable) con-

stants (£A» C *£)• for which the following values are suggested by

Weigmann and Rohr:
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1.2 The Weigmann-Rohr formula

Some years ago, Weigmann and Rohr [s] carried out i systematic

analysis of total radiative widths of low-energy neutron resonances

for a large number of nuclei , using the following formula

1 '•' 2/1
(B-e)p(E )dE + s k*' 8'l>obsS£

(14)

The quantity S£ represents the H-wave neutron strength function

and p the energy dependent part of the level density, for which the

Gilbert-Cameron formula is assumed.

0.07

0.75

3.72 . 10,-3

1.3 The Musgrove formula

The empirical formula suggested by Musgrove [8] is based on the

Weisskopf estimate and is

(15)

with U-B-A .



When T and D . are given in eV and B in MeV, the following
numerical values of the parameters have to be adopted

/•1.13xlO~3

(. 1.43xlO~3

for isomeric nuclei

for non-isomeric nuclei

X •

y -
2 •

In i

0.

0.

2.

.02

.21

,08

iddition,

for odd-A nuclei

for even-even nuclei

for odd-odd nuclei

The quantity f(Z) is an empirical correction factor which depends

on the atomic number and ranges between 0.3 and 10. Such a factor is

given for 21<Z^82 in Ref. [8].

1.4 Comparison of the results obtained according to the three recipes

outlined.

An extensive check of B-A model was performed [9] by using formula

(13). Calculations were made for all fission products for which r i n

the resonance region was known. Calculations were also performed

according to formulae (14) and (15) and results were intercompared.

Whereas formula (13) can account for spin and parity dependence of

T (B ) neither formula (14) nor formula (15) can do so; thus, the

comparison was only possible among the r (B) values averaged over all

spinsand parities. This analysis showed that 56% of the average radia-

tive widths calculated according to the B-A model fall within experi-

mental error bars and 18% differ from experimental data by more than

30!!.

If one bears in mind, that important valency contributions have been

demonstrated for certain isotopes, and considers the large uncertainties

in relevant parameters and particularly in the level density description
at intermediate energies (which play a determinant role in this type of
calculation), one concludes that, although the full degree of the model's
validity can only be ascertained after the parameters involved are more
precisely determined, the B-A method is the only model which may approach
absolute values of statistical contributions to r (B,J,n)#

As for the comparison among the three formulae in a large number
of cases the calculated values were in reasonable agreement with the
experimental ones, independently of the formula adopted.

For this reason, i t does not seem possible to select the "best"
formula among the three considered on the basis of the results obtained.
It should be noted, however, that these conclusions refer to the case
of F (B) . If the energy dependence of T has to be considered, as in
the case of statistical model calculations, the above conclusions are no
longer valid. For example, in many cases, the Kusgrove formula gives a
decreasing trend of T vs. E , which does not seem acceptable on a
physical basis.

In addition, one should expect the Weigmann formula to fail at high
energies because the Weisskopf estimate does not account for the giant
resonance phenomenon.

1.5 Energy, spin and parity dependence of r

As an illustration of application of the B.A. model and to draw
some conclusions let us consider the example of Zr-92.

Zr-92 has a very well known level scheme up to 3 MeV, i t is an
even-even quasi-magic nucleus, neutron binding is pretty high,
Bn"- 8.641 MeV, and very recent exDerimental values of r (B ,J,n) are
available.

In fig. 18 the spin distribution of low levels is shown. The spin
value J=l is not assigned up to 3 MeV.

Because 0 is an increasing function of excitation energy ( i .e .
the peak of the distribution is shifted toward high spin values at
increasing energies), the probability,that J - l , decreases with energy.
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Accordingly it was assumed that the spin distribution law is more reliable

if J-l is dropped at all energies. ( were this not so,too large a

fraction of predicted levels would be attributed the spin J-l , see

fig. 18).

In fig. 19 the analysis of the cumulative number of levels is

shown. In fig. 20 the same is shown for the cumulative number of

positive parity levels.

In table 1 results of the calculations are given. Radiative decay

width to single levels as veil as continuum contribution are separately

given for both s-and p-wave resonances.

As one can see, a strong spin dependence and parity dependence

appear owing to spin and parity E1 selection rules. In addition,

on account of the E dependence predicted by the B.A. model which

tends to favour long transitions, the strongest contribution comes from

long transitions to ground states and first excited states.

From the particular level scheme of Zr-92 one can see that up to

3 MeV, only one level can be reached from compound nucleus levels

J-2+ and J-3+, whereas nearly all levels can be reached from the

levels J-l . In addition if one observes results for continuum contri-

bution one can-deduce that spin and parity dependence of r(Bn> come

for the most part from the features of the level scheme. Such parti-

cularities make Zr-92 a good example for both experimental and theore-

tical investigations into the strength and spin dependence of transi-

ti ons.

In table 2 it is shown how results of calculations compare with

most recent measurements•

Many authors use Weisskopf's estimate for capture and total radi£

tive width calculations both normalized at the experimental radiative

width r (B ) as known from neutron resonances.

In fig. 21 the ratios

•"NORMALIZED

" b "

•I B-A
' NORMALIZED

•"N0RMALIZE3

218
(Bn+ E)]

WEISSKOPF
NORMALIZED

versus incident energies E up to 15 MeV are shown for Nb-94. As can

be 3een the two models diverge at increasing energies, the effect being

much stronger for capture widths.

Sect. 2. SYSTEMATICS

In many cases the B-A model does not meet the accuracy requirements

for cross section evaluation, because theunoa-fcataty of the calculated

radiative width may far exceed 30%.

For this reason there is a great need for ? experimental data in

order to achieve model normalization.

On the other hand the problem of finding a good systematic;for the

radiative widths has not yet been solved satisfactorily.

According to the B.A. model one has seen that, for the most part,

the contributions to total radiative widths at the neutron binding are

due to y-ray transitions to levels lying below the matching energy Ex-

This implies that the success of the model in particular depends on the

knowledge of low-lying level densities and of their spin and parity

distributions. Because no systematic behaviour of spin and parity

distributions of low levels can be envisaged, no systematic behaviour

of r (B,J,H) should be expected to be found valid for all nuclei.

A very rough systematic trend of the experimental values of

r (Bn) as averaged over all spins and parities is shown in fig. 22

where r
Y(Bn) is plotted against neutron number. The uncertainty of

this systematicsis estimated to range between 50% and 100%.

One must note that knowledge of r is very important because

uncertainties in r are heavily propagated to capture calculations

(see eq. 6, Chap. 3 below).
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2.2. Giant resonance parameter systernatics

The systematic trend of all giant resonance parameters (G.R.P.)

both for spherical and deformed nuclei has been determined [lOJ on the

basis of the hydrodynamic model. This model is able consistently to

describe data for all medium and heavy nuclei, provided the deformation

parameter 6 is known.

Fig. 23 shows the systematic trend of peak energies E Q , half

maximum widths V and peak cross sections a for magic nuclei.

Maximum uncertainties for unknown values of E ,r /E ,o\ can be taken
O O O 0

as less than 3%, 20% and 15%, respectively.

In fig. 24 the trends are shown of the characteristics of the split

giant resonances in deformed nuclei. Labels a and b refer to semi-

major and semiminor c.:est respectively.

Uncertainties in determining unknown values for E /E , E. /E can
a o o o

be estimated at less than 10%, while for r&/Ea »Tb/Eb and for aflEa ,

°bEb CO wich*-n $0Z*

G.R.P. do not play an important role in neutron capture calcula-

tions when r (B) is known and when the excitations involved are far

from giant resonance peak energy.

On the contrary an important role is played in calculations of

absolute values of p with the B.A. model.
y

of compound nucleus states. In any case the parameters for calculating

these types of transitions are mostly unavailable.

Even if it is difficult to check the validity of the B.A. model,

comparison among results obtained by various methods suggests that at

the present time the B.A. model should nevertheless be recommended.

Chapter 3. NEUTRON CAPTURE CROSS SECTION SYSTEMATICS

Sect. 1. STATISTICAL CAPTURE

At very low energies where only s-wave neutron captures are in-

volved and for values of the radiative transmission coefficients T (E)

which are negligible with respect to neutron transmission coefficients

T the statistical model formula,

can be approximated by

(1)

Conclusion

A weak point of the B.A. estimate is the approximation by which

the inverse photoabsorption cross section is estimated by means of the

Lorentzian approximation.

In fact experimental data are given around the maximum of the giant

resonance. This implies that the Lorentzian description fits data only

at high photon energies and that ue do not know anything about the more

important low-energy tail.

M. and E ? Y~ray transitions are not considered in general because

they are assumed not to contribute significantly to the radiative decay

At a given incident energy, which for this purpose was chosen as

25 KeV, one has

"...,, »25 (2)

Assuming i) a value I" (Bn) averaged over all spins and i i ) a
(2J+l)-dependence of P(E,J) on spin (which is reasonable at high
energies owing to high values of the spin cut-off factor), one has
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and

DJ(B.)

2J+1
C3)

n,Y 25 " (2I+1)DOBS
 w

eq.(4) i s very significative because i t gives an idea of how uncertaiii

t ies in T and DnRe propagate to capture cross sections^at least at

low energies.

The s ta t i s t i ca l model predictions' have been checked with experimen_

tal data of capture cross sections at 25 KeV.

In f ig . 25 experimental data renormalized according to the most

f (V
recent standards are plotted vs -^ X .

Systematics are sometimes model guided, sometimes empirical, and

sometimes one i s l e f t to pure intuit ion.

Thus, while the adopted formalism for neutron cross section calcu-

lations i s going to be increasingly sophisticated and very much stan-

dardized in most laboratories, parameterologv i s s t i l l the Cinderella

of evaluation and substantial disagreement s t i l l appears in the methodo-

logy of determining recommended sets of parameters in the abBence of

experimental information.

For these reasons greater efforts are needed in the study and

development of models aimed at improving parameter accuracy and

consistency.

As can be seen the model predictions are verified to within

40/1-50% which i s consistent with the experimental uncertainties in

0 , F and D .
n,y Y t-)"*J

This systematicsmay be very important when it is necessary to

check che consistency of the adopted values, or to get first guess

values, and in any case to determine one of a tf ,D when the other
U»Y Y OBS

two are known.

It is worthwhile to note that owing to the relation between ̂,.

and D established by the B-A model, the ratio ?= is a function of
0 B S DOBS

DOBS •

Conclusion

Models and codes are very nice things, but where one does not have

the necessary parameters, they do not help much. This i s the case some-

times where no experimental information i s available for deducing para-

meters or normalizing models. In these cases one needs to resort to

sy8tematics.
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Table 1

Table 2

PARTIAL AND TOTAL RADIATIVE DECAY WIDTHS IN Zr-92 (raev)

(Level and excitation energies .n Mev)

LEVEL SCHEME
N
0
1
2
3
1*
5
6
7

9
10
11
12
13
11*
15
1G
17

Q(N)
0 . 0
0.9350
1.3830
1.1(950
1.8U70
2.0670
2.1500
2.31*00
2 . 3 9 G 0
2.1)800
2.1t8C0
2.6500
2.71*1*0
2.8190
2.8510
2.8980
2.9030
2.9090

LEVEL CONTR.

SPIN
0 +
2 +
0 +
l)+
2 +
2 +
0 +
3 -
3*
5 -
2+
0+
2 +
2+
2 +
2 +
0 +
3 +
SUM

CONTINUUM CONTR.
TOTAL WIDTH

EXC= S . E I i l
.1= 2 . 0 +

0 .0
0 . 0
0 . 0
0 . 0
0 . 0
0 .0
0 . 0

15.7651
0 . 0
0 . 0
0 . 0
0 .0
0 . 0
0 .0
0 . 0
0 .0
0 . 0
0 .0

15.7651
153.3WO
169.1101

EXC- 8.6U1
J= 3 . 0 +

0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0

12.<*015
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0
0 . 0

12.1*015
160.7838
173.1851*

EXC* 8.BUI
.)= l . n -

US.6503
65.2U72
1)8.1*117

0 .0
35.1500
30.0600
28.3126

0 . 0
0 . 0
0 . 0

22.0989
19.5153
18.1532
17.121)6
16.7009
16.091*6
16.0312

0 . 0
1)51.51)93
278.8757
730.1*250

EXC= 3.61*1
J= 2.0 -

0 . 0
1*1.71*95

0 . 0
0 . 0

22.1)913
19.231*1)

0 . 0
0 . 0

15.121)0
0 .0

11).11)01)
0 . 0

11.6156
10.9575
10.6S6'.
1O.29P'-

0 . 0
10.2093

166.5068
283.2310
1)1)9.7378

EXC- 8.61)1
J= 1.0 -

0 . 0
32.81)21

0 . 0
22.5812
17.6927
15.1307

0 . 0
0 . 0

11.8973
G.O

11.1235
0 .0
9.1371)
8.6197
8.1)061)
8.1012
C O
8.0311

153.5632
282.5205
1*36.0835

EXC- 8 .61*1
J - b . O -

0 . 0
0 . 0
0 .0

19.971*6
0 . 0
0 . 0
0 . 0
0 . 0

10.521*0
0 . 0
0 . 0
0 . 0
0 .0
0 . 0
0 . 0
0 .0
0 . 0
7.101)1

37.6027
230.8E90
268.1)711)

COMPARISON BETWEEN CALCULATED AND EXPERIMENTAL RADIATIVE DECAY WIDTHS IN Zr-92

i

0

0

1

1
1

1

T

2

3
1

2

3
li

-FXBfc s t a n d .

lltO±12

122±7

l)13±l>0

1)80 ±50

193±20

N° of
Res.s

3

2

1

1*

1

0

Ref

1

1

1

1

1

1

rEXEt stand.
(^deviatin

l62±12

152*18

10!)0±Ul0

691 ±1*82

1*094157

23O±66

U° of
Res.s

1)

6

a
2

2

2

Ref

2

2

3
2

2

2

rCALCxithout J=l
Y fmevl

169

173
730

1*50

1)36

268
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121 Time-of-f light + capture yields at GEEL Linac (BOMN); private communication by

G. Rohr and A. Brusegan, 19?8

/3/ Transmission measurements ?.t GEEL Linac (BCIflf); private communication by

C. Coceva, P. Giacobbe, M. Magnani, 1978

+ capture Y-ray spectra by F. Corvi (3OBJ).



FIGURE CAPTIONS

Fig. 1 : Level density parameter a (MeV ) vs neutron number N ,

Pig. 2 : Ratio 15° /D0 of calculated to experimental mean level

spacings vs mass number A .

Fig. 3 : Plot of cumulative number of sps vs Fermi's energy in-fw(6=o)

units for spherical nuclei. Smooth curves are obtained

according to Fermi s ta t i s t ics : full line curve corresponds to

a nuclear temperature t^.0825 in T.ID(O) units, dashed line

curve corresponds to a value t- • c-i/2 ' ^ i e s t a ^ r ~ c a s e plot

is also given for comparison.

Fig. 4 : Single particle level density g infiw(6) units vs neutron

or proton numbers N and Z respectively, for typical

deformations B- . l , .2, .3 , - . 1 .

Fig. 5 : Local trends of level density parameter a(MeV ) vs H for

Mo, RUj Fd isotope families.

Fig. 6 : Variance of angular momentum projection o£ single particle

state <iu > vs neutron or proton numbers N and Z , respectively,

for typical deformations 6=-1, .2, . 3 , - . 1 . Straight solid

line gives <m > as suggested here and dashed straight line

gives <m > as suggested by [2] .

Fig. 7 : Cumulative number of known discrete levels vs excitation energy

E(MeV) in Mo-98.

Fig. 8 : Systematic trend of nuclear temperature T(MeV) vs neutron

number N at low excitations, and systematic trend of matching

energies U, (MeV) va N . Dotted circles represent tin isotopes.

Fig. 9 : Comparison betueen the spin distributions of knovn discrete

levels and the predictions according to the law

f(J) - (2J+1) exp[-(s+J)2/2" ] : when o2 is obtained according

to maximum likelihood estimation*

Fig.10 : Trends of the cumulative number of levels H(E), N(E,J-O),

N(E,J-2) vs E , according to al l J, J-2 , J-0 in Zr-92.

Ill Fig. 11 : Energy dependence of spin cut-off factor a (E). (See text . ) .

Fig.

Fig.

Fig-

Fig.

Fig.

13

14

15

16

17

Fig.12 : Neutron capture cross section o (nib) vs E(KeV) in Mo-100.

Solid line represents calculations of Hauser-Feshbach theory

with width fluctuation correction and a value a (E) linearly
2 2

interpolated between a,„. (E ) and a (E ) . Dotted curve
iriVlri C u t X A

is obtained with a constant spin cut-off a (E ) below E .

Spin distribution of known discrete levels in Mo-100.

Cumulative number of known discrete levels vs excitation energy

E(MeV) in Mo-100.

Cumulative number of known discrete levels vs excitation energy

E(MeV) in Mo-101.

Cumulative number of known discrete levels N(E) , N(E,TT*+) ,

N(E,TI-=-) vs E(MeV) in In-116.

Neutron inelastic scattering cross sections a ,(barn) vs

incident neutron energy E (MeV) in Zr-90. Calculations

obtained with Hauser-Feshbach theory with width fluctuation

correction. The full line was obtained by considering the complete

known discrete level scheme. The dashed curve was obtained by

replacing the level scheme above E - 1.5 MeV with a continuum

description ocording to the methods proposed in chap- 1, sect. 2.

Fig.18 : Spin distribution of known discrete levels in Zr-92.

Fig.19 : Cumulative number ofknown discrete levels vs E(MeV) in Zr-92.

Fig.20 : Cumulative number of known discrete levels with positive parity

vs E(MeV) in Zr-92.

Fig.21 : A comparison of the energy dependence of radiative (curve a)

and capture widths (curve b) calculated according to Brink-Axel

and Weisskopf.

Fig.22 : Trend of experimental radiative width P (B ) in mV vs neutron number N

Fig.23 : Trend of giant resonance parameters for spherical nuclei*

E (MeV) , r /E ,0(barn) vs mass number A .o o o* _

Fig.24 : Trend of giant resonance parameters E / E , — ,
T or ° o
=— vs deformation parameter 0 , and trends ol a E . a. E
E Q
 r ' a o ' b o

vs mass number A for deformed nuclei*

Fig.25 • Systematicsof 25 keV experimental neutron capture cross

DEXP(section vs T^ / [ DEXP(2I+1)] , I being the target spin.
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II r
STATISTICAL THEORY APPLICATIONS
AND ASSOCUTED COMPUTER CODES

A. PRINCE
National Nuclear Data Center,
Brookhaven National Laboratory,
Upton, NY,
United States of America

ABSTRACT

A. Theoretical Description

The general format is along the same lines as that used in the O.K. Session,

I.e. an Introduction to the nature of the physical problems and methods of

solution based on the statistical model of the nucleus.

Both binary and higher multiple reactions are considered.

B. Workshop (Problem Session)

The computer cedes used in this session are a combination of optical node!

and statistical theory.

As with the O.M. sessions, the preparation of input and analysis of output

are thoroughly examined. Again, comparison with experimental data serves to

demonstrate the validity of the results and possible areas for improvement.

A. Introduction

may be written.

1.0 Purpose and Nature of Physical Problems

The statistical model given here is due to VTolfenstein

and Feshbach. * '

and Kauser

The theory is based on the assumption that all states of the compound

nucleus which can be excited according to the conservation of energy, angular

momentum and parity do take part in the reaction, however,the formation and

decay of the compound nucleus takes place in an incoherent manner. The result

of this evaporation theory for the cross section (T<* K > integrated over all

angles of the outgoing particle pairs and averaged over the resonance structure

Jr», M+0

1.0

where ̂  is the orbital angular momentum of the incoming particle, j • 1 + i » J

- -f its channel spin, while J(' and j * - J - j? are the corresponding values for

the emitted particle. The symbols ct and* ' define a set of values characterizing

the entrance and the exit channels, respectively. T stands for transmission co-

efficient s; they are related to the optical-model phase shifts § . by

The factor

1.1

1.2

since the transmission coefficients are proportional to the widths for decay to

a given state. The sum in the denominator of (1.2) includes f plus the widths

of all possible decay modes competing with f'. When the spin-orbit Interaction

is absent, the transmission coefficients involve only^f and are independent

of j and J. For incident and emerging particles of spin 1/2, j can have at

most only two values j, j • I + 1/2 where I is the spin of the target nucleus

in its ground state.

Under these circumstances, the cross section may be represented aa a sum

over^l of the contributions from the various J values possible for each./.

Thus, Eq. (1.1) now becomes:

1.3

Here e . j is a quantity such that

fl. If both values of j are included in the range

jJ- Cl < i i (J+ D ,
1, if one of the values of j is included in the range

U - C\ :? j $ (J + £),

0, if neither value of j is included in the range

|J - L| * j ^ (J + .0.

J • V

231
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The channel designation o( includes the energy of the incident particle and

excitation state of the target nucleus, while, ' is the similar designation

for the final system which includes the type and energy of the emergent

particle and the state of excitation of the residual nucleus.

Hq. (1.3) may also be used to describe fission and capture by ewriting it

in simple form as

1.4

(r refers to either capture or fission). The transmission coefficients for the

fission and radiation channels are given by:

Tr(T,€) =
1.5

where f^CJ.E) is the partial width of a level of spin J formed by a neutron

of energy E. D(J,E) is the spacing of levels of spin J.

For radiative capture T In the denominator of Eq. (1.4) is the total

probability of radiative decay of the compound nucleus, Tj, . This radiation

term T f (J,E) differs from the radiation transmission coefficient Tc(J,E)

which is used in the numerator of Eq. (1.4) and gives the neutron radiative

capture probability.

For fission the transmission coefficient Tf(J, ,E) is interpreted in terms

of the Hill-Wheeler model ^ 3 ^ expressed as:

T( (? *, e)

where H(J,Tt .(E-E^^is the number of transitional stateB in the saddle point

of the fissioning nucleus above the iO- fission barrier with energy Effc, and

the penetrability P(E-Effc(J,i0 of the fc£- fission barrier Is given as

Recently a more detailed analysis of the fission process has incorporated

the concept of a double-hump fission barrier. This treatment allows the

transmission coefficient to be expressed in terms of the coefficients for trans-

mission across two peaks instead of one. Thus the fission probability is de-

noted by

1.8

where T' is the summation of all the other decay channels from the compound

nucleus. T A and T Q have the same form of Eq. (1.7) but different values for

the barrier heights and curvature.

In Eqs. (1.0) and (1.3) the effect of fluctuations of the compound nucleus-

level widths about their average values has been ignored. However, even

though the widths in different channels might be independent, the fluctuations

in the numerator Eqs. (1.0) and (1.3) are correlated to fluctuations in the

denominator. Thus, following Lane and Lynn and Moldauer^ ' , the Hauser-

Feshbach equation should be multiplied by a fluctuation correction factor given

by

1.9

The particle widths £ are related to the optical model transmission

coefficients by

D
Thus Eq. 1.8 may be written as

1.10

232 whereto is the circular frequency of the inverted harmonic oscillator.

Recent theoretical developments offer different interpretations of this cor-

rection factor where under certain conditions R^«' may become greater than

unity for non-elastic processes (i.e. 6~h , (J^
1)- (See Refs. 9-11).

This effect may be interpreted in terms of the distribution laws for the

various particle decay widths.



r
Programs were written to be used in computer experiments that

produced synthetic cross sections analagous to those encountered in experimental

measurements. The results were Interpreted so as to determine the limitations

imposed on the average values of the various quantities (e.g. matrix elements)

used to generate these synthetic cross sections.

3 4
where 0 and Y are the emitted oarticles (n,p,d,t,He He ) and a is the

particle incident on nucleus A leading to the compound nuclei A and

B . Thus

T

The values of these variables as obtained from the statistics were compared

with those resulting from the conventional Hauser-Feshbach theory.

These numerical experiments have shown that in the presence of direct

reactions, it is necessary that the fluctuation corrections to the crons

sections and polarization data be analyzed in a much more sophisticated

and generalized form.

A recent paper by Gruppelaar and Reffo^ reviews some of various

properties of the width fluctuation factor and the effect on decay channels.

These various treatments for the reinterpretation of the Hauser-Feshbach

formula differ in certain respects and are still open to question; nonetheless,

the results are encouraging and upon application to a real situation the

validity of the assumptions will be further tested.

1.2 Multiple Reactions

The foregoing treatment of the Hauser-Feshbach method was devoted to binary

reactions only, however, it can be extended to include many particle reactions.

Of special interest to dosimetry and CTR application are the so called

"rare" nuclear reactions such as (n,ny), (n.yn) or (n,np) and (n,pn) which

necessitate a three-particle analysis.

This tertiary reaction is assumed to proceed as

-X + A --> A M , + 3

1.11

where Ij- ($\ represents the transmission coefficient of particle a

(e. g, a neutron) which has kinetic energy e~, tccal angular momentum

Ja, orbital angular momentum £Q, and total angular momentum J that is

produced jointly with the target nucleus; w i r (£a; f a < \
 i s C n e

probability of disintegration of the compound nucleus with spin J and

excitation energy 3O into a residual nucleus with spin I. and excita-

tion energy E a and a particle with kinetic energy £o, total angular
TB ^

momentum Jg, and orbital angular momentum l-ni w is the probability of

disintegration of the compound nucleus following the emission of parti-

cle P.

An exact calculation of the cross section given in Eq.(l.ll) reduces

to the determination of the probability of disintegration of the com-

pound nuclei,

B, assuming the lifetime of all the compound nuclei to be sufficiently

long and by writing the set of detailed balance equations for the series

deoay, one obtains the following equation for the three-particle reaction;

T/.

1.12



The expressions for the n-particle reaction (n > 3) are similar.

If the density of final states is a continuous function of energy,

then by sunning or integrating over a definite range of energy, Eq.(l.O)

becomes

1.13

where the symbols a and a' for these incoming and outgoing channels

have been replaced by a and u, respectively.

In Eq.(l,13) the sum in the denominator is taken over all energeti-

cally possible emitted particles u" (usually taken as n, P,d, t. He

and a) and p (I;E) is the density of the residual nucleus at an exci-

tation energy

E - so - e - Q

where Q is the Q value of the reaction.

It should also be noted that for simplicity the competing channels u'

leading to fission or radiactive capture have been neglected.

2.0 Parametrization Methods

In analyzing nuclear reactions using the statistical model, one of

the most important aspects is a knowledge of the level density.

Empirical information on th'2 level density is usually obtained by

analyzing

a. levels of residual nuclei from reactions such as (n,n')t (p,p'),

(d,p), (d,a) etc.,

b. spectral shape of emitted particles,

c. slew neutron resonances and associated widths.

Some of these experimental data provide direct information on the level

m i density while in others, it is provided indirectly. The latter method.

1.14

in many instances, provides only rough estimates since the results are

influenced by estimation of other nuclear quantities.

Ihe most commonly used expressions for the level densities are due

to Ericson and Lang and LaCouteur.

for t

2.1

2.2

which give a density of levels of spin J of a nucleus excited to an energy

0.

Eqs. 2.1, 2.2 are derived on the basis of the Fermi gas model of the nucleus

where 0~ is the so called spin cut-off parameter and is related to the nu-

clear moment of inertia by

2.3

Ihe nuclear temperature T is related to the nuclear thermodynamic tempera-

ture t by

2.4

2.5

corresponding to either 2.1 o r 2.2, respectively.

Ihe quantity a is a characteristic parameter related to the spacing

of single particle nucleon states neat the top of the Fermi sea and is

related to the thermodynamic temperature by

at2 - t - IT

vhere U is the effective excitation energy, given by U » (E +4) ; E
being the excitation energy and A is a negative term representing the
pairing energy of the last two protons when Z is even; of the last
two neutrons when N is even; and the sum of both pairing energies for
even-even A; A * 0 for odd-odd nuclei.

2.6

_l
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The parametrlzatlon has been carried out by several Investigators

using experimental neutron resonance data. (Kefs. 17-20).

this produced meaningful results only for a narrow range in the

region where the fit was carried out. The a-paramecers determined at

Che neutron binding energies predicted level densities which were too

high at excitations near the ground state and much too large level den-

sities for energies greater than IS MeV.

(211Gilbert and Cameron^ 'introduced a four-parameter formula in which
(22)

they used a shifted Fermi gas formula at higher excitations which was

smoothly joined to a constant temperature formula at lower energies. The

fictive ground state was obtained from experimental mass differences,

thus only the level density parameter, a, was left as the adjustable con-

stant.

Carrying out a fit to the four constants in both the high and low re-

gions produced fairly good results.

Another approach has employed che so-called "back-shifted" Fermi gas
moder ^ -where the Fermi gas formula was used with both a and the ground

state shift as adjustable parameters.

Dilg et al. l 'show that using the "back-shifted" Fermi gas produces

rather large negative A values for odd mass nuclei and moderately positive

A values for even nuclei.

Hie • values while not showing any drastic odd-even effects, do show

strong shell effects similar to the one parameter fits.

Kbile the use pf the four-parameter (e.g. Gilbert and Cameron) or

the two-parameter (e.g. Dilg et al.) formula has produoel fair to excellent

fits to experimental data, on? must still be cognizant of the fact that

the semi-empirical formulas do noi: necessarily justify the adopted energy

dependence of the level density.

Also for nuclei near closed shells the values of a and & resulting

from the parametrization can only be a coarse approximation and extra-

polation beyond the range o£ validity can produce absurd results.
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h
B. Workshop (Problem Session) Introduction

The following codes have been chosen for calculating reaction cross

sions using a combined optical model and statistical theory.

a) ABACUS (See my lecture on optical model codes)

b) HAUSER-5; F. M. Mann, HEDL-TME 76-80 (1976)

c) CERBERO 2 (See my lecture on optical model codes)

d) ERRIHI.F. Fabbrl and G. Reffo RT/FI (77)4
(1977)

1. HAUSER - 5

Name of Code: HAUSER

Au thor: F. M. Mann

Establishment: Hanford Engineering Development Laboratory, Richland, WA., USA.

Mature of Problem Solved: Program HAUSER calculates the total reaction

cross section for T(a,bc)F where T is the target nucleus, a is

the projectile (any particle-charged or uncharged), b and c are

emitted particles or gamma rays, and F is the final nucleus, the

statistical model is employed with allowance for angular momentum

and parity effects. The transmission coefficients can either be

calculated (without spin-orbit interaction) or read-in. Width

fluctuation corrections can be included through the method of

Tepal, Hofmann, and Weidenmuller. Cross sections can be printed

for discrete states, two-body or three-body reactions.

Program language: FORTRAN IV

Size: 170 K for 7 values of be, 6 values of b, 100 discrete states. Can

be considerably reduced by reducing size of tables.

Status: Has run on IBM 370 and CDC 6600 and 7600.

HAUSER-5 is a recent statistical model code which handles both binary

and tertiary processes along with capture and fission.

Two basic equations are solved given as

for conventional two-body reactions and

- E
L3

E
i's'

for three body (e.g., n,2n, n, n etc.)

factor). The

optical model.

,J"

1.2

is the fluctuation correction

factor). The particle transmission coefficients T are obtained from the

Transmission coefficients for gamma-ray channels are calculated by

assuming E and M transitions exist between ail possible states consistent

with the appropriate energy and selection rules,

where S, Is a normalization varying smoothly with A,

p Is the level density, n»_f+2, and

S is the form factor (usually taken to be unity or of a Lorentzian

shape to represent giant resonances).

Because higher nultipolarity transitions are unlikely, usually only El and

Ml transitions are included in the calculations.
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Transmission coefficients for fission channels are given in the Hill-

Wheeler formalism as

• .
J 1 t

= 1.4

where E1 is the barrier height and •&'-" is the width. With the advent of

fission isomers, the potential is often taken to be doubly humped with an

intermediate well. No simple equation like Eq. 1.4 exists for such a case.

However, a closed form can be obtained if the two barriers and intermediate

well are taken to be harmonic oscillator potentials.

la order to handle both discrete and continuum regions, the total

transmission coefficient is given by

h

discrete

+/ r (E) pJ (E) dE . 1.5

3

Two forms of the level density are often used, the constant temperature

formula

(>(E) = exp [(E-E')/Tj/T 1.6

and the Fermi gas formula

p(E)

Spin and parity dependence is included uy a multiplication factor

p ( E )
J - (p(E) (2J+1) exp f-(J+l/2)2/2iT2_J/(2<r2). 1.8

The width fluctuation factor W for channels other than capture is

CXF <"TJ" t) dt

f r?

and for capture

(1+21 ~)0*-'r -"-> » ''Wr •---)

7" *** (~ T :T
 f) at

(l+2t -2-) It (1+^t — )

12 1-9

1.10

The Tepel et al. approximation is used for determining the width

fluctuation factors. Transmission coefficients are interpolated from a

table of previously calculated transmission coefficients, which can either

be read as input or calculated internally.

The real spherical potential is taken to be the Woods-Saxon shape, and

the imaginary potential can be a sum of potentials of the Woods-Saxon shape

and the derivative Woods-Saxon shape, or can be a Gaussian shape. If the

user desires, default potentials (shown in Table 1) can be used. However,

Cd >/»s) dependent transmission coefficients (Ty.) must first be averaged

1.11

over ] before they can be input.

TABLE 1

DEFAULT OPTICAL PARAMETERS

(Real potent ia l I s Hoods-Saxon shape, imaginary potent ia l I s sufti
o f Hoods-Saxon and der iva t i ve Woods-Saxon shapes)

Neutron (a) Proton (b) Deuieron Triton1'

Wde,.(HeV)

RjtfmJ/A

a, (fni)

1 / 3

47.O1-O.267E
-0.0D18E2

0.00

9.52-O.053E

1.322-0.0076*A
(1-0.005*A)

1.266-0.003?*A
(l-0.005«A)

0.66

0.48

54->24«(N-2)/A

-2.7+0.22E

11.8»12»(M-Z)/A
-0.25E

1.17

1.26

0.75

0.S8

81t2«Z/A1/3

0.00

14.40

1.15

1.34

0.81

0.6S

136.4t5
-0.17h

41.3«63
-0.33E

0.00

1.20

1.40

0.72

0.68

Alpha (e)

136.4t55*(H-Z)/A 165-7*(K-Z)/A 135.00
-0.17E

56-110*(N-7)/A 25.00
-O.33E

0.00

1.20

1.40

0.7?

0.86

0.00

1.40

0.52

0.52

(a) Wilmora, D.j Hodgson, P.E.; Nuol. Phyo. g (1964) 673
(b){d) Becchotti, P.D., Jr . ; Crocnloeo, O.K.; Phyo. Rev. 182 (196?) 1190
(c) Poroy, C.M.f Peroy, P.O.; Atomic and Huclear Data Tobloo 13 (1974) 293
(e) MoPadden, L.; Satohlor, G.R.; Ituol. Phyo. 84 (1966) 177 237



2. SMIINI

Name of Code: ERRINI (An Optical Model Fortran IV Code for the calculation of

multiple cascading particle emissions) Rpt. CNEN RT/FI (77) 4

Authors: F. Fabbri and G. Reffo

Establishment: CNEN, Bologna, Italy

Program Language: Fortran IV

Size: 240 K - bytes (overlay structure)

Status: IBM 375, modified for CDC

Introduction

and
Ta " 2 > Ic" 2 ' 2

For each channel c" and c' leading to excitation of levels in a

continuum band, the corresponding transmission coefficients are weighted

according to the number o dU of levels in the band?

V ^ T = " fc" dDc" 3.3

n it being the density of levels available to channels c" In the residual

nucleus corresponding to emission of particle a.

This part of the code calculates the same quantities as CERBERO II does,

from which it is taken. As ERRINI was devised for use at high energies, no

width fluctuation correction is introduced.

For any binary process, for which the cross sections ' is greater than 10 b.

b) Second step decay processes are accounted for by starting with the

calculations of total transmission coefficients T. r for each J

and TT , then working out the branching ratios P, for each J and iT .
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ERRINI is a multiple emission code based on Hauser-Feshbach analysis

and is primarily for high-energy condensing particles.

The transmission coefficients are calculated similar to those in CERBERO ll,

except no vldth fluctuation corrections are applied.

a) First step decay calculationa

The total transmission coefficients T ""are first calculated for all

J andtr, then the various binary cross sections <£• ° x are calculated,

where

<rc;.
2.1

Formula (1) is generalized to describe a two step cascade as follows:

"c.c1 =<-
d°c"> J V

where

'bv c " c"

Z . 4

2 .5

When channels c" lead to excitation of an isolated level, the code

assumes o „ dl) „ = 1.

Whenever second emission leaves the residual nucleus excited above the

neutron binding, a neutron is assumed to be emitted.

_J



THE ROLE OF DESK CALCULATORS
IN NUCLEAR DATA EVALUATION

M. MOTTA
Comitato Nazionale per l'Energia Nucleare,
Bologna, Italy

Abstract

The performances of the modern Desk Calculators are more and

more increasing. Consequently, the best feature for the definition

of a Desk Calculator seems to be prices and volume occupation. The

interactive operating mode and the low instal lat ion and maintaining

costs make the use of these computing machines very likely and

economical. A l i s t of tasks which are profitably performed in

nuclear data preparation are presented here. A lot of practical

applications are given through the formulas and the l i s t of codes

written in BASIC language, which is commonly adopted for these small

computers.

The improvement is self evident, mainly due to the adoption or* Large
Scale integrated (LSI) microprocessors with Metal O*ide Seniconductors
(MOS) and bipolar technologies,

In short, the functions af transistors and logical circuits ore now d i -
rectly implemented on silicium plates, starting from a plotted design of
the circuits, which is later reduced by a factor of about 500 with a pho-
tolithographic process,

I t is not our aim to describe this technical art of manufacturing arid
assembling computers. Nevertheless, i t can be pointed out that the impro-
vement w i l l continue in the near future because the physical l imi t for i n -
formation density is far from being reached. The human brain has an es t i -
mated information density of 10*10 bits/cubic centimeters, the genetic me-
mory of DNfl elements hos a density of the order 10*19 bits/cubic cm, whi-
le a theoretical l imit was set by Feynmann C23 and Landauer [33 at around
10+21 bits/cubic cm. Thus, the b i t commutation between two states 0,1 could
s t i l l be shared by thermal agitation, at least in theory, in a cubic space
of about S atoms each side, or 125 piled atoms.

The above considerations show th-.it i t is practically impossible to
define hat is a desk calculator by measuring i ts computing power, even
i f the power is only defined in terms of the high speed Central Memory
capability.

Where application to our sphere of interest is concerned - i .e. the
preparation and manipulation of nuclear data - we can define a desk cal-
culator as a computing machine having two essential qualit ies:

1 - I t is dimensioned, more or less, as a normal typewriting machine and
can therefore be put on a normal writing table and started by turning
a switch,

2 - The price lies approximately between ten and twenty thousand dol-
lars, so thot it can easily be bought even by a small Research Center.

UHAT IS A DESK CALCULATOR ?

In the last few years a considerable improvement has been obtained in
technologies for Vhe construction of el eetromc computers,

Looking bock in time, we can remember that twenty years ago a computer
of the "first generation" used vacuum tubes, with a space occupation or m .i-
ny rooms. High power freezing plants were also needed for dissipation of
the consumed thermal energy.

More recently, about ten years ago, the volume of a bo;: of not many cu-
bic meters cauld contain a computer of the "second generation" with equi-
valent calculating power and a number of about ten thousand transistors.

Tl'ie some number of components can today be assembled on a small Suii-
cium Plate of about 20 square millimeters.

Table 1 briefly summarizes the evolution of packing al-ilaty in assem-
bling the computer components and the corresponding scale of information
m bits/cubic centimeter C13.

TABLE 1

Evolution of computers (about 10000 components are assumed)

SYSTEM
Vacuum tubes <1?S5)
Transistors <1965>
LIS-MOS (1975)

VOLUME <mt2i>
2 0

lOt(-7)

PFfKL<*>
10*6
10+S
10+2

PITS/CUBIC CM
10+C-2)

1
10+8

NUCLEAR DATA AND DESK CALCULATORS

The neutron motion inside a reactor is described by assuming neutrons
as classical particles. Balance equations, such as diffusion or transport
equations, are therefore taken for motion description. But the interac-
tions between neutrons and materials ore governed by the laws of quantum
theory, Quantum theory enters in the balance equations through the equa-
tion coefficients, which are essentially macroscopic cross sections.
Thus, the importance of neutron cross sections and of the other nuclear do-
to is evident in the design, construction and economy of nuclear reactors.

Let us now try to define the field of applications for nuclear data.
To this end, a general view of the work which must be done, will be useful.

The prep-oration of nuclear dnta for reactor calculations and experien-
ces is a job which runs through the following steps:

1 - collection of the most recent data, both experimental and evaluated,
which can be found in literature or by private communications, for each or
the following energy regions:

a) Resolved resonances;
b) Unresolved resonances;
c) The continuum,

2 - Selection and evaluation of the most reliable data for each energy
region (cross sections or parameters for a proper theoretical model).

3 - Compilation of the final selected data by writing them in a pre-
f x;:ed sequence given by some rules on pasi tion and Formats, rpsulting in
the so called "FILES".
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It is well known that the FILES most commonly used ore those named

by the initials ENDF/B, LLL, UKNDL, KEDAK and SOKRATOR which indicate
the American <E?.rookhaven £ Livermore), English, German and Russian FILES
respectively.

The above mentioned steps may be very cumbersome because collection,
evaluation and printing regard a very large number of data, even ir" only
one isotope is considered.

To give an idea of the volume or" data which must be considered
and written usually on punched cards in rows or" 80 columns, let us re-
member some dimensions of files for elements in EMDF/B. edition iv;

Si
Cr
Fe
U-235

10523 cards
8321 cards
828S cards
6759 cards

Such a large number or" data can only be stored and manipulated by means
of a big computer which has large volumes of memories with a capabxlxt_
or" many megabytes, both of R A M (Random Access Memory) and or" permanent
type, using magnetic tapes and disks of peripheral units, The last sto-
rages, being "permanent", can be used as archives for data which are
continually renewed and modified by up to date information.

Nevertheless, in order to arrive at the final compilation of a file,
even of one isotope, all the data must be evaluated one by one with the
best possible accuracy, fit this point, it is essential that a set of cal-
culation programs of -quite easy access and usage should be available.

The programs must apply to the calculations in order to checK the good
agreement between theoretical calculations and experimental data in spe-
cial energy ranges.
Most frequently we observe large discrepancies among experimental data of
different Authors and Laboratories, Hence, theoretical calculations are
needed for a good evaluation of data which are ta be put in file.

Moreover, the theoretical models always make use of parameters which
are obtained by a systematic analysis of experimental data, mainly in
the energy region of resolved resonances.

The principal parameters which must be determined are the following:
a) Thermal cross sections (capture,absorption,fission and total);
b> Resonance integrals with and without l/v contribution (reduced)t
c) potential scattering amplitude and cross section for slow

neutrons;
d) Average level spacing <D> and Level Density parameter "a"i
e) s- and p-wave neutron Strength Functions;
O Individual resonance parameters (l~state,energy Er,spin J,

Widths p) ;
g) Neutron and radiative average widths, for s- and p-waves.

The preparation of these data and the checking of their consistency
with each other, as well as their ability to fit the experimental data
correctly, must be done with a procedure of "trial and error" which can
best be done with an interactive Unit of calculation and storage.
With such a Unit, the evaiuator talks and works better in that he has a
step by step execution which permits changes of data, a quick calculation
and plotting of results with comparison of sources and models.
The "BATCH" mode of feeding a computer of high power with inputs and pro-
grams (for the sake of simplicity henceforth called Maxicamputer)» is com-
monly used procedure: but it does not permit an interactive mode of ope-
ration which is instead obtained if Tirae Sharing Operation <TSO) is used.

The operation mode of the modern desk computers tsenceforth caned Mi-
nicomputers) is quite similar to the TSO mode or" a Ha <icomputer,

So, for a better understanding of the advantages gi -en to the evaiua-
tor at same stages of nuclear data preparation by the use of a minicom-
puter, let us summarize the characteristics most commonly found in the
two types of computers or operation modes.

TABLE 2

MflXICOMPUTER (batch) I MINICOMPUTER (or TSO)

RAM capacity: megabytes
PERIPHERALS: disks and tapes
PLOT: by peripheral units
LANGUAGE: Fortran, etc.
INPUT: cards,tapes
WORKING MODE multiprogramming
STOP: only by program statements
DEBUG: only by program statements
TRACE: only by program statements
DATA CHANGING: none during execution
CHAIN/LINK:only by program statements
5VNTAX CONTROL:on the whole program

8-48 kilobytes
disks(rloppy),tapes(cartridges)

and/or by integrated printing unit
extended BASIC,etc,
keyboard,disks,tapes
t-y operator*s decision

and/or by keyboard command
step by step execution

and/or by keyboard command
in execution too (step condition)

and/or by keyboard commend
at each entered lir.e

The above table clearly shows that the decisional power or the ope-
rator is greatly increased by the use of a Minicomputer, since at each
time he can use the keyboard to stop the program, check the value of any
variable, change it, restart, or ask for a printed trace of the logical
flow or" the program.

Such flexibility is particularly appreciated when checking a new in-
put or a new code, as it often happens in preparation of nuclear data
files.

The same interactive operating made or" a minicomputer is obtained with a
TSO (Time Sharing operation) working mode of a maxicamputer, Nevertheless,
there are at least two good reasons to prefer the use of a minicomputer.

The first one is that the entering procedures and instruction manual of
a TSO terminal are usually more complex (passwords needed, out of service
intervals, long replication time in some periods crowded with users, etc,)

The second one is that the existence of TSO terminal units implies the
existence of a big master calculation center with expensive transmission
lines (wireless, telephone cable) for efficient communication,
Such apparatus may have too high an installation and mantainanee cost.

On the other hand, for nuclear data preparation, there are a lot of
applications which can efficiently be done by a small computer.

It will be useful to write down a list of tasks which are profi-
tably performed with the aid of a desk calculator.

£1> The list or" parameters of resolved resonances, their grouping
in s-, p- or d-wave classes and the shift from one group to the
other after comparison with experimental cross sections or af-
ter application of statistical tests.

<2> The quick modification on the keyboard of some file parameters
which must be changed as a consequence of the above mentioned
"trial and error" procedure.
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s3> Sbobisticol analysis of the resonance widths and spacings, with
determination of average values, standard deviation and errors*
and a comparison with theoretical distribution.

<4> Strength function determination* for s- and p-wave resonances.
<5> Calculation of thermal cross sections and resonance integrals

(total and reduced),
•X6> Cross section calculations in some energy checking points,

mainly in the resolved and statistical region,
•£7> Random generation of resonances from the proper spacing and width

distributions, for all the isotopes without experimental data,
for which a reasonable evaluation or' cross section is needed,

<8> Estimation of levels of negative energy, in order to take into ac-
count the l/v part of the cross section due to missed resonances,

<?> probability l >ts for estimation of unknown spin and parity of
the resonances.

•C10> Numerical integrations for averaging tabulated cross sections,
weighted over special functions such as a given flu;:,

(il> Doppler broadening or" resonances in nor row energy ranges, by
means of analytical calculation of the well Known y and ĵ
functions C4"?.

•£12> General applications, running routines in common use, e.g. least
square fits, tabulation of functions, plots of data and sta-
tistical distributions, etc.

This list or* actions clearly gwes an idea of the important role which
a desk calculator can have in the preparation of nuclear data.

in order to see some of the above calculations in a practical way, let
us look at some programs which regard data determination of the resolved
resonance region.

Table 3 presents a typical list or' calculations which can be obtained
by the operator by manually pushing some special keys on the desk compu-
ters, Such special keys are present in almost all the computers of this
type, They transfer the control of a running code to every prefixed sta-
tement. Thus, by going to the statements of a main program which recalls
and links the requested routines, the operator can select any calculation
required,

TABLE 3

Typical options for calculation in resolved region

FKEYtt 1 : Menu of the program
FKEYtt 2 : Input file from the keyboard
FKEYH 3 •. input correction
FKEYB 4 : Stare input on disk or tape
FKEYH 5 : Recall file from disk or tape
FKEYH 6 : print the input file
FKEYH 7 : Crass sections tabulation vs, energy
FKEYtt B : plot of one cross section vo, energy
FKEYtt 9 : Resonance integral calculation
FKEYtf 0 : Staircase and linear statistics
FKEYJ*11 : Statistics of neutron widths
FKFV'rfl2 : Statistics of spacings
p"kEYttl3 : Statistics or* selected parameters
FKEY814 : Test for probability of being a p-wave (Bayes)
FKEY815 : Level density parameter "a" from D and vtceversa.
FKEYS16 : Stop of the program

Some practical suggestions can here* be given for calculations
started with FKEYtt 7, 9 and l*j which are largely used,

BRfclT-WIGNER SINGLE LEVEL AND MULTILEVEL CALCULATION.

As an example, FKEYtt 7 may calculate a single level and multilevel
Breit-Wigner, starting from the resolved resonance parameters.

Table 4 gives a set of resonance parameters printed by the desk cal-
culator following the ENDF/B format and symbols. The parameters are
those of Ba-138. The names of the quantities are in reference C5H.

Let us now try to have a better understanding of the single and mul-
tilevel Breit Wigner formulas and forget the R and S matrices till now
considered, A short analysis af the formalism will help us to w^ite down
the program in a more compact form and even to g..ve a new explanation
of what the formula means.

The usual way of writing the elastic, radiative, capture and fission
(or x-reaction) cross sections is given in flp-pendix D <frora ref.C53>.
The elastic cross section is formally the most general one and includes
three parts.

*.1> potential scattering (hard sphere scattering),
:•£'". Resonance scattering (compound nucleus elastic reaction),
i3: interference between •:. l; and f2'>.

Thus, 11 can be written in matrix form as a common quadratic expression,
e.g., (we shall use the BASIC syntax for formula representation).

* 6

6 9

in which the interpretation of the central matrix is well known. It intro-
duces a tnetrization of the space (is a "metric" or a fundamental tensor of
the reference space) where the diagonal elements give the metric scale on
the axes, while the off diagonal elements give the interference between
the axis scales due to their "non-orthogonality". In fact, orthogonality
means independence among the reference a:*es.

Having clarified the concepts, let us go bock to ti.e BW formula.
If we introduce the quantities:

= E-EJ (J=resonance index)

> ojx=(

c<j,k)=ujxuk

is ti.e complex conjugate)

symmetric matrix nxn (j,k=l,2,3,....n resonances)

With these notations we can write the resonance part of the single
or multilevel BU cross section m the very synthetic farm:

crass section for x—reaction = '£_ *• *C*Z

where capital Z is the column vector of zj, Z* i^ the row vector of zj""
and the central (nxn> matrix c is the space metric with elements ujxuk,

in the vectorx-matrixxvectar product the contribution of tire diagonal
elements gives a sum of pure single level ereit-Uigrier formulas, while
the off-diagonal elements give the interference between resonances.

Tiie energy space is n-Jimensioned with an axis for every width FJ
more or less orthogonal to ench oi.her depending upon the amount or in-
terference among the resonances. 241
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The matriciol formalism can be extended fco the potential scattering

representation by introducing the widths or" special type-

DEl=E*cos <4>) ( ̂  is the phase shift depending on l quantum number)

so that, for example, the elastic cross section for isolated resonance
con be written as given in Appendix C.
More clearxy than in the formula given in appendix o appears the m t w -
feren trial term between the resonant and potential scattering.

We cannot here explain such a representation in much detail, but let
us merely observe the following points:

1) The central matrix C is essentially the product or' the reduced width
amplitude (i.e. square root of P ) or e-ich resonance.

2) The z vectors are curvilinear axes (Riemann space). Each element nj
is geometrically a "reflection" of the point aj on the complex
plane (E,I*> with respect to a unit circle centered m resonance
energy EJ (see fig.I).

3) The products or" all the reduced width amplitudes SQR(T*n-xPx) form
a sequence which has an uncertainty in the algebraic sign (+ or -)
exepfc for the elastic reaction which is a full positive sequence,
as can easily be veriFied.

in fact, if we suppress the off-diagonal elements of the resona-
nce scattering, assuming a sum of pure BU shapes, but conserve
the interferentiai part between resonance and potential, we can
obtain a negative cross section at some energy points, The qua-
dratic form is no longer "complete" m the absence of some off-
diagonai terms. An example of such a case is given in table 5
and fig.2 where the tabulation and plot of a single level total
cross section is presented.
For more details on this problem see ref,C63,E73.

As an example, the list of instructions with the summation, through nes-
ted loops, over the tabulation energies, the l-*>totes, and resonances, is
given in Appendix A. Statement 1430 of BU code recoils the internal func-
tion RNO for the random generation of signs of the reduced amplitude when
the multilevel calculations are performed and the sequence of signs has
not been assigned.
The list is in BASIC language (Beginners All-purpose Symbolic instruc-
tion code) for an OLIVETTI P/6060 desk calculator with 16 to 48 Kbytes
of central memory, totally available to the user,

RESONANCE INTEGRAL CALCULATION

The resonance integral is the integral of the capture cross section
weighted over a standard l/E flux from the Cadmium cutoff energy 0.5 eV
to infinity. It is usually experimentally measured and must therefore
be checked by calculation, starting f«om the resonance parameters.

But the resonances which were missing in experimental measurements con-
tribute to the integral with a l/v tail in the thermal group. Thus, if the
thermal cross section is Known, the resonance integral can be normali-
zed to the capture cross section at the thermal energy, O.Q2i>3 ey or

2200 meter per second, which is the most probable speed.
The formula which can be used for analytical integration of BU formula

lo (ref.LBJ), is given m Appendix B.
When the integration problem does not concern isolated resonances

and i/E weighting flux, the integration must be done numerically, from
a grid of unequally spaced points because the resonance shape requires
c\ denser set of points near the peaks.

In all these cases it is very important to have ci good general rou-
tine of numerical integration. One of the best and most UP to date is the
Romberg method C103 but it is applicable only to equally spaced points.

Nevertheless, an extension of the method to the general case has been
obtained C113* which proves to be very efficient for any numerical ir.te-
tegration. it can be written easily for a desk calculator and can of-
ten be used in the problems of resonance integral calculations or in
flux averaging within energy groups,

The usual Romberg quadrature method for- evenly spaced points is a par-
ticular case of the generalized Romberg method. The same happens for the
trapezoidal, Simpson and Villarceau rules which correspond to a Romberg
integration of order l, 2 and 3 respectively (for evenly spaced points).

For numerical integration the file of x,y values is always more con-
veniently recorded on tape or disk, which is later recalled by the in-
integration code (ftamber-3- etc.). The BASIC list of "ROME" code for Oli-
vetti p/6060 computer is given in Appendix A,

Some useful simplifications were given by Walker C123 for calcula-
tion of the resonance integral of a Breit-Uigner weighted over the l/E
flux both in the resolved and unresolved regions. The formulas given are
applicable to the resonances not too near to thermal energy (say > l ev)
because the integration is performed under the hypothesis that the reso-
nance lies essentially to the right of cutoff (i.e.:E-Er>>r/2>. In the
unresolved region the contribution of one resonance is multiplied by
the number of resonances in the integration interval, as given t-y an
assumed avev&ie spacing D. Walker's formulas are easily programmed even
for a pocket calculator and greatly help the evaluator m every circum-
s tance,

LEVEL DENSITY PARAMETER "a" AND SPACING D

It has been seen, in the previous lectures, that the level density is
related to the special level density parameter "a" through a formula
given in Appendix E from ref.CHU.

The systematic behaviour of "a" for different isotopes has been stu-
died and a general trend can be given vs. z and A. Briefly, we can give n
"systematic", which will help us to check or adjust the value of a spacing
D, mainly when only poor informations can be obtained by the resonances.

If very few or no resonances have been measured, the spacing D con
only be deduced by an estimated value of "a" token by an overall and local
(i.e. by isotopes with nearest Z and A) systematic. Caution must be used
in such evaluation of "a" (an exponent in the formula!).

Thus, the direct and inverse calculations, from a to 0 and from 0 to o,
can be included among the most important part of the evaluation work.

The inverse calculation D - a implies the solution of the tran-
scendental equation by an iterative method. The cade DADI, in Appendix
A, is written in BASIC language for the Olivetti P/6060 desk calculator,
and performs both the direct and inverse calculations. For the latter, a
subroutine is recalled which gives D for ony "a". An iterated loop chan-
ges che "a" of each iteration in such a way that for a requested spacing
DS we have:
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a(i+l)=o(i)-lag(DS/DO)

where 00 is the actual value from iteration i. I iert.itions ar-e stopped
when.

ftBS<(D5-DO>/0S> < l.E-6

The convergence is quickly obtained.

1) A RAM memory of 32 to 48 Kbytes
2) A silent printing unit of high speed (about l row/sec or more)
3) Plotting facilities included in the language system
4) Floppy disit unit (better with 2 drives)
5) BASIC extended language permitting string manipulations
6) Facilities for peripherals (cartridge tape and plotting units)
7) Interfaces for usage as a TSO terminal, for power expansion.

The above features will probably be found in a pocket calculator in
five or si:; years. But how much work could we do in tire same period ?

TEST FOR PROBABILITY OF BEING A P-WAUE (Bayes* theorem)

The observed D <=Dobs) is normally deduced by the s-wove resonance
spacing. It is therefore important to eliminate any p-wave resonance in
the s-vave set. Except for isotopes with a great p-wave strength function,
p-wave resonances are very small and often cannot be detected. Moreover,
the l-ossignment is not always given by e;:perimeritors and some criteria
hove to be adopted by the evaluatov* for such attribution.

A method suggested by Bollinger and Thomas C13U assigns to each reso-
nance a probability or" being a p-wave on the basis of its size. Once the
probability p is found, on the basis of Bayes theorem the resonance is as-
signed to the p-wave group if P > 0.5. The suggested formula for p is
given in Appendix F. The formula can be programmed on a desk calculator
thus immediately giving the evaluator the opportunity to check if the
residual set of s-wave resonances is consistent with other experimental
data, e.g. the thermal cross section and resonance integral.

The probability test can help the evaluator to select the resonances
but, in our experience, the Bayes limit P=0.5 must be shifted for many
coses to higher values. It is better to eliminate spurious p-waves pro-
gressively starting with the limit, say, of p-0.8> and iterating the pro-
cedure* checking the consistency each tume and lowering P little by little.

DEFORMATION BETA FROM QUADRUPOLE ELECTRIC MOMENT

It has been seen in the lectures concerning the systematic of parame-
ters, that the deformed status of nuclei can explain same of ti.eir fc-eha-
hoviour. The deformation can be deduced by the quadrupole electric moment
Q or intrinsic electric quadrupole momentum Qa through a formula given in
Appendix G.

A procedure is there suggested to solve the non linear equation in un-
known BETA by splitting it into three parts which form a quadratic equa-
txQTi. Iterations are needed to complete the procedure,

NOTE: The present typescript has been written corrected and stored
on Floppy disk os a file "Text" of OT» Olivetti P/6060 desk
calculator,

(E-E^+i
is • reflection with respect to

the unit circle

space

CONCLUSIONS

U© have given a panoramic view of what it; i=» possible to do by m<?ans or
a -desk calculator. A very long list of many other actions cnuid be given.
Hence, it will be better to stop the description and go back to the cha-
racteristics which can be required, at the present time, of a desk calcula-
tor efficiently used in our field of interest.

Fi*. 1 - The spsce of Breit-Wigner representation
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APPENDIX A

0010 REM x BW CODE : CHAINED TO <ENDFB> FOR CROSS SECTION CALCULATION x
0020 DIM A(6),B(3,6),C(3.6),D(3.A).E<200,6>,S<6),P(6),F(3),G(7,4)
0030 FILES ENDFAiFIPLO
0050 : ' CCCCCCCCCCC' CCCCCCCCCCC' CCCCCCCCCCC' CCCCCCCCCCC' CCCCCCCCCCC' CCCCCCCCCCC
0060 : »#. #tH»H#**'^Htt. HttttH«****t*tt. HttHI4H*A*Att
0100 DISP " RECALL DATA FROM (ENDFA) FILE"
0110 RESTORE :1
0120 FOR J=l TO 6 STEP 1
0130 READ :1.A(J>
0140 NEXT J
0150 FOR J0=l TO A(5) STEP 1
0160 FOR J4=l TO 6 STEP 1
0170 READ :l,B(-J0.J4>
0180 NEXT J4
0190 FOR J4=l TO 6 STEP 1
0200 READ :l.C(J0..J4>
0210 NEXT .J4
0220 LET J9=l
0230 FOR Jl=l TO C(J0.5) STEP 1

0240 FOR J4=l TO 6 STEP 1
0250 READ :1.D<J1.J4>
0260 NEXT J4
0270 FOR J2=J9 TO J9+D(J1.6)-1 STEP 1
0280 FOR J4=l TO 6 STEP 1
0290 READ • 1 ,E(J2,J4)
0300 NEXT J4
0310 NEXT J2
0320 LET J9=.J9+D(J1,6)
0330 NEXT Jl
0340 NEXT JO
0350 PRINT "DATA ON <ENDFA> FILE HAVE BEEN RECALLED FROM DISK"
0360 DISP "INITIAL ENERGY= "i
0370 INPUT El
0380 DISP "FINAL ENERGY= "i
0390 INPUT E2
0400 LET J5=E0=0
0410 FOR JO=1 TO A(5) STEP 1
0420 IF (El>B(.J0.2))0R (E2<B(.J0,1) ) THEN 1990
0430 LET J5=J0
0450 DISP "TABULATION STEP FOR ENERGY= "i
0460 INPUT E3
0470 DISP "0.0=no plot III I.K for plot G(I.K)",
0480 INPUT N1.N2
0490 IF Nl*N2=0 THEN 560
0500 LET U0=0
0510 SCRATCH :2
0520 WRITE :2.INT((E2-E1)/E3+1>,WO
0530 LET Y1=1E63
0540 LET Y2=-Y1
0550 PRINT TAB<26);"RE«UE5TED CROSS SECTION"
0560 REM * CROSS SECTION CALCULATION »
0570 REM HUH LOOP ON ENNERGY Illlll
0580 FOR EO=E1 TO E2 STEP E3
0590 LET J0=.J5
0600 IF <EO-B(.J0,l))*(E0-B<J0,2>>>0 THEN 1920
0610 FOR J=l TO 7 STEP 1
0620 FOR J6=l TO 4 STEP 1
0630 LET G(J,J6)=0
0640 NEXT J6
0650 NEXT J
0660 LET J9=l
0670 REM Illlll LOOP ON L-STATES Illlll
0680 FOR Jl=l TO C<J0,5) STEP 1
0690 LET K1=FNA(D(J1,1),EO)
0700 LET L1=1/K1
0710 LET RO=(1.23xD<Jl,l)*<l/3)+0.8)/10
0720 LET R1=K1*RO
0730 LET S(1)=O
0740 LET 81=1+R1*2
0750 LET S<2)=-1/91
0760 LET 82-9+3*R1^2+RlA4
0770 LET !>(3)=-(18+33>RlA3>/lil2
0780 LET P(1)=R1
0790 LET P(2)=R1^3/Q1
0800 LET P(3)=R1A5/Q2
0810 LET R:.'=C(JO,2)*K1
0820 LET F(1)=R2
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0830 LET F<2)=R2-ATN<R2>
0840 LET F<3)=R2-ATN<3*R2/(3-R2A2>)
0850 LET G(1,1)=4*PI*L1*L1*SIN<F<1>)A2
0860 LET G(1.2)=12»PI»L1«L1*SIN<F(2))A2
0870 LET GU.3)=20xPI*LlxLlxSIN<F<3)>A2
0880 LET G<1,4>=GU,1>+G<1,2>+G<1.3>
0890 REM «m LOOP ON RESONANCE Will
0900 FOR J2=.J9 TO J9+D(J1,6)-1 5TEP 1
0910 DISP "E=".EOi" Er<";.J2,">=",E(J2.1>
0920 LET L=D(J1.3)+1
0930 LET K2=FNA<D<J1,1>,E<.J2,1>>
0940 LET L2=l/K2
0950 LET R3=K2*R0
0960 LET Q3=1+R3A2
0970 LET Q4=9+3*R3A2+R3A4
0980 LET PC4)=R3
0990 LET P<S)=R3A3/Q3
1000 LET p<6)=R3A5/a4
1010 LET S<4>=0
1020 LET 5<S)=-1/Q3
1030 LET SC6)=-<18+3*R3A2)/a4
1040 LET E4=P(L>*E<J2,4)/P<L+3>
1050 LET ES=E4+E(J2,5>+E<J2.6>
1060 LET E6=E<.J2,l)+E4*<S<L+3)-S<L>>/<2*P<L+3>>
1070 LET Wl=2*SIN<F<L>)*<2*<E0-E6)xC0S<F(L)>-E5xSIN<F<L)))
1080 LET W=<2*E<J2,2>+l)/<2x<2xC<.J0.1)+l>>
1090 LET W=W/UE0-E6)A2+E5A2/4>
1100 REM "W="iWi "AJ=";E<J2.2>;"LixL2";LlxL2i"E' = ".E6;"lllrir";
1110 REM "P<".L+3i">=",P<L+3>
1120 FOR J=2 TO A STEP 1
1130 ON J-l GOTO 1140,1260.1280,1300,1330
1140 LET G<2,L>=W*E4xE(J2,4)+G(2,L>
1150 ON B<J0.4> GOTO 1450,1160
1160 IF D(J1,6)=1 THEN 1450
1170 FOR J7=J2+1 TO J9+D<J1.6>-1 STEP 1
1180 LET E7=P(L)*E(J7,4)/P(L+3)
1190 LET E8=E7+E(J7.5)+E(J7,6)
1200 LET E9=E(J7,l)+E7*<S<L+3)-S<L>)/<2*P(L+3>>
1210 LET U2=(2*E(J7.2)+l)/<2«C(J0,l)+l)
1220 LET W2=W2/((E0-E9)A2+E8A2/4>
1230 LET G<2,L>=G<2,L>+2*saR<W*W2*E4*E7*E<J2,4>*E(J7.4>>
1240 NEXT J7
1250 GOTO 1450
1260 LET G(3.L>=W*E4*W1+G(3,L>
1270 GOTO 1450

1280 LET G(4.L)=G<1,L)+G(2.L>+G<3,L>
1290 GOTO 1450
1300 LET G<5,L)=WXE4*E<J2,5>+G<S,L>
1320 GOTO 1450
1330 LET G(6.L)=W*E4xE<J2.6>+G<6,L>
1340 ON BCJ0,4> GOTO 1450.1350
1350 IF D(J1.6)=1 THEN 1450
1360 REM m INTERFERENTIAL PART HI
1370 FOR J7=J2+1 TO J9+D(J1.6)-1 STEP 1
1380 LET E7=P(L)*E<J7,4)/P<L+3>
1390 LET E8=E7+E(J7,5)+E(J7,6)
1400 LET E9=E(J7,l)+E7*(S(L+3)-S(L)>/<2xp<L+3))
1410 LET W2=<2*E<J7,2>+l)/-<2xC<J0,l)+l>
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1420 LET W2=U2/((E0-E9>A2+E8A2/4>
1430 LET GC6,L>=G<6,L>+2xSaR<W*W2*E4>sE7xE<.J2.6>*E(J7,6> ) »SGN (RND-1)
1440 NEXT .17
1450 LET G(7,L)=G<4,L)+G(S.L>+G(6,L)
1460 REM "G<"i.Ji ", ";Li ">=" i G (J,L) i "W1=".U1
1470 NEXT J
1480 NEXT J2
1490 REM IIIIH FND OF LOOP ON RE50NANCES Mill
1500 LET L3=L1*L1
1510 LET G(2,L>=PI*6(2,L)XL3
1520 LET G(3,L)=PIXG<3,L))SL3
1530 LET G(5,L)=PIXG(5,L)*L3
1540 LET G(6,L)=PIXG(6.L)XL3
1550 LET G(4,L)=G<1.L)+G(2.L)+G(3.L)
1560 LET J9=J9+D(J1.6>
1570 NEXT Jl
1580 REM IIMII END OF LOOP ON L-STATES Mill
1590 FOR J=l TO 7 STEP 1
1600 LET G<J,4)=G(.J.1)+G<.J,2)!G(J,3)
1610 NEXT J
1620 LET G<4,4)=G<3,4)+G(2,4)+G<1,4)
1630 FOR J=l TO 4 STEP 1
1640 LET G<7,J)=G(4,J)+G(5,.J)+G(6,J)
1650 NEXT J
1660 IF Nl*N2<>0 THEN 1860
1670 PRINT
1680 PRINT "ENERGY"."wove no."."wave length","channel radius"
1690 PRINT E0JK1.L1.R0
1700 PRINT "PARAMETERS"."1=0","1=1"."1=2"
1710 PRINT "shift factors",5(1).S<2),S<3)
1720 PRINT "pen,factors",PCI),p<2>,P<3>
1730 PRINT "phase shift",F(1).F(2),F(3)
1740 ON B<J0,4> GOTO 1750.1770
1750 PRINT "CROSS SECTI0N5"."(single level B^eit-Wigner)»,•»,» SUM"
1760 GOTO 1780
1770 PRINT "CROSS SECTIONS","(multilevel preit-Uigner)",""," SUM"
1780 PRINT "pot.scattering",GC1.1).G<1,2),G(1,3),G<1,4)
1790 PRINT "res.scattering",G(2.1),G<2,2),G(2.3),G(2,4)
1800 PRINT "resxpot scatt,",G(3.1>.G(3,2),G<3.3),G<3,4)
1810 PRINT "total elastic",G<4,1),G(4,2),G<4,3).G<4,4)
1820 PRINT "capture»,G<5,l>,G(5,2),G(5,3),G<5.4)
1830 PRINT "fission",G<6,1),G(6,2),G(6.3),G(6.4)
1340 PRINT "total",G(7,l),G<7,2),G<7,3),G(7,4)
1850 IF Nl*N2=0 THEN 1920
1860 WRITE -.2,EO,G(N1.N2>
1870 IF G(N1,N2X=Y2 THEN 1890
1880 LET Y2=G(N1,N2>
1890 IF G(N1,N2)>=Y1 THEN 1910
1900 LET Y1=G(N1,N2)
1910 PRINT EO,G(N1,N2),
1920 NEXT EO
1930 REM Illlll END OF LOOP ON ENERGY Will
1940 IF Nl*N2=0 THEN 2050
1950 PRINT
1960 PRINT "III CROSS SECTION G (" ;N1;", "i N2i ") STORED FOR PLOT ON FILE<FIPLO> III"
1970 PRINT "ABSCISSA min=";El;" max=" iE2j "HUH ORDINATE l»in=";Vli" l»a>!="iY2
1980 LET E1=EO
1990 NEXT JO



2Q00 IF J5>0 THEN 2050
2010 DISP " ENERGY OUT OF RANGE"
2020 DELAY SO
2030 GOTO 360
2040 DEF FNA(A,E0)=2.19685E-3*S8R<E0)*<A/<A+l>>
20S0 CHflIN "ENDFB"
2060 END
0010 REM * BU2 CODE : CHAINED TO <ENDFB> FOR RESONANCE INTEGRAL CALCULATION *
0020 DIM ft(6).B(3.65,C(3,6),0<3,6>.E(200,6).5(6).P<6>,F(3),G(7,4)
0030 FILES ENDFA
ooso :' ccccccccccc'ccccccccccc•ccccccccccc'ccccccccccc•cccceeccccc•ccececcccce
0060 : « * . Htt»t»ttAAAAt»tt. #ttttH*AAAAHtt. HttttttM*'-AA#H . HtttttM»AAAAHtt. HttHtttt A A A A t t t* .
0100 DISP " RECALL DATA FROh <ENDFA> FILE"
0110 RESTORE :1
0120 FOR J=l TO 6 STEP 1
0130 READ :l,fl(J>
0140 NEXT J
0150 FOR JO=1 TO ft(5) STEP 1
0160 FOR J4=l TO 6 STEP 1
0170 READ :l,BU0,J4>
0180 NEXT J4
0190 FOR J4=l TO 6 STEP 1
0200 REftD :l,C(J0,J4>
0210 NEXT J4
0220 LET J9=l
C2?0 FOR Jl=l TO C(J0.5) STEP 1
0240 FOR J4=l TO 6 STEP 1
02SO READ :1.D(.J1.J4>
0260 NEXT J4
0270 FOR J2=J9 TO J9+D(J1,6>-1 STEP 1
02B0 FOR J4=l TO 6 STEP 1
0290 REflD :1,ECJ2,J4)
0300 NEXT J4
0310 NEXT J2
0320 LET J9=.J9+D<J1.6>
0330 NEXT Jl
0340 NEXT JO
0350 PRINT "DATA ON <ENDFft> FILE HAYE BEEN RECALLED FROM DISK"
0360 DISP "LOWER INTEGRflTION ENERGY= "i
0370 INPUT El
0380 DISP "UPPER INTEGRflTION ENERGV= ".
0390 INPUT E2
0400 DISP "Ther.CROSS SECTION {for 1/V} = ";
04If) INPUT S
0420 FOR JO=1 TO ft(5) STEP 1
0460 REM * RESONflNCE INTEGRAL CflLCULflTION *
0470 PRINT
0480 LET 50=S2=0
0490 LET J9=l
OSOO PRINT "Res.t*11,11 INTEGRflL"." SUM TOTAL"
0S1O FOR Jl=l TO C(J0,5) STEP 1
0S20 FOR J2=J9 TO J9+DU1.6)-1 STEP 1
0S30 LET L1=1/FNE(D(J1,1),E(J2,1>)
0540 IF E(J2.1)<=0 THEN 320
0S50 LET Gl=<2*E(J2.2>+l>/(2x<2XC(J0,l)+l)>
0560 LET Sl=4*PIxLl*LlxGlx<E(.J2,4>XE(J2,S>/E(J2,3>A2>
0570 LET X1=E1/E(J2,1>
1580 LET X2=E2/E<J2.1>
0S9O LET M=S8R<H-E<J2.3)A2/(4*F.(..12.1>A2>>
U600 LET H=E(J2.3>*E<J2>3>/(4xMxMxE(J2,l>XE(J2.1>>
0610 LET H1=S1*H
0620 LET H2=FNfUX2,M>

0630 LET H3=FNA(X1.M>
0640 LET S0=2*FNC (XI) -FNC <X2) + <2+M) /M/S8R (2* (Ntl)H (FNB <H2) -FNB <H3) )
0650 LET H4=BTN(FND<X2,M>>
0660 LET H5=ATNCFND<X1.M>>
0670 IF FND(X2.M)>=0 THEN 700
0680 IF (H4>=PI/2)AND <H4<=PI) THEN 700
0690 LET H4=H4+PI
0700 IF FND(Xl,M)>=0 THEN 730
0710 IF (H5>=PI/2)AND <H5<=PI) THEN 730
0720 LET H5=H5+PI
0730 LET SO=S0+(2-M)/M/SHR(2*<M-l))*(H4-HJ))
0740 LET S2=S2+SO*H1
0750 PRINT J2,SO»H1,S2
0820 NEXT J2
0830 LET J9=.J9+D<J1,6)
0840 NEXT Jl
0850 NEXT JO
0860 PRINT
0870 PRINT "RESONANCE INTEGRAL = :",S2i" between"iEli" ond"iE2
0880 LET T=52
0890 IF 5=0 THEN 930
0900 LET U=2*S*SQR<0.0253)*<l/SQR<El>-l/SQR<E2>>
0910 LET T=W+S2
0920 PRINT "1/v port of INTEGRAL =" ,V, " <th , cross sec. = " ; 5i "bcivris) "
0930 PRINT
0940 PRINT "TOTAL RESONANCE INTEGRAL =",Tj" bet«een";El i " nTid",E2
0960 DEF FNA<X.M)=SQR<2*X*(M+1)>/(M+X)
0970 DEF FNB<X)=0.5»LOGC(1+X)/<1-X>>
0980 DEF FNC<X)=1/S8R<X)
0990 DEF FNDCX,M)=SQR<2*X»(M-1))/«M-X)
1000 DEF FNE<ft,X)=2.1968SE-3".5QR<X)x(A/<ft+l))
1010 PRINT
1020 CHAIN "ENDFB"
1030 END
0010 REM x < D A D I >
0020 PRINT "
0030 PRINT
0040 :tttttttt.Htt HttH.ttH tttttttttt. Htttt HttHHt*. tttt* Httittttititt, ttB
0050 FKEY ttl,5TART 130:
0060 FKEY tt2, START 220.
0070 FKEY H3,START 490:
0080 FKEY H4,START 440:
0090 FKEY H16,START 1090'
0100 LET Z0=0
0110 DISP " SELECT A KEY OPTION";
0120 STOP
0130 REM
0140 PRINT TAB(28)
OlbO PRINT TAB(20)
0160 PRINT TAB(20)
0170 PRINT TAB(20)
0180 PRINT TAB<20>
0190 PRINT TAB(20)

CODE. FROM a TO <D> AND YICEVERSA
ENTER < D A D I > CODE x"

* KEY OPTIONS *
"KEY OPTIONS"
"KEY Ml: MENU"
"KEY «2: INPUT"
"KEY M3: FROM a TO Dob5"
'KEY tt4: FROM Dobs TO a"
'KEY ttl6: THE END PROGRAM EXIT"

0200 PRINT
0210 GOTO 110
0220 ON ZO+1 GOTO 230,260
0230 PRINT " A"iTAB<13) , "I",TfiB(22) . "BriCMeU] " ; TAB (33) ; "PairingCMeVJ " ; TAB (SO) i
0240 PRINT "D(a)Ceg3"iTAB(64),"aCl/ey3"
02S0 LET ZO=1
0260 REM * INPUT x
0270 LET Cl=0.146
0280 DIM F(2) 247
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From Dobs to a

0290 LET C9=l
0300 DISP " TARGET MAS5 NUMBER = "I
0310 INPUT Al
0320 IF A1=9999E63 THEN 1100
0330 LET fll=Al+l
0340 DISP " TARGET SPIN = ";
0350 INPUT Ft
0360 DISP " BINDING ENERGY (MEV): Bl="
0370 INPUT Bl
0380 DISP " PAIRING ENERGY (MEV)= "i
0390 INPUT Dl
0400 01SP " QUANTUM NUMBER
0410 INPUT L
0420 GOTO 110
0430 STOP
0440 REM
0450 LET C9=2
0460 DISP "FIRST GUESS LEVEL DEN5ITV : o= ";
0470 INPUT A2
0480 GOTO 570
0490 REM * From a to Dabs *
0500 LET C9=l
0510 DISP "LEVEL DENSITY a =";
0520 INPUT A2
0530 ON C9 GOTO 540.570
0540 GOSUB 690
0550 PRINT USING 40.Al-1.Fl,Bl,Dl.DO.A2
0560 GOTO 110
0570 DISP " REQUESTED Dobs = ";
0580 INPUT DO
0590 LET D5=D0
0600 LET N0=0
0610 GOSUB 700
0620 LET N0=N0+l
0630 DISP N0i"H a="iA2;n D=";00
0640 IF ABS((D5-D0)/D5XlE-6 THEN 670
0650 LET A2=A2-L0G(D5/D0)
0660 GOTO 610
0670 PRINT USING 40.S1-1,F1,B1,D1,D0,A2
0680 GOTO 110
0690 REM * SUBROUTINE FROM a TO Dobs
0700 LET U=B1-D1
0710 LET A3=2/3
0720 LET 51=Cl»5QR<A2*U)»AlAfl3
0730 LET S2=2*5!
0740 LET R=EXP<2*SGR<A2»U>>
0750 LET R=R/C12*SQR(S2>>
0760 LET R=R/<U*<A2*U>*0.25)
0770 LET 53=0
0780 LET 11=0
0790 IF F1O0 THEN 830
0800 LET Nl=l
0810 LET F( l )=0 .5
0820 GOTO 360
0830 LET Nl=2
0840 LET FU>=Fl+0.3
085G LET F<2)=Fl-0.5
0860 LET 11=11+1
0870 LET F3=FUi>
0880 LET El=ftBS(F3-L)

w

_l

SUBROUTINE RETURN

THE END. < D ft D I > CODE EXIT

0890 LET E2=F3+L
0900 LET F4=E1-1
0910 LET S4=0
0920 LET F4=F4+1
0930 IF F4>E2 THEN 980
0940 LET A3=<F4+0.5)*2/S2
0950 LET H=<2*F4+1)*EXP<-A3>/S2
0960 LET S4=54+H
0970 GOTO 920
0980 LET 53=S3+S4
0990 IF IKN1 THEN 860
1000 LET B2=0.5*R*S3
1010 LET DO=1E6/B2
1020 REM
1030 RETURN
1090 PRINT
1100 PRINT "
1110 END
0010REM « ROMBERG INTEGRATION FOR EVEN AND NOT EVENLY SPACED POINTS *
0020 PRINT " * <ROMB> CODE *"
0030 FKEY Ml.START 290:
0040 FKEY »2,START 430:
0050 FKEY tt3. START 590:
0060 FKEY H4.START 740:
0070 FKEY »5,START 740:
0080 FKEY H6.START 1480:
OOVO FKEY ttl6,START 1650:
0100 GOSUB 120
0110 GOTO 170
0120 PRINT
0130 PRINT
0140 RETURN
0150 DISP "KEY 0PTI0N5. KEY HI = MENU"i
0160 STOP
0170 REM NUMERICAL ROMBERG INTEGRATION FOR EVEN S NOT EVENLY SPftCED POINTS
0180 REM
0190 DIM C<5,5).D(5)
0200 DATA 1.0,0,0.0.4,-1.0,0.0,64.-20,1,0.0,4096.-1344,84,-1.0.1048576
0210 DATA -348160.22848.-340.1.1.3,45,2835,722925
0220 LET R=0
0230 RESTORE
0240 READ C (1. 1) ,C (1,2) , C U , 3) ,C<1.4) ,CU,5> ,C(2.1) ,C(2.2) ,C (2, 3> ,C<2, 4) ,C (2, 5>
0250 RE«D CC3.1).C<3,2).C<3.3).C(3,4),C<3.5),C<4,1),C(4,2),C(4,3),C<4.4)
0260 READ C(4.5>.C(S.1).C(S.2).C(5.3>.C(5,4),C(5.S)
0270 READ D(1),D(2),D(3),D(4>,D<S)
0280 GOTO 150
0290 PRINT
0300 PRINT TftB(9);"ROMBERG INTEGRATION FOR X.V PfiIRS"
0310 PRINT
0320 PRINT TAB<5)i"KEY OPTIONS"
0330 PRINT
0340 PRINT TflB(5)i"KEY »1:
0350 PRINT TAB(5)i"KEY «2:
0360 PRINT TAB(5)i"KEY »3:
0370 PRINT TAB<5)i"KEY #4:
0380 PRINT TAB<5)i"KEY H5:
0390 PRINT TAB<5)i"KEY H6:
0400 PRINT TAB(5)j"KEY »16:The end. progrom e:<it"
0410 GOTO ISO
0420 REM
0430 REM * INPUT FROM KEYBOARD
0440 REM

Menu"
Input from Keyboard"
Input from disk file <FIPLO>"
Integral calculation"
Change of integration order ond interval"
Input print from disK"



Zf

INPUT FROM DISK FILE •

INTEGRAL CALCULATION *

0450 LET RS=O
0460 DISP "NUMBER OF POINT PAIRS = "i
0470 INPUT N
0480 DIW X(100),Y(100»
0490 PRINT " I","X<I)"i"V(I>"
0500 FOR 1=1 TO N STEP 1
0510 DISP " X C M i •) = "•
0520 INPUT X(I)
0530 DISP " Y C M i ") = " i
0540 INPUT ¥ ( I )
05S0 PRINT I.X<I>iV<I>
0560 NEXT I
0570 GOTO 150
0580 REM
0590 REM
0600 REM
0610 GOSUB 120
0620 FILES FIPLO
0630 LET RB=O
0640 RESTORE :1
0650 READ :1.N.E1
0660 PRINT "NUHBER OF POINTS FROM DISK FILE =
0670 FOR 1=1 TO N STEP 1
0680 IF EDO THEN 710
0690 READ :1,X(I).Y(I>
0700 GOTO 720
0710 READ :1,X(I),Y(I).E
0720 NEXT I
0730 REM
074C REM
07S0 REM
0760 LET R=0
0770 PRINT
0780 OISP "LOWER LIMIT INDEX =";
0790 INPUT Nl
0800 DISP "UPPER LIMIT INDEX =";
0810 INPUT N2
0820 DISP "INTEGRATION ORDER ="i
0830 INPUT II
0840 PRINT "INTEGRATION ORDER = "ill
0850 IF <I1>S)OR (IK1) THEN 900
0860 GOTO 910
0870 REM
08SO REtt
0890 REM
0900 LET 11=1
0910 LET 12=11-1
0920 LET M1=2*I2
0930 LET N3=N2-N1
0940 LET N4=N1
0960 LET 13=0
0960 LET R2=0
0970 ON II GOTO 10B0.1060.1040,1020.980
0980 IF N3>16 THEN 1100
0990 LET 11=11-1
1000 LET M1=2"MI1-1>
1010 GOTO 970
1020 IF N3>=8 THEN 1100
1030 GOTO S90
1040 IF N3>=4 THEN 1100
1050 GOTO 990

1060 IF N3>=2 THEN 1100
1070 GOTO 990
1080 IF N3>=1 THEN 1100
1090 GOTO 1350
1100 LET N5=N4+H1
1110 LET N6=N4
1120 LET M3=2AI3
1130 LET 13=13+1
1140 LET N7=N6+M3
1150 LET R1=O
1160 IF N7>N5 THEN 1220
1170 LET T=<X<N7>-X<N6>)*(<Y<N6>+Y<N7>>/2>
1180 LET R1=R1+T
1190 LET N6=N6+M3
1200 LET N7=N7+M3
1210 GOTO 1160
1220 LET R2=R2+R1*C<I1,I3>
1230 IF I3>=I1 THEN 1300
1240 LET 14=13+1
12S0 IF (I4>5)0R <I4<1> THEN 1280
1260 ON 14 GOTO 1080,1060.1040.1020.980
1270 GOTO 1300
1280 LET 14=1
1290 GOTO 1263
1300 LET R2=R2/D<I1)
1310 LET R=R*R2
1320 LET N4=NS
1330 LET N3=N2-N5
1340 GOTO 950
13S0 LET R8=R8+R
1360 PRINT "INTEGRAL BETWEEN }(<";N1;">="iX<Nl>i"and'
1370 PRINT "AND CUMULATIVE INTcGRPi. = ";R8
1380 DISP "INTEGRAL = ";R;
1390 STOP
1400 STOP
1410 GOSUB 120
1420 PRINT "I". "X<D " , "Y<I>"
1430 FOR 1=1 TO N STEP 1
1440 PRINT 1.X1D.VI1)
14S0 NEXT I
1460 GOTO 150
1470 REM
1-.80 REM
K90 REM
1500 GOSUB 1̂ 0
1510 RESTORE :1
1520 READ :1.N.E1
1530 PRINT TAB<8>."NUMBER OF POINTS FROM OISK = "iN
1540 PRINT
15S0 PRINT " I"." X(I)"." Yd)"." DY<I>"
1560 FOR 1=1 TO N STEP 1
1S70 IF Fl>0 THEM 1610
1580 READ :1,X(I).V(I>
1590 PRINT I.XCD.VU)
1600 GOTO 1630
1610 READ :1.X(I).V(I),E
1620 PRINT I,X<I).V<I),E
1630 NEXT I
1640 GOTO 150
1650 GOSUB 120
1660 PRINT TAB<25>,"» THE END OF PROGRAM <ROMB> x"
1670 END

;"X<"iN2i">=";X(N2>i"R=",R

* INPUT PRINT FROM DISK *
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APPENDIX B APPENDIX C

RESONANCE INTEGRAL CALCULATION

The integration of a Breit-Wigner cross section, weighted over a

standard flux 1/E, can be carried through explicitly. Assuming the

cross section given by

r2/4

(E-Er)
2

with ar, E r, constants

MATRIX FORM OF THE BREIT-WIGNER CROSS SECTION

The elastic cross section given in Appendix D can be written in

matrix form as follows

<„•«•*••«

from which, by the identity

2Esin$,

21+1

i (-Esi•nV]

2 _ 1 2

V * X,
tanh

+n ]
y • x,

with the proviso that E is positive andiwhen either of the inverse

tangents has negative argument(it lies in the quadrant TT/2 to TT .

In the above expression

T2/(4E|)

and introducing the fictitious width and the energy distance

which are "energy dependent", we can write down the elastic cross

section including potential, resonance and res«Xpot# interference terms

of one isolated resonance:

-rtrn.

.a

tr n.

nj
-1*'...
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APPENDIX D 3. Fission Cross Section

NLS

£ f
D.I. THE RESOLVEP RESONANCE REGIOH

D.I.I. Single-Level Breit-Wigner Formula: LRU=1, LEF=1

The formulae appearing in Gregson, et al., omitting the resonance-

resonance interference terms are adopted. These formulae, written in the

laboratory system for all ^-values and without Boppler broadening, are

(for a particular isotope):

1. Elastic Scattering Cross Section

where

NR. T T1nrJ'fr

2JH-1
8J " 2(21+1)

where

4it
cr* (E) - ( 2 4 + 1 ) — sin3 <p
n,n ^ rl

I is the spin of the target nucleus and J is the spin of the

compound nucleus for the resonance state.

I = SPI, as given in File 2 data for each isotope

+ — > S. > rhr C O S ^ - 2 r n r ( r v ^ % ) s i " 3 P ^ ^ < ^ r sln2,

"' J . r=l (E-E^)3 + \ rr
8

2, Radiative Capture Cross Section

KLSKLS

E ffnfy
where

NR

The summation on i extends over all i-states described. There

will be NLS terms in the summation.

NLS is given in File 2 for each isotope

The summation on J extends over all possible J-states for a

particular £-scate. NR_ is the number of resonances for a given pair of

I and J values.

NRS = / ^MR,

J

NRS is given in File 2 for each X-value
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APPSHDIX E

The formula for level density parameter "a" is the following

I+s
-L- * i T , p(E)f(E,J)

P(E)
exp 2/a(E-A) 1

f(E,J) = (2J+1)
exp[-(Jtl/2)2/(2o2)]

o ' cutoff - 2K «STE-4) .A

2a2

2/3

252

K - cutoff factor • 0.146 (or other values)

APPSDNIXP

Probabil i ty to be p-wave

^F K , i i J)-1
<gr°> L l <gvl> <gr°> JJ

where

S « strength function for

-7 II "\
v^kr) - 10 A ' F. eV - penetration factor (8.-1)

a » constant (see ret. 13)
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APP3HDIX 0

DEFORMATION B FROM ELECTRIC QUADRUPOLE MOMENTUM

0.34

*n 1 n

n is the iteration index.

1+0.24

eq. to be solved

where:

a • coeff of \P R2 z QilLJ =

° J

0.2725 R Z

2

1+0.34B2 .1 0.75694 + O.25735B?
b = coeff of 2lil - ^ - r RZ Z —

| ( 5 n ) ! ° 1+0.2462^

n-1

°-2<-l

R2Z

c = -Q = intrinsic quadrupole momentum

Q * Qo (l+l>(2I+'3) K ° m a 8 n e t i c projection of I

K" = "o (I+1K2I+3) " ^

Q = 0 i f K = l = i t h e n expe r imen ta l in t s give Q .
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FOUNDATIONS AND MODELS OF
PRE-EQUILffiRIUM DECAY

V.E. BUNAKOV
Leningrad Nuclear Physics Institute,
Gatchina, Leningrad,
Union of Soviet Socialist Republics

Abstract

A review is given of the presently existing aiarc-

scopic, seai-phenoaenologio acd phenoaenologio models used for

the description of nuclear reactions. Xheir advantages and draw -

backs are analysed. A special attention is giTen to tbe analysis

of pre-equilibrium decay phenomenological models based on the

use of master equations (time-dependent versions of ezeiton

Models, intranuclear cascade, etc.). A version of the unified

theory of nuclear reactions is discussed which makes use of

quantum Master equations for finite open systeMS. She conditions

axe formulated for the derivation of these equations froM tbe

time-dependent Schrodinger equation for the Many-body probleM.

The Tariou* «odeis of nuclear reactions used in practice are

shorn to be approximate solutions of aaster equations for finite

open systems. From this point of view the analysis is carried

out of these aodels' reliability in the description of experimen-

tal data. Possible aodifilationa are considered which provide for

better agreement between the different models and for the aore

exact description of experimental data.

I. Introduction

A general rule in theoretical physics says that u is much

simpler to describe the extreme cases than the intermediate one.

This comes from the fact that the extreae case allows to neglect

a lot in favour of one specific feature and therefore to intro-

duce a simple aodeX. The intermediate phenomena should be at any

rate an interpolation between the two extreae points which de-

mands a aore general description including both extremes only as

particular points. Therefore in speaking about the foundations

of the pre-equilibrium decay one should try to construct a ge-

neral theory which includes tbe fast direct process and the equi-

librium compound nucleus theory as particularly simple cases*

Xhua we are forced to consider in our lectures the present situa-

tion in nuclear reaction theory as a whole rather than confine

ourselves to waat is commonly known as pre-equilibrium models.

In tho first part of our course we shall briefly consider the

main classes of models used in nuclear reaction theory. In doing

this one can immediately see that these aodels might be subdivided

into two unfortunately almost nonoverlapping groups* One of these

groups contains the theoretically refined microscopic approaches

showing how the reaction theory should be done in principle. The

second group consists of the phenoaenological and seai-phenoaenolo-

gioal aodels which are used in practical calculations of nuclear

reactions. Unfortunately the pre-equilibrium models fall into the

second olaae and up to recently bed no connections with the

fundamental approaches. It was pointed by ffeshbaoh / 1 / in 1972

that "the interesting problem of incorporating the pro-equilibri-

um theory into the quntua mechanical reaction theory remains".

All this makes our task of giving the foundations of pre-equilibri

urn theory even harder, iiucky enough soae progress was done in
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this respect recently by several theoretical groups, including

ours / 2-5 /• Therefore after speaking about the existing mo-

aels in general and about phenoaenological models in particular,

wo shall explain our opinion on why do these models work. In the

last part of our course we shall speak briefly on the accuracy

of the existing Models and on possible modifications which can

nake the* work better*

In the fundaments of each proper reaction theory lies the time

-dependent Schrodinger equation for many-body system

with the proper initial and boundary conditions. In order to

desoriba •r*a the simplest case of potential scattering one

should construct the wave packets out of the solutions of the

stationary Schrodinger equation

(2)

and tras* their evolution in space and time. This is a rather

complicated mathematical procedure which is considered only in

very few ̂ eXtbOOkS (set e.g. / 6,7 / ) • Lippmann-Schwinger forma-

lism uses the approxisatica of very long (In time) wave-packets

and allows to reduce the problem to the stationary one with

specific boundary conditions. This formalism underlies the

£-matrix theory ana Vcahbach's unified reaction theory which

gave life to the majority of microscopic approaches in nuclear

reactions. In all these approaches the total Hamiltonian H is

split essentially into two parts.' H= H0^V (3)

255 The part Ho dsfinea the system of basic wave functions in the

average field, while the "residual interactions" part T defines

the transition intensities between the states of the basis. The

different choices of basis correspond to the different micro-

scopic models like Bhell-BOdel in continuum / 8 /, eigenchannel

method / 9 / , Soloviev's model of low-lying resonant states Ao/,

e tc . , but, these methods are usually too complicated for practical

use. First of all it is rather difficult to find a solution

(diagonalize the Hamiltonian matrix) for a sufficiently complete

basis. Secondly, even if this basis is complete enough the

accuracy in calculated position of each resonance never exceeds

several hundred keV while the average resonance spacing D in

the majority of real nuclei is much smaller ( D ~ 1 ev for

tha medium and heavy nuclei). This leads to a paradoxt both in

theory and in experiment one can estimate the positions and

widths of the individual resonances, but the comparison is

possible only for the characteristics averaged over large groups

of resonances occupying the intervals A X >v MeV.

H . Practical approaches b*ned on semi— and pnrelT •phenomeno**

logical models.

Because of the difrioulties mentioned the practical descrip-

tion or nuclear reactions makes use of the other group of models.

Ill of them are either semi- or purely phenomenological. One of

feha most popular among the* is the optical model* It describes

the elastic oross-seotion averaged over energy using the slmgle-

partide Schrodinger aquation with complex potential. The us*

of this simple model can be justified theoretically (see the

lectures of liahaux in the present course or ref ./11- 14,? /)

In the frame-work of the microscopic description. The extinction
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rate for the incident bean is given in this aodel by the

imaginary past V of the optical potential which is defined by

the utrix elements of residual interaction V averaged over

sufficiently large energy interval A £. The optical model

•okas a nice combination of practical simplicity which allows

still to trace its connesticn to the basic equations of the

oicroacopic approach. Therefore it is out of competition in

the description of the averaged elastic (or total reaction)

cross-section. It is not possible,however,to use this model

without modifications for inelastic processes.

On* of there modifications is given by the distorted-wave

Bora approximation (MBA) where the amplitude £r of the inelas-

tic process is given in a Born-lits fora:

Here y^i • n d T4- a r e t u e elastic and inelastic channel wave-

functions calculated in the optical aodel potential. DWBA (and

its high energy-modifications - the eifconal theory and Glauber'

theory) belongs also to a semi-phenomenological class because

expression (4) might still be derived from the microscopic

approach (see e.g. /?/, /8/). This derivation shows however

that eg.. (4) is valid only for the direct part of the reaction

processi which proceeds immediately after the initial particle

strilUB the target. Therefore the DWBA cross-section should be

complemented by the contributions coming froa the compound and

pre-compound processes* It is alaost impossible to estimate

these contributions and in practice it is considered to be a

free parameter to fit the theory and experiment.

Because of this incompleteness of the optical model and

DWBA description a number of purely phenoaenologieal

models ia used in practice ̂ rMfh stand completely apart from

the basic Schrodinger equations. All of them are based on

intuitive postulates and therefore contain a good deal of

fitting parameters whose physical meaning dependson the inter-

pretation of the model.

She most well known model deoribing the energy and angular

distributions of the secondary particles is the Intranuclear

cascade one (XHC). There is a good deal of review-papers on

this model (see e.g. / 15 / ) . for a long time it was applied

essentially to describe the reactions caused by high-energy

particles (hundreds of lieV). But recently 3ome attempts were

done with reasonable sucess to describe within this model the

reactions with lower-energy incident beams / 16,17 /•

09M IMC is usually assumed to give a simple classical imita-

tion of the history of nucleon-nucleus collision obtained

with the aid of the computer. The algorithm of this method,

suggested long ago / 18 / is as follows. Using the computer we

"stage" a number of cases when the incident particle collides

with the nucleus. In each of these cases the initial particle

causes the cascade of secondary nucleons which leave the nucleus

with a certain energy and momentum. The number of these secondary

particles and their momentum distribution varies sharply from

one case to another. But if we imitate a great number of colli-

sions and average over all of then, the results obtained

would give us the most probable distribution of emitted

particleo. She history of each incident particle transition

through the nucleus is characterized by a number of parameters,

fart of them (e.g. the impact paraaeter)are purely random numbers, 257



'J!he choice of these parameters in the computer is performed

with the aid of random number generators. There ar e; hoc? "er,

parameters whose probabilities depend on the properties of the

nucleus and nucleons (e.g. the distance a nucleon passeu in the

nucleus without collisions which is defined by the nuclion-

nucleon cross-section and the density of nuclear matte?.-;. In

order to obtain tnese parameters ana should sAtasfe 'no each

value of the parameter its probability weight, subdivide the

whole range of parameter variation into steps with equal proba-

bilities and only then apply the random choice procedure within

there steps. In this way we follow the classical trajectory of the

incident nucleon inside the nucleus till the first collision

which produces a couple of secondary nucleons and a hole in the

feral-sea of the target. Shan each secondary nucleon is followed

along the olassical trajectory separately until it leaves the

nuclear volume or makes a new collision. She sum of the hole

energies generated in the cascade defines the excitation energy

of the residual nucleus, me is practically the only phenomenolo-

gical model which predicts the angular distribution of the se-

condary nucleons. Another advantage of inc is that it uses the

nucleon-nucleon cross-section taken from experiment land not as a,

fitting parameter. Although the me algorithm sprang to life in

19*a C see / 18 / ) , its main disadvantage is that practically

nobovy oonsiderad which eq.ua.tion underlies this algorithm or how

it is connected with the basic Schrb'dinger equation. She oiuy

obvious point in it is that it uses the classical trajectories

concept which is valid for sufficiently high-energy particles.

This disadvantage leaves ample space for the introduction of a

' number of fitting parameters into the algorithm (like the cut-off

~ l
energy for the secondary particles / 15 / ) , and allows GO use

some vague modifications (lite the reflection and refraction, the

specific fauli principle / 1? /, etc.).

Although the cascade model covers a wider scope of reactions

than SttBA it seema to describe only the fast stage of the reaction

process and is usually complemented in practice by the evapora-

tion model which gives a reasonable description of the low-

energy particle spectra. This model is based on the analogy

with the heated electron gas in metals or with evaporation of

atom?from heated liquid. It is supposed that the excitation

energy left in the nucleus after the first stage is distributed

over a great number of nucleons (compound nucleus model) so that

one can use the concept of temperature distribution for ?ermi-gaa

of nucleons inside the residual nucleus (see e.g. / 13,19 /. Then

one might apply the hypothesis / 20 /, / 21 / of thermodynamic

equilibrium between the heated nucleus and saturated vapor of

emitted nucleons to obtain the following expression for the

emission probability per unit time I( 6 ) of a nucleon with

energy £ from nucleus A forming a nucleus B with excitation

energy

1(6) a'6 - ¥P*
<S)

where 0 (B) is the density of states for excitation energy E,

£5 is the cross section of the absorption of a nucleon with

energy <f by a compound nucleus B (excited up to E& )forming

the compound system A with excitation C* (this cross section

is usually substituted by the optical model absorption cross

section g>. ( 6 ) by the nonexcited nucleus B), Ct = 2e + 1 is<As <7



the spin factor and II - the reduced mass of the system B + nucleon;

Now using the relation between temperature T and level density

One can obtain the approximate Haxwell-like expression for the

evaporation spectrum:

= C(sj)e r

Here I Beans either initial temperature SA (if ^ >>^>t;tuH.s>J'

E&?7& ) or final temperature I B (if £
 <<EA~^fi,^i, *

 a n d tn"

factor CC 6 ,T) is supposed to depend smoothly on £ , T and

some other properties of systems A and B. Because of this asbi-

guities eq. (7) is almost never used for the calculation of the

absolute cross-sections and I serves as a parameter to fit the

experimental data to eq. (7). Those drawbacks of the model on

fundamental level arise again from the fact that it has no con-

nection with the basic Schrooinger equation. This giveB rise to

many questions: is it possible to apply the thermodynamlc equi-

librium condition when there is no saturated vapour in the sys-

tem, which temperature characterize; the evaporation spectrum

(7), when each new particle leaving the system causes a conside-

rable decrease of excitation energy (and this is just the normal

case for the nucleus) etc. Still this model proved to be very use-

ful in the description of the low-energy part of emitted particle

spectrum, 'fhis gave rise to the combined cascade-evaporation theo-

ry (see e.g. / 15 / ) , where all the energy remaining in the re-

sidual nucleus (essentially in the form of hole excitation) was

considered to be transformed into the temperature and to cause

only evaporation. In other words the nucleus immediately after

the cascade stage was considered to be in equilibrium state. But

these attempts did not allow to reproduce the experimental sfectra.

therefore a new group of so called pre-equilibrium models

appeared. Its introduction was based on the following reasoning.

The cascade stage produces a number of holes in the $ermi- sea

of the target nucleus and some particles above the Jfermi surface.

But the distribution of these quasi-particles is still far from

a temperature one. it takes time for the system to come to the

temperature equilibrium state via the exchange of nucleon energy

in the two-body collisions. During this time a number of particles

might be emitted and a certain part of excitation energy loot.

Historically the first version of this group of models was

suggested by Griffin / 22 / (the exciton model). But we shall

rather consider in our lectures the more sophisticated time-

dependent versions of the pre-equilibrium models,because as we

shall see later one can trace the connection of these models

with the fundamental Schrbdinger equations easier than in the

case of simplified closed (time-integrated) forms of pre-equili-

models.

The most detailed version of these time-dependent models is

the Harp-killer-Berne (HUB) model / 23, 16 / which makes use of

master equations. She guiding idea of the model is quite trans-

parent . If we believe in the success of evoparation model and

in the idea that the particles in the nucleus can be therma-

lized like any quantal or classical gas then one should look

for the equation which describes this thermalization process in

statistical physics .Shis description is given by master equations 259



of Uehling-Uhlenbeck / 24 / in quantum mechanics or by Boltznann

kinetic (master) equations in olassical approach. Therefore the

HUB model considers a target nucleus as a box filled with Fermi-

gas at zero temperature which forms a fermi-sea. In describing

the reaction induced by a nucleon they say that at the initial

moment t = 0 the incident particle is inserted into this box

on one of the empty high-energy levels ( see flgo 1aj« for the

sake of computational simplicity all the energy space of the

single-particle levels is divided into the bins of energy A £

(gig. 1b). Bach i-th bin contains a number Q-i of single-

particle states A£

(8)

where the Fermi-gas state density is
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(9)

Here fi = (2s + 1) is the spin factor, VQ means nuclear volume,

M is the nucleon mass, while j> and £ mean momentum and

energy (counted from the bottom of the nuclear well).

Assuming the occupation number of the bin to be n^ one can

express the number of particles in the i-th bin as:

How this systea of particles would remain stable in time unless

we allow them to collide with each other exchanging their energies.

The transition probability (per unit time) for the collision

j —•» k • 1 is taken to be

v° V**'8**
Here is the nucleon-nucleon elastic scattering cross-

section averaged over angles (or simply taken for 90° velocity

vectors;. The sum in the denominater due to the Kroneckar symbol

o goes over the states that are allowed within the nucleus in

nucleon-nucleca scattering.

How in order to obtain the master equation one only needs to

trace the change of particle number S^ in each bin. Xhis change

is caused by the following reasons:

xne collision of the particles in k-th ana l-tn bins brings

one particle into the i-th bin and the other into the j-th one

k + 1 —s*- i + a

The particle change due to this process, taking into account

Pauli principle, eq.. (11) and energy conservation is

(12)

collision 1 + j k + 1 causes the decrease of

m * -fe.

Now Bumming up the "gain" and "loss" terms (12;-K'a3) one obtains

the well "-known usual quantum master equation:



(HI* assua* a» usual that in eleaentary collisions ^ii-*xl~

— 00 . .. - OJ. :u o )• Xnis aquation describes the

process of theraalization in statistical physics and w* Icnow

that its solution foe large tines gives the equilibrium teapsra

ture distribution of Fermi-gas:

— (15)

This means that particles confined in a dosed system (even

if it is & very large box) will interchange their energies in

two-body collisions until the system reaches a temperature

equilibrium.

But a nucleus is not a closed system - it might emit particles

with sufficiently high energy to be in continuum (6>6-+£,. . ).

Therefore in HUB model a new sink term was introduced artificial-

ly into «q. (14), namely the particle loss due to the emission

of particles from nuclear volume VQ into the "laboratory" volume

&G i where their energy is £•, -6^ ~U ( U is the depth of

the nuclear well):

The probability h)--^, was (in the spirit of evaporation mo-

del) taken to be proportional to the optical model absorption

cross-section ^ s ( ^')>

%c C17)

Q,/ is defined in analogy to 0,: as the number of single-

particle states in the external "laboratory" volume A o •

Thus in HUB model one needs to solve a systea of coupled

equations:

£

(18)

The practical disadvantage of this model is its computational

complexity. In addition to it, the model does not predict the

angular distributions (but this is true practically for all the

pre-equilibrium models, except the cascade one). On the other hand,

this model contains no free parameters and seems to be quite close

to the microscopic description of reactions. Unfortunately, it still

belongs to a pure phenomenological class because it was not derived

from SchrSdinger equations. But it seems to be quite general in two

senses: 1) in principle, it seems to cover the description of all

the reaction process from the beginning to the end; 2) other versions

of pre-equilibrium models seem to be simplified and less detailed

forms of this model. One should also point out that in principle

master equations of the type of eq.(14) can be derived from

SchrOdinger equations though under some special conditions, and a

good deal of famous scientists contributed to this derivation in

various ways (for instance, Fauli, Landau, Bogolyubov, Van Hove,

Frigogine, Shrenfest). But it still remains to prove that these

special conditions can be fulfilled in nuclear reactions. Another 281



difficulty arises from the fact that these derivations were performed

for closed systems and therefore led to eq. (14) without the specific

sink term (16) which occurs in HMB equations. As a guess, the form

(16), (17) of this term also does not seem to be a good one. First,

the division of space into interior and exterior regions seems to be

rather classical. In quantum mechanics each continuum state with

non-vanishing wave function is defined in all the coordinate space

(0 -$ f Sec ). Second, let us consider the cross-section in the

elastic channel as defined by HMB master equation (18). This cross-

section should by definition be proportional to the number of

particles with initial energy do emitted from the nucleus. From

eqs. (16), (17) we see that this number HQ ~ 6" ftp. On the

other hand, we know from quantum mechanics that No"* ̂ elastic

and that the elastic cross-section is a part of the total cross-

section which remains after subtracting the absorption. Thus, if we

assume that eqs.(16),(17) are good, we are forced to believe that

the increase of ^ leads to the increase of © elastic *

whereas our common sense and quantum mechanics say the inverse.

Therefore, the form of the sink term (16),(17) looks suspicious.

As mentioned above, the HUB model gives a rather detailed

description of pre-equilibrium process using realistic parameters

which are fixed outside the model (radius and depth of the average

nucleon well, fres nscleon-nucleon elastic scattering cross-sections).

One pays for this detailed description by solving a number of coupled

differential equations (18). In order to simplify the computations

(and the model) one can leave the detailed occupation number de-

scription and specify the nuclear state by the excitation energy E

and by the total number of particles (above the Fermi-surface) and

holes (n = p + h) without bothering much how this energy is shared

between these particles and holes, i.e. assuming that all the possi-

bilities to share this energy between them are equal. Although

usually the common name for particles above the Fermi-surface and

for holes is quasiparticles, it turned out historically that in pre-

equilibrium models they were called excitons, and the models specify-

ing the nucleon state by exciton number fV were called exciton

models. Instead of the occupation number evolution n^(t), in the

exciton model one traces the evolution of the probabilities P(n,t)

that there are n excitons in a nucleus (see Fig.2). The initial state

in the nucleon-induced reaction is characterized by the exciton

number nQ=1. Then the two-body collision of the incident particle

with one of the target nucleons might change the energy of the

incident particle and produce a particle-hole pair creating a

system with n=3 (in the exciton model all the possible n=3 con-

figurations are assumed to be created equally likely). The next

collision between one of the two excited particles and a nucleon in

Fermi-sea or between two excited particles might create the follow-

ing states: 1) n = 5 (creation of a new pair), 2) n = 1 (one of the

particles fills the hole), 3) n = 3 (a different 3p 1 h state is

formed). The probability ( X+) A_ Or \Q ) Of each occurrence is

assumed to be defined by the average matrix element of two-particle

collision B and by the density of accessible final states*

The accessible number of states p^/ for each type of transitions

w»s calculated by Williams /25/ in the case of equidistant single -

particle spectrum with density g :

A

_l



-*=/L (n) - Y (20)

the

It is obvious that the equilibrium should be reached when the rates

of increase A , and decrease A __ of the exciton number become

equal. From this condition and eqs.(20) one can define (in the

typical case of 0E>>1) the equilibrium exciton number
Q

One can also see from (20) that for small exciton numbers

increase of complexity prevails* A >> A_ . Thus from the initial

excited state the system prefers to go in the direction of equi-

librium sharing its excitation among more and more particles.

Using now the probabilities F (n,t) one can write instead of

equations (14) another set of master equations /26/ s

(21)

- Pfat)EA<.(")+A-(1)1
For a givei* exciton number there might exist some configurations

in which at least one particle has excitation energy £ in excess of

its binding energy C L^aia,, • This particle might be ercitted from

the nucleus. The probability per unit time of this emission is

defined in the exciton models as;

Here S= £~U is tae "asymptotic" energy of the emitted

particle (in the external region), $•(£) ie *&e density of single-

particle states inside the nucleus, the last factor is the number

of single-particle states in the laboratory volume Su (equal to

g •, in eq.(16) of the HUB model). The first factor in (22)

defines the relative statistical weight of configurations with one

particle having energy & in excess °f the Binding energy among

all the n-ezciton configurations in a nucleus. This factor sub-

stitutes the n^ probability of the HUB model (see eq. (16) because of

the exciton model simplifying assumption that all the ways of sharing

energy between the excitons are statistically equal. This assumption

seems to be rather dubious because, if one takes the Ericson /27/

expression for densities ft (t.J , then :

}*(*)
This shows that the particle emission is favoured for more complica-

ted configurations with large exciton numbers n, while one should

rather expect the inverse. The other two factors in (22) mean the

emission probability of a particle £ from the excited nucleus

(compare with eqs.(16), (17) ). Our doubts concerning the use of

absorption cross-section 6* in (22) were expressed earlier

in connection with HUB expression (17).

In more refined versions of exciton master equations /28/ the

emission of particles is taken into account (it was neglected in

eq.(21) ):

(21 a)
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Here X- means the type °* emitted particle and I (.6 ) is defined

by eg. (22). From the computational point of view, it is much easier

to solve a system of equations (21a) than the HMB system (18). But

the penalty for this simplification is rather heavy. The matrix

element M (see eq.(20) ) is now a free parameter of the theory

which is very difficult to relate to the experimental nucleon-nucleon

cross-sections used in ICU and HMB models (for more detailed studies

of this problem see e.g. /29/, /30/, /3V ). Therefore, the exoiton

models do not predict the absolute yields and are normalized to fit

tha experiment better. Since it is impossible to define the absolute

energy loss during the pre-equilibrium process, it is difficult to

assign the temperature of the equilibrium part of spectra within the

exciton model. Therefore, the lack of knowledge about Si allows to

vary freely not only the absolute magnitude, but also the shape of

the spectrum. In addition to all these ambiguities, even the

initial number of excitons nQ is also considered to be a free

parameter for fitting experiments. For the nucleon-induced reactions

the best fit parameters nQ vary from 2 to 5 (see e.g. /26/, /30/ )•

All these points make the exciton models at the present stage to be

rather descriptive than predictive.

Although eq.(21a) is easier in computation than eq.(18), it

still requires some time to solve this system. In oruer to circumvent

this difficulty, one can use'a wide class of closed-form exciton

models. Since for the computation of particle yields

264
one still needs knowledge about F (n,t), all these closed-form

modelB use some additional assumptions concerning the quantities

JP (n,t) dt. I will not consider all these models, since their

detailed treatment will be givt'n in the following lectures of Prof.

Seeliger and other lecturers (fur further details of the pre-equi-

librium models considered one can also look through ref./2, 29-33/ )•

In ay opinion (taking into account the above mentioned descriptive

character of the exciton models) and from the point of view of the

application to the experiment, these closed forms are not much

inferior to the time-dependent exciton versions. On the other hand,

they are much simpler in computation and give a reasonable descrip-

tion of the experimental data.

To sum up our brief review of the present situation in the

nucleon reaction theory, I would like to show a schematic picture

in gle»3. (I did not include the statistical theory into the scheme

of Fig.3 and into my discussion, although it presents good examples

of practical semi-phenomenological models for several reasons.

First of all, you have already listened to lectures on the subject

by Dr. Moldauer. Secondly, I am going to advocate in the following

a version of statistical approach to nuclear reactions which

provides a good bridge between the SchrBdlnger equation (1) and the

phenomenological models and which overlaps partially /'+/ with the

more conventional statistical approaches).

From the previous discussion.-we see that the main disadvantage

of the microscopic models is that they are not valid (or too com-

plicated) for practical calculations. The semi-phenomenological

models are quite practical but they do not cover the whole process

of reaction. The phenomenological models are quite practical but

they lack the fundamental derivation connecting them to the micro-

scopic approach. This is bad not only from the puristic theoretical

point of view, but also because it doe3 not allow to define the

I



domains of their application and leave ai'ple space to vaguely defined

(or simply free) parameters and to further modifications caused

rather by the choice of their authors than by physical reasoning.

In spite of all that, they still work and give a reasonable descrip-

tion of experimental data. Therefore, it presents a challenge to a

theorist to find why they do work.

III. Why do the phenomenological models work?

In order to build a bridge connecting the most general time-

dependent ScturBdinger equation with phenomenological models, let us

inspect both sides again. As has been mentioned in the Introduction,

the microscopic theory of reactions usually employs almost mono-

chromatic ( A E-*0) wave-packets that allow to make use of the

stationŝ ry equation (2). The solution of this equation y> is

obtained by di&sonallzins the Hamiltonian matrix using the basis jfy

of the H eigenfu»c:6i<?i>s:
0

ty ~ S CA fx ~~~~ (23)
-A

The S symbol means the sum over bound states and integral over con~

tinuum. The Lippmann- Schwinger formalism allows to connect the C,

coefficients with S-matrix and reaction cross-sections. Usually

(see e.g. /8/ ) H is taken to be a shell-model Hamiltonian for non-

interacting particles. Then ^ | are the antisymmetrized products

of single-particle shell-model wave-functions corresponding to a

given configuration A.

In treating the phenomenology we pointed out that the HMB

master equation seems to stand closer to quantum mechanics than all

the other models. We also mentioned in discussing the sink term (16)

that the continuum state wave-function in quantum mechanics is

defined in all the coordinate space. A good example is provided by

the plane-wave

n£)= e (24)

which shows that the particle in this state might be found with

equal probability everywhere ( - oo 5- r$ oo ). On the other hand,

our common sense and physics say that the particle should move in

space and time. In order to observe this motion in quantum mechanics,

one needs to construct a wave-packet U) out of the plane-waves

(24) ;

(25)

It is assumed and proved (see e.g./6/ ) that physical results depend

only on the average energy E and characteristic width ^ S of the

distribution A (E, E ) and not on its particular shape (e.g. step-

like, Lorenzian or Gaussian). If one takes for simplicity a step-like

A function where the width A E {k(£,£'J) equals j^v for £-AE*E'&E*-*E

and 0 elsewhere), then eq.(25) will give us (provided that E = ^~ ):

***** l p i i. /jV'* *• i *~ •£•

(26)

Here 1r- — is the velocity of the particle, 'fe is the plane-

wave function at average packet energy E and G(r,t) = .— h-t)t±K

is the function which describes the evolution of the packet as a 265



whole. It shows that at a given moment of time the packet particle

might be localized in space with the accuracy ^ T ~ _r^ , while

in time it moves along the classical trajectory r = vt. (We made a

Taylor expansion of E1 (k') in the exponential of integral (26) and

neglected the second-order terms which cause the spread of the

packet and might be made small /6/ provided &K < K ). Now, if we

insert this packet into a volume of radius E » A r (i.e. AK- R-=>1),

it will propagate through the volume like a classical particle and

leave it after time t a? •£• . But if the volume is small with respect
If

to the packet length H « A r (i.e. A K R « 1)> then the packet

will leave this volume after time t fW ̂~ - J V - 'C (fC is

the packet duration in time). This latter case ( £"-*<*») is

treated in the conventional stationary description of reactions.

With a bit of skill one can show (see e.g. /2/ ) that the same

situation takes place when we use the potential scattering wave

functions instead of plane waves, provided the potential phase-

shifts <5 vary smoothly with energy (to be exact,^ ̂  R where

E Q is the radius of nuclear potential), i.e. provided there are no

single-particle potential resonances (which is a good approximation

for the realistic Woods-Saxon potential , as we shall see later).

These preliminaries show that if one wishes to see the emission

of particles occupying the continuum states from the internal nuclear

volume, one needs to use the wave-packet technique. It also shows

that the rate of emission of a sufficiently long (AK* H < 1)

packet from the interior potential region is defined by the packet

time £*•= &• . Therefore, in our approach we used instead of the

stationary functions the wave-packets (t):

Here ^ (t) = f^ Q. * A , and the meaning of <f and & is

the same as in eq. (26). Then instead of the conventional expansion

(23) one obtains the non-stationary expansion:

(28)

which is the solution of the time-dependent eq.(1). Here C-t are
A

averaged over energy A E, while

( 2 9 )

describes both the evolution (̂  (t) of the particular component

^ in the wave-function y , as well as the evolution Gj, (t)

of the packet as a whole.

Now the master equation is of statistical origin. Therefore, in

all the standard derivations of master equations from the SchrBdinger

one it is necessary to operate with quantities averaged over large

statistical ensembles. In our case of nuclear reaction we consider

an ensemble which consists of a large number of pairs: "one target

nucleus + one particle of the incident beam". This seems to be the

most obvious ensemble generated in each nuclear reaction experiment.

Then following the usual ways (see /2/ for details) one might derive

from eq.(1) the master equation for the coefficients (29):

2B6

-1 (30)

is the residual interaction matrix

is a "finite" delta-function (which

E around E), the index < > means

averaging over statistical ensemble.

- £
is non-zero in the range



Vaster (or balance) equations (30), as all the master equations,

seem to be quite transparent from the classical point of view: the

change of probability is defined by the balance between the gain and

the loss caused by residual interactions. But this in general is not

true ia quantum mechanics because successive collisions should

interfere with each other, and in addition to mere probabilities

\V\\i\ in eq. (30) one should get the interference cross-terms.

Therefore, eq.(30) is derived /2/ from the SchrBdinger eq. (1), only

provided the following two conditions are fulfilled: 1) The wave

packets employed are sufficiently broad in energy (short in time),

so that A E > P s p r e a d . where P a p r e a d characterizes the change

of C i during the time period T~ -^- • At the first stages of the

reaction P st)I,ead equals approximately the imaginary part Yv of

the optical model potential. Then it gradually decreases due to

thermalization down to the inverse life-time of the compound state

r*.a P in the case of isolated compound resonances).
*• compound

2) The members of our statistical ensemble are uncorrelated, i.e.

there is no correlation between the particles in the incident beam.

The meaning of the first condition becomes obvious if one re-

collects that the time between the two successive collisions

£ » 2L = i . Then this condition means T < t_ .

*W' V r ifrltuf C°U

Indeed, if the packets are shorter in time than the interval between

successive collisions, the amplitudes of these successive collisions

will not interfere (there is no interference between the non-over-

lapping wave-packets in quantum mechanics).

The second condition is a bit deeper. As it was pointed out by

Austern /3<t-,?/ in his discussion on Freedman's and Weissicopf's time-

dependent interpretation of the optical model /14/, each of the

physical wave-packets in the accelerator is very narrow in energy

(long in time). The poor resolution experiment means only that the

accelerator beam consists of the incoherent (uncorrelated) mixture

of these long wave-packets. Just this incoherency allows to use in

the theoretical description of these poor-resolution measurements

the short wave packets <£ = -^. .

Summing up these two conditions, we see that the master equation

approach (30) is valid for the description of poor resolution experi-

ments with sufficiently large A E. Therefore, the cross-sections

obtained with the aid of C i coefficients (see below) will describe

only the averaged behaviour of the experimental cross-sections. But

this is the price we pay for substitution of the complicated

SchrBdinger equation (1) by the much simpler eg. (30).

Our eq. (JO) differs from the usually derived master equations

of the type (14) in one significant detail. The H/Qfc symbol in it

means j&- I "^^'/d~t • 'Using the terminology of gas and fluid

dynamics, this is a "substantive" derivative which describes the

change of I C\I in a moving wave-packet. We are sitting inside

the moving packet and observe the particle changes in it caused only

by the two-body collisions. In order to see the total changes which

occur inside a fixed volume in space (say, inside the nuclear ,
of iC I

volume V o), one must switch over to the "local" derivative J, *
which is related to the "substantive" one "iHu as follows*

Dt

(31)

Thus, if we are going to describe with eq.(30) what happens

inside the nuclear volume (use -jp in eq. (30) ), then we shall find 267



in addition to the usual collision term (r.h.s. of eq.(30) ) a "sink"

term iQtl '^' which shows that even in the absence of collisions

the continuum wave-packet particle leaves the nuclear volume after

a time defined by the packet duration C'= A u • This is a specific

property of the open finite systems compared to the closed

systems treated in all the previous derivations of master equations.

If A E is small enough to provide for inequality R AK «£ 1 (see

discussion following eq.(26) where E is a nuclear radius), then the

continuum configuration (i.e. that which contains at any rate one

particle in continuum) wave packet (v. (£) inside the volume r < H

might be approximated by a step-like wave function

'*' ~* ' (32)
i otherwise

— rv/

Then for the interval T one can substitute C\ for C^ in

eq.(30). The presence of the "sink" term in this equation will lead

to a special type of initial conditions in the solution of (30),

namely the integration of (30) for each successive new interval

should be carried with the zero initial condition for C^ belonging

to the continuum configurations. This means that by the end of each

interval 'C the continuum configuration wave packets leave the

nucleus, and their population at the next stage should start with

zero. Each wave packet *pA that left the interior region during

the interval ~to^'ti!t.B+'C might be detected at r -*• °° contribu-

ting to the first stage cross-section for the transition from the

initial state Ag into the final state A . By definition, this

cross-section is equal to the transition probability I Ci(t±,tf'E)l

per unit time per unit incident flux times the number of accessible

final state

t-F
(33)

Here F means the incident flux.

The bound state configurations are all localized within the

nucleus, therefore their Qrijt) = const, for all the t values, and

the corresponding C-it'i) change monotonously (no sink terms).

During the next interval 't+'L^- C^"t0
1' *>* the continuum

configurations will be populated again by transitions from the fcound

state configurations that were excited during the first stage (mind

that, due to the two-body character of V interactions, these are

essentially the doorway configurations of the 3-quasiparticle type).

By the end of this new interval the continuum wave packets will leave

the nucleus again contributing to the cross-section (33) of the

first stage. Thus, the total cross-section by the time ~t,+2i£ will
o

be a sum of two components

(33a)

which might be called the direct-reaction and doorway components,

respectively. We can proceed in this way for further time intervals

•&• bringing the new contributions to the total cross-section

from excitation of more and more complicated configurations:

'-»„•**
(33b)

The corresponding S-matrices are related to C, coefficients in a
A

conventional (see e.g./6/ ) way:

(3*)

J



In using eqs. (33), (34), one should keep in mind that the expansions Introducing the matrix element V averaged over A and the

(23), (28) usually employ j0j wava-functions for the continuum

states1 configurations, while the final states in (33 ) •. (34) are

naturally defined in terms of functions which are related to

(35)

density jÔ j of inelastic states, we get the extinction law for the

incoming packets

(38)

Here Sp is the potential scattering S-matrix in the average field

Now we are able to show /3/ that our master equations will give

under various approximations the results known in the micrcscopic

and semi—phenomenological models.

First we can see that in the limiting case V = 0 (no residual

interactions between nucleons) eq.(30) describes just the potential

elastic scattering. Indeed, consider the initial condition ICjUij"'*,.

( A 0 is the entrance channel characterized by the configuration

*Pi^ ). Taking into account eqs. (34) and (35), one obtains the

total S-matrix in this cases

The rate of absorption W is here defined in the same way (see e.g.

/7/ ) as the imaginary part of the optical model potential

(39)

where P'*-Ao)
 i s t h e s u m o f t n e doorway configurations state

densities Ok .

In order to find the reaction Ao~*A cress-section in the

same approximation, we neglect in (30) all the transitions except

at
V (40)

(36)

Now l e t us consider the f irst order perturbation (in V) solution of

eq.(30) for the f irst stage of the reaction ~tQi t^te
i''^. Again

le t us assume the in i t ia l conditions ICiCt)/ ' v <5JJ . I n the

entrance elastic channel we then can neglect the reverse transitisiu

to

This equation with the aid of eqs.(33), (35) leads to the following

cross-sections

,4
(41)

from inelastic channels A '•

d-t
(37)

••' 3 is the Born expression which takes into account the distortion

of the initial and final states in the average field H . One can

take into account the results of eqs. (37), (38) and introduce

absorption in channels /) A . OChen (41) will completely coincide

with
•o,'

expression (see eq.(4) ). 2E9

_ J



Let us now demonstrate that the purely phenomenologioal models

might also be obtained as special approximate solutions of eq.(30)

under different conditions* In order to do this , i t i s better to make

a transition from the configuration probabilities representation

(C (t)f *° t I i e single-particle state occupation numbers n^(t) (the

technique of this transition i s given e.g. in ref. /35 / ) . Then,

instead of eq. (30), one gets:

<

Herd <" > means again the ensemble averaging and wil l be omitted

further on, fVKli)~ fl^fi) l&K(i)l in analogy with (29), and

describes the evolution of the single-particle wave packet

with quantum numbers k. The "substantive" derivative J^onthelsft hand

side of (3Oa) is related to the local derivative 3L

way as it is done in eq.. (31) :

- 7L
Kdi

 = / V dt At

in the same

(31a)

Thus we obtained the master equation of the Uehling-Uhlenbeck type

with the additional "sink" tarm %K ,\J^- m »«re

for in the discussion of TTMR equations. Now the exact shape of this

term is defined by the exact shape of the packet A (E^, E'fc) (see

eas. (25), (26) ), but it obviously differs from the sink term (16),

(1?) of the HUB model. Let us consider first the case of A E

fulfilling the condition R-AK < 1. Ihen, as we have seen earlier,

2JQ the rate of emission is defined by the packet time 'C . One can

take, for instance, the Lorentzian sbape of A (E, £ ). This leads toi

(32a)

Then the "sink" term would be:

dt

And one can write (30a) in the internal region of the nucleus:

(For the tound states, as usual, ^rr- = 0, and there is no sink

term). We have introduced here the transition probabilities

related to the matrix slements of two-body interactions between the

single-particle states \D in the central f ie ld af HQ averaged

over p directions (for continuum) and magnetic quantum numbers

(for bound states) . We have also approximated the integrals over

continuum by the sums which led to the appearance of the single-

particle state numbers g and Eronecker symbols instead of f in i te

S-functions. Comparing this equation with the HUB eq. (18), we see

that they differ in two respects: 1) The form of the sink term i s

defined by 1* in our case and merely reflects the fact that the

packet of continuum states leaves the fixed volume during the time



£":= £- .2) The single-particle state densities P , necessary

to calculate g (see eq.(8) ), for continuum states differ very much

from those employed by the HMB model. In principle, they are defined

by the single-particle potential phase-shifts "%/ft (see e.g./36/)

but if one neglects them (.—.< R. which means essentially the
a K

absence of the narrow single-particle potential resonances), then

one can use /36/ the Fermi-gas expression for them which is similar

to eq.(9)»

(9a)

but contains the asymptotic energy <£ and momentum fa which

are much "smaller than the local energies £ employed in HUB

equations:

6=e-u
where U is the depth of the nuclear well.

Both points of deviation between eqs.(3Ob) and (18) are caused

by a more proper treatment of the boundary conditions of the open

systems in eg.. (30b). Later on we shall show numerically the signifi-

cance of these deviations. But now let us turn to the evaporation

stage. If instead of the shape (32a) one uses the step-like expres-

sion (32) for & (we again point out that the physical results

should not depend on the particular choice of A(E, B ) ), then for

each time interval 'C one can use instead of (30a) the Uehling-

Uhlenbeck equations (14), but with specific initial conditions of

"cleanine" the continuum states after each integration over time.

As we know, the Uehling-Uhlenbeck equations lead to thermal equilibri-

um with 'temperature distribution (15) for Fermi gas. In our case

chls equilibrium might exist for a time interval t . After this

interval the particles in the continuum will leave the nucleus

giving contribution to the yield ^Jfc which is proportional to

(see (15) ) and the continuum state density <fj>(6) ~ ft «

-s.

This is just the formula used in the evaporation theory (see eq.(7) )•

During tha next interval the equilibrium might be reached again, but

the temperature of the system would be lower, because part of the

excitation energy was carried away at the previous stage by the

emitted particles. Therefore, in our version of evaporation model

the temperature would gradually go down and the complete equilibrium

will be reached when all the excitation energy is emitted from the

system leaving the cold residual nucleus. This is a realistic result

which appears in our master equations because we consider a finite

open system.

Let us now consider the case of large A B, so that R A K > 1.

Then we are able to localize the particle wave-packet inside the

nucleus with the accuracy of i r ~ - . As soon as A r becomes

smaller than the characteristic length (mean free path for homogeneous

nuclear matter distribution or surface diffuseness in the Fermi dis-

tribution model), one can use the local momentum approximation

assigning the momentum p (t~J to the particles between successive

collisions. Then the role of quantum number K in eq.(30a) is per-

formed by the momentum p K , Q (rzj has the form (26) and the

occupation numbers ^ ( * ) become just the classical distribution

function P ( 3, , r, t):



Then, instead of master equations (30a), we obtain the Boltzmann-like

equations:

(46)

a usual substantive one which is related to

The collision term fy
contains integration in the matrix element over the volume

The derivative

the local derivative in a usual way:

(4?)

The third term here takes into account tho change of O due to the

existence of the nuclear average potential field U (r ). Eq. (46)

differs from the Boltzmann kinetic equation only because it takes

into account the Pauli principle. Now we can learn something from

gas dynamics which uses the Boltzmann equation as the fundamental one.

It is well known there (see e.g./37/ ) that a good approximate way

to solve this equation is given by the random choice procedure which

coincides with Goldberger's algorithm of the intranuclear cascade

model. To end up with the derivation of the phenomenological models,

I would like to mention that in order to obtain the exciton master

equation (21) or (21a), one should start with our eq.(30), recollec-

ting that \C\(t)\ - /\ t&) is the probability for the existence

of configuration /\ . Averaging eq. (30) over configurations contai-

ning the same number of excitons, one immediately arrives at the form

(21a) where again one should modify the continuum state densities

272 appearing In ̂  .̂through (19) in a way similar to (9a). As to the

emission rates (22), one might claim in analogy to eqs.(32), (32a)

that they should be inversely proportional to <C .

Thus we have proved that our master equations for finite open

systems overlap strongly with the semi-phenomenological models and

produce a good bridge connecting the existing ptienomenological

models with the fundamental SchrBdinger equation (1). Therefore,

instead of the scheme in Fig.3 we are able tc suggest a scheme of

Fig.4. I do not include again the statistical theory into the scheme.

As we have seen, our master equations are of statistical character

because we average the tine-dependent SchrBdinger equations over a

statistical ensemble of colliding pairs — "incident nucleon + target

nucleus". This led us to the time-dependent form of master equation

(30). As has been mentioned above, the group of Agassi, Weidenmuller

and Mantzouranis /5/ got results on the lines somewhat similar to

ours. They started with the stationary Idppmann-Schwinger approach

in the microscopic theory of reactions. Instead of our statistical

ensemble, they introduced the statistical ensemble of the residual

interaction matrix elements and in averaging over this ensemble

assumed a version of random phase approximation (which should cor-

respond to our assumption concerning the absence of correlations

between the samples of our ensemble). In complete analogy to our

approach, they also introduced the condition for averaging interval

A E ̂  'spread' ^ *n*s way *ney obtained from the microscopic

reaction theory an equation which coincides with the exciton model

master equation (21a) integrated over time ( J dt). This necessity
o

of time integration in their approach is obviously caused by the

fact that they started with the Lippmann-Schwinger equation which is

obtained from the SchrBdinger equation (1) with the aid of time-

integration over a very long wave-packet ( tU-*oo). The use of the



Lippmann-Schwinger equation caused additional limitation in this

theory - it does not allow to treat the case of several nucleons

in the continuum (i.e. the incident nucleon energy larger than ~

jOMQV)' This limitation arises basically from the fact that the

solutions of the Iiippman-Schwinger equation are not unique .Cor the

case of more than 2 bodies (one of them is the target nucleus) in

continuum. (This well-known fact brought to life Faddeev's equations).

But it is also known (see e.g./6/ ) that in the time-dependent wave-

packet theory this difficulty does not appear with the solutions of

eq.(1). Therefore, our approach is in principle free from this

limitation and allows to understand the high-energy INC model. In

addition to the two previously mentioned conditions, Agassi and

Weidenmttller /H-/ used in their derivation the condition I ST)Is' D

(B is the average spacing of the states considered). This brought

one more limitation in their theory - it can be applied only to

initial states with exciton numbers n ̂  3, i.e. it cannot describe

the initial stages of the reaction. We do not need this rather

severe condition in our derivation. Therefore, as it has been demon-

strated, our master equations describe also the initial stages of

reaction including elastic scattering and direct processes. On the

other hand, the stationary approach in /4/, /5/ is closer to the

microscopic theory underlying the conventional statistical models.

This allowed to obtain a number of results of the conventional

statistical theory (i.e. the Hauser-PeBhbach formula) in a more

general way than usual. Perhaps I am not objective in comparing our

approaches, but both theories ?>ere developed independently during

the recent two years, and unfortunately we have not had so far an

occasion for a personal meeting and discussion.

Now a few words about the choice of ttia basis (i.e. about HQ)

in our approach. Our only condition in the derivation of eq.(30) was

A E > P d- Obviously, one should choose the basis in such a way

that A E is smaller than the characteristic distance between the

basic states. In the case of the single-particle shell-model basis

this characteristic distance is of the order of 2ht0«20Me/ ,

while "Spread
 f o r t h e s^S16-?811*1016 statis is, as we have seen

(eq.(37)-(39) ), equal to the imaginary part of the optical model

potential Vv . This shows that one can use this basis for the

description of nucleon-induced reactions at all energies before the

meson-production starts to contribute considerably. (Actually, the

creation of the optical model was caused just by this fact . Other-

wise, we shall still be confined to the archaic black nucleus

approaches). Speaking about the shell-model basis, I should mention

that in our discussion we used the fixed shell-model potential and

did not consider the fact that this potential should be defined

self-consistently by the nuclear density. One can easily find (see

e.g. /38/ ) that, adding to our master equations this self-con-

sistency condition, we shall get a new type of solutions, namely the

zero-sound (i.e. collective excitations of the giant multipole type).

In practice, this addition would mean the necessity to make the

time-dependent Hartrae-Fock calculations simultaneously with the

solution of master equations. Obviously, this straightforward solu-

tion is too complicated numerically and should be performed in some

approximate way. Presently one can neglect this effect because the

existing theoretical /39/ and experimental /40/ estimates show that

the contribution of zero-sound excitation to the cross-sections of

nucleon-induced processes is quite small.
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We can also choose a larger £i E and switch over to the quasi-

classical or local momentum approximation basis, as we have done in

the derivation of the Boltzmann-like eg.. (46). The condition for the

validity of this basis is A E < E . As we shall see later, one might

try to combine the features of several bases.

We have restricted ourselves to the description of reactions

with outgoing nucleons. Formally one can easily include the cluster

emission into the theory, provided the microscopic theory would give

us the appropriate basis. Unfortunately, up to now this basis does

not exist.

Thus, we have shown that the existing phenomenological models

are at any rate the bastards of the high-brow theory. Let us now

examine the portion of noble blood they do contain and what are the

ways to make them quite lawful.

IV. To what extent should one believe in these models?

As we have already mentioned, the exciton models rather describe

the already obtained experiments than predict the results. Since the

matrix elements M are not fixed, one can easily vary the magnitude

and the shape of the emission spectrum. If this does not help, one

can vary nQ as well. Therefore, I highly appreciate the above

mentioned attempts /28-32/ to define II in one way or other. From the

above mentioned derivation of the exciton master equation one sees

that H is the residual interaction matrix element Vkl' averaged

over all the configurations A , which might appear in the nucleus.

The experience of microscopic calculations of Vf•,/ shows that they

vary within very wide limits. Therefore, even if we get the average

value II, the dispersion might still be comparable with this value

because tha molei is oversimplified.

Now there are two other types of phenomenological models that

predict the absolute cross-sections: the HUB model and the cascade

one. The parameters of these models are in principle fixed (i.e. can

be defined with a reasonable degree of accuracy in the independent

experiments). To save time, I shall not demonstrate numerous

pictures comparing experimental data and theoretical calculations

in these models (one can find them e.g. in ref./JO, 41, 16/ ). These

pictures just show that these models give an order-of-magnitude

agreement with the experiment for the incident nucleon energies in

the intervals 18 • 60 Kev. Usually the ™ B model underestimates the

experimental data by a factor of 2-3. The cascade model sometimes

shows better agreement. It seems to me that in order to estimate

the validity of the models, one should rather compare them with each

other. Some examples of such a comparison are shown in Figs.5, 6

borrowed from /30/. The dashed histogram presents the BNL cascade

version, while the solid one corresponds to the ORNL cascade. One can

easily see that the ORNL version reproduces the experiment much nicer

than the BNL one. On the other hand, the main difference between

these two versions is that OENL uses a three-step approximation for

nuclear density and does not take into account the reflections and

refractions of particles, while the BHL version employs the seven-

step representation to reproduce the nuclear potential better and

considers refraction and reflection of the particles on the border

of each step. The question arises immediately! why should the more

sophisticated (and seemingly more realistic) model give poorer

results? The other question is why should the classical ORNL cascade

work better than the quantum-mechanical description of the HMft

model (which is also presented in Figs«5>6) ?
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I would like to discuss both questions using the general

approach of the previous part of these lectures and the results

obtained by our group /42/.

As we have seen (Fig.4), both the HMB and INC mo-

dels are solutions of master equations (30) for different A E

assumptions. The other difference between them arises because the

HHB model solves the master equations exactly, while the cascade is

only an approximate solution of the Boltzmann-like eq.(46). The last

source of difference is that one uses in HMB the angular independent

(averaged over angles between colliding particles) nucleon—nucleon

cross-sections 6^ (see eq.(11) ) and never takes into account

the refraction of particles on the edges of potential, while all the

me models consider the angular-dependent &y and some of them

(BHL version) also take into account the refraction. This last point

of angular averaging simplifies HHB to a great extent, but may cause

difficulties in comparing the results with the experiment. Therefore,

we decided to start with intercomparison of the models under the

same assumptions of angular independence and lack of refraction

leaving the experimental data aside for a while. The aims of this

intercomparison of models within the same approximations (aside from

testing our scheme in F1K.4) are as follows. First, it is interesting

to understand to what extent the proper solution of an open system

by master eq. (30b) with the continuum state densities (9a), (43)

differs numerically from solutions of the HMB master eq.(18) with

the sink term (16),(17) and state densities (9)- On obtaining the

exact solution of master eq.(30b), one can compare it to the ap-

proximate IHC solution and see the accuracy of cascade approximations

in order to find possible ways to increase it. Therefore, we have

performed the numerical solution of eq.(30b) for the model cases of

39 Hev protons incident on ' Fe and °Bi targets, considering

these targets as a mixture of proton and neutron Fermi-gases in a

square nuclear well with radius RQ. As has been mentioned above,

we neglected the reflection and refraction (considering the case

9i < f( ) and used therefore eqs. (9a), (43) for continuum state

densities. In accordance with eqs.(33). (33b), the inelastic cross-

section was defined as follows:

(48)j

Fig.7a shows how the lowest energy part ( £ «w 2 Mev) of the in-

elastic neutron spectrum is formed in time for the ̂ T?e case. One

can see that the reaction process is separated into 2 well-defined

stages. The fast pre-equilibrium stage lasts about 5-10

'— w10
22

(the mean free time between successive collisions

By the end of this period one can see numerically that the bound

state occupation numbers are nicely described by the equilibrium

temperature distribution, while the continuum occupation numbers

demonstrate a faster decrease with energy, contrary to the HMB

results (Fig.3 of ref./23/ ). The second evaporation stage cor-

responding to the plateau of Fig.7a is characterized by much larger

relaxation times (integrating our equations up to t ̂ 1 0 'sec

gains only a percent additional contribution to the fast process
?1cross-section at t = 3-10 sec, although the total evaporation

cross-section in this energy bin is by an order of magnitude larger

than the pre-equilibrium one). This result is also different from

the HIiEB one /23/ shown in Fig.7b. Although they claim that at

sec).
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t ^ 35 '•'(•oil a complete equilibrium is reached, we do not see in

Fig.7b any hints of the cross-section formation slowing down to the

evaporation stage. It seems that the HUB equation underestimates the

role of emission term relative to the collision term for continuum

states. In other words, the HMB box is much more closed than the

actual nucleus. In any case, the behaviour of our system allows to

separate unambiguously the fast and slow stages. This is important,

since the life approximate solution of sq. (46) might obviously be

valid nnly for the fast stage. This approximation is based essential-

ly on the assumption that the densities 0 on the right-hand side

of eq.(46) are time-independent. The standard Itfo never considers

either the hole deexcitation (historically just this fact caused

the appearance of the first exciton model of Griffin). The knowledge

of eq. (46) underlying the I ucalgorithm allowed us to modify the

standard IHC in this respect. Indeed, eq.(46) is seen to be symmetric

with respect to the particle-hole exchange. Therefore, we fix all the

holes excited in the usual cascade process and then apply the

cascade algorithm to trace the hole deexcitation, while the hole

?ises up to energy £ - (Sfc^ainB • T n e hole deexcitation in

higher shells would cause the temperature smearing of the Fermi-

surface rather than the particle emission. Now the second modification

which we introduced into INO originally was done for the

sake of inter-consistency in our two models. Indeed, in calculating

the continuum state density of eq.(9a) necessary for solutions of

eq.(30b), we neglected the narrow potential resonances

which might exist for L> kfl HQ ( C is the angular momentum,

kg = !Si. , RQ =T£ n is the nuclear radius). Therefore, in our

P
cascade calculations we fixed the C value of the secondary

particle after each collision and excluded the collisions giving

rise to particles with I > k^ EQ. This additional selection

caused a drastic change in the spectrum of emitted particles (see

Fig.8). There is a great number of high- {, potential resonances in

a square well because the sum of the centrifugal potential and a

square well produces a step-like barrier at r = RQ for all the

values of v • In the classical lire with refraction (the solid line

in fig.8) the corresponding high- V particles are reflected at this

step and rotate inside the nucleus till the next two-body collision

slows them down. Therefore, the inclusion of our £ < k a R o criterion

enriches the high-energy part of the emitted particle spectrum (see

the dashed line in ?ig.8) and lowers the excitation energy of the

residual nucleus which appears after the cascade stage.

To end up with the intercomparison of the exact master equation

solution and our modified me, we can look at Fig.9» Here the

emitted neutron spectra are shown for the 3?e and Bi cases by solid

lines corresponding to the exact solution of master eq.(30b).

Dashed lines correspond to INC modified only by t < kfl Ho criterion

without the contribution of the hole deexcitation. The dash-dotted

line takes into account the contribution of the hole deexcitation

as well. We see here that our modified INC allows to obtain the

inelastic cross-section within the 20-30 % accuracy even for suf-

ficiently low incident energies (in our case, the incident protons

with E p = 39 Mev). The agreement for the secondary proton spectra

is essentially the same.

Thus we see that proper treatment of continuum states in open

systems modifies the HUB and INC models to such an extent that the



agreement between them becomes considerably better thai-, it was in

purely phenomenological approaches (mind that, if we ased in Fig.9

the semi-logarithmic scale of Figs.5,6 employed in all the compari-

sons of phenomenological models, then our master equation and the

INC spectra would be quite indistinguishable).

It has been a great pleasure to learn that the INC model re-

produces fairly well the pre-equilibrium process because the INC

algorithm is much simpler in the computation than the exact integra-

tion of master equations. To our great surprise, the contribution

of the hole deexcitation to the pre-equilibrium spectra has turned

out to be far less significant than one might expect. As one can see

from Fig.9, it might contribute only to the low-energy part of the

spectrum which is completely dominated by the evaporation process

(the evaporation contribution is not shown in Fig.9, but, as we

have already mentioned, it usually is by an order of magnitude larger

in the low energy region than the pre-equilibrium one).

Now one can come back to the drastic role of the 0 *• —^,^0

criterion in our modified INC (Fig.8). In case the actual nuclear

potential possesses the high- C resonances dropped out by our

additional selection, this criterion, although necessary for our

model intercomparison, would be of no practical use. But one can see

from crude balance estimates of centrifugal repulsion and diffused

Woods-Saxon attraction that the narrow high- u neutron resonances

ara very rare phenomena in actual nuclei. The same fact is demon-

strated by numerical calculations A 3 / of neutron resonances in the

realistic Woods-Saxon potential: the diffuse border of the nuclear

potential contrary to the square well hardly ever provides for the

existence of a sufficiently high barrier to keep a narrow resonance.

Therefore, our 6-<k^R 0 criterion serves a simple but efficient

way to take into account this diffuseness. In a way, this is a

possibility to take into account the shell-model effects into the

INC algorithm. This allows us to understand why the simplified OEHL

cascade version reproduces the experimental data much better than

the sophisticated BNL one. The reflection of particles on the

borders of step-like potential in the BNL version does not allow

them to leave the nucleus. This leads to a large decrease of the

high-energy spectra clearly seen in Figs.5,6.

As has been mentioned earlier, our main point in obtaining

Fig.9 was to coupare the exact and approximate (cascade) ways of

the master equation solution within the same model rather than to

fit the experimental data. Therefore, the cascade curves in Fig.9

were obtained for angular-averaged collision terms Pil<C • How-

ever, we also made modified cascade calculations for °Bi case

with classical refraction (but still with the £ < k R criterion)
(At O

and the realistic angular dependence of I,JK£. C s e e /**/ ) • I n tlie

Bi case the Coulomb barrier is large enough to damp the evaporation

stage contribution, and one can compare the calculated IHC results with

experimental data of ref./45/ (see Fig.1O where our INC results are

given by a dashed histogram, while the solid line is an experimental

one averaged over 4 Mev intervals). The quasi-elastic maximum in the

experiment corresponds to the low-energy collective state excita-

tion in "Bi which is not included in the cascade model. Otherwise,

the agreement is fairly good taking into account that we used a crude

step-like Coulomb barrier penetrability (mind again that we do not

need to use the semi-logarithmic scale in Fig.10).
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All this gives us a rather optimistic feeling that a properly

modified cascade algorithm might be the most practical approximation

for the solution of our master equations, i.e. for the description

of the pre-equilibrium process. Obviously, one cannot use the clas-

sical trajectory concept describing the diffraction of a low-energy

emitted particle on the border of the potential. Presently we are

completing the investigation of this problem, which also allows to

incorporate the shell-model features into the me and gives a more rigorous

proof to our £•< k- H criterion. In a complete analysis of the experi-

mental data one practically cannot separate the pre-equilibrium part

from the equilibrium one. Therefore, we are also cross-examining the

evaporation stage on the basis of our master equations.

We all feel that nuclear physics is reaching the stage of

becoming a mature science. And this means that, in addition to the

already existing qualitative understanding, we are able and need to

start quantitative description based on sound foundations rather

than on pure phenomenology and bright guesses.

1. H. Jfoshbaoa in Proceeding* of th« Europhysies Study Conference

on Intermediate Processes in Suoletir Reactions, August; 31-

StptMMr 5, PlitYio* LakM, Yugoslavia. Lecture uotee la

phynics. rol.22, Springer-Verlag, 1973*

2. V.S.Bunalco?, Hucl. Pay a. (Russian) 2g, 505 (1977).

(SOT. JOUTO. Hucl. Enys. 2£ , 271 (1977) )•

V.S.BunalcoT, H.H.Nasteror. Proceedings of X Winter School of

T,TMP in nuclear physios and elementary particles. Part I.

Laningrad, 1975 (Russian).

3. V.B.Bunalcov, Jt.*.HeBteroT. Pays. Lett. 60 B. 417 (1976).

4. G.Agassi, H.WeidennuUer. Pays. Lett 56 B , 305 (1975).

5. G.Agassi, H.Weidenauller, G.Hantzouranis. Phys. Baports 22 G.

147 (1975).

6. li.L.Goldberger, E.H.Watson. Collision Theory. X.X., 1964.

7. H.Austern. Direct Nuclear Reaction Theories. S.X., 1970.

8. CMahaux, H.Weidenmuller. Shell-aodel approach to nuclear

reactions. Amsterdam, 1969.

9. B.J.Barrett, Ii.Biedenharn, M.Danos, F.Selstano, W.Greiner.

fiev. Hod. SbjB. 4^ 1 ** C1973)»

10. V.G.SolOTier. Proc. International School in Nuclear Structure.

Alushta, 1972.

V.G.SolOTiev, L.A.Malov. Nucl. FhJS. A 196 , 433 (1972).

11. H.Feshbach. inn. of Phys. £ , 357 (1958).

12. G.E.Brown. Her. Hod. Phys. 3J. , 893 (1959).

13. A.Bohr, B.Hottelson. Suclear Structure, v.1, H.Y., 1969.

14. ?.Priedman, V.Weisslcopf in"uiels Bonr and the Developaent

of Physics, London, 1955.

15. V.S.BarashenkOT, A.S.Ilynov, N.H.SoboleTaky, V.D.Toneer in

Proc. of International JINK-CBfiN School on High-Energy

Physics, S 2-5813t Dubna, 1971*

V.S.BarashenkoT, H.V.Bertini, K.Chen, G.Friedlander, G.D.Harp,

A.S.IljinoT, J.H.Hillsr, T.JJ.Soneev. Huol. Pays. A 187.

531 (1972).

16. G.C.Harp, J.M.Miller. Phys. BOT. S_± , 184? (1971).

17* H.W.Bertini, G.B.Harp, ?.E.Bertrand. I'hys. Her. 0 10.

2472 (197*).

18. M.L.Goldberger. Phys. fiev. £4 , 1268 (1948).



"1
19. ii.D.LftmJmi. Ways. Za. Sovjetunion. H , 556 (1937).

20. J. frenlcel. Phys. Zs. Sovjetunion. 2 > 555 (1936;.

21. V.Waleakopf. Fhya. fieT. 5_2 , 295 (1937).

22. J.J.Griffin. Phya. SOT. i * t t . , 12 , 478 (1966).

23. G.D.Harp, J.M. Miller, B.J.Berne. Fhys. Bov., 165. , 1166

(1968).

24. JS.A.Uehling, G.E. Uhlenbeck., Phya. fieT., 43. , 552 (193;>).

25. V.U.VilliaBs. fl>ys. Lett. ?1 B , 184 (1970).

26. CK.Cline, ll.Blann. Huel. Phys. A 172 , 225 (1971).

27. T. Bricson. AdTan. ifcys. 2 t *23 (1960).

aa. e . i .Clin«, Huoi. PhjB. A 193 , 417 (1972).

K.Jt.CudiBi, G.A.OBOSICOT, V.S.lonesT. Nucl. Piiys. (fiussiau)

21, 26O (1975).

29* B.Gadioli, LJIilazzo-Colll la Proceedings of the Europhjrsica

Study Conference on Intemedi«.te Prooesses in Nuolear

Heactiona. Plitvico liakes. lugosltTi*. Lecture Notes in

Phj»ic». vol.22, Springer- Verl«g, 1973.

30. M.Blann in ProceedingB of the Buropoysios Study Conference

on Interaediate frooasaes In Nuclear fieac.Clone. PlitTioe

Lakes, XugoslaTia. Lecture Notes in foysics, vol.22,

Springer-Verlag, 1973«

31. E.Oadioli, E.9adloli-£rl>a, G.'fasliaferri, J.J.Hogan. Fhys.

Lett. §5_J , 311 (1976).

32. C.Kalbach In Proceeding of II International School on

Heutron Hayaica. Alusnta, 197*. D3-7991, Dubna, 197*.

33. K.Seidel, D.Seeliger, fi.fieif, V.D.Toneey. Elem. Fart, and

Nucl. Struct. (reTiew article in EusBlan) 2 » *99 (1976).

34. H.Auetern in Selected. Topics in Nucleer Theory. IASA,

Vienna, 1963.

35. P.M.Matthewa, I.Shapiro, C.Faltoff. Fhys. Her. 120_ ,

1 (1960).

H.Dresden. £ev. Hod. Fhys., 22. » 2 65 (1961)*

36. L.C.Landau, EJi.Lifshitz. Statist ical physics. 1956.

37. J.K.Haviland. Methods in CoBfutational Fhysics. AdTancea in

Research and Application, 4 , 109 (1965).

G.A.Bird. Journ. of Fluid Mechanics, 22 t ^79 (196?).

38. D.Thouless. The (̂ uantuB Mechanics of Many-Body Systems.

M.Y.- London, 1972.

39. G.Bertsch, S.J.Tsai. Phys. fiev. C 11 , 1634 (1975).

G.Satchler et a l . Nucl. Fhys. A 245 , 189 (1975).

40. f .LKuchnir. Fhys. HeT. 161 , 1236 (196?).

41. U.W.Bertini, G.D.Harp, ?.£.Bertrand. Fhys. £ « T . C 10.

247241974).

42. V.JS.Bunalcor, M.U.UeBterov, N.&.XarasoT. IzTestia AN SSH

(aer. phys.) (iiOssian), 41 , 218? (1977).

VrE. Bunatov, MJU.NesteroT, a.A.tarasoT (to be published in

Phys. Let t . ) .

43. V.fi.Kolesnifcov, V.L.Korotlcih. Izvestia AH SSfi (aer. Fhys.)

(Russian), 27. , 900 (1963).

44. &.Chen, Z.Braenkel, G.Sriedlander, J.E.Grover, J.U.killer,

J.ShimaBoto, Fhys. Bev. 166 , 949 (1968).

45. F.B.B3rtrand, fi.W.Feelle. Phya. HeT. C_8 , 1045 (1973).

279



Figure Captions

Pig.1. Harp-Uiller-Berne model

Fig.2. Szciton model acheae

Fig.3. A scheme of present situation in nuclear reaction theory

Fig.4. Present situation in nuclear reaction theory including

master aquations fcr finite open systems

Fig.5« Typical case of intereomparlBon between different pr-e-

equilibriua Models predicting the absolute cross-sections

(ref. / 30 /) for tfe target

Fig.6. Sane as in Fig.5 for Bi target

Fig,.?. Cross-section formation in tine obtained by solving:

a) our master equations / 42 /,

b) EHB aquations / 23 /

Fig.8. IMC «od«l spectrua of secondary protons with (dashed

lina)l< XaB0 criterion and without it (solid linej.

Fig.9 Jiautron apaetra obtained by exact solution of master

equations (solid line) and by modified IHC with (dash-

dottad) and without (dashed line; hole de-excitation

Fig.10. Inelastic proton spectrum for 20?Bi ( p; f> ) case

(Sp 3 39 MeV). Solid lina corresponds to experimental

data of ref. / 45 / averaged OTOT 4 UeV intervals.

Bashed line ia a result cf our modified IUC calculations.
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APPLICATION OF PRE-EQUILIBRIUM
DECAY MODELS TO THE CALCULATION
OF NEUTRON REACTION DATA

D. SEELIGER
Technical University Dresden,
Dresden,
German Democratic Republic

ABSTRACT

The basic assumptions of the concept of pre-equilibrium decay

during the initial phase of nuclear reactions in the framework

of the phenomenological exciton model are briefly reviewed.

Recent approaches to the problem of angular distribution

calculation are discussed.

1.INTRODUCTION

Pre-equilibrium emiaaion of particles from highly excited

compound systems during the initial phase of nuclear reactions

seems to be an experimentally well established fact,independent

of the kind of thearetical description of ttesa processes.lt is

indicated by the smooth 'high energy tail'of emitted particls

spectra as well as by the aniaotropic forward-directed angular

distributions of secondary particles.Assuming the formation of 8

long-lived compound nucleus,i.e.an equilibrated statistical

system,the mentioned experimental behaviour cannot be understood.

The only physically meaningful explanation is the assumption

of occurrence of fast 'pre-equilibrium processes',i.e.nuclear

reactions are finished before the statistical equilibrium in

the compound syatem is reached.

The well established direct reaction theories for many years

have been proved as a very useful tool for description of such

pre-equilibrium reactions,in which isolated low-lying states of

residual nuclei are excited.In the recent years ,introducing

suitable averaging procedures over single-particle excitations

and involving multiple collisions, with these direct reaction

theories was obtained also a good description of spectra and

angular distributions in caaea.when the residual nuclei are left

in the continuum of states.However,in these cases two completely

different reaction theories - the direct and the statistical

reaction theory - have to be linked together for obtaining a

satisfactory description of the complete experiment»1 results.

To overcome this situation,many attempts have been undertaken

to generate a time-dependent description of the whole reaction

process on a unique .more or less microscopic base.The moat

successful attempts in this direction,from the view-point of

application for realistic cross section calculations,are made"

with comparatively simple phenomenological approaches to this

problem,such as for instance

- the model of partial equilibrium (Bethe,Izumo),

- the exciton model (Griffin), and

- the Fermi gas equilibration model (Harp,Miller).

So far,the most intensive and successful application to calculations

of neutron-induced reactions is coming from the exciton model

( EM ),including its different modifications.The present lectures

therefore are mainly dealing with some aspects of thoee reaction

models.Although the EM succeeds in predictions of fast neutron

and other nuclear reactions,it represents a classical treatment

of nuclear reactions only.The problems of quantuum-mechanical

foundation of the EM are discussed in the lectures by Dr.Bunakov

at the present course.Several comprehensive reviews have been

published in recent years on the subject of EM and other pre-

equilibrium models / 1 - 6 /.Interested people are directed to these

reviews for more profound studies and for complete lists of references,

whereas in the present paper only basic ideas and some recent

results are discussed.
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2.THE EXCITON MODEL

2.1. BASIC ASSUMPTIONS

In the EM nuclei are considered as a Fermi gas with a small

two-particle residual interaction.Therefore,the excited states

of nuclei can be classified by the number of particles p above

plus the number of holes below the Fermi energy at a given excitation

energy E.In the original formulation the angular momentum is not

considered as a quantuum number,i.e. the information on angular

distribution o.£ emitted particles is lost.

Successive two-body residual interactions between particles p

and holes h lead through a sequence of transitions with increasing

average exciton number n=p+h to the statistical equilibrium state,

where u=n= (gE) ' remains constant (see fig.1).

In every moment of this equilibration process there takes place

a competition between the intranuclear transitions n -•• n+an

to more or leas complex states at the same excitation energy E

»nd particle emission to the continuum.The EM includes the ad-hoc

statistical assumption,that every partition of excitation

energy for a given exciton number n occurs with equal probability

during the equilibration process.

2.2. QUANTITATIVE FORMULATION

The most general quantitative formulation of the EM is given by

the master equations (1),which describe the time evolution of the

nuclear equilibration as a Btochastic process of Kolmogorov -

Chapman type:

3l+(n-2,E)P(n-2,t) 2,t) -

(D
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Equatoi (1) connects the change of the occupation probability P(n

of states with n axcitone at the time t with the intranuclear

transition ratesA^Cn.E) for transitions n -*• n+an(where &n=0,+2)

and the emission probability/^ (r.,E) for particles of type i

to the continuum from states with n excitons.

f\ (n,E) is determined by the spectral emission probability Vi^n.ff)

through

r±(n,E) =
 E'lj Wi(n,f) d£ . (2)

The following notations are used for the occurring energies:

BJJ.BJ - binding energies for incoming and emitted part icles,

eot6 ~ corresponding kinetic energies,

E,U - compound system and residual nucleus excitation energies.

Thny are connected by

E = e o + Bo =£+ Bi + U •
The initial conditions for eq.(1)are given by

P (n,t=O) = S (n-nQ) ,

(3)

(4)

where n Q is the initial number of excitons immediately after the

first residual interaction.between incoming particle and the

target nucleus.In a nucleon-induced reaction.neglecting pairing

effects,should be valid nQ» 3,i.e. n Q is generally not to be

considered as a free parameter of EM.

With P(n,t) from solution of the coupled differential eqB.(1)

(one equation for every n) the instantaneous spectral emission

rate Ii(E,t) for particles of type i from pre-equilibrium states

within time- and energy-interval t...t+ dt reap. e... f+d€ is

obtained as
n _

l± ( € ,t) d€ dt - n i P(n,t) Wt(«,«•) d« dt , (an = ̂ ) (5)

whereas the full pre-equilibrium spectrum,which is emitted during

the equilibration time t

N±(e )d« =Q
e<if l±(£,t) d

O l" t
f iq

 > i s given by

(6)

where tnia the life-time of n-exciton states determined as

P(n,t) dt (7)

The absolute differential pre-equllibrium cross section
PE

<5oi teot£) °an be easily obtained from N ^ f ) and the absorption

cross sectior 6^ (fo),which usually is calculated with the

optical model :



For practical calculations with the aid of eqs.O) the following

physical quantities are needed:

- the density of n-exciton states w(n,E),

- the particle emission probability Wi(n, e. )=Wt(p,h,£ ),

- and the intranuclear transition probabilities An(n,E) = A A n/ h j

The first quantity usually is derived from a simple Boltzmann gas

approximation,involving the additional quantum number n and

assuming an equidistant spacing of single particle states,i.e.

g(S) = g = const.The statistical distribution function in this

case looks like

,p+h
p!h! , (9)

with 0 =(kT) .From this distribution function Ericson and Strutinsky

derived the density function of n-exciton states w(n,E)» w(p,h,E)

w(p.h.E) = g(gE)p+h"1/prh!(p+h-1)!, (10)

which is used in most cases. Working with EM , one should bear

in mind,that application of the density function (10) leads to

limitations of accuracy at low excitation energy,especially for

lighter and near-magic nuclei.More realistic approaches take into

account Pauli-principle and deviations from g=oonet.,caused by shell

and pairing effects.

The second value, Wi(p,h,«) , ia given by the principle of detailed

balance in the same way as in the well-known statistical theory

of nuclear reactions.Special problems arise,if the emission of

complex particles is considered.They are not discussed in the present

paper.

Making the assumption of weak two-particle residual interactions

between the nucleons.the probabilities A.,, are obtained with the
an

first order perturbation theory:

A ^ = (27/ ft) <|M|2> w*n (p.h.E) . (11)

In (11) w|n(p,h,E) describes the density of accessible final states

for transitions n -* n+An (with An= 0,+ 2),which ia less than

the full density w(p,h,E),due to limitations by the selection rules

of two-particle interactions.Since analytic expressions for wi"

are derived by 'flilliamB,the most critical value in eq.(11) is the

average matrix element ^IMI > for intranuclear transitions.In some

earlier works on EM the matrix element has been considered as a free,

ad.iugtable parameter for every case analysed. Later on,by systematic

comparisons between experiments and calculations empirical functions

in E and A have been evaluated.Using a function

<|M!2> = k E"1 A"3, (12)

with a constant factor k~ 200 MeV3, particle spectra and excitation

functions oan be calculated without any additional parameter

adjustment. An independent way to determine Oil/ > consista of

replacing ^+(1,0,E ) by the collision rate Ac£)11 for the quasi-free

moving incident particle.In that case A o o l l is obtained from

considerations of nucleon-nucleon-3cattering in nuclear matter or

from the imaginary part of the optical potential. 3/ choosing A c o l l

reasonable agreement between experiment and EM calculations can

be achieved without any free paraneter[3],

2.3. SOLUTION OF MASTER EQUATIONS

From the application of EM we learned interesting features about

the dynamics of nucleon-induced reactions.The main point is,that

by the master eqs.O) both pre-equilibrium and equilibrium emission

spectra of neutrons,protons and other particles are described on a

unique,phenomenologic \>asia ,from which arises without any additional

assumptions the division of reaction events in two,corresponding

to the time-scale strongly different groups:a fast pre-equilibrium

part dominated by particles emitted very early,mainly after one or

two residual interactions only(usually these events are called direct

reactions),and a compound nucleus part,which ia growing up on a

much longer time scale.

Really,on figs.2 and 3 the instantaneous and the full neutron

spectra resulting from solution of (1) for a compound system with

A=64 and E=96MeV or 24 MeV .respectively,are shown.In this case^|Ml >

has been obtained from A n, in nuclear matter.The time increments

indicated on the curves are equal to about 10 sec.The fast reaction

component is emitted within about 400 time increments,i.e. in less
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than 5.10~21seo.The slow component needs between two and three

orders of magnitude more timef3|.

And so,starting from the time-dependent description of nuclear

reactions by eqs.(1) in the framework of EM the resulting physical

pictuss of the reaction process is not so different from that

obtained by the alternative way,i.e. using direct reaction theory

and statistical model calculations (including two-step direct

processes).However,one should mention two differences:The EM in

its present formulation does not include any collective excitation

effects,which are known to be important for the excitation of low-

lying residual levelB.Differences should occur also at high incident

and lot: emission energy of particles due to pre-equilibrium contri=

butions from states of higher complexity in the range n^7.Further

careful comparative analyses of emission spectra at incident

energies e > 20MeV by the two alternative ways are needed to

establish,whether really contributions from states with higher

complexity are evident in the experimental spectra,supporting

the EH description.

2.4. ANALYTIC APPROXIMATIONS TO THE MASTER EQUATIONS

It can be shown I3]»that neglecting transitions with an = 0 and -2,

i.e. assuming A '»V»^_ ,simplified eqs.O) have a Bimple analytic

solution.Such assumption is valid only during the first residual

interactions,consequently in this approximation only the pre-

equilibrium emission is described.Indeed,for a compound nucleus

the opposite condition X • X Q = A_ is valid.

The resulting pre-equilibrium particle spectrum becomes

W, (n, (.',D(n) d ( |

a+(n,E) +L± qCn.E) J •
(13)

where D(n) is the so-called depletion factor,which accounts fop

particle emission from less complex stateB.

By additional assumptions,such as A.» XI f. (n,E) and others,

from (13) the widely used expressions of Blana and William? are

obtained.The 'hybrid model1 of Blann[2]is also based on (13),but

it entails additional assumptions .which are not inherent in the

original EMiW^n, e ) is substituted by the emission probability X £(<")

of particles in the continuum and >+(n,E) is replaced by - ^ C 0 ; Q ( ^
 +Bi)»

again only for the particles in the continuum.

Altogether,the overwhelming majority of applications of EM to neutron

cross section calculations is baaed on analytic approximations to

the master equations.This simplification is justified,due to the

similarity of results from eq.(6) and (13),as shown on fig.4.

However,.spectra at low energy are not identical,but they differ

up to 30% from each other.Moreover,using the analytic expressions

one of the most appealing features of the EM is lost,the nuclear

reaction process again has to be described by two completely

different reaction theories(in the general case).Nevertheless this

way of calculation of neutron cross sections,which is now widely

used in computer programmes, presents a real progress in neutron

data prediction in comparison with former calculations,which have

been based on the statistical theory only.One of the most striking

results in this sense have been recent calculations of (n,2n),

(n,pn) and (n,np) cross sections taking into account pre-equilibrium

emission [6,8 "|f see fig.5).

3.ATTEMPTS OP ANGULAR DISTRIBUTION DESCRIPTION

One of the most serious shortcomings of the original EM is the loss

of information on angular distributions of emitted particles.In

recent years a lot of attempts to overcome this difficulty have been

published.Some of them are reviewed here briefly.

3.1. MIXED EM - DI - DESCRIPTION

Irie et al.f9J considered the pre-equilibrium emission spectrum .

by an analytic expression based on (13),but with emission ratea A

separately accounted for every orbital momentum 1..Thus,energy

distribution of emitted particles is calculated with EM,whereas

the angular distribution is coming from the plane-wave Born approxi=

mation(PWBA),the simplest modification of direct reaction theory.

Following this way,the double-differential pre-equilibriun cross
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is calculated with the formula

_ n I+l_+s --

\t n=nQ J = IR=0,1/2

w(p-1,h,U,IR) ,

where the PWBA cross section 6

of the angular distribution

z:

(14)

determines the shape

pffBA
(f0. 3) +1) / 1 0) (15)

H is a free normalisation factor.
In several cases with this approach a good description of experi=
mental angular distributions of emitted neutrons has been obtained
(see figs.6 and 7).From a physical point of view this 'hybrid'of
two different models is not satisfying.

3.2. GENERALISATION OF MASTER EQUATIONS

WeidenmUller and Mantzourania [io]introduced the information on
scattering angle into the master equations (1).They assumed,that
anisotropy of pre-equilibrium angular distribution is determined
by the direction of motion of a 'leading particle'.Stately are
characterized by n,E and the engle of leading particlefi.Conse=
quently occupation probabilities are also functions of three
parameters P =P(n,E, £,), and transition probabilities must include
information on the angle of leading particle before and after
the collision £ andft'(i.e.only those transitions are selected,in
which leading particle participates).Further it is a turned,that
transition rates can be factorized in two functions

= A+ )' g( Jl • J ? ' ) , (16)

where function g does not depend on n.
The eq3.(1) without emission are changed to the following equations:

- |
J

+A.(n+2,E, j?'-*j?) Hn+2,t, J ? }
dj?'P(n,t,K)/A+(n,E, £-*]?') + A_(n,E,l

l (17)

With P(n,t,a),determined from (17), the double-differential cross
PK

section 6 . (6,6
is equivalent to (6):

is derived through an expression .which

WiCn.* ) J q PCn.t»,3) dt"
o o

The used cone-eptof one leading particle among all excited particles p
is not inherent in the original EM,but it is similar to the
'philosophy' of the hybrid model.In several oases a satisfactory
agreement with experimental angular distributions has been achieved.

3.3. IMPULSE AS ADDITIONAL QUANTUUM NUMBER

In an approach by Madler and Reif (published in [7]),the states
of compound system are characterized by quantum numbers n,E and
the total impulse P.The statistical sum of the Boltzraann gas (9)
in this case includes a second term

z
k

"vF^ J (19)

which depends on the average velocity v*and the impulse P of excitons.
From the statistical distribution function the atate density
w (p,h,E,pn , p^) is determined, which is now a function of ths
impulse components parallel and perpendicular to the direction of the
incoming particle.Having state densities of the intermediate and
final system,w(p,h,E,pH,O) and w(p-1 .h.U.pH.pj.) resp.,the double-
differential cross section « £? (eQ, £,&•) is calculeted from one
of the analytic expressions (13),completely remaining in the
framework of the EM.There does not excist limitation for introduction
of the extended state densities into eqs.(17).However,the additional
splitting of the phase space generates serious restrictions on the
applicability of statistical treatment.
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Results,obtained with this approach are shown in figa.6 and 7.

In the case 93Kb (n,n") at E n = 14 MeV this approach fails

at backward angles,due to the limited number of 1p1h-states of the

residual nucleus within the corresponding energy and impulse inter=

val.A much better agreement is obtained for Al(p,p') at higher

incident energy E = 62MeV,demonstrating the adequacy of this

approach*

3.4. DI - THEORY APPROACHES

A scheme of parametrisation for angular distributions of inelastic

scattered neutrons based on the direct PWBA reaction theory linked

with the Blaxwellian evaporation theory was elaborated by Lukyanov

et al. /"11/.Roughly speaking, in this approach the shape of angular

distributions is determined by 6pWBA (15).calculated for single-

particle transitions in the target nucleus within an averaging

ener&y interval near U = €Q- e .which corresponds to the experi=

mental energy resolution.The energy dependence of the spectra

is determined by a factor

( <? / € u (20)

which was obtained empirically by comparisor with the shape of

integrated (n,n )-apectra.(It is noticeable that this is not far

away from the shape of the first and main term of the analytic

KM spectrum,which is proportional to €-<Jiflv( S ) U ) .

The absolute value of erosu sections is determined by a normalization

factor, in this way for many oases both double-differential and

angular-integrated scattering cross sections '.lave been parametrized

and typical structures in the angular distributions could be

connected with the quantuum numbers of a comparatively small number

of transitions between shell model single-particle states.

Similar results have been obtained by Jahn £MJ.

A more rigorous Dl-theory treatment by several groups Xa based

on DWBA ,one of thai was elaborated by Reif ^13/.In this ease

direct excitation of 1p1h states through two-particle residual

interactions of Gaussian type j

absolute base,starting from the

state and excited states

Yio
is calculated on an

IMTU> = (U) / 1p1h

wave functions for the ground

(21)

Calculated DWBA matrix elements

Tfi z
p,h (22)

are averaged over a suitable energy interval AU.Distorted waves

result from an optical model analysis of the elastic soattering.

Calculated double-differential cross sectionsfor several cases

investigated are in agreement with the experiment.

An application of multi-Btep direct reaction (MSDR) theory to the

description of continuous spectra recently was presented by Tamura

and Udagawa /i4/.In this approach the excitation of both 1p1h

and 2p2h states in the target nucleus ,i.e. one-step and two-step

direct two-particle excitation processes,have been taken into

account. In fig.8 the obtained reBulto for the reaction 2 Pb(p,n)

a t ^ Q =45 MeV are shown.It can be concluded,that the MSDR approach

is in fact a rather pow erful tool in describing cross sections

with continuous spectra.The lower the energy of the outgoing

particle and the larger the angle of observation,the larger is

the relative contribution of the two-step processes.Nevertheless

one may suspect that this approach can only fit the portion of

spectra in which the outgoing particles still retain comparatively

high energy.At lower emission energy contributions from more

complex and compound nucleus processes are expected.

4. CONCLUSIONS

At present within the EM and DI-theory there exist sereral more

or leas founded approaches to the description of the high-energy
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forward-directed products of fast neutron-induced nuclear reaction

products,which are considered as a result of pre-equilibrium processes.

The most detailed semi-microscopic description at present is

achieved from the well established formalism of direct reaction

theories,especially with the MSDR method.However,calculations of this

kind are rather difficult and the principal physical drawback of

this way ia ,that only the fast component of the reaction process

is seized.

Within the framework of EM by the aid of the master equations (1)

nuclear reactions are followed during the whole time scale,but

on a simple phenomenologic base.Comparatively easily different reac=

tion channels can be calculated,including processes,in which two

or more particles are emitted. With the widely used analytic expressions

of EM similar results for the pre-equilibrium part of cross sections

as with the master equations are obtained,but the main advantage

of the EM is lost.

As an open problem remains the quantum mechanical foundation of the

EM and the creation of a microscopic unique theory of nuclear

reactions.
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FIGURE CAPTIONS

Pig.1 Scheme of a nucleon-inducea reaction in the framework of Biu

Fig.2 Instantaneous neutron spectra calculated fron (1) and (5) f<r

a compound systea with A=64 and excitation energy 96 MeV

resp. 24MeV$the time increments are about 10 Jsec./3/.

Fig.3 As on fig.2,but spectra are integrated over the time.

Pig.4 Comparison between pre-equilibrium spectra shape resulting

from (1) (solid ]ine) and two analytic expressions by Blann (dash-

dotted line) and Williams (dashed line),both based on (13).

Fig.5 Change of calculated (n,2n),(n,pn) and (n,np) cross sections

taking into account pre-equilibrium emission by an analytic

expression of EM;crosses - results obtained by the statia=

tical theory only,points - results after accounting for

pre-equilibrium emission /8/.

Fig.6 Comparison between experimental angular distributions

of neutrons from the reaction "Nb(n,n') at e =14.1 MeV

with calculations based on the approach of Irie et al./9/

(dashed lines ) and Madler et al./?/ (solid lines).

Fig.7 As on fig.6,but for the reaction 27A1 (p.p1) at eQ = &2MeV.

Fig.8 Comparison of experimental angular distributions of

neutrons from Pb(p,n) ate" = 45 MeV with the results

of the MSDR method /14/;dashed lines - one-step direct

excitations,full lines - one-step plus two-step reactions.
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Abstract

Absolute values of secondary energy-dependent inelastic neutron scattering
cross sections can be calculated either with the master equation pre-
equilibrium formalism of dine and Blann or with Blann's more recent
geometry-dependant hybrid model. The master equation formalism was used at
Dubna and Dresden to reproduce experimental results for 14 MeV incident
energy. The geometry-dependent hybrid model was used at Karlsruhe to cover
for a number of materials the whole range from 5 to 14 MeV incident energy
and to reproduce smoothed experimental spectra at 7.4S and 14 MeV. Only the
geometry-dependent hybrid model accounts for scattering in the diffuse
nuclear surface and thus for a certain average over the direct interaction.
It is also free of any fit parameters other than those of the usual optical
model. The master equation calculations, on the other hand, are based on
nucleon~nucleon scattering cross sections inserted into the high-energy
approximation of Kikuchi and Kawai for the intranuclear transition rate.
Other approaches require either mass- or energy-dependent or more global
fit parameters for a satisfactory reproduction of experimental results,
but a genuine prediction of the incident-energy dependence of the inelastic
neutron cross section, especially below 14 MeV, is needed for transport
and shielding calculations for instance in connection with fusion reactor
design studies.

I. Exciton master equation approach, achievements and shortcomings

1.1. Mas^er^eguation

The first successful reproductions of energy distributions of nucleons
emitted by excited nuclei were obtained by Griffin /I/ and Blann 111 who
applied phase space considerations to a sequence of steps of statistically
treated particle-hole configurations. Cline and Dlann /3/ extended this
description to a more complete formalism by writing down a balance or
master equation for the equilibrating compound nucleus. This master equation
is still more or less the basis of various presently used models and codes
for the calculation of spectra of inelastically scattered neutrons. We
therefore briefly review this approach, starting with the master equation

(I)

Here P(n,t) is the probability per unit time that n excitons are excited at
time t. The exciton number n is the sum of particles and holes,

(2) n • p + h .

This excitation process developing step by step is illustrated by the
following picture.

T RELATIVE
\ LEVEL

J DENSITIES

L 1 r

TO
-EQUILIBRIUM

n « I

U'E-B-e

n « 2 4
• I VIRTUAL *l VIRTUAL

I • Pictorial representation of the cascade equilibration process
in the exciton model IUI.
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Agassi, Weidenmiiller and Mantzouranis /41/ showed how the toaster equation
is related to the statistical theory of nuclear reactions. A different
approach was developed by Bunakov (see Bunakov's lecture at this course).

The X , X_ in the master equation are the transition probabilities per unit
time for an increase or decrease of the exciton number by one particle-hole
pair while A is the transition probability per unit time for the emission
of a particle1 into the continuum from an n-exciton configuration.

If w(n,e)de is the probability for emission of a nucleon with an energy
between e and e+de from an n-exciton configuration then the total probability
for emission of such a particle is given by

(3) P<e)de P(n,t)dt w(n,e)d£ .

(7a) pn(E) •

for the excitation energy E of r.he compound nucleus and the excitation
energy U of the residual nucleus, corresponding to the state densities
«.(E) and i»>-(U) of the target nucleus A and the compound nucleus B in Eq. (6).
The quantity g is the single-nucleon level density at the Fermi energy. In
both equations (6) and (7) o(E,c) is the absorption cross section of the
nucleon to be emitted. With the binding energy B of the emitted particle
we have

(8) E - U + E

as indicated in Fig. 1. The transition probability per unit time X n > n for
emission into the continuum from an n-exciton configuration is then given by

1.2. S£<fcl 2I5L3EH2

Cline and Blann could show by full numerical calculation that the exact
solution of the master equation can be approximated by

(4) P(e)dE - {C W(E,E) +

where tn is given by the expression

<5> *„ - - —

w(n,e)}de

Tn " ^n,n+2 + An,n-2

which shows that T can be interpreted as the lifetime of an n-exciton state.
D is the so-calleH depletion factor which still has to be determined, nQ is
tKe first-step exciton number - usually equal to 3 in the nucleon case - and
n is the average exciton number when equilibrium is reached. Thus n is given
by

(5a) \l'*+2 - X p ' 2 .
The first term on the right-hand side of (4) is the equilibrium term with
W(E,e) taken as the Weisskopf expression for the decay probability of an
excited nucleus in equilibrium configuration /5/

(6)
(2s+l)mE u (U)

W(E,e)de - o(E,e) =-* = dE
* V u. (E)

where s, m, c are spin, mass and energy of the emitted particle*

The sum in (4) accounts for pre-equilibrium processes with W(U,E) chosen as
the same Veiaskopf expression, but now for the compound system in an n-exciton
state instead of the equilibrium configuration. Thus (.111, /4/, 151)

(2s+.)me Pn.,(«)
(7) w(n,c)de - o(E,e) 5-= — dE

n T Pn(E)

where p (E) and p _.(U) are the exciton state densities (number of states per
energy interval) given by the Ericson expression /3a/

294 *) More detailed investigations about the master equation and its closed-
form expression have been presented by Ribansky, Oblozinsky and BltSk /la/.

O) ,-- .. S(Wn,e)dE)i
where the sum extends over all types of emitted nucleons (i • P. or p).
The depletion factor n n of Eq. (5) can now be expressed as

(10) )i J.

The cross section for inelastic neutron scattering is obtained by multipli-
cation of the total emission probability P(E)dt of Eqs. (3) or (4) with the
neutron absorption (compound nucleus formation) cross section G ( £ Q ) for the
incident energy E Q,

(II) o(E0,e)de - o(EQ)P(E)de

1.3. Intranuclear_transition_rates_with_fit_Earameters

The transition probabilities \ and A_ in the master equation CO remain to
be determined. They are often discussed in a form which uas first derived by
Williams /6/ from the golden rule for transition probabilities,

^ ^n"2 - * N W - 2 ) .
Here |M| is the absolute square of the corresponding matrix element averaged
over initial and final exciton states of excitation energy E. The factors
behind |M| * are the phase space averages of the Ericson expression (7a) over
final exciton states (phase space averages for a finite potential depth have
been calculated by Betak and DobeS /6a/). From the equilibrium condition (5a)
and from (12) one gets for large n (for which p-h*n/2)

(13) /2gE .

|H| is frequently treated simply as a fit parameter. In this case only relative
spectral shapes rather than absolute cross "ections can be calculated. A more
elaborate prescription for the determinaticn of |MJ2 is due to Braga-Marcazsan,
Gadioli-Erba, Milazzo-Colli and Sana 111 who used the Fermi gas model. As a
result of this analysis and on the basis of her own studies Kalbach-Cline 161
has proposed the following mass number and energy dependence

(14) KA
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which was also used by Strohmaier and Uhl /9/ for their own code STAPRE and
by Young and Arthur /38/ for the code GNASH. The results of Kalbach-CHne for
the constant K,

{ 95 HeV ±

725 MeV ±

± 32Z for nucleon-induced reactions,
(is) K ;

for o-particle-induced reactions

show such large fluctuations that Uhl /9/ considered K as an adjustable
parameter.

Blann /10/ and Braga-Marcazzan et al./7/ attempted to remove all adjustable
parameters and thus to obtain absolute cross sections. They write

(16) X - pv<o>

ere p is the density of nucleons, v th

On this basis Gadioli, Gadioli-Erba and Sona /I3/ calculated X + £or a truncated
harmonic oscillator potential and for a square well, taking inEo account th*
finite potential depth not only for the exciton transition probabilities but
also for the exciton state densities. For the harmonic oscillator well with
40 MeV Fermi energy at the center they found results which were only slightly
different from those for the square well with 20 MeV Fermi energy. For the
latter case their results are shown in Fig. 2.

' fO see

Fig. 2: Decay races for the exciton-exciton interaction calculated
in the framework of the Fermi gas model.

Fig. 2 shows a quadratic increase of x"' up to an excitation energy
of 10 MeV and a linear increase above. This means that \M\ is independent
of excitation below 10 MeV whereas above 10 MeV the energy dependence of
Kalbach-Cline 18/ (see Eqs. (14), (15)) is confirmed.

In the case of the Fermi gas model and for a kinetic energy of relative
motion higher than about 100 MeV <o> can be represented by the following
expression for a nucleon of type i (see J\\J, 112/w 111 and /13/),

oj.(E+EF)P(X); X - —

(17)

where

(18)

with

(19)

<o(E+EF)».

^(E+Ep)

P(X) - 1
{ , - | X • \ X (2 - i) 5 if X > ir

and with the free nucleon-nucleon scattering cross section a., which at
the energy E+Ep - mv

2/2 can be represented as }1

2

(20)
opp(E+EF) - (10.63 f2 - 29.92

"2
pn(E+Ep) - (34.10 B "• - 82.2

42.9)mb

82.2)mb

where 6 • v/c and c is the velocity of light (Metropolis et al. /14/, see
also /12/).

With the Fermi energy E.., the excitation energy E and the incoming-particle
velocity in nuclear matter

(20.) v - lfcF>

Gadioli, Gadioli-Erba and Sona /I3/ were able to reproduce absolute values of
secondary-energydependent (p,n) cross sections as well as excitation functions
for a wide range of mass numbers (89 <̂  A <_ 169) and excitation energies
(15 MeV <_ E <_ 50 MeV) provided they reduced their X + values generally by
a factor 4 ±~l.

Gudinia, Osokov and Toneev /15/ did notneed such a reduction factor. These
authors replaced E+Ep in a-- and v by the relative kinetic energy

(21) T(

of the colliding particles in nuclear matter with n excitons and excitation
energy E. Eq. (21) results from the so-called right-angle approximation. T
is the sum of the mean kinetic energy of an excited particle (p;

 n

(21a) T n
p l - Ej. • S.

and the kinetic energy of an intranuclear nucleon
spectrum,

averaged over the Fermi 295
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(21b) r<N)

Gudima, Osokov and Toneev /IS/ achieved a good reproduction of the absolute
values of the secondary-energy-dependent cross sections for the reactions
Ta(n,n') at 14.6 MeV, Cu(a,p)Zn at 43 MeV and Ta(p,n)Zn at 18 MeV incident
energy. Absolute pre-equilibriura (n,n*) cross sections at 14 MeV were calculated
in the same way by Hermsdorf„ Meister, Sassonov, Seeliger and Seidel /16/
in good agreement with experimental results in the mass range 30 <̂  A <_ 200.
The absorption cross section a in Eqs. (6), (7) and (11) was obtained from
the optical model. Mo additional fit parameters were needed but a A. term
was added to the master equation with

(12a)

Tests for more incident energies below as well as above 14 MeV and additional
secondary-energy-dependent cross sections for a wide range o£ mass numbers
should be performed before the predictive power of the method can be judged
conclusively. This seems necessary in particular because the approximations
(l7)-(21a) were originally derived for kinetic energies of the colliding
particles above about 100 MeV, which means for incident neutron energies
above about 55 MeV if we consider E+Ej. as a measure for the relative energy
of the colliding particles. The applications just mentioned, on the other
hand, were made for incident neutron energies well below 55 MeV. Meanwhile
Toneev has created a new "cascade exciton model" which is explained in Seeliger's
lecture at this course. This model is able also to describe the angular dis-
tribution of the secondary particles.

2. Hybrid model approach

2.1. £ure_hvbrid_model

An alternative to Che approximations (16)-(21a) for A has been obtained by
Blann /17/ who used the method of Kikuchi and Kawai /12/ to get a binomial
function for nucleon energies up to about 100 MeV with the result

(22) Cl.4-1021 MeV~'(e+B) - 6-1O18 MeV~2(e+B)2} sec"1

This expression depends on the energy t of the emitted nucleon. This means
that Eqs. (4), (S) and (7) can no longer be interpreted as a closed-form
approximation to the solution of the master equation. Instead Blann /I7/
used Eq. (22) to obtain a marriage between the exciton model and the
Harp-Miller-Berne model /I8/ (see Eunakov's lecture at this course). This
marriage, called by Blann the "hybrid model", produces the following simple
expression for the total pre-equilibrium emission probability for a nucleon
with an energy between e and ode:

(23) Ppr(e)dc I -S-s?pn(E)

In this expression one has

(24) * (e) - ( 2 s * [ ) " • " ( E )

296 from which it can be seen that the numerator of (23) is almost the same

in Eq. (4) upon insertion of (5) and (7). One can also show that A in the
familiar transition probability into the continuum. The Weisskopf estimate

(25) j, • w — ^
c A g

with thr compound nucleus formation probability

fit
(26)

where V is the laboratory volume, v • /2E/m the particle velocity and a the
inverse absorption cross section. With the state density of the continuum
corresponding to the laboratory volume V, viz.

ran « » Vm3/2/T
(27) to - (2s+l) —=-=• / -s-

in the sum is the traction of nucleons of a given type (neutrons or protons)
that is to be emitted. The second factor counts the number of allowed arrange-
ments leading to emission into the secondary-energy interval between e and
e+dE after scattering of the considered nucleon in the nuclear matter of the
excited nucleus (with n excitons). Blann could show that the result of this
counting for n^5 can be approximated by the result given by Ericson /5a/ or
Uilliams /10/ for the n-exciton state density

(7b) pn(E) - g(gE'9)" '

with the constant single-particle level densicy g referring to an infinitely
deep potential well, usually taken at the Fermi energy,

(7e) g
3A_

The quantity 6 is a correction term for the Fauli principle which could be
neglected in all cases that have been investigated, and D in (23) is given
by n

n E-B
(28) D • n (I " I { / Pn,(E)dE ) )

n no+2<n'<n i 0 n x

where P ,(e)dE is the n-th sum term in (23) and the summation extends over
nucleon types.

A successful reproduction of experimental emission cross sections for (a,p)
reactions, integrated over angles but dependent on secondary energy, was ob-
tained by Mignerey and Blann /4/ and by Chevarier et al. /2I/ according to
Eqs. (II), (23), (22), and (24) without any parameter adjustment except for
n (sae Fig. 3).

2.2. Inf luence_of _nuc lear_surf ace_di f f useness _,_AI.ICE_and_OVERIAID_AI:ICE

Results for the angle-integrated secondary-energy-dependent cross section for
the reaction l9?Au(p,p') are shown in Fie. 4 (from Ref. till)- The calculated
values obtained with the choice nn • 3 disagree very much with the measured



data. The choice n. < 3, however, appears quite unphysical unless we assume
that at the nuclear surface one of the three excitons (a hole) is suppressed.
Such an assumption can be understood in the framework of the Thomas-Fermi model,

10 20 30 40 10 20 30 HO

€p(MeV]

3: Experimental and calculated (a,p) cross sections for 55 KeV incident
a-particle energy (from Ref. /21/). The points represent experimental
angle-integrated cross sections given as a function of secondary proton
energy. The dashed lines are hybrid-model results with n. • 4, the solid
lines with n_ - 5. Equilibrium components are included in the calcu-
lated spectra.

10"'

IO"1

\

30 40
Cp(MeV)

197,

SO 60

Experimental and calculated ' Au(p,p') cross sections for 62 MeV
incident protons. Experimental results (Ref. /23/) are given by the
solid curve, calculated results by the dashed line for nQ - 2 and
by the dotted line for nfl • 3.

if the Fermi energy, as in the atomic case, is taken as decreasing with the
nuclear density d(r) towards the surface according to

(29) EF(r) - *!(|,
2d(r 2/3

where the density follows the Fermi (or Woods-Saxon) distribution

(30) d(r) - d6 { e
( r' c ) / z • 1 ) • '

with the nuclear half-density radius

(30a) c - cQA
l/3 , cQ * 1.07 fm ,

the surface thickness

(30b) z - 0.55 fm

and the saturation density

(30c) ds - (ifc^)-'.

A reasonable way to account for the influence of the nuclear surface diffuse*
ness can be obtained according to Blann /24/ by averaging along the particle
trajectory taking the impact parameter

(31) Rj - IX

as the lower limit and the upper limit as

(32) K - c + 5z

outside the nucleus where the density is practically zero. The quantities I
and X in (31) are the orbital angular momentum quantum number and the de Broglie
wave length,

(33)

The averaged density is then defined by

R

4 S
CK> d(R d(r)dr .

Inserting this into the Fermi energy expression (29) one gets the geometry-
dependent Fermi energy or potential depth

(35) EF(Rt) •

where

<36> E F - s <•

is the usual Fermi energy.

d(R ) 2/J

.2/3
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From the good results obtained without surface diffuseness for (a,p) reactions
by Mignerey and Blann /4/ and Chevarier et al. /21/ with n - 4 or 5 (see Fig. 3)
and from the failure with n_ • 3 in the case of 197AU(P,P') (see Fig. 4) Blann
/25/ concluded that only for nQ • 3 (incident nucleons) must the surface diffuse-
ness be taken into account because only then can an exciton acquire enough
energy to sense the bottom of the potential well. In this way Blann /25/ found

(37)
plplh

p2Plh

The Ericson (7a) or Williams formula (7b) is used in all other cases.

In addition there is an influence of the surface diffuseness on the third factor
in each sum term of Eq. (23): g in the expression (24) for A (e) has to be taken

(38) g(R1)
e+B+F-,(R,) 1/2
( * l ) ^ g

instead of (7c). Finally also the absorption and excitation rate X (e) in the
third factor of Eq. (23) can be affected by the surface diffuseness. This is
the case if X+(e) is calculated from the imaginary part W(r) of the optical
potential for neutron scattering according to

(1) 2 W ( V 1 Rs *'
(39) xr"(e) - „ with W(R.) - jr—- J W(r)dr .

One can now calculate the pre-equilibrium component of the inelastic-scattering
neutron cross section, integrated over emission angles but dependent on the
secondary energy, by means of the Eqs. (23), (7b), (7c), (28), (3l)-(39). These
equations represent the hybrid model with surface diffuseness which was called
by Blann the geometry-dependent hybrid model. Apart from general nuclear para-
meters such as nucleon numbers &• Z, A), nuclear radius and surface thickness
the model contains only the optical-model quantities W and o(e). In particular
there are no additional fit parameters. Moreover, the geometry-dependent hybrid
model is the only existing model that takes the diffuoeness of the nuclear sur-
face into account.

A computer code was developed by Blann /26/ on the basis of this model the first
version of which was called ALICE /2b/. In this code, as in Refs. /24/ and /25/,
the expression

W0> g(R£) •

was used instead of (38). This led to unrealistic results an described in Ref.
/29/. The calculations of Hansen, Grimes, Hoverton and Anderson (see Ref. /37/)
were apparently based on 6j. (40) and therefore give too small pre-eqnilibrium
components of the (econdary-energy-dependent inelastic neutron-scattering cross
section. Also our own first (n,n') calculations on 56Fe and 238U with the hybrid
model code /26/ were only successful after re-introduction of a fit parameter
/39/.

•)
In (39) Fg is given by Rg • rQA

1/3*5» with rQ - 1.32fn and a - 0.51+0.T(N-Z)/A
0 a w

which is somewhat different from (32).

This deficiency of ALICE was corrected in the version OVtRLAID ALICF /27/ which
was successfully applied to (p,p') reactions by Blann (see Ref. /4/) and to
d-, He- and *He-induced reactions by Bisplinghoff, Ernst, Machner, Mayer-
Kuckuk and Jahn, Ftobst, Djaloeis, Davidson and Mayer-Boricke (see Ref. /4/).

Further applications to angle-integrated secondary energy distributions for
the reactions 55Mn(n,n'), 56Fe(n,n'), 58Mi(n,n") and 93Nb(n,n') will be pre-
sented below (see Refs. /28/, /29/ and /30/).

2.3. SHiii^Eil!

Before comparison with experimental data is possible one has to add an equi-
librium component to the pre-equilib: ium expression (23). In ALICE and OVERLAID
ALICE the Veisskopf evaporation formula is used. In our own calculations we
used instead the more accurate angle-integrated Hauser-Feshbach expression
for continuous channels,

(4U)

I
The neutron transmission coefficients Tt were calculated with the Ferey-Buck /31/
optical-model program and also used for the calculation of o(z) in Bgs. (11),
(23) and (24). The density of residual excited states u(e -c), with the excita-
tion energy of file residual nucleus given by

(41b)
for the continuum,

for discrete levels,

and ec being the continuum cut-off, was taken as

t e(U-U0)/T

(41c) u(U) - i 2,-(-jpaJ 3/2

for V > V

with

Wld)

and

c/a 0.0888 A
2/3

a/A - (0.00917 S *I i ) MeV for^
VO.12oi I(

spherical nuclei ,

deformed >r

The other constants in (41c)-(41e) are taken from tables presented by Gilbert
and Cauejon /32/ from whose work these level-density expressions were adopted
in the HELEHE program /33/.

2.4. 'iymer ica l_resul t s_f or_ inelas t ic_neutron_scattering

The final result ist obtained by adding equilibrium and pre-equilibrium com-
ponents,

(42)



The numerical results are presented in Figs.
55Mn, 56Fe, 5%j and 93jit,. ihe sum curves as
equilibrium curves are plotted together with
incident energy in all these cases was cQ -
from experimental results by averaging over
scattered neutrons. In the case of Fe the
Livermore /34/. The histograms for the other
integration of data measured at Dresden /35/
150° in the case of Cr and Nb, and for 52.9
in the case of Mn and Ni. We carried out the
polating between the cross section data given

5a-e for the target nuclei Cr,
well as the equilibrium and pre-
the experimental histograms. The
14.6 NeV. The histograms were obtained
I MeV energy intervals of the
measurements were performed at
nuclei were obtained by angular
for angUs of 40 , 60 , 90 , 120 and
, 77.7 , 89.9 , 108.4° and 131,1°
angle integration after inter-
at those angles with the help of

2.7, Direct ̂coimionent

Since especially the nigh-energy tails of the angle-integrated secondary spectra
are quite well reproduced by our results it looks as if the direct scattering
contribution is already included in Blann's geometry-dependent hybrid model.

(A3)

The coefficients a. of the Legendre polynomials P. (cos 9) were determined by
fitting the meas^rei" cross section values.

2.5. Discussion

The results given in Figs. 5a-5e show that the measured data are reproduced quite
well by our calculations as far as the pre-equilibrium component is concerned.
This is also true for the equilibrium component in the case of Fe, Cr and Mn,
where the sum curve fits the experimental values over the whole range of secon-
dary energies. For 58Ni, however, the contribution of the (n,p) channels cannot
be neglected ii- the Hauser-Feshbach denominator (eq. (41a)) as we have done.
The q-value for the (n,p) reaction is exceptionally low in this case. Therefore
the calculated equilibrium part is too large compared with the measured data.
On the other hand tne relatively low negative q-value of the (n,2n) processes
for 93ub shows that these cannot be neglected as we did. The calculated equi-
librium part in this case is too small. The completion of our calculations
in this respect is underway.

2.6. Jhcident_energ2.dejendence

The data considered so far were obtained with 14.6 MeV neutrons. Below this incident
energy there is a gap without data down to 8.56 MeV. Below the gap there are
measurements againjperformed at Oak Ridge between 4.19 and 8.56 MeV /36/. The
gap must be filled by model calculations. Blann's geometry-dependent hybrid model
appears to be a proper tool for this purpose because it yields absolute cross
sections from the optical model alone without any undetermined parameters. A
check against the data below the gap confirms the usefulness of the model:
Fig. 6 shows calculated and measured cross sections for the reaction 56l'e(n,n")
as a function of residual excitation energy, for an incident energy of 7.54 MeV.
Our model-calculated results are drawn as a smooth line through the fluctuating
curve measured at Oak Ridge /36/. It can be seen that the calculated curve is
close to an average of the measured values. This is at the same time a strong
indication that the geometry-dependent hybrid model with Hauser-Feshbach term
describes the dependence on incident energy of the angle-integrated, secondary-
energy-dependent inelastic neutron cross section adequately. The model can therefore
be used to close the gap, at least in the sense of averages over intermediate
structure. For 56fe(n,n') this interpolation has been used to calculate the inelastic
scattering cross section data which have been incorporated in the KEDAK library
(see ref. A S / ) .
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Fig.6; The angle-averaged continuum differential inelastic-
scattering cross sections per 25 keV per atom of natural iron
for the two contaminant-free sets of measurements of the Oak
Ridge group /3fi/. The solid line represents the results of our
calculations.

This point was discussed in a previous paper /29/. Actually, for the case nf
nucleon-induced reactions, Blann interprets the lowest-order (0Q * 3) contri-
bution from three-exciton pre-equilibrium states as a direct component in the
geometry-dependent version of his hybrid model* We have tested this interpre-
tation by checking whether the angular distribution of the high-energy tail
(energy averaged over 1HeV intervals as before) can be described on this basis.
For this purpose we have written down the energy- and angle-dependent differen-
tial cross section as composed of three components!

(44)
dofe-.e)

dtdn n>5
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The equilibrium component is considered as isotropic as well as the pre-equi-
librium component from states with more than three excitons. The third com-
ponent, however, is considered as the direct component, and consequently we
choose for it the angular dependence given by the plane wave Born approximation.

(45) 'dir (21'+l)
-0 L

where Q » iitQ-k| is the absolute value of the momentum transferred to Che
target nucleus ( in units of fl), the JL<Q

R) are spherical Bessel functions
and the C. , are Clebsch-Gordan coefficients. The factor F ( C Q , E ) is determined
by equating Che angle-integrated direct part with the 3-exciton contribution
of the geometry-dependent hybrid model according to

(46) 'dir n-3

The results are shown together witu the measured angular distributions of the
Dresden group 735/ in Fig. 7. Since many 2 states of 56pe are excite-j in the
considered energy intervals we have put 1,-2 for this rough test. In viev of
the approximations made the agreement is quite satisfactory. The lowest-order
term in Blann's exciton expansion appears in fact to be responsible for the
direct-reaction contribution. It is emphasized once more that our results with
the geometry-dependent hybrid model were obtained,without any fit parameters,
exclusively from co ventional optical-model information. This remarkable success
encourages further 'efinement of the model. The occurence of direct processes
as indicated by Eqs. (44)-(46) and Fig. 7 can also be seen from recent work
by Feshbach /40/. Also the similarity of the averaged spectral shape of DWBA - with
geometry-dependent hybrid results at 90° scattering angle and 17 MeV incident
energy vhieh was fend for the 116Sn(p,p' )-process by Arndt and Reif A 3/ supports
his concept.
In contrast tc the above out]ined concept the direct component has been treated by
Iiukyanov, Salnikov and Saprykin /Mi/, by Fu A 5 / and in ref. /28/ as unrelated
to the pre-equilibrium component u While the pre-equilibrium compoent
is completely omitted in the evaporation + DWBA-fit of Lukyanov et al. /UU/
it has been shown very clearly by Fu A 5 / that the experimental Livermore spectrum
of Fig. 5e cannot be reproduced by absolute Hauser—Feshbach + DWBA-caleulat :.ons
alone unless a pre-equilibriua component is added. Fu has done it by fitting Blann's
first exciton estimate 121. As the other way around the pre-equilibrium component
has been calculated absolutely using the pure hybrid model in ref. /28V and the
experimental energy spectral shape of Fig. 5e could vtry well be reproduced using
in addition a PWEA-fit of the Dresden experimental angular distribution.
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COMPUTER CODES INCORPORATING
PRE-EQUILIBRIUM DECAY

A. PRINCE
National Nuclear Data Center,
Brookhaven National Laboratory,
Upton, NY,
United States of America

ABSTRACT

A. Theoretical Description

After establishing the need to describe the high-energy particle
spectrum which is evident in the experimental data, the various model B
used in the interpretation are presented*

This includes the following:
a) Cascade Model
bl Fermi-Gas Relaxation Model
c) Exciton Model
d) Hybrid and Geometry-Dependent Model

B. Workshop (Problem Session)

The codes description and preparation of input data for STAPRE was
presented (Dr. Strohmaier). A simulated output was employed for a
given input and comparison with experimental data substantiated the
rather sophisticated treatment.

Selected Computer Codes for the Calculation of Neutron
Reaction Cross Sections Combining Compound and

Pre-Compound Reaction Mechanisms
A. Introduction

1.0 Purpose and Nature of Physical Problem
(Pre-Equillbrium Model)

There arc two extremes that are encountered in the energy distribution of

nucleons resulting from a nuclear reaction mechanism. The high-energy end is

usually described in terms of a combined direct (discrete) and compound nuclear

process while the low end is explained in terms of the statistical theory where

the Bohr independence hypothesis is assumed.

In between these extremes there exists a wide spectrum of Intermediate stage

processes characterized by what is commonly called a pre-equillbrium resulting

from the sharing of the incoming energy with a small number of nucleons.

In order to explain these phenomena, several models based on classical and

semi-classical ideas have evolved during the past few years.

The various methods range from rather simple to very complex treatments,

with the basic assumption that the system in ite decaying mechanism

proceeds throng a phase having relatively few degrees of freedom to a higher

order configuration where equilibrium is reached.

During this time-dependent process, the emission of both particles aid

gamma-rays is possible with the mean energy of the particles being greater for

emission from the pre-equilibrium configuration.

The time-dependent classical representation of particle emission may be

expressed as £

where &„ * reaction cross-section,

W (E,Q,t) • probability per unit energy that the reaction may be expressed

in terms of the excitation energy E, in a state Q at a time tf

^<v , I , & /E,Q,t) - probability per unit time that the system in such a

state will emit a particle of type > at an angle & with a kinetic energyf .

The quantity Q is rather general and its interpretation depends upon the

particular model that is used, subject to the condition that

- /

Several review articles have appeared which go into great detail concerning

the various models and their application in interpreting pre-equilibrlum

processes.
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2.0 General Description

2.1 Cascade Model

In this model the interaction is consistent as a quasi-free scattering

process where the target nucleus is taken to be a Fermi gas. The mean free

paths and energy transfers are based on nucleon-nuclson experimental scattering

cross sections and angular distributions, with collisions between two particles

with energy lees than the Fermi energy being forbidden by the Fauli principle.

A Monte-Carlo simulation treatment of Eq. (1) by sampling many intra-

nuclear cascades defines the momenta and coordinates of each nucleon involved

In the cascade.

Bertini developed a code in which the fastest moving particle in each

cascade is followed from collision to collision, while the Brookhaven-Columbia

group ~ followed the evolution of the lntra-nuclear cascade in time.

In both cases the collisions are followed until all particle energies are

below some prescribed minimum.

By following the reaction process explicitly, both equilibrium and pre-

equllibrium spectra may be calculated. The angular distributions of emitted

particles are also predicted.

2.2 Fermi-Gas Relaxation Model

This model encompasses another approach to the solution of the "master

equation" Eq. (l)and is commonly referred to aa the Harp-Miller-Berne Model. '

In this approach the single particle levels are computed with a Fenui gas

spacing. The energy scale is divided into bins having a certain width (e.g.

1 MeV) and the number of available single particle levels in each bin is

calculated and stored. The change in the population of states occurs as the

result of two nucleons, which are in different single particle states, being

scattered. The fractional change in each bin is calculated as a function of

time.

The evolution process is carried out sequentially in units of time which

are short compared to the nucleon-nucieon collision time.

An advantage of this model is that nuclear structure effects may be re-

produced when a realistic set of single particle levels are used. However,

the angular distribution of emitted particle cannot be met«

2.3 Exdton Model

12 13
This model is a phenomenological one and was proposed by Griffin '

The status of the system is classified according to the number of particles

(p) and holes (h) that it contains. In this model a nucleon is assumed to

enter the nucleus forming a one-particle (lp) zero-hole (Oh) state. Upon

interaction with one of the target nucleons a 2p - lh state is formed. Fur-

ther collisions create more particle-hole pairs (e.g. 3p - 2h, 5p - 4h, etc.).

The interaction of these excitons "1A the other nuclear particles permits

various states to exist. For each group of states there is a certain number

that can undergo particle emission. Therefore, a nuclear cascade is initiated

which ends when statistical equilibrium is reached for a particular exciton

number. The spectrum may then be calculated for each class of states.

The evolution of the system is described in terms of a set of coupled

differential (master) equations, which have the form

A-i
- PC

r

",*)) A + («\
U
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There is one equation for each permissible n. The following quantities

are defined:

p(n,t) is the occupation probability of an n-exdton state

at time t,

> (n,E) is the transition rate for the transition of an n-exclton

state to an (n+2)-exciton state,



is the transition rate for the transition of an n-exclton

state to an (n-2)-exciton state,

is the emission rate for a particle v with energy between

£ and C +d*", for emission to the continuum from an n-exciton

state,

E is the excitation energy,

B v is the binding energy of particle V in the composite

nucleus,

The pre-equllibrium spectrum for a particle y is given by

fit* CO ' <£ (r* ) "T- *"" 'r' J P

where <S~ (tJ) is the formation cross section for the composite nucleus.
c w

The pre-equilibrium cross section is obtained by Integrating the spectrum

over an appropriate energy range.

The emission rate of particles of typa Q with p. nucleons and energy £ may

be expressed as

By using an exact matrix method to solve the set of master equations, the

artificial time division between the pre-equilibrlum and equilibrium processes

is eliminated.

2.4 Hybrid and Geometry - Dependent Hybrid Model

The hybrid model 1 6' 1' combines the features of the Fermi gas relaxation

model and the exciton model. The excited particle populations during

equilibrium are calculated assuming equally-spaced single particle states as

in the exciton model. The states are classified according to the number of

particle of holes they contain, and the intranuclear transition rates were

determined by calculating the mean free paths of the nucleus In nuclear matter.

A further refinement In which nuclear geometry effects were considered led

to the development of the "geometry-dependent Hybrid Model."

The pre-equilibrlum emission probability is given as

^ is the reduced mass, £^(f~) the cross section for the inverse process,

S,j the spin of the emitted particle. R/j(p) is the probability of finding a

particle of type £ among the p particles, while W (p,n,E) is the density of

the initial exciton state and W (p-p0 , h, U) is the density of the residual

nucleus with an excitation energy U.

Several methods have been proposed for solving the master equations; they

are tttfiewed in Refs. 2 & 4.

Recently a more unified approach has been made in which equilibrium is

approached via a pre-equllibrlum process^thus the evaporative component is a

natural consequence of the method.

where np is the number of particles of type x (neutrons or protons) in the

n-exciton staLe.

§p h^°' £^ i s t h e denslt:y o £ states with n-excitous such that if one la

emitted, it would have an energy£*.

0 h(E) is the density of n-exciton states and excitation energy E. A W)

is the emission rate into the continuum of a particle with channel energy f j g

is the single particle level density of the composite nucleus.

Is the transition rate of a particle at energy C* V (V-real potential

well depth).

The multiplication factor D n is the fraction of reaction cross sections

surviving decay from simpler states.
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B. Workshop (Problem Session)

The following codes hive been chosen as examples of calculating reaction

cross sections and particle spectra resulting from both equilibrium and pre-

equillbrium conditions.

STAPRE: H. Chi and B. Strohmaier

I OVERLAID ALICE: M. Blann

Abstracts and general information on other codes that also handle cross

sections and particle spectra are given for the following codes:

GNASH: (A Multi-purpose Statistical Model Code) (Unpublished) P. G. Young

and E. D. Arthur, LASL, U.S.A.

TNG: (A Two-Step Hauser-Feshbach Code with Precompound Decays and Gamma-

Ray Cascades) (Unpublished) C. Y. Fu, ORNL, U.S.A.

MODESTY: H. Matthes, Ispra, Italy.

1. STAPKB

A detailed description of this code is given in the lecture by

B. Sirohmaier and M. Uhl on "STAPRE - a statistical model code with

consideration of pre-equilibrium decay" delivered at this Course.

Name of Code: STAPRE (A computer code for particle Induced activation cross

Bectlons and related quantities).

Authors: M. Uhl and B. Strohmaier

Institution: Institute for Radium Research and Nuclear Physics, Vienna, Austria.

Nature of Problem Solved: STAPRE is a statistical model code for calculating

particle-induced cross sections using discrete (Hauser-Feshbach) evaporation

and pre-equilibrium (exciton model) formalisms. Gamma decay Is described by

means of a cascade model.

Program Language: FORTRAN IV.

Program Size: CDC Cyber 61,400 words.
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2. OVERLAID ALICE

Hame of Code: OVERLAID ALICE

Author; K. Blann

Institution: Univ. of Rochester, Rochester, New York, USA

Documentation: COO-3494-29, 1975

COO-3494-32 (Revised) 1976

Nature of Problem Solved: Evaporation cascade including fission plus pre-

pquillbrium emission based on Hybrid Model using neutrons, protons, and

deuterons as projectiles.

Program Language: Fortran H

Size of Program: 180K bytes - IBM 360/75

In overlay mode the code is designed to run with less 140k

bytes of core.

OVEPLAID ALICE

Types of Calculation

This computer code can perform several types of calculatitas and

combinations of these types:

(l) a standard Weisskopf-Ewing evaporation calculation ' with multiple

particle emission. Emitted particles may be either neutrons; n and p; n, p, and

a; or n, p, a and d. Excitation energies of the compound nucleus up to 200 MeV

can be considered. Residual nuclei (evaporation reeidue yields) of a grid 11

mass units wide by 9 atomic numbers deep may be calculated as the code Is

presently dimensioned. Particle spectra may also be selected in the output.

The inverse reaction cross sections may either be read in from cards, or

by default are computed by the optical model subroutine. The latter means that

* 952 of the total computation time is used in generating the inverse cross

sections. For this reason the o(inv)results are punched on cards for possible

future use, unless the punching is suppressed.

The evaporation cascade is computed with 1 MeV bin width with the method

previously described In the literature .

(2) An s-wave approximation ' may be selected, which gives an upper limit to

the enhancement of Y~rav deexcitation due to angular momentum effects. In this

option the calculation of (1) is performed but for every partial wave in the

entrance channel. In this approximation it is assumed that the rotational

energy for each partial vave is Irrevocably committed to rotational motion and

therefore unavailable for particle emission. The rotational energy versus J

may be selected either as the rigid rotor value, or from the equilibrium de-

formed rotating liquid drop model of Cohen et_ al. The transmission coeffi-

cients for the partial waves to be used in the computation may be read in from

cards or by default will be provided by the parabolic model routine (projectile

atomic number ^_ 2) or by the optical routine (n,p,d).

(3) The evaporation calculation can include fission competition according

to the Bohr-Wheeler approach, using angular momentum dependent ground

state and saddle point energies • The latter values come from the

Cohen ot_ £l. rotating liquid drop calculations* The calculations may

be performed at every partial wave or by bins or partial waves which

differ by 1 MeV in rotational energy. Default gives calculation over

all partial waves, however, upper and lower limits on angular momentum

may be selected (i«e« the calculation may be limited to an angular

momentum Vindow*). Provision is made in input to modify the liquid drop

fission barrier by some factor, as well as the af/an ratio (default = 1).

An option exists by which it is assumed that neutron emission carries

an average of i&i in angular momentum from the emitting nucleus, and

proton emission 3fi .

(4) Provision is made to permit precompnund emission via the hybrid model '

for t,he first neutron or protom emitted* Input for this aspect (including

the geometry-dependent approach) as discussed in greater depth in report
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COO-3494-<!7 • When this option is selected in conjunction '"ith fission,

the author has assumed that the fast pracompound process will precede

fission with no competition. As excitation energies increase and fission

and evaporation widths increase, this assumption may become f.nvalid.

However, it should also be noted that the basic criteria of the compound

nucleus model are not met, and the fission and evaporation calculations

are of questionable theoretical validity. fLet the buyer bewareM

The actual input variables are described on the comments cards

preceding the main program* The CALL SHRSET subroutines in MAIN are

overflow and underflow instructions (largest number and continue, zero

and continue) and should be replaced by the hardware or software of the

computer to be used.

The treatment of angular momentum is approximate.
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3. CNASH

A Multipurpose Statistical Theory Code

CODE HAMS: CNASH (Gamma-ray, Neutron, and Asserted Particle Spectra

from Neutron-Induced Reactions on Heavy Nuclei).

AUTHORS: P.G. Young and E.D. Arthur

COMPUTER: CDC 7600

CAPABILITY: GNASH calculates level activation cross section, discrete

gamma—ray cross sections, isomer ratios, and neutron,

gamm-ray and charged-particle spectra from almost any

combination of nejtron-induced reactions up to 20 MeV or

higher. The code handles de-excitation of up to ten nuclei

in the decay sequence, and each decaying nucleus can emit

up to six types of radiation (neutrons, gamma—rays, protons,

alphas, etc.). A maximum of 50 discrete levels can be

included for each residual nucleus formed in the calcula-

tion, which provides great flexibility in calculations of

activation cross sections, isomer ratios, etc. Examples

of reactions that can be handled in a single calculation

are (n,y), (n,n'y), (n,vn')« (n,py), (n.npiOi (nt«nv)i

(n,2ny), (n,3ny), (n,4ny), etc.

METHOD: The calculation follows closely the statistical theory de-

scribed by Uhl . Widths for particle decay are computed

from externally calculated optical model transmission coef-

ficients. Gamma-ray widths are calculated using either the

V/eisskopf single-particle approximation or the Brink-Axel

• giant dipole resonance model. Gamma-ray emission by elec-

tric arid 'magnetic dipole or quadrupole transitions are al-

lowed, and gamma-ray cascades are followed in detail. The

Gilbert and Cameron form of level density function is used

and is matched with inputted discrete data for up to 50 low-

lying states per residual nucleus. A simple pre-equilibrium

model is used to correct particle spectra and level excita-

tion cross sections for semi-direct processes.
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4. TNG

Name of Code: TNG (A Two-Step Hauser-Peshbach Code with Precompound
~" Decays and Gamma—Ray Cascades)

Author: C.r. Fu, ORNL

Computer for which Code is Designed: IBM 360/75 and 360/91

Nature of Physical Problems Solved: The code is designed for calculating

nuclear "eaction cross sections below 20 MeV, Binary—reaction, tertiary-

reaction and gamma—ray-production cross sections such as (n,y), (n,p), (n,2n),

(n,n'y), (n,any) may be calculated. Energy distributions of secondary

particles and gamma rays may "be output in SNDP/B formats. Angular distributions

of the first outgoing particles may be output in terms of Legendre coefficients.

2
Method of Solution: The Hauser-Feshbach formula for compound binary reactions

is extended to include tertiary reactions. Sequential decays without

correlation between the two outgoing particles are assumed. Transmission

coefficients needed for each step of the sequential decays arc calculated

with an in-house optical model without spin-orbit coupling. Binary-reaction

part of the code, including width-fluctuation corrections, is based on the

ORNL Hauser—Peshbach code HELENS. A precompound model may be included as

a correction to the energy distributions of the first outgoing particles.

Gamma—ray competition with the second outgoing particles and the gamma-ray—

cascades calculations are spin- and parity—dependent, thus sensitive to the

angular momentum effects o. the Hauser-Feshbach method. Gamma—ray branching

ratios, if not available experimentally, are estimated from the tails of

electric giant dipole resonances. The parity selection rule of electric

dipole transitions may be partially relaxed as a means of including magnetic

dipole transitions.

Restriction on Complexity: Present dimensioning restricts a maximum of thre^

types of binary particles and three types of tertiary particles.

Representative running time: The running time is roughly proportional

to (E x £E) where E is rhe incident neutron energy and AE the con-

tinuum bin width. For E = 14 MeV, AE = 0.2 MeV and a case that in-

cludes (n,n'x), (n,px) and (n,ctx) with x • Y, n» p, or Of, and gamma-

ray-cascades for every residual nucleus, the running time would be

roughly two minutes on IBM 360/91.

Related or Auxiliary Programs: Collective excitation cross sections

from measurements and/or calculations *nay be Input to TXG so that the

collective effects are included in the calculated gairma-ray-production

cross sections.

Status: In use at ORNL.

Machine Requirements: 300 K bytes of core.

Materials available: Complete code package will be available by July 1, 1975

from the Radiation Shielding Information Center at the Oak Ridge National

Laboratory.

Acknowledgements: Work funded by the Defense Nuclear Agency and the Atomic

Knorgy Agency under contract with the Union Carbide Corporation.
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5. M0D3STY

Name of Code: MODESTY (Calculation of Nuclear Reaction Cross Sections with

the Statistical Model) EUR 5722.e (1977)

Author: W. Matthes

Establishment: Joint Research Centre, Ispra, Italy

Nature of Problem Solved! Code MODESTY calculates all energetically possible

reaction cross sections and particle spectra within a nuclear decay chain.

It is based on the statistical nuclear model following the method of Uhl

where the optical model is used in the calculation of partial widths and the

Blatt-Welsskopf single particle model for V decay.

The program Is designed in the "modular concept in that all necessary nuclear

data are automatically searched for from an external (tape or disc) library of

fundamental data.

Flans are underway to modify the code to include pre-equlllbrium effects and

a more sophisticated treatment of /-decay by including the Brln):-Axel model.

(1)

Program LanRuage: PL/1 (IBM 360/75)

Size: 130k bytes

Ref.

1) M. Dhl, Acta Physics Austriaoa 31, 245 (1970)
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STAPRE - A STATISTICAL MODEL CODE
WITH CONSIDERATION OF
PRE-EQUILIBRIUM DECAY

B. STROHMAIER, M. UHL
Institut fir Radiumforschung und Kernphysik,
Vienna, Austria

Abstract

A computer code based on the statistical compound nucleus
model and the exciton model is described. The emission of up
to six particles, intermediary gamma-ray cascades and fission
are taken into account. The employed models, the proceeding of
the code, the required input data and the output are discussed.
By means of several neutron-induced reactions the influence of
model parameters on the calculated cross sections is illustrated.
1. Introduction

The code STAPRE is designed to calculate energy-averaged
cross sections for particle-induced nuclear reactions with
several emitted particles and gamma-rays under the assumption
of sequential evaporation. The different ways of populating a
particular state of a final nucleus by such a reaction are
illustrated in fig. 1.

Each evaporation step is treated within the framework of the
statistical model with consideration of angular momentum and
parity conservation. For the emission of the first particle
preequilibrium decay is taken into account. For a specified
sequence of up to six emitted particles the following quanti-
ties can be obtained for all nuclei involved in the cascade:

i. activation cross section
ii. population of isomeric states

iii. production cross sections for gamir.a-rays from low
excited levels

iv. energy spectra for all emitted particles and jf-rays.
The angular distributions of the emitted particles and gamma-
rays are not calculated.

A version of the STAPRE code with the above features has
been made available to the NEA Programme Library in Ispra for
general distribution. Lately the code has been modified in
several respects. The most important extension is the inclusion
of the fission process. Further improvements regard the width
fluctuation correction for first chance emitted gamma-rays and
some additional options for preequilibrium decay. Subject of
this lecture is the most recent version because it will also
be available before long.

First, we describe the employed models. Then, the input data
of the code will be discussed. By means of examples their in-
fluence on the results will be illustrated. Finally, the out-
put will be commented upon.

2. Models employed and proceeding of the code

The calculation of the above-named quantities is based on
the following models:

The equilibration of the composite system formed by projec-
tile and target nucleus is described in the frame of the exci-
ton model; this is only one of the current models for this pro-
cess. In the preequilibrium stage of the reaction particle
emission is assumed to be the only decay mode; preequilibrium
photon emission and fission are thus neglected. For the equi-
librium portion of first chance particle and photon emission
as well as for first chance fission the width fluctuation
corrected Hauser-Feshbach (HF) formula is applied. Higher
chance processes are treated as sequential evaporation steps.
For fission either a single-or a double-humped barrier can be
assumed.

As c guide for explaining the application of t'r.ese models a
schematic drawing (fig. 2) of the proceeding of the code is
used as in this way it can be illustrated how the various
models are combined. .,

In the following the term "i compound nucleus (CN)" means
that nucleis resulting from emission of (i-1) of a specified
sequence of emitted particles (ni,ii2»"3> ••• '• Hence, the
system formed by incoming particle io and target nucleus T is
called first CN even if not yet in the equilibrium stage. Each
CN is assumed to be subject to fission.

2.1. Hauser-Feshbach denominator and fission probability

The program at first generates a table containing for each
CN the HF denominator NjtU.J.n) and the fission probability
R?(U,J,ri) for all excitation energies U (in steps defined by a
grid of binsize DU)and all values of angular momentum J and
paritynwhich are required for the subsequent evaporation cal-
culations. For the calculation of excitation functions these
tabulated quantities are used for all incident energies.

The HF denominator is defined as the sum of transmission
coefficients T for all open channels c

)<-H+(u,3,n) (D
and therefore consists of contributions resulting from particle,
gamma-ray and fission decay.

The excited states of residual nuclei as well as the tran-
sition states at saddle-point deformation which both enter in
the definition of the various channels are described by a level
density f(U,J,n). At low excitation energy where complete in-
formation on the quantum numbers (E.,Ii,IL) of "discrete levels"
is available the level density reads:

In the energy region above the discrete levels which will be
referred to as "continuum" the level density has to be calcu-
lated by means of a model.

In the following we briefly describe how the various decay
modes are treated.
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i. Particles

The transmission coefficients are related to the optical
model and have to be supplied as input data. In the code STAPRE
the channel-spin coupling scheme is used. The transmission
coefficients for particle of type i are assumed to depend on
orbital angular momentum 1 and energy e of relative motion
only: T£ = TJU).

It is assumed that the emission of neutrons, protons, a-
particles and deuterons contributes to the HF denominator. Of
course this list of evaporated particles can be extended by
minor modifications of the code.
ii. Photons

By assumption the gamma-ray transmission coefficients T<Jf
only depend on multipole type XL and transition energy E. They
are related to the gamma-ray strength function fX (O by

Tr--BtW-hu"-<tett). Tr B W t e . )
For the energy dependence of the E1 strength function the
Weisskopf or the Brink-Axel model car be used [1]. The strength
functions for Ml, E2, ... M3 radiation are for the present ob-
tained from the Weisskopf model and normalized relative to
•f(£(£) . The gamma-ray transmission coefficients are nor-
malized by fitting the average total s-wave radiation width at
the neutron binding energy.
iii. Fission

Fission channels are defined by transition states at saddle
point deformation. The fission transmission coefficient 17
is related to the penetrability Tc through the fission barrier
associated with the transition state c. In order to reduce the
number of model parameters it is assumed that the fission
motion along the "fission path" can be described by only one
deformation coordinate and that barriers associated with diffe-
rent transition states have the same shape.

For a barrier with parabolic shape characterized by height
E and curvature tio the penetrability P(U) as function of exci-
tation energy U is given by the Hill-Wheeler formula [2]:

Under the assumption of such a single-humped barrier the
transmission coefficient TJ(U,J,n) for fission decay of com-
pound nucleus states with (U,J,n> via channel c reads:

Here (E0,Ic,nc) are the excitation energy, spin and parity of
the transition state specifying the channel c. Conservation of
angular momentum and parity is accounted for by the factor Sin,ltnt.

The fission contribution N* (U,J,n) to the HF denominator and
the fission probability R1(U,J,n) are given by:

The treatment of fission under consideration of a double-
humped barrier closely follows the model proposed by Back et
al. [3]. The shape of the barrier is essentially approximated
by three smoothly joined parabolic sections and is therefore
characterized by six parameters: the heights (Eft,Ej, En) and
the curvatures i^UR,^(JB."^U« ) of the inner barrier A, the
outer barrier B and the secondary minimum.

The following consequences of the secondary minimum in the
deformation energy surface are taken into account!

ai_Damp_in2_in_the_secgnd_well: Interaction of the fission
mode with internal degrees of freedom excites compound
nucleus states in the second well. Fission decay of these
states provides an "indirect" contribution to fission.

bi_Intermediate_class_M_structure: Coupling between compound
nucleus statel in the first well (class I states) and
those in the second well (class II states) enhances the
indirect fission contribution for energies near a class II
state. This intermediate structure is of importance main-
ly for sub-barrier fission.

Damping is accounted for by adding to the real deformation
potential a negative imaginary part located at the position of
the second well. Solution of Schrodinger's equation for the
fission mode gives the directly transmitted flux P*°(U) and the
absorbed flux $J-™(U). At the positions of quasibound vibrational
levels both of them exhibit vi brational resonances with a width
which increases with the extent of damping.

For partial damping the fission transmission coefficient Tc
consists'of a~direct and an indirect contribution which are re-
lated to the transmitted and the absorbed flux, respectively:

IHA

(6)

The quantities P and P are the penetrabilities through the
separate barriers A and B and are calculated by means of the
Hill-Wheeler formula (eq. (1)). The normalized weight function
pn (U'-U) describes the energy dependence due to intermediate
class \l structure in an interval Lu-A, U+6] small enough so that
all other energy-dependent quantities are nearly constant there-
in. The expression for the indirect contribution to the fission
transmission coefficient in eq. (6) is based on the assumption
that the states in the second well which are excited by the ab-



sorbed flux decay either by penetration of barrier A or barrier
B which leads to fission. Particle and gamma decay in the second
well are neglected. Hence the cross sections for the population
of "shape isomers" cannot be obtained.

The code STAPRE computes only cross sections which are
averaged with respect to intermediate class SI structure. The
average values are calculated using a schematic model for the
class II states which was proposed by Back et al. £3 ] and by
Lynn t4]. In this model with equidistant class II states (spa-

^n ) l i d h w()'1Jilrl{**) h h f i^ ) of ectual width
-u) reads:

q p
Ww»(2it)'1Jilrl{N*+N*) the weight functioncing

rin (u'

By means of eqs. (6) and (7) the average value of the fission
probability and of the branching r=>Mos for the other decay
modes can be obtained in closed form.

Due to the growing density of class II states the damping in
the second well increases with energy. In the limit of complete
damping the directly transmitted flux can be neglected and the
absorbed flux is given by the penetrability PA through the inner
barrier. Hence the fission transmission coefficient becomes:

In this limit barrier A and B act independently. For many prac-
tical applications the complete damping limit is also adequate
at small energies and can therefore optionally be used for all
energies. The calculations are simpler then but can, of course,
not account for vibrational resonances.

2.2. Equilibration

The equilibration of the composite system formed by projec-
tile n o and target T is treated in the framework of \.he "exciton
model" [5] - [10].

Starting from a simple configuration the composite system is
assumed to equilibrate through a series of two-body collisions
and to emit particles from all intermediate stages. The states
of the system are classified according to the number n of
excitons or more specifically to the numbers p and h of the
excited particle and hole degrees of freedom. The application
of a two-body interaction to states of a (p,h)-configuration
leads to states with (p+1, h+1),(p,h) or (p-1, h-1) excited
particles and holes. In competition with these internal transi-
tion particles can be emitted from each state. For all these
processes transition rates averaged over all states of a con-
figuration are employed. ... ,k.

The population probability b l '(n) = bk '(p,h) of the states
of a (p,h)-configuration resulting from k internal transitions
is obtained from;

(8).

in eq. (8) Jt(t0,>o(n) and 1-(n) are the average rates for internal
transitions with a change of the exciton number by an amount of

+2,D and -2, respectively, and \Y(r\ity)iiY is the average
rate for emission of particle y with energy of relative motion
£*•. The quantity A'(n) therefore represents the total rate for
emission of particles. Starting from an initial population
probability

b ( 0 tnV Snn. or fcl"(f,M- Spp» Sw,.
successive application of eq. (8) gives the populations of the
various (p,h) configurations by processes with an arbitrary
number k of internal transitions. With increasing k the ratio
btkH)(nV I.1*1 (<0 becomes independent of n and k what indicates
that equilibrium has been reached and hence can be used to
determine an upper limit K for the number of internal transi-
tions to be considered for preequilibrium decay. The preequili-
brium contribution f̂-̂ T.m &U to the differential cross section
is oivpn hw ^ Vis given by

&« Js,= ej;" Z Z ^ W ^ <*USift (9)
where s'JJ" represents the optical model absorption cross section
for the projectile id. The fraction qf* of the initial popula-
tion surviving preequilibrium emission is given by

f'•""

1 ?
f a n d q'1* are the quantities which are required for the

further calculations as shown in fig. 2. In order to evaluate
these two quantities actually one needs the rates X+(n), X0(n),
A-(n) for internal transitions andX5.(r>j£V) for particle emission.
The rates M«), KM and A_M are related by the formulas of
Williams [11] to /M/2,the absolute square of the average
effective matrix element of residual interactions:

where U is the excitation energy of the composite system and g
the single particle state density. A Pauli-principle correction
proposed by Cline tJ2] can be applied.
For the dependence of /M/2 on mass number A and excitation
energy U the expression

/M/2 = FM'A"3U"1 (12)

proposed by Kalbach-Cline [13] is used; the quantity FM is an
adjustable constant. The rates >'(n,j->.) for particle emission
are calculated from detailed balance considerations:

(13)

3I5



The symbols have the following meaning:

i y.
Sv.

of particle V

Ev.

spin
number of nucleons(
number of protons
binding energy
reduced mass 1
energy of relative motion ? in the exit channel

Sy... inverse cross section j
2. ... charge number of the composite system.

The quantity oj(p, ii,UJ represents the density of states with
excitation energy U, p particles and h holes; these densities
are related by means of a formula given by Williams [14 3 to the
single particle state density g.
The factor fy is meant to take into account the nature of the
emitted particle roughly in a combinatorial way.

In the recent version of the code charge conservation and
o-preformation as proposed by Gadioli et al. [15] and by
Milazzo-Colli [16] can be considered for nucleon-induced
reactions. In case of nucleon emission charge conservation
favours ths emission of particles of the same type as che pro-
jectile. The factortv in eq. (13) then reads:

H. = — - — f *v... projectile and emitted particle

of same }
different]

type)

For a-particle emission fv = 1 and the ratio of the particle-
hole state densities depends on the ̂ reformation factor as
described in ref. C.16].

In the described treatment of the preequilibrium decay
angular momentum and parity are not taken into account. There-
fore, the population of levels with given angular momentum
and parity cannot be calculated without additional assumptions.

2.3. Width fluctuation corrected HF formula
The decay modes of that part of the population of the first

CN that survives preequilibrium decay are described by means
of the equilibrium compound nucleus model, that is, the HF
formula is used to calculate the cross sections for first -
chance particle emission, $ -ray emission and fission of this
portion of the population. For entrance channel c and exit
channel c' and a total angular momentum J and parity H the
formula in well known notation reads:

TcT c (14) .

The factor Sj" corrects the average with raspect to fine
structure for fluctuations of the partial width ("width fluc-
tuation" (WF)); it depends or. the transmission coefficients T£
and the fluctuation indices vc for all open channels and is
given by the following integral [17]:
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The product comprises all open channels compatible with
angular momentum and parity conservation. The integral is cal-
culated numerically under the hypothesis that, due to the large
number of contributing channels, the total radiation wiSth does
not fluctuate. For the same reason it is assumed that $!"• does
not depend on the exit channel c1 if it is a photon channel.
For the present the fluctuation indices •>£ have the same value v
(usually Y = 1) for all channels.

If due to fission contributions the cross section Jj
has to be averaged with respect to intermediate class \\ struc-
ture this is done by a further numerical integration over
energy employing eq. (7) for the weight function fln(U'-U)-

For inelastic processes the WF correction factor approaches
unity with increasing number of open channels. In order to save
computation time the calculation of the correction factor is
then turned off by an internal criterion.

By means of eqs. (14) and (15) the contributions of the
different decay modes to the respective cross sections are ob-
tained as» follows:

ESSiAibSilKS-IiESEzSlJSSSS-BiJEticle^emission contributes a
fraction ™ ~ I " ~

WBf(lUn)AU= f- I I «* jjM.nl AU ^
to the population WF,'i'(U,3,n)JSU of levels with excitation
energy in an interval 41) around U and with angular momentum J
and parity tl of the second CN. The sum |E,. ±s over all angular
momenta and parities of the first CN and the sum E. refers to
particle channels and is restricted by angular momentum and
parity conservation. The quantity <\tn is defined in eq. (10) and
corrects for loss of initial population by preequilibrium
emission. Due to the definition (sec. 2.1.) of the level density
the above expression for WBiJ*' refers to the continuum as well
as to discrete levels. The same holds true for all further
equations defining populations, therefore no distinction
between the region of discrete levels and the continuum will be
made furtheron.

First_chance_gamma-ra^ emission defines the population
\NB'*'UI,3,n)flU of "the .first'compound nucleus:

The sum f. now refers to photon channels and is restricted
by multipole selection rules; e.(U,3,n) is the level density of
the first CN. '

For the IiE§t_chance_fission cross section one has to sum
over all fission channels cT:~~

2.4. Gamma-ray cascades

The states of the first CN populated by primary gamma-rays
can undergo transitions to lower-lying states. Such f-ray
cascades populate the ground state or isomeric states. The pro-
blem of de-excitation by Jf-ray cascades; also occurs for the
further CN as will be seen later on. An accurate treatment of
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gamma-ray cascades is important for the calculation of acti-
vation cross sections, population of isomeric states* Jf-ray
production spectra and for the consideration of all processes
where gamma emission precedes particle emission or fission.
Therefore we give a general description nf g-ray cascades in
this place suppressing the subscript denoting a particular CN.

The population of levels with quantum rumbers (D',1',11' ) by
photon emission from levels (U,J,ri) is governed by the branching
ratio for gamma-ray emission R'f'(U,J,n ;U' ,J '.fl') :

( f f /
where the sum of the 8~ray transmission coefficients is re-
stricted by the multipole selection rules.

The population WBl"l(0',̂ ;n')iU'of levels with "JMl in an inte-val
All' around U1 by n successive gamma transitions can be obtained
by the following recursion relation:

fJuF l " " r ' ) ( u ; y 1 ) '
where Umax is the maximum energy up to which the considered CN
is populated. The recursion starts from a population WBCo) which
for the 1 s t CN comes from primary gamma-ray emission, for all
further CN from particle_emission of the preceding CN. The
cumulative population U|B(U' 3'(n' )AU' is the result of all possible
jf-ray cascades:

This quantity is of relevance for all further calculations and
obeys the following relation:

WBw(u;y1n')AU'+ ")
ru«*» .— ._!•,.,-, « . i/iwWiffn'Ml;' f (20).

For U! in the continuum this is an integral equation for the
quantity SB which in the STAPRE code is approximately solved by
introducing an energy grid with binsize DU:

If K is the number of the bin containing U m a x and if IT-ray
transitions between states_lylng in the same bin are neglected,
the integral equation for WB can be reduced to the following
system of successively to be solved linear equations:

y, n')

As already explained, the quantities NB("'(UAn)AU and
DJ8 t U, 3,n)All are understood as the populations of each single
level (Ej,,I|, (ly ) as far as the excitation energy U is in the
region of discrete levels. For che #•-branching ratio for tran-
sitions between discrete levels the experimental values are
used.

The Jf-ray production spectrum is obtained by appropriate

VJBS,ii>;y.rrW= 2 S,^u WB^J,:,n) ̂ '(u.in, u',3',n'J^
The branching ratio f?JL for emission of particle Jli

book-keeping m the course of the solution of eg. (20). The
activation cross sections for ground state and isomeric states
are given by their cumulative population.

2.5. Higher-chance particle emission and fission

Levels of the 1 s t CN which are populated by the different
gamma-ray transitions can emJ.t particles if this is allowed by
energy conservation. As this higher--chance p.rticle emission is
equally treated for all CN the following description Is r,ot re-
stricted to the 1st CN.

Emission of particle ir̂  from the i1" CN with cumulative popu-
lation W6:(U,1, n)i(J leads, to the population Wg.'JllU' I'tV) AU' of the

(21).

gw=!n by

The sum is over crbitai angular momentum 1 and channel spin s
and is restricted by angular momentum and parjty conservation.
The cumulative population W8^on the right hand side of eq. (21)
results froir. the gamma-ray cascades occurring before the
emission of particle X,. .

Together with W3ji, the contribution to the emission spectrum
of particles of type li is calculated.

The contribution of the i t n CN to the total iission cross
section is calculated from the fission probability
and the cumulative population as

Sir.,n,...it,-,f = Is S AU WBi(U,i.n) sftuyn) (22).
In this way all processes where gamma-ray cascades are followed
by fission are taken into account.

2.6. Combination of equilibrium and preequilibrium particle
emission

To the population WB'l' of the :-nd CN contributes on one hand
preequilibrium, on the other equilibrium decay. The equilibrium
contribution consists of a portion describing 1 s t chance par-
ticle emission and a portion of particle evaporation after
gamma-ray emission. The latter in general is negligible compared
to the former. Since the preequilibrium model described in
section 2.2. does not consider angular momentum and parity, it
is assumed that the population ^'•'i AU is distributed among f-.hs
levels with different spin and parity in the same proportion as
the equilibrium contribution is. Hence the population INS"'is
given by

where

u

This is certainly a crude approximation which has to be im-
proved in future. Its consequences become the more important 317
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the more the preequilibrium fraction increases, that is with
increasing incident energy. Besides, this approximation affects
the different calculated quantities to a different extent. The
effect on total activation cross sections or on particle pro-
duction spectra is smaller than on cross sections which criti-
cally depend on the spin and parity distribution as e.g. iso-
meric state population cross sections.

2.7. Succession of if-ray cascades and particle emission or
fission from the 2 n" CN on

Once the starting population for if-ray cascades WB?(.UA rOAU
for i* 2 has been defined, the possible decay modes are treated
alike for all CN. The gamma-cascade model gives the cumulative
population WJ;(U.3,n)AU from which the contribution to the fission
cross section and the population W>l'U of the next CN are cal-
culated by means of eqs. (21) and (22), respectively. The con-
tributions of the various CN to the ir-ray production spectrum,
to the fission cross section and, as far as particles of the
same type are emitted, to the particle production spectrum are
summed up.

In order to save computation time, the calculation of gamma-
ray cascades can be suppressed for several CN. If N is the
total number of CN for a particular reaction the y-ray cascades
optionally can be neglected for the CN with numbers 1 ,2,.. ,Nj-cN.
In_ this case, in eqs. (21) and (22) the cumulative population
UIB; is replaced by WB1;'.

3. Input data

We do not give a complete description of the input data here
but only explain such quantities which control the calculations
and such on which the results c r i t i ca l ly depend for physical
reasons. This dependency will be i l lustrated by means of some
examples for neutron-induced reactions.

3,1 . Control parameters and energy binsize

The sequence of emitted particles has to be chosen by means of code
numbers among the following particles: (n,p,o,d). The projectile, however,
may be of arbitrary type. In addition, the number of particles contributing
to the HF denominator can be restricted to a number less then four. If one
is e.g. interested only in neutron emission fran heavy nuclei where the
evaporation of charged particles is strongly hindered by the Coulomb
barrier, computation time can be saved by neglecting the charged particle
contributions to the HF denominator.
The computation time can also be reduced by considering ganwa-ray cascades
not for all CN. E.g., at higher incident energies gamna-ray cascades for
the first CN may be neglected by choosing Nj(. = 1 (see sec. 2.7.) if one is
only interested in particle emission and not in the capture reaction.

The calculation of the WF correction optionally can bp
turned off; in addition one can specify the fluctuation index
and the accuracy up to which the correction factor (see eq.
(15)) is computed.

As already mentioned in sec. 2.4. an energy grid whose bin-
size i s DU is Introduced for the approximate calculation of

integrals with respect to energy in the continuum region. For
the choice of DU one has to consider the numerical accuracy
and, on the other hand, the central memory and computation
time requirements. Values between 0.1 and 0.5 MeV for the bin-
size are recommended.

For the calculation of the excitation function the incident
energy can be diminished automatically, starting from a given
value. Since the HP denominator for each CN is stored binwise,
the energy steps for the excitation function have to be chosen
as integer multiples of DU.

3.2. Separation energies

The binding energy of the projectile and the separation
energies of all particles whose emission is considered in the
HF denominator have to be supplied. Tables of separation
energies have been published by Wapstra and Gove [18,19] and
Viola et al. [20].

3.3. Optical model transmission coefficients

The particle transmission coefficients have to be created
by an optical model code and supplied as input data. For the
most important particles, in particular for nucleons, there
are global optical potentials which can be used for generating
the transmission coefficients. To obtain as accurate results
as possible the transmission coefficients should be calculated
from optical potentials which well reproduce the available
experimental data as e.g. total cross sections, differential
elastic cross sections and strength functions. This may re-
quire an adjustment of the parameters of the above-mentioned
global potentials. For permanently deformed nuclei the use of
a coupled-channel code for generating the transmission coeffi-
cients is recommended as the excitation of the low-lying
collective states by inelastic scattering constitutes a consi-
derable part of the absorption cross section.

We don't discuss further details of the optical model here
because several lectures of this course are devoted to this
subject.

3.4. Data required for the creation of gamma-ray transmission
coefficients

The maximum multipolarity of electric and magnetic radiation
can be chosen less or equal three. If the El strength function
•ft1!! is calculated according to the Brink-Axel model, that is:
derived from the El photo-absorption cross section, one has to
specify the parameters for the E1 giant resonance (resonance
energies, widths and peak cross sections). A compilation of
such parameters for nuclei with A * 90 has been given by
Bartholomew et al. [1]. Optionally the global parameters for
the E1 giant resonance given by Axel [21} can bo used.

According to the Weisskopf model the strength functions for
M1,E2, ... M3 radiation are energy-independent. Their ratio to
•̂ 1, at the neutron binding energy can be prescribed or optio-
nally be taken according to Weisskopf's estimate £22].

For the final normalization of all gamma-ray transmission



coefficients the average s-wave neutron radiation width f% is
required. Experimental data are compiled in the report
BNL 325 [23]; more recent references on resonance data can be
taken from CINDA [24J. If no experimental data are available,
one has to interpolate between average s-wave radiation widths
of neighbouring nuclei. Uncertainties in the normalization of
the gamma-ray transmission coefficients show up most signifi-
cantly in the capture cross sections.
Examples: 1. Fig. 3 illustrates the influence of the value of the

average s-wave radiation width used for the normalization
on the neutron capture activation cross section for 137sa.
The three curves display the results of calculations with
different values for f-g , but fixed values for all other
model parameters. For the E1 strength function the Brink-
Axel model was applied, using global parameters [.21] for
the E1 giant resonance.

2. The use of the Brink-fixel madel for the E1 strength function
leads, in comparison to the Weisskopf model, to a harder
ganma~ray production spectrum as can be seen from fig. 4 for
l38Ba at an incident neutron energy of 8.5 MeV. For both
calculations the normalization of the gamma-ray transmission
coefficients was to fr = 80 meV. The overwhelming part of
the gamma-ray production spectrum shown in this figure srests
from (n,n'jf) processes. As the displayed experimental data
by Perkin [25] have large errors, it is not evident that the
Brink-Axel model is preferable, but in general it is. There-
fore this model with global parameters for the E1-giant re-
sonance 1213 is used in the further examples.

3.5. Level densities

The level densities are calculated in the frame of the
backshifted Fermi gas model by means of the expression by
Lang [26] :

It is assumed that levels with positive and negative parity
have the same density. The parameters of the. model are the
level density parameter a, the effective moment of inertia
&K- and the backshiftA . In the recent version also a combi-
nation of Fermi gas and constant temperature forms can be used;
the additional input parameters then are: transition energies
between the different forms, temperatures and spin cutoff
parameters.

It occurs that in many oases the calculated cross sections
most critically depend on the level densities. As these
formulas are of semiempirical nature it is important that the
level density parameters are based on additional experimental
information. For instance the parameters of the backshifted
Fermi gas model can be determined so as to reproduce the
cumulative density of low excited levels and resonance spacings.
Level density parameters derived from such experimental in-

formation oan be found in the literature; e.g. there are
compilations by Dilg et al. [27] and by Gilbert and Cameron L28].
In cases where the level densities have a strong influence on
the results it is better to redetermine the level density
parameters by reproducing most recent data than to take them
fran1. such compilations. For nuclei for which no appropriate
experimental data are available one has to interpolate between
level density parameters of neighbouring nuclei. This may
introduce considerable uncertainties in the calculated cross
sections. In addition to uncertainties in the level density
parameters there remains also the question how well such semi-
empirical formulas reproduce the energy dependence of the level
density in the rather wide energy region required for such cal-
culations. An improvement may be achieved by using level den-
sities derived from microscopic calculations which have been
described in the lectures on level density.

A few qualitative statements on the dependence of the total
probability of the various decay modes on the level densities
can be given. For simplicity we consider only nuclei not sub-
ject to fission. For heavy nuclei neutron emission dominates.
Therefore the neutron emission probability depends on the
level densities only weakly. The emission probabilities of
charged particles and photons depend on the level density of
the respective residual nucleus and of that nucleus resulting
from the competing neutron emission. For lighter nuclei,
however, where charged particle emission is not hindered by the
Coulomb barriers to such an extent things are more complicated.
The emission probability for each decay mode depends on the
level densities of all residual nuclei. The extent of this
dependence is determined by the separation energies and heights
of the Coulomb barriers.

Since total activation cross sections mainly depend on the
total emission probabilities these considerations apply imme-
diately to such activation cross sections.
Examples: We want to illustrate the dependence of activation

cross sections on level densities for low incident
energies where only equilibrium decay is relevant
for which the level densities discussed above apply.
Fig. 5 again shows the neutron capture activation
cross section for 137ga for incident energies below
4 MeV calculated with three values of the a-para-
meter of ^OBa; the back-shifted Fermi gas model was
used for all excitation energies. All other para-
meters are kept unchanged, in particular the
average s-wave radiation width used for the normali-
zation of the Jf-ray transmission coefficients. With
fixed 1J- , a variation of the level density changes
the normalization constant for the Jf-ray trans-
mission coefficients.

3.6. Discrete levels

Excitation energies, spins and parities of the discrete
levels for all residual nuclei must be prepared as input. For
all CN for which gamma-ray cascades are taken into account, also
the gamre-ray branching ratios are required. The information about

I
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the level schemes can be found in the journal Nuclear Data
Sheets [29 3 and in compilations by Endt and van der Leun [ 30] and
Ajzenberg-Selove [31]. The level density formulas describe the
actual spin and parity distribution the worse the lower the exci-
tation energy is. Therefore, it is important to use discrete
levels to as high an energy as complete information on them is
available. The transition between discrete levels and level
density can nevertheless lead to unphysical effects on the cal-
culated cross sections. This has to be kept in mind when inter-
preting results at energies where this transition plays an
important role.
Example: The consideration of discrete levels of the target

nucleus is important not only for the calculation of
cross sections for inelastic scattering but also for
those reactions for which (n,n') processes represent
a considerable competition. Fig. 6 shows the calcula-
ted capture activation cross section of 138ga compared
with experimental data. One clearly sees the onset of
additional neutron competition at 1.436 MeV and at
1.899 MeV where the first two excited levels (2+,4+) of
138Ba lie. For the calculations we used neutron trans-
mission coefficients generated by an optical potential
which was obtained by fitting experimental data for
elastic scattering, the total cross section andstrength
functions. The gamma-ray transmission coefficients were
normalized to an average s-wave radiation width of
80 meV.

3.7. Preequilibrium model parameters

For the preequilibrium decay the parameter FK, which by
eq. (12) defines the matrix element for tlv- internal transition
rates, and the initial numbers of particles and holes must be
given. For the latter numbers, for nucleon-induced reactions the
values 2 and 1, respectively, are recommended. By means of a
control parameter one can choose between particle emission rates
with and without charge conservation. If for o-particles pre-
formation shall be considered the preformation factor has to be
specified. The single particle state density g entering in the
internal transition rates and in the particle hole state densi-
ties can either be taken as 6*"J(Vg (A ... mass number) or as
4K"*O- where a is the input a-parameter for the Fermi gas level
density. A backshift in the particle-hole-state density can op-
tionally be used.
Example: Preequilibrium emission has a marked influence on first

chance particle spectra, in as far as the emission of
high energetic particles is favoured. As a consequence,
also the activation cross sections are affected. The
amount of preequilibrium emission depends on how
successful particle decay competes with internal i-ran -
sitions and is therefore determined by the respective
rates. Fig. 7 displays the influence of the constant
FM,that is:of the internal transition rates on the
falling part of the 56Fe(n,py-) excitation funccion.
With increasing FM the precompound contribution de-
creases. Particle emission rates with consideration of
charge conservation were employed. That this is im-

portant whenever proton and neutron emission shall be
described simultaneously can be seen from fig. 8 which
shows that the experimental neutron production spec-
trum [44] resulting from 56Fe+n at 14.36 MeV can be
well reproduced with the same precompound parameters
as the *6pe(n(p^-) activation cross section. The inter-
nal transition rate of the three exciton state assumes
with FM = 500 MeV3 a value of A-i ( p = 2,n '*• U«22MeV) =
-07 40** s"1 and is in good agreement with the value
obtained by E. Gadioli et al. [45].

3.8. Fission input

Fission input data have to be prepared for all CN. Besides
the control numbers for single-or double-humped barrier and
complete or partial damping in the second well the parameters
which characterize the shape of the fission barrier must be
given. As the symmetry properties of the saddle point shapes
are different at the two barriers the spectrum of transition
states can be specified separately for the inner and the outer
barrier. For the discvete part of the spectrum, information
(bandheads, rotational constants) for generating rotational
bands has to be supplied, for the continuous part parameters
for a level density formula which consists of constant tempera-
ture forms and a Fermi gas form are required. We do not dis-
cuss how to choose the fission input data since special lectures
of this course deal with this problem.
Example: We merely show in fig. 5 as an example the calculated

fission cross section for 238u for neutron energies up
to 10 MeV compared with ENDF/B-IV. The parameters were
chosen similar to those proposed by Lynn 1463. For the
transition states of 238u four rotational bands in the
first MeV of excitation energy were considered, while
for 239u aii transition states were treated as conti-
nuum. In general, the calculations were performed under
the assumption of complete damping; only for incident
energies bplow 1.4 MeV partial damping was assumed,
Complete .lamping in this energy region, however, gives
a fit of comparable quality. Neutron transmission
coefficients were derived by means of a version of the
IUPITOR 1 code from the optical potential proposed by
Lagrange £473.

4. Output evaluation

By specific control parameters intermediary results can be
Pointed out. If none of these control parameters has a non-zero
value, the standard output is obtained.

It contains the population of discrete levels by particle
emission and the contribution to the total fission cross
section for all CN. For those CN, for which jf~ray cascades are
considered, also the population of the levels by gamma-ray
cascades starting from the continuum, and the activation cross
sections for ground and isomeric states are printed.

Further the standard output comprises the sum of the gamma-
ray spectra and - if all emitted particles are of same type -
the sum of the particle spectra resulting from the decay of



~l
each CN. For (n,xn) reactions for heavy nuclei, where charged
particle emission is strongly hindered,these sums represent
practically the total photon and neutron production spectrum.
For lighter nuclei the contributions of (n,pn), (n,cm) ...
reactions to the photon and neutron production spectra have to
be considered, too. As the code treats only one sequence of
emitted particles at one time, several runs are required in
this case. For fissile nuclei, on the other hand, one has to
be aware that the contributions of the fission products i-o the
photon and neutron production spectra are not calculated.

The standard output also contains some intermediary results
for the WF correction and the information whether the correction
factor is calculated or set equal to unity by an internal
criterion.

In addition, the precompound fraction !1-qy ) and the
integrals over all first chance emission spectra are part of
the standard output.

The output can be extended by setting ot e or more of the
above-mentioned controls to a non-zero valu . The most impor-
tant intermediary results that can be obtain, 3 in this way are
the following:

i. The y-ray spectrum and the particle emission spectrum
resulting from the decay of each single CN. For first
chance particle emission in this case the preequilibrium
and the equilibrium spectrum are output both separate
and combined.

ii. Production cross sections for gamma transition? between
discrete levels of all CN.

iii. Level densities, contributions of the various decay
modes to the HF denominator, fission probabilities and
populations (wS"", W8 ) of the continuum. The
knowledge of these quantities is helpful if one wants
to judge how critically the competing reactions
influence the accuracy of the calculated cross sections.

Example: From the additional output further information of
interest can be extracted. As an example for such an
output evaluation we illustrate the influence of
gamma competition on (n,2n) excitation functions for
heavy nuclei, in particular for 198pt (fig. 10). The solid and
the dashed curve were obtained uraJer consideration of ("-ray cas-
cades in 1s)BPt arri 197pt, using the Brink-Axel and the
Heisskopf model, respectively, and an average s-wave
radiation width of 100 meV. For the dash-dotted curve
gamma-ray cascades in 198pt were neglected; it dis-
plays only the sum of all populations of 197pt
below the neutron binding energy. Therefore this
curve represents the (n,2n) cross section under the
assumption that gamma-ray emission is negligible com-
pared with neutron emission. The results show, that
this is not the case. Gamma competition has a marked
influence on (n,2n»-) activation cross sections whenever
the competing (n,n'j-) and (n,3ny-) processes are of
importance.

5. Conclusion

The code STAPRE is apt to calculate a variety of cross
sections for processes which can be described in the compound
nucleus model as an evaporation sequence. In particular, g -ray
cascades are treated in great detail. By the inclusion of pre-
equilibrium decay in the first step processes for which the
compound nucleus model is not adequate are, at least partially,
comprehended. Nevertheless, there is a number of cross
sections of practical importance which cannot be calculated
reliably. The excitation of low-lying collective states by
inelastic scattering, especially for deformed nuclei, is not
adequately represented by the preequilibrium contribution, but
has to be described by direct reaction models. Another type of
reaction where direct processes play an important role is the
capture reaction at energies above some MeV. As the direct and
semidirect capture mechanism is not included to the code,
capture cross sections and the high-energy part of gamma-ray
production spectra are underestimated by far at high incident
energies.

When applying the results of the code one has to make sure
of the adequacy of the underlying models. Besides that, one has
to be aware of the dependency of the results on quantities - s-.oh
as level densities, level schemes, gamma-ray strength functions,
fission barrriers and others - which frequently are not known
very well. The influence of uncertainties in these quantities on
the cross section differs from reaction to reaction. Therefore
in unfavourable cases inaccurate results may be obtained even
if tilt react-iuji i» adequately described by the models ernploved.
The accuracy of the result has to be investigated in each indi-
vidual case. Quite general, however, the accuracy of a particu-
lar cross section can be improved by fitting as many experimen-
tal data for competing reactions as possible with one set of
model parameters.
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Figure Captions

Fig. 1: A schematic representation of the different ways of
populating final states (Ej Ii.CU) in the reaction
T { s ) F

114 (1959) 1619.
Nucl. Energy 2_1_

A schematic representation of the proceeding of the
code STAPRE.

The influence of the average s-wave radiation width
used for the normalization of the gamma-ray trans-
mission coefficients on the neutron capture activation
cross section of 137Ba.

« ̂  a

The gamma-ray production spectrum for Ba+n at
8.5 MeV calculated with the Brink-Axel and the Weisskopf
model for }t«(£f) • In both cases the gamma-ray trans-
mission coefficients were normalized to an average
s-wave radiation width of 80 meV.
The neutron capture activation cross section for Ba
calculated with three different values of the level
density parameter a for 138Ba. The back-shifted Fermi
gas model was used for all excitation energies in the
continuum region.

The calculated neutron capture cross section for Ba
compared with experimental data.

The influence of the parameter FM which determines the
internal transition rates for preequilibrium decay on
the high energy part of the 56pe(nfPjj.) excitation
function.

The neutron production spectrum for Fe+n at 14.36 MeV
compared with experimental data; contributions from
(n.n1), (n,2n) and (n,pn) processes were taken into
account.

JIB

The calculated total fission cross section for U
compared with ENDF/B-IV.
The influence of gamma-ray competition on the
198pt(n,2nj-) activation cross section.
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FUNDAMENTALS OF THE
DOUBLE-HUMPED FISSION BARRIER

M. BRACK
Institut Laue-Langevin,
Grenoble, France

ABSTRACT

We review the development of the theory of the fission barrier over the
past forty years. Special emphasis is put on the shell-correction method of
Strutinsky and its foundation and numerical verification from microscopical
Hartree-Fock calculations. The different practical realisations of the
method and its applications to the calculation of deformation energy sur-
faces are reviewed. The influence of the different shape degrees of free-
dom of the nucleus on the form of the fission barrier is discussed. Finally>
we summarize some more recent developments concerning both experimental and
theoretical aspects of the double-humped fission barrier.

INTRODUCTION

These notes cover the contents of six lectures presented at the
Winter Course on Nuclear Theory for Applications, held at the ICTP in 1978.

Immediately after the discovery of fission, Heitner and Frisch3 also
gave a qualitative theoretical explanation of the process using the analogy
of a charRed liquid drop. Still in the same year, 1939, two independent
theoretical papers appeared, using and developing the same basic picture:
a short one of Fraenkel [Fr39], and an extensive one of Bohr and Wheeler
[BH39], which became and remained a classic for many years to come.

1.2. The liquid drop model

This model uses an idealization of the nucleus as a uniformly charged
liquid drop. The attractive nuclear forces are summarized by a (classical)
surface tension. The stability or decay (fissioning) of the nucleus is
governed by the interplay between t)"s attractive surface tension and the
repulsive Coulomb force.

This same model underlies the semi-empirical mass formula developed
by Weizs'acker[We35] and Bethe[BB36,Be37] (see also [BK37]), in which the
total mass (binding energy) of. a nucleus is written in the form

lE. Fermi, Nature JJ33 (1934) 898; E. Amaldi et al. Proc. Roy. Soc. A149
(1935) 522.

20. Hahn and F. Strassmann , Naturwiss. 27 (1939), p.11 and p.89.
3L. Heitner and 0 .R. Frisch, Nature J43 (1939) p.239 and p.471

terature* The main purpose of these notes is to give the reader an intro-
duction to the different physical models which are employed in the theory
of the fission barrier. With the help of illustrative examples, we shall
summarize the results of different calculations and give an impression
of their reliability and their agreement with experimental results.

I. HISTORICAL REVIEW OF THE FISSION BARRIER

I.I. Discovery of Fission

A nice historical account of the discovery of fission is given in the
book of Hyde, 1964, p.3 (with detailed references). Fermi and collaborators
in Rome (1934/5)1 bombarded uranium (Z • 92) with paraffin-slowed neutrons.
They tried to explain the resulting radioactivity as coming from a new
element (z » 93) or even several "transuranium" elements. However, too
many activities were seen and the radiochemical properties were too un-
expected to be explained in this way. The situation remained confused,
until in 1939, Hahn and Strassmann and Meitner and Frisch3 recognized
the new process as the fissioning of the nuclei- into (normally two)
fragments.

(I . I )

with

Here a and a are the so-called volume and surface energies, K and K
the asymmetry coefficients, the terms with C. and Cfix are the direct and
exchange Coulomb energies, P(N,Z) is a (relatively small) pairing energy
( *\* ±2 MeV) and 6E the so-called shell-correction energy. All terms but 6i
are smooth functionsof N and Z and constitute the main part (^ 99K in a
heavy nucleus) of the binding energy. We express this by writing (1.1) in
the form

i &LftHlN»Cj T O C t W , C J . (1.2)

The LDM accounts for all terms included in E L D M (except for P(N,Z) which
ae include for convenience)•
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In the application of this model to the fission process, one is in-
terested in the deformation energy, i.e. the difference E^Q^(B) between the
energy at a given deformation (we summarize all possible deformation para'
meters by 6) minus that of the spherical shape 6 = 0. To this difference,
only the surface and Coulomb terms contribute in E^DM* tne volume term
falls out due to the fact that nuclear matter is (almost) incompressible.
The deformation energy is thus written as the sum of a surface and a Coulomb
energy:

E i A) •• F IA1 + F i ft J n ii
LOU *' • Surf '•r Coul W •. • •J J

(both normalized to zero at 6 = 0 , i.e. spherical shape).

We come back to the parametrization of the nuclear shape (i.e. the
exact meaning of 6 ) in lesson 4.

In his book on "Theories of Nuclear Fission", 1964, Wilets presents
the LDM and results of deformation energy calculations very extensively,
summarizing both the original papers! BW39, Fr39] and later extensions,
the last of which [CS63] containing large-scale numerical computer cal-
culations. Not mentioned there is another important paper [ SL63].

The critical parameter in the LDM is the so-called "fissionability"
(or fissility) parameter X, defined as the ratio of the Coulomb energy and
twice the surface energy of a charged sphere with radius Ro:

In most early LDM calculations, one used the multipole expansion
of the deformed nuclear surface [BW39]:

with

Here x is the surface tension.
of the nuclear radius

R." c , r.

(1.4)

(1.5)

Using the experimentally known A-dependence

a.6)

we can relate T to the surface term in the mass formula (1.1):

X = a,(H + x tI*)Awr.\ <'-7>

Combining eqs.(l.5)-(l.7) we see that the fissili ty parameter X, apart from
the relatively weak X^-dependence of T , goes like Z /̂A. One therefore
frequently puts

X = (r/A)/(r/A)c,[t. (i.B)
With the above constants and the empirical values ag - 18 MeV, K - -2.5,
one obtains

(1.10)

The fa^y} thus represent one possible set of deformation parameters 8-

Main results of LDM calculations:

1) For X< 1, the spherical configuration (all a^ = 0) is a stable
local minimum. Thus, the LDM predicts spherical groundstates for all
stable nuclei. For X > 1, the spherical shape becomes unstable against
quadrupole (a2(j) deformation, the nucleus then is spontaneously deforming
itself until it fissions. Thus, the LDM predicts spontaneous fission for
all nuclei with X > 1 . (N.B. A heavy actinide nucleus has X - 0.8, i.e.
(Z2/A) =t 40 ) .

2) For 0.7 oj X < 1 the deformation energy surface, ^LDM^aXu^ nas a sadd*e

point with positive energy Ej relative to the ground state. This result is
qualitatively already found if only a^n sod Btr, deformations are used, see
Fig. 1.1. The saddle point has always positive (prolate) quadrupole defor-
mation* Along a static path over the saddle point (way of steepest descent),
one obtains thus a fission barrier with height E,. Numerical calculations
including multipoles up to A = 16 in eq.(l.lO) lead to [CS63]

*n Table 1.1 we show a comparison of the calculated values of Ef with the
experimental barriers measured up to ̂  1960 (assuming a single-humped
form of the barrier). The agreement is bad. Whereas E^"« varies from ̂  15
to ̂ 9 MeV, the experimental barriers are all around t* 5.5 to 6.5 MeV.
The LDM thus givea the wrong quantitative behaviour of the barrier heights.

3) For X > 0.39, the deformation energy is always stable against rotationally
asymmetric (y # 0) and reflection (left/right) asymmetric (A odd) defor-
mations* In othei wor'ds, only the parameters a^o with A even are different
from zero. As & consequence, the LDM cannot explain the asymmetric mass
split in fission.

The main failures of the LDM (no static deformations, wrong fission barriers,
no asymmetric fission) are due to the missing of quantum mechanical effects
(stall effects). As a hint we may take the order of magnitude of the empi-
rical shell-corrections fiE to the goundstate masses [MS66]:

- IdMl MeV.

-50 (1-9)

This is very small compared to the total binding energies of heavy nuclei
(% 1000 - 2000 MeV), but it becomes important when compared to the heights
of the fission barriers E^!

The LDM provides thus a nice qualitative description of the fission
process, but for a quantitative theory the shell effects have to be included.

J



1.3 The (deformed) shell model

The shell model [HJ49, Ma49] emphasizes the quantum mechanical struc-
ture of the nucleus as a system of Z protons and N neutrons. The mutual
nuclear interaction between the neutrons (protons) is summarized by an
average potential V (V ) in which the particles are assumed to move indep-
endently. For each kina (n or p ) , a Schrodinger equation is solved

lit) * SLfi^C) (1-13)

to obtain the levels e. and wavefunctions of the individual nucleons. In
the g.-s., the lowest ft(Z) states are filled. The potentials Vn(r) and
Vp(ir) contain a local (central) and a spin-orbit part. Vp(r.) includes also
a Coulomb potential.

In connection with fission, we are mostly interested in the extension
of the shell model to deformed nuclei, which was introduced by Nilsson [Ni55].
In the Nilsson model, the potentials Vn and Vn are deformed along with the
shape of the nucleus. The solutions of the Scnrodinger equation (1.13) then
depeud also on the deformation parameters; this gives the familiar Nilsson
level schemes, see Fig. 1.2.

In the independent particle model, the total energy is

). (1.14)

Strictly, the justification of the shell model is given in Hartree-Fock
theory, where eq.(l.K) is not equal tothe total binding energy (see lesson
2). However, for harmonic oscillator potentials (and thus also approximately
for the Nilsson model), the total energy is still proportional to (1.14).

A comprehensive description it the Nilsson model is given in the book
of Preston and Bhaduri.

Minimisation of the energy E(B) (1.14) with respect to 3 leads to the
groundstate deformation 0 . Good agreement with the experimental deformations
of rare earth and actinide nuclei is obtained1»z. From the Nilsson spectra
e.(B ) at the groundstate, other properties such as spin, magnetic moment
and single particle spectra of odd-A nuclei can be derived.

When extended to large deformations, the model fails. The deformation
energy (1.14) was found to increase too steeply and not to lead to any
reasonable fission barrier3 (see also [NT691). Similar results were also
found in the two-center shell model (e.g.[SG71]).

The reason for this breakdown is the lack of jelf-consistency of the
used average deformed potentials and of the expression (1.14) for the total
energy. At small (groundstate) deformations, the experimental spectroscopic
information allows to parametrize the shell model potentials sufficiently
well. But When extrapolating to large deformations, the results depend
very crucially on t̂ e parameters and on the way in which the potentials
are deformed.

Myers and Swiatecki [MS661 discussed the connection between the non-
uniformities of the shell model spectra e. and the magnitude of the empi—

rical hell corrections 6E in (1.1). Large gaps in the spectrum ("magic"
nucleon numbers) lead to increased binding (negative 6E). This is not only
restricted to spherical nuclei [St66,67]; deformed shells exist as well
(Fig. 1.2)

The first quantitative prescription to calculate 6E from the spectrum
E. was given by Strutinsky [St66-68]-

1.4 The shell-correction method (SCM) ("Strutinsky method")

Strutinsky defines the shell-correction 6E for each kind of particles

by

pfB) (1.15)

i .e. Che difference between the sum of occupied levels and its average part

(The precise definition of the average energies Ep(n) will be given in
lesson 4 ) . The total energy of the nucleus is then the LDM energy plus
the shell-corrections:

(1.17)

This means a renormalization of the average parts of the single-particle
energies by the LDM energy. One is thus combining the correct average energy
of the LDM with the (at least at small deformations) correct fluctuating
part &E of the shell model energy (1.14).

1 B. Hottelson and S.G. Nilsson,Kgl. Dan. Vid. Selsk. Mat. Fys. Skr. J^
no.8 (1955)

2 D. Bes and Z. Szymanski, Nucl. Phys. 2£ (1961) 42.
3 S.A.E. Johansson, Nucl. Phys. Tl_ (1962) 529.

The theoretical quantitative justification of eq.(l.!7) can be given
in the Hartree-Fock theory and will be discussed in lesson 3.

Main Results of SCM calculations: (Details see lessons 4-6)

1) Explanation of the fission isoroers. which had been known long ago [Po62]
but not understood, in terms of a double-.iumped fission barrier which turns
out for most actinide nuclei.

2> Quantitative agreement between theoretical and experimental barrier
heights; usually within "V. 1-2 MeV (except for neutron-poor lighter actinidesj
so-called "Th-anomaly").

3) Ground-state deformations in excellent agreement with experimental ones,
he g.s. mass corrections 6E($M) agree with the empirical ones within
-2 MeV (except sometimes

•""" i;* cAtcneiiL dgmeuKni. wicn experimental ones.
The g.s. mass corrections 6E(^M) agree with the empirical ones within

s in the Pb2°8 region; so-called "Pb-anomaly"). 329
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4) Qualitative explanation of mass asymmetry of Ihe fission produces due to
shell effects, both st the outer saddle point and at the scission point
(see lesson 6)• '

5) Prediction of a possible island (or several) of stable nuclei with
Z oi 114-126 or larger; "superheavy nuclei"?

In cummary, the Strutinsky method brought a break-through in the theory
of the fission barrier* allowing for the first time a quantitatively
satisfactory calculation of barrier heights and giving the explanation
of the fission isomers as shape isomers. In this method, both the LDI1
and the shell model are givan their balanced role.

1.5 The Hartree-Fock method (HF)

The HF method allows to calculate nuclear properties starting from
an effective nucleon-nucleon interaction veff(

rl"r2^' This *s a basically
microscopic, quantum mechanical theory, in which only the parameters of the
interaction Veff are adjustable. The HF method is the subject of lesson 2.

Fission barriers were calculated with the HF method using tue Skyrme
force [VB72] for Che first time in 1973 [FQ73b, 74]. The obtained barrier
heights do net agree vith the experimental ones as well as those calculated
wiHi the s!ieli.-correction method; the reasons for this are mostly understood.

Nevertheless, it was a very essential step to prove that the double-
humped barrier can be obtained in a purely microscopical approach.

2. HARTREE-FOCK (HF) THEORY OF NUCLEAR BINDING ENERGY

2.1 Effective nucleon-nucleon interaction:
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With V'gf(Xi,X2) we n»an the interaction (potential,"force") which
acts between two nucleona (placed at r; and £2) in the nuclear medium,
i.e. in the presence of the other nucleons of the same nucleus.

Veff thus contains nat only the basic interaction between the nucleons
considered; it also summarizes the influence of the mutual interactions with
all otbfcr nucleoiis of the seme, nucleus: Reduction of a many (A » N + Z)-body
problem to a two-body problem.

Different Crora V ., is the basic, so-called "free" nucleon-nucleon
interaction V(rpr 2) which acts between two isolated nucleons. V'ith V one
attempts to describe the scattering of two free nucleons by fitting
phase shifts (phenomenological potentials V: e.g. Hamada and Jchnston
(HJ62]and Keid [Re68). Theoretically, V can be derived from meson exchange
processes (seo e.g. [BJ?6]).

The way from the free potential V(i'[,t2) to the effective one,
Veff(rj r2)» in a finite nucleus is long and difficult: One has to solve
a many (A)-body problem, which can only be done approximately. A succesful
theory was developed by Bruckner [Br55» Da67l for infinite r.acluar matter; in
the so-called "local density approximation" (LDA) fBG5% He71j it could be
applied to finite nuclei.

Extensive numerical calculations, starting with the "Reid soft core
potential" V^ri,*^) [Re68], were done in order to derive effective potentials
Veff^rl*r2^ w n i c ^ describe nuclear ground state properties well in the Hartre
Fock (HF) approximation (see below) [Ne70, CS72].

More recently, Gogny [Go73,75] developed a phenomenological force
which allows also the self-consistent inclusion of pairing effects (Hartree-
Fock- Bogolyubov method). This is probably at present the most refined
effeci-'^e force, which reproduces many nuclear groundstate properties
extremely well.

th<
The connection between the phenomenological Skyrme-type forces and

the ones derived from the more basic Briickner-LDA-HF-calculations [Ne70,
CS72J was made by Negele and Vautherin [NV72,75l : they justify not only
the form, but also the approximate values of the parameters of the Skynne
force (see also lNe75l).

1D. Vautherin, T ri e s t e lectures 1975 (IAEA Vienna, 1975, SMR-14/39)

In the following, we summarize Che HF theory; to study it, see
the text book of G.E. Brown1.

2.2 Hartree-Fock Approximation (HF)

We start from an effective two-body potential veff(rj,r2). In general,
it depends not only on the distance rj-r2 between the nucleons, but also on
th?ir velocities and on the local density , ri + r3\ °f the nucleus.

O(-y-)
The HF approximation consists in extracting from V f an average one-

body potential y^pCr). in which the nucleons move independently. The wave-
functionT is written as an antisymmetrized product of single-particle wave-
functions <Jij(r) :

iw-jSf ^ M i M y . V - V (SlaUr aettfMll.fti.0.

The Hamilton operator is

The HF enorgy is then

(2.1)

(2.2)

(2.3)

J



2.3 Density matrix p
If Veff does not depend on the density, then V^p in eq. (2.10)^15 equal
to rrVp . T in eq.(2.lO) is the kinetic energy operator -*f/*»*t A .

In terms of p o . the HF energy (2.3) can be wri t ten as
dp

The matrices T Q and V o x are the basic matrix elements:
ctp cipjyo

ct>, 10> is an arbitrary basis; <ct|i> are the expansion coefficients of the

(2.5)

I (2.3) can be written as

or, using matrix notation (tr = trace)

(2.7)

(2.8)

lG.E. Brown, "Unified Theory of Nuclear Models", North Holland 1967
"̂We neglect spin and isospin coordinates and consider N nucleons of one kind
only (e .g . neutrons) .

The "b^st" set of s .p . wavefunctions $-(r) is found using the Ritz v a r i a t i o -
ns! pr inciple by minimizing the to ta l energy E ^ with respect to the ind iv i -
dual var ia t i^ns of a l l the 0,-:

(2.9)

The second term in the brackets { } i s a Lagrange multiplier which guaran-
tees the normalization of the $ . ( r ) . Performing the variation (2.9) leads
to a set of equations:

V K F ") (J»; = E, <{>£ . "HF equations" (2.10)

In coordinate space, V̂ p is in general a nonlocal, velocity-dependent po«
tential, and the HF eqs. are very difficult to solve. (They are integro-
differential equations).

In matrix notation, eq.(2.IO) means a diagonalization :

H ^ = Eitfy Ui- *.- »>' <2-">
and the matrix H is defined from (2.7) as

ttWf,<k = ( T"

For the Skyrme force, the HF equations are relatively simple1, of the type
of a Schrbdinger equation with an effective mass m*(ir) and a spin orbit
potential Wso(r) : ""

The potentials V^y an(^ wso an^ fc^e e^r* ffiass m* depend in a relatively
simple way on the local density p(r) and the kinetic energy density T(r)

h f iand thus the wavefunctions

Z

The ground state energy E^p and wavefunction <EHF a^^ obtained by
including the N states ^i with the lowest eigenvalues c^ in the summations
of eqs. (2.4) and (2.14).

2.4 Deformation energies

To obtain a solution with a given deformation, one has to add in
eq.(2.10) an external field (constraint); otherwise one finds automatically
a solution for which the energy is locally a minimum (ground state or
eventually, an isomeric state).

The shape of the nucleus may be characterized by the irultipole moments
of the density:

(2.15)

here q, is the matrix element <a|q^lJ]B> of the multipole operator

Let us choose for instance the quadrupole moment Q20 = Q?*
equation

see the classical paper [VB72].

(2.17)
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is solved* one obtains a solution with a quadrupole moment Q«. The Lagrange
multiplier X gives then the local derivative of the deformation energy at
the point Q2 (i.e. the negative driving force, which wants to bring the
nucleus back to the minimum):

dE(g«_) (2.18)
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In this way, one can, however, only obtain those regions of the curve
EjfpCt^) which have a positive curvature. To obtain the full curves, one
can use a quadratic constraint (for details, see [FQ73a]) .

2.5. Main results of Skyrme-HF calculations : [F175.76; Qu75a,bl

Note: The Skyrme force has j> adjustable parameters; for the pairing
effects (in BCS approximation [Va73]) one more parameter is used. Thus, a
total of 7 free parameters are u^ed in all calculations.

1. Ground-Estate masses (binding energies) are reproduced within
^2-5 MeV for spherical and ^5-10 MeV for deformed nuclei. Nuclear radii
(r.ra.s.) fit within '^2%; quadrupole moments of lanthanides and actinides

within ^2-4%.

2. Deformation energy curves: Have the correct qualitative properties.
For Pu2*u, a double-humped barrier was obtained, see Fig. 2.1 [FQ73b,741.
The barrier heights are too big, compared to the experimental ones. The
differences are (mostly) due to the following shortcomings of constrained-
HF-calculations:

- The HF equations are solved by diagonalization (eq.2.11) in a finite
(truncated) harmohic-oscillatjr basis [ Va73]. This leads to truncation errors
in the total energy which affect the deformation dependence.

~ Slater determinants (eq.2.1) are not good eigenstates of the
centre of mass momentum and of the total angular momentum. This leads to
spurious c m . acid rotational energies, which also affect the deformation-
behaviour.

- For reasons of computer time, one must restrict the shapes to
axial and left/right symmetry, which is known from Strutinsky-calculations
to give too high barriers (see lesson 5).

- For the Coulomb exchange energy, the Slater approximation was used
[NV72, Va73]; it was newly found to lead to ati error which increases at
larger deformations1.

All the above deficiencies of the constrained HF method are (ideally)
avoided in the Strutinsky method; see the following lessons.

Nevertheless, the merit of these HF calculations was to demonstrate
that fission barriers can in principle be obtained purely microscopically.
The HF calculations could furthermore be used to test and justify numeri-
cally the Strutinsky method [BQ73, 75a-d], see lesson 3.

1P. Quentin, private communication, 1978.

3. THE BASIS OF THE STRUTINSKY METHOD

3.1. Extraction of an average part of the HF energy :

We want to extract a smooth part of the HF energy, which varies
slowly with particle number and deformation, PS does the LDM energy. This
means we want to derive microscopically the LDM from HF theory with ef-
fective interactions.

(3.1)

Without specifying p quantitatively, Strutinsky derived [St68] what has
been called the "energy theorem" [Be71](see also [BD72, BK72a, BK72b]),
which we will discuss below. We give here a slightly different derivation
(see also [Di72]); a discussion of different derivations may be found in
[Br74b, BQ75a].

To define p quantitatively, we use here Strutinsky's energy
averaging method, which was originally introduced in order to define the
average part of the single-particle level density of a givpn potential
[St66-68]; see details in lesson 4. The same technique may be used to
extract average parts of expectation values of any single-particle operator
[BD72, BQ73], using the average occupation numbers nj determined by a
given s.p. spectrum £j. The precise definition will be given in eq.(4.13)
in the next lesson.

The average density matrix p is defined as

» (3.2)

thus replacing the "HF" occupation numbers (1 below and 0 above the Fermi
energy X ) in eq.(2.4) by the n^. This means an energy smoothing around
the Fermi level X in a range ± Mi£! , the distance of main shell spacing
in the spectrum c^*

The average part of any observable (T - we are always speaking within
the independent particle, i.e. HF approximation - is given through p (3.2)
and the corresponding operator 0"( 0 (one-body) or 5(2) (two-body) in matrix
form:

(3.3)

In terms of the HF matrix elements (e.g. one-body)

we thus get



The average density matrix in coordinate space p(r,r') - the diagonal
part of which is the ordinary density p(r) - is

The average level density (see eq.(4.3))is

(3.5)

(3.6)

The average part of the HF energy EHF (2.7) i s thus simply

£ x t r T f + | tr (tr V§ ) f . (3.7)

(If the in terac t ion V depends i t s e l f on p, i t is understood in eq.(3.7)
that i t has to be taken at the average value p !)

By construction, Ejjp should behave l ike a LDM energy. Numerical
checks see below.

3.2. The Strutinsky Energy Theorem

(see also [St68,74,75; BD72, BK72a,b; Di72, Be7I, Br74b, BQ75a]).

The aim i s to derive from the microscopical HF-theory a quant i ta t ive
expression for the f luctuat ing part &E of the to t a l nuclear binding energy,
see eq . (1 .2 ) , that i s , for the shel l -correc t ion .

The eas ies t way i s to expand the HF energy functional E^p[p] eq.(2.7)
around the average part of p:

ers
cor-

This Taylor expansion is - hopefully ! - justified by the relative ord
of magnitude of the average <LDM) energy (^ 1-2 CeV) and the shell*-cor
rection ( ± ̂ 5-15 MeV).

The f i r s t term on the r . h . s . of eq.(3.8) i s ident ical to EHF (3 .7) .
The second term contains the derivative of Eflp with respect to p - which
is a matrix - and which i s equal to the HF one-body Hamiltonian H p̂ (2.12)
taken at the smooth value of p . We cal l i t

H f a 1 * U » *T * V (3 9)
Lie LP J Sin.. I T Vu- , U«7/

(3.11)

Let us call the spectrum and eigenstates of Vjjp: e. and $. respectively:

Using perturbation theory, we find easily that

L O.I3)

[The <Sn̂  are defined in terms of the average spectrum e. and not identical
to those obtained from the HF spectrum £-, unless the averaging is done
self-consistently by iteration; see below. We ignore the difference,
however, which is again of higher order.1 The quantity in eq.(3.13) is thus
just the usual shell-correction (see lesson 4, eq. U.14) :

We arrive thus at the Strutinsky energy theorem

-HF hF

(3.H)

(3.15)

The important point i s that a l l shel l effects of lowest ( i . e . f i r s t )
order in <Sp are giver by expression (3.14); the remaining higher-order terms
should be small (6E2 e t c ) .

The prac t ica l importance of th is^ is that 6E] i s given by the
spectrum (E^) of an average potent ia l VHp (3.12) , which may be approximated
by the standard (deformable) shel l model potent ia l Vg^ (which by con-
struct ion varies smoothly with N, Z and deformation!). With th i s assumption
one does not need to know the effective interact ion "Weff f ° r calculat ing
SE to lowest order. (The terms of &, , . . . depend exp l i c i t l y o n V e f f O - If,
furthermore, Eyp i s close to the LDH energy ELDM and the higher order terras
6"E2,...are negligible,Che approximation (SCM = shel l correction method)

"SCH • EU>H
(3.16)

should replace a HF calculation, which in the later sixties was not avail-
able for fission barriers!

[We left ouc here the pairing effects. In principle the energy
theorem can be derived from HFB-theory,[see Ko73]].

The derivation of the energy theorem (3.15) given here is true for
any density and velocity-dependent effective two-body interaction tf

We have thus

-Ht -HF
(3.10)

Now, the difference between V^p ai.d is of order Sp and thus small
re la t ive to V,HF •

3.3 , Basic assumptions of the Shell-Correction Method (SCM)

1. The average HF energy SHF can be parametrized and well approximated
by the LDM energy ETpH (in the form e . s . e q . ( l . D ) , both as a function of
nucleon numbers N, Z and of deformation 8. In pa r t i cu l a r , i t should thus
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be a smooth function of N, Z and fi (no shell effects).

2. The average HF potential V^p can be well approximated by a phenorne—
nologioal shell model potential V S M (Nilsson, Woods-Saxon etc). What counts
is not so much the radial dependence of Vg^(r), but that the shell-correction
<5EJ extracted from its spectrum is the same as that obtained from V^F.

3. The higher-order shell-corrections 6E?...,Jare small compared to
SE] (i.e. (5E;| < 1-2 MeV), so that they can be neglected.

If these assumptions are true, the energy E S C M (3.16) replaces the HF-energy.

3.4. Numerical test of the SCM with HF-calculations

(see [BQ73-75], also [BK73]).

Idea: Perform numerically the program used above to derive the energy
theorem and check individually each term.

Results: Figs. 3.t and 3.2 show deformation energy curves obtained
with HF calculations (interactions Skynne III [BF74] and Negele-DME_[NV72])
with a constraint on the quadrupolc Eoaenc Q2. The average energy E(= S H F)
is seen to behave exactly like a smooth LDM energy. Shown also is the _
LDM energy E L B with the parameters of [MS66]. The differences between E
and EJJJ could easily be removed by a re-adjustment of the LDM parameters.

3.3 shows shell-corrections 6E) and 6E2; the latter is found
2 HF - Sup and contains thus all higher-order terms. SE, agrees

for both interactions and also with the one found in a usual Woods-Saxon
potential [BD72] (no adjustment of parameters!) within ^1-1.5 MeV.
1SE21 •£ 2 MeV' everywhere; the oscillations are only i ^ 1-1.5 MeV.

Fin- 3-4 shows the sum of 2.and higher order shell-corrections, 6E2,
for 14 different nuclei with 100 £ A ̂  250 in their groundstates. The
average value of 6E2 is ̂ 2 MeV and could easily be renormalized into
the LDM energy; the fluctuations in 6E2 are less than±M MeV.

More results, see [BQ73-75].

Conclusions:

1) The series E ™ - E H F + 6Ej + 6E2 + ... converges very rapidly.
In nuclei with A ̂  IOO,|6E2|is always less than ">< 2 MeV; its oscillations
are less than ±"M-1.5 MeV.

2) The shell-correction 6E| is well reproduced by a phenomenological
shell-model potential within f*-l-1.5 MeV; it seams to depend little on
the effective interaction.

3) The average energy iLF (E in figs. 3.2, 3.3 and 3.6 below) has the
features of a LDM energy: Minimum at spherical shape, no rapid oscillations
(shell structure). It can be fitted by a standard LDH energy within less
than i> 1 MoV.

as 6E2 -

4) In light nuclei, 6*E2 is not small, but of the sat*:- order as 6Ej
(see [8Q75a,c]). Thus: attention for shell-correction calculations with
not-self-consistent potentials for light nuclei!

5) Since all these differences of M - 2 MeV seem to be rather random
(not in phase as functions cf N, Z and Q 2 ) , they should normally not add up.
Thus, in heavy nuclei, the total error (compared to a self-consistent HF
calculation) should not exceed M - 2 MeV.

6) If the average quantities p, £
consistently (by iteration), then |6Eo|
N, Z and Q 2 tested [BQ75b]. The approximation

converges thus extremely well.
see e.g. *°Ca in Fig. 3.5!

and V™ are determined self-
less than 0.5-1 MeV for all

P» fcTtP * " l u VUIT

|6E2flr ' — ^

(self-consistent) (3.17)

This is even the case for light nuclei,

7) The ideal shell-correction method should thus use LDM parameters
and shell-model potentials V which are determined self-consistently from
one and the same effective interaction "eff- 1'nis needs to be done!

8) All these results are derived from the HF framework. For tests
with Migdal's theory, which exceeds in principle the HF-approximation, see
[BR72a].

9) Self-consistency is important mostly for the average energy and
potential. The shell-effects can be treated perturbatively. This motivates
the use of semiclassical methods to solve the average self-consistency
problem with a given interaction (see e.g. [BC76, CJ77]).

4. PRACTICAL DETAILS OF THE SHELL-CORRECTION METHOD

The "program" of a Strutinsky calculation is summarized in the foll-

1) Parametrization of nuclear shape {$•}
2) Pararaetrization of LDM energy
3) Parametrization of shell-model potent ia l
4) Calculation of the shel l -correct ion 6E; pair ing correction
5) Add up: p . ,f«,i . e . . . . ttA + #etL-) * &Plf<)

We cannot possibly mention all the different choices of parameters
and potentials, which were used by different groups. Table 4.1 shows a list
of the most active groups (especially in the years 1968-1974) and their
potentials.

We go quickly through the above points, mention only the essentials
and refer to literature for details. Rood review articles, covering both
technical details and results are [TN70, BD72, Ni72, Pa73, HN73 ].

We omit from now on the index
order shell-correction 5E]

1" used in lesson 3 to denote the first

•J



For illustrative examples, we shall use nomenclature and results of
the Strutinsky group (Moscow-Copenhagen-Basel), published in [BD72].

4.1. Shape parametrization

From the LDM studies, we have learned that the two most important
degrees of freedom in the fission process are:

1) Elongation of the nucleus (c)
2) Neck-formation (constriction) (h)

In accordance with LDH results, these deformations are always chosen
axially symmetric (around the fission axis) and left-right (mass-)symmetric
(with respect to a perpendicular plane through the neck).

In the Copenhagen-Basel [BD721 and Los Alamos [Ni72] groups, these
two degrees of freedom were parametrized such as to closely reproduce the
family of optimized saddle-point shapes obtained in the numerical LDM
calculations [CS63, SL63]. In the {c,h} pararaetrization [BD721, the LD
fission path goes (for actinides) approximately along h * 0. The {c,h}
shapes are shown in Fig- 4.1 by the solid lines. (Spherical shape: c = 1.0,
h - 0).

In Nilsson-model and related potentials, these two degrees are repro-
duced by a mixture of E^* eA atl(* e6 deformations. Close to sphericity,
c ̂ E 2 and h^G4.

The other two important types of deformations, which do not occur in
the statistical LDM and are pure shell effects, are:

3) left/right (mass-, octupole-) asymmetry (oi)

4) non-axial (tri-axial ellipsoid), ^-deformation

The asymmetry (a) is defined quite differently from group to group (Lund*,
a mixture of £., and E5). y is always the traditional tri-axial deformation
parameter.

4.2. LDM energy

At early stages, the classical parameters of Myers and Swiatecki [MS66]
were used. Later (> 1969), all groups oriented themselves more or less
towards the "droplet model" [My69, MS69] ; with details to be foudd in the
different references.

The essentials of the LDM deformation energy have already been
discussed in lesson 1.

4.3. Shell model potential (deformed) V(r)

We give here the potentials of the main groups, with references for
details:

1) Nilsson-model: (modified harmonic oscillator) with €2 ~ £* ai»d Y
deformations: [St66-68, NT69, Mo72, MN73]

2) Two-ceutre-model:(two joined harmonic oscillators):[GM71, SG71,
SM72, AD72, MM73, Ju74J.

3) "folded Yukawa potential" (a deforraable density with sharp surface,
folded with a short-range Yukawa force to generate a diffuse surface) :
[Ni69, BF72, Ni72, MN73],

4) generalized Woods-Saxon potential with constant surface thickness*.
[DP69a,b; BD72, GP72, Pa73, BL74, Ju75, JH77],

Some main common points are:

- The surfaces of constant potential V(r) (but, due to lack of
self-consistency, not necessarily exactly of constant density!) are chosen
to be the same as those of the drops (droplets) of the corresponding LDM.

- The volume within an equipotential surface is independent of
deformation (incompressibility of nucleus).

*n fig» 4.2 we see an example of the single-particle levels e^ for the
deformed Woods-Saxcn potential of ref. [BD72, Pa73].

4.4. The Strutinsky energy averaging method ISt66-68; Ts69, BP73].

This is the main technical ingredient of all practical shell-correc-
tion calculations. There exists a wide literature of descriptions, cri-
ticisms and alternative suggestions. The situation up to spring 1975 is
covered in [BQ75a]; we refer to this paper and to [Br74b] for most of that
literature and present here only shortly the main points.

One wants to define the average part of the total single-particle
energy E9p of one kind of particle;

E,- Ze,.
This is done over the level density

ZcTfe-E.).
t

The smooth level density g(E) is defined by averaging the exact one
over an energy range Y with a certain averaging function

(4.0

C4.2)

(4.3)

(M is an even integer, see below).

The function tK(x) has the following properties [BP731:

for
1) fvî X) *s even in x » has its maximum at x " 0 and goes to zero .

K -* ± <*> 3 3 5



2) Folding an arbitrary polynomial
polynomial unchanged for any value of y

(of degree M) leaves this

3) In the limits Y * ° and H •• » , f}((x) gives a delta function:

In order to smooth out the shel l effects in (4 .2) , one has to choose
Y s l i g h t l y la rger than the distance tifl of the main shel l s in the
spectrum:

y £ fc-ft. (4.6)
Fig. 4.3 shows as an example the level density g(E) for a deformed

Woods-Saxon potential [BD72]. The dashed lines are the averaged level
densities g(E).

The condition (4.4) guarantees that the results do not depend on y
if the (true) average part of g(E) is a polynomial of degree M.

The average^single-particle energy E is now given bya gV

where the" Fermi energy ^ is determined by

N

(4.7)

(A.8)
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If the (true) average density g(S) is a polynomial of degree MQ, then
the energy 6 (4.7) will not depend on y as soon as M > MQ+ 2 and eq.(4.6)
is fulfilled. If the spectrum Ej is unlimited, then the function £sp(Y)
has an ideal "plateau" in the region

(4.9)

This is the case for the harmonic oscillator potential (in 3 dimensions:
Mo - 2), see Fig. 4.4. It is also approximately true for Nilsson-model
potentials: the plateau is constant within i< ±0.2-0.3 MeV.

For an arbitrary average density, the Strutinsky procedure appro-
ximates the average part locally into a Taylor series which stops after
M/2 + 1 terms. The error is minimised by the "local plateau condition"
[BP731 for Y „

(4.10)

Cj p (Hi « fccp (H»ZJ. (4.1,)

In Fig. 4.5 is an example where eqs.(4.10, II) are only fulfilled for
M ^16; this is rather exceptional. In most cases, local plateaux are
found with 6 <M < 10 and hli < y ̂ 1.5 h!2.

In potentials with finite depth (e.g. Woods-Saxon), the range y may
reach into the continuum region (E > O). There, ideally the resonances
should be included [RB72]. In praxis, one uses artificial unbound states
up to <v+ 20 MeV which are obtained by diagonalizing the potential in a
harmonic oscillator basis. In doing so, the uncertainties in the plateau
values of Esf are usually not larger than 1.1-1.5 MeV. In some exceptional
cases, especially at larger deformations with high local level density1.2

- see e.g. Fig. 4.6 at c = 1.6 and 1.72 - or for small nuclei where hfi
is bigger than the distance of A from the continuum [SG77] (A ̂  80-100),
the uncertainty may be somewhat larger.

At the plateau point where eq.(4.10) is fulfilled, the smooth energy
ESp (4.7) can also be written as

(4.13)

with the smooth occupation numbers n£ being defined by

-mo

'R.R. Chasman, Phys. Rev. Lett. ̂ 3 (1974)544
2V.S. Ramamurthy et al. Phys. Lett. 62B (1976)124

The shell-correction is thus

SB - E, - ESf - 2 £.- cfn,,
vhere

(4.14)

In Fig. 4.7 we show the values of 6n. in a typical case (the value
of 6n. is the length of each vertical line, located at the energy Ej). That
figure also demonstrates that the.shell-correction fiE is mostly determined
by the levels inside an interval ~\ ± ̂ y . Thus, the deep-lying levels do
not contribute to 6E (4.14).

Of various methods proposed as alternatives to the Strutinsky
averaging (see references in [BQ75a] ), the only one which completely avoids
the continuum problem is the semiclassical method developed by Bhaduri and
Jennings [BR71, Je76]. Detailed comparisons of both methods show that
they lead to identical results within 1.1-2 MeV [JB75b,cJ, thus essentially
confirming the Strutinsky method using artificial unbound states in finite
potentials.

J



1 I -
Strutinsky and Ivanjuk [SI75] proposed a modified averaging method

which uses_^only bound states. Here, too, some uncertainties in the plateau
values of ESp of *\*1 —1*5 MeV are found. Improvements of this method seem,
however, possible [SB77]1.

4.5. Pairing correlations

They have to be included in medium and heavy nuclei. This is done
in the BCS formalism; a pairing correction is calculated (6P) which is
determined as the ocsillating part of the difference between a.paired and
an unpaired (A« 0) system. Definitions see [BP72, Pa73].

4.6. Numerical uncertainties in the shell-corrections (in praxis)

a) due to numerical energy averaging: (this lesson)

- in infinite potentials (Nilsson, square box) :|AE| <0.5 MeV

- in finite potentials (Woods-Saxon, folded Yukawa):

for A £ 100 : |AS|usually * 1-1.5 MeV
for light nuclei, or in situations with extremely high level
density (e.g. at second barrier without mass-asymmetry):
|4g| maybe ^ 1,5-2.5 MeV (?)

b) due to lack of self-consistency of potential used :

(see lesson 3)
- in heavy nuclei and deformations up to second fission barrier:

Isee also Ivanjuk and Stmtinsky, Kiev-preprint (1978)

- in l ight nuclei: up to several MeV!
- at very large mass asymnetry and large separation (mostly in appli-

cation to heavy-ion-reactions) : ' , 2

|ASE( up Co several MeV!

c) due to lack of self-consistency between potential and LDM;

- |ASE| easi ly ^2-3 MeV; but smooth as function of N, Z and
deformation!

- "Pb-anomaly" : A6"E •>. -4 to -7 MeV F! (see lesson 5)

This error can be removed by a renormalization of the LDM parameters. It does
not occur, if the potential V(r) and the LDM parameters are derived from the
same effective interaction and self-consistently [BQ75b] (sec also lesson 3)
- but .this has not been done in the praxis so far!

1 P. Holler and J.R. Nix, Nucl. Phyo. A281 (1977) 354
2 H. Gick et al., Z. Physik A282 (1977) 417

5. RESULTS OF SCM CALCULATIONS

In this lecture we will summarize the results of realistic deformation
energy calculations using the SCM. As illustrations, ve will show some
typical results which we have taken - for pure convenience - from refs.
[BD72, Pa73]. Unless particularly stated otherwise, all the results
discussed here have been obtained independently and with excellent overall
agreement by the different groups using different potentials, as discussed
in sect. 4.3.

We shall restrict ourselves to static aspects, since the dynamics of
fission is still at a rather early theoretical stage. The only exception
will be the fission life time estimates (sect. 5.6), where a "minimal
dynamical information" is needed in the form of inertial parameters; there,
too,the static deformation energy is however the main ingredient.

5.1. Deformation energy surfaces^

The basic problem in representing the deformation energy of a nucleus
is that the deformation space {g}has an infinite dimensionality. One thus
has to select the roost important deformation degrees of freedom - mostly
using intuition.

From the LDM calculations (see sect. 1.2) we know that elongation (c)
and necking (h) are important collective modes during the fission process,
A practical way towards an approximate solution of the multidimensional
problem consists in calculating the deformation energy E(c,h) and minimizing
it at each point (c,h) with respect to other possible deformations.

Fig. 5.1 shows as examples the energy surfaces E(c,h) obtained in
ref. [BD72] for the nucleus Pu24O for axially and mass symmetric shapes
<Y*a* 0 ) . The contributions Bj™, 6"En and fiEp (including pairing) are
shown separately; on the lower rYh.s. is the sum of the three, i.e. the
total energy (normalized, as usual, to ELDM^°) " °)- N o t e t n a t t n e inclusion
of the shell effects moves the ground state minimum to a deformed shape
(c =1.2, h =: -0.15). At the same time, a secondary minimum is created
(c s- 1.4, h a 0) which lies about 2 MeV above the ground state and is
separated between ground state and the fission valley by two saddles.

This secondary minimum is found in most actinides and explains the
nature of the long-known fission isomers [Po62J as shape isomers. Their
deformation corresponds roughly to chat of an ellipsoid with axis ratio
2/?. The shapes of the four stationary points in this symmetric energy
surface E(c,h) are shown in Fif>. 5.2.

Spontaneous fission from the second minimum is much more likely (only
one barrier) than from the ground state (two barriers, lower energy). Thus,
the fission life times from isomers are typically 10*0-10" times shorter
than fhose from ground states.

We shall return later to some of the consequences of the existence of
these fission isomers (sect. 5.4).
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1
5.2. Influence of non-axial and mass-asymmetric deformations

When mass-asymmetric shapes (a^O, see Fig. 4.1) are included, one
finds that in the region around the second saddle point and beyond i t ,
the energy is lowered by several MeV. The energetically most favorable
path leads thus over a mass-asymmetric second saddle. This is a pure
shell effect (in the LDM a is always zero!) and indicates the building up
of asymmetric fragments.

Fig. 5.3 shows the second saddle region; in the upper part with a - 0
and in the lower part after minimizing E with respect to a in each point (c,h).
Note that the barrier height is decreased by ^2.5 MeV! The isomer
minimum is stable (a * 0). The mass asymmetry thus increases rapidly
between the isomer minimum and the outer Baddle; beyond the saddle i t stays
constant iu such a way that the ratio of the nascent fragments approaches
a more or less constant value as the nucleus approaches the scission point.
This value agrees qualitatively well with the most probable mass ratio
observed in the fragment distribution. (For a recent comparison, see [JH77]).

This is particularly well demonstrated in a calculation using the two-
cent re-model (see sect. 4.3) which is especially well suited for the shapes
between saddle and scission point. Fig. 5.4 shows as an example the energy
surface of u*236 as a function of neck radius (D) and mass asymmetry [MM73].
One sees the valley which leads down from the saddle
constant mass ratio ( 0*140:96 near scission). The fad
well with the experimental (most probable, kinetic en<
rat io, should of course be taken with caution. Here we considered only the
potential energy ( i . e . s tat ic ) aspect of the problei
(inertial) effects which may play an important role
down towards scission I

•ith an approximately
that this agrees

rgy averaged) mass

ignoring dynamical
specially on the way
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St i l l , i t is interesting that the mass ratio of the future fragments
is already indicated after the saddle point by a purely static shell effect.

Another important deformation degree of freedom is the non-axial (y)
deformation. In. the same way as mass asymmetry lowers the second saddle,
one finds that inclusion of Y-deformaCion lowers the first saddle by up to
^2 MeV for actinides with A*£232. This effect, which increases through the
actinide region with increasing mass number, considerably improves the
agreement between theoretical and experimental heights of the first barrier
(see e.g. Fig. 11 in ref. [MN73](Rochester) p.125).

Recently, an instability against y-deformation was also found around
the second barrier [GB77, JH77]. I t leads to a "second outer" saddle which
is Y~deformed but mass symmetric and lies ^1-2 MeV higher than the usual,
mass asymmetric but axially symmetric outer saddle. This "new channel" may
affect the fission cross section at larger excitation energies (see [GB77]>,
especially in the mass-symmetric mode.

5.3 Systematics of barrier heights

We refer to the lectures of E. Lynn1 for the extraction of barrier

1E. Lynn, these proceedings

heights from an analysis of fission cross sections. In Fig. 5.5 we see
a comparison of the most up-to-date experimental barrier heights
(E^ = inner, Eg = lowest outer barrier) with the theoretical values
obtained using three different shell model potentials (see sect. 4.3).

In general, there is a pretty good agreement, amongst the different
theoretical results as well as between theory and experiment. A syste-
matic deviation is found for EA in light actinides with low neutron nunier
(N ^ 140). This discrepancy, first observed in Th-isotopes, has obtained
the name "Th-anomaly". Otherwise, the calculated barriers agree with the
experimental ones within *M-2 MeV. As we have seen in the previous lesson
(sect. 4.6), this is the general kind of uncertainty which we expect in
SCM calculations; so we cannot expect the agreement to be much better.

A possible explanation of the Th-anomaly may be the fact that in some
calculations [MN73] a splitting of the second barrier into two small humps,
separated by a shallow (third) minimum, has been found. This would com-
pletely change 1 he analysis of fission cross sections (see Lynn's lectures).
However, the fltctuations of this spl i t second barrier are only of the
order of ^1-2 MeV, and have thus to be taken with caution. Furthermore,
i t seems that the picture of the triple-humped barrier (with a second
minimum at 1J2-3 MeV and a third minimum at ^4-5 MeV) is not compatible
with photofission data of Th232 2»3 . (See lesson 6 for more discussion
about Th).

5.4 Physics of the fission isomers

We quickly summarize here the kind of experiments that allow to learn
about the nature and details of the fission isomers. Extensive reviews
were given by Specht [Sp74]'t.

a) The fission cross sections (excitation functions) are modified by the
isoruers in a characteristic way: they show resonances which correspond to
vibrational states in the second well. (See the lectures of Lynn for
details).

b) The rotational band built on the lowest 0 state in the second well of
pu240 u a s measured in. a rather spectacular experiment [SW72]« The deduced
moment of inertia fr is about 2.5 times larger than that of the g.s. band.
This was the first direct evidence of the large deformation of an isomer.
The measured value of ^ agrees well with the theoretical one, obtained
from the single particle wavefunefcions with the cranking model (although
the latter one has an uncertainty of ^5-10%). A similar experiment was
recently finished for U236 [BP77a].

c) The most direct determination of the deformation of an isomer was ob-
tained in a recent measurement of the quadrupole moments Q? of Pu239

[HM77] and Pu236 [MS77] in the isomer state. The agreement of Q2 (within
the experimental error limits) with the theoretical values [BL74] is excellent.

1 D. Habs et a l . , Heidelberg Preprint 1978 (Z. Physik, in press).
2 CD. Bowman et a l . , Phys.Rev. CI7 (1978) 1086.
I M. Asghar, Z. Physik.A, in print (1978).

and H. Specht, Nukleontka V o i # *Q (1975) 717 (Summer School Mikolajki, 1974).
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d) The only directly (and precisely) measured energy of the fission
isomeric state known up to date is the one of U -̂*8, deduced from
observed y-transitions between the 0+ state in the second well and the
lowest 2* and 1" states in the ground state well1. The energy EJJ -EJ
= 2.559 MeV agrees well with the theoretical values within their error
limits.

e) Spectroscopy in the isomeric well was attempted for Pu^37 2. Here,
two isomeric states are known with half lives 100 ns and J.I vs. Since
this is an odd-A nucleus, these states have spin J, K ^ 0. Their g-faccors
were measured with the spin-precession method in an external field. The
spin assignments were, however, not unique.

5.6. Life time estimates for spontaneous fission

We just sketch here a simple semiclassical method which allows to
calculate life times using WKB barrier penetration. The first systematic
studies of this kind were done by Ledergerber and Pauli1 [PL73]. For
more recent similar studies, see refs.2'3

If the fission path is represented as a one-dimensional trajectory
q(c,h,a...) in the deformation space, the probability (uidth) T for
barrier penetration between points q, and q, is in the WKB approximation
(see e.g. [BW39]) ,

5.5. Ground-state masses

The SCM can of course also be used to calculate the total ground-state
mass (binding energy) of a nucleus. The empirical corrections 5M to the
LDM energies were determined systematically for the f i rs t time by Myers
and Swiatecki [MS66], More recent compilations, using different versions
of semi-empirical mass formulae or the droplet model3, may be found in
Nuclear Data Tables'*. In Fig. 5.6 we see a comparison of the empirical
values of 6M3 with the theoretical ones, obtained with the folded Yukawa
potential [MN73]. The agreement is in general good, within ± M-2 MeV,
except in the Pb region. Especially using a Woods-Saxon potential [BD72],
one obtains a discrepancy of ^5 MeV Cor Pb208.

This'^b-anomaly" is much smaller, when one uses the Nilsson model. In
the most recent mass f i t using Nilsson levels5, an agreement
- 2 MeV £ (6Mtn- oMexp) £ + 2 MeV was reached (although here, too, the

most systematic deviations occur around Pb**08), On the other hand, the
too large (negative) value of 5M obtained for Pb208 with the Woods-Saxon
potential has been substantiated6 by KJ-calculations [BQ7Sb] in which the
exact total energy of Pb208 is reproduced. The discrepancy must therefore
be due to the lack of self-consistency between the smooth flJM) energy and
the H-S. potential used. This is the point we made at the end of sect. 4.3
above (point c ) .

If both the average energy and the average potential are derived self-
consistently from the same interaction, as was done in re£.tBQ75b], the
Pb-anomaly does not exist; see the results discussed in sect. 3.A, esp-
ecially point 6) , and eq.C3.l7)! I t is possible that the Th-anomaly d is -
cussed above is due to the same reason.

>P.A. Russo et a l . , Rochester 1973, Vol. I , p.271.
2R. Kalish et a l . , Phys. Rev. Lett. 32 (1974) 1009.
3W.D. Myers and W.J. Swiatecki, Ann. Phys. (N.Y.) 84 (1974) 186.
Atomic Data and Nuclear Data Tables, Vol. J_7 (1975) 411.

5P.A. Seeger and W.M. Howard, Nucl. Phys. A238 (1975) 491
6see also Y. Yariv et a l . , Z. Physik A278 (1976) 225.

where tlio^ % 1 MeV (within a factor of ^2) i s the frequency of "assault"
in the fission mode (q), and S is the action integral along the chosen
trajectory: J

Here V(q) is the potential energy of collective deformation, i . e . the
deformation energy obtained with the SCM along the path q (c ,h , a . . . ) ;
Bq(q) is the inertial parameter which in the adiabatic approximation
can be obtained using the "cranking model" *; E is the total energy of
the system.

The most probable path is the one which minimizes the action S, i . e .
the "least action trajectory". An example of such a trajectory is shown
in Fig. 5.7 (from [PL73]).

This method applies only if one is well below the barrier; i t can
therefore only be used with reasonable justification for spontaneous
(g.s. or isomeric) fission. Hereby, q, is a point in the g.s. (or
isomeric) minimum and q2 a point in the "fission valley" on the other side
of the barrier at the same energy. The life time is then given simply

Since P is extremely sensitive to the barrier heights (through the ex-
pcnmtial dependence), the inaccuracy in the lat ter ( M-2 MeV) leads to
theoretical error limits in t | / 2 of several orders or magnitude.

Similar results were obtained by Randrup et al.2

using a phenomenological (classical) inertial function B_(q) (instead of
the cranking value) with one adjustable parameter. Extended life time
calculations with microscopical inertias B (q) using the Nilsson
model will soon be published by the Warsaw group (Sobiczewski et al.).

' T. Ledergerber and H.C. Pauli, Nucl. Phys. A207 (1973) I.
J. Randrup et al., Phys. Rev. CI3 (1976) 22<L

3 A. Sobiczewski et al., to be published.

D.R. Inglis, Phys. Rev. j!6 (1954) 1059 and J03_ (1956) 1786. 339



1
6."HOT TOPICS" - SOME OPEN QUESTIONS

We mention here some open problems related to the static barrier
picture discussed above and its possible limitations. Rather than
presenting a detailed discussion and reproducing many figures, we shall
just give some key arguments and refer to the relevant literature.

6.1. Th-anomaly: triple-humped barriers?

We have already mentioned (in sect. 5.3) the so-called Th-anomaly
and a possible interpretation in terms of a triple-humped barrier [MN73J.
If this interpretation is correct, one has to consider other possible
consequences of the existence of a third mini mum. In a recent experiment
at Saclay1, a shape-vibrational resonance in the fission of the Th233

compound-nucleus was investigated with high resolution. Some fine structures
with rotational band-like nature were observed. The corresponding moments
of inertia are larger than the typical values found in the second wells of
Pu240 and u-"6 f s e e s e c t s 5,4.1,) and would be compatible with the defor-
mation of the second saddle point, if one interpolates between the values
of the neighbouring even-A isotopes. However, in Th233, the blocking
effect of the odd neutron has to be taken into account which will give
larger moments of inertia, also in the case of rotational bands built on
quasiparticle states in the usual second well. Thus, the values of % do
not prove the existence of a third minimum.

A recent analysis 01 photo-fission data on Th232 2 seems to favour
the usual double-humped barrier with the second minimum at * 3 MeV (and
not one at ^4.5 MeV).

If the usual double-"humped barrier picture is to be maintained in
the lighter neutron-poor actinides, one has to explain why the calculated
inner barriers are several MeV too low. It is possible that this defect
is related to the "Pb-anomaly", which we attributed (in sect. 5.5) to the
missing self-consistency between the LDM energies and the average po-
tentials used in the SCM calculations.

6.2. Superheavy Elements?

Already since the first successes of the SCM, one has speculated
about the possibility, that an "island" of stable nuclei exists with
Z *u 114-126 and A *u 300-350. Although the LDM part of the deformation
energy does not give a stable ground state for such nuclei (X ̂  50), a
sufficiently strong shell effect (preferably at the spherically magic
numbers Z * I!4; N = 184,226) might produce a barrier which is high
enough to lead to an experimentally detectable fission lifetime. Indeed,
barriers of *\*7-12 MeV were obtained in the calculations for such nuclei.
However, the main problem is here the unreliability of extrapolating LDM
and shell model potential parameters to unknown regions. Indeed, the
different models and parameter sets give differences of several MeV in the

1 J. Blons et al., Phys. Rev. Lett. 35_ (1975) 1749. The experiment was redone
at Geel with even better resolution; the rotational structures seem to be
confirmed (J. Blons et al., to be published).

2 M. Asghar, Z. Physik (in print).

predicted barrier heights (which means ten or more orders of magnitude
uncertainty in the life times!). We refer to conference reports for details
of these calculations (Ronneby, 1974 and ref.1).

The use of the HF method with effective interactions might be more
reliable for such extrapolations, since relatively few parameters ("W) are
used here which are the same for ajll known nuclei from A t 16 to A ̂  250.
But the constrained HF calculations are too time consuming - at least at the
moment - for systematic studies for these superheavy nuclei, so that further
approximations are necessary which lead to further uncertainties.

As to the experimental searches for "superheavies", both in nature and
in the laboratory (heavy-ion accelerators), which all have been negative so
far, we also refer to the above-mentioned proceedings.

6.3. Fragment mass and kinetic energy distributions

We saw in section 5.2 that already at the second saddle, a preference
for mass-asymmetric shapes exists due to the shell effects in the deformation
energy. Although this is certainly connected to the asymmetric fragment
masses, we cannot explain the mass distributions knowing the potential energy
only. One should expect that dynamics play an essential role in the deter-
mination of the fragment distributions.

Therefore, it is rather astonishing that it is still possible to explain
the qualitative features of the fragment distributions reasonably well
without doing dynamical calculations. We shall not discuss here the sta-
tistical model of Fong2 which is known since more than two decades. We will,
however, quickly mention the so-called static scission point models used in
connection with the Strutinsky SCM3 ** 5 . Here the scission configuration is
described by two fragments (so far usually rotational ellipsoids) kept at a
finite distance r\ (which is the distance bei-ween the closest points of the
two surfaces). fhe total potential energy of this configuration, V(N],Zj,
^2»^2»^l»82»d)» is calculated including interaction and shell-correction
energies. B.-.sed on the arguments of Ncrenberg6 one assumes a partial
equilibrium between collective degrees of freedom (here mainly the asymmetry
determined by the nuclear numbers Nĵ Zj and the deformations $i) and
negligible coupling between collective and intrinsic degrees (in constrast to
the model of Fong, where total statistical equilibrium is assumed, also
between collective and intrinsic degrees). The probability for a certain
fragment distribution is then given either by a Boltzmann factor4

exp[-V(Z£fN£,f3i)/Tcoii] where the collective temperature T c o n is an
adjustable parameter, or - which thermodynamically is probably more correct -
by minimizing the free energy5. In either case, the fragment distributions
are determined by the static potential energy at scission (plus the assumed
partial statistical equilibrium).

1 Proceedings of International Symposium on Superheavy Elements, Lubbock,
Texas, March 9-11, 1978.

2 P. Fong, Statistical Theory of Nuclear Fission, Gordon and Breach, N.Y.,
1969; see also Phys. Rev. Cl£ (1977) 251 for recent references.

3 F. Dickmann and K. Dietrich, Nucl. Phys. A_l£9 (1969) 241.
H B.D. Wilkins et al , Phys. Rev. O 4 (1976) 229.
5 M. Prakash et al., flucl. & Solid State Physics Symp. (India) _19B (1976)

127.
e W. Norenberg, Rochester 1973, Vol. I, p.547 and Vienna 1969, p.51.



Such calculations reproduce many features of fragment mass and kinetic
energy distributions, including shell effects, in a qualitative and in
some cases even semquantitative way (see especially the extended calcul-
ations of ref. above). Clearly, all the shell effects,, which play an
essential role in these distributions for low-energy fission, are determined
by the shells in the fragments at the scission point, in particular also the
asymmetry of the mass distribution (where it occurs). Above in section 5.2
we saw that the most probable mass ratio is also coming out as the result of
a shell effect in the parent nucleus at the outer saddle. Thus, the
asymmetric mass split seems to be affected very little during the descent
from the saddle to the scission point. This was indeed confirmed in
approximate dynamical calculations using the two centre model1. It was
found there that at least the gross features of the mass distribution are
mainly determined by the potential energy surface.

The success of the static scission point model makes it worth while
investigating somewhat more its theoretical justification. In particular,
the choice of the constant distance d has to be justified. The underlying
assumption of the presence of a scission barrier must be checked and its
dependence on the shape parametrization of the' fragments must be investigated.
Also, in a more rigorous thermodynamical treatment, the collective tempera-
ture ?coll aad c^ e intrinsic temperature Tint given to the fragments
are not free parameters, but should be determined by the total energy
balance of the system. Some promising work along these lines is under way2.

It is interesting to note that many of the features of the fragments
can be understood from purely static and statistic considerations at the
scission point. The fissioning system seems to have lost most of its
memory of what happened between the saddle and the scission point, except
for the establishment of the partial equilibrium.

6.4. The role of dynamics

After the above discussion, one cannot withhold any longer the obvious
question: where and how do the dynamical aspects come in at all? Certainly
they must play a role in the descent between the saddle and the scission
point. But the qualitative success of the static scission point model puts
at least some boundaries on this role. In particular, it seems to confirm
the underlying assumption of this model that the fragments have a negligible
pre-scissiort kinetic energy at the moment of the rupture of the neck.
Recent measurements of long range a-particle emission in the fission of
u236 an(j cf^52 an(j their analysis

3 also seem to confirm the assumption of a
small pre-scission kinetic energy (<5 - 10 MeV). This is in contradiction
with dynamical liquid-drop calculations'* which predict this energy to be
larger and to increase with increasing mass number (̂ 20 - SO MeV for
actinides).

The dissipation during the descent from the saddle must be small enough
not to destroy the superfluidity of the lighter actinides, where the prefe-
rence for the formation of fragments with even Z is a well-known experimental

1 J.A. Maruhn and W. Greiner, Phys. Rev. (M3 (1976) 2404.
a M. Prakash et al., Preprint Bombay (1978), and ref. 5 above.
3 C. Guet et al.. submitted to Journ. de Physique, Lettres (1978), and
references therein.

* J.R. Nix, Nucl. Phys. A_130 (1969) 241.

fact (for low-energy fission).

At this point we would have to enter into a discussion of dynamical
theories, of the question: one-body or two-body viscosity, etc., which
goes beyond the boundaries of our lectures. But this is the field where
most theoretical work must be done in the near future. We conclude by
referring to a recent article2 In which both macroscopic and microscopic
dynamical models and dissipation mechanisms are discussed and many references
to the recent literature can be found.
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Table 1.1 Comparison of theoretical LDK barriers (Etn) and measured
barriers (E e x p), both in MeV. Values of X calculated with
(Z 2/A) c r i t = 50. (From Wilets, 1964).
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Fig. 4.1:

a nucleus with x = 0.8. Equidistance"of contour lines in units
of the surface energy E s u r f(0). (From Wilets, 1964).

e.2 < Z < 126. (From VandenboschNilssop levels for protons,
and Huizenga, 1973).

Fission barrier of Pu obtained with a constrained HF calcul-
ation with the force Skyrtne III [FQ 736]. Dashed and solid lines
correspond to different ways of including pairing. Dots (with
arrows) give the energies (and slopes of the curve) at the two
minima and the 2. saddle when the basis is increased (to demon-
strate convergence). For details see [FQ 7M-

Exact HF energy (EHp) and its average part (E; E H F in the
text above) obtained with force Sky III. E^p shows the LDM
energy (adjusted at Q2 - 0) obtained with the parameters of
[MS 66].

Same as Fig. 3.1 with force Negele - DME.

Shell-corrections 6E1 and 6E9 corresponding to the two
previous figures, and 6E| from usual WS potential [BD 72]
for comparison.

Values of 6E2 for various nuclei in their ground-states.

As in Fig. 3.1, but here E is calculated selfconsistently.

Axially symmetric shapes as functions of elongation (c) and
necking (h) parameters. The shapes along h = 0 correspond
to the LDM fission valley in a typical accinide nucleus. The
dotted curves include some left/right asymmetry (a ^ 0) typical
at the second saddle (c % 1.6) [Pa 73].

Fig. 4.2: Neutron levels ef of the Pu 2 4 0 (N * 146) obtained with the
deformed Woods-Saxon potential [BD 72, PA 73] versus elongation
c (n = a = 0). Numbers in circles show "magic" numbers (note
the deformed shell n = •46 at c =1.4 which leads to the
shape isomer in Pu 2* 0!). Odtl parity states are dotted; the
numbers inserted correspond to twice the K value (projection
of ang. momentum along symmetry axis).

Fig. 4.3 Density of single-particle states g(E) in Pu2^0 at different
deformations c (h = a = 0). At the top, some nucleon numbers
are indicated (magic numbers for c = 1). The dashed lines
represent the uniform level density g(E).

Fig. 4.4: Shell-correction 6E for a spherical harmonic oscillator well
with 70 particles, versus smoothing width y T n e numbers in
parentheses are M/2. Note that the length of the plateau
increases with the number of levels (shells) included [BP 73]. 345
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Pig. 4.5:

Fig. 4.6:

Fig. 4.7:

Fig. 5.1

Fig. 5.2:

Fig. 5.3:

Fig. 5.4:

Pig. 5.5:

Fig. 5.6:

Fig. 5.7:

Fig. 5.8:

As in Fig. 4.4, for a spherical Woods-Saxon potential [SG 77].
The inserted plot Shows the stationary value 6E(v) according
to eq. 4.10 versus order M of curvature correction.

As in Fig. 4.4, for Z - 94 protons in WS potential at differ-
ent deformations c [BP 73].

Proton levels E ^ in deformed WS potential and values of the
occupation number differences 6n: in a region ^na) around the
Fermi level X [BP 73].

Deformation energy surface for Pu for symmetric shapes
(a - Y = " ) • Upper right: LDM energy. Left side: proton and
neutron shell-corrections SE , 6En (including pairing). Lower
right: total energy. Numbers along contour lines show energy
in MeV.

240Shapes of Pu'
(c,h) surface,
included.

nucleus at the four stationary points in the
Dashed line at second saddle: asymmetry cc î

240
Total energy of Pu in region including isomer minimum and
outer saddle. Upper part: symmetric shapes. Lower part:
energy minimized m t h respect to a in each point (c,h).

23fi
Potential energy surface of U calculated with the two-centre
model [MM 73], as function of neck radius D and mass ratio.
Energy contours in MeV (relative to g.-s.). The region between
ground-state and second minimum (at ̂ 1 MeV) is only indicated
partially. The asymmetry reduces the second saddle from 8 to
5.7 MeV.

Comparison of experimental and theoretical barriers of actinide
nuclei. The figure includes two newly measured barriers E A
of Pu 2 3 2 and P u " ^ using g-delayed fission [D. Habs et al., to
be published in Z. Physik A, 1968]. I am indebted to H. Specht
for providing me with this figure prior to its publication.

Comparison of experimental 6Mexp_ (top) and theoretical shell-

corrections 6Mth (middle) to ground-state masses, (Bottom:
5 Hexp. "" Sylth>- Fi:om I ™ 7 3 1 '

Potential energy surface of Pu obtained with WS potential
[BD 72]. Upper part: as in Fig. 5.1, Lower part: as function
of elongation c and asymmetry a. The solid heavy line is the
projection of the least action trajectory onto the corresponding
surfaces. Crosses show the locus of constant mass ratio 1.43
of the nascent fragments (from [PL 73]).

Comparison of calculated (dots) and measured (crosses) life times
for spontaneous fission. (From [PL 73]).
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FISSION BARRIER THEORY AND ITS
APPLICATION TO THE CALCULATION OF
ACTINIDE NEUTRON CROSS-SECTIONS

J.E. LYNN
UKAEA,
Atomic Energy Research Establishment,
Harwell, United Kingdom
Abstract

The lectures discuss the possibilities and realisations of
applying nuclear fission theory to the calculation of unknown
nuclear data required for applications, principally in the nuclear
power field. A brief description of the fundamentals of fission
theory, the nature of the potential energy surface in the deform-
ation plane, and of the inertial tensor, is given, and the accuracy
of the theoretical calculations is discussed. It is concluded
that it is impracticable to obtain required quantities such as
neutron cross-sections from such fundamental calculations at
present. On the other hand the fundamental theory reveals a
wealth of phenomenological aspects of the fission process which
can be incorporated into nuclear reaction theory. It is then
shown how reaction theory thus extended to take correct account of
the structured ("double-humped") fission barrier can be used to
parametrise the barrier by analysis of experimental data, and
subsequently to calculate new data. Descriptions of computer
programmes and illustrations of the application of the methods to
actual physical examples are included in this account.

1. INTRODUCTION

This lecture course is aimed at describing Lhe perspectives in
using the theory cf nuclear fission to provide data that are of use
for applications, particularly in nuclear power technology, and to out-
line the methods for calculating such data. The background to the use
of fission theory in this context is to be found in the great effort,
costly in both scientific man-power and mcnsy, in providing the relevant
data by experimental methods alone. As examples of the scale of the
experimental effort required, decades of work have resulted in the
cross-sections of the three commonest fissile nuclides being known to
better than 1% only for neutrons of energy 5*025 eV, the differential
fission cross-sections of fast neutrons of Z 3 5U, 23*Pu and 2-*8U are now
known to between 3 and 5%, whereas for reactor physics purposes an
accuracy of better than \% is desirable; and these are nuclides for which
high quality samples are readily available for experimental measurement.
In all countries there are now severe economic constraints on the amount
of effort that can be put into nuclear data measurement while at the
same time the range of fissionable, heavy nuclei for which sophisti-
cated data are required is increasing rapidly as the full implications
of the nuclear fuel cycle need to bw studied. Clearly it is not going
to be possible to provide the bulk of such data from experiment in the
readily foreseeable future, especially as many of the nuclides for which
data are required are either very difficult to obtain in suitable form
or are so radioactive that the desired measurement cannot readily be
carried out.

In these circumstances it is pertinent to ask the extent to which
fission theory can be used to alleviate the situation. As a first step
Lo this in the present Winter School Matthias Brack has been presenting
the fundamentals of fission theory. The first lecture in my own course
briefly summarises some of these more basic matters with a view to
assessing the likely accuracy of data that can be produced by the
present theoretical techniques. The remaining seven lectures deal in
turn with the development of theoretical methods, available computer
code-, and examples of data.

2. BASIC F7.SSION THEORY; OUTLINE AND ACCURACY

2.1 Potential energy surfaces

The primary pre-occupation of fission theory has been the determ-
ination <>f th« potential energy surface in the space of the various
collective co-ordinates defining the shape of a deforming nucleus.
Prior to jbout 1966 efforts in this direction concentrated on the liquid
drop mo'el. While this gave a qualitative account of the phenomenon of
fissici and simultaneously an overall semi-quantitative description of
nuclear binding energies it also had many difficulties (e.g. no obvious
likelihood, in the light of the potential energy surface, of explaining
asymmetric mass division, wrong trend of fission barrier heights).
•rfyers and Sviatecki CD first attempted to improve this situation by
superposing shell effects in a semi-empirical way onto the liquid drop
model, but it was Strutinsky (2) who made the real breakthrough in
this direction by developing a more fundamental way of calculating
the shell effects in such an approach, thus enabling the theory tc be
extrapolated to large deformations.

The b^sis of Strutinaky's method of calculating nuclear energies,
either as a function of nuclear mass or as a function of deformation
i,' now well-known. Very briefly outlined it is this: in a pure
independent-particle shell model, particles (neutrons and protons) are
filled into the levels of a deformed potential well (the deformation
assumed static) up to a certain level (the Fermi energy) at which the
particular nucleus of interest is obtained. The energies of the filled
levels are then summed to give the nuclear ground state energy at the
chosen well deformation. It is well-known of course that because of
the residual interactions, and hence the correlated motions, among the
nucleons, which cannot be described in the framework of a simple
potential well model, this is a quite hopeless procedure for extract-
ing the absolute energy of a real nucleus. For this the liquid drop
model with semi-empirically adjusted parameters gives much more real-
istic estimates of the nuclear binding energies - within 15 MeV or so
at worst relative to binding energies of hundreds of MeV, over the
whole periodic table; but it does not give any of the correlations
with nuclear shell closures that appear in the observed binding energies.

Strutinsky1s way of obtaining accurate estimates of absolute
nuclear energies is to hypothesize that sunning the single-particle
state energies as shown in the left half of Fig. \ will reproduce the
change in energy from nucleus to nucleus (at a given deformation) due
to the shell structure, and to obtain this change, denoted by
^Shell Correction* it is only necessary to subtract from the independ-
ent-particle energy a similar sum calculated from the independent
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particle levels smeared :ut in some way to remove the shell structure,
as illustrated schematically in the right half of Fig. 1. The gross
energy that is thus removed is then replaced by a realistic energy term
calculated from the liquid drop model E^DM- Thus,

E= •LDM -sc
(2.1)

Strutinsky's method when applied to the broad mass of nuclei, with
the energy minimised as a function of deformation for every nucleus, was
immediately successful in reproducing accurately the nuclear binding
energies. Furthermore, when the energy was calculated as a function of
extended deformation for the actinide nuclei, in order to calculate
fission barrier saddle heights to compare with observation, he dis-
covered a secondary dip (Fig. 2) in the energy at deformations corres-
ponding roughly to the traditional liquid drop saddle point. It is now
well recognized that this deformation corresponds roughly to a spheroidal
shape with a ratio of major to minor axes of about 2:1, and this gives
almost as much shell structure (and hence great stability for parti-
cular nuclei like the actinides) as spherical potential wells (see

Fig. 3 from ref. £3)). The dip or secondary well offered an
explanation for the spontaneously fissioning isomers that had been
known for a few years and for the phenomena of intermediate
structure in fission cross-sections that were being discovered
about that time, and Strutinsky's theory therefore became spectac-
ularly successful.

Since Strutinsky's original work a tremendous amount of effort
has been put into the calculation of potential energy surfaces as a
function of deformation. Some of this has been devoted to discover-
ing the possibility of new meta-stable shapes among the lighter
nuclei, and much to the estimation of the stability of super-heavy
nuclei with respect to alpha, beta and fission decay. As far as the
subject matter of these lectures is concerned, which is principally
the fission properties, especially cross-sections, of the actinide
nuclei* the theoretical work that is most important concerns the
potential energy landscape in the region of the liquid drop saddle
point, giving the double-humped barrier properties that control
cross-sections.

2.1.1 Basis and technical treatment of Ftrutinsky theory

The justification of the Strutinsky method for determining
nuclear energies, the technical method for carrying it out, and the
physical nature of the results have been reviewed in detail by Brack
et al (4). A comprehensive review containing less detail but with a
complete bibliography of work carried out up to 1972 has been written
by Nix (3).

Basic justifications of the Strutinsky method start from the
Hartree-Fock theory. In ref. (4) it is shown how the expression for

the energy of a nucleus in Hartree-Fock theory (in which the single-
particle potential is self-consistent with the single-parcicle density
matrix generated by that potential) can be written in terras of shell-
model single particle energies and densities to second order in the
difference between the shell-model and the self-consistent densities.
The significant feature of the new expression for the Hartree-Fock
energy is that apart from the simple sum over occupied shell-model
levels the remaining principal term is expressed in terms of averaged
single-particle densities, and is therefore smooth in its dependence
on nucleon numbers and nuclear shape. It is this smooth term plus a
smooth component extracted from the sum over occupied single particle
levels that is replaced by a liquid drop expression for the energy,

ELDM*
Most of the methods for extracting the smooth component from the

sum of occupied energy levels are based on Strutinsky's own technical
procedures for averaging over the shell-model energy levels with a
suitable weighting function (see refs. (2,4)). This weighting
function can be expressed as sums of products of Gaussians and Hermite
polynomials, the width of the Gaussian being governed mainly by the
energy spacing between major shells just below the Fermi energy.
Such averaging procedures can run into conceptual if not practical
difficulties however if the shell-model potential is a realistic one
i.e. it permits unbound eigenstates, as with the Woods-Saxon
potential for instance. Bengtsson [51 has therefore initiated a method
in which each individual shell-model level as a function of
deformation is smoothed by fitting it with the cube root of a
fourth-order polynomial in the deformation parameter; this particular
form of the fitting function is suggested by the Thomas-Fermi stat-
istical model. The smooth component of the sum of occupied energy
levels is then simply given by the sum of the occupied smoothed energy
levels resulting from this fitting procedure, and the unbound levels
thus require no consideration. The shell correction energy, Egc*
thus defined for neutrons in 238pu £s shown in Fig. 4 in comparison
with the result from the same set of shell-model levels using the
Strutinsky procedure. The overall agreement, especially for prolate
deformations in which we are most interested in fission ttieory, is
seen to be remarkably good, although local differences of up to I MeV
can occur.

2.1.2 Comparison with Hartree-Fock calculations

Apart from work on the justification of the Strutinsky theory
in a basic way, there have been attempts to calculate nuclear deform-
ation energies directly from Hartree-Fock theory. These employ the
Skyrme effective nucleon-nucleon interaction (6) with parameters
adjusted to reproduce gross nuclear properties, as given in ref, (7).
The result of the work of Flocard et al (21) showing the binding
energy for 240pu a s a function of the quadrupole moment of the nucleon
density is presented in Fig. 5. No allowance is made for axial
asymmetry or reflection asymmetry in the nuclear shape in this cal-
culation. It looks qualitatively very similar to the deformation
energy curves that result from calculations using the Strutinsky method,
buC the energy differences between the extrema are greater. For
exanple the first barrier height (VA) is at about 9 MeV relative to the
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primary well depth (Vx) whereas Strutinsky calculations with a similar
restriction on the range of nuclear shapes explored would give about
6 MeV for this quantity. However, there are recognized sources of
error in the present Hartree-Fock calculation that approach the order
of one MeV; they arise from the necessity to project out the 0 +

ground state from the calculated state with no constraint on angular
momentum, and from the truncation of the harmonic oscillator basis
states used in the numerical work.

2.1.3 Nuclear models employed in Strutinsky calculations

Apart from the possible source of error arising from the actual
principle of the Strutinsky theory, and possible errors from the
technical treatment of smoothing procedures, the basic parametris—
ations of the models used in the theory contain uncertainties that will
give rise to errors in calculations based on the theory. The main source
of this kind of error is likely to come from the liquid drop model,
which provides the basic (or macroscopic) energy term in the Strutinsky
theory, but there are also likely to be significant uncertainties from
the shell model adopted, and smaller errors from the treatment of the
pairing interaction, which is shell dependent and is also normally
incorporated into the Strutinsky theory. This last term depends not
only on the choice of shell model but also on the hypothesis assumed
for the dependence of the interaction strength on surface area.

Notice, ia this connection, that virtually all calculations with
the Strutinsky method have been made for even nuclei.

2.1.3.1 Liquid drop and droplet models

The nuclear energy in the basic liquid drop model of the
nucleus is characterised by a volume term proportional to the mass
number A, a surface energy term proportional to the surface area,
and hence to A^'3 fOr a spherical nucleus, and a Coulomb energy
term, proportional to A ' for a spherical nucleus,:

where B s (shape) is the ratio of the surface area of the deformed
nucleus of specified shape to that of a spherical nucleus, and Bc

(shape) is the ratio of the Coulomb energy of the deformed nucleus
to that of the sphere. The quantities e and ro are che proton
charge and the nuclear radius constant o£ proportionality,
respectively. The coefficients C» and C3 contain a dependence on
the neutron-proton asymmetry I • (N - Z)/A:

C v = av(l-kvl
2) (2.2a)

<2.2b)

So far as the fission barrier is concerned, the important terms in
equation (2.2)are the surface energy and Coulomb energy terms, and the
sum of their contributions to the liquid drop energy relative to the
energy of a spherical liquid drop can be written as

(2.3)

where Es(0), the surface energy of a spherical liquid drop, is
Cs A

2^ 3 and x the fissility parameter is defined as the ratio of the
Coulomb energy of a spherical drop to 2E8(0):

x=[-=- (2.4)

The fissility parameter, and hence the values of the coefficients a?

and kfl, are crucial in determining the shape dependence of the liquid
drop energy and therefore of fission barriers. These coefficients
have to be determined empirically from an overall fit to nuclear
binding energies and, where possible, to experimental fission barrier
data. For reliable determination of the coefficients equation (2.2)
is too. crude as it stands, and it is recognized that in that formula
ike volume and surface terms are only the leading terms of a system-
atic expansion of the nuclear energy of a finite body with a
relatively thin surface region in which the matter density falls to
zero. The ratio of surface diffuseness to nuclear radius is of order
A"1'3, so a refinement of equation (2.2) takes the expansion to
higher powers in A~'/^; this is the droplet model of Hyers and
Swiatecki (8}. In this, terms in A*/3 are associated with energy of
curvature of the surface and redistribution of Coulomb energy in the
surface, and other terms are associated with the compressibility of
nuclear matter. The many parameters involved are determined partly
from fitting to experimental data and partly from statistical calcul-
ations based on Thomas-Fermi theory; fitting to experimental data
has to take account of shell effects both in ground-state masses and
in fission barriers, and this is generally done in the empirical way
outlined in ref, (I). Values of the liquid drop (or droplet)
coefficients actually used for calculations of fission barriers by
the Strutinsky method vary. One common set is that due to Myers and
SwiatecW (9) (liquid drop model):

S)/j£U 0-7053 MeV,

a$ = 11.1431 MeV,

ks= 1-7826 (2.S)
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Another set coming into vogue is derived from a redetermination of
droplet model coefficients in unpublished work of Myers and Swiatecki
referred to in ref. (10); from these an equivalent set of liquid drop
coefficients can be determined, among which an effective neutron-
proton asymmetry coefficient, kSfSff, turns out to have the value 2.8.
This implies a distinct lowering of the calculated values of the
fission barriers of neutron-rich nuclei from those that would be
calculated with the set (2.5), and at present it can be stated that
the precise value of the surface neutron-proton asymmetry coefficient
is probably the main uncertainty arising from the liquid drop or the
droplet model in calculating fission barrier heights.

2.1.3.2 Shell models

There is a wide variety in the choice of shell model for
calculating the shell-correction energy entering fission barrier
calculations. Strutinsky's own calculations (2), (5) employed a
deformed Woods-Saxon potential which has the advantage of p'hysical
realism for nuclear shapes that are not too strongly deformed; the
potential is defined in such a way as to have a constant skin thick-
ness about an effective surface defining the shape. Such a potential
encounters difficulties for strongly necked-In shapes, and here a
variation suggested by physical notions of the effect of finite
range nucleon forces has advantages; this is the diffuse-surface
potential obtained by folding a Yukawa function over a square-well
potential of the nuclear shape required (ID:

(2.6)
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where Vo is the square well depth. The range* a, of the Yukawa
function can be chosen to give the desired surface diffuseness.
Parameters of such potentials are generally chosen to reproduce a
given set of experimental data on single particle levels. Nix and
his collaborators chose to fit their potential to the levels of 208pD
in their earlier calculations Cil], but in a later set they have
adjusted their parameters to fit the levels of heavy deformed
actinide nuclei (12). The difference in the two sets of potential
well parameters amounts to about U Z in the surface diffuseness
parameter (smaller in ref (12)) and 12% and 63 in the neutron and
proton spin-orbit interaction (greater in ref. (12)}.

The other class of shell model potentials in common use is based
on the harmonic oscillator. In general these have distinct computat-
ional advantages and permit the exploration of a greater variety of
nuclear shapes. Calculations of the potential energy landscape in
the region of the barrier are generally performed within the frame-
work of the one-centre modified oscillator model with the shell
nodel potential having, typically, the following form:

(2.7)

r
(2.7a)

(2.7b)

The correction term, depending principally on the square of the
orbital angular momentum £(:> has the effect of flattening the potential
tovards its outer edges and also contains a spin-orbit interaction.
The parameters k and u are adjustable for optimal reproduction of
experimental single particle level schemes. The variable p is the
radius vector length in "stretched" co-ordinates and is thus defined by

f-Vf (2.8)

The oscillator frequencies for the principal ellipsoidal axes are
related to the parameter 0)o (itself governed by the shape parameters
E, e 4 and y) through the relations

- • ! €•

and cuo is related to the spherical oscillator frequency a>o through a
volume conservation condition. A typical numerical value adopted for
the last parameter is (13)

(2-9)

the plus and minus signs referring to proton and n&utron potentials
respectively.

The deformation parameters e, c^ and y refer to quadrupole
deformation (nuclear elongation), hexadecapole deformation (waist-
line "necking-in" or broadening) and degree of axial asymmetry,
respectively. The parameter Y is generally treated through its range
of values 0° to 60°, 0° representing axial symmetry of a prolate body
and 60° the opposite extreme of axial symmetry of an oblate body.
Other degrees of freedom in the shape can be introduced within this
framework, still allowing practical computation, and two such
important parameters are the deformations associated with the third and
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fifth Legendre polynomials; these parameters allow the description of
reflection asymmetry in the nuclear shape (often referred to as mass or
volume asymmetry).

More sophisticated shell-model effects can be incorporated within
the Strutinsky theory. One ot these is a shell-correction term to the
Coulomb energy (14) which is normally computed simply as a liquid
drop term with uniform charge density over the nucleus. For this,
the Coulomb repulsion energy is calculated directly from the single
particle wave-functions; the proton densities arising from these
can change sharply with changing deformation giving rise to changes
in the occupation of single particle levels near the Fermi'energy
with very different radial and angular distributions. The treatment
of pairing correlation energies can also contain elaborations. Onev

of these is the dependence of the pairing interaction strength on
surface area, as already mentioned. Another is the introduction of
the quadrupole pairing force (14). This arises from the well-known
expansion of a delta-force in terms of spherical harmonics,

(2.10)

only terms in y - 0,2/11 = 0 being retained.

2.1.4 Results of calculations

2.1.4.1 Inner barrier

The shell correction as a function of deformation is obviously
correlated with the local density of single particle levels in the
shell model around the highest occupied level (in the absence of
pairing correlations), the Fermi energy. High single part'.cle
densities give rise to a positive shell correction (lass stability)
and vice versa. An oscillating shell correction (with the correct
phase) superimposed on or close to the liquid drop saddle point gives
rise to the double-humped barrier. Variation of the shell-correction
amplitude or phase with changing proton and neutron number, together
with th* variation o£ the liquid'drop potential barrier with changing
fi3sility parameter, gives rise to variation of the double-humped
barrier from nucleus to nucleus. The contribution to the shell
correction from the pairing correlation effect is opposite in sign,
being negative at high single particle densities, but is much smaller
in magnitude than the main shell effect.

The phrase "double-humped barrier" expresses the main feature of
the potential energy of deformation of the nucleus as a function of
elongation of the nucleus towards fission. Early calculations
assumed a maximum degree of symmetry in the shape in tha course of
this elongation. Pashkevich (15) first investigated the potential
energy as a function of axial asymmetry along this path and noted
that the secondary well in the barrier was stable with respect to
this. Later vork (16,17,18) has concentrated on investigating the
potential energy surface in the plane of elongation and the y-degree
of freedom more carefully, and has established in general that the
nucleus has axial asymmetry at the first saddle point (A) but has
regained axial symmetry at the secondary well (11). Typical results
of Larsson and Leander from ref. (18) are shown in Fig. 6. For

Che inner barrier occurs at a value of Y - 10 but the potential
energy on the axially symmetric path is only "0.4 HeV higher than
the saddle; whereas for ^^Cm t n e barrier energy drop dt an ax?al
asymmetry y ~ '7° is a substantial 1.8 MeV. There is a trend for
increasing stability of axially asymmetric shape at the inner barrier
both with increasing neutron number and increasing mass number as
shown in Fig. 7 (from ref. (18))t. As far as the actual magnitudes of
the barrier heights are concerned, the axially asymmetric values of
Fig. 7 tend to be a little lower in general (on average ~0.5 MeV)
than experimental data (after making allowance for zero-point (3-
vibration energy of the ground state). For the Th nuclei they are
considerably lower, but there may be special reasons in theory and
interpretation of experimental data for this. For each element the
trend of the calculated value with neutron number is greatly peaked
at N * 150. The experimental data (see Fig.50)show similar trends
but with the peaking 2 to 3 neutron units lower.

The agreement of this kind of calculation with data seems to be
improved if the quadrupole pairing interaction is included (14),
particularly for Th nuclei for which the inner barrier is raised by
about 1 MeV. For Pu nuclei quadrupole pairing raises t\e inner
barrier by about 0.5 MeV. It should be noted that in the calculation
of Larsson et al (14) the liquid drop energy has been refitted so
that the calculation reproduces experimental data on the secondary
well.

2.1.4.2 Secondary well

Calculations on the energy of the second minimum relative to
that of the first minimum, this time due to MB Her and Nix (12) (using
still the modified harmonic oscillator shell-model potential), are
shown in Fig. 8. In general these energies are in the range 2 to 3
MeV and agree with available experimental data on spontaneously
fissioning isomers to this extent. However, interpretation of experi-
mental fission cross-section data on Th isotopes (see for example ref.
(37)) indicates that the secondary well is higher than 4 MeV for these
light nuclei and so disagrees with the trends of the calculation.

The overall trend of the curves in Fig. 8 (with a minimum about
N s 145 and a peak about N = 152) is also given by calculations using
the folded Yukawa model (12), However, there are discrepancies in
absolute value of up to -0.5 MeV between the two sets of calculations,
changing in sign between Th and Fm.

2.1.4.3 Outer barrier

Early calculations in which the nuclear shape was assumed axially
and reflection symmetric indicated that the outer barrier was higher
than the inner one in the actinides by some 3 to 4 MeV (see Fig. 2).
Experimental data on spontaneous fission isomer half-lives and
excitation cross-sections and intermediate structure in fission cross-
sections refuted this; indeed analysis of data on plutonium and
higher nuclei suggested that experimentally the outer barrier is the
lower. The discrepancy was removed at least qualitatively by the
calculations of MBller and Nilsson (19,20) demonstrating that reflect-
ion asymmetry in the nuclear shape (included in the shell-model 357
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potential as third- jmd fifth-order Legendre polynomials) gave
potential energy minima at the elongations corresponding to the
outer barrier. There is no calculational evidence for axial asymmetry
also existing at the outer barrier. Indeed, the existence and
explanation of strong angular distributions of fission products is
held to be evidence against axial asymmetry.

Hare recent calculated values of the outer barrier height C12)
are shown in Fig. 9. The curves for individual elements do not show
iparked structure or trends (except for the highest elements) but there
ifl a strongly falling tendency with increasing nucleat charge, which
is borne out by experimental data on fission isomer excitation yields.
These calculations employ a modified harmonic-oscillator snell model
potential, ind they show discrepancies of dp to -1 MeV (changing sign
in going from Th to Rn) with calculations based on a folded Yukawa
potential (eq. 2.6).

The calculations based on the folded Yukawa shell-model potential
(12) show a new feature in the potential energy curve in the second
barrier region; this is a tendency in the low Z, moderate N nuclei
for the outer barrier to be further split into two subsidiary peaks
with shallow minimum between them (see Fig. 10). If this is a real
physical effect it will explain experimental fission data on Th
isotopes which demand an interpretation involving a double barrier
peak of nearly equal height with a very shallow well between them.

2.1.4.4 Probable accuracy of quantitative calculations on fission
barrier parameters

In Table I the theoretical results on fission barriers for two
specific nuclei are compared. These are both nuclei that are quite
central to the nuclear stability line and to the actinide group of
elements and therefore ought to provide reasonable tests for theor-
etical calculation. Some of the differences in the numbers are of
course due to very significant differences in the physics assumed,
e.g. degree of asymmetry in shape allowed, but even where sets of
numbers are comparablet because differences are confined to the
choice of shell-model, as in rows I and 3 (columns 3 to 5) or rows I
and 2 (column 6) differences of the order of I MeV in the estimated
quantity occur. This can probably be taken as a measure of the
accuracy of the theory at the present time. This statement is
supported by a comparison of the measured r. iclear ground state
Classes of the accinidies and lower nuclei with the values calculated
by Moller and Nix (12) using the folded Yukawa shell-model within
the Sttufinsky theory; Che average discrepancy is about zero, but
there are systematic trends of the discrepancy curves as a function
of neutron number, the trends having a slope of "0.5 MeV per neutron.
The accuracy of the theory is extremely good when set against the
nuclear binding energies of well over 1000 MeV, but they are not
accurate to supply on their own the relevant barrier parameters for
the nuclear cross-sections required by technology. This can be seen
at its siaolest by considering the effect on calculation of the one-
group fission cross-section in the neutron spectrum for an oxide-
fuelled fast reactor (mean neutron energy) for a fissionable nucleus.
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If the pseudo-threshold energy of the fission cross-section is in
the region of 1 MeV, an error of one MeV in the estimate of barrier
height could lead to an error grossly over-estimating the one group
cross-section in one direction, or giving a negligible value in the
other direction (see Fig. II). The estimates of other cross-sections
(such as capture and inelastic scattering) which depend on a knowledge
of fission competition will be in error in related amounts.

2.2 Dycamical considerations

2.2.1 General remarks

The potential energy landscapes for deformation of the nucleus
discussed in Section 2 provide the essential foundation for discussing
the fission process and suggest already many of the most striking
phenomena to be observed, but, with such complicated potential energy
surfaces, and with the consideration that the nucleus is a micro-
scopic body, strongly influenced by the motion of a single or a few
nucleons, it is apparent that the dynamics of fission is still a
major problem. The difficulties are compounded in two main ways.
Firstly, for large deformations from a spherical shape, a description
of the deformation in normal modes, based on a Legendre polynomial
expansion of the surface, is not practicable; the choice of suitable
deformation parameters is somewhat arbitrary, although based on
physical intuition, and as a result the inertial tensor can ta!:e a
complicated non-diagonal form. Furthermore, the inertial tensor is
strongly affected by single particle effects as well as being a
measure of "collective motion". Secondly, the effects of "viscosity"
in the nuclear motion obviously play an important role. Viscosity is
itself a classical concept and its transference to the nuclear case
is not yet clearly defined, although there is much current work on
this topic (see e.g. ref. (21)). Many of Che quantities observable
in fission (e.g. cross-sections at low energies, properties of
spontaneously fissioning isomers) do not require such an all-
enbracing concept as viscosity for theit explanations; these can be
based on extensions of normal quantal ideas. On the other hand, some
fission phenomena involve such a large number of degrees of freedom
that statistical or thermodynamic treatments seem to be demanded.

2.2.2 Inertial tensor calculations

The dynamical requirement of an expression for the kinetic energy
in terms of generalised collective co-ordinates q£f

(2.11)

demands the knowledge of the inertial tensor as a function of the
collective co-ordinates. This is the essential complement to the
potential energy and can te either modelled according to hydrodynaoic



concepts [22) or car* be computed microscopically from the same
shell model level schemes used to construct the shell-correction
to the potential energy in the Strutinsky method. The classical
liquid drop model is already sufficiently complex that straight-
forward analytical expressions for the inertia have not been
derived except for very small deviations from a sphere, in'which
case the inertial parameter associated with the lowest normal mode
(the quadrupole term in the spherical harmonic expansion of the
Burface) for irrotational flow is

= 3 MR?/Sir (2.12)

che3 being the coefficient tor the second spherical harmonic Y20 i
expansion of the surface* M the nuclear mass and RQ the nuclear
radius. For his studies of the later stages of fission towards the
scission poin
which the int.
circular laye

Phenomem
employed; fo

Nix £23) used the Werner-Wheeler numerical method, in
rnal hydrodynamic flow is approximated by che flow of
s of fluid perpendicular to the symmetry axis,
logical expressions for the inertia have also been
example if the fragment separation r is employed as

the fission variable the asymptotic inertial parameter at large
separations, r,is the reduced mass of the fragments, u» while at the
other extreme of small deformation it tends toward eq. (2.12)
for irrotational flow. A typical expression for B r r, due to Randrup,
quoted by Szymanski (241, is

Brr J\ + ̂ (2.13)

where RQ is the spherical nuclear radius, and k and d are parameters
that describe deviations from the irrotational value (for irrotational
flow k <= l, d « Ro/2.542).

Microscopic calculations of the inertial tensor are normally
based on the cranking model, originally developed by Inglis T25) for
calculation of nuclear moments of inertia, in which the independent
particle or quasi-particle system is assumed Co be driven in a
specific form of collective motion by an external force, and the
inertial parameter is determined from the generated kinetic energy
and the collective velocity. Its application to fission was first
developed by Sobiczewski et al (26) and Damgaard et al (27). The
cranking model expression involves virtual excitations from the ground
state |o> of the deforming system to excited states lm>:

B- = 2 (2.14)

For a pure independent particle system this expression, literally
evaluated, contains singularities at single-particle level crossings.
Within the shell-correction framework of the Strutinaky theory,
however, pairing forces are included in the shell-model treatment;
the resulting energy gap separating the ground-state from dther states

removes these singularities and permits the inertial tensor to have a
behaviour of reasonable physical magnitude. A simple statistical
expression for the dependence of che inercia on the energy gap, A,
and the density of single particle ftates, geff, at the Fermi energy
is developed in ref. C27):

(2.15)

A typical detailed calculation of the inertia from the cranking
mcdel is shown in Fig. 12; this is due to Pauli and Ledergeber (28).
As to be expected from eq. (2.15) it is strongly correlated with the
shell-correction to the potential energy of deformation of the nucleus.
This strong structure in the inertial parameter already implies that
the potential energy alone does not provide a simple guide to the
dynamical motion of the system through deformation space.

This is demonstrated by Pauli and Ledergeber*s treatment of
spontaneous fission half-lives. The half-life is proportional to the
Gamov barrier tunnelling factor

T ~> J- ex p ["- «

The integral S, the action integral, is calculated along a trajectory
q through deformation space, defined to give the least value of S.
The inertial parameter Bq for this trajectory is determined from the
inertial tensor by

(2.17)

The trajectory calculated from this prescription for syrraetric
deformations in 2*0j>u £s shown in Fig. 13. It is apparent that the
'ttynamic" barrier for this trajectory is higher than the static barrier.
Calculations oE spontaneous fission half-lives of ground states using
these calculations of the inertia and the least action principle give
remarkably close agreement with data provided that the surface energy
constant of the ^iquid droo model is suitably adjusted (see Fig. 14).
This-, as shown in the diagram, differs for different elements.

Agreement is poorer (discrepancy up to four orders of magnitude)
if it is attempted to use a universal surface energy constant.
Half-lives of spontaneously fissioning isomers are shown in Fig, 15.

Pauli and tedergeber suggest as a hypothesis that the least
action trajectory determined for spontaneous fission should also be
the path for near-barrier fission. While this would have the
attraction of explaining the high intermediate barriers observed for-
Th isotopes (che dynamic barriers found for these are particularly
high compared to the static barriers (29)), it is certainly a very 359



controversial idea and needs to be properly tested by a calculation
of the development of the wave-function over the barrier in a two-
or few-dimensional deformation space.

2.3 The role of basic fission theory

It is apparent that greater uncertainty exists in the under-
standing of the dynamics of strongly deformed nuclei than of the
potential energy behaviour; consequent uncertainties will ersue in
the attempt to calculate cross-section and related data from tand-
amentals. The strategy is therefore clear. Basic fission theory
alone is not sufficient for the required applications. The role of
basic fission theory has to be on the one hand to suggest the
modifications and refinements necessary when incorporating the
fission reaction into the nuclear reaction theory required for
calculating cross-sections. This fully developed reaction theory
can be used for analyzing existing experimental data to extract
fission barrier parameters. Systematic trends that may exist among
these parameters will be suggested by basic fission theory in its
second role. Finally, by using the body of new parametrisations
(by drawing from it, or by extrapolation or interpolation) within
the reaction theory framework, new cross-section data can be
calculated. This is the programme the remaining lectures will
describe.

3. FISSION REACTION THEORY

The first phase in our strategy for calculating fission data is
the development of a useful nuclear reaction theory incorporating or
exploiting the features of the double-humped fission barrier. This
can be done at 'a number of levels. At the simplest level the only
degree of freedom considered is the dcrormation of the nucleus as it
passes through the barrier; these are the phenomenological barrier
transmission models. At the opposite extreme the deformation of the
nucleus is considered as only one of very many degrees of freedom
and is therefore treated within a statistical framework. At an
intermediate level the deformation degree of freedom is treated
explicitly and in detail, but the possibility of excitation of other
degrees of freedom is treated in a gross way through the inter-
mediary of a complex potential. Finally, exact formal treatments of
all degrees of freedom in the reaction process can be developed.
In this &vA the following two lectures these reaction theories are
developed.

3.1 One-dimensional barrier-transmission theories

In these theories the single degree of freedom is only treated
as such in the barrier region and beyond; for the internal region,
Che compound nucleus, an expression must still be developed for the
width of a compound nucleus state in the absence of the barrier. A
simple semi-classical expression for the partial level width was
developed long ago by Blatt and Weisskopf (30). Consider a quantal
system with N uniformly spaced energy levels, E n » E o + nD. The
time dependence of the wave-function can be written

(3.1)

where the $ n contain the spatial dependence of the wave-functions.
The period of motion, F, of this system is obviously

(3.2)

i.e. this is the time taken to reconstitute its configuration at
the entrance to any given channel, f, and would be its lifetime if
there were no barrier of any kind against escaping through that
channel. The width in that case would be Tf - fi/Tf - D/2TT.
However, if the barrier in that channel can only be penetrated or
overcome with a probability denoted by the transmission coefficient
Tf, the lifetime is Tg = P/Tf and the width is

= 4=#--T, (3.3)

The barrier transmission coefficient can in principle be
calculated very simply. The principle is illustrated for a rectangular
barrier in Fig. 16 with a travelling wave from the left incident upon
the barrier, with velocity vo, wave number ko, giving rise to a
reflected wave, and an "interior" wave-function, leading finally to a
transmitted wave on the right with velocity v ^ , wave number k ^ .
Hatching of the wave-functions shown on Fig. 16 will allow the
calculation of the coefficient D of the transmitted wave giving the
transmission coefficient (for the flux) T * |"| vo»/vo- F o r a

rectangular barrier the result is a standard one given in quantum
mechanic textbooks. Some numerical curves of the energy behaviour for
values of barrier parameters that could roughly correspond to actinide
fission are given in Fig. 17. The oscillating behaviour of the trans-
mission coefficient found for wave energies greater than the barrier
height i9 characteristic only of the sharp edges found in the
rectangular barrier, and is absent for more realistic behaviour of the
potential energy.

A very common barrier form for realistic phenomenological analysis
is the parabolic barrier. Denote the circular frequency of the
b i illat t be b t i d b i t i hi b h Hill d

-]-_ I
L

(3.4)
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where Vp is the peak of the parabolic hairier. The typical behaviour
of this transmission coefficient is also shown in Fig. 17 and is
clearly very different, well below the barrier, from that of the
rectangular form.

In general, the transmission coefficients for single-humped
barriers are quite featureless showing only a strong monotonic rise
with energy well below the barrier, flattening off to an asymptotic
value of unity above the barrier. For the double-humped barrier,
which the Strutinsky theory suggests is appropriate for actinide
fission, the transmission through a single barrier is irrelevant in
the one-dimensional treatment but plays an important role in more
advanced analyses.

For the transmission through a double-humped barrier all the
important features are displayed by the results obtained from the
JWXB approximation. These are dominated by the virtual states of the
potential well that lies between the two peaks; these states give
rise to resonances in the transmission function, and the effect of
the potential maxima on either side of the well is felt mainly in the
widths of these resonances, and in the minima between the resonances.
Within the secondary well of the barrier, where the kinetic energy
is positive, the quasi-classical approximation to the wave-function
is

Between the two turning points % and nc where E=V (see Fig.i8), this
wave-function reduces to the form of either

which is Bohr's quantisation condition. When the barriers on either
•ide of the secondary well are finite, so th.it the wave-function does
not vanish for r) •*• ± », the condition on $ for discrete solutions is
no longer required for the general solution, but the amplitude of
the wave-function between the wells is maximised at an energy close
to the above quantisation condition, i.e. resonance occurs. FrBraan
and Dammert (32) give the general approximate form for the general
solution

(3.7a)

(3.7b)

with expressions for K^ and Kg in higher order phase integral
approximations, which reduce in first-order to the expressions

1#

while the phase angle ce has correction terms on <{>, resulting in

(3.7c)

if the condition is imposed that the solution of the exact SchrBdinger
equation vanishes as n •* + <». For these two expressions to be
identical at n» the sum $ of their phases must equal an odd-integral
multiple of TT/2:

(3.6)

and a similar formula for Og in terms of Kg. The final term in the
formula for the correction phases a has been given approximately by
Ford et al (33) as

where Y is the Euler constant. Notice that the two factors in the
numerator of T are approximately the JWKB approximations for trans-
mission through the two barriers A and B separately.

The resonance condition for equation (3.7) is discussed in some
detail by FrBman and Dammert. They note that for a symmetric double
barrier the resonance condition is exactly 381
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0C = (3.8)

where n is an integer, and at this energy the transmission is exactly
unity. For energies far below the peaks of both barriers! this same
condition for resonance is approximately true; in fact ?;he quantity
AScos^a is the dominant term in the denominator oi" equation ..3.7a)
except when cos a is very close to zero and hence in this strongly
sub-barrier situation the transmission function has the appearance of
high, very narrow peaks on a low but exponentially increasing bas*3-
In the case of a symmetric double barrier these peaks rise to a
transmission value of unity. Equation (3.7a) can be written approx-
imately

1 +[ j
(-2^)J

(3.9)
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giving Ttaax * cosh~2(K^ - K B ) at resonance. Close to the resonance
condition cos a can be written a-(n + 1/2)77 thus demonstrating that
the half-width of the tesaisac* is Aa » 1/2 Cexp (-2KA) + exp(-2KB))
which, in terms of energy, is

(3.10)

The denominator in this expression is thj reciprocal of the classical
oscillation frequency between the two barriers. The resonance width
therefore is simply interpreted through the Heisenberg uncertainty
principle, i.e. it is Planck's constant (divided by 2IT> multiplied
into the escape probability (oscillation frequency times probability
of tunnelling the barriers; from the intermediate well*

Othar points Co be noted about the JWKB formula are, firstly,
that, well below the peaks, replacement of a by $ gives rise to vory
ana 12 error in a, but this nevertheless implies a large shift in the
resonance in comparison with its width. Secondly, between resonances,
the transmission has minima close to the value

(3.11)

3.2 Barrier transmission with absorption

The one~dimen8ional treatment of the fission process can be
extended to take some account of other degrees of freedom by treating
excitation of the latter as a simple absorption out of the .fission
node. This method is very familiar in the treatment of nucleon
nattering by complex nuclei, being just the optical model of nuclear

react"onB. In the application of the optical jcudel to the fission
proccsa it is necessary to include the well(s) in addition to the
barrier in the potential energy function for the deformation mode.

In the original application of this method to fisaior. through a
flingle-peaked barrier (34) there is no difficulty in princ;,:i.e in
obtaining the transmission function, and hence the iissr'on strength
function. An imaginary component is introduced into the potential
well representing the internal compound nucleus region (see v*g. 19).
This can be either a constant component between certain adopced
limits of deformation, or have seme functional form attenuating to
zero in the region of the potential barrier. An incident vave of
form (exp(-ikon)) in the deformation mode is now considered to fall
on this potential, and the result of the interaction gives an out'
going vave with amplitude Sff; beyond a deformation value no

expressing the range of the potential barrier beyond the inters1
region, the wave function has the form

The amplitude Sff is calculated by solving the SchrBdinger equation
(usually by numerical integration), the governing boundary condition
to give the correct solution being that tf.e vave function is real and
regular at some value of the deformation T"ljQin sufficiently far on the
lew deformation side of the potential well. A resulting value of
Sff with modulus unity implies pure scattering of the fission vave*
The difference between unity and |Sff|2 gives the absorption into the
internal region i.e. compound nucleus formation; the cross-section
for compound nucleus formation from an "invftrse-fission" channel is
proportional to I - |Sff|2, and this expression is normally defined
as the transmission coefficient Tf corresponding exactly to the
simple barrier transmission already considered

(3.13)

Typical calculations of this transmission coefficient are shown in
Fig. 20m It is seen that resonance effects can be found, but these
are due to small damping of vibrations in the dcap potential wel..
Such small imaginary components are not normally expected at the
excitation energies considered here.

Such a treatment has also been applied to the double-humped
potential barrier (35). If the imaginary component of the potential
is confined to the primary well, transmission coefficients that
(Jidplay the vibrational resonance peaks described above can occur. These
undamped vibratioi.al resonances (zero damping in the secondary well),
and spreading the imaginary potential across both the primary and
secondary well is not a strictly correct way of treating the
damping in the secondary veil.

The difficulty in this model is that absorption into the
secondary well hap to be considered separately from that in the
primary well; use of an imaginary potential in both wells simply

J



lisps together the absorptiou In the two wells. The picture here is
that P^\ inc:.dent inverse-fission wave penetrates the secondary well
with 3ttunuat?on, and this attenuated direct component is absorbed
in the primary well, while the componenc absorbed in the secondary-
well can be re-emitted into the fission channel, or suffer a transition
irrevocably into some other degree *.f freedom, or be emitted into the
primary well., The total flux reaching, and being absorbed, Into the
primary well is the quantity of interest here. Bondorf (35) and Back
at al £363 have modified the model to obtain the transmission coeff-
icient correctly by making the simplifying assumption, that all the
flux reaching the primary well is absorbed completely. The wave
funcci< a at. some deformation. Ti] close to the entry (at barrier A)
into t-- -rimary well therefore has no returning wave and is given by

(3.U)

(or, n..--<•= exactly, LO take the attenuation distance 1/K in the primary
veil iuuo account, $ = a expC-K(n.j - TO - ikjTi); the factor
exp(-X(ri| - n)) is required if the imaginary potential starts at

i h l ) T h f l h i b b d d i l i
p | g p i

with a non-2e-o value). The flux that is absorbed directly into the
prim-<"7 veil L3 thus kj |a| ."t^, while that absorbed in the secondarprim-<"7 veil L3 thu
well ii. 1 - |Sff[

j |a| ^
Of the secondary well absorption a fraction

ry

Tfl 4
(3.15)

is emitted 'p.to the primary well, T^ and Tg being transmission coeff-
icients from the secondary well across barriers A and B, and Ty the
transmission probability ior de-exciting radiation across compound
levels (ciass-Il states) associated with the secondary well deform-
at; n. Thus

3,3 Statistical model

When absorption out of the fission mode is very strong,a limit
has been reached that is just the opposite of the simple undamped
barrier transmission models of the double-humped barrier. This limit
can be treated by assuming statistical equilibrium among all the
degrees of freedom of the nucleus. Such a model is therefore approp-
riate to moderately high excitation energies ('hot1 nuclei), in
distinction to the barrier transmission model which can only be
expected to describe low excitations in the secondary well.

In a hot nucleus with very many degrees of freedom only a
relatively small amount of excitation energy will be concentrated on
motion in the deformation mode; this amount will be of the order of
the nuclear temperature 6. If this temperature is much less than
the barrier between the wells in the potential energy of deformation
the nuclear system will survive for a relatively long time in one or
other equilibrium shape before changing shape, or decaying by particle
emission, radiation or break-up by fission. Thus, in first approx-
imation, two sets of states, associated with each equilibrium shape,
and denoted by class I for the first well and class-II for the second,
exist in the nucleus. The probability of decay of these states can be
represented by transmission coefficients that take account of barriers
(deformation, centrifugal or coulomb) as well as the internal nature
of the states in the energy region under consideration. These trans-
mission coefficients can be defined through the reciprocity theorem
in terms of the probability of the formation of such states of the
compound nucleus in the inverse process to the given decay mode.
Thus, for a formation process a, the maximum possible average cross-
section is nX^gj where XQ is the de Broglie wavelength (divided by
2TT) of the relative motion of projectile and target, and gj is the
statistical weighting factor for formation of the compound nucleus
with total angular momentum J. The actual cross-section for compound
nucleus formation is denoted by

(3.17)

(3.16)

Of the two terms on the right hand side of this equation the first
can be incerpreted as a "direct" one, being the fraction of the wave
Chat is transmitted right across the secondary well without absorption.
The second term corresponds to re-emission after absorption into the
compound motion of the secondary well and hence is expected, to have a
microscopic structure corresponding to the class-II compound states
associated with this motion. The detailed structure of the first
fera is expected to Via just the much broader one of the vibrational
resonances in the secondary well.

An example of the transmission coefficient of equation (3.16) is
shown in Fip« 20 in comparison with the result for zero damping in the
secondary well.

When the ratio of partial width to level spacing Ta/D is sirall,
Ta « 27rra/D, and it has been established fairly conclusively [371
that, in general,

I - <s»p[-2TrTl,/D] (3.18)

Transmission coefficients for making transitions from shape I to
•hape II, denoted by ? K A ) > and vice versa, denoted by T J I ( A ) , can be
defined in analogy with the decay coefficients.

From the transmission coefficients the probability of decay of
a class-I state by process « is

(3.19)
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and the probability of a transition from a class-I to a class-II state

is

(3.20)

Similarlyf probabilities for decay or shape transition of a class-II
state are

(3.21)

(3.24)

The fractions £or individual decay processes are contained within these
expressions. Thus, the fraction of decay by prompt fission, for example,
is given by

(3.25)

(3.22)

For decay of the compound nucleus excited initially in a class-I
shape the ratio of decay either by fission or to residual nuclei of
shape II, relative to decay co shape I states is therefore

Given these probabilities the ovarall decay of the nucleus can be
calculated. Let us assume that the nucleus is initially populated
entirely in class-I states. The initial stage of decay consists of a
fraction Pi(d) = Z C P T ( 8 ) decaying to all residual systems allowed to
class-I decay (these'will principally be, according to the Franck-
Condon principle, class-I states of lower excitation in the same
nucleus, reached by gamna transitions, and residual nuclei of elass-I
shape reached by neutron emission) and a fraction Pj _* JJ changing to
shape II. The second stage of decay therefore consists of a fraction
pI * «"II(d!) (where P n( di) - Sg,PII(g.)) decaying b» processes
allowed by the Fraack-Condon principle for class-II state decay
(this is either fission, over barrier B, or formation of residual
nuclei in shape II) and a fraction Pj _* JI-PJI -> T changing b^ck to
shape I. The third stage consists of this new fraction
Pj + XJ.PJX •* I dividing as in the first stage, and if the process
is followed through and the infinite series thus generated are summed
we have for the final decay fractions appropriate to shapes X and II
respectively

'TM 'g
(3.26)

n.23)

This expression is remarkable for the factor Tj (Aj /(In (A)
 + TII(d*)'

by which the ratio is reduced below that expected for completely mixed
compound nucleus motion, Txi(d')^TI(d)• F o r t h e k i n d ot fission
barrier exhibited by the actmide nuclei fission decay (Tu(B))
conpletely dominates particle or radiative decay. I£ the barrier A
is much lower than B then it is expected that TTl(Aj » T T I ( B ) ' a n d

since, according to the theory of reaction rates over a single
barrier (Wignerflfl) T T ( A ) "

 TII(A)> equation (3.26) reduces con-
sequently to the complete mixing expression. If, on the other hand,
B is much lower than A, the factor T T ( A ) / ( T H ( A ) * TlI(B)) is much
less than unity; and this implies a partial decoupling persisting
between the class-I and class-II states.

3.A Formal reaction theory

To achieve sophisticated analysis and calculation the role of
other degrees of freedom must be considered in more detail than the
extreme phenomenological picture so far considered will allow. A
formal reaction theory treats other degrees of freedom explicitly
from the start. The choice of formal theory for these lectures is
K-matrix theory.

The basic physical idea of R-matrix theory is the isolation o£
the region in configuration space where all the specifically nuclear
forces in a nuclear reaction are operating; this "in<-._rnal region"
incorporates the compound system formed from the merging of the
TOjBctile in the reaction with the target. The internal region is
ually defined by introducing a channel radius, set outside

.usually fairly closely outside) the range cf nuclear forces, for
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each channel defining the separation of the compound system into two
reaidual nuclei with specific excitation and angular momentum
properties. The vave-functions in the channels can be specified
closely, and hence the cross-sections obtained once the values and
derivatives at the channel radius are given. These are given in
principle by the solution of the SchrBdingcr equation for the compound
system in the internal region.

In principle, fission is formally incorporated in R-matrix theory,
in the sense that every pair of fission products (in a specific state
of excitation and angular momentum) constitutes a channel. In
practict it has bec.i known for more than two decades following the
intuitive analysis by A. Bohr (38) that fission cross-sections are
governed to a large extent by conditions at the saddle point where the
nucleus can be in one or relatively few states of intrinsic excitation
while slowly elongating* It is this io.tui.tive idea of a fission or
deformation channel that now has to be incorporated into the formal
R-matrix theory.

To do this the ^ocrdinatas describing the degrees of fi-edom of
the system have to be recas; for that part of corfiguration space
that encompasses the description of fission. Specifically a deform-
ation coordinate, describing increasing elongation and ultimately
separation into two large fragments, must be defined, and th** **<?main-
ing coordinates modified to be orthogonal with this. Different
deformation channels are defined by the state cf excitation for these
regaining coordinates, and this corresponds with A, Bonr's physical
idea of a fission channel. For thes channels a channel, deformation
parameter is defined, ?nd for this to be physically significant it
aunt be set close to the saddle point in the fission barrier.

3.A.I Separation of the nuclear Hamiltonian

This procedure will now be set down more explicitly. Tire defoiJ-
ation coordinate (describing increasing elongation c£ the system) \s
dotted by n. This coordinate can be defined in a statistical manner
in terms of the individual nucleon coordinates. Aftai- extraction of
the deformation coordinate the remaining {'intrinsic') degrees ot
freedom are denoted collectively by^ *

It is now assumed that the kinetic energy operator ot the nuclear
Hamiltonian can be separated into component1- referring explicitly to
the deformation parameter T) and the intrinsic coordinate 5 respectively.
While it is possible to choose a deformation parameter r\ ,' \t allows
its kinetic energy operator to be independent, of the intrinsic degrees
ot freedom, it is not in general possible at the same time to £re^ the
remaining components of tha kinetic energy from all denendenc-d on
Reformation. Thus

(3.27)

Likewise the potential energy VOuf) will not, in general,be a
separable function o:. n andf, and it is necessary to find a prescript-
ion that Mill give an approximation to the overall dependence of the
potential energy on n- Ihe prescription that we chouse is in the
spirit of Strutinjky's theory of the -leformation enorgy, and consists

of representing the potential energy for the deformation by the
minimum total intrinsic energy surface. Mere precisely, of the
eigenvalues eu(

ri.) of the operator

i3.28)

for a fixed value of n» the lowest eigenvalue eo(n) is taken as the
deformation potential enerpy V(n). An intrinsic Hamiltoiian term
^int C ] n n O W be defined for some chosen value of deformation rio, and
also a 'coupling' term H c depending en both deformation and intrinsic
variables. Thus

(3.29)

vhers

- Tf(•,) -

(3.30a)

(3.30b)

(3.30c)

It is useful to be able to generalize the intrinsic Hamiltonian to any
other value of deformaticn n. Therefore- we shall denote the eigen-
values and eigenfunctions of H* tCn) by £n(n) and Xy(n)» and from the
definition of H^nt the eigenvalues 5u(n) are just e^Oi) - eQ(n), the
intrinsic excitation energies wiHi respect to 'ground* at the fixed
deformation n. The eigenfunctions and eigenvalues of H^ are denoted
by *v(n) and e v.

In phenomenological models if the liquid drop type, the usual
procedure in setting up the Hamiltonian is to write rhe kinetic and
potential energy terms for irrotational flow in terms of the shape
parameters (denoted here by d^). The quantal operator for the kinetic
energy terra is then written according to the SchrBdinger prescription:

(3.32)

where B^w is the relevant element of the covariant inertial tensor,
B is the determinant of this tansor, and B ^ is the element of the
related contravariant tensor:

' By, =
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Discussions of the ambiguities of this procedure, particularly when the
shape variables constitute only a part of the total degrees of freedom
of the system, have been given by Jensen and Koffe (39), Dietrich (40),
Hofmain (41) and NBrenberg (42). Briefly, it turns out that the

Hence Che generalised Laplacian term of equation (3.38) is

ambiguity in the kinetic energy term far any single variable is
equivalent to a curvature term to be added to the potential energy.

As a t example of the phenomenological procedure we can take the
simple c-isdrupole deformation parameter 0 from the expansion of the
nuclear surface in Legendre polynomials. For small values of |3 the
kinetic energy operator is

2 o,j op

The inertial parameter Bg for the irrotattonal liquid drop is

vhere m is Che nucleon mass, so that Am is the liquid drop mass,
and RQ is Che radius of the drop. If the potential energy has ths
quadratic form

(3.36)

with stiffness parameter Cg, as expected in the liquid drop model,
the solutions of the SchrBdinger equation in the B-variable are the
well-known Heraite functions with eigenvalues

(3.37)

(3.40)

The condition of orthogonality for the netr coordinates ?^ is

Rerce the aummation over j - k on the right-hand side of equation
(3.40) vanishes for an orthogonal coordinate system.
Equation (3.40) can be formally expressed in terms of the scale
factors hjt

(3.41)
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The form of the kinetic energy operator for statistical deform-
ation parameters can be derived without ambiguity from the SchrBdinger
fora for the Cartesian coordinates of a system of particles (here
assumed to have equal mass, m):

T = -J- (3.38)

The general equation for transforming the second derivative in a
particular coordinate, say x^, into the second derivatives of a new
set of coordinates %i is

(3.39)

for an orthogonal system.
A* *ci example o£ the Application of equation (3.42) if th'

deformation parameter .*) of a new coordinate set is taken to be the
mats quadrupole moment Q. the kinetic energy operator is

T
"2*

(3.43)

where r* is the mean square of the radial position of the nucleon
(with respect to the centre of mass). The inertial parameter
appropriate to the quadrupole moment appears in this operator as

4Q + SA?^
(3.44)

?or asymptotically large separation, 1, of the two fission products
the quadrupole moment is
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a (3.45)

where A, and A 2 are Che mass numbers of the products and M is their
reduced mass. In this as>mptotic situation the kinetic energy
operator of equation (3*43) becomes

T - * (3.46)

For near-spherical spheroidal deformation on the other hand, the
quadrupole moment can be related to the spheroidal deformation
parameter S

(3.47)

and the inertial parameter B Q - (5m/24ARo
2)i. - (5/410*61. The

kinetic energy operator transformed into its form for 0 in this

*2 r
energy ope:

Unit is just

(3.48)

with the inertial parameter of equation (3.35) appropriate to
irrotational flow.

The most easily handled of statistical deformation parameters
ia the mean square radius parameter

which has a kinetic energy term

(3.49)

(3.50)

3 4.2 Summary of R-matrix theory

The above definitions for the deformation channel, the deform-
ation variable, the intrinsic degrees of freedom (giving rise to
labelling of deformation channels) and so on, allow R-matrix theory
to incorporate the physically interesting aspects of fission. R-
matrix theory (44,45) has been fully described in earlier courses in
the present series (see the course by Moore and by FrHhner). Here,
just sufficient summary is included to provide a framework for the
extra notation required for fission.

The basic tool for constructing R-matrix theory is the Green's
theorem relationship

(3.51)

where T is the Internal region, 5f|,Wj (eigenvalues E|, E2) are
solutions of Che SchrUdinger equation for the nuclear Hamiltonian in
the internal region, V j c , V^e, ̂ le* '̂** a r e v a^ u e aiw* derivative
quantities of the wave-functions $ a t t*ie channel radius
(delimiting the internal region) of every channel c. For the part
of configuration space which is relevant to fission the appropriate
Channels c are now deformation channels with entrances to the
internal region set at deformation J)Q and labelled by the state of
intrinsic excitation Xy> at deformation no.

The discrete R-matrix eigenstates X (eigenvalues E^) are
defined by imposing boundary conditions vnormally real and energy-
independent) at every channel entrance.* The value and derivative
quantities of the eigenstates X^ are denoted by YX(C)» ^X(c)
respectively, for each channel c, and the imposed boundary condition
is written

15. (3.52)

The central R-matrix relationship is obtained by expanding a
general solution of the SchrHdinger equation in the internal region
5? for energy E, without imposition of special boundary conditions,
as a superposition of the R-matrix states

(3.53)

The expansion coefficients are obtained from Green's theorem.
Substitution leads to a relationship between the value and derivative
quantities ofj^:

with Rc'c, the element of the It-matrix, given by

(3.54)

(3.55)

The external wave-functions in the channels can be written as
superposition of waves that have the character of incoming flux I c

and outgoing flux 0c. The form of these wave functions depend on the
kinetic energy available in the channel and on the potential energy
behaviour (including Coulomb and centrifugal barriers). The logarithmic
derivatives of the incoming and outgoing wave-fr.dctions at the channel
entrances ac are required for matching to the internal wave-function,
y\ and the logarithmic derivatives of the outgoing waves appear
explicitly in final expressions for the collision matrix and cross-
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lections; i t is denoted by

(3.56)

(rc is the channel coordinate defining separation of the two nuclei
in the channel for particle channels, but is to be replaced by the
deformation variable hn for deformation channels). The quantity kc

£* the wave-number corresponding to the kinetic energy in the
channel.

The complete wave-function in the channel is conveniently written
in terms of quantities 9C, <0c, which are products of the wave-
functions of internal excitation (including angular momentum relation-
ships) of the products in the channel, and the functions Xc, 0c

respectively. So. in the external region, the complete wave-function
is

(3.57)

(3.58)

The quantities Uc*c are the elements of the collision matrix and
govern the magnitude of the cross-section for the reaction c in, c
out, the result being obtained after substituting for yc from the
expansion for a plane wave:

The scattered wave into any channel c' is

defined deformation channels P- Although great advantages are to be
gained in physics concepts in placing the entrances to these channels
close to the fission barrier saddle point, there are also some minor
calculational disadvantages. Definition of the outgoing wave-
functions and hence of the shift and penetration factors becomes a
little awkward because (i) the potential energy in the channel is
not precisely known, and (ii) the deformation channels contain an
interaction zone of nuclear forces before the scission point*is
reached.

3.4.3 Approximate forms and other representations

This expression for the collision matrix, and hence the cross-
sections, is normally too intractable for general use. Approxi-
mations must be sought.

The simplest approximation is the retention of only one level
in tlie R-iaatrix svm. This leads to the ^ngle-level Bretc-Wigner
formula

rr - * (3.61)

'V(c)' ^X(c') a r e tfle P a r ti a l widths for channels c and c1,
the total width and A^ the level shift. These are defined in

the penetration and

where
T^ is ^
terms of the R-matrix reduced widths Yi?M
shift factors by

(3.62.')
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<J",,/ = ~ (3.59)

This is over the full solid angle. The quantity gj is the factor
containing all the spin variables relating to the reaction. The
quantity 6C«C - U ci c is often denoted simply by - sc»c and is referred
to as the element of the scattering or S-matrix.

The collision matrix is obtained in terms of the R-matrix £ by
matching the internal and external wave-functions at all channel
entrances to give

u (3.60)

in matrix notation. The matrices^, £, fc and |J are diagonal matrices
vith elements, respectively, representing hard-sphere phase shift,
penetration factor, outgoing wave logarithmic derivative and boundary
condition for the channels.

In these expressions the channels c, as stated above, contain
not only the conventional particle channel, but also the newly

(3.62b)

(3.62c)

The reduced width amplitudes Y\(c)
 a r e Jusc ctle val»e quantities at

the channel entrances of the R-matrix eigenstate \.
More levels can be handled practically by manipulation of the

form of the collision matrix into one involvingthe inversion of a
level matrix rather than a channel matrix. The collision matrix
element becomes

Uet = XVJD

A - C - '

and C has elements

tf.fr (3.63)
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L ^ ' = (E x - E.J fcjtf - Ayy - t iXx* (3.64)

The generalised level shift and width quantities here are defined by

(3.65a)

(3.65b)

Alternatively the number of channels explicitly included in the
calculation may be reduced. In this, the reduced R-tnatrix formulation,
all the closed channels and most of those only slightly open (expressed
by their partial widths being very much smaller than the spacing betwean
levels) are eliminated in explicit reference in the expression for the
collision matrix. The collision sub-matrix 0 r r referring only to the
explicitly retained channel has the same form as the full matrix

_-U
(3.66)

but the reduced R-matrix R r r now has a complex form:

(3.67)

where the level shift and width quantities are sums only over
eliminated channels, denoted as a sub-set by e:

= 2

(3.68a)

(3.68b)

Finally, we make mention of the S-matrix formulation of reaction
theory (46). This is obtained from Che expansion of the collision
matrix in the complex energy plane about its poles at the complex
energies E^H) _ iU"£<

K>

'C

(3.69)

floe the y c are threshold factors containing the explicit energy
dependence on centrifugal and Coulomb potential barriers, Qc*c is

 a

background function, regular and slowly-varying, the G£/c) are
partial width amplitudes associated with the pole £, and the >V(C)
are associated phase factors. The numerator of each item in tne sum
of equation (3.69) is the residue of the pole at Ej^H) - iiF^^J.

The quantities that appear in this S-matrix formulation have
been analytically related to the parameters of the R-matrix theory in
only a few relatively simple cases. For example, in the single-level
approximation Ej^H) - Ex ~ AX» ^Z ~ **A» Gj$c) ~ ^X(c) a n d

5fc(c) "* n7r w^ere n is an integer. In many-level cases however, the
relationship between R-matrix and S-matrix parameters can be found '
numerically and computer programmes have been written for this. In
one programme the S-matrix poles are determined by finding the zeros,
in the complex energy plane, of the determinant of the level matrix C.
In another, the numerical integration of the collision matrix (for
different pairs of channels c,c*) around a small circular contour enclosing
the pole is carried out thus leading to a determination of the partial
width quantities Gg(c)> ffc(c)' F o r overlapping levels the energy and
width quantities or the S-matrix representation can be very different
from the single-level R-matrix quantities as given in equation (3.62).
A calculated example of just two overlapping levels is given in
Fig. 21. These both have R-matrix single level widths of the order of
0.5 eV and are separated by 0.11 eV. The S-matrix poles are separated
by only 0.019 eV realenergy, one has a width of only 0.039 ey and
appears as a strong narrow-resonance, the other has a width of 0.37 eV
and is apparent as little more than a background feature; level
repulsion has occurred in the imaginary energy direction!

3.4.4 Introduction of the double-humped barrier

The potential'v'(n) of the deformation Hamiltonian cannot, as yet,
be calculated from first principles. It is necessary to deduce it by
using theories that have some phenomenological aspects. The original
theory of this kind was the liquid drop model. If this is taken to
provide the classical analogue of the term T^(n) + V(n,f) of equation
(3.28), which is just E0(n.)(= "tKn)) in the classical limit, it gives
a function for v' that has a minimum at values of r\ corresponding to the
sphere, rises and passes on through a maximum (the fission barrier)
for prolate, axially symmetric deformations, and finally reaches
(asymptotically, for the separation into two smaller particles) a
value that is considerably lower than the spherical value (for nuclei
heavier than iron). Particle shell effects are included in a semi-
empirical way in the droplet model of Myers and Swiatecki (1) (see
under Section 2). These oscillate for small deformations but are
attenuated for larger ones. They affect Che position and magnitude
of the minimum of V(n) but do not affect the qualitative nature of
its maximum.

Shell effects have a much more dramatic influence on "v* (so far
aa fission effects are concerned) in the theory of Strutinsky (2).
The principal term of Tf(n) + V(n,f) is taken to be the static liquid
drop energy for deformation n* To this is added the sum of single
particle energies computed on the assumption that V(r),^) is a static,
single particle potential well of fixed deformation n, and from it is
subtracted a similar sum computed over a suitably "smoothed-out"
(shell-averaged) single particle spectrum. The Strutinsky prescript- 389



ion for the deformation potential -iKn) results in a double-humped
fission barrier for nuclei in the general range of thorium to curium
and, to a less dramatic extent, on either side of these limits. It
is the purpose of the remainder of this section to survey, using the
Rmatrix developments given above, the more detailed theoretical
consequences for fission reactions of thin kind of barrier.

It is useful, at this point, to recall the definition of some
quantities which can be used to characterise the barri. r, at least in
«n approximate fashion. The value of the potential at rjj is labelled

*I» a t % *c " **A* a t nII» "*ij a n d a t nB» '*rB* I n t n e neighbourhood
of each of these deformations it is generally assumed, for calculat-
ional purposes, that the potential energy v is harmonic, and that the
four harmonic segments join smoothly to each other; thus, in the
region of m *

around

(3.70)

(3.71)

and similar equations are assumed for the regions around TW- and rig.
The joining point nx is given by

V CA(C. + CxJ
with the condition

(3.72a)

(3.72b)

The other joining points are given by equations (3.32).
The curvature coefficient is seldom referred to directly, but rather
through the real or imaginary vibrational frequencies,

(3.73a)

(3.73b)

(3.73<O

(3.73d)

The last two appear in the expressions for the transmission coefficient
of a wave through an inverted harmonic barrier. For the barriers A and
B separately, the relevant transmission coefficients are

(3.74)

(3.75)

and can be used in the semi-quantitative discussion of fission rates
through the double-humped barrier as parametrised above provided the
energy is not too much below the heights of the barrier peaks.

3.4.4.1 Illustration of vibrational states of the double potential
well: class-I and class-II vibrational states

The nature of the wave functions $(n) of the quasi-discrete states
of the deformation node that occur for the double potential well that
thus appears in the Strutinsky picture of the deformation energy of
actinide nuclei is graphically illustrated by numerical calculations
for a double rectangular well (Fig. 22). The striking degree of
clustering of the wave-function within either one well or the other
leads to the classification of the wave-function; those with major
amplitude within the deeper, primary well are class-I vibrational states
and those concentrated in the secondary well are class-II vibrational
states. Note that the energy eigenvalues of states of either class are
very little perturbed from the values they would have if the opposite
well were filled in. Note also that the total number of nodes of the
wave-function no longer gives the ordering of the vibrational state
within its class. Thus, the "zero-poii.i" vibration in the class-II
well 4 O(H) has 3 nodes, indicating that it is weakly connected with
the fourth class-I vibrational state 03^'.

3.4.4.2 Amplitude relationships of class-I and class-II vibrational
states

The numerical illustration of the last section suggests a system-
atic way of calculating the special features of the vibrational wave-
functions of a double potential well of more general shape. From the
double well separate primary and secondary wells (denoted by <*j (n) and
•Vjj(n) respectively) are constructed in the manner shown in Fig. 23
so thafv*j(fi) + * M n ) " " W T O , the origin of the energy scale being
taken as zero. The modified asymptotic end-values are equal to the
height of the intermediate maximum of the double well. The eigen-
values ev^") and eigenfunctions *Vn o f c h e SchrBdinger .equations
for the separated wells n,

(3.76)
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are calculated, and the solutions for the ScfcrBdinger equation of the
double veil are written approximately

(3.77)

the two wave-functions appearing on the r.h.s. being (usually) a pair
closest in energy. Normally one of the two coefficients ay, b v is close
to unity tgiving the class of $v) and the other is small. Occasionally
more than one of the small amplitude terms will contribute cowmens-
urately, and equation (3.77) will need to be generalised accordingly;
in this case a perturbation treatment will normally suffice.

In the approximate solution of the SchrBdinger equation with the
wavefunction 3.77 the values of the coefficiencs ay and bv are usually
close to the values given by 1st order perturbation theory. For a
class-I vibrational state, av • I and

- €s
(3.78)

3.4.5 Specialisation of R-matrix theory to the double-humped barrier

3.4.5.1 Class-I and class-II compound R-matrix states

The form of the double-humped potential energy barrier in the
elongation mode lends itself readily to special treatment within the
extended R-matrix reaction theory outlined above. In this the R-
matrix internal eigenstates are expanded in terms of two auxiliary
sets of eigenstates, the class-I and class-II states (43). In this
treatment the channel deformations are chosen close to the outer
barrier B. Physically, the class-I states are largely confined to
deformations within the region of the primary well of the double-
humped barrier, and the class-II states are similarly located within
the region of the secondary well.

Formal definition of these auxiliary states follows from the
expansion of the R-matrix internal state in terms of products of
vibrational wave-functions $j(u) a nd intrinsic states Xy °f the
intrinsic Hamiltonian for channel deformation n,.

(3.81)

For a class-II vibrational state, bv ~ 1 and

(3.79)

The small contributions to the wave-function chat might arise from
other states of the potential &n can clearly be calculated in the same
way.

The matrix elements of 4^ are quite readily and accurately
calculable by straightforward digital computer methods. From the
HKB approximation to the wave-functions^, *'' and <t>V2^ i"

 t h e barrier
region it can be shown that the strongest factor in the amplitude
supression of equation (3.78),(3.79) is tY- square root of the trans-
mission coefficient through the intermediate barrier. This is borne
out by the numerical computations. A graphical display for all the
eigenvalues of a typical double potential well is shown in Fig. 24.
If the empirical results are expressed in the form

(3.80a)

for class-I states and

(3.80b)

for class-II states* the constant K is found to have the empirical
value 0.006.

Here, the vibrational 1 we-functions *v(,j)
 a r e subject to a real energy-

independent boundary cindition at the selected channel deformations
Hy and this can depend or the channel label u; the vibrational wave-
functions $v(u) a r e themselves discrete, and if their eigenvalues ev

are lower than the intermediate barrier of the double-humped barrier
they fall into the classes I and II described in Section 3.4.4.
The class-1 and class-II R-matrij' states are therefore conveniently
defined by the incomplete expansions.

••.-) \ p"̂ i v j 00
(3.82)

(3.83)

with eigenvalues E\ , E^jj respectively.

Physical properties of the class-I and class-II conpound states
follow quite simply from the expansions (3.82) and (3.83). Class-I
states can be expected to contain significant amounts of components
Xn*o(u) where *0/U) corresponds to zero-point vibrational motion
vithifi the primary well and the xu are highly excited intrinsic
s'.ates. The latter will include unbound states corresponding to the
motion of free neutrons or protons, or more complex particles such as
a-particles, against the appropriate residual nucleus, and the zero-
point vibrational state becomes an essential part ot the description
of the ground (or even a low excited state) of the residual nucleus.
Thus clasc-I states vill have neutron and proton reduced widths tor
decay into these particular channels. They will also have reduced
widths for alpha-decay to the ground and lov excited states. The
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limitation of Che expansion to class-I vibrational states with
(extremely likely) very small amplitudes at the channel deformation
Hu» even for comparatively high quantum numbers v, also implies that
the class-I states have very small, although not quite negligible,
fission widths.

By contrast, the class-II states, by virtue of their components
oi class-II vibration, particularly those of high quantum number v»
have much larger reduced fission widths, but have zero reduced
micleon widths to ground and normal low—lying states of residual nuclei.
Another important difference for fission barrier potentials calculated
for actinide nuclei by the Strutinsky method lies in the density of the
two kinds of state (for the same available excitation energy). This
arises from the density of the basis product states Xg^v(i)
Xit*\i/^ • *̂*e intrinsic states can be envisaged as combinations of
singles-particle or hole states with spacing of the order of 100 keV.
Furthermore, rotational bands with spacing of the same order will be
built on them. By contrast, the vibrational states will have
separations of the order of I MeV. Thus the principal contribution to
density of class-I and class-II levels will come from the combinations
Xu*o"{J) and ^U*o{p] respectively. For the actinides the potential
energy calculations (see Section 2) and the experimental evidence
of spontaneously fissioning Corners (see Section 3^.5.3) and fission
cross-section intermediate structure (see Section 6 ) indicate that
the secondary well is at least about 2 MeV above the primary well, so
that this amount of excess energy is tied up in the vibrational state
$£?£) and is not available for the excitation of intrinsic degrees of
freedom in the class-II compound states. Consequently the density of
class-II states can be expected to be some two or more orders of
magnitude lower than the class-I density.

Radiation spectra for the two classes of states vill differ. The
class-II spectra will terminate at lower gamma-ray energies and show
structure at much lower energies than those of class-I states. This
is shown in Fig. 25. Radiative widths (total) will be of the same
order of magnitude for both classes, the exact ratio depending on the
mechanism for primary radiative transitions, although partial radiative
widtha for single transitions will differ by a factor that is of the
order of the ratio of the spacings of the two classes of states.

3.4.5.2 final R-inatrix compound states

The final R-matrix states X^ can now be constructed from the
auxiliary class-I and class-II compound states (43). The expansion
(3.81) is substituted into the SchrHdinger equation

(3.84)
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in the internal region of configuration space (defined in Section
Both sides are multiplied by v *v*

 aod integration over all variables
gives

(3.85)/•'»

using the split of the Hamiltonian into deformation, intrinsic and
coupling (H-.) terms as defined in equation (3.64). This is a
representative row of a matrix equation, the eigenvalues of which
are determined from the secular equation

(3.86)

The determination of the eigenvalues of the matrix g, is also convention-
ally expressed as finding the unitary matrix ^ which transforms £ by
the operation IT I) g"1 into the diagonal form E. He now specifically
consider only the eigenstates of a pc-ticular set of good quantum
numbers (these are normally total angular momentum J and parity IT>.

The matrix j{ can now be partitioned into sub-matrices depending
on whether the index of an element refers to a class-I (\>j) or class-II
(vtl) vibrational function. Thus,

H = (3.87)

The sub-matrices Hj j and H,^ JJ may now be separately diagonalised by
operation with matrices *

and

tihere S and £ are unitary operators within the sub-space of functions
of class-I and II respectively. So we have

(3.88)

iars' IIW
The eigenvalues of SJl I are just the class-I compound states

defined in equation (3.82)1 and those of HJJ JJ are the class-II
compound states of equation (3.83). The unitary matrices £ and £
required to effect this sub-space diagonaiisation are themselves
the expansion coefficients of the class-I and class-II compound
states respectively:

O-=c (3.89)



Thus the sub-matricea S Hlf I x £"' and £ Hii.ljj,"
1 have elements of

the form *"
i tuitions. In

(3.90a)

(3.90b)

For compound states rather lower in energy than the intermediate
maximum A. Ln the deformation potential energy barrier, it is expected
that the admixture of vibrational states * from above the maximum,
with comparable amplitude in both regions of deformation I and II,
will be very small. In this case the matrix elements of equation
(3.90) are very small because of the attenuation of the vibrational
components through the intermediate peak. At low enough energies it is
clearly possible for these matrix elements describing the coupling
between class-I and class-II states to be so small that the eigen-
states X^ can be described to a very good approximation as being either
class-I or class-II states. Good physical examples of such a clean
separation are provided by the slow neutron resonances in the cross-
sections of 240Pu and 2 3 8U.

Very rough estimates of Che magnitude of the coupling matrix
elements can be made from equation (3,90) for the slow neutron case
(resonance states at an excitation energy of - 5 MeV with a density
Dj-I - j()5 MeV"1). Observations of the neutron-induced fission cross-
••ctions of fissile nuclei indicate that the high vibrational states
(quantum number V - 5 to 10) are mixed fairly uniformly over the
compound states. The magnitude of the matrix element for mixing of a
vibrational state into a clags-I state in the absence of attenuation
through the intermediate barrier can thus be deduced from the spreading
width value W >-hajj; (see section 3A.5.3for discussion of Lor'entzian
nixing) to be > (D̂ no)[/2ir)2. The attenuation through the inter-
mediate barrier will reduce this by a factor (TA/2ir)4, The fraction-
atioik of a class-TI vibtatiotval state vato the clasa-LI compound states
will be given by < P v n A u > "* (Dn/fc0jj)* where Djj is the class-II
compound state spacing. Thus

^
7ir

(3.91)

3.4.5.3 Specific coupling modes for class-I and class-II states

With small matrix elements in the off-diagonal sub-matrices for
coupling class-I and class-II states the final diagonalisation of the
Hamiltonian of equation (3.87), and the insertion of the resulting
cigenstates into the R-matrix reaction theory, becomes possible by a

number of methods corresponding to distinct physical sit
•ost of them the approximation is made that the coupling
elements are sufficiently small that the effects of all Dut one
class-II state on a localised group of clasg-I states can be neglected.

(i) Very weak coupling; narrow class-II states

Here narrowness of the class-II state is defined by the product
of penetrability and squared amplitude at the channel deformation
(the fission width) being much smaller than the energy interval <5
between the class-II state and its nearest class-I neighbour. (It
will be shown in sub-section (v) that although this condition does not
affect the diagonalisation of II it has a drastic effect on the
properties of the resonances in" the cross-section.) Very weak coupling
is defined as the average magnitude of the coupling matrix element
<*.1|Hcl\I1> being much smaller than the energy interval S. This
condition allows the Hamiltonian of (3.87) to be diagonalised by
perturbation theory. Second order perturbation theory in the region of
a single class-II state gives

"(3.92a)

(3.92b)

for the states that reoain essentially claas-I in character, and

Ex" » ( , 9 3 b )

for the remaining states.
From these relations simple results are obtained for the

resonance widths (see Section 3g(i)). If I\\ (j\ is the fission
width an unperturbed class-II state would have if it appeared as a
resonance in a suitable cross-section, and the fission width; for
unperturbed class-t states are assumed to be negligible, we have
immediately that 373



(U.94)

for quaai-class-I resonance states, while

The signs of the square roots (the reduced width amplitudes) are
random from one resonant state to another, and generally will be
unknown. This gives a number of possibilities for the value of
l̂ A"(n) in relation to the values of the T^t/nj. A maximum value of
l̂ A"(n) can be stated (this would occur if the signs of the *^Xl(n) w e r

fully correlated) and a mean expected value of this width can also be
given; the latter is

v^

(3.95a)

(3.95b)

is the fission width of the quasi-class-11 resonance.
Exactly similar relations hold for the partial radiation widths

for electromagnetic transitions to lower class-II states, so we see
that each admixed level has exactly the same pattern, in terms of
relative intensities, of class-II spectrum superimposed on the normal
class-I spectrum. This "fingerprint" spectrum could be used to
identify the second minimum phenomenon in resonance behaviour when the
class-II states themselves cannot fission (because the saddle-point is
Coo high)• The "fingerprint" behaviour is of course quite
different from the normal spectrum behaviour which varies strongly
(at least in the high transition energy region where discrete
transitions can be observed) from one resonant state to the next.
Bach class-II "fingerprint" spectrum will also vary strongly from
one class-II group of resonances to the next group. Radiative
transitions are treated in greater detail in Section 4

Neutron (or other particle) widths cannot be given to
unambiguously. The expressions for reduced neutron widths (in the
experimenters' convention: neutron widthdivided by penetration
factor) are

(3.97)

_
(3.98)

Physical examples of such coupling between class-I and class-XI
states are to be found in the slow neutron cross-sections of 240pu

and 238U. In the former, three now well-studied class-II states occur
below a neutron energy of 2000 eV, and in this energy range the
average class-I level spacing is ~ 14 eV. For each of the class-II
states, identified by the comparatively high fission cross-sections
of the resonances in their immediate vicinity (see Fie. 26). the
class-II fission width is about 2 eV. In two of the cases (at 800 eV
and 1900 eV) the bulk of this fission width is to be found in a single
weak, but broad, resonance at the centre of a cluster of strong
fission resonances. The quasi-class-II resonance thus identified has
a reduced neutron width less than one-tenth of the average value of
its neighbours.

(ii) Very weak coupling with accidental degeneracy

The perturbation theory of sub-section (i) above does not cover
the possibility of an accidental degeneracy or near-degeneracy between
a class-I state and a class-II state. This situation, with weak-
coupling to the remaining class-I states can be dealt with quite easily.
The sub-section H s of the Hsmiltonian matrix around a given class-II
state (moved into the row I, column 1 position) is

(3.99)

7
Here, E 2 is the nearly-degenerate class-I eigenvalue. The top left-
hand sub-matrix of order two can be diagonalised by a matrix with a
unitary sub-matrix W in that position and partitioned otherwise as
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BJ operating with this matrix and *'ts reciprocal on the sub-aiatrix Hs

using perturbation Cheory detailed .?sults for the widths can be M

obtained (43). These are not quoted here. It is sufficient to say
that Che class-II and nearest class-I states are shared almost
equally between two fine-structure resonances (but with opposite
signs in the relative amplitude), so that these two resonances appear
with almost equal fission and neutron widths, and interference in the
fission cross-section is constructive between the resonances. This
phenomenon is exemplified almost perfectly in the 1405 eV class-II
resonance in the neutron fission cross-section of 240pu fp^B. 27).

From the results on the neutron fission cross-section of 240pu
It appears that the average class-II fission width is 2.5 eV
and the mean squared coupling matrix element is 5.1 eV^.

Ie i* normal to express the value of the latter in the form of the
coupling width

(3. .0.)

for a single class-II state ^JJ» together with the normalisation
condition

(3.102)

Here the CXT» ^ATT a r e t n e expansion coefficients of the ctass-I and

class-It states in the diagonalised states X:

v = > C.-V- x \ f •+ C-v.. / v - (3.103)

because, as will be seen in the next section that for somewhat
stronger coupling, this is the width of the Lorentzian profile of
fission widths. From the expressions (3.74),(3.75)
information on the barrier heights of 241Pu can be obtained. From these
equations we find

The solution of these equations (43,491 is

2if(VA -

2ir(VB -

- 3.8

- 3.6

These values are special to states of spin and parity J^ *• J+; the
conventional barrier height expressed irrespective of spin will almost
certainly be lower than this.

(iii) Moderately veak coupling: narrow class-II states

Moderately weak coupling may be defined as the magnitude of the
coupling matrix elements lying within the range

<Vx I

"1Xs?

(3.104a)

(3.104b)

(3.104c)

This result is exact and incorporates the results of perturbation
theory for the very weak coupling case. Equations (3.104) ere most
easily surveyed for the uniform, or picket-fence, model of level
structure. Class-I levels are assumed to be equally spaced (vith
interval Dx) and the squared matrix element of Hc is assumed independent
of *\j. Thus

Ex_ - E^ = - ̂ Jlt- Cot/lfx\ (3.1O5a)

With these conditions it is a good approximation to consider only the
nixing of a single class-II state vith a group of dess-X states in its
vicinity. Howeverjthe coupling is too strong to permit a perturbation
treatment.

The limitation to a single class-II state allows the diagonalisation
of the matrix on the right-hand side of equation (3.88) to be reduced
to the solution of

(the origin of the energy scale coinciding with a class-I level) and

(3.105b)
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la the familiar Lorentzian form of equation (3.105b) the half-*
width of the profile of squared admixture coefficients (defined as
half-width at half-maximum) is

W (3.106)

The first factor is the well-known "golden rule", and for all but
very weak coupling the second factor is nearly unity. It must be
rooembered, however, that, according to equation (3.105a)p eigenvalues
are densest close to the spreading class-II state XJI (Fig.28 is a
schematic diagram of the solution 3.105a), hence the half-width of
suitably averaged strength of the C^jj /Dj as a function of energy
is less than the result given in equation (3.106). In fact it has
been shown (Lane et al (8!)) that W » TrHc

2/Di is the exact result
for the locally averaged intensity coefficient if the average mixing
o£ \ix into the states \ is defined by an ensemble procedure in which
the members of the ensemble are all possible patterns of E^ and
C'ATT)^ resulting from prescribed mean values and statistical
distributions of the class-I level spacings and the matrix elements.

An estimate of the value to be expected for the Lorentzian half-
width in terms of the intermediate barrier transmission coefficient
T^ can be obtained from equation (3.106), with the result

(3.107)
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The coefficients of mixing of the class-II state into Che states
A, as expressed by equation (3.104c), can be us-id immediately to give
the fission widths in the narrow resonance approximation;

(3.108)

In the uniform model the resonance fission widths would therefore
follow the Lorentzian profile of equation (3.105b). Entrance channel
widths must be deduced from the coefficients of equation (3.104a).
Far from Che class-II state the entrance channel widths are very little
disturbed from the original pattern possessed by the class-I states.
Near the original class-II state there is considerable dislocation of
the original pattern, but, except in the case of very weak coupling,
there will be no strong reduction in expected value, and anti-
correlation between fission width and entrance channel width will only
be weak.

Physical examples of moderately weak coupling have been observed
in the fission reaction in a few cases. The best explored is the
slow-neutron-inducsd fission cross-section of "4(j (50). Fission and

neutron widths have been measured for all the resonances in the region
of 580 eV and the former show (Fig. 29) a Lorentzian type of profile
about this energy, but with very considerable scatter about the ideal
form owing to the Porter-Thomas fluctuations normally expected for
compound states. The half-width of the profile has been assessed as
64 eV, a factor of 6 times the mean class-I level spacing (Dj *
10.6 eV). The deduced harrier heights are VA - 5.53 HeV (with -hu)A
assumed to be 0.8 HeV) and VB -5.86 HeV (fiaig assumed to be 0.52 MeV).
Another example, in which the fine structure resonances have not been
experimentally resolved, occurs in the fission cross-section (see
Fig. 28) for neutronsbombarding 23°Th (51). in this case the class~II
state appears to be of particularly simple character (see Section 6).

(iv) Weak coupling; broad class-II states

The expression

> r f'-J (3.109)

which stems from equation (3.108) combined with (3.105b), also
describes the fission widths of the fine-structure resonances in the
cross-section when the class-II fission width is greater than the
class-I level spacing. In this case the class-II width in the
denominator is the sum of the coupling width and fission width of the
state. It is important to note,however,that the fission widths in this
new case aie the partial widths of the S-matrix poles describing the
fine-structure resonances. In the case of weak coupling the sum of
widths of the resonances encompassed by equation (3.109) falls far
short of the total class-II fission width. The difference is
encompassed by an extra pole with very small partial width for the
entrance channels this pole is not manifested by an obvious fine
structure resonance, but rather, by a very weak slowly varying back-
ground effect.

The effect is demonstrated by a numerical experiment (52].
R-matrix levels of class-I type were generated with Porter-Thomas
statistics for reduced neutron widths and squared coupling matrix
elements (Hc)

2x_\-_ in the region of a postulated class-II R-matrix
state. The coupling between the states was accomplished according to
the formulation of section (iii) above to give the final R-matrix
states, and from this simulated set the R-matrix and collision matrix
were generated. Numerical methods were then used to find the poles
and residues of the S-matrix. Also, the cross-section was generated
and the apparent R-matrix levels were determined by fitting procedures
(Fig. 30). Some results for the central resonances produced by this
procedure are shown in Table 2. It is apparent that the true
R-matrix states bear little resemblance to either the apparent (fitted)
R-matrix states or to the S-matrix poles; the latter sets are very
similar however, except that the set of apparent R-matrix states do
not contain the very broad S-matrix pole. The apparent R-matrix stat*s
have very similar neutron widths to the class-I R-matrix states.

(v) Class-II coupling and fission widths of similar magnitude



When the width of the elass"II state is greater than the class-I
level spacing, but its fission width ic of the same magnitude as the
coupling width, Lorentzian patterns of fission widths in the resulting
fine-structure resonances break down. A typical case, in which the
partial fission widths of the S-rnatrix pnles are plotted, is shown in
Fig. 31. This case is now becoming so complicated that even the
S-matrix poles do not always give a clear indication of the pattern of
fins-structure resonances. In a case simulated, as in (iv) above,
this is shown by the results of Table 3. The generated cross-section
is shown in Fig. 32; fitting with a set oE R-matrix levels based on
the observed resonances in the cross-section is now clearly unsatis-
factory.

4. AVERAGE CROSS-SECTIONS OF FISSIONABLE NUCLEI

4.1 Introduction

With a formal reaction theory, developed to include fission
channels and specialised to display explicitly the extra features
introduced by the double-humped barrier, we are now in a position to
study the expressions required for calculating the energy-averaged
crocs-sections of fissionable nuclei. In these lectures we shall
restrict the discussion to the compound nucleus mechanism, so the
expressions required are of the Hauser-Feshbach or statistical type;
this theory has been discussed in earlier components of the present
course. It is not anticipated that fission cross-sections themselves
will proceed by any other than a compound nucleus mechanism, but it
tcust be borne in mind that competing reactions (in the compound
nucleus sense) may also be influenced by more direct or pre-
equilibrium mechanisms, particularly at higher projection energies,
and also that fission which is not the primary stage in a reaction
(i.e. n.n'f or n,xnf) can be influenced by such direct processes
operating in the earlier stages.

4.2 Hauser-Feshbach formalism

Since the general material has been coveted in Moldauer's
lectures only a brief summary of the basic material is given here.
The simplest derivation of Hauser-Feshbach stems from the narrow-
resonance approximation. If the Breit-Wigner single-level form of
the cross-section is averaged for an energy interval equal to the
level spacing D the result, fo** the total compound nucleus formation
cross-section is

<x... =
and for the reaction cross-section in channel c is,

5"

(4.1)

(4.2)

where X(m l/k) is the neutron de Broglie wavelength divided by 2TT.
These expressions can be recast using transmission coefficients
defined for narrow resonances by

T>
(4.3)

The recast expressions are in the simplest Hauser-Feshbach form:

T.Tfc

Te,Tc.
(4.4)

For larger energy intervals than a single level spacing Che fluctuations
of the widths from resonance to resonance must be taksn into account.
For the total compound nucleus formation cross-section averaging over
resonances makes no formal difference; the neutron width for a part-
icular resonance is simply replaced by its average. For a specific
reaction cross-section the whole factor ^/^Ey/P must be averaged,
and as a result the cross-section can no longer be written simply as
equation (4.4) with the transmission coefficients each proportional
simply to an average width. It is normal however to retain the
form of equation ('«.4) and simply to multiply in an extra factor 3
which takes account of the distortion introduced by averaging over
Porter-Thomas distributions:

(4.5)

The fluctuation factors B normally lie between about 0.5 and 1.5 for
Porter-Thomas distribution of partial widths.

This method for deriving the Hauser-Feshbach form breaks down
when resonances become broad. For moderately broad (not completely
overlapping) resonances Lane and Thomas [45) have shown that the
transmission coefficients in equation (4.5) must be replaced by

X =

For still broader resonances it is necessary to use the S-matrix
formulation to retain some resemblance to the cross-section as a
superposition of single-level forms. With this the interference
between the single-level resonances can be made more explicit. A
study of a range of picket-fence models by Moldauer (53) has shown
that the transmission coefficients for the Hauser-Feshbach
expressior can be written

(4.7)
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Furthermore, the S-matrix widths in this term can be written in
ten* of R-matrix quantities:

gT|f*ffl = 4-t*. Milk) , (* # < I)

~}J> > J

(4.8)

As far as practical calculation is concerned the difference between
S-matrix and R-matrix widths only becomes large when P(c)/D
approaches unity, but then the difference in inserting the latter
ratbsr than the former in equation (4.7) for the transmission
coefficient is quite small.

Tt should be noted here that- special attention must be paid to
the treatment of elastic scattering (see (541).

All the above comments are for conventional particle channels.
Important modifications can arise when the fission channels are
introduced. First of all,however,it should be noted that the more
elementary forms of fission reaction theory give expressions for
fission transmission coefficients that can be substituted directly
into the Hauser-Feshbach expressions. Thus, the expression from
one-dimensional barrier penetration theory (equation 3.7) is exactly
the fission transmission coefficient to be provided by this theory
for the average cross-section.

4.3 Statistical expressions for very many channels

4,3.1 Neutron channels

He start from the compound nucleus formation cross-section
through an individual channel with neutron energy c (to which
corresponds a de Broglie wavelength divided by 2n,Xn) as given by
the transmission coefficient T j " / n ) :

(?) (4.9)

where g(J.I) is the statistical spin weighting factor for bombard-
•ent cf a target with spin I to form a compound nucleus wi£h total
angular moicentuiD J and parity IT.

The full compound nucleus formation cross-section is, from (4.4),

378 I (4.10)

• being the channel spin for the given entrance channel and 1 the
neutron orbital angular momentum. Generally, the transmission coeff-
icient depends, for given energy e, most strongly on 1. Hence,
ignoring the dependence on J and the channel spin s, we may write

(4.11a)

«=o
(4.11b)

where m is the reduced neutron mass. The sucmed transmission coeff-
icient for total elastic and inelastic scattering at excitation
energy E can be written in terms of the level density of states of the
residual nucleuc as follows:

^

(4.12)

Here -he parity TTj of Che residual nucleus is given by TTJ • (-1) IT,
and SR is the neutron separation energy of the compound nucleus. A
conmon and convenient assumption for the dependence of level density
on angular momentum is the (2I+I) proportionality. This allows the
reduction of equation (4.12) Co

(4.13a)

with the use of equation (4.11b). Here ,-eI
*n effective angular momentum value of zero

: is the level density for
'.i.e. is p(U,O) for an

even or odd nucleus, ip(U,{) for an odd-mass nucleus) and both parities.
In the use of equation (4.13b) c^is generally assumed to be virtually
independent of the neutron energy e.

A more accurate representation of the spin dependence of the level
density is

5-1
(4.14)

J J



where a is a spin dispersion coefficient. The introduction of this into
equation (4,12) prohibits the simple derivation of equation (4.13b).
We now have, approximately

« 2 f (71, l) (13* 0 4(T, J!) f>*V>4o)TTffl

With this expression, equation (4.12) is cast into the form of (A.13b)
but with an additional factor £e£{(JLc) in the integrand:

T-r,

For rough calculations a simple prescription for feff(J,e) is to make
i l f t J l ) h l ^ i l i b i h

g
it equal to

p p eff
where lmax ^

s t n e partial wave contributing the
i i i itnosc to the compound nucleus formation cross-section in equation

(4.11a). This will vary with energy, and to remove it from the
integrand of equation (4.16) l m a x should be calculated for the
approximate mean energy t" of neutro emission:

(4.17)

If .the level density contains the usual well-known temperature factor
eu'°, then Z » 20. Some values of f(J,i) are given in Table a.

The same assumption of a constant temperature level density
behaviour aU.ow3 the evaluation of the integral in equation (4.16).
Using

(4.18)

for the level density ox the residual nucleus, we find

*.19)

for neutron energy E n. For more complicated level density laws
equation (4,i9) can still be used in numerical work hy breaking up the
level density function into regions of constant temperature.

4.3.2 Electromagnetic radiation

An individual transmission coefficient for y-ray emission of
energy Zy from highly excited states of energy E and total angular
momentum and parity J77 can be written

(4.20)

where f(E,e ) contains the energy dependence of the transition matrix
element (structure effects) as well as the phase space dependence
£y2ft.+ l depending on the multipolarity of the transition concerned
("*£- ) for the most important multipolarity, electric dipole radiation).
The total radiative transmission coefficient is therefore

J-M

in wliich pvc'(U,j£) is the level density of the normal states of the
compound nucleus at excitation U. The straightforward relationship
between T and T/D given in equations (4.20) and (4.21) can be used
because ol the weak perturbation effect of the electromagnetic
coupling on the nuclear system.

4.3.3 Fission

For a one-humped fission barrier, of height Vp, the total fission
transmission coefficient is the sum o£ coefficients for all channels v,
each having intrinsic excitations p, which effectively increases the
barrier height for that channel by the amount^U:

tfii{ (4.22)

where p'F'(£) is the density, at the deformation of the barrier, of
intrinsic excitation states. This simple concept of a total fission
transmission coefficient cannot be applied immediately to the double-
humped barrier ur.less there is no interaction with other degrees of
freedom in the secondary well region. If the class-II states assoc-
iated with the secondary well deformation are effective compound
nucleus states thoroughly mixing the degrees of freedom then the
statistical theory of Section 3.3 gives a first orientation for the
fission transmission coefficient; by expressing the right-hand side
of equation (3.25) in the form Teff,f A*,TC, it ii seen that
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(4.23)

(neglecting all particle and electromagnetic decay processes of the
clasa-II states). The individual coefficients T^, Tg that appear in
thia expression are now to be understood as total transmission coeff-
icients across the individual barriers A and B, and can be expressed
in the form (6.22) with A, B, respectively, substituted for the sub-
scripts and superscript F. The form, of T in the integrand of
equation (4.22) will be that of equation (3.74), (3.75) respectively,
for parabolic forms of the barriers.

With this specialised fort for T in the integrand of (4.22),
the expression can be reduced to a form suitable for simple approxi-
mation by adoption of the constant temperature level density relation

(where U is the effective excitation energy relative to the barrier)
«nd suitable expansions for the tunnelling factor of equation (4.22).
In this way it is deduced that

More drastic modification to the transmission coefficient is
required for energies below the barrier where the class-II resonances
do not overlap (55), We consider first the case in which the class-II
resonance widths encompass many class-I level spacings. Then a local
fission transmission coefficient can be defined (from equation
3.109),

T, = (4.27)

for an energy interval small compared to the class-II state width.
This is to be substituted into the expression for the fission
probability

V --J±
c.Tc

(4.28)

(4.29)

vhere

and

*II(c) *II«)
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(4.25)

for E - V F > 0. The terms neglected in the second square bracket of
the right-hand side are of order (h(Dj/2TT%)* and higher, and those
neglected in the third square bracket are those left after cutting
the summation at n « "cut* ^ o r E - Vp < 0

(4.26)

(For narrow class-II resonances T^u <K D n , T^ and Tg can be equated
to the barrier transmission expressions in equations 3.74, 3.75.)
This is a local fission probability with Lorentzian form. If it is
averaged over the level spacing D^j we obtain the expression to be
used in statistical theory:

Y T /

(4.30a)

(4.30b)
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For * sequence of uniform elass-II levels the averaged fission prob-
ability is

(4.31)

The large differences that can transpire between the results given in
equation (4.30) and the statistical theory result that contains the
implicit assumption of overlapping class-H levels,

P
•f = (4.32)

are shovn in Fig

When the class-II resonances become even narrower than the
class~I level spacing, the departure from the statistical expression
becomes even greater. This is because the quasi-class-IX state
carrying the bulk of the class-II fission width has an anti-
correlated entrance channel width. The relevant expressions can be
obtained from the perturbation theory developed in Section 3.4.5.3,
and are given in ref. C55J, The effect is illustrated in Fig. 34.

4.4 Level densities for statistical transmission coefficients

4.4.1 Remarks on the independent-particle model

The above "gross" transmission coefficients depend strongly not
only on barrier heights, if they exist, but also on the magnitude of
the level density and its dependence on energy. Ail the level density
factors appearing in the above expressions are different. The neutron
scattering and radiative coefficients differ in the level density
factor through the kind of nucleus (number of nucleone) buc the
deformation will be similar; in these ^€sc5 che level density
behaviour is quite "ell-Ur.&wn. The level density factor £or fission
depends on a quite different concept - the density of intrinsic
states at the deformation of the barrier.

The methods for calculating level density have *een described by
Ramamurthy in his lectures at this Winter School. Here most of my
remarks will be concerned with the extension of these concepts to the
strong deformations associated with the fission barrier. Modern theory
and computational methods for level density are based on the picture of
build-up of independent-particle states from superpositions of excited
quasi-particles, which are the states in the region of the Fermi level
occupied by single nucleons not involved in the correlated motion
caused by the pairing interaction. The main effect of the pairing
interaction in modifying the structure of the single quasi-particle
levels is to introduce an energy gap denoted by 2A» the magnitude of
which is proportional to the density p s of single particle states at

the Fermi energy as well as to the strength of the pairing force. In
even nuclei no states of single-particle character appear within the
energy gap; immediately above the gap two-quasi-particle states are
found. In odd-mass nuclei, single-quasi-particle states are found
within the energy gap, but at the top of the gap there is a sudden
increase in density as three-quasi-particle states appear. At a
sufficiently high excitation energy (believed to be several MeV)
sufficient single-particle orbitals in the vicinity of the Fermi energy
re occupied by single quasi-particles that a pair-correlated state
annot be formed (the blocking effect) Above this energy the density

par
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ground state of the correlated system, and this is estimated to be an
amount JpsA^ below the energy of an equivalent true independent-
particle system. Consequently, the effective excitation energy to be
used in the independent-particle model calculation is to be reduced
below the true excitation energy by this amount.

The discussion of the density of states in the above-outlined
independent-particle model can be based on the expression for the
level density of the Fermi-gas, an idealisation of the independent-
particle system. The form of the Fermi-gas expression as a function
of effective excitation energy is

(4.33a)

\1 a* 0s-*
(4.33b)

(4.33c)

a =

(4.33d)

Here the quantity ps is the density of single-particle states in the
region of the Fermi energy of the nuclear system (with mass number A).
The predominant Fermi-gas parameter a governing the exponential-type
rise of the level density with excitation energy is proportional to p s

We are thus led to a first intuitive expectation of the level
density at the barrier deformations compared with those of normally-
defonned nuclei. It will be temembered that the Strutinsky shell
correction term is dependent on the same density of single-particle
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states at the Fermi energy, being a minimum when p s is low and
maximum when p s is high. Consequently at the barrier deformations
(both inner and outer) pg, hence a, will be high, and the level density
of intrinsic excitations at moderate to high excitetion energies is
expected to be correspondingly higher than for normal deformations.

Detailed calculations (56,57) do not confirm this expectation.
For moderate excitations the barrier densities are found, if anything,
to be slightly lower than the normal level density. The reason is the
rcle played by the energy gap. This is increased for the barrier
deformations and the effective excitation energy is thereby decreased.
It also appears that in the lower energy region where the correlated
pair motion is of fundamental importance, the energy variation of the
Fermi-gas form is too extreme; a simple exponential form, as already
used in the derivation of expressions for tne total fission trans-
mission coefficient, equation (A.24), is a closer approximation,

(4.34)

4.4.2 Rotational atates

The independent-particle model,however,does not contain the
entirs spectrum of excited nuclear levels, Xt is well-known that
collective states, vibrations and, especially, rotations predominate
at low excitation energies and are believed to persist in importance
to energies of at least several MeV. Although their description
ultimately must be in terms of individual particle degrees of freedom
the current theoretical interpretation of this description is that it
involves excited single particle states from energies well above the
first few MeV of excitation. In this energy range therefore these
collective states involve extra degrees or" freedom other than those
involved in the independent-parCicle states. The latter, therefore,
axe to be taken as the band-heads for groups of rotational states
when calculations are made of the level densities oi deformed nuclei;
the deformation removes the magnetic sub-state degeneracy (the total
angular momentum of an independent-particle state is no longer a good
quantum number), and, for a cylindrically symmetric nucleus the
projection of the independents-particle spin on the axis of symmetry
gives the K-value or" the band-heyd. Since the wave-functions of
these band-head states are constructed from symmetric top functions
of both positive and negative K to give correct invariance properties,
the density obtained from the calculation of independent-particle
state density must finally be divided by two (except in the case of
K • 0, but this point is ignored below).

The K-dfipcndence of the band-head states is not g ven explicitly
in these level density theories but it is generally assumed to be
Gaussian in nature with maximum probability at zero:
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(4.35)

(zero or positive K values only, on the assumption of cylindrical
symmetry). Examination of ~Ue Nilsson model of single particle
schemes in the actinide region indicates that for single-particle
neutron levels O K ^ "• 3.5 and for single particle proton levels
°"K * 3. giving an average value (T̂  * 3.25* This will be the band-
head dispersion coefficient for odd-A nuclei below the energy gap
excitation level of 2A, but in the region of 2A above the energy gap
it will tend to /3" times this value (3p-2h states) and to A times
3.25 in the subsequent energy region in a pure independent particle
picture. An odd nucleus will be expected to have o^ * /? x 3.25
in the lowest energy region, and <?K - JZ x 3.25 in the next range,
while an even nucleus will have (Ĵ  * /2 x 3.25 in the energy region
immediately above the snergy gap, and only a very low value
contributed by sparse collective vibrational levels (like the gamna-
vibration) within the gap itself. Indeed, within the energy gap of
an even nucleus it is straining to breaking point the whole concept
of a statistical picture to attempt to describe the energy states in
this way.

The total density of nuclear states is finally determined by
adding to the band-head density the contribution of collective states.
The principal component of the latter comprises the rotational states,
and in this report collective states of other kinds are neglected.
Thus, the density of states of angular momentum X is

where K^in " 0 or | depending on the odd-even character of the nucleus,
and

< 4 < 3 7 )

Oit'r
( 4 > 3 8 )

For small values of the coefficients (fl2/^© - l/2oK
2) (compared with

I*"2) and 1i2/230 (compared with I"') this expression tends to the form

(4.39*)
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where & s

and rt A\\
2

u/6

(4.39b)

(4.39c)

As explained above, O^ increases with energy and if its value at low
energies is inserted here, its overall (smoothed) energy variation
being included in the exponential, there will be a temperature
increase of about 7%. The actual departure of the K-summation term
of equation (4.38) from the value of (2l+l)/2 can be offset-to some
extent by modifying the spin dispersion coefficient a of equation
(4.39). For example, for *2/23 - 7.5 keV, 0 - 0.5 MeV, (JK = 4.6,
the effective spin dispersion coefficient is modified from its
rotational value (90*h2)* - 5.77 to a value of about 5.3. A set
of effective o values, evaluated for angular momentum I » 13/2, is
given in Table 5.

The semi-quantitative estimates of level density of the
actinides from pairing correlation theory (58), adjusted to
observed low-lying band-head states of odd-A nuclei, like ^"u and
234po a r e ;

(i) for odd-A nuclei

4-1 O E

( i i ) for even nuclei

(Hi) for odd nuclei

3-4-+ HE.

* 7-5J

o- «*

(4. Mb)

(4.42a)

(4.42b)
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with 0 « 0.44 MeV.
For the values of moment of inertia and temperature met with in

practice for the actinide nuclei, the addition of the rotational states
aa developed aVove provides a considerable enhancement factor to the

total level density, but further increase of the moment of inertia
with increasing prolate deformation will not in itself give any
significant increase in this rotational enhancement. In fitting
fission cross-section data to statistical theory expressions it has
been observed (59) that an extra enhancement factor of between 2 and 5
is required on the barrier densities to explain the overall magnit-
udes of the cross-sections. The larger factor appears to be appro-
priate to the inner barrier A and the smaller to the outer "oarrier B.

The cause of this extra enhancement factor has been explained
as further deviation of the nuclear shape from a symmetric,form at
the barrier deformations (601. The outer barrier is the simpler to
consider. Calculations of the energy of deformation using the
Strutinsky method indicate that at the outer barrier reflection a-
symmetric shapes are energetically favoured. The result of this is
that for any rotational band-head state a whole rotational band of
opposite parity beeacmes possible, thus doubling the level density.
For Che inner barrier the Strutinsky calculations indicate,
generally* that axial symmetry is lost although reflection symmetry
is retained. In this cgse the nucleus can rctate about the three
principal axes of the ellipsoidal shape. The enhancement factor over
the level density of tha axially symmetric shape is expected to be

/ * which is numerically * 4.

4.4.3 Experimental data on level densities

In some analyses of fission data using the statistical model the
level density behaviours involved have been purely theoretical ones,
based on the independent-particle model as described above (56),
with rotational enhancement factors introduced at later stages of the
work (6U; the single-particle states required for such model? have
also been drawn from theoretical calculations. The opposite philos-
ophy is to draw the level density behaviour from observation as far
as possible, and hopefully to understand its main features from theory.
Thin is the approach adopted in ref. (59) and described here.

For level densities of the normally deformed nuclei the basic
expressions adopted follow the lines recommended by Gilbert and
Cameron (62). Above a specified energy Ejp the Fermi-gss formulation,
equation (4.38), is adopted and the dominant parameter a is, usually,
fixed by observations of neutron resonance spacings. To account for
residual odd-even effects in these spaciugs the effective excitation
energy is adjusted to U = E-P(Z)-P(N). The P-factors ire drawn from the
compilation in ref. (62). Below Ejp the constant temperature form,
equation (4.34), is adopted, but below the energy gap 2A, taken to be
1.2 MeV, for even and odd-A nuclsi, a simple constant value is
adopted as being more realistic. The parameters for the constant
temperature form are based on the semi-theoretical estimates given in
equations (4.40) to (4.42), but with modified numerical parameters.

The numerical modifications consist of replacing the energy
dependent spin dispersion coefficient by a simple constant evaluated
from equations (4.40b)t (4.41b), (4.42b) at an excitation energy
between 2A and 3A. The reason for this is that this coefficient would
otherwise be considerably greatp-r than the value given by equation (4.33)
of the independent particle model at the transition energy, E x, between
the two forms. In addition, the temperature 0 is increased to at least
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0.5 MeV. This second adjustment is necessary for two reasons. Firstly,
with the lower temperature the level density rises too fast to meet the
independent particle formula; indeed, equations (4.40) to (4.42),
extrapolated into the neutron resonance region, give much smaller
resonance spacings than any observed. Secondly, detailed calculation
of the capture cross-sections of 238^ an(j 2 3 2 ^ Up t o neutron energies
greater than 3 MeV and the capture gamma-ray spectra of these nuclei
demand temperatures of 0.5 MeV to reproduce the available experimental
data; in this analysis the model of the electro-magnetic transition
process is important,, and for this the giant dipole resonance model of
Brink (86) was chosen. A temperature of 0.5 MeV is adopted in ref.
(591 whenever this allows the simple constant temperature model to
meet the independent particle formulation at an energy, E x, below the
neutron separation energy of the nucleus concerned. When this does
not occur the temperature is adjusted to reproduce the observed
neutron resonance spacing. Among the actinides, the highest temper-
ature required by this procedure is 0.544 MeV for 247Cm.

At the excitation energies at which neutron resonances are found
it is normally assumed that the independent particle model of level
densities is valid, and hence the neutron resonance data are used to
determine the Fermi-gas parameter, a.

AC the lowest excitation energies a simple extrapolation of the
constant temperature level density form is generally inappropriate to
allow reliable calculations of inelastic scattering transmission
coefficients at low to moderate incident neutron energy- It is
particularly important for such calculations that the local trends
and jumps associated with the energy gap at 2A are reproduced
reasonably accurately by the level density formulation adopted. A
simple first approach is to choose, for even and odd-mass nuclei, a
constant level density within the energy gap, 2A, the numerical value
of which is normally taken to lie between 1.0 and 1.2 MeV for normally
deformed actinides. The value of this constant level density can be
evaluated from low-lying level spectra. For even nuclei, the data
indicate peff « 0.5 MeV"', O - 4 . For odd-mass nuclei, Peff * t.25 MeV~',
o~ * 4.5. For odd nuclei the rather sparse level spectra available
indicate that extrapolation of the constant temperature form down to
zero excitation energy is a reasonably valid procedure.

comes from radiative de-excitation. For somewhat higher excitation
energies at which competition can also come from neutron emission
through a limited number of channels, fission and other cross-
sections can be calculated using the code AVXC. At higher "energies
still, or for other cases in which only statistical knowledge of
de-excitation channels is available, or for cases in which partial or
complete cascades of de-excitation particles or gamma-rays must be
followed the fission probability, or probability for other processes,
can be calculated with the code EVAPF. In all three of these codes
the fission transmission coefficient is calculated according to the
principles described in Section 4.3.3.

5,i The code FISRA

This code calculates the fission probability for decay of the
compound nucleus when there is competition only between fission and
radiative decay. Since the latter process is weak there is effective
competition from it only at sub-barrier energies, at which the
fission transmission coefficient, Tf = 2nTj^£j/D is effectively
modulated by the intermediate class-II structure. This modulation has
an important effect on the calculation of the fission probability Pf
as described in Section 4.3.3. The basic formula employed by the code
is equation (4.30).

The physical cases for which this code is likely to be of most
value are those of fissioning even compound nuclei at sub-barrier
energies, so the code embodies simple structural models for these
cases. The relevant compound nuclei will usually be excited by
particle transfer reactions, such as (d,p) or (t,p), causing a con-
siderable range of angular momentum states to be populated. To allow
for this a rotational model for the transition states at the barrier
is adopted i.e. for each component of angular momentum J the effective
barrier energies to be adopted in equation (4.30) are

(5.1a)
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5. COMPUTER CODES FOR CALCULATING AVERAGE CROSS-SECTIONS

5.1 Introduc tion

This section is not intended to be a review of available computer
codes *iiat exploit, for the fission channels, the theory that includes
the effects of the double-humped fission barrier; unlike other
f-iailies of codes for cross-section calculations, such as optical model
codes, such fission codes are not generally available. Here I shall
only describe in general terms a few of my own computer codes for
fission problems. These are not yet in a form in which they can be
released for general use, but I hope to be able to make them generally
available in the not too distant future.

The first code described is FISRA; with it the fission
probability is calculated for the case in which the only competition

(5.1b)

The weightings for each angular momentum component (i.e. fraction of
ccmpound.nuclei formed with angular momentum J) and the moments of
inertia 3^, Jg are input quantities to the program, the latter being
entered in the form ft2/2jA, fi2/23g. The basic barrier quantities

Vg(0), ttiog are also input parameters.

form

T
f (5.2)



that would follow, as the leading term, from a constant temperature
level density form for the residual states, such as equation (4.34).
The values of the constants Ty(o)(0) and the level density
parameters a, 0 are chosen from an appropriate model for the radiative
emission process and adjustment to experimental data, as described in
Section 6. These are input data.

Two options are also available. The behaviour of the code as
outlined above calculates the fission probability on the assumption
of complete damping of the vibrational states of the second well.
One option available in the code is a schematic damped vihcational
model. This is introduced through the following sequence of equations,
introduced into equation (4.30) for each J component:

(5.3a)

nv
-r

a ~
rvfB;

(5.3b)

(5.3c)

The second option is the introduction of Porter-Thomas statistics
for the class-II fission and coupling widths. This is done on a p>;-ely
numerical basis. Mean values of T A and Tg are calculated as above
(either option). Individual values of T^ and T B appropriate to a local
class-II level are obtained by independent random sampling from the
Porter-Thomas distribution and substituted into equation (4'. 30). This
is repeated a largs number of times (100 time3 in the standard version
of the code, but this can be very simply changed), and the resulting
values of Pf are averaged.

The calculation can be carried out for a sequence of energy values
spaced by a specified interval. An example of the calculated results
is given in Fig. 35.

5.3 The code AVXC

The code AVXC is designed to calculate neutron cross-sections for
all specified channels on the basis of Hauser-Feshbach theory as
outlined in Section 4.2. It is suitable for use when the detciled
properties (intrinsic excitation energy, angular momentum, parity) of
all energetically available channels (including deformation channels)
are known or can be inferred from principles of nuclear structure.
The neutron energy is a specified input to the calculation, and is
re-specified for every energy value for ahich the calculation is
required. At each neutron energy the total radiation width (assumed
independent of angular momentum) is also specified. This is converted
into the radiation transmission coefficient T-fj « inV{y)/Dj. The
level spacing Dj is obtained from that for zero angular momentum and
neutron energy (an input quantity) by extrapolation, using the level
density expression, (4.33); for this the level density parameter, a,
and spin dispersion coefficient o are specified.

For inelastic neutron channels the cross^section has the form

(5.3d)

[5.3e)

The quantities En, •noin, K(D)> * 2 /23n and nv are all program input.

(5.4a)

(5.4b)

where I (an input quantity) is the spin of the target nucleus, the
total angular momentum J ranges over all integer or half-integer
values, whichever is appropriate to the nature of the compound nucleus,
but a practical upper limit of the order of 10 is set in the code,
s is the entrance channel spin, s1 the-.gxit channel spin, 3. the
entrance channel orbital angular moirentui., V the exit channel orbital
angular momentum, and I1 (input quantity) is the angular momentum of
the state o£ the residual nucleus reached aftet inelastic neutron
emission. The parity ir of the compound nucleus is determined by the
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parity TTJ of the target nucleus and the orbital angular momentum of
the entrance channels

The transmission coefficients across each barrier for the
deformation channel are calculated in the form.

"IT, (5 S) = ? (5.7)

Since the parity iTjt of the residual state is fixed (another input
quantity) the possible values ot* orbital angular momentum in the exit
channel V are controlled by this, i.e.

(5.6)

The numerical values of the transmission coefficients are calculated
from equation (4.3), che values of the strength'-function Y ^ n ' ) ^
being input quantities; in the present version of the code these are
dependent only on Che orbital angular momentum of the neutron channel,
there being one value for even values of V and another for odd values.
The penetration factors P£> of equation (4.3) are calculated from the
standard R-matrix expressions C4S) a channel radius (suitable for the
actinides) of 9 fm being built into the code, and the neutron energies
required are calculated from the initial neutron energy and the
specified energies of the sBtes of the residual nucleus.

where the "penetration" factors p^.B have the Hill-Wheelar form
(3.74), (3.75), and the strength functions sAj^ normally have the
value 0.5 for strong-damping of the class-II vibrational modes, but
can be written in a damped (or pure) vibrational form through use of
a subroutine FISST.

Cross~sections are calculated by the program, both with and without
the effect of fluctuations in the resonance partial widths. In the
latter case the procedure for calculating corss-sections from the trans-
mission coefficients is straightforward. The summed values (for given
J") of both T A and TB over all deformation channels are taken, and the
value of the fission probability Pf is calculated from equation (4.31).
This is multiplied into the compound nucleus formation cross-section
to obtain the fission cross-section,

3*.i 2*5

For fission channels, too, the total angular momentum and parity
must be specified, as well as the intrinsic excitation plus barrier
energy (relative to the neutron separation energy of the compound
nucleus) for each barrier. In addition, the barrier penetrability
parameters tioJA, /nug are to be specified for each channel, these
quantities being allowed to vary from channel to channel. One
difficulty with calculations that .include fission in Bauser-Feshbach
theory is that theie is no true threshold for the opening of a fission
channel, only a barrier. Thus there is no definite cut-off in the
number of channels that should be included in the calculation, and, of
course, lurknowledge of the channel properties, already mainly
theoretical even for the lowest channels, can only be statistical at
best. Fission channels (of given J^) that cannot be explicitly
described and have energies close to or somewhat higher than the
neutron energy scipulated for the calculation are therefore lumped
together to form a single effective channel the strengh of which is
calculated from the leading term of equation (4.26 or (4.25), and the
energy of which is based on the expected spacing of the low-lying
barrier states (this is an input quantity for J « 0, and is adjusted
for higher J according to the usual spin-dependent factor given in
equation (4.33a)). The barrier A level density constant (CF of
equation (4.24)) and temperature (Op) are input quantities, while the
barrier 8 density is assumed to be half the A density. These effective
channels are not intended to have any more significance than correction
factors, so for simplicity the code calculates one effective channel,
according to the above prescription, for each specific channel that is
entered.
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This quantity is printed in the output as 'Total fission, with class-II
structure1.

Alternatively, and more crudely, but necessarily in the present
version of the program, the total fission transmission coefficient Tf
is constructed from the summed values of T^ and T Q using equation
(A.23); this is require- for calculation of the inelastic and
radiative capture cross-jectioraby equation (5.4).

In the case that includes fluctuations the procedure is not so
clear, because, in addition to the Porter-Thomas fluctuations of
resonance fission widths about the local expected value, the latter
quantity is modulated by the intermediate structure at sub-barrier
energies. This in turn is affected by Porter-Thomas fluctuations of
the class-II level parameters. The code does not attempt to deal with
all these complications exactly, but includes fluctuations on an over-
simplified basis, so that, by comparison with the cross-sections
calculated without fluctuations the likely importance of the
fluctuation effect can be ascertained.

Let us first consider the likely physical situations that will be
dealt with by the code. First of all there are nuclei, like the even
uctinide targets, which are fissionable but not fissile; the fission
barrier is at a comparatively high neutron energy. At low neutron
energies fission widths even near the centre of class-II resonances
will normally be small compared to neutron widths. Hence it will be
a reasonable approximation to use equation (4.23) rather than (4.31)
to obtain the average fission cross-section. At the higher neutron
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energies closer to the barrier fission widths will be increasing
rapidly, but at these energies total resonance widths (including
inelastic neutron widths) will still probably be larger, so equation
(4.23) will still probably be a good approximation. Above the barrier
the class-II resonance widths will approach the class-II spacing in
value, and equation (4.23) is correct in any case. For fissile nuclei,
all neutron energies are usually well above the barrier and equation
(4.23) will apply.

For the purpose of the fluctuation calculation the class-II
modulation effect is therefore ignored. If nov the fission channels
can be ordered in an obvious hierarchy of strength, fission through
the first being much stronger than that through the second and so on,
the transmission coefficient can be written, very approximately, as a
sequence•

=2
A

(5.9)

provided also that either » T
B(1 or_
f

» T^H, for all p. In the
code the individual TBU are formed for all channels and these are then
treated in the Hauser-Feshbach calculation with fluctuations in the
same way as the particle channels (equation (5.4)):

-Z r
(5.10)

The calculation of the fluctuation factors A is done by simple
numerical integration of the one-dimensional integral to which,.8 can be
reduced for Porter-Thomas distributions (see e.g. ref. (53) p.329).

An example of cross-section curves calculated by AVXC is shown in
Fig. 36. The parameters for the calculation are shown in Table 6.

5.4 The code EVAPF

This code is of much more general use than AVXC. It can be used
not only to calculate cross-sectior.s but also co calculate spectra of
emitted neutrons and gamma-rays. It Cdn be used to calculate cross-
sections to much higher energy than AVXC because it is baoed on
statistical concepts of level density rather than detailed specification
of the energy levels, but on the other hand it is limited in its
precision at low (neutron) energies because it cannot (in its present
form) exploit precise information on level structure when it is avail-
able, and (in aiming at calculations in which large numbers of levels
are normally involved) it does not include the effects of width
fluctuations.

The excitation energy scales of the compound nucleus and of the
residual nucleus following neutron scattering are divided into constant
energy intervals (bins) of width &E. The initial compound nucleus (at
a given energy of excitation E*) is started, in the code, within the
appropriate energy interval. The total angular momentum and parity of
the initial compound nucleus are also specified. An available option
is to specify a range of spin and parity, together with the population
of each spin-parity combination. The populations are not required to
sum to unity; they can, for instance, be the compound nucleus form-
ation cross-sections for each spin-parity, in which case the final
results of the calculations are automatically cross-sections for the
various decay processes considered.

For each energy-spin-parity bin the partial widths for transitions
to all lower energy bins (with individual spin-parity labelling) are
calculated. These comprise neutron emission channels (over a range of
orbital angular momentum, which is cut off when the penetration factor
becomes excessively weak), and electromagnetic radiation channels.
A choice of model is available for the latter, for electric dipole
transitions either the strong-coupling dipole (SCD) model (see Section
6) or the giant dipole resonance model (CDR) being available.
Magnetic dipole and electric quadrupole transitions can also be
included (as an option), the simple SCD model being used for these.
All these partial widths are calculated by means of the subroutine
GAMMT, which finally sums them. In this subroutine individual partial
widths are calculated for a final state at the centre of the residual
bin E* - nAE where n is an integer. This is then multiplied by the
number of final states within the bin, calculated from the bin width
AB multiplied by the level density at E* - nAE. The level density is
computed by means of the subroutine LEVD. The summed partial widths
to each residual bin are stored for further us?.

The probability of fission from the initial bin at E* is also
calculated. This is done on the basis of equation (4.31), the transr
ition probabilities for the two barriers being calculated from
Aquations (3.74, 3.75) (the strong damping model). These transition
probabilities are calculated by the subroutine CHIP. The density oE
states at the barrier deformations required for these calculations are
also calculated by LEVD, but start from a different entry point LEVD2.
The population of the bin at E* that decays by fission is thus
calculated (by multiplying the initial population by the fission
probability) and is registered as pirt of the final output. The
population remaining (for decay by neutron and gamma-emission) then
replaces the initial population.

At this point the populations in the lower energy bin resulting
from the neutron and radiation decay processes from the energy E* are
calculated (multiplication of the initial population after fission by
the ratio of the sum of partial widths to the residual bin and the
total width). The code then moves on (if required) to the calculation
of the decay of the bins with central energy E* - £E, using the same
process as above, and can subsequently proceed to the decay at
E* - 2AE, and so on, as far down the chain as desired; this is
controlled by input of a simple integer at the start of the programme.

From the stored resuiLS of the calculation the emission prob-
abilities and the spectra of emitted neutrons and gamma-rays can be
printed out. These can be partial ur total spectra. For example if
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tha chain is cut after the de-population of the initial bin at £* is
calculated,the spectra calculated are simply primary spectra. If
the calculation is continued to below the neutron separation energy,
the total neutron spectrum, including those neutrons emitted in the
(a,ynf) reaction, is available. If the chain of de-population is
completed (to zero energy in the compound nucleus) the total capture
gamma-ray spectrum becomes available. Details of special two-stage
reactions are also calculated. The (n.-yn*) reaction has already
been mentioned, and the spectrum of neutrons from this is retained
in memory for subsequent printing out. Likewise the (n.-yf) reaction
£• tracked; in this case it is the spectrum of gamma-rays followed
by fission that is printed.

If required the cascade calculation can be made for the residual
nucleus resulting from neutron emission in just the same way as for
the initial compound nucleus, the initial populations in .the energy
bins being those that result from the compound nucleus de-decitation.

A schematic flow-chart of the computer code is shown in Fig. 37.
Calculated cross-sections front the code are shown in Fig. 38.
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6. ANALYSIS OF EXPERIMENTAL DATA TO OBTAIN BARRIER PARAMETERS

6.1 General

In Section 2 the basic theory of nuclear reactions involving
fission was set up, and in Section 4 it was used to derive "the basic
expressions for calculating average cross-sections, through the
coapound nucleus mechanism, when fission channels are involved.
An important set of data for these calculations was seen to be level
density data, and the analysis of experimental data to obtain these
crucial quantities at normal deformations was also described in
Section 4. In the present section the analysis of experimental data
is extended to obtain information on the fission barrier parameters.

Relevant experimental data fall into several categories. Tn the
first category are the spontaneous fission half-lives both of ground
states and of isomers. These give information on barrier pene-
trability and height, but since they presuppose adherence to a
specified functional form of barrier over a large range of deform-
ation and also to a well-behaved inertial parameter they are not
given any weight in the analysis described here, except as a crude
qualitative indication of the barrier penetrability parameters I W A
and -4l(iig.

In the second category are the data on the excitation of
spontaneously fissioning isomers. The functional dependence on
excitation energy gives the energy of the isomer, and hence the depth
of the secondary well, while the magnitude of the excitation cross-
section can be interpreted to give information on the height of the
outer fission barrier in the nucleus containing one extra neutron.

The third category of data is the intermediate structure to be
found in fission cross-sections. Interpretation of these data to
give estimates of barrier heights has already been mentioned (in
Section 3 ) .

The fourth category is the fission cross-section data from many
different reactions in which the energy resolution is usually quit*1

poor but the range of excitation energy is large and encompasses the

barrier region. These give information generally on the greater of
the two barrier heights. The computer codes used for analysing such
data have been described in Section 5.

6.2 Shape isomer formation yields and excitation functions

Information on the barriers containing the shape isomer, part-
icularly on the outer barrier, can be obtained from the experimental
data on the cross-sections for format-on of the isomer, and especially
from the dependence of such cross-sections on excitation energy.
Specifically, it is expected that extrapolation backwards of a
sharply rising excitation curve to its threshold point will yield the
isomer excitation energy, while the maximum value of the excitation
curve, in the case of neutron evaporation reactions, will give
information on the relative transmission coefficients (and hence
barrier heights) of the inner and outer barriers of the penultimate
nucleus in the evaporation process (i.e. that nucleus with one more
neutron than that of the shape isomer itself); the Srop in yield
with further increasing excitation energy ought to be governed by
the outer barrier (and its penetrability parameter, fiug) of the final
nucleus.

6.2.1 Threshold excitation curves from neutron evaporation theory

Host of the experimental data on shape-isomer excitation curves
are from neutron evaporation reactions, a highly excited nucleus being
formed, usually, from charged particle bombardment, and the isomer
results from this after emission of a specified number of neutrons.
The relevant widths (or more accurately transmission coefficient)
for the last stage neutron evaporation leading to the states in the
final nucleus that feed the isomer is expected to be very small in
conparison with the total for all other modes of decay. It is Chen
possible to derive simple statistical theory expressions that
describe to first-order the expected features of the excitation curve
in the neighbourhood of its threshold (64,65]. These are related to the
features of (xn) evaporation reactions first discussed in terms of the
statistical theory by Jackson (66).

6.2.1.1 One-neutron evaporation process

In the case of one-neutron evaporation from an initial nucleus of
mass number A excited by a mono-energetic reaction to a precise
excitation energy E , we calculate the transmission coefficient for
neutron emission to the residual class-II states (in the nucleus A-l)
that can feed the isomer. The density of these states is denoted by
PII^ A~^(U,I), so the transmission coefficient can be written (from
equation 4.13) as

vhere Sj is the separation energy of a. neutron from the nucleus A.
If it is assumed that the class-II state density has the simple



(constant temperature OJJ) exponential form (as in equation 4.13),
but with an effective excitation energy lower than the total excitation
energy in the nucleus A-l by the isomer excitation energy EJJ then the
integration in equation (6.1) is simply performed to give

ir*a

(6.2)

If the isomer energy is considerably greater than the nuclear
temperature Q for the totality of states in the residual nucleus A-l
then the transmission coefficient to the class-II states will
certainly be small. The transmission coefficient for total neutron
emission is given in equation (4.19), so the ratio, for excitation
energies Above the iscmer excitation, threshold is

<6.3)

where Ej • E - Sj. For the simple case o£ 0-- " 0 this function is
shown in Fig. 39. By contrast, the excitation function of the ground
state of the residual nucleus, on the assumption that it is fed
uniformly from all states reached by neutron evaporation and that
there are no competing reactions, is simply a step function at the
ground state threshold energy.

6.2.1.2 Two-neutron evaporation process

For isomers reached by a two-stage neutron emission process from
the nucleus A the population of states excited in the nucleus A-l by
emission of one neutron must first be obtained. From equation (6.1)
this ifi just

P,

for the probability of exciting states, within the interval of
excitation energy dtj at faj in residual nucleus A-l. If now the
isomer is fed from a set of class-II states in the residual nucleus
A-2 reached after emission of a second neutron as in Fig, 39, and the
density of these states is denoted by pj^~ (U,I), the probability of
forming the isomer is

(6.5)

where the transmission coefficients now refer to the compound
nucleus A-l. These expressions can be evaluated readily under the
constant temperature assumption. The expression of fullest gener-
ality for the isomer yield is

'io-t'
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(6.6)

wher
E

& - (1/Sn +
E* - S| - S2,

(6.4)

I) and * -
E* - EJJ - S] - S2. The energy relations

are shown in Fig. 40." The special case of the yield function when all
temperatures are equal is shown in Fig. 39.

The arguments outlined above can be developed further to give the
result for isomer excitation following 3-neutron evaporation. A
typical calculation, again for all temperatures equal is also shown in
Fig. 39.
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6.2.1.3 Isomer energies

As apparent from Fig. 39 if the isomer yields are measured to low
enough excitation energy an estimate of the isomer energy can be
obtained. It is also apparent that the most sensitive estimates will
come from single neutron evaporation reactions. Such reactions can only
be initiated in practice, for the actinides, by neutron excitation,
charged particles being very effectively blocked at such low excitations
by the Coulomb barrier. The detection of very low delayed fissio.i
yields following neutron bombardment is very difficult experimentally,
because of the fission background that can be caused by room-return
neutrons. Therefore most of the data on isomeryield curves have come
from 2-neutron evaporation reactions initiated by protons and alpha-
particles. Some typical data and the fitted curve are shown in Fig. 41.
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In spite of the difficulty of the neutron-initiated reactions
• few of these have been measured. One example is the (n,n*) reaction
leading to the shape isomer of 2 3 8U (67). In this case the statist-
ical representation of the density of class-II states leading to the
result (6.3) above is inapplicable; the spectrum of class-II states
for one KeV or so above the isomer is expected to be limited to two
rotational bands based on the K1* = O+ isomer state and a K77 * O~
reflection asymmetric vibration. The numerically calculated curve
for the isomer excitation [68) is shown in Fig. 42 fitted to the data
of Wolf and Meadows C67). The isomer energy for this fit is 2.56 MeV.
(The broken curves are based on simple constant temperature level
densities, and give lower isomer energies.) This agrees well with
the interpretation of some delayed gamma-ray uata of Russo et al [69],
which has been interpreted as the gamma-decay branch to the 23°U
ground state of a shape isomer at 2.559 MeV (see Fig. 43). (It
should be noted- that the lowest data points on the delayed fission
yield curve imply a lower isomer energy however, and reconciliation
of all the data and the theoretical fit can be maintained only if it
is assumed that these lowest points are distorted by background.)

6.2.2 Fission barriers

The expressions for the yields given in Section 6.2.1 ignore the
details of competing reactions. The most important competing reaction
is prompt fission, and this occurs at every evaporation stage of the
reaction. Consequently there will be a combination of such compet-
ition factors to multiply into the yield expressions. In addition
the final branch for neutron emission to class-II states is, according
to the statistical theory of Section 3.3, to be attenuated by the
decoupling factor T^./(TA + Tg) that is appropriate for the evaporating
nucleus at this final stage i.e. containing one more neutron than the
isomer nucleus. Therefore, if the other competition factors are
known, the strength of the reaction leading to the isomer can be used
to give an estimate of the relative heights of the inner and outer
barriers•

The measured yield of the isomers by delayed fission will also
be affected by any appreciable branching of the isomer decay, partic-
ularly by gamma-ray emission to the ground state. Gamma-branching is
normally expected to be weak however (estimates are given in ref.

C7O3) unless the inner barrier is markedly lower or more transparent
than the outer barrier. For most of the known actinidti shape isomers
this does not appear to be the case. One exception is the 2 3 8U
isomer mentioned above, for wnich the gamma-branch appears to be an
order of magnitude stronger than the fission branch.

6.2.3 (n,y) reactions for isomet excitation

Some americium spontaneously fissioning isomers have been
observed and their yield as a function of excitation energy measured
by means of the neutron capture reaction. Data for the
24'Am<n,Y)2*2s*Am reaction are shown in Fig. 44 together with cal-
cnlated yield curves. Tha latter have been calculated with the
computer codo EVAPF described in Section 5.4 which follows a statist-
ical model representation of the gamma-ray cascades allowing for
competition from neutron emission and prompt fission.

6.2.4 Examples of collected results from isomer data

Exr<nples of extracted barrier parameters for americium and curium
nuclides are shown in Table 6.

6.3 Vibrational resonances

6.3.1 Introduction

Structure in fast neutron-induced fission cross-sections had been
observed at a comparatively early stage in fission physics. For
example, unpublished measurements at Los Alamos dating from about 1950,
show clear structure in the fission cross-section of Th for neutrons
above I MeV energy (see Fig. 44)» This structure certainly had nothing
to do with resonance fine-structure, the energy resolution of these
measurements being about four orders of magnitude coarser than the
expected resonance fine spacing. First published explanations of the
effect were based on an extension of A. Bohr's ideas [381 of channels
over the fission barrier for the fission process.

At later dates structure was also found in the fission yield of
certain (d,pF) reactions. In this reaction the proton energy following
the deuteron stripping process is measured so that the excitation energy
of the resulting fissioning nucleus is known. The reaction is partic-
ularly useful for observing fission in the barrier region of even
compound nuclei in which the barrier lies below the neutron separation
energy. At these energies the only competition against the fission
process is the very weak electromagnetic de-excitation. Hence
structure in the fission probability curve v. excitation energy could
not be ascribed to competition unless the fission process is far from
attaining saturation. Early observations cf the structure [711
suggested a series of steps and plateaux, and these were explained as
the effect of the initial channel opening for a set of states of
particular spin and parity. Later observations (72) showed that some
of these "plateau" levels really dipped with increasing excitation,
and the explanation was advanced that this was due to structure
(probably residual single particle effects) in the (d,p) formation
probability for states of the same spin and parity as the opening
fission channel.
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Changes in the angular distribution of fission products with
changing excitation energy in such reactions vere also held to be
manifestations of the channel structure of the fission barrier (73).

Later observations and more quantitative analysis, particularly
of the structure in fast fission cross-sections, showed such explan-
ations to be virtually estimable. The principal evidence came from
•saaurements of the fission cross-section of % h (74,751. This
•bowed a distinct peak in the cross-section at a neutron energy of
720 keV; in the higher resolution measurements of Evans and Jones
(75) the peak cross-section was observed to be about 4 times higher
than the minimum value at higher neutron energy (see Fig. 45).
AC these comparatively low neutron energies for bombardneni. of an
•Ten target nucleus, there is only a very limited number of
inelastic scattering thresholds. On the basis of very plausible
assumptions about the residual states in ^3^Th for inelastic scatt-
•ringt it was computed on the competition theory (34) that the
fission cross-section should only drop at most some 10X below the
peak value (see Fig. 45); the peak in this value was clearly a
resonance effect or some kind. An analysis of the peaks in r!ie
fission cross-section at higher neutron energies (** 1,4 Mev) in the
cross-section of ^^Th showed that there would have to be a very
strong onset of states in Z32Th above 1.5 MeV for them to be
explained by the channel competition theory; the density of states
above this energy would have to increase at a rate about five times
greater than acceptable on current knowledge of level densities, and
it was alio established experimentally (76) that no strong onset of
inelastic scattering was to be observed at that energy.

Channel analysis of angular distributions of the fissiot.
products released in fast neutron-induced fission had fallen into
similar difficulties. Sharp changes in the angular distribution
with changing neutron energy were attributed to new fission channels
opening but an attempt at quantitative analysis for the 234JJ target
nucleus by Vandenbosch (77) showed that the various channels would
need to have very different tunnelling characteristics (no) ranging
froa -O.I to - I MeV).

It was apparent therefore that intermediate resonance effects
existed in the fission transmission coefficient, the structure not
being attributable to the neutron entrance channel, since no sign of
systematically related structure existed in other fast neutron
reactions on these nuclei.

The theoretical work of Strutinsky (2) introducing the double-
huaped fission barrier of the actinide nuclei provided the under-
standing for this. The weakly damped beta-vibrational states
responsible for the resonance structure in the fission transmission
coefficient could be explained, not indeed as a many-phonon state in
the oscillator well centred on the normal beta deformation associated
with the nuclear ground state, but as a few-phonon state oscillating
about the mean deformation value of the secondary well. The weak
damping observed is due to the combination of the low effective
excitation ensrgy available in the secondary well and the inhibition
provided by the intermediate barrier. When this barrier is energet-
ically overcome, as it is for the slow neutron cross-sections of the
fissile nuclei, there is a dramatic increase in the mixing of this
special vibrational state into the compound nucleus, and the broad
resonance features in the fission transmission coefficient largely

disappear. In this picture, the dramatic changes in angular distrib-
ution of fission products with changing excitation energy that are
often observed are due more to the dominance of individual vibrat-
ional resonances, each associated with spin-parity quantum numbers
given by coupling with simple states in the other degrees of freedom
(single-particle, gamma-vibrations, rotations etc.), rather than the
opening of fresh fission channels at the barrier. The "steps" in
the fission probability curves measured from (d,pF) and similar
reactions are now also largely understood as vibrational resonances,
rather than the energies at which the lowest channel of each spin
and parity become effectively open at the barrier.

In this section the various phenomena associated with fission
vibrational resonances are interpreted within the frameworlc of the
double-humped barrier.

6.3.2 Pure vibrational resonances

6*3.2.1 Definition as barrier transmission resonances

When there is no damping of the vibrational motion by the other
degrees of freedom, the vibrational resonances can be treated by the
simple transmission theory of Section 3.1. The fission transmission
coefficient to be substituted in the cross-section* equation (4.4),
is calculated directly from the flux transmitted through the double-
humped barrier if an incident wave of unit flux progressing from low
to higher deformation is incident or. the barrier. It is found for a
symmetric barrier that the narrow peaks in the transmission coeff-
icient reach a value of unity. The resonant condition is given
approximately by equation (3.6). For a harmonic oscillator form of
potential for the secondary well, V - VJJ - JCjjn2, and an inertial
parameter independent of deformation thus gives the familiar beta-
phonon condition E - VIJ • (n + J)1i(i). Forms for the transmission
coefficient in the region of resonance are given by equation (3.7a),
and frcm this it can be shown (equation 3.10) that the resonance
width is proportional to the sum of the transmission coefficients T A

and Tg through the inner and outer barriers, respectively considered
as separate entities, and is also proportional to the oscillation
frequency between the two barriers:

(6.7)

(6.8)

The peak transmission at the resonance is

T
'"

Between vibrational resonances the transmission reaches a low value
of

'*»»• (6.9)
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Examples of calculated transmission curves have been shown in
Fig. 20. These certainly bear a close qualitative resemblance to
the best experimental examples of vibrational resona.ices(c.f. the
neutron fission cross-section of 23Ojhf Fig. 46). Considerable use
has been made of the simple transmission theory in analysing such
data.

6.3.2.2 Formal definition of vibrational states in R-matrix theory

The comprehensive formal reaction theory for treating fission
cross-sections expounded in Section 3.4 includes the special case of
pure vibrational resonances. The R-matrix theory described there i3
based on the concept of eigenstates of the internal region of the
reaction system. It was shown that if the fission barrier is of the
double-humped character the R-matrix internal eigenstates can be
constructed from the auxiliary sets of states with only a limited
degree of coupling between them. The second set of these states,
the class-II states associated with vibrational motion mostly within
the secondary well, are largely responsible for governing the
magnitude of the fisoion cross-section.

The class-II internal states are defined in equation (3.83) in
terms of the vibrational and intrinsic wave functions of the
components of the Hamiltonian introduced in Section 3.4.1 (equations
3.29,3.30). It is immediately apparent that a sufficient condition
for a clas3-Il state of vibrational nature is that it contains only
one term in the expansion (3.83), namely

«

with eigenvalue

(6.10)

(6.11)

3S2

For a physically observable resonance, the distribution of energy hers
should be. high for the vibrational and low for the intrinsic state.
The wave-function Xy describing the state of motion in the intrinsic
degrees of freedom is defined at a fixed value of deformation no,
generally taken to be the channel deformation close to the outer
barrier,. B. In the case of an absolutely pure vibrational state this
choice of deformation is not important, because the coupling ^em £
in the Hamiltonian.(equation 3.30) must then vanish, imply-io that the
intrinsic term H£nc is independent of deformation. This can never be
completely true of course, or fission would be practically unobserv-
able in particle-induced reactions. There muse at least be consider-
able interaction in the primary well region*

It is to be expected in a number of situations that equation
(6.10)might be very nearly satisfied for intrinsic states defined
ct * deformation no n e a r Che centre of the secondary well, but never-
theless the description in terms oi a basis defined at the outer or
inner barrier might be more fragmented. Thus a nearly pure vibrat-

ional state in the configuration^ sense nay not be outstanding in
its fission strength. The criteria for the appearance of pure
vibrational fission resonances in fission cross-sections or yield
curves are clearly very tight; they demand the near-fulfilment of
equation (6.10) at both the inner and outer barriers feo that the
coupling width as well as fission width is minimised). It is to be
expected that such resonances will normally be found only at energies
equivalent to excitations in the second well that are within the
energy gap for even nuclei or that are very close to "ground" in
odd-A and odd nuclei. Because o£ this the interpretation of data
that appear to constitute a vibrational resonance, with the part-
icular objective of giving information on barrier heights, must be
made with care. It is to be expected in general that such analyses
will tend to over-estimate the barrier heights.

Although it is the vibrational factor in equation (6.10) that
governs the magnitude of the cross-section resulting froa the class-II
state, the nature of the intrinsic states entering the expansion is
important for special features of the fission process such as the
angular distribution of the fission products. Analysis of angular
distributions for the observed case of fast neutron induced fission
of 230th is described in Section 6.3.2.A.

6.3.2.3 Cross-sections in the region of vibrational resonances

Kith the definition of the vibrational state as a relatively
simple type of class-II auxiliary R-matrix state (equation 6.10) all
cross-section formulae resulting from coupling this class-II state to
the much denser and more complex class-I auxiliary states, associated
with normal deformation, to give the complete R-matrix states can be
taken over from Section 3.4.5. At the higher neutron energies some-
times involved these cross-section formulae will have to be general-
ised (scraight-forwardly) to include inelastic scattering channels.
All degrees of coupling strength are possible in principle, but only
one - moderately weak coupling - has been reasonably well established
by observation; this is the ^^^Th neutron-induced fission cross-
section.

The magnitude of the matrix element for the coupling of the
vibrational state to the class-I states is given immediately by
equation (3.91) with D u * 4u>xi where uxi is the circular frequency
of vibrations in the secondary well. The result for the matrix
element is

(6.12)

and the coupling width of the Loxcntzian profile for admixture of
the vibrational states into the complete compound nucleus state is
(from equations 3.105,3.106)

(6.13)
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The actual profile of fission widths of the fine structure resonances
that appear in fission yields or cross-sections of reactions that are
initiated by populating the class-I strtes also depends on the fission
width of the vibrational state. The estimate for this is commonly
based on the statistical theory methods of Wigner (78) or Blatt and
Weisskopf (30) (see Section 3.1), giving

f?T» (6.14)

6.3.2.4 Experimental data on pure vibrational resonances

No experimental evidence on broad resonance behaviour in fission
cross-sections or fission probabilities has so far been found that is
completely conclusive in proving the existence of a pure vibrational
state. Nevertheless I shall describe here a typical case that lends
itself to this interpretation.

The most carefully studied candidate as a pure vibrational
resonance is undoubtedly 23'Th in the region of 5.85 MeV excitation.
Data on neutron-induced fission of ^ Th have been measured by Yuen
et al (79) and James et al (SI) and analysed by the latter authors.
In this cross-section the resonance occurs at a neutron energy of
720 keV, and is apparently about 30 keV wide; this is about 4 orders
of aagnitude greater than the resonance fine spacing expected in the
cross-section at this energy. A feature of the experimental studies
is that the angular distribution of fission products with respect to
the incident neutron beam direction has been measured at various
energies across the resonance. The forward peaking of the angular
distribution right across the resonance indicates that the intrinsic
state (defined at the outer barrier nB) in the resonance configuration
(equation 6. ) has angular momentum projection K - 1 on the symmetry
axis (see ref. (80)). The analysis of the data proceeds on the
assumption that the observed resonance is a composite of peaks, each
of K - ( but vith different total angular momentum J, forming a
rotational band of inLrinsic states.

On this assumption the cross-section has been calculated using
the Hauser-Feshbach formula, equation (4.4), and the fission trans-
mission coefficient for a vibrational resonance, equation (4.27) in
the code AVXC (Section 3.3). The major competition against fission
in the decay of the compound nucleus is provided by elastic and
inelastic scattering of neutrons to known and inferred rotational
bands in ^3^Th. Strength functions for the calculation of these
neutron transmission coefficients were taken from the known s- and
p-wave neutron strength functions determined by low-energy neutron
atudies. At ?00 keV neutron energy the main neutron entrance channels
to the coirvound nucleus are provided by s, p and d-wavo_neutrons
(exciting total angular momenta and parity J¥ - 'a , 'A~,_lSr, 3fe+, % * )
and somewhat more weakly by f-wave neutrons (J11 • % ~ , % " ) . From the
calculations of the various spin-parity components of the cross-section
the angular distribution of fission products was obtained.

The main variables in fitting rhe data are the parity of the
intrinsic state in the vibrational resonance confieuration, and the

effective moment of inertia 3 and decoupling parameter a that govern
the relative spacing of the members of the K s £ rotational band:

6.15)

The best fit was achieved with odd parity, and with(h /2$) lying between
1.8 and 2.7 keV and aj between -2.0 and -2.3 (see Fig. 46). The value
of the moment of inertia thus determined is about twice that observed
for any normally observed rotational bands in odd-A actinide nuclei,
and this provided one of the first direct indications that the shape of
the nucleus in the intermediate states acting in fission was indeed
much different from normal, as postulated by the double-humped barrier
theory.

What are the reasons for believing this remarkable resonance
phenomenon to be a nearly pure vibrational resonance as distinct from
a damped vibrational resonance as described in Section 6.3.3? Mainly,
because it is very smooth. With neutron energy resolution of a few keV
it is to be expected th?t any class-II compound state structure would
not occur with a frequency greater than a few class-II states per
resolution interval, and, because of the statistical fluctuations in
strength and width inherent in compound states, this would cause large
variations about any smooth curve that would describe the envelope of
the vibrational resonance. On the other hand there is a feature in the
fit to the data that suggests damping is playing a role. This is a
variation in width and strength of the different spin components of
the resonance (other than variations due to penetration through the
centrifugal barrier). Strictly speaking these variations irise, in the
analysis, from the neutron fission cross-section of each component.
and could be attributed to the variation of neutron strength function
with spin, hut the magnitude of the variation makes this appear unlikely.

At higher energies in 23ljh no more peaks appear in the cross-
section, but the angular distribution of fission products undergoes
marked variations in character with changing neutron energy, becoming
considerably sideways peaked vith respect to neutron direction at about
960 keV and forward-peaked again at 1060 keV. The sideways peaking is
attributed C511 to a K - Vl intrinsic state coupled to a much broader
vibrational resonance. The general behaviour of the K * 'A component of
the cross-section both at the sharp resonance at 720 keV aud at higher
energies can be satisfactorily explained by the choice of barrier
parameters:

VA * «* 0-q HtV,

6.3.3 Damped vibrational resonances

In most actinide nuclei it is expected from theory that observable
fission will only be met at excitation energies that are already a few
MeV above the bottom of the secondary well. To t:his extent the
apparently nearly pure vibrational resonance of "'Th is already a
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surprise; the implication that the secondary veil is very shallow is
called the "thorium anomaly" and has caused speculation that: there may
be a weak splitting of the second barrier giving rise to a third well.
Be that as it may, it is to be expected that vibrational resonances,
vhen they are found, will be damped. In the idealised situation th?
vibrational fission mode will be dissolved in an incomplete way (with
Lorentzian profile) into class-II compound states, which are then
coupled to the class-I compound states to give the situation
illustrated schematically in Fig. 47.

So far no ideal case like that illustrated in Fig. 47 has been
observed. In one case, the neutron fission cross-section of 23^U (84),
fragments of the complete picture seem to have been assembled. There
is a "giant" resonance some tens of keV in width at about 310 keV
neutron energy. Fluctuations in the cross-section about the sraoothed-
profile through this resonance have been interpreted as due to the
underlying intermediate resonances due to class-II levels, a few of
these contributing to each energy resolution interval. At low neutron
energies the study of the fine structure resonances reveals an inter-
mediate resonance in the fission widths at 530 eV. This is believed
to be due to a class-II level on the wing of the vibrational resonance
at 310 keV, and its parameters are almost reconcilable with those of
the vibrational resonance on this account. The barrier parameters
required to explain this vibrational resonance are:

VA - 0.2 MeV (HwA assumed to be I MeV)

VB - 0.67 KeV (1i(UB assumed to be 0.56 MeV)

relative to the neutron separation energy Sn (equals 5.31 MeV in 235u).
The intermediate barrier height is considerably lower than the values
suggested by systematics based on other data. In fact, vibrational
character was not assumed for the class-II coupling width in this
analysis. It can be shown that if vibrational character had been
assumed, as for the fission width, the estimate of the barrier height
would have been raised by a few hundred keV.

In 24°Pu a vibrational resonance of width 0.12 MeV has been
observed at 5 MeV excitation by means of the (d,pf) reaction (85]. The
energy resolution employed was extremely good for this reaction mech-
anism (3 keV), but is still only sufficient to isolate the inter-
mediate (class-II) resonances and not the fine-structure ones.
Angular correlations between the fission product and proton directions
was also observed and the, at first sight, surprising result obtained
Chat the observed intermediate resonances were all J » 2, K - 0 in
angular momentum properties. Interpretation of the fission* strength
of these and extrapolation to give the properties of the expected
J - 0 class-II levels showed that the latter would be practically
featureless, contributing only to the underlying background cross-
section. Interpretation of the vibrational resonance is consistent
with barrier parameters of

6.4 Average fissi tions
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VA • 5.65 MeV

VB - 5.3 MeV

- 0.82 MeV)

- 0.6 MeV).

Although fission intermediate structure (including vibrational
resonances) gives valuable complementary evidence, the main body of
information on fission barrier heights (particularly on the domin-
ating barrier) comes from the analysis of the wealth of information
on the overall energy behaviour of fission cross-sections (including
the fission probability functions obtained from charged particle
reactions such as (t,pf)). But the analysis of such data partic-
ularly at above-barrier energies requires information, or assumptions,
on level densities at the barrier deformations, as described in
Section 4, In some approaches to analysis of fission cross-section
data (e.g. (56,61)) the barrier level densities have been calculated
within the framework of the independent-particle model, using single-
particle states obtained from deformed she11-model potentials, and
with rotational band enhancement (see Section 4.4.2). These analyses
have been quite successful, but it is probably more reliable, in the
current state of knowledge, to use empirical barrier densities
extracted from analyses of a key set of particularly reliable fission
cross-sections.

The latter approach was adopted in ref. (59). Deduction of
such level densities from fission cross-sections is very dependent
on assumptions about the barrier height, however. In ref (59} simple
constant temperature level density forms were found, for odd-mass
and odd nuclei, that would satisfy the fission cross-sections of
246Cm, 238U, 232Th, 237Np and 241Am. The fission cross-section of
246cm was chosen because fission isomer excitation data (see Section
6.2) suggest that the outer barrier is a long way below the inter-
mediate barrier, which therefore completely dominates the cross-
section behaviour. The cross-sections of "8u a nj 232Tn a r e t w o o £

the best-known of fission cross-sections, while the appearance of
strong intermediate structure in the uranium and thorium series
cross-sections suggests the near-equality of the two barriers;
thus, the outer barrier density can be inferred. Similar comple-
mentary considerations apply to 2^'Am and 23'Np.

Barrier densities of even nuclei are more complex; an energy
gap containing a limited spectrum of collective levels, different
for barriers A and B, is to be expected. The difference in collect-
ive spectra lies chiefly in the postulated existence of a low-lying
K1* • 0~ band for barrier B, due to the expected reflection
asymmetry of the nuclear shape, and a low-lying K77 » 2 + (y*vibration)
band for barrier A (due to axial asymmetry). With the low-lying
spectra thus postulated and barrier heights roughly fixed from
particle-transfer induced fission reactions, the barrier densities
above the energy gap for the nuclei 23(MJ and 240Pu cin be assessed
from the neutron fission cross-sections of 2 3 5U and 239Pu, two of
the most accurately known of all fission cross-sections.

The barrier spectra and level density parameter? thus determined
are presented in Tables 6 and 7. The reference barrier parameters of
the nuclei 2 3 6U and 240Pu are as follows:

236U:_ VA - 5.63 MeV, 1iuA - 1.04 MeV, VB - 5.53 MeV, OOJB - 0.6 MeV

24Opu:- yA - 5.57 MeV, ftuA - 1.04 MeV, VB - 5.07 MeV, tit*)B - 0.6 KeV

J L



It is to be stressed that, although the barrier densities given in
Table 7 seem in general reasonable, the barrier heights deduced by
using them are clearly dependent to some degree on these densities;
calculations using these deduced barrier parameters must also employ
the reference barrier densities as part of a correlated set.

Typical fits to fission cross-section data are shown in Figs.
48 and 49 for 240Pu and 2MHirespectively. The codes AVXC and EVAPF
were used for the calculations. These are examples in which the
intermediate barrier plays the major role in determining the fission
cross-section behaviour, although tha part contributed by the outer
barrier is by no means insignificant.

6.5 Fission barriers

The fission barriers determined from these various data are
presented in Figs. 50 (intermediate barrier heights) and 51 (outer
barrier heights). The tunnelling parameters associated with these
barriers have been reasonably well determined from a few fission
cross-sections that are well-known over a large dynamic range.
Amongst these few a definite odd-even effect is apparent, and evidence
contributing to this conclusion is apparent from the odd- even effects
in spontaneous fission half-lives of both ground-states and shape
isomers of actinide nuclei. For the purposes of analysing the bulk
of the data the few directly determined tunnelling parameters have
therefore been employed as a universal set for the actinides.
Their values are:

(i) even nuclei - -fio)A * 1.04 MeV, «OJB - 0.6 MeV

(ii) odd-mass nuclei - fiwA - 0.8 MeV, ttaig - 0.52 MeV

(iii) odd nuclei - <fia>A - 0.65 MeV, -fibjg - 0.45.MeV.

In Fig. 50 the intermediate barrier heights are shown as a
function of neutron number, with different shading of symbols to
indicate the odd-even character of the nuclide. Overall trends are
apparent. One is the tendency for there to be a broad maximum around
147 neutrons. The second is the existence of a distinct odd-even
effect in barrier height, odd nuclei having barriers 0.6 to 0.8 MeV
higher than even nuclei (with similar neutron number). A third
feature to note is that smooth trends appear to break down to some
extent among the thorium nuclei.

Comparison of these data with theoretical values as discussed in
Section 2 show certain similarities and a number of differences. The
tendency for the intermediate barriers to maximise around 148 neutrons
in Che theory is broadly confirmed. However, the theoretical calcul-
ations indicate a much greater tendency to fall towards the lower
charge (thorium) nuclides. (Likewise, the secondary well depth appears
roughly constant in the theory but the interpretation of the data,
particularly the existence of sharp vibrational resonances, suggests a
shallow well in the thorium region; these discrepancies together are
labelled Che "thorium anomaly".) There is also an absolute numerical
difference of the order of 0.5 MeV between the data and the best o£
the theoretical calculations. Very little theoretical work has been

devoted to calculations of barriers of odd-mass and odd nuclei, so
the only theoretical comment that can be made on the odd-even effect
is a qualitative one. It is an effect to be expected on the basis of
Strutinsky theory. The barrier heights presented here are differences
between barrier and ground state energies. The energy gap, which
lowers the minimum energy state of even nuclei with respect to odd
nuclei, is proportional to the density of single particle states at
the Fermi energy. In Strutinsky theory the single particle state
density is high at the barriers (which are caused by positive shell
correction energy) and hence the energy gap is higher; it is this
difference in energy gap between normal and barrier deformations that
gives rise to the observed effect.

In Fig. 51 the outer barrier heights are presented in a similar
fashion* Again there appears an overall tendency for peaking around
148 neutrons (for constant proton number). The odd-even effect is
also apparent. The main difference between Figs. 50 and 51 is the
very considerable fall in outer barrier height with increasing proton
number, and this is in general accord with the theoretical results
presented in Section 2.

6.6 Fission barrier parameters and the calculation of cross sections

The existence of a body of information on barrier parameters, such
A3 that shown in Figs. 50 and 51, together with the barrier level
densities of: Table 7, is of very considerable value for the calculation
of the general fast neutron cross-section behaviour of the'less avail-
able trans-actinium nuclei. Most compound nuclei of interest are
already encompassed in the data sets presented here, but approximate
values of the barriers may be obtained by interpolation or extra-
polation of these data even for those that may be absent.

The tools for these calculations have been presented in Sections
4 and 5. Examples of calculations with the barrier parameters of
Sections 6.4 and 6.5 are shown in Fig. 52 for ^^Am. The only
experimenta\ data available on this nucleus is a measurement of the
fission cross-section with accuracy that is particularl> poor above
1 MeV neutron energy. The likelihood of obtaining good capture and
inelastic scattering cross-section data in the near future seems
remote. The accuracy of the calculated cross-sections presented here
is probably of the order cf ̂ 30%. This assessment comes from compar-
ison of calculations (59), by these methods, of the capture cross-
section of 2 3 3U, 2 3 5U, 239pu and W&m with the data that exist for
these nuclei; in these cases agreement is better than 25%.

7. CONCLUDING REMARKS

Improvement of the calculation methods described in thes?
lectures will depend mainly on further experimental confirmation and
elucidation of the structured theory of the fission barrier. >7or
example, the ordering of the barrier states of odd-mass nuclei is
important for the calculation of fission cross-sections and compet-
ition with other reactions up to neutron energies of 1.5 MeV or so;
the detailed energy variation will depend on spin through the
centrifugal barriers in the neutron channel [59).
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While such improvements are desirable in the detailed picture of
the double-humped barrier, there are more qualitative aspects still
to be explored at the lower end of the trans-actinium range. The
thorium anomaly has been mentioned, and a lot of attention is now
focussed on this, and, in particular, on the possibility that there is
a third minimum in the fission barrier as first postulated by MBiler
and Nix (12]. Calculated cross-sections do become more difficult to
reconcile with data on the scheme reported in ref. [59) and described
here in detail. The structure due to resonances of a vibrational type
makes for difficulties of course in comparison with cross-sections
calculated from statistical theory, but apart from this the calculated
fission cross-sections of the thorium nulcei ter.d to be too high (by
up to a factor of 2), and the sub-barrier cross-sections tend to Call
with energy more sharply than the data indicate. The third minimum,
with two high barriers based on a split outer barrier B from the more
conventional double-humped picture, would not only better account for
the vibrational resonance structure but would be expected to have lower
barrier level densities (giving lower fission transmission coefficients)
and higher transparency at sub-barrier energies. Alternative
explanations must also be explored for some of these discrepancies.
One line of attack is the much weaker degree of axial asymmetry
expected at the intermediate barrier deformation for Che lower
charge nuclei; again a lower barrier level density would result
from this because of decreased rotational state enhancement, and
lower fission transmission coefficients could be expected.

Beyond this, advances are to be expected from a better under-
standing of the vibrational states associated with the structured
fission barrier. Recent calculations I have made suggest that
reasonably pure vibrational states are only to be expected as a
systematic feature in even compound nuclei. However, there does
seem to be some possibility of calculating the properties of
"pseudo-11 vibrational states of odd-mass nucl'i and relating them
to observation. Such calculations may even have some bearing on the
question of the third minimum.

These lectures have been devoted entirely to the calculation of
cross-sections of fissionable nuclei. The questions of mass yields
and other properties of the fission reaction that are of importance
for technol' gy are ones that are not yet amenable to treatment in
the kind of detail required for applications. Statistical model and
thermcdynamic treatments of such phenomena have been developed and are
capable of fair reproduction of data bu; generally at the cost of
parameter adjustment; they are therefore more useful as tools for
elucidating these aspects of the fission phenomenon than as formalisms
calculating new data. But this situation will certainly improve with
time, as application of Strutinsky methods to the calculation of both
the potential energy surface and inertial tensor of the region between
barrier and scission becomes more fully developed.
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TABLE I

Comparative results on fission barrier heights from a range
of calculations. The barrier heights are quoted in MeV
relative to the primary minimum of the potential energy curve.
For comparison with experimental data (normally quoted
relative to the nuclear ground state) a zero-point betfa-
vibration energy should be subtracted from these numbers.

TABLE 2

Resonance parameters resulting from the mixing of a broad-class-II level with
claBS-I states to give fine structure resonances. The class-II state definei
zero energy, its fission width rX n(f) " 20, its coupling width TxII( * - 4.3.

I

Reference

Mttller and
Nix (12)

MBUer and
Nix (12)

Larsson and
Leander (18)

Larsson and
Leander (IB)

Flocard et al
(21)

Flocard et al
(21)

Remarks on calculation

Folded Tukava shell-
model. No axial
asymmetry ih
deformation but
reflection asymmetry
allowed.

Modified harmonic-
oscillator shell-
model. No axial
asyirsnetty but
reflection asymmetry
allowed.

Modifiea harmonic
oscillator shell
model. No axial
asymmetry.

Modified harmonic
oscillator shell
model. Axial
asymmetry allowed.

Hartree-Fock
calculation. No
axial aoynmetry or
reflection asymmetry.
Pairing interaction
strength proportional
to surface area.

Ditto, but pairing
interaction strength
constant

VA(240pu)

5.45

6.3

5.6

9.0

11.0

VA(24*Pu)

6.3

7.1

5.9

V A("
2Th)

2,9

4.7

4.?

VB(
232Th)

5.7

8.0

CLASS I

- .932

- .037

.928

1.072

2.246

2.585

3.465

4.632

r*l(n)

.0070

.0147

.0022

.0051

.0070

.0248

.0051

.0158

H'*lXlI

.387

.032

1.89

.0056

.274

.577

.015

.066

COUPLED

EX

- 1.011

- .056

.256

1.072

1.934

2.369

3.141

3.478

4.649

FX(n)

.0089

.0156

.(3)3

.0048

.0046

.(3)2

.0353

.0016

.0130

rX(f)

.299

.222

2.813

.(3)57

2.574

.605

4.503

.255

.084

POLES |

*mH)

?':7

- .038

.792

.903

1.072

2.250

2.577

3.465

4.635

r(H)
m

,091

.041

15.154

.414

.025

.082

.164

.028

.047

J
38

J
~l



TABLE 3

Resonance parameters resulting from the mixing of a broad class-II level with clasa-1 states when theResonance parameters resulting from the mixing of a broad class-
coupling width is of comparable magnitude to the fission width; I' ( \ 13.1, Dj » 1.2.

CROS3-SECTIOH PIT

Ex

- .947

- .037

.928

1.072

2.25

2.58

3.47

4.64

FA(n)

.0077

.0182

.0024

.0048

.0070

.0259

.0049

.0128

^Cf)

.0665

.0050

.390

.009

.053

.125

.0036

.0125

CLASS-I STATES

E*I

2.822

3.895

5.626

5.788

6.421

8.015

8.596

9.247

9.638

10.267

'Mn)

.0110

.0114

.098

.0006

.0217

.0036

. x 10-8

.0135

.0087

.0158

COUPLED STATES

HX

2.822

5.601

5.655

6.055

7.788

8.047

8.598

9.624

10.267

r»n>

(-) .0112

.0797

(-) .0263

.0146

(-) .0142

3 x 10-*

(-) 4 x 10"6

.0129

.0055

rMf)

5 x 10-6

.146

.134

.306

1.49

.202

.0002

.0104

1.455

S-MATRIX POLES

2.822

5.632

5.706

6.053

7.622

8.019

8.598

9.627

9.653

.031

.132

.241

.419

2.153

.038

.035

.041

1.210

ATTEMPTED R-MATRIX FIT

2.82

5.63

6.1

8.02

9.62

9.87

.011

(-) .114

(-) .019

.003

.012

.0039

rX(f)

4 x 10"5

.Oil

.379

.018

.009

.791
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TABLE 4

The factor f(J,£) for correcting calculations of the total
neutron transmission coefficient for departures of the level

density law from linear dependence on angular momentum.

0

1/2

1

3/2

2

5/2

3

7/2

4

9/2

5

It/2

6

0

0

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0

996

985

966

940

908

871

828

782

732

631

628

575

522

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

966

955

937

913

882

847

806

762

715

665

615

564

513

0

0

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

2

908

899

882

860

833

800

764

724

680

635

589

542

495

3

0.828

0.820

0.806

0.787

0.764

0.736

0.704

0.670

0.632

0.593

0.552

0.511

0.469

4

0.732

0.726

0.715

0.699

0.680

0.658

0.632

0.604

0.573

0.541

0.507

0.472

0.437

TABLE 5

Effective spin dispersion coefficients incorporating rotational
bands built on independent particle band-head states.

h 2 / 2 3 ^ ^

-.004

.0006

.006

.012

.015

3

7.15

6.05

5.25

4.66

4.43

3.5

8.29

6.74

5.72

5.00

4.74

4.6

11.59

8.32

6.67

5.67

5.32

5.5

15.81

9.63

7.34

6.10

5.69

6.5

25.5

II.1

7.97

6.48

6.00

wu

TABLE 6

246,Levels of Cm used in the code AVXC for Che calculation of
the cross-sections of 246Cm. Above 1 HeV the level scheme
is schematic, and is based on the recommended level density.

E

0.0429

0.1417

0.296

0.599

0.66

0.78

0.863

0.903

0.945

0.990

1"

2*

4+

6+

r
3~

5"

0+

2*

2*

3*

E

1.00

1.045

1.375

1.125

'.164

1.328

1.492

1.109

1.218

1.328

I"

4+

4+

0*

0"
l+-

1*-

l«-

2*-

2*~

2*-

E

1.437

1.086

1.172

1.258

1.345

1.076

1.153

1.229

1.306

1.382

f

2*~

3*~

3*~

3+~

3+-

4+"

4+"

4+"

4+"

4*"

TABLE 7

Barrier parameters extracted from isomer excitation
data for some Am and Cm nuclei.

HUCLIDE

2 4 4A»

2 4 3Am

2 4 2Am

2 4 4Cm

2 4 3Cm

REACTION

244Pu(p,2n)

244Arn(n,2n)

242Pu(a.3n)

If

E U

2.3

2.9

1.9

VA

6.4

6.3

5.8

VB

5.3

5.6

4.3

J



TABLE 8

Barrier spectra (channel structure) employed for
fission calculations on even actinide nuclei

(to 1 HeV)

TABLE 9

Barrier level density parameters employed for actinide nuclei.
Level densities have the form of equation (4.24).

0 +

2*

o"

i "

o\
6+

8+

10*

2 \

, -

3 "

5"

7"

9"

l"»

I "

2 + , 4 +

3*

2", 3"

Energy
range
above

v A

0 . 0

0 .1

0 . 3

0 . 4

0.9

0.6

0.7

0 . 8

0 . 9

- 0.1

- 0.2

- 0.4

- 0.5

- 1.0

- 0.7

- 0.8

- 0.9

-

-

- 1.0

0 .

0 .

0 .

0.

0 .

0 .

0 .

0 .

0 .

0 .

0 .

Energy
range
above

vB

0 - 0 . 1

I - 0.2

3 - 0.4

4 - 0.5

9 - 1 . 0

0 - 0.1

0 - 0.1

1 - 0.2

1 - 0.2

3 - 0.4

9 - 1.0

Type

Even

Odd-A

Odd

Energy
range
(HeV)

1.0 - 2.5

2.5 - 2.8

2.8 - > 5

1.0 - 1 . 4

1.4 - 2.0

2.0 - 3.05

3.05 - > 5

0 - >3

0 - -2

2 - >5

cA

0.02135

1.435 x 10"4

1.6

6 . 8

11.5

54.S
(

"A

0.3005

0.1877

0.5

0.48

0.36

0.5

=B

O.02I3A

0.198

0.00965

0.4265

3 . 4

5.75

27.2

«B

0.3005

0.576

0.308

0.5

0.48

0.36

0.5

o

5.7

6.0

6.3

5.7

5.7

6.0

6.3

6 . 4

6.4

6.4
)

V

Suggested: no data analysed beyond -1
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Figure Captions

Fig. 1 Schematic diagram of Strutinsky shell-correction method.

Fig. 2 Nuclear energy calculated as a function of deformation (for
cylindrically symmetric shapes) for °Pu using Strutinsky'a
prescription. Arrow on outer barrier, B, gives lowering of
barrier as calculated from reflection asymmetric deformation.
Calculation from Six (3).

Fig. 3 Energy levels of a harmonic oscillator potential for prolate
spheroidal deformations. Numbers in diagram are numbers of
particles filling the shell. From Nix (3).

Fig. 4 Comparison of two different technical procedures for calcul-
ating the Strutinsky shell-correction energy from the same
get of shell-model levels. The solid curve is calculated
using the normal energy-averaging procedure for every specific
deformation. The dashed curve is from the summing of smoothed
energy levels fitted to the actual shell moc1-*! levels over a
large range of deformation. Diagram from ref. (S).

Fig. 5 Binding energy of 2^ Pu as function of deformation (the para-
meter Q is the quadrupole moment of the matter density)
calculated with a Hartree-Fock method by Flocard et al (7).
Dashed and solid curves correspond to pairing-interaction
strength independent of nuclear surface area and proportional
to surface area respectively.

Fig. 6 Potential energy landscapes for 236ih and 25°Cm a s calculated
in ref. .(183. The plane is one of nuclear elongation (e)
versus axial asymmetry (Y). The nuclear shape is chosen so
that the energy is minimised as a function of the hexa-
decapole deformation parameter e$. Energy contours are at
intervals of 0.2 MeV. The heavy solid line with arrows
follows roughly the track of minimum potential energy with
increasing elongation through barrier A and secondary well II.

Fig. 7 Inner barrier height as calculated from Strutinsky theory with
• uodified harmonic oscillator shell model with and without
the axial asymmetry degree of freedom. Pairing interaction
•trength was assumed proportional to surface area, and the
liquid-drop neutron-proton asymmetry constant ks • 1.78.
From ref. (18).

Fig. 8 Calculated energy of second minimum using Strutinsky theory
with modified harmonic oscillator shell-model potential. The
liquid-drop neutron-proton asymmetry constant ks • 2.8.
From ref. (121.

Fig. 9 Calculated outer barrier heights using modified harmonic-
oscillator shell-model potential. From ref. [12).

Fig. 10

Fig. U

Fig. 12

Fig. 13

Fig. 14

Fig. 15

Fig. 16

Fig. 17

Fig. 18

Fig. 19

Fig. 20

Fig. 21

Calculated fission barrier potential energy curves, using
folded Yukawa shell-model potential. From ref. (12). The
dashed curves assume reflection symmetry in the nuclear
shape, but the solid curves allow Cor minimization of the
potential with respect to reflection asymmetry.

Schematic indication of resulting calculation of fission
cross-section if fission barrier is in error by 1 MeV
either wj.y. The full curve id the true cross-section.

Inertia! parameter B c c corresponding to the collective
parameter for nuclear elonfentior., c, compared to the shell
correction energy EgheXl- From »ef. (28).

Least action trajectory for ground-state spontaneous
fission of Pu through potential energy landscape in
plane of elongation parameter c and neck constriction, h.
From ref. (28).

Least action calculations of ground-state spontaneous
fission half-lives with optimised adjustments of surface
energy constants for different groups of elements.
From ref. (28).

Least action calculation spontaneously-fissioning isomer
half-lives. From ref. (28).

Wave-functions in rectangular barrier transmission.

Transmission coefficients as function of energy for
rectangular barrier (full curve and dot-dash curve). The
transmission coefficient for a parabolic barrier ic shown
as a dashed curve. Inertial parameter is 2B/ti2 - 1200 MeV's" 2.

Notation for JWKB treatment of transmission through a double-
humped barrier.

Schematic diagram of complex potential well model for
fission.

Transmission coefficient for double-humped barrier with
damping in secondary well compared with undamped transmission.
Barriers are of equal height, fiuA • 1.5 MeV, tUilp - 1.2 MeV,

0.6 MeV, damping width r D - 0.06/2n MeV.

Total and partial cross-sections for,two close levels.with
(meV)»,

.84 (meV)S,

,u p o i •_ J.CI1. k . lV93 9CV11VII9 1UL , LWU UlUSttf AC

; parameters E, - 22.81 eV, r?/n) - 0.35 (
- 0.728 <ey)i, E 2 - 22.92 eV, ft, , - 0.6
0.S74 (eV)', r ( j . r2( j . 0.02.5 cV.
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Fig. 22

Fig. 23

Fig. 24

Fig. 25

Fig. 26

Fig. 27

Fig. 28

Fig. 29

Fig. 30

Fig. 31

Fig. 32

tig. 33

Calculated vibrational wave-functions for a double rectang-
ular well. The dimensions of the potential are given in the
top part of the diagram. The inertia! parameter is shown so
that the wave number k (• /2B(E-V)/fi2) is given by
15.7 /(B-E) in IfeV.

Construction of separate potentials for discussion of
amplitude relationships between class-I and class-II
vibrational functions.

Computed value of amplitude of class-I and class-XI
vibrational wave-function penetrating to the opposite well.
Dimensions of the potential are shown in the left-half of
the figure. The phonon energies are faiij • nton * 0.8 MeV
and the tunnelling parameter Tui>A - 0.8 MeV. Vibrational
state energies are relative to intermediate barrier height.

Schematic diagram of radiative capture spectra of class-I
and class-II states.

Neutron fission cross-section of *40pu £O the resonance
region. The upper diagram is the original measurement of the
fission intermediate structure by Migneco and Theobald (47].
The lower diagram is higher resolution data of Auchampaugh
and Weston [48) for the class-II states at 1900 eV.

Neutron fission cross-section of 240pu
1405 eV class-II resonance (48).

region of

Schematic diagram of Lorentzian mixing of a class-II state
with class-I states.

Neutron resonance fission widths in the cross-section of
234JJ (50) and fitted Lorentzian profiles.

Simulated fission cross-section for broad class-II state
with weak coupling to class-I states. The R-matrix para-
meters are given in Table 2.

Fission widths of S-matrix poles for class-II fission widths
similar in magnitude to coupling width T\-*Tff\ " 2 5 ,

rxII(e)-'
3-'. " i " - 1 -

Simulated fission cross-section for broad class-II level
vith coupling of similar strength to the fission width.
Parameters are given in Table 3. Notation as in Fig. 30.

Differences in fission probability calculated from pure
statistical theory (A',C) and microscopic theory (A,B,C).
For the barrier parameters are as follows (energies in MeV):

Curves

I.I1

2
3,3'

VA

S.9
5.9
5.9

0.9
0.9
0.9

S.3
5.1
4.9

0.6
0.6
0.6

Fig. 34 Average fission probability calculated from perturbation
theory for coupling of class-II and class-I states (full
curve). Parameters are VA - Vg » 5.5 MeV, tluyi • 0.9 MeV,
&0B - 0.6 MeV, EJI (ground state of secondary well) -
2.5 MeV. Radiation widths (governing the amount of delayed
fission through the spontaneously fissioning isomer) are
calculated from the giant dipole resonance model. The
broken curve is calculated from equation 3.137 for
structured class-II states overlapping class-I states, and
the chain curve is calculated from pure statistical theory.

Fig. 35 Average fission probability calculated from the code FISRA
(for competition with radiative decay, barrier transition
states limited to rotational band characteristic of even
nuclei). The fissioning nucleus is 242Pu excited in the
reaction 24oPu(t,p). Calculated curves are for V^ - 5.6 MeV,
IKHA " 1.0 MeV, VB • 5.1 MeV, tius - 0.7 MeV. The damping half-
width for vibrational levels is 0.1 MeV (full curve), 0.025 MeV
(short-deck curve) and is large (strong damping) for long-
deck curve. Porter-Thomas fluctuations in class-I levels
are not included.

Fig. 36 Typical set of neutron capture, inelastic and fission cross-
sections calculated from the code AVXC. The target nucleus
is ^^Cm. circles in the top diagram are experimental data
and the broken curve is a statistical calculation using the
code EVAPF. Barrier parameters are VA - 0.94 MeV, fc)A "
0.8 MeV, VB * 0.345 MeV, fiuB - 0.52 MeV. Lowest channels
are assumed to be j" - 3/2 +~.

Fig. 37 Schematic flowchart for the code EVAPF.

Fig. 38 Calculated cross-sections from the code EVAPF for the reactions
resulting from neutron bombardment of U; O - - -
fission cross-section data and calculated cross-section;
0 capture cross-section data and calculated cross-
sections.

Fig. 39 Typical calculated isoner excitation curves for reactions
in which the isomer is formed after neutron evaporation.

Fig. 40 Schematic diagram of 2-neutron evaporation leading to formation
of a shape isomer.

Fig. 41 Excitation function (ratio of cross-section for delayed
fission to that for prompt fission) for spontaneously
fissioning isomer of 2*°Am (half-life 0.9 ms) resulting from
the reactions 24lPu(p,2n) (82J(open circles) end 24Opu(d,2n)
(83). The parameters for the fitted curve are Ell - 3.0 MeV,
VB - VA - 0.9 MeV (for

 2 4 1Am).

Fig. 42 Excitation function for spontaneously fissioning isomer of
2 3 8U (half-life 200 ns) resulting from the reaction
238U(n,n')238U. The fitted curve is described in the text.

Fig. 43 Transition diagram of gamma-rays attributed to decay of shape 103
isomer of 238U.

J L



Fig. 44

Fig. 45

Fig. 46

Fig. 47

Fig. 48

Yield (relative to prompt fission"1 of the spontaneously
fissioning isomer Am resulting from the reaction
2^'Ain(n,Y)242siAm as a function of neutron energy.

Neutron fission cross-section of 230Th. These are early data
(75). The attempted fit is based on the competition theory
of structure in fission cross-sections.

Neutron fission cross-section of 2^^Th - more recent data
(51)• The fitted cross-sections are described in detail in
ref. (51).

Schematic diagram of damped vibrational resonance. The
vibrational state (many-phonon S-vibration in secondary well"/
is mixed into the compound class-It states which in turn arc
coupled through the intermediate barrier to the class-I
compound states - with the resulting cross-section pattern
shown below.

Neutron fission cross-section of 2*°Pu. The continuous
curve represents the experimental data. The points A are
calculations from the statistical model code EVAFF and the
points V are calculated with the Hausar-Feshbach code AVY.L.

Fig. 49 Neutron fission cross-section of '4*Pu. The full curve is
a Hauser-Feshbach calculation (code AVXC), and Che broken
curve is a statistical model calculation (code EVAFF).

Fig. 50

Fig. 51.

Fig. 52

Intermediate barrier heights as t^rx-n'^. of neutron number.
Open symbols denote even nuclei, hatched denote odd-mass*
block denote odd nuclei, 0 - Th,Cm; O - Pa,Am;
• - U.Cf; A - Np.Bk; 7 - Pu.

Outer barrier heights as function of neutron number.

Symbols as in Fig. 50.

242.Some calcula the nucleus "'Am (!52y).
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List of special seminars

ria by participants during the Course

on Mi .clear Theory for Applications

(not published in these proceedings)+

I. General

H.K. Kehta, Bombay, India:
Importance of nuclear physics for developing countries.

R. Ricci, Lagnaro, Italy:
Facilities and perspectives of nuclear physics in Italian
laboratories.

II. Resonance theory

S. Ganesan, Kalpakkam, India:
On the treatment of the unresolved resonance region and Doppler
effect calculations for fast power reactors,

D.B. Syme, Harwell, United Kingdom:
Recent analysis of Mi resonances including the description of a
new R-natrix code (multilevel, one channel) used in the analysis.

S.S. Ahmed, Karachi, Pakistan:
Iterative R-matrii method for the exact calculation of reaction
cross sections.

III. Optical model

D.C. Agrawal, Varanasi, India:
Characteristics of nuclear potentials.

Ch. Stoyanov, Dubna, USSR:
Description of neutron and gamma strength functions in the quasi-
particle — phonon model.

H. Haider, Aligarh, India:
Dispersion relation and surface peaking in the real part of the
nuclear optical potential.

A.H. Hussein, Dhahran, Saudi Arabia:
Scattering of 10 HeV polarized neutrons from Pb and Bi in the
angular range 1 to 65°.

F.D. Santos, Lisbon, Portugal:
Polarization transfer in (d,n) reactions.

I.-T. Cheon, Seoul, Korea:
Phenomenological pion form factor and oionic atoms.

IV. Statistical theory and nuclear level densities

A. Marcinkowski, Swierk, Poland:
Comparison of nuclear level densities calculated with the super-
conductivity model with experiment.

V. Pre-equilibrium decay

F. Shahin, Hansoura, Egypt:
Fluctuations connected with pre-compound emission in excitation
functions for the 25l(g(3He,p) reaction.

R. Parthasarathy, Madras, India:
Pre-compound emission of neutrons in muon capture.

VI, Fission theory

H. Zielinska-Pfabe, Warsaw, Poland:
Angular momenta of fission fragments.

VII. Huclear structure

A.H. Khan, Dacca, Bangladesh:
Isospin symmetry breaking in mirror beta decays.

B.P. Singh, Roorkee, India:
Triple angular correlation studies of the radiations from radio
active decay.

A.H. Osman, Cairo, Egypt:
Short-range correlations in nuclei.

VIII. Heavy ion physics

W. Nawrocka, Wroclaw, Poland:
Seep inelastic heavy ion collisions,

L. Satpathy, Bhubaneswar, India:
On the anomaly of high spin states.

For further information en these special eerr.jnars inteiested people
are advised to contact the relevant autlu-re.
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Course on Nuclear Theory for Applications

Programme schedule

First week: 17-20 January I978

9.30

10.00

11.15

2.30

3.45

Tuesday

Opening

J.J. Schmidt
Nuclear data importance I

J.J. Schmidt
Lecture II

M.S. Moore
Multilevel resonance
theory I

M.S. Moore
Lecture II

9.30

10.45

2.30

3.45

4.45

5.30

Wednesday

J.J. Schmidt
Lecture III

J.J. Schmidt
Lecture IV

M.S. Moore
Lecture III

M.S. Moore
Lecture IV

Fonda, FrShner,
Mehta, Sehaidt -
Interviews with participants

Reception — Prof. A. Salam

9.30

10.45

12.00

2.30

4.00

Thursday

C. Mahaux
Op'EicaT model theory 1

C. Mahaux
Lecture II

F. Frohner
Applied resonance
theory I

F. Frohner
Lecture II

Fonda, Frohner,
Mehta, Schmidt -
Interviews continued

9.30

10.45

2.00

3.19

4.30

Friday

C. Mahaux
Lecture III

C. Mahaux
Lecture IV

F. Frohner
Lecture III

F. FrHhner
Lecture 17

Working session on
resonance theory
(Tutors: Moore,
Frohner)

419



Second week: 23-27 January 1978

Monday Tuesday Wednesday Thursday Friday

9.15 V.S. Ramamurthy
Biiclear level
densities I

10.30 V.S. Ramamurthy
Lecture II

11.45 P. PrShner
Lecture V

9.15 V.S. Ramamurthy
Lecture III

10.30 V.S. Samaourthy
Lecture IV

11.45 P. Prohner
Lecture VII

9.15 V.S. Ramamurthy
Lecture V

10.30 V.S. Ranamurthy
Lecture VI

11.45 A. Prince
Phenomenologic al
optical poten-
tials I

9.15 P.A. Moldauer
statistical nuclear
reaction theory I

10.30 P.A. Moldauer
Lecture II

L1.45 A. Prince
optical model
computer codes

9.15 P.A. Moldauer
Lecture III

10.30 P.A. Moldauer
Lecture IV

LI.45 Workshop on optical
model computer
codes I
(Tutors: Prince, Fabbri)

2.30 F. Frohner
Lecture VI

4.00 S. Ganesan
Special Seminar:
Unresolved reso-
nances and Poppler
effect calculations

2.30 F. Prohner
Lecture VIII

2.30

3.45 D.B. Syme
Special Seminar:
Ni resonance ana-
lysis with new
R-matrix code

4*30 Working Session
onresonance theory

(Tutors: Moore,
Prohner)

A. Prince
Lecture II

3.45 A. Marcinkowski
Special Seminar:
Comparison of theo-
retical and experi-
mental nuclear level
densities

4.30 Working session on
nuclear level den-
sities
(Tutors: Ramamurthy
Dietrich)

2.30 M.K. Mehta
Special Seminar:
Importance of nucleaz
physics for devel-
oping countries

3.30 W. Nawrocka
Special Seminar:
Seep inelastic heavy
ion collisions

4.30 L. Satpathy
Special Seminar:
Anomaly of high
spin states

2.30 Workshop on opti-
cal model computer
codes II
(Tutors: Prince, Fabbri)

3.45 - 5.15
Special Seminars:
B.P. Singh
Triple angular
correlation studies

B.C. Agrawal
Characteristics of
nuclear potentials

W. Haider
Dispersion rela-
tion and surface
peaking in real
optical potential
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Third week; 30 January - 3 February 1978 r
9.15

10.30

11.45

2.30

3.45

Monday

P.A. Moldauer
Lecture V

P.A. Moldauer
Lecture VI

P. Dietrich
(for J. Salvy)

P. Dietrich
Lecture II

- 5.00
Special Seminars:

A.H. Hussein
Scattering of po-
larized neutrons

F.D. Santos
Polarization trans-
fer in. (d,n) re-
actions

It-T, Cfteon,
Pion form factors

9.15

10e30

11.45

2.30

5.00

5.00

Tuesday

G. Reffo
Statistical theory
parameter syste-
matics I

G. Reffo
Lecture II

P. Dietrich
Lecture III

Workshop on opti-
cal model compu-
ter codes III
(Tutors: Prince,
Fabbri)

S.S. Ahmed
Special Seminar:
Iterative R-matrix
method

In parallel:

A.M. Osman
Special Seminar:
Short range corre-
lations in nuclei

9.15

10.30

11.45

2.30

3,45

4.45

Wednesday

G. Reffo
Lecture III

G. Reffo
Lecture IV

A. Prince
Statistical theory
applications and
computer codes I

A. Prince
Lecture II

M. Motta
Desk computers in
evaluation

Workshop with de-
monstration of ty-
pical desk computer
(Olivetti P6060)
(Tutor: M. Motta)

9.15

10.30

11.45

2.30

3.45

4.30

3.45

Thursday

Workshop on sta-
tistical theory
computer codes I
(Tutors: Prince,
Fabbri)

Workshop on sta-
tistical theory
computer codes II
(Tutors: Prince,
Fabbri)

V. &-uakov
Fundamentals of
pre—equilibrium
decay I

V. Bunakov
Lecture II

Ch. Stoyanov
Special Seminar:
Neutron and ganma
strength functions

A.M. Khan
Special Seminar:
Isospin breaking in
mirror beta decays
In parallel:

Workshop on stati-
stical theory com-
puter codes III
(Tutors: Prince,
Fabbri)

9.15

10.30

11.45

2.30

3.45

4.30

Friday

V. Bunakov
Lecture III

V. Bunakov
Lecture IV

D. Seelicer
Application of
pre-equilibrium
decay models I

D. Seeliger
Lecture II

F. Shahin
Special Seminar:
Pre-compound fluc-
tuations in exci-
tation functions

R. Parthasarathy
Special Seminar:
pre-compound neu-
tron emission in
muon capture
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Fourth week: 6-10 February 1978

9.30

10.30

11.45

2.30

3.45

Monday

D. Seeliger
Lecture III

D. Seeliger
Lecture IV

H. Jahn
Fre-equilibrium de-
cay in absolute in-
elastic scattering
cross section cal-
culations I

H. Jahn
Lecture II

Working session on
pre-equili'brium
decay
(Tutors: Bunakov,
Seeliger, Jahn)

9.30

10.30

11.45

2.30

3.45

Tuesday

M. Brack
Fission 'barrier
fundamentals I

M. Brack
Lecture II

M. Uhl
S'PAPRE code with
consideration of
pre-equili'brium
decay

M. Uhl
Lecture II

Workshop on nucleai
model codes with
pre-equili'brium
decay I
(Tutors: Prince,
Fabbri, Uhl,
Strohmaier)

9.30

10.30

11.45

2.30

3.45

3.45

Wednesday

M. Brack
Lecture III

M. Brack
Lecture IV

J.E. Lvnn
Fission barrier
theory and its
applications I

J.Eo Lynn
Lecture II

M. Zielinska-Pfsoe
Special Seminar:
Fission fragment
angular momenta

In parallel

Workshop on nuclear
model codes with
pre-equili'brium
decay II
(Tutors: Prince,
Fabbri, Uhl,
Strohmaier)

9.30

10.30

11.45

2.30

3.45

Thursday

M. Brack
Lecture V

J.E. Lynn
Lecture ' il

M. Brae"
Lecture VI

J.E. Lynn
Lecture IV

Working session on
fission theory
(Tutors: Lynn,
Brack)

9.30

10.30

11.45

2.30

3.45

5.00

Friday

J.E. Lynn
Lecture V

J.E. Lynn
Lecture VI

R. Ricci
Special Seminar:
Nuclear physics
in Italy

J.E. Lynn
Lecture VII

J.E. Lynn
Lecture VIII

Closing of
courBe
(J.J. Schmidt)
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FACULTY AND PARTICIPANTS

D I R E C T O R S
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C J E N
Dipartimento Ricerca Tecnologica
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O.P. 40138
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Italy

FONDA, L.
International Centre for Theoretical
Physics

Strada Costiera 11
P.O.B. 586
34IOO Triests
Italy

SCHMIDT, J.J. (Part I)
Nuclear Data Section
International Atomic Energy Agency
P.O.Box 590
A-1011 Vienna
AuBtria

L E C T U R E R S

Brack, H.
UnivsrsitHt Regensburg
Fachbereioh Pnysik
Institut f3r Physik I -

- Theoretische Physik
Universitats8trasse 31
D-8400 Regensburg
Fed. Hep. of Germany

BUNAKOV, V.
Theory Division
Leningrad Nuclear Physics Institute
Academy of Sciences
Gatchina
Leningrad Region, 188 350
U.S.S.R.

DIETRICH, F.S.
Lawrence Livermore Laboratory, L-405
University of California
P.O.Box 808
Liverraore, California 94550
U.S.A.

FROHNER, F.
Institut fur Neutronenphysik

und Resfctortechnik
PoBtfach 3640
D-75OO Karlsruhe
Fed. Rep. Germany

JAHN, H.
Institut fur Neutronenphysilc

und Reaktortechnik
Postfach 3640
D-75OO Karlsruhe
Fed. Rep. Germany

LYNN, J.E.
UK Atomic Energy Research Establishment
Harwell, 0X11 OHA
U.K.

HAHAUX, C.
Institut de Physique
Universite" de Liege
Sart-Tilman
B-4000 Liege 1
Belgium

HEHTA, H.
Bhabha Atomic Research Centre
Trombay
Bombay 400 08 5
India

MOLDAUER, P.A.
Argonne National Uiboratory
9700 South Case Avenue
Argonne, Illinois 60439
U.S. A.

MOORE, M.S.
Los Alamos Scientific Laboratory
University of California
P.O.Box 1663
LOB AlanoB, New Mexico 87545
U.S.A.

HOTTA, M.
Divisione Fisica
Centro di Calcolo del CNEN
Via Hazzini 2
1-40138 Bologna
Italy

PRINCE, A.
National Nuclear Data Center
Brookhaven National laboratory
Dpton, New York 11973
U.S.A.

RAHAHURTHY, V.S.
Fission Physics Section
Bhabha Atomic Research Centre
Trombay
Bombay 400 O83
India

REFFO, 0.
Centro di Calcolo del
Via Hazzini 2
1-40138 Bologna
Italy

SALVT, J.
Centre d'Etudes de

Bruyeres-le-Chatel
B.P. No. 561
P-92542 Montrouge
FRANCE

Schmidt, J.J.
IAEA Huclear Data Section
Vienna International Centre
P.O. Box 100
A-1400 Vienna
AUSTRIA

SEELIGER, D.
Sektion Physik
Technische Universitat Dresden
Mommsenstra. 13
DDR-8027 Dresden
Geiman, Dem. Rep.

UHL, M.
I n s t i t u t fur Radiumforschung und

Kernphysik
Boltzmanngasae 3
A-1090 Vienna ><<
AuBtria « •
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P A R T I C I P A N T S

ABBOUD, A.A.
Reactor Technology Department
Atomic Energy Establishment
Cairo
Egypt

ABDULMOMEN, H.A.
Physics Department
Faculty of Science
Riyadh University
Riyadh
Saudi Arabia

ADAMSKI, L.K.
Department of Reactor Physics
ir.Btitute of Nuclear Research
03-400 Otwock-Swierk
Poland

AGRAWAL, D.C.
Department of Physics
Faculty of Science
Banaras Hindu University
Varanasi - 221 005
India

AGYEI, A.K.
Department of Physics
University of Cape Coast
Cape Coast
Ghana

AHMAD, s.S.

C - 96
Staff Town
University Campus
Karachi 32
Pakistan

AHMED, P.
Department of Physics and
Astrophysics

University of Delhi
Delhi - 110007
India

AHMED, I.
Reactor Phy3ics Group
Nuclear Engineering Division
PINSTaCH
P.O.Nilore
Rawalpindi
Pakistan

ALAK, B.
Department of Physics
University of Dacca
Dacca - 2
Bangladesh

ALVEAR, C.
Inatituto de Pisioa
Universidade Federal do

Rio de Janeiro
Ilha do Fundao
Rio de Janeiro - 20.000
Brazil

AMARAHTE, J.A.k.
Contro Tecnico Acroespacial
Instituto de Atividades Espaciais
12.200 Sao Jos£ dos Campos

Brazil

AMUSA, A.
Department of Physics
University of Ife
Ile^Ife
Nigeria

AUGUSTYNIAK, W.
Division I
Institute of Nuclear Research
Hoza 68
Warsaw
Poland

BAK, H.-I.

Department of Nuclear Engineering
College of Engineering
Seoul National University
Seoul
Korea

BASTIAM, C.
B.C.H.N.
EURATOM
Steenweg Op Retie
2440 Geel
Belgium

BEN HOHAMED, A.K.
Departament de Physique
University de Niamey
B.P. 237
Niamey
Niger

BRUSEGAIJ, A.
B.C.H.N. - MJHATOM
Steenwes Op Hetie
2440 Gcel
Belgium

BUDNAR, H.G. (Affiliate)
Instituc "Jozef Stefan"
Jamova 39
P.O.Box 199
Ljubljana
Yugoslavia

BUHRA, G.S.

St. Xavier's College
30 Park Street
Calcutta - 700216
India

AHMAD, M.
Technical Development.Division
Pakisten Atomic Enorcy Commission

P.O.Box 1114
Islamabad
Pakistan

ALBINSKI, J. (Affiliate.)
Department of Physics
University of Cracov
Craoov
Poland

BARTAL, Y.
TECHNION
Haifa
Israel

CHEOII, I.-T.
Department of Physics
Yonsei University
Seoul 120-00
Korea
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OIMDHO, M.
"Buder Boskovic1" Institute
P.O.B. 1016
41001 Zagreb
Yugoslavia

CR1STIAN, 1.0.
Institute for Nuclear Power Reactors
Bucharest Magurele
P.O.Box 5203
Romania

OAKG, S.B.
Bhabha Atomic Research Centre
Bombay 400 085
India

COUMRY, H. (Aff i l iate)
Department of Physic3
Faculty of Science
UnivorBity of Jordan
Amman
Jordan

HARRIS, H.J.
A.E.R.J3., Harwell
Didcot
Oxfordshiie, 0X11 ORA
U.K.

HASNAK1, S.,
PIHSTSCH
P.O.Nilore
Rawalpindi
Pakistan

KHADHKAR, S.B.
Physical Research Laboratory
Navrangpura
Ahmedabad 380009
India

KHALID, Z.M.

Nuclear Engineering Division
PINSTECH
P.O. Nilore
Rawalpindi
Pakistan

D'OLIVEIRA, A.B.
Divisao de Estudos Avancados
CrA - IAE - EAV
12200 Sao Jose dos CampoB
E.S. Paulo
Brazil

GUL, K.
PIHSTECH
P.O.Nilore
Rawalpindi
PakiBtan

HOSSAIH, M.H.
Department of Physics
Bangladesh Agricultural University
^ymensingh
Bangladesh

KHAN, A.M.

Physics Department
University of Dacca
Dacca - 2
Bangladesh

DTHARZ, R. (Aff i l iate)
Inst i tute of Nuclear Physics
Radzikowskiego 152
31-342 Krakow
Poland

PABBRI, P.
Centra di Calcolo del CHEN
Via C. Mazzini 2
Bologna
Italy

PORT, E.
DRNR/SPNR
Bat 230
CEA, CKN-Cadaraehe
13115 Saint-Paul-lez-Durance
France

GUPTA, H.P.
5th Floor, T.R.P.S.
Central Complex
Bhabha Atomic Research Centre
Trombay
Bombay 400 085
India

HAIDER, W.
Department of Physics
Aligarh Muslim University
Aligjvrh 202001
India

HAMDAH, M.A.
Physios Department
Basrah University
Basrah
Iraq

HUSAIN, D.
Department of Nathetnatics
Dacca University
Dacca - 2
Bangladesh

HUSAIN, M.M.
Atomic Energy Centre
P.O.Box I64
Rarana
Dacca
Bangladesh

HTJSSEIH, A.K.
Dhahran International Airport
P.O.B. 144
UPH, 449
Dhahran
Saudi Arabia

KIM, C.H.
Nuclear Engineering Department
Seoul National University
Chungryang
P.O.Box 105
Seoul

KISS, A. (Affiliate)
Department of Atomic Physics
Roland Eotvos University
Puskin 5-7
1088 Budapest VIII
Hungary

KIZILTAH, H.
Institute of Physics, 83
Hacettepe University
Ankara
Turkey

Ganesan, S.
Reactor Research Centre
Kalpakkan P.O.
Chingleput Dist.
Tamil Nadu
IMDIA

KAHID, K.
Neutron Physics Laboratory
Eotvos Lorand University
Puokin 5-7
1088 Budapest VIII
Hungary

HUSSEIN, H.
Department of Physics
Faculty of Science
University of Alepo
Alepo
Syria

KPONOU, A.E.P.
Department of PhyBics
Fourah Bay College
University of Sierra Leone
Freetown
Sierra Leone
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Bandung Reactor Centre
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Bandung
Indonesia
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Nuclear Physics Division
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U.K.

LOPAC, V.
Institute "Ruder Boskovic"
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MAHTABOALLY, Q.G.
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University of Rajshahi
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Bangladesh
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Institute of Nuclear Research
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00-681 WarsEw
Poland

MARTINEZ. A.S.
OOPPE
Universidade Federal do

Rio de Janeiro
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ZC 00 - 20.000 Rio de Janeiro
Brazil

HATTHES, W.K.
C.C.R. EURATOM
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Italy

MEDRAJTO, G.
Intcrnacional de Ingenierfa y

Estudios Tecnicos (IHTCC3A)
Power Division
Condesa de Venadito I
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Reactor Department
Atomic Energy Commission
Cairo
Egypt
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National Council for Scientific

Research
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