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ABSTRACT 
The effect of the ellipticity of the plasma cross section on 

tearing mode stability is investigated. The induced coupling between 
modes is shown to be destabilizing; however, the modification of the 
equilibrium tends to stabilize the tearing modes. The net effect 
depends on the manner in which the equilibrium is modified as the 
plasma cross-section shape is changed. 

V 



1. INTRODUCTION 
In searching for high beta tokamak equilibria that are stable with 

respect to ideal magnetohydrodynamic (MHD) modes, the noncircular shape 
of the plasma cross section has proven to be a favorable factor [1,2]. 
Several tokamaks have incorporated this feature of noncircular plasma 
cross section. Because the occurrence of major tokamak disruptions has 
been correlated with the tearing mode instability [3-6], it is of 
interest to study the effect of the noncircularity of the plasma cross 
section on tearing mode stability. In this paper we investigate this 
effect in the framework of the resistive MHD model for the particular 
case of elliptical cross section. 

In Section 2, the reduced set of resistive fluid equations is 
presented along with some details on their numerical solution. The 
numerical results are presented in Sections 3 and 4 for the m = 1 mode 
and n > 1 modes, respectively. An analysis of these results is given 
in Section 5, and the conclusions are presented in Section 6. 

2. EQUATIONS 
A cylindrical model of the tearing modes in which the plasma 

2 

pressure is ignored (B < e , where e is the inverse of the aspect 
ratio) will be used in this investigation. From the resistive fluid 
equations two assumptions are made: (1) the coupling to congressional 
Alfven waves (which keep the radial component of the force balance in 
equilibrium) is neglected, and hence the toroidal magnetic field Bz is 
unchanged by the tearing modes; and (2) the toroidal component of the 
fluid velocity is negligibly small. Then, the components of both the 
magnetic field and fluid flow velocities in the poloidal plane can be 
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represented in terras of stream functions, and the resistive MHD 
equations can be reduced, in dimensionless form, to [4,7] 

JL = -B . 7* + nJ? - , CD 

3U * t * 
— + v. • V U = -SB • 7J- . (2) 3t 1 1 5 

In Eqs (1) and (2), the time is normalized to the resistive diffusion 
time, T r = a U 0 / R I 0 , and the lengths are normalized to a, the 
geometrical mean of the major axis bQ and minor axis aQ of the ellipse. 

+ 2 The toroidal current density J^ = the magnetic field 
* * 

B = -eVĵ T x C + and the toroidal component of the vorticity U = 
are normalized to B

Z/U
0
R
0» B

z> and BZTR*» respectively. The 
resistivity n has been normalized to its value nQ at the magnetic axis. 
Here, £ = z/2irRc is the normalized longitudinal cylindrical coordinate 
that represents the toroidal angle. In Eq. (2), v^ = V x £ is the 

poloidal fluid velocity; the subscript 1 means perpendicular to the c 
direction; and the quantity S is defined by S = x^/t^ , where t^ is 
the poloidal Alfven time R„(V> P i^/B- (the mass density p is assumed r o o in z J m 
to be constant). 

Equations (I) and (2) have been 
expressed in equilibrium flux 

coordinates p, 0, The coordinate p labels the flux surfaces. In 
the circular cross-section limit p becomes the cylindrical radial 
coordinate r. The poloidal angle coordinate? 0 has been defined to make 
the equilibrium magnetic field lines straight. In the cylindrical 
limit, these coordinates are the same as the ones used in Ref. [8]. 
The effect of deforming the plasma cross section enters Eqs (1) and (2) 
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essentially through the Vf operator, which can be expressed in this 
coordinate system as 

GO 

, PP p Q where g , g > and g®® are the components of the metric tensor. 
To numerically advance Eqs (1) and (2), an initial value code RST 

has been employed. The RST code is a generalization of RSF [9] that is 
adequate to deal with more general coordinates. The noncircular 

RSTEQ [10] and are given as input to RST. 
A linear boundary value code has also been developed using a A' 

formalism (a A' solver). This allows a better interpretation of some 
of the results from the initial value code, verifies these results, and 

I allows more efficient linear calculations. This has been done in a way 
analogous to the toroidal A' solver (TORDEL) described in Ref. [8]. 
Since the coordinate system is very well suited to tearing modes, only 
the coupling to two other poloidal Fourier components (m ± 2) is 
necessary for each circularly unstable mode m. This holds even for 
eilipticities as large as e= 2 (e 5 b0/aQ). Figure 1 shows the 
distribution of magnetic energy among the Fourier corponents of an 
n = 2 tearing mode for different values of the ellipticity e. In this 

. > particular example the (m = 3; n = 2) tearing mode is unstable for a 
circular cylinder. The magnetic energy of the different components is 
normalized to the magnetic energy of the (3;2) component. The energy 
falloff of the side bands is exponential, and numerical tests have 

cross-section equilibria are calculated by the fixed boundary code 



4 

verified that the contribution of the components with poloidal numbers 
m ± 4 is negligible. 

3. STABILITY OF THE (m = 1; n - 1) TEARING MODE 
Edery et al. [11] have shown that the stability of the ideal, 

internal, m = 1 kink mode is sensitive to small distortions of a 
circular cylindrical equilibrium. In particular, they have proven that 
ellipticity is a destabilizing effect. Therefore, we expect that the 
linear growth rate of the m = 1 tearing mode will be enhanced with 
ellipticity, at least when the resistivity is small enough. We have 
investigated this effect with the initial value code. For a particular 
equilibrium q profile, 

q(p) = q CO) f 1 + ( p / p 0 ) 2 X l l A , (3) 

with q(0) = 0.65, X = 2, and pQ = 0.46, we have calculated the linear 
eigenvalue and eigenfunction for several values of the resistivity. 
Figure 2 shews the comparison between the linear growth rates for a 
circular cross-section cylinder and the correoponding ones for e = 1.7. 

5 8 The calculations were done for values of S ranging between 10 and 10 

for the circular cross-section case. The results are plotted in Fig. 2 
-1/3 

as a function of S , the predicted scaling for the m = 1 tearing 
mode in cylindrical geometry. For a circular cross-section cylinder 
the growth rate goes to zero as S goes to infinity. This agrees with 
the fact that the ideal internal kink mode is marginally stable. For 
the elliptical cross section (e = 1.7), the calculation was repeated 
for the same sequence of values of S. The linear growth rate departs 
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-1/3 
from the S scaling, typical of the tearing mode, and does not po to 
zero as S goes to infinity. In this case it was possible to use the 
initial value code as an ideal MHD code by neglecting the viJj- term : i 
Eq. (1). The growth rate obtained in this limit agrees with the trend 
shown by the decreasing resistivity values. These numerical results 
are consistent with the analytical predictions of Ref. [11]. For 
values of the resistivity such that S < 10̂ , the linear growth rate of 
the (m = 1; n = 1) mode is slightly increased by ellipticity. It is 
necessary to go to values of S above 10̂  to see a strong destabilizing 
effect. 

4. STABILITY OF TEARING MODES WITH m > 1 
To numerically study the effect of the ellipticity on tearing mode 

stability, it is necessary to specify first how the plasma equilibrium 
is changed with increasing e. There are several ways of doing this, 
depending on what parameters are held constant while the shape of the 
plasma cross section is changed. In this paper, results will be 
presented for two alternative ways of modifying the equilibrium that 
are characterized as follows: 

(1) Constant-q sequence. The safety factor q profile, S, and the 
total plasma volume are fixed as e increases- The toroidal current 
density profile and the resistivity profile change as a consequence of 
the change in the plasma cross section. 

(2) Constant-Jj. sequence. The current density profile, S, q(0), 
and the plasma volume remain fixed in this scanning. Therefore, the 
position of the singular surfaces relative to the current density and 
resistivity profiles changes as q(p) changes. 
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In both sequences the modifications of the equilibrium with 
increasing ellipticity are particularly important near the plasma edge. 
For instance, q(l) goes from 3.1 to 5.6 in the constant-Jj. sequence 
when the ellipticity increases from 1 to 2, as shown by the dashed line 
in Fig. 3. For the constar.t-q sequence the current density increases 
near the plasma edge and flattens the current gradient in this region. 
These equilibrium effects and the effect of the additional couplings 
between modes having the same toroidal number combine to make it 
difficult to predict the total effect on tearing mode stability. This 
combination also complicates the analysis of the results of the initial 
value code. 

All the results of this section correspond to equilibria with a 
safety factor q profile larger than one. In this way the effect of the 
ideal, internal kink mode is excluded. 

Figure 3 shows the linear growth rate of the n = 1 mode for a 
constant-J^ sequence of equilibria. The toroidal current density for 
these equilibria is parameterized as 

J < < 0 ' " - ^ T T T l ^ Y 7 ™ ' 

with q(0) = 1.08, \ = 4, PD = 0.59, and S = 104 fixed. The linear 
growth rate increases with increasing ellipticity; however, the rate of 
increase noticeably diminishes as e approaches 2. 

For a constant-q sequence of equilibria, the linear growth rates 
of the n = 1 and n = 2 modes are plotted in Fig. 4a. These equilibrium 
sequences have a safety factor q profile given by Eq. (3). Several 
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sequences of such equilibria have been studied, which correspond to 
different values of X. For these sequences q(0) = 1.34, and 

4 
q(1) = 4.0. The value of S for the results plotted in Fig. 4 is 10 . 
For these sequences the linear growth rate of the tearing modes 
decreases with increasing ellipticity, particularly for the n = 1 mode. 
The n = 2 mode is weakly affected. The stabilizing effect of the 
ellipticity for this type of sequence is also reflected in the slight 
decrease of the saturated island widths for the 2/1 and 3/2 helicities 
(see Fig. 4b). 

5. ANALYSTS OF THE NUMERICAL RESULTS 
To better understand the previous results, a A' solver has been 

developed that, together with the initial value code, allows a detailed 
study of the linear stability problem. It is possible to separate the 
effects due to the modification of the equilibrium from the effect of 
the coupling between the different Fourier components of the eigenmode. 
By separating the equilibrium quantities from the perturbed ones, 

Y(p,0,C,t) - *eq
(p) + '(P.Q.C.O . 

it is possible to linearize Eqs (1) and (2). It is clear in this case 
that the time dependence and the dependence on the toroidal angular 
variable are factorizable. For a given n value, the corresponding 
eigenfunction can be expanded in Fourier series in the poloidal angle: 

^n(p,Q) » I T|»mn(p)cos mQ . (5) m 

Ellipticity only couples poloidal modes with the same parity. 
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Therefore, the summation in Eq. (5) extends over either even or odd m 
values. 

In the linearized equations one can neglect resistivity and 
inertia outside the singular layers. It is also assumed that for each 
(m; n) mode that is unstable in circular cross section, only two side 
bands (m ± 2; n) are required to describe a full eig. nmode in the 
elliptical case. This is a result of a judicious c! of coordinate 
system, pointed out in Section 2 and verified with initial value 
calculations. Having tJ..en these points into account, it is easy to 
derive a coupled system of differential equations for the three Fourier 
components of the poloidal flux: 

r ^ + n ) \ i ± fpgppl!^) - gOO mf rl_l frcPP dV2;n } p dp dp 

, 2(m - 1) „p0 ^m-2;n . m - 2 (og2 m GO-, . i + Bn T — — + I— 89 J'l'm-2-n p L dp p dp p z ra <i»n 
dg p«5 

+ 1 [I (pgPP ̂ 2ti£il) - 2(ro + » gP© d^2;n 2 p dp ^ dp n 2 dp 

d pG m + 2 r 82 . m O0-* , 11 

- » - L [ I - L (pgPP — p dp p dp 0 dp 
dip eq , ran (6) 

( U L l ^ + n) {1,1 (pgPP ' W ) -p dp p dp 0 dp 8«> (m - 2) + , o 2 m-2 ;n 

2 p dp 
dtb pp Tinn̂  

2 ' 
2(m - 1) gP0 d V 

p 2 dp 
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H O P 0 

+ " H i i - . ? W , n 

ifi (pgPP + 2(m + 1) gPQ IVi 
2 " p d p 2 d p p 2 d p 

- P 0 

The derivation is totally analogous to the one described for 
toroidal geometry in Ref. [8]« Thus, the details are omitted here. 

In Eqs (6), (7), and (8), g£p, g£9, and gfG are the il-th Fourier 
components of the elements of the metric tensor. 

As in Ref. [8], solving the linearized equations inside the 
singular layers gives the matching conditions across the singularities. 
As a result, Eqs (6), (7), and (8) can be solved as a boundary value 
problem, and a computer code that solves these equations has been 
written. The numerical scheme is analogous to the one described în 
Ref. [8]. 

The A' solver has been used to find the eigenfunction and 
eigenvalue of an n = 1 tearing mode. For the equilibria considered in 
the previous section, the (m = 2; n = 1) mode is the only unstable 
n = 1 mode in the circular cross-section limit. Therefore, only the 
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(0;1) and (4; 1) Fourier components, together with the (2;1), are 
included in the calculation. The (4;1) component is the most sensitive 
one to the approximations made and to the numerical method used. The 
(0;1) component can be simply obtained by quadrature. Hence, it is a 
good test of our calculation to compare the (4;1) component with the 
results of the initial value code (see Fig. 5). The agreement is 
excellent. 

It is possible to analyze the numerical results presented in the 
previous section and to unravel the seeming contradiction between the 
results of the two types of equilibrium sequences. 

Figure 6a shows a comparison of the linear growth rates obtained 
with the A' solver and the initial value code for a constant-q type of 
sequence with X = 1.75, q(0) = 1.34, and q(l) 4. The growth rates 
have been normalized to their value for e = 1 in order to show the 
percentage change with ellipticity. The results from both codes agree 
well. The A' solver can now be used to calculate the change of A' due 
to the change of the toroidal current density when the ellipticity 
increases. This can be done by neglecting the (0;1) and (4;1) 
contributions in Eq. (6). This equation becomes equal to the equation 
for a circular cylinder except for the g£p term in the toroidal current 
density. This term gives the measure of the equilibrium deformation 
and, in the particular case considered here, gives a strong 
stabilization when ellipticity increases (see Fig. 6b). When the 
/coupling to the (0;1) and (4; 1) components is included, A' increases. 
However, for this particular equilibrium sequence, the destabilizing 
effect due to the poloidal coupling is weaker than the stabilizing 
effect due to the decrease in the equilibrium current gradient at the 
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q = 2 rational surface. Thus, the overall effect is stabilizing. 
(There is also an effect brought about by the modification of the 
resistivity profile. However, this effect is less important than 
either of the other effects, and we shall not discuss it here.) 

Both effects (mode coupling and deformation) are also present for 
a constant-J^ equilibrium sequence. The coupling between additional 
poloidal modes is once again a destabilizing effect. The modification 
of the equilibrium due to the increase in the ellipticity corresponds 
to an increase in the values of q near the plasma edge. Consequently, 
the resonant surfaces move toward the inside of the plasma, which gives 
a stabilizing effect. lor the constant-J^ sequence considered before 
(Fig. 3), the equilibrium effects are weaker than the coupling effect, 
and the result is a destabilization of the tearing mode. 

It is important to remark that in this section the change of the 
linear growth rates has been interpreted as simply a A' effect. This 
is true since the inside tearing layer contributions due to ellipticity 
are negligible compared with the change of A'. 

A particular case of interest occurs when, for a given n value, 
there is a single resonant surface in the plasma. For this situation 
an analytic determination of the change of A' due to the coupling 
induced by ellipticity can be made. It is then possible to prove the 
destabilizing character of this effect. For this particular case, one 
expects that each sideband of the (m;n) resonant component has a 
similar effect on the stability of the mode, and numerical results 
support this assumption. Therefore, the calculation can be reduced to 
include only one sideband; namely, for the n = 1 mode it is enough to 
consider the (2;1) and (0; 1) components. The calculation can be 



12 

carried out analytically if the ellipticity is close to 1. It is then 
possible to do a perturbation expansion in the parameter 

It is assumed that the zero order term is nonzero only for the 
(2;1) component and equal to the eigenfunction of a circular 
cross-section cylinder with the same q-profile and toroidal current 
density as the case considered. 

In Eqs (6), (7), and (8), the gjjp, g2®, and gf0 terms are of order 
6. To make that explicit, we can multiply them by 5 and, at the end of 
the calculation, set 5=1. Due to this ordering the first order 
contribution to the (2;1) component is zero. The first order effect 
consists in generating the (0;1) component, which can be easily 
calculated using Eq. (7). The result is 

2 2 6 = (e - l)/(e +1). The eigenfunctions are 

k=0 

Ifll'Cp) = (1) 

•^(O) - fP A(p')dp' 0 < p < P21 » 

f A(p')dp' 
P 

1 

o 

p21 < p < 1 , 

(9) 

where p2j is the position of the q = 2 singular surface, 

^OpCO) - fg dp'A(p') (10) 

and 
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A(p) = [8|P - g2
p04?)]/pgpp (11) 

Now it is possible to calculate the second order effect on the 
o 

(2;1) component by substituting Eq. (9) into Eq. (6), keeping only 6*" 

terms. This equation can be solved formally giving a simple expression 

for AA, including terms up to second order: 

4' < ^ 2 1 

f P dp{-
4p21gPP(p21)F.4?)(p21)12 0 2g 

( 8 2 2 _ fd'P21 ] 2 
PP ' dp 

pp p0 0 pO 

P* d p P8QP 
( 1 2 ) 

In this expression 6 has already been set to 1, and A ^ is the A' for 

the zero order solution, including the effect of the change of the 

equilibrium induced by ellipticity. It can be shown from Eq. (12) that 

the coupling between Fourier components of a linear eigenmode is 

destabilizing. 

6. CONCLUSIONS 

The ellipticity of the plasma cross section can affect the 

stability of a tearing mode in two ways: (1) by modifying the 

equilibrium and (2) by coupling modes having the same toroidal mode 

number n and poloidal mode numbers with the same parity. This second 

% \\ 
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effect is always destabilizing, whereas the first one is, in general, 

stabilizing. It is necessary to study each case individually to 

determine the net effect. 
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FIGURE CAPTIOKS 

FIG. I. Magnetic energy distribution among the poloidal Fourier 
components of the n = 2 tearing mode. This corresponds to the 
equilibrium sequence of Fig. 4a with X = 4. 

- 1 / 3 FIG. 2. Linear growth rate of the n = 1 mode as a function of S 

FIG. 3. Linear growth rate of the n = 1 tearing mode and q(l) value 
versus ellipticity for the constant-J;. equilibrium sequence described 
in the text. 

FIC. 4. (a) Lineai. growth rate of the n = 1 and n = 2 tearing modes 
for constant-q equilibrium sequences with X = 2 ( ) and X = 4 ( ) 
described in the text- (b) Saturated island width of the 2;1 and 3;2 
helicities for the constant-q sequence with A = 1.75. 

FIG. 5. (4;1) Fourier component of the n = 1 mode obtained with the 
initial value code ( ) and with the A' solver ( ). 

FIG. 6. (a) Relative change of the linear growth rate of the n = 1 
mode obtained with the initial value code (.) and the A' solver (o) for 
the same constant-q equilibrium sequence. (b) Change of A' with 
ellipticity (——) compared with the change of A' when only the 
modification of the equilibrium is taken into account ( ). 


