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Abstract

Theoretical and practical problems arising in the application

of microwave interferometry to density measurements on transient

plasmas are discussed. The conditions for unambiguous measure-

ments in a density range as wide as possible are analyzed. It

is shown that the initial zero adjustment of the interferometer

bridge recommended in many text books is the worst possible

choice of initial condition when the aim is high initial sensi-

tivity at low densities. The analytic expressions needed for

unambiguous evaluation of any phase shift from a few degrees

to several times ir (counting of fringes) are derived. The

practical design of the interferometer circuit and its inherent

error sources due to reflexions and non-ideal component oro-

perties are discussed. The results are applied to an inter-

ferometer operating at 80 GHz used on a pulsed plasrca experi-

ment. The minimum measurable phase shift is 2° and the range

of linear densities that have been measured is •/—ft—chc~"s

- 1 • 10 1 6- 3 • 10 1 8 m~2, w±th_I»-—-/-tbe-<*-e-rl m.



1. Introduction

Microwave propagation in plasma is carefully treated in many text-

books (see e.g. Heald and Wharton 1965, Wharton 1965, Hermans-

dorfer 1968). When applying the technique of microwave inter-

ferometry to actual density measurements in e.g. a pulsed plasma,

the experimentalist however meets a number of problems which are

sparsely and incompletely discussed in the literature. These are

of physical, technical and mathematical nature; the most important

are:

(1) The intensity of the microwave beam transmitted through the plasma

may vary strongly due to refraction and scattering. It may increase

or decrease. Using a simple interferometer it may be impossible to

tell whether a change .in the detected signal is due to a phase

shift or a level shift of the signal passing the plasma.

(2) The detector response is neither square law nor linear; the rela-

tion between detected signal and phase shift becomes complicated.

(3) Interpretation may become ambigous because of the multivalued

character of the inverse trigonometric functions which relate

the detector response to the phase shift.

(4) Interpretation may become ambigous if the density variation is

not a monotonic function of time.

(5) The components of the microwave interferometer may be far from

ideal, particularly at short wavelengths.

(6) The microwave oscillator may oscillate at two frequencies simul-

taneously, or the frequency may drift as a function of time.

A good interferometer should allow measurements in a density range

as wide as possible. In a pulsed plasma experiment the initial den-

sity is naturally zero. It will increase to a maximum, possibly

exceeding cut-off, and finally decay to zero again. The variation is

certainly continous but not necessarily monotonic. Thus it is re-

quired that any phase shift from say a few degrees up to several

times 2ir should be measurable without ambiguity.

In terras of the magnitude of the phase shift A<J>, one may distinguish

three regions:



(a) Small values, say jA<$<|< TT/6, for which an approximately linear

and unambigous response can be achieved by suitable initial adjust-

ment of the interferometer.

(b) Intermediate values, say TT/6 < JA<j>j < 2ir, for which an elaborate

method of evaluation is require 1.

(c) High valuesi say !AsJ>| >> 2ir , in which case simply the number

of fringes can be counted, and cut-off may be reached. In this

region it is often easier to count fringes during the decay

of the plasma, because of better homogeneity during that phase,

particularly in case the density gradient is very high in the

initial plasma.

In this paper we will analyze the most favourable initial phase and

amplitude setting of the interferometer and discuss the methods

by which unambigous determination of the phase shift in any of these

regions can be achieved.

2. Basic relations

Our discussion will be confined to such plasmas where the collision

frequency, and possibly also the gyro frequency, are much less than

the microwave frequency. This means respectively that collisional

damping can be neglected, and that the influence of the magnetic

field on the wave propagation is negligible. The latter can also

be achieved by arranging the E-vector of the microwave parallel

to the magi.etic field (Heald aid Wharton 1965, p. 13).

Simple expressions can then be used to relate the phase advancement

with the density (Heald and Wharton 1965, p. 120):

(1)

A$(t) a ̂ JL_ /ne(x,Odx for n£<<nc (2)
C J

where XQ is the vacuum wavelength and n - 4ir2m /yne \Q is the

cut-off density. Our primary object will be to evaluate A<{>(t) unam-

bigously. The evaluation of the actual density using eq. (1) or (2)

may require support from other diagnostic methods, e.g. probe mea-

surements/ capable of space resolution.

The interferometer method gives by its nature an average along

the path of the microwave beam, in certain cases this is quite

useful, e.g. in combination with simultaneous spectroscopic

measurements. The light to the spectroyraph should then be. collected



along a line as far as possible coincident with the microwave beam.

3. Phase and amplitude sensitivity

We will f i u t discuss the simplest type of interferometer, in which

only the sum E (t) or difference E, (t) of the reference signal E

and the signal transmitted through the plasma E (t) is detected,

Figure 1(a). (E represents the electric field in the waveguide.)

E should be independent of time, and we can write »fE. (t) | = a(t) |E I,

a(t) representing the intensity variations (e.g. caused by refraction).

Assuming a perfect square law response of the detector, the detected

signal will be proportional to | E r {
2 :

(cosine theorem) where

<J) = <}» (t) - 60 + A<f> (t) (4)

A(j>(t) is the phase shift caused by the plasma. To simplify writing,

in the following we put ag=.l. The: phase sensitivity 3us/3t}>, and the

amplitude sensitivity JU /3a are oeriodic functions of qS:

S 1 1 2~ 2 E 1 (Ö.+ cos <J>) (6)r

The phase sensitivity will be maximum initially if E and E.(0)

make a right angle»I $0! - ?I/2 , Figure 1 (b) , while the amplitude

sensitivity will be zero initially (as desired) if Efc<0) and E..(0)

make a right angle, j$oj- v/2, Figure 1 (c). This is possible only

if |Efc(0)| < |Er!.

It is common practice, and of course very tempting, to balance

the interferometer to zero initially, i.e. E.(0) = - E . This is

however a very bad choice: Firstly it will be difficult to locate

the balance point because as the signal goes down, the detector will

certainly operate square law, the detected signal will become

very small and no sharp indication of the balance point will be

obtained. Secondly, if a correct zero balance is really obtained, the



initial sensitivity to a change in E t will be zero, and when the

change has become large enough to be detectable, it is impossible

to judge whether it is due to a phase shift or to a level shift. The

results will thus be ambiguous from the beginning! As our analysis

above has shown, the initial setting should instead be j¥ j = ir /2

and jE. CO)| < JE |. The simple interferometer will then work properly

for small phase shifts, say JA<>! < 0.2, provided a does not vary too

much.

4. Hotston and Seidl's interferometer

Much better supression of the effect of amplitude variations is ob-

tained in the interferometer described by Hotston and Seidl (1965).

Here both the sum E (t) and the difference signal E, (t), formed in

a hybrid tee or circulator, are utilized, Figure 2 (a). Assuming

square law detectors of equal sensitivity, the video signals

us(t) = ag <Eg(t))
2 and ud(t) - ad (Ed(t))

2 are obtained. The sensi-

tivities ag and a^ are made equal, and the difference, (
u
a~

ur|) *s

formed. As seen by inspection of Figure 2(a) the condition for zero

initial amplitude sensitivity then becomes j <J> | = ir/2, and for small

phase shifts (us~ud) becomes approximately proportional to the phase

shift A<J>. Hotston and Seidl initially set |Et(0)| - |Er| and have

used the circuit successfully for measurements up to A4> - 40° at 3 cm

wavelength.

5- Measurement of arbitrary phase shifts

The use of Hotston and Seidl's interferometer can however be extended

to measure any value of A(f> because the disturbing effect of amplitude

variations can always be completely eliminated if the detected sum

and difference signals are evaluated by using the appropriate ana-

lytical expressions. We still assume that the detectors operate

perfectly square law and have the same sensitivity a = a-i - 1. (This

assumption will be justified in §7.) For the sum signal, us(t) e<3« (3)

is valid, and for the difference signal, ud(t) an analogous expression

applies. Combining these we find

u (t) - ud(t)
* * arcoog — — ~ ~ — • — + n 2 TT (7)

*t(t> " i l U
8
( t ) + Ud(t)J " "r (8)

w h e r e 4>(t) =• cj> + A<j>(t) (y)



ur is the time independent signal detected when the transmission

path is cut-off. It can be measured separately before the plasma

experiment. Instead of usinq eq. (8), ut<t)can be measured directly

by means of a directional coupler and a third detector. This also

gives a useful check on the variations in lE.lt)!.

Eq. (7) shows that $(t) remains undertermined in sign ai.d by multiples

of 2v, but since v/e know Aii(t) to be continous and initially zero,

it can be evaluated unambiycusly simply by taking readings at suffi-

ciently closely spaced time intervals, at least as long as A * {t) is

monotonic.

The phase sensitivities or the detected signals are (cf. eq. (5)):

3u 3u, .,

and for the difference (u - u,) twice this value. It is maximum at
S d

the initial setting,- <{• = •}> = i r, / 2 , but has gone down by a factor

of two for j A* | •- TI / ~s , nrA to zero when A«J> -• TT / 2 + n n . Near these

points the sensitivity io lov, *he accuracy becomes poor, and it

fliay become necessary to utilize extrapolations from surrounding

points to support the interpretation.

Still a cause of ambiquitv remains, namely in case A«j>(t) is not

monotonic but happens to have an extreme value (d$/dt - 0) at or

near a point of zero phase sensitivity {!cos $ j = 1). This will

riot; become evident from the measurement; it. will be impossible to

decide whether the phase snift continues to increase or decreases,

i.e. it will be impossible to decide which branch of the multi-

-valued arccos-function is the right one to follow. This ambiguityj

can be resolved by using some other method of density measurement,

e.g. probes, to find out whether the density varies monotonically

or not.

If that would not be possible one would need a double interferometer,

i.e. two interferometers in parallel, in which the reference signals

are shifted by TT / 2 relative to each ethers, Figure 2 (a) and (b) , a

so called phase-quadrature circuit or polar display interferometer

(see e.g. Kermansdorfer 1968, p. 527, 035).

One may compare the atate of art of the single interferometer with
that of tho one cylinder steam engine, which has two dead points
from which it cannot ctart, but from which it can be pushed into
rotation in any direction. The double interferometer would corre-
spond to a two cylinder engine with the cranks at 90° angle, which
••an start from any position and has a predetermined direction of
rotation.



6. Estimates of the uncertainty

We can estimate the uncertainty H due to uncertainties 5u . and

<5u- in the readings of the detected signals by taking the total

differential of eq. (7) :

jfc» Sin <~«+cos

If we e.g. assume o«0.7, and <t> = n/2 (the initial state) and

uncertainties i6u/u • = 0.01, the maximum error would be

J6<j>! -0.007 radians <s0.4° .max

As long as <f> does not deviate more than ± 60° from the initial

setting the uncertainty will remain within about one degree

provided the signals can be read within 1% of the level of the

reference signal, but when $ -> ntr the uncertainty goes up very

much, as also previously discussed in §5.

In practice it may be difficult to read the signals within one

percent of the reference level, but an uncertainty in the phase

determination less than a few degrees will not be difficult to

obtain.

7. The detector response

In §3-6 we have assumed perfect square law detection and equal

sensitivity of both the detectors. Equal sensitivity can of

course easily be obtained by attenuating the signal from the

most sensitive detector or by using different scale constants

in the numerical evaluation.

At the actual signal levels of 0.5 - 2 mV (detected signals)

the detectors operate only approximately square law, and it

may be necessary to calibrate each detector Individually and

convert the observed response to an equivalent square law

response before calculotintj the phase shift using eq. (7). If

this is neglected it may even occur that the argument of the

arccos-function appears to be greater than 1, a value for which

the function does not exist.

In our experiments it was found that the detector response could

be well approximated as ;.w-'Bm, with m-vaJues between 2.04 and

2.16.



8. The interferometer circuit

The interferometer circuit is shown in Figure 3. So far we have as-

sumed that the interferometer operates ideally, i.e. that all compo-

nents are perfect and that thr circuit is adjusted for optimum per-

formance. To achieve this, special attention has to be payed to the

following points:

(1) Effects of refraction, reflexion and scattering of the micro-

wave beam transmitted through the plasma should be reduced as

far as possible. Great improvement is obtained by focussing

the microwave beam in the center of the plasma by means of

(polyethene) lenses in front of both the transmitting and re-

ceiving horns. The focussing has two effects: The amplitude varia-

tions in the transmitted beam are greatly reduced, and the signal

level is raised by a factor of 10 - 100 (cf. Heald and Wharton, 1965,

Ch. 4 ) .

(2) The transmitted signal and the reference signal must not

combine anywhere else in the interferomater circuit than at

the intended point, the magic hybrid tee or circulator used

to form the sum and difference signals, and it must be ascertained

that the output signals from the hybrid tee truly represent sum

and difference. To achieve this it is necessary to reduce re-

flexions as far as possible, as will be further discussed below.

(3) The signal levels at the uetectors must be high enough to

give an adequate signal to noise ratio and to overcome other

disturbances. This means detected signals of the order O.b - 2 inV.

This is still so low that the detector response is approximately

square law.

(4) Careful shielding of the detectors and the video pre-ampli-

fiers is necessary to reduce effects of external disturbances.

This is the only practical wav to improve the signal to distur-

bance level ratio by orders of magninude,which may be necessary.

Very little improvement can be reached by increasing the signal

level because of the very limited power of available microwave

sources.

(5) Eliminate effects of frequency variations of the microwave

oscillator or> the in.'tinj phase adjustment of the interferometer.

This is simply achieved by making the electrical, lengths of the

two branches of the interferometer approximately equal.
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(6) Eliminate effects of vibrations. When the interferoaeter has

a very high initial phase sensitivity, it becomes sensitive to

vibrations of the horns, which will cause the distance between

them to fluctuate. Rigid mointing, possibly including rubber

damping elements, is necessary. Also the tuning elements at the de-

tectors may be sensitive to vibrations. In our circuit, operating

at 80 GHz, a residual periodic fluctuation observed in the initial

level could be traced as due to vibrations of 0.02 «ra amplitude

of the horns, corresponding to a phase shift of 2°,

Reflexions inside the interferometer, discussed in (2) are

dangerous at two points : (a) Waves reflected back into the first,

power dividing hybrid tee could cross this, if it has insuffi-

cient attenuation or is mismatched, and thus enter the opposite

branch.

Reflected waves axn be eliminated either by neans of isolators or

by careful impedance matching. Isolators require no adjustment

and attenuate reflected waves independent of their phase and

amplitude, but unfortunately they introduce some reflexions

themselves. Impedance matching is tedious but can bring down

the reflexions to one percent. However it is useful only pro-

vided the reflected wave remains constant in time.

In the interferometer circuit, Figure 3, waves reflected against

the plasma back into the transmitting horn are therefore stopped

by means of an isolator, 12 (also used by Hotston and Seidl

(1965)). In the reference branch a tuner (T1) may be necessary

if the hybrid tee used to combine the signals does not match

the waveguide properly.

(b) Similarly, if the latter hybrid tee has insufficient attenua-

tion, or is mismatched, power reflected at one detector may

partly reach the opposite detector and vice versa. In this con-

text it must be pointed out that at mra wavelengths tuning of a

detector for maximum signal does not necessarily imply reflexion

free matching to the waveguide. A separate tuner in front of

each detector may be necessary (T2, T3). It is of utmost impor-

tance Of course that the hybrid tee is of good quality. A four port

circulator is preferable to a magic hybrid tee at short wave-

length», because it can be fabricated with b&tter precision.



». Video amplifier»

The signals from the detectors usually have to b* transferred

through cables (50 ohms) to oscilloscopes at a remote location.

Video cjnpiiflsrs are needed with an input impedance of one or

a few kiloohms, a voltage amplification of 10-100, output im-

pedance 50 otun and a bandwidth of 5-20 MHz. They should pre-

ferably have dc-coupling to facilitate the initial adjustment

and control of the signal levels. An attenuator should also be

included to compensate for different detector seasitivities.

Careful shielding and battery operation may be necessary to

avoid pick-up of disturbances, and low power consumption is

deBirable, both to reduce thermal drift and to increase battery

lifetime. The amplifiers we have used consist of two amplifiers

in parallel, one fast ac-coupled amplifier built with discrete

transistors, and one slow, dc-coupled operational amplifier

which has low drift, fig. 4. The voltage amplification is 20

and the drift in the output voltage after half an hour of ope-

ration is less than 0.2 mV compared to a normal output level

of 10-20 mV. The step response shows a rise tine of 30 ns.

10. Design and adjustment of the interferometer

The first choice to be zaade when planning microwave density

measurements concerns the frequency of operation. It must be

high enough to allow the microwave bean to pass the plasma at

the highest density which is of interest. This means that the

cut-off density n (see §2) should be at least 2-3 times the

highest density of interest.

On the other hand measurements of very low densities are fa-

voured by long wavelength, firstly because the phaseshift is

proportional to the wavelength (eq. (2)), secondly because

higher accuracy of measurement can be obtained at lower fre-

quencies due to better precision of components and highar avail-

able microwave power.

The physical dimension* of the plasma also set an upper limit

for the wavelength.

When constructing the actual circuit the first point is to

maks the two branches of approximately equal electrical lengths.

Secondly there must be provisions to cut off each of the beams
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separately BO that the detectors can measure the reference sig-

nal only or tbs transnitted signal only. In the circuit of fig. 3

this can be accomplished by stopping the transmitted beam by

seans of a metal plate, resp. by setting the variable attenua-

tors in the reference branch to maximum.

Each of the detector-tuner assemblies has to be tuned and

matched for »inifflura reflexions separately before being connected

to the signal combining hybrid tee or circulator.

After aftseably, the initial adjustment follows: Kith the trans-

mitted beaa cut off, a suitable level of the reference signal u

is set. With the transmitted beam added, the phase of the re-

ference beam is adjusted until both detectors indicate equal

hf signals (taking into account their individual calibrations).

This means <to
 B «/2. Then the level of the transmitted signal

is adjusted so that the signals become e.g. 1.5 or 2 tines the

signal due to the reference beam alone (corresponding to

a »0.7 resp. 1).

A final check of the reference signal alone is necessary because

it may change a little when the phase shifters are adjusted.

It is also wiBe to make some records of E (t) and &tft) sepa-

rately during a series of plasma experiments, to check that E r

stays constant, and to get a control on the variations in

|Bt(t)|.

11. Practical faults and application

Our interferometer operates at 80 GHz. It was first tested as

described by Hotston and Seidl (1965) by measuring the refractive

index of polystyrene foam, and the results agreed well with the

values given by them. The interferometer was not sensitive to

the position between the horns of the block of polystyrene foam.

The interferometer has been used to measure the electron density

in two pulsed plasma experiments (Bränning, Lindberg and Eriksson

1980, Brenning 1990). In these experiments the electron energy

distribution was studied by spectroscopic methods, by taking

out light along a line almost coinciding with the Microwave

path through the plasma. The simultaneous photoelectric measure-

ments of absolute line intensities and plasma density made it
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possible to evaluate the apparent excitation cross-sections of

the actual spectral lines, and from them to estimate the

electron energies in the plasmas. The range of electron densi-

ties measured in these experiments was /n dx % 1 • 10
18 -2 t e

- 3 • 10 m , where L =» fax. -*. 0.1 m, corresponding to phase
shifts A* in the range 5° to 1500° (* 8?r).
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(a)

E r

(c)

Fig. 1

Phasor diagrams for simple interferometer in which only

the sum E (I) of the reference signal E and the trans-

mitted signal E. (t) is detected.

(a) general phase relation, (b) phase relation for

maximum phase sensitivity, <j> = ft/2, (c) phase relation

for minimum (zero) amplitude sensitivity,'I' = 'n/2.*

(a) (b)

Fig. 2

(a) Phasor diagram for an interferometer in which both

the sum E (t) and difference E,{t) of the reference
3 Cl

signal E r and the transmitted signal E (t) are detected.

(b) Phasor diagram for the additional branch of a

quadrature interferometer, in which the reference signal

is phase shifted by tr/2 to allow unambiguous and ac-

curate measurements of any phase angle.
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PLASMA

Fia. 3

Interferometer bridge circuit.

OSC Microwave oscillator.

HT Magic hybrid tees or circulators

11,2,3 Isolators

H Transmitting and receiving horns with lenses

VA Variable attenuators

PH Variable phase shifters

T1,2,3 Tuners

L Matched load

D Detectors for sum and difference

A Attenuators for equalizing the detectors
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OUT

Fig. 4

Video amplifier. Two amplifiers operating in parallel
are used, one fast amplifier for the high frequencies,
and one amplifier with low drift for the dc and low
frequency components.
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